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Notions of weight




Weights Qs

Afunction ¢ : (0, 00) — (0, 00) is a Boyd function if it is continuous, ¢(1) = 1 and

- (st)
t) :=su
A =2 0s)
forallt € (0, 00). The set of Boyd functions is denoted by . The lower and upper Boyd indices of a

Boyd function ¢ are defined by

< 00,

log p(t) . log é(t)

b = = lim —=>—=
b(¢) fﬂﬁ’ logt ti'?) log t
and _ _
" t>1 logt t—oo logt ’

respectively.
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Examples QU

Let ¢ be a continuous slowly varying function on (0, co):

im 2 1 g im LU)
50 () SR
foranys > 0. For @ € R, the function t +— t%4)(t)/v(1) is a Boyd function such that

b(¢) = b(¢) = 6. A standard choice for the slowly varying functionis ) = (|In| 4 1)7, fory > 0.
One can deal with even more iterated logarithms : set

=1

Lo(t)=t, Li(t)=1+|logt] and Lp(t)=1+]log(Lm_1(t))] for m>1.

Then, ifa = (ag, ...,an) € R™, ¢, : (0,00) — (0, 00), defined by
n
da(t) = [ Li(t)™,
j=0

is a Boyd function such that b(¢) = b(¢) = ay.
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Admissible Sequences QoL

Asequence o = (oj);en of positive real numbers is admissible if there exists a constant C > 0 such
that C~'o; < 041 < Cg; for allj. One also associates Boyd indices to such a sequence. Let
g;::inﬂ2loﬂi/akand5}::sukaIQH%/ow.ThelowerandupperBoydindkesofaaredeﬁned

by

log g; . logg;

s(o) :=sup - = lim .

jeN log2 j log2

and - -
5 L 1080j . 1080

5(o) :=inf - = | -

() /‘IeN log 2 Ij log 2/
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Relation between the two concepts

eletg € B,
Proposition
Leto; = ¢(2) and §; = 1/¢(277), then

b(¢) = min{s(c),s(¢)} and b(¢) = max{s(s),5(6)}.
e Let o be an admissible sequence,

2
1 ift € (0,1).

9j+1 —9j j ; j o1y
2 (t-22)+o; iftel2,2M),je Ny,
%(t)._{ (t-2)+0 ifte 2,27, /€N,

sssssssssss
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Relation between the two concepts Qb

elet¢ € B,
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Leto; = ¢(2) and 6; = 1/¢(277), then
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Relation between the two concepts Qb

eletgp € B,

Proposition
Leto; = ¢(2) and 6; = 1/¢(277), then

b(¢) = min{s(s),s(6)} and b(¢) = max{s(c),5(6)}

e Let o be an admissible sequence,

(- 2) + ift € [2,2771),] € No,
%(t —27 Y4 1/0;,, ifte(2771,27],j €N,
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Relation between the two concepts

eletg € B,

Proposition
Leto; = ¢(2) and 6; = 1/¢(277), then

b(¢) = min{s(c),s(6)} and b(¢) = max{s(c),5(6)}

e Let o be an admissible sequence,

-2y +op ifte [2,27),j€ N,
P (t) = )

1 ift € (0,1).

o(1/t) oy

sssssssssss
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Relation between the two concepts

elet¢p € B,

Proposition
Leto; = ¢(2) and §; = 1/¢(277), then

b(¢) = min{s(0),s(6)} and b(¢) = max{s(s),5(6)}.
e Let o be an admissible sequence,

oolt) = W(t—zf)ﬂyj ift € [2,27+1),j € N,
7 s ift € (0,1),

where s(g) <'s <53(0).

sssssssssss
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Construction of a smooth ¢, QL

Suppose that oy = 2,0, = 4,03 = 20 and o4 = 22.
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Construction of a smooth ¢, Qe

Suppose that oy = 2,0, = 4,03 = 20 and o4 = 22.

Theorem

If o is an admissible sequence such that either s(c) > 0 or5(c) < 0, then there exists £ € C>°(/)

such that (¢(2)); < 0 and 0 < infiso t 5L < supy o 5L < oo,
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Generalized Interpolation Spaces




Setting for real interpolation QU

Let .4 denotes the category of all normed vector spaces. Ay and A; in .4 are compatible if they are
both subspaces of a Hausdorff topological vector space. We set

lallasa, := max{]lalla,, llalla,}

and

lallag+a = _inf {lldollas, llaulla, }-

Let € be a sub-category of .#” and denote by % a category of compatible couples A = (Ap, A1)
(such that Ay N A; and Ay + A; are in €). The morphisms T : (A, A1) — (Bo, B1) in %, are bounded
linear mappings from Ay + A; to Bg + B; such that both T : Ay — Byand T : Ay — B; are morphisms
in €. The two basic functors A and X from %, to ¢ are defined as follows: A(T) = ¥(T) = T and

A(A) = Ao NA; and Z(A) = Ay +A;.
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Interpolation spaces and functors QU

Given a couple A = (Ao, A1) in 6, aspace A € € is an intermediate space between Ay and A; (or
with respect to A) if

A(A) — A X(A).
Such a space Ais called an interpolation space between Ay and A; (or with respect to A) if in
additionT: A — AimpliesT: A — A.
If Bis another couple in €., two spaces A and B in % are interpolation spaces with respect to A and B
if Aand B are interpolation spaces with respect to A and B respectively and if T : A — Bimplies

T:A—B.
An interpolation functor on % is a functor F from % into % such that if A and B are couples in %,

then F(A) and F(B) are interpolation spaces with respect to A and B and

F(T)=T forall T: A — B.
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General case T

Given ¢ € B, we will denote by ¢.. the function explicitly defined by ¢..(t) = t/¢(t) fort > 0. Let
A = (A, A1) and B = (By, B;) be two couples in é; two interpolation spaces A and B with respect
to A and B respectively are of exponent ¢ € Bif,forany T : A — B,

ITllas < Chu(ITlla0,80) (I Tlls.,) (1)

always holds for some constant C > 0.
Fis an interpolation functor of exponent ¢ € B if F(A) and F(B) are of exponent ¢ for any couples A,
Bin%..
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K-method

GivenacoupleA,t > 0anda € ¥(A),

K(t,a) == (llaolla, + tllaxlla,),

inf
a=ao+a1
For¢ € Band g € [1, x], let Kff(A) be the
space of all a € £(A) such that

ol = ([ (o (e.0)” 9 < o,

with the usual modification when g = oc.

# LIEGE
b uuuuuuuu ité
K (Ap, A
A() - g (Ao, A1) . Al
K7 (Ap. Ay)
q
AO A1
L A '}
Ky (Ao, Ar)
Ao [ Al
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K-method T

GivenacoupleA,t > 0anda € ¥(A),

. K2 (Ag, Ay)
K(t,a) = _inf (llaolla, +tllavlla,), L —
For¢ € Band g € [1, x], let Kff(A) be the A K2(Ag. Ay)
space of alla € X(A) such that 0 A
o AO .\(ou—//. A1
lallg = (| (g K)o < .
! 0 ( ) K°%(Ap, Ay)
Ag o ! Ay

with the usual modification when g = oo

Kg’ is an exact interpolation functor of exponent ¢ € 3 on the category .1".
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J'methOd # LIEGE

GivenacoupleA,t > 0anda € A(A),

J(t, a) := max{([|alla, tlalla),

For¢ € Band q € [1, 0], let JS (A) be the space of all a € ¥ (A) which can be represented by
a = [, b(t) dt/t, with convergence in £(A), where b is measurable, takes its values in A(A) for
t > 0and

—— el
This space is equipped with the norm

ol g = inf 12

13-

the infimum being taken on all b : (0,00) — A(A) measurable such thata = [ b(t) dt/t.
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J-method

GivenacoupleA,t > 0anda € A(A),

J(t, a) := max{([|alla, tlalla),

For¢ € Band q € [1, 0], let JS (A) be the space of all a € ¥ (A) which can be represented by
a = [, b(t) dt/t, with convergence in £(A), where b is measurable, takes its values in A(A) for

t > 0and
—— el
This space is equipped with the norm

ol g = inf 12

13-

the infimum being taken on all b : (0,00) — A(A) measurable such thata = [ b(t) dt/t.

Equivalence Theorem

For ¢ € B such that0 < b(), b(¢) < 1and g € [1, 0], we have Jg (A) = KS (A).
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Reiteration QL

X is of class C(¢; A) if it is an intermediate spaces with respect to A such that, foralla € X,
K(t,a) < Co(t)lallx and, foralla € A(A), #(t)|lallx < CJI(t,a).
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Reiteration QL

...........

X is of class C(¢; A) if it is an intermediate spaces with respect to A such that, forall a € X,
K(t,a) < Co(t)||allx and, foralla € A(A), ¢(t)]lallx < CI(t,a).

Theorem

If forj € {0, 1}, X; is of class C(¢;; A) with b(¢;) > 0and b(¢;) < 1, let ¢ € B be such that
b(¢) > 0and b(¢) < 1andsetd = ¢1 /o, = (¢ 0 0)y;if b(6) > 00rb(#) < 0then
KS(X) = K¢ (A).

In particular, for b(¢;) > 0and b(¢;) < 1, the spaces KZ;"(A) are complete (j € {0,1}), then

KE (K2 (R), K2 (R)) = KL (A).
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Examples : Holder spaces QU
For ¢ € Bwith0 < b(¢),b(¢) < 1, let CZ’(Rd) is the space of the so-called bounded and uniformly
¢-Holder continuous functions, equipped with the norm

If(x) — f(y)|
f = [l + [flcs = [Iflloc + sup ——5=.
Ilcs g = e +Ifles = o + sp =215

Theorem
> Let¢ € Bwith0 < b(¢), b(¢) < 1,
K2, (Co(RY), CH(RY)) = CJ(RY).

> Letry, o, 1 € Btosetf = ¢o/¢pyand s = ¢o/(yof). 1f0 < b(7), b(y) < 1andif b(f) > 0 or
b(f) < Othen
K3 (Ch*(R), C5* (RY)) = Cy (RY).
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Examples : Lebesgue spaces QU

Letg € [1,00] and ¢ € B; if X is a Banach space, the space EZ,(X) consists of all sequences (a;); of X
such that

(¢(2)llayllx); € €.

Theorem

Let 4o, g1, q € [1,00] and v, ¢o, ¢1 € Btosetf = ¢o/¢y and ¢ = ¢o /(7 o f). If 0 < b(7),b(7) < 1
and if b(f) > 0 or b(f) < 0, then

K;(EZ;:) X), ej;l X)) = ejp (X).
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Examples : Besov spaces s

sssssssssss

Let ¢ € B and (¢); be a Paley-Littlewood system of test functions. For p, g € [1, o], we define the
generalized Besov Space by

By = {f €S : (lgyfllw) € €).

Theorem
Given vy, ¢o, ¢, € B, definef = ¢g/¢1 and ¢ = ¢o/(y o f). 1f0 < b(v),b(v) < 1andif b(f) > 0 or

b(f) < 0, then
Kg(Bgfqo,Bgfql) = Bﬁq for p,q,90,q1 € [1, 0]
and
KJ(F2o  Fon ) =By, for p,go,qi € (1,00),q € [1,00].

14/34



Examples : Sobolev and Besov spaces QU

We denote by B” the set of functions ¢ € B which are C* on [1, 00) and such that forallm € N,
tm|pM(t)| < Cm o(t) is satisfied for all t € [1, 00). Given ¢ € B”, the generalized Bessel operator

J? is defined on S’ by
7% = Fo(VIH T BFY),

Itis clear that 7 is a linear bijective operator from S’ to S’ such that (7¢)~! = J/¢ and
J?(S) = S. From there, the generalized (fractional) Sobolev space H,‘f is defined by

HE = {f €8 | TF|lw < oo}

Theorem

Lety € B, ¢o, 1 € B",f = ¢o/b1,9 = ¢o/(y o f)andp,q € [1,00]. If b(f) > 0orb(f) < 0and if
0 < b(7), b(7) < 1,then
K2 2 = B
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Continuous Interpolation Spaces and Limiting cases




Continuous Interpolation Spaces Qb

Proposition
For ¢ € Bsuchthat0 < b(¢),b(¢) < 1and g € [1,00), A(A) is dense in K (A).

When g = oo, A(A) is not dense in K (A).
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Continuous Interpolation Spaces Qb

Proposition
For ¢ € Bsuchthat0 < b(¢),b(¢) < 1and g € [1,00), A(A) is dense in K (A).

When g = oo, A(A) is not dense in K (A).
Let K%?(A) denote the space comprising alla € £(A) such that

. 1 _ imi _
tlm WK(t,a) 7tLOO ¢(t)K(t,a) 0.

We naturally equip K% (A) with the norm induced by K2 (A). It is evident that K% (A) constitutes a
closed subspace of K% (A).
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Continuous Interpolation Spaces Qb

Proposition
For ¢ € Bsuchthat0 < b(¢),b(¢) < 1and g € [1,00), A(A) is dense in K (A).

When g = oo, A(A) is not dense in K (A).
Let K%?(A) denote the space comprising all a € ¥(A) such that

. 1 . 1
1![:?) WK([‘,G) = tll)r& @K(t,a) =0.
We naturally equip K% (A) with the norm induced by K2 (A). It is evident that K% (A) constitutes a
closed subspace of K% (A).
K%¢ is an exact interpolation functor of exponent ¢ on /.
Theorem

For ¢ € Bsuchthat0 < b(¢) and b(¢) < 1, the closure of A(A) in K% (A) is K% (A).
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Examples : little Holder Spaces QU
Theorem
For ¢ € Bsuchthat0 < b(¢) and b(¢) < 1, we have
Kgé)(b(cb(Rd)v Cé(Rd)) = h¢(Rd)v
where h?(IRY) is the space consisting of bounded functions f such that

i sup 0 1) — 7(0)

=0.
h=0ere  ¢(/hI)
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Examples : little HOolder Spaces e

...........

Theorem
For ¢ € Bsuchthat0 < b(¢) and b(¢) < 1, we have

K3 (Co(RY), C(R?)) = h*(RY),
where h?(IRY) is the space consisting of bounded functions f such that

i sup 0 1) — 7(0)

=0.
h=0ere  ¢(/hI)

Corollary

For ¢ € Bsuchthat0 < b(¢) and b(¢) < 1, the closure of C}(RY) in K& (C,(RY), C(RY)) is
he (RY).
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Examples : Lebesgue and Besov Spaces QU

Theorem
Let o, g1 € [1,00], v, do, ¢1 € Band define f = ¢ /1. 1f0 < b(7), b(y) < 1andif b(f) > 0or

b(f) < 0, then
>
K3 (€5 (X), €3, (X)) = co.u:(X),
with ¢ = ¢ /(7 o f), where co,,(X) is the subspace of £7°(X) such that lim; ¥»(2)]laj|lx = 0.

GRS Sy

forvy = ¢o/(y o f), where b;f’,oo is the subspace of the elements a of B;fiOO (equipped with the
induced norm) such that lim; ¢(2/)||¢; * al|» = 0.
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Limiting cases L

Proposition
Let ¢ € Bsuchthat0 < b(¢), b(¢) < 1andg € [1,00].

(i) If

1 e}
t g0t 1 gdt
Lare== o | Gg"T-= @
with the usual modification if g = oo, then Kff(A) = {0}.
(ii) If .
/0 (% min{l,t})q$ < o0, 3)

with the usual modification if g = oo, then KZ’ is an exact interpolation functor of exponent ¢
on ..
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Interpolation of several Spaces with function parameters




A word on the Interpolation with several spaces bt

sssssssssss

Letq € [1,00], é1,...,6n € Bbesuchthat0 < b(¢1) + -+ -+ b(¢n) and b(¢1) + - - - + b(¢n) < 1
and f be a function from (0, 0)" to (0, 00). Set

" 1 1 dt dt,\1/4q
PP Pn(F) = R — ] ot ez X
q ( ) (/(O,oo)” (¢l(tl) ¢n(tn) (tl7 7t )) tl tn ) )

with the usual modification in the case ¢ = co. Givena € Aand t € (0, c0)", let
K(t,a) = inf ||aolla, + tullarlla, + -~ + tallanlla,,

where the infimum is taken over all the decompositionsa = ag + - - - + a,,a; € A,
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A word on the Interpolation with several spaces QoL

We define Kffl """ "(A) as the set of a € £(A) such that
||a||Kg>1,...,¢,,(A) = o™ (K(t,a)) < oc.

Let f be a function from (0, 00)"** to (0, 0); an interpolation functor F is of type f if there exists a
constant C > 1 such that

HT”F(A),F(B) < Cf(”T”AmBm EEEX} ||T||An7Bn) ’
for any morphism 7 : A — B.

Proposition

The functor Kg’l""’d’” is an exact interpolation functor of type f where

f(to, ..., tn) = tog1(ta/to) - - - Pn(tn/to).
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A word on the Interpolation with several spaces QoL

Proposition

Letq € [1,00], é1,...,0n € Bbesuchthat0 < b(¢1) + -+ + b(¢n) and b(¢1) + - + b(én) < 1;
then Jg» " (R) — K§» =™ (A).

Let o(A) the subspace of all a € £(A) for which [ Kta)dy ... ‘1—:” < 00. The condition F(A) is

maxt t

satisfied if, for every a € o(A), there exists a function u : (0,00)" — A(A) such that

a:/u(t)dt—jlmi—:” in £(A) and J(t,u(t)) < C(A)K(t,a).

Theorem

Letg € [1,00], ¢1,...,¢n € Bsuchthat0 < b(¢y) + --- + b(¢,) and b(¢1) + - - - + b(pn) < 1;if
F(A) is satisfied, then
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Pointwise Regularity




Holder

ke

||f — P||L°°(B(x0,r)) < Cr®
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Holder Weighted Holder .
— # LIEGE

I — Pl (x.ry) < Cr® I = Pl Bro.ry) < C(r)

00:00:05 00:00:10
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Holder Weighted Holder Calderon-Zygmund .

r=9PIIf = Pl ey < Cr°

I — Pl (x.ry) < Cr® I = Pl Bro.ry) < C(r)

00:00:05 00:00:10

02 04 06 08
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Pointwise Regularity QU

loc
a polynomial P of degree strictly smaller than « such that

Letxo € R, p € [1,00], > —d/p, afunction f € L) isin TP (xo) if there exist a constant C > 0 and

r=PIf — Pllio(ae.r) < Cr™

for sufficiently small r.
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Letxo € R, p € [1,00], > —d/p, afunction f € L) isin TP (xo) if there exist a constant C > 0 and

r=PIf — Pllio(ae.r) < Cr™

for sufficiently small r.
p-exponent

hp(x0) :==sup{a > —d/p : f € T (x0)}.
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Pointwise Regularity QU

loc
a polynomial P of degree strictly smaller than « such that

Letxo € R, p € [1,00], > —d/p, afunction f € L) isin TP (xo) if there exist a constant C > 0 and

r=PIf — Pllio(ae.r) < Cr™

for sufficiently small r.
p-exponent

hp(x0) :==sup{a > —d/p : f € T (x0)}.

p-spectrum
dp(h) = dimy ({x € R? : hp(x) = h}).
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Regularity of functions defined through continued

fractions



Brjuno function Qs

1 1
A 1) =01 xm Ll
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Brjuno function

’ LIEGF

L L

A:(0,1) = [0,1] Xi—>|%—|_

L

0.2 04 0.6 0.8

1

Ul

1.0

B:R\Q—=R x+~ —Zxoxl...x,,_l log X,

n=0

where xo = |x — |x]| and xp4+1 = A(Xp).
25/34



Regularity of B Qs

Theorem (S. Jaffard, B. Martin)
Let p € [1, 0); the p-exponents of B are given by

h,(,B)(X) _ { 0 ifx € Q,

1/7(x) otherwise,
where

7(x) = sup {u : 3an infinity of coprime pairs (p,q) € Z x N :

x”'<1}.
ql ¢
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Regularity of B e

.........

Theorem (S. Jaffard, B. Martin)
Let p € [1, 0); the p-exponents of B are given by

h,(,B)(X) _ { 0 ifx € Q,

1/7(x) otherwise,

where

7(x) = sup {u : 3an infinity of coprime pairs (p,q) € Z x N :

x”'<1}.
ql ¢

Moreover, the p-spectrum is given by

dp(h):{ 2h  sihe0,1/2],

—o0o  sinon.
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a-continued fractions Qb

Givena € [1/2,1] and x € R, define
Kla =min{p € Z :x <p+a}.
We introduce the (generalized) Gauss map:

At (0,0) = [0,a] : X 1> |§ - [%]a|.

\

Figure1: A, : (0,a) — [0,a] withresp.a =1, = 1/2and o = 3/4.
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a-continued fractions Qb

Setxo = |x — [x]a] and ap = [X]. Consequently, xo = ag + £oXo, Where

1 ifx > ao,
€0 = .
—1 otherwise.

This initialization defines x,; = A.(x,) and
1
any1 = [)Tn]a >1,
for n € Ny if it is meaningful. Subsequently, x,* = ap.1 + €p11X011, Where

1 ifx,t > an.g,
En+l = .
—1 otherwise.
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a-continued fractions Qb

The n-th a-convergent of x is given by

n €o
P2 — [(@0.€0). - -+ (an-1,En-1).Gn] = o +
an €1
ap +
. €n—1
a1+
n
Pn
Letx € R\ Q, we introduce the a-irrationality exponent of x as 7(*) (x) = limsup,,_, |og|o|; e
an

Theorem
Foralla € [1/2,1],x € R\ Q,
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a-cells

We set
1 1

( ,f)ﬂ(O,oz)ifes:l,

a+a’ a
C(G,E):

1 1 .

*»7) N(0,a)ife = —1.

aat+a-—1
and

n

cl(ar.£1)--(ame0)] = [A20 D (c(a).))-

j=1

’ LIEGF

(3,-1)

If c[(a1,€1)...(an, €n)] is non empty, we say that ¢[(a1, €1)...(an, £n)] is an a-cell of depth n and

(a1,¢€1)...(an, €q) is called admissible.
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Mobius Transformations Qb
The image of ¢(a, €) under A,,

J(a,e) = Aa(c(a,€)),

is an open interval, and the inverse of A, on ¢(a, €) is given by

w(a,s) : J(CI7 6) — C(G, E)
1

— .
a—+et
We set
¢(al)51).‘.(an;5n) = ¢(C’1,81) (e} w(az,sz) O:+++0 ¢(Gn;€n)a
so that pn + tenp
£ _
§) = En T tenPn—1
1/’(01,61)7---7(%5")( ) gn + tenQn_1
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Advantageous numbers Qs

Letn > 1,(a1,e1)...(an, &n) € A*. We have

n
c[(ar.€1)--(@n. en)] = () ¥(as.er).. (@) (a1 5)) (4)
j=1
Anumber « € [1/2,1] is called advantageous if for alln > 1 and for all (a1, 1)...(an, €n) € Ln(c),
C[(ala €1)...(an, 8n)] = Y(ay,e1)...(an,en) (J(am En))-

Proposition
Anumber « € [1/2, 1] is advantageous if and only if

ac {l/2,g,l}U{l—%,k23}U{_k+— ”2k2+4k,k22}.
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Brjuno functions Qs

Bo :R\Q =R x> —Y 7 XoX1..Xp—1 log Xp.
Theorem

0 ifx € Q,

Letp € [1, 00); the p-exponents of B, /, are given by h,(x) = { 1/r(x) otherwise

-0.14

Figure 2: Brjuno function B, /,. Figure 3: Difference B — By 5. 33/34



Thomae’s function

—6

ifx=0,
if x is rational with x = p/q,
if x is irrational,

Figure 4: Representation of the function Ty on (0,1) for6 = 1/2,1and 2.

v

uuuuuuuu
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Thomae’s function Qb

Proposition

ifx =0,
g% ifxisrational withx = p/q, Ford € (0,2],
if x is irrational, o )
h(oo)( )= { 0 if x is rational,
e 0/7(x) ifxisirrational.

Figure 4: Representation of the function Ty on (0,1) ford = 1/2,1and 2. 34/34



Thank you for your attention !
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