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Notions of weight



Weights

A function ϕ : (0,∞) → (0,∞) is a Boyd function if it is continuous, ϕ(1) = 1 and

ϕ̄(t) := sup
s>0

ϕ(st)
ϕ(s)

<∞,

for all t ∈ (0,∞). The set of Boyd functions is denoted by B. The lower and upper Boyd indices of a
Boyd function ϕ are defined by

b(ϕ) := sup
t<1

log ϕ̄(t)
log t

= lim
t→0

log ϕ̄(t)
log t

and

b(ϕ) := inf
t>1

log ϕ̄(t)
log t

= lim
t→∞

log ϕ̄(t)
log t

,

respectively.
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Examples

Let ψ be a continuous slowly varying function on (0,∞):

lim
t→0

ψ(ts)
ψ(t)

= 1 and lim
t→∞

ψ(ts)
ψ(t)

= 1

for any s > 0. For θ ∈ R, the function t 7→ tθψ(t)/ψ(1) is a Boyd function such that
b(ϕ) = b(ϕ) = θ. A standard choice for the slowly varying function is ψ = (| ln |+ 1)γ , for γ > 0.
One can deal with even more iterated logarithms : set

L0(t) = t, L1(t) = 1 + | log t| and Lm(t) = 1 + | log(Lm−1(t))| for m > 1.

Then, if α = (α0, ..., αn) ∈ Rn+1, ϕα : (0,∞) → (0,∞), defined by

ϕα(t) =
n∏
j=0

Lj(t)αj ,

is a Boyd function such that b(ϕ) = b(ϕ) = α0.
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Admissible Sequences

A sequence σ = (σj)j∈N of positive real numbers is admissible if there exists a constant C > 0 such
that C−1σj ≤ σj+1 ≤ Cσj for all j. One also associates Boyd indices to such a sequence. Let
σj := infk≥1 σj+k/σk and σj := supk≥1 σj+k/σk. The lower and upper Boyd indices of σ are defined
by

s(σ) := sup
j∈N

log σj
log 2j

= lim
j

log σj
log 2j

and
s(σ) := inf

j∈N

log σj
log 2j

= lim
j

log σj
log 2j

.
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Relation between the two concepts

• Let ϕ ∈ B,

Proposition
Let σj = ϕ(2j) and θj = 1/ϕ(2−j), then

b(ϕ) = min{s(σ), s(θ)} and b(ϕ) = max{s(σ), s(θ)}.

• Let σ be an admissible sequence,

ϕσ(t) :=


σj+1 − σj

2j
(t − 2j) + σj if t ∈ [2j, 2j+1), j ∈ N0,

1 if t ∈ (0, 1).
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where s(σ) ≤ s ≤ s(σ).
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Construction of a smooth ϕσ

Suppose that σ1 = 2, σ2 = 4, σ3 = 20 and σ4 = 22.
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Theorem
If σ is an admissible sequence such that either s(σ) > 0 or s(σ) < 0, then there exists ξ ∈ C∞(I)
such that (ξ(2j))j ≍ σ and 0 < inf t>0 t |Dξ(t)|ξ(t) ≤ supt>0 t

|Dξ(t)|
ξ(t) <∞.
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Generalized Interpolation Spaces



Setting for real interpolation

Let N denotes the category of all normed vector spaces. A0 and A1 in N are compatible if they are
both subspaces of a Hausdorff topological vector space. We set

∥a∥A0∩A1 := max{∥a∥A0 , ∥a∥A1}

and
∥a∥A0+A1 := inf

a=a0+a1
{∥a0∥A0 , ∥a1∥A1}.

Let C be a sub-category of N and denote by Cc a category of compatible couples A = (A0, A1)

(such that A0 ∩ A1 and A0 + A1 are in C ). The morphisms T : (A0, A1) → (B0,B1) in Cc are bounded
linear mappings from A0 + A1 to B0 + B1 such that both T : A0 → B0 and T : A1 → B1 are morphisms
in C . The two basic functors ∆ and Σ from Cc to C are defined as follows: ∆(T) = Σ(T) = T and

∆(A) = A0 ∩ A1 and Σ(A) = A0 + A1.
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Interpolation spaces and functors

Given a couple A = (A0, A1) in Cc, a space A ∈ C is an intermediate space between A0 and A1 (or
with respect to A) if

∆(A) ↪→ A ↪→ Σ(A).

Such a space A is called an interpolation space between A0 and A1 (or with respect to A) if in
addition T : A→ A implies T : A→ A.
If B is another couple in Cc, two spaces A and B in C are interpolation spaces with respect to A and B
if A and B are interpolation spaces with respect to A and B respectively and if T : A→ B implies
T : A→ B.
An interpolation functor on C is a functor F from Cc into C such that if A and B are couples in Cc,
then F(A) and F(B) are interpolation spaces with respect to A and B and

F(T) = T for all T : A→ B.
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General case

Given ϕ ∈ B, we will denote by ϕ∗ the function explicitly defined by ϕ∗(t) = t/ϕ(t) for t > 0. Let
A = (A0, A1) and B = (B0,B1) be two couples in Cc; two interpolation spaces A and Bwith respect
to A and B respectively are of exponent ϕ ∈ B if, for any T : A→ B,

∥T∥A,B ≤ Cϕ̄∗(∥T∥A0,B0)ϕ̄(∥T∥A1,B1) (1)

always holds for some constant C > 0.
F is an interpolation functor of exponent ϕ ∈ B if F(A) and F(B) are of exponent ϕ for any couples A,
B in Cc.
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K-method

Given a couple A, t > 0 and a ∈ Σ(A),

K(t, a) := inf
a=a0+a1

(∥a0∥A0 + t∥a1∥A1),

For ϕ ∈ B and q ∈ [1,∞], let Kϕq (A) be the
space of all a ∈ Σ(A) such that

∥a∥Kϕq (A) := (

∫ ∞

0

( 1
ϕ(t)

K(t, a)
)q dt

t
)1/q <∞,

with the usual modification when q = ∞.

Kϕq is an exact interpolation functor of exponent ϕ ∈ B on the category N .
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J-method
Given a couple A, t > 0 and a ∈ ∆(A),

J(t, a) := max{(∥a∥A0 , t∥a∥A1),

For ϕ ∈ B and q ∈ [1,∞], let Jϕq (A) be the space of all a ∈ Σ(A) which can be represented by
a =

∫∞
0 b(t) dt/t, with convergence in Σ(A), where b is measurable, takes its values in ∆(A) for

t > 0 and
t 7→ J(t, b(t))

ϕ(t)
∈ Lq∗.

This space is equipped with the norm

∥a∥Jϕq (A) := inf
b
∥J(t, b(t))

ϕ(t)
∥Lq∗ .

the infimum being taken on all b : (0,∞) → ∆(A) measurable such that a =
∫∞

0 b(t) dt/t.

Equivalence Theorem

For ϕ ∈ B such that 0 < b(ϕ), b(ϕ) < 1 and q ∈ [1,∞], we have Jϕq (A) = Kϕq (A).
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Reiteration

X is of class C(ϕ;A) if it is an intermediate spaces with respect to A such that, for all a ∈ X,
K(t, a) ≤ Cϕ(t)∥a∥X and, for all a ∈ ∆(A), ϕ(t)∥a∥X ≤ CJ(t, a).

Theorem
If for j ∈ {0, 1}, Xj is of class C(ϕj;A) with b(ϕj) ≥ 0 and b(ϕj) ≤ 1, let ϕ ∈ B be such that
b(ϕ) > 0 and b(ϕ) < 1 and set θ = ϕ1/ϕ0, ψ = (ϕ ◦ θ)ϕ0; if b(θ) > 0 or b(θ) < 0 then

Kϕq (X) = Kψq (A).

In particular, for b(ϕj) > 0 and b(ϕj) < 1, the spaces Kϕjqj (A) are complete (j ∈ {0, 1}), then

Kϕq (K
ϕ0
q0
(A),Kϕ1

q1
(A)) = Kψq (A).
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Examples : Hölder spaces

For ϕ ∈ B with 0 < b(ϕ), b(ϕ) < 1, let Cϕb (R
d) is the space of the so-called bounded and uniformly

ϕ-Hölder continuous functions, equipped with the norm

∥f∥Cϕb (Rd) := ∥f∥∞ + |f |Cϕ = ∥f∥∞ + sup
x ̸=y

|f(x)− f(y)|
ϕ(|x − y|)

.

Theorem

▶ Let ϕ ∈ B with 0 < b(ϕ), b(ϕ) < 1,

Kϕ∞(Cb(Rd), C1
b(Rd)) = Cϕb (R

d).

▶ Let γ, ϕ0, ϕ1 ∈ B to set f = ϕ0/ϕ1 and ψ = ϕ0/(γ ◦ f). If 0 < b(γ), b(γ) < 1 and if b(f) > 0 or
b(f) < 0 then

Kγ∞(Cϕ0
b (Rd), Cϕ1

b (Rd)) = Cψb (R
d).

12 / 34



Examples : Lebesgue spaces

Let q ∈ [1,∞] and ϕ ∈ B; if X is a Banach space, the space ℓqϕ(X) consists of all sequences (aj)j of X
such that

(ϕ(2j)∥aj∥X)j ∈ ℓq.

Theorem
Let q0, q1, q ∈ [1,∞] and γ, ϕ0, ϕ1 ∈ B to set f = ϕ0/ϕ1 and ψ = ϕ0/(γ ◦ f). If 0 < b(γ), b(γ) < 1
and if b(f) > 0 or b(f) < 0, then

Kγq (ℓ
q0
ϕ0
(X), ℓq1

ϕ1
(X)) = ℓqψ(X).
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Examples : Besov spaces

Let ϕ ∈ B and (φj)j be a Paley-Littlewood system of test functions. For p, q ∈ [1,∞], we define the
generalized Besov Space by

Bϕp,q := {f ∈ S ′ : (∥φj ∗ f∥Lp)j ∈ ℓqϕ}.

Theorem
Given γ, ϕ0, ϕ1 ∈ B, define f = ϕ0/ϕ1 and ψ = ϕ0/(γ ◦ f). If 0 < b(γ), b(γ) < 1 and if b(f) > 0 or
b(f) < 0, then

Kγq (B
ϕ0
p,q0

,Bϕ1
p,q1

) = Bψp,q for p, q, q0, q1 ∈ [1,∞]

and
Kγq (F

ϕ0
p,q0

, Fϕ1
p,q1

) = Bψp,q, for p, q0, q1 ∈ (1,∞), q ∈ [1,∞].
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Examples : Sobolev and Besov spaces

We denote by B′′ the set of functions ϕ ∈ B which are C∞ on [1,∞) and such that for allm ∈ N,
tm|ϕ(m)(t)| ≤ Cm ϕ(t) is satisfied for all t ∈ [1,∞). Given ϕ ∈ B′′, the generalized Bessel operator
J ϕ is defined on S ′ by

J ϕf = F−1(ϕ(
√

1 + | · |2)F f).
It is clear that J ϕ is a linear bijective operator from S ′ to S ′ such that (J ϕ)−1 = J 1/ϕ and
J ϕ(S) = S. From there, the generalized (fractional) Sobolev space Hϕp is defined by

Hϕp = {f ∈ S ′ : ∥J ϕf∥Lp <∞}.

Theorem
Let γ ∈ B, ϕ0, ϕ1 ∈ B′′, f = ϕ0/ϕ1, ψ = ϕ0/(γ ◦ f) and p, q ∈ [1,∞]. If b(f) > 0 or b(f) < 0 and if
0 < b(γ), b(γ) < 1, then

Kγq (H
ϕ0
p ,H

ϕ1
p ) = Bψp,q.

Corollary
Let γ, ϕ0, ϕ1 ∈ B, f = ϕ0/ϕ1, ψ = ϕ0/(γ ◦ f) and p, q, q0, q1 ∈ [1,∞]; If b(f) > 0 or b(f) < 0 and if
0 < b(γ), b(γ) < 1, then

Kγq (B
ϕ0
p,q0

,Bϕ1
p,q1

) = Bψp,q.
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Continuous Interpolation Spaces and Limiting cases



Continuous Interpolation Spaces
Proposition

For ϕ ∈ B such that 0 < b(ϕ), b(ϕ) < 1 and q ∈ [1,∞), ∆(A) is dense in Kϕq (A).

When q = ∞, ∆(A) is not dense in Kϕ∞(A).

Let K0,ϕ
∞ (A) denote the space comprising all a ∈ Σ(A) such that

lim
t→0

1
ϕ(t)

K(t, a) = lim
t→∞

1
ϕ(t)

K(t, a) = 0.

We naturally equip K0,ϕ
∞ (A) with the norm induced by Kϕ∞(A). It is evident that K0,ϕ

∞ (A) constitutes a
closed subspace of Kϕ∞(A).
K0,ϕ
∞ is an exact interpolation functor of exponent ϕ on N .

Theorem
For ϕ ∈ B such that 0 < b(ϕ) and b(ϕ) < 1, the closure of ∆(A) in Kϕ∞(A) is K0,ϕ

∞ (A).
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Examples : little Hölder Spaces

Theorem
For ϕ ∈ B such that 0 < b(ϕ) and b(ϕ) < 1, we have

K0,ϕ
∞ (Cb(Rd), C1

b(Rd)) = hϕ(Rd),

where hϕ(Rd) is the space consisting of bounded functions f such that

lim
h→0

sup
x∈Rd

|f(x + h)− f(x)|
ϕ(|h|)

= 0.

Corollary
For ϕ ∈ B such that 0 < b(ϕ) and b(ϕ) < 1, the closure of C1

b(Rd) in Kϕ∞(Cb(Rd), C1
b(Rd)) is

hϕ(Rd).
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Examples : Lebesgue and Besov Spaces

Theorem
Let q0, q1 ∈ [1,∞], γ, ϕ0, ϕ1 ∈ B and define f = ϕ0/ϕ1. If 0 < b(γ), b(γ) < 1 and if b(f) > 0 or
b(f) < 0, then

▶

K0,γ
∞ (ℓq0

ϕ0
(X), ℓq1

ϕ1
(X)) = c0,ψ(X),

with ψ = ϕ0/(γ ◦ f), where c0,ψ(X) is the subspace of ℓ∞ψ (X) such that limj ψ(2j)∥aj∥X = 0.

▶

K0,γ
∞ (Hϕ0

p ,H
ϕ1
p ) = bψp,∞,

for ψ = ϕ0/(γ ◦ f), where bψp,∞ is the subspace of the elements a of Bψp,∞ (equipped with the
induced norm) such that limj ψ(2j)∥φj ∗ a∥Lp = 0.
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Limiting cases

Proposition
Let ϕ ∈ B such that 0 ≤ b(ϕ), b(ϕ) ≤ 1 and q ∈ [1,∞].

(i) If ∫ 1

0
(
t

ϕ(t)
)q
dt
t

= ∞ or
∫ ∞

1
(

1
ϕ(t)

)q
dt
t

= ∞ (2)

with the usual modification if q = ∞, then Kϕq (A) = {0}.

(ii) If ∫ ∞

0
(

1
ϕ(t)

min{1, t})q dt
t
<∞, (3)

with the usual modification if q = ∞, then Kϕq is an exact interpolation functor of exponent ϕ
on N .
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Interpolation of several Spaces with function parameters



A word on the Interpolation with several spaces

Let q ∈ [1,∞], ϕ1, . . . , ϕn ∈ B be such that 0 < b(ϕ1) + · · ·+ b(ϕn) and b(ϕ1) + · · ·+ b(ϕn) < 1
and f be a function from (0,∞)n to (0,∞). Set

Φϕ1,...,ϕn
q (f) =

(∫
(0,∞)n

( 1
ϕ1(t1)

· · · 1
ϕn(tn)

f(t1, . . . , tn)
)q dt1

t1
· · · dtn

tn

)1/q
,

with the usual modification in the case q = ∞. Given a ∈ A and t ∈ (0,∞)n, let

K(t, a) = inf
a
∥a0∥A0 + t1∥a1∥A1 + · · ·+ tn∥an∥An ,

where the infimum is taken over all the decompositions a = a0 + · · ·+ an, aj ∈ Aj.
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A word on the Interpolation with several spaces

We define Kϕ1,...,ϕn
q (A) as the set of a ∈ Σ(A) such that

∥a∥Kϕ1,...,ϕn
q (A) = Φϕ1,...,ϕn

q
(
K(t, a)

)
<∞.

Let f be a function from (0,∞)n+1 to (0,∞); an interpolation functor F is of type f if there exists a
constant C ≥ 1 such that

∥T∥F(A),F(B) ≤ C f (∥T∥A0,B0 , . . . , ∥T∥An,Bn) ,

for any morphism T : A→ B.

Proposition

The functor Kϕ1,...,ϕn
q is an exact interpolation functor of type f where

f(t0, . . . , tn) = t0ϕ1(t1/t0) · · ·ϕn(tn/t0).
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A word on the Interpolation with several spaces
Proposition
Let q ∈ [1,∞], ϕ1, . . . , ϕn ∈ B be such that 0 < b(ϕ1) + · · ·+ b(ϕn) and b(ϕ1) + · · ·+ b(ϕn) < 1;
then Jϕ1,...,ϕn

q (A) ↪→ Kϕ1,...,ϕn
q (A).

Let σ(A) the subspace of all a ∈ Σ(A) for which
∫ K(t,a)

max t
dt1
t1 · · · dtntn <∞. The condition F(A) is

satisfied if, for every a ∈ σ(A), there exists a function u : (0,∞)n → ∆(A) such that

a =

∫
u(t)

dt1
t1

· · · dtn
tn

in Σ(A) and J
(
t, u(t)

)
≤ C(A)K(t, a).

Theorem
Let q ∈ [1,∞], ϕ1, . . . , ϕn ∈ B such that 0 < b(ϕ1) + · · ·+ b(ϕn) and b(ϕ1) + · · ·+ b(ϕn) < 1; if
F(A) is satisfied, then

Jϕ1,...,ϕn
q (A) = Kϕ1,...,ϕn

q (A).
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Pointwise Regularity



Hölder

∥f − P∥L∞(B(x0,r)) ≤ Crα

Weighted Hölder

∥f − P∥L∞(B(x0,r)) ≤ Cϕ(r)

Calderon-Zygmund

r−d/p∥f − P∥Lp(B(x0,r)) ≤ Crα
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Pointwise Regularity

Let x0 ∈ Rd, p ∈ [1,∞], α > −d/p, a function f ∈ Lploc is in Tpα(x0) if there exist a constant C > 0 and
a polynomial P of degree strictly smaller than α such that

r−d/p∥f − P∥Lp(B(x0,r)) ≤ Crα

for sufficiently small r.

p-exponent

hp(x0) := sup{α > −d/p : f ∈ Tpα(x0)}.

p-spectrum

dp(h) = dimH({x ∈ Rd : hp(x) = h}).
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Regularity of functions defined through continued
fractions



Brjuno function

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

A : (0, 1) → [0, 1] x 7→ |1
x
− ⌊1

x
⌋|.
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Brjuno function
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0.6

0.8

1.0

A : (0, 1) → [0, 1] x 7→ |1
x
− ⌊1

x
⌋|.
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B : R \Q → R x 7→ −
∞∑
n=0

x0x1...xn−1 log xn,

where x0 = |x − ⌊x⌋| and xn+1 = A(xn).
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Regularity of B
Theorem (S. Jaffard, B. Martin)
Let p ∈ [1,∞); the p-exponents of B are given by

h(B)p (x) =

{
0 if x ∈ Q,

1/τ(x) otherwise,

where

τ(x) = sup

{
u : ∃ an infinity of coprime pairs (p, q) ∈ Z× N :

∣∣∣∣x − p
q

∣∣∣∣ < 1
qu

}
.

Moreover, the p-spectrum is given by

dp(h) =

{
2h si h ∈ [0, 1/2],
−∞ sinon.
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α-continued fractions
Given α ∈ [1/2, 1] and x ∈ R, define

[x]α = min{p ∈ Z : x < p+ α}.

We introduce the (generalized) Gauss map:

Aα : (0, α) → [0, α] : x 7→ |1
x
− [

1
x
]α|.
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1.0
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0.2

0.3

0.4

0.5

0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2

0.4

0.6

Figure 1: Aα : (0, α) → [0, α] with resp. α = 1, α = 1/2 and α = 3/4.
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α-continued fractions

Set x0 = |x − [x]α| and a0 = [x]α. Consequently, x0 = a0 + ε0x0, where

ε0 =

{
1 if x ≥ a0,

−1 otherwise.

This initialization defines xn+1 = Aα(xn) and

an+1 = [
1
xn
]α ≥ 1,

for n ∈ N0 if it is meaningful. Subsequently, x−1
n = an+1 + εn+1xn+1, where

εn+1 =

{
1 if x−1

n ≥ an+1,

−1 otherwise.
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α-continued fractions

The n-th α-convergent of x is given by

pn
qn

= [(a0, ε0), . . . , (an−1, εn−1), an] = a0 +
ε0

a1 +
ε1

. . . + an−1 +
εn−1

an

Let x ∈ R \Q, we introduce the α-irrationality exponent of x as τ (α)(x) = lim supn→∞
log |x− pn

qn
|

log 1
qn

.

Theorem
For all α ∈ [1/2, 1], x ∈ R \Q,

τ (α)(x) = τ(x).
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α-cells

We set

c(a, ε) =


( 1
a+ α

,
1
a

)
∩ (0, α) if ε = 1,(1

a
,

1
a+ α− 1

)
∩ (0, α) if ε = −1.

and

c[(a1, ε1)...(an, εn)] =
n⋂
j=1

A−(j−1)
α (c(aj, εj)).

If c[(a1, ε1)...(an, εn)] is non empty, we say that c[(a1, ε1)...(an, εn)] is an α-cell of depth n and
(a1, ε1)...(an, εn) is called admissible.
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Möbius Transformations

The image of c(a, ε) under Aα,
J(a, ε) = Aα

(
c(a, ε)

)
,

is an open interval, and the inverse of Aα on c(a, ε) is given by

ψ(a,ε) : J(a, ε) → c(a, ε)

t 7→ 1
a+ εt

.

We set
ψ(a1,ε1)...(an,εn) = ψ(a1,ε1) ◦ ψ(a2,ε2) ◦ · · · ◦ ψ(an,εn),

so that
ψ(a1,ε1),...,(an,εn)(t) =

pn + tεnpn−1

qn + tεnqn−1
.
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Advantageous numbers

Let n ≥ 1, (a1, ε1)...(an, εn) ∈ A∗. We have

c
[
(a1, ε1)...(an, εn)

]
=

n⋂
j=1

ψ(a1,ε1)...(aj,εj)
(
J(aj, εj

))
(4)

A number α ∈ [1/2, 1] is called advantageous if for all n ≥ 1 and for all (a1, ε1)...(an, εn) ∈ Ln(α),

c
[
(a1, ε1)...(an, εn)

]
= ψ(a1,ε1)...(an,εn)

(
J(an, εn)

)
.

Proposition
A number α ∈ [1/2, 1] is advantageous if and only if

α ∈ {1/2, g, 1} ∪
{

1 − 1
k
, k ≥ 3

}
∪
{−k +

√
k2 + 4k

2
, k ≥ 2

}
.
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Brjuno functions

Bα : R \Q → R x 7→ −
∑∞

n=0 x0x1...xn−1 log xn.

Theorem

Let p ∈ [1,∞); the p-exponents of B1/2 are given by hp(x) =

{
0 if x ∈ Q,

1/τ(x) otherwise.
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2.5

3.0

3.5

4.0

Figure 2: Brjuno function B1/2. Figure 3: Difference B− B1/2.
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Thomae’s function

Tθ(x) =


1 if x = 0,
q−θ if x is rational with x = p/q,
0 if x is irrational,

Figure 4: Representation of the function Tθ on (0, 1) for θ = 1/2, 1 and 2.

34 / 34



Thomae’s function

Tθ(x) =


1 if x = 0,
q−θ if x is rational with x = p/q,
0 if x is irrational,

Proposition
For θ ∈ (0, 2],

h(∞)
Tθ (x) =

{
0 if x is rational,
θ/τ(x) if x is irrational.
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Thank you for your attention !
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