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Hermite processes are paradigmatic examples of stochastic processes
which can belong to any Wiener chaos of an arbitrary order; the well-known
fractional Brownian motion belonging to the Gaussian first order Wiener
chaos and the Rosenblatt process belonging to the non-Gaussian second order
Wiener chaos are two particular cases of them. Except for these two partic-
ular cases no simulation method for sample paths of Hermite processes is
available so far. The goal of our article is to introduce a new method which
potentially allows to simulate sample paths of any Hermite process and even
those of any generalized Hermite process.

Our starting point is the representation for the latter process as random
wavelet-type series, obtained in our very recent paper (Constr. Approx. 61
(2025) 535–601). We construct from it a “concrete” sequence of piecewise
linear continuous random functions which almost surely approximate sam-
ple paths of this process for the uniform norm on any compact interval, and
we provide an almost sure estimate of the approximation error. Then, for the
Rosenblatt process and more importantly for the third order Hermite process
as well as its generalized version, we propose algorithms allowing to im-
plement this sequence and we illustrate them by several simulations. Python
routines implementing these synthesis procedures are available upon request.

1. Introduction and motivation. For many years, there has been growing interest in
modelling many real-life situations using fractional stochastic processes. Among other things,
these families of parametrized processes offer a natural framework for simulating phenomena
with short- or long-range dependence properties, as well as self-similarity. We refer, for ex-
ample, to the monographs [20, 22] for a comprehensive view on both properties. A standard
strategy consists in using the famous fractional Brownian motion [29]. This process has been
for instance used for simulations in astronomy [37], biology [21], climatology [25], image
processing [30], internet traffic modelling [35] and physics [31]. The fractional Brownian
motion of Hurst parameter H ∈ (0,1) on a probability space (Ω,ℱ,ℙ) is known to be the
unique centred Gaussian process {BH

t }t≥0 with covariance function given, for all, s, t ≥ 0, by

(1) 𝔼
[︁
BH

t BH
s

]︁ = 1

2

(︁|t |2H + |s|2H − |t − s|2H )︁
.

To numerically simulate a fractional Brownian motion, one can use a wavelet-based syn-
thesis, which relies on its wavelet-type random series representation due to Meyer, Sellan and
Taqqu [32]. We refer to the papers [2, 15] for details and practical features about the imple-
mentation of such an algorithm. Note that, in this Gaussian case, exact simulation methods
are available, meaning that the data are drawn exactly from the distribution defined by the
process, without incurring approximation errors. We refer, for instance, to the book [41] for
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an overview of various simulation methods, including the Cholesky decomposition. For de-
tailed studies and extensions of the now widely used circulant matrix method, we refer to
[14, 18, 27, 54] and the references therein. The core idea behind this approach is that a Gaus-
sian process is uniquely characterized by its mean and covariance functions. However, this
fundamental property does not hold in the non-Gaussian setting considered in the present
paper. Indeed, in many situations, the Gaussianity of the fractional Brownian motion is a too
strong assumption to model a phenomenon of interest. Such a case arises, for instance, in
mathematical finance [24, 47], hydrology [48] or internet traffic modelling [52]. To drop the
Gaussian assumption, one can use the affiliation of fractional Brownian motion in the family
of Hermite processes.

For d ≥ 1 and H ∈ (1/2,1), the Hermite process of order d and Hurst parameter H is
defined, at any time t ∈ ℝ+, by the multiple Wiener integral

(2)

⌜⃓⃓⎷ H(2H − 1)

d!β(1
2 − 1−H

d
, 2−2H

d
)d

∫︂ ′
ℝd

(︄∫︂ t

0

d∏︂
ℓ=1

(s − xℓ)
H−1

d
− 1

2+ ds

)︄
dB(x1) · · ·dB(xd),

where {B(x)}x∈ℝ is a usual Brownian motion, β denotes the classical Euler’s Beta function1

and we use the convention that, for all (x,α) ∈ ℝ2,

xα+ :=
{︄
xα if x > 0,

0 otherwise.

Observe that the symbol
∫︁ ′
ℝd in (2) denotes integration over ℝd with diagonals {xℓ = xℓ′ },

ℓ ≠ ℓ′, excluded. It is the paradigmatic example of a stochastic process in the Wiener chaos
of order d . When d = 1, it reduces to the fractional Brownian motion, which is the only
Gaussian process in this family. The Hermite process of any order is H -self-similar, has
stationary increments, exhibits long-range dependence and has the same covariance function
(1) as the fractional Brownian motion. In particular, its sample paths are almost surely, on
each compact interval and for every δ ∈ (0,H), Hölder continuous functions of order δ.

The Hermite process of order 2 is also known as the Rosenblatt process. In [1], the au-
thors propose two practical methods for simulating its sample paths. They are based on its
random wavelet-type series representation introduced in [38]. For the first method, the au-
thors obtain a uniform convergence result [1], eq 2.5. Whereas for the second method, they
formulate a conjecture concerning the uniform convergence on any compact set of their rep-
resentation [1], eq 2.10. Also we mention that in [49] the authors propose an algorithm based
on a Donsker-type theorem to numerically approximate the Rosenblatt process by perturbed
random walks. Nevertheless, the rate of convergence of this approximation procedure is not
provided by them.

In [38], the author raises the question of whether the wavelet-type expansion he obtains
for the Rosenblatt process can be extended to any Hermite process. This problem remained
open up to our very recent work [5]. In the latter paper, we even consider a larger fam-
ily of processes which contains the Hermite ones (see Definition 2.1 below). We provide a
wavelet-type expansion for any process in this family which, among other things, offers the
advantage to clearly separate the low and high frequency parts of the process. Moreover, we
obtain an explicit estimate for the rate of convergence of the low frequency part towards its
corresponding process.

Despite the growing interest for Hermite processes in the literature, up to now, there is no
method to numerically simulate sample paths of such a process, as soon as the order d ≥ 3; the

1for all x, y > 0, β(x, y) = ∫︁ 1
0 tx−1(1 − t)y−1 dt .
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latter fact is mentioned on page 43 of the very recent book [50]. The aim of the current paper is
to make a breakthrough in this area in order to overcome the serious drawback due to the lack
of simulation methods. Our starting point is the representation of any arbitrary generalized
Hermite process as random wavelet-type series, obtained in our very recent paper [5]. The
main lines of the latter article can somehow be divided into two distinct parts, following the
classical scheme of wavelet-based approximation methods:

• First, we derived an expression for the low-frequency component of the process in terms
of a random series based on Gaussian FARIMA processes and well localized fractional
scaling functions. Then we ensured that this random series converges almost surely and
uniformly on compact intervals. That is, Theorem 2.8 and Section 3 in [5].

• Second, we decomposed the corresponding high-frequency component into several
wavelet-based random series, from which we managed to estimate the rate of convergence
of the low-frequency part towards the target process. That is, Theorem 2.12 and Section 4
in [5].

In particular, in [5], we do not seek to truncate and simplify anymore the random series rep-
resenting the low-frequency component for approximation purposes. This stands in sharp
contrast to the current paper. Indeed, the results from [5], which are summarized in Theo-
rem 2.7 here below, still cannot be directly exploited for the numerical simulation of Hermite
processes. In fact, since the “low-frequency” component (see (15) in Theorem 2.7 below)
is an infinite sum of functions weighted by sums of products of FARIMAs, its numerical
implementation would require the simulation of infinitely many FARIMAs and rather com-
plicated functions—which is, of course, not feasible in practice. A main goal of the current
paper is to appropriately truncate and modify this random series “low-frequency”, so that
one obtains from it a “concrete” piecewise linear continuous random function which almost
surely approximates sample paths of the corresponding (generalized) Hermite process for
the uniform norm on any compact interval. Moreover, our approach has the advantage of
providing an explicit estimate for the rate of convergence. It is worth highlighting that this
estimate matches the one we previously obtained in [5] for the rate of convergence of the
low-frequency component towards the corresponding (generalized) Hermite process. From
this perspective, our strategy does not entail any loss of accuracy. In the last section of the
current paper, for the Rosenblatt process and more importantly for the third order Hermite
process, as well as its generalized version, we propose algorithms allowing to implement this
sequence of “approximation processes” and we illustrate them by several simulations.

We believe that our work could be of potential interest for applications for which (gen-
eralized) Hermite processes are underlying models. Among other things, it can be used to
test numerical efficiency of various statistical estimators for the Hurst parameter of Hermite
processes, based, for instance, on quadratic variations [6, 11, 51], (approached) maximum
(log-)likelihood [8, 17, 42, 53], log-periodogram [34] or wavelet variations [9, 13, 28].

The rest of the paper is organized as follows. In Section 2, we first precisely define the class
of generalized Hermite processes as well as their wavelet-type random series representation.
Then we state our two main results which are issued from the latter representation. Section 3
is devoted to their proofs which are, on one hand, to a certain extent, inspired by some ideas
from [5] and, on another hand, contain significant novelties with respect to [5] as, for instance
Lemmata 3.4 and 3.6. In Section 4, we provide algorithms allowing to numerically simulate
the Rosenblatt process and more importantly the Hermite process of order 3, as well as the
generalized Hermite process of order 3. Then we test these algorithms through several sim-
ulations. Finally, Section 5 is devoted to numerical experiments devoted to the validation of
our procedure.
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2. Background and statement of the main results. The family of processes we are in-
terested in, called generalized Hermite processes, was introduced in [7]. These processes are
self-similar and have stationary increments. They include Rosenblatt and any other Hermite
process [40], Chapter 4.

DEFINITION 2.1. The generalized Hermite process of any arbitrary order d ≥ 2, denoted
by {X(d)

h (t)}t∈ℝ+ , depends on a vector-valued Hurst parameter h := (h1, . . . , hd) whose co-
ordinates satisfy

(3) h1, . . . , hd ∈ (1/2,1) and
d∑︂

ℓ=1

hℓ > d − 1

2
.

This process belongs to the non-Gaussian dth Wiener chaos, since it is defined, for each
t ∈ ℝ+, through the multiple Wiener integral:

(4) X
(d)
h (t) :=

∫︂ ′
ℝd

K
(d)
h (t, x1, . . . , xd) dB(x1) · · ·dB(xd),

where the deterministic kernel function K
(d)
h is given, for every (t, x1, . . . , xd) ∈ ℝ+ × ℝd ,

by

(5) K
(d)
h (t, x1, . . . , xd) := 1∏︁d

ℓ=1 Γ(hℓ − 1/2)

∫︂ t

0

d∏︂
j=1

(s − xℓ)
hℓ−3/2
+ ds.

REMARK 2.2. As mentioned in [7], Theorem 3.5., the process {X(d)
h (t)}t∈ℝ+ has station-

ary increments and is self-similar with self-similarity index H ∈ (1/2,1) given by

(6) H :=
(︄

d∑︂
ℓ=1

hℓ

)︄
− d + 1.

One can derive from these two nice properties that, for any indices s, t ∈ ℝ+ and exponent
p > 0,

(7) 𝔼
[︁⃓⃓
X

(d)
h (t) − X

(d)
h (s)

⃓⃓p]︁ = |t − s|Hp𝔼
[︁⃓⃓
X

(d)
h (1)

⃓⃓p]︁
.

Moreover, one knows from the hypercontractivity property for multiple Wiener integrals (see,
e.g., [36], Theorem 2.7.2) that, for all p > 0, one has 𝔼[|X(d)

h (1)|p] < ∞. Thus, it follows

from (7) and Kolmogorov continuity theorem that there exists a modification of {X(d)
h (t)}t∈ℝ+

and Ω1, an event of probability 1, such that, on Ω1, sample paths of this modification are
locally (i.e., on each compact interval) γ -Hölder continuous functions, for any γ ∈ (0,H).
All along this paper, we identify {X(d)

h (t)}t∈ℝ+ with this modification. Thus, one can write
that, for each fixed T > 0 and γ ∈ (0,H), there is a positive finite random variable CT,γ such
that, almost surely, for every s, t ∈ [0, T ], the following inequality holds:

(8)
⃓⃓
X

(d)
h (t) − X

(d)
h (s)

⃓⃓ ≤ CT,γ |s − t |γ .

REMARK 2.3. Observe that when all the coordinates h1, . . . , hd of the vector-valued
parameter h are equal to 1 + H−1

d
, then the process {X(d)

h (t)}t∈ℝ+ reduces to the usual
Hermite process of Hurst parameter H and order d , up to a renormalisation. The constant√︃

H(2H−1)

d!β( 1
2 − 1−H

d
, 2−2H

d
)d

used in (2) is chosen such that the process at time 1 has unit variance. On

the other side, the constant 1∏︁d
ℓ=1 Γ(hℓ−1/2)

used in (5) is more practicable for computation in

the general context of Definition 2.1.
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In order to state and motivate the main results of the present article, first we need to re-
call some notation and fundamental results from our previous paper [5]. The two real-valued
functions ϕ and ψ are respectively a univariate scaling function and a mother wavelet as-
sociated with a Meyer orthonormal wavelet basis of L2(ℝ). Recall that ϕ and ψ belong to
the Schwartz class 𝒮(ℝ) of infinitely differentiable functions whose derivatives of any order
rapidly decay at infinity. Moreover, the Fourier transforms ˆ︁ϕ and ˆ︁ψ are infinitely differen-
tiable compactly supported functions satisfying

suppˆ︁ϕ ⊆
[︃
−4π

3
,

4π

3

]︃
and supp ˆ︁ψ ⊆

[︃
−8π

3
,

8π

3

]︃
\
(︃
−2π

3
,

2π

3

)︃
.

The wavelet-type expansion of generalized Hermite process relies on the fractional primi-
tives ψh of the mother wavelet ψ defined in Definition 2.4 below. We refer to the book [43]
for a detailed presentation of the notions of fractional primitive and fractional derivative and
related topic, also we refer to [32], Section 4.

DEFINITION 2.4. For all h ∈ [1/2,+∞) (resp. h ∈ (−∞,1/2)), the fractional primitive
of ψ of order h − 1/2 (resp. the fractional derivative of ψ of order 1/2 − h) is the function
ψh ∈ 𝒮(ℝ) defined through its Fourier transform by:ˆ︂ψh(0) := 0 and, for all ξ ≠ 0 ˆ︂ψh(ξ) := (iξ)1/2−hˆ︁ψ(ξ).

Note that, since the compactly supported Fourier transform ˆ︁ψ vanishes in a neighbour-
hood of 0, fractional primitives and derivatives of a univariate Meyer mother wavelet ψ be-
long to the Schwartz class 𝒮(ℝ). At the opposite, since ˆ︁ϕ(0) = 1 ≠ 0, fractional primitives
and derivatives of a univariate Meyer scaling function ϕ fail to be smooth well-localized
functions. In order to overcome this serious difficulty, a clever idea of [32] was to “replace”
fractional primitive or derivative of ϕ by the so-called fractional scaling function Φ

(δ)
Δ , which

belongs to 𝒮(ℝ) and which was defined in [32] as follows:

DEFINITION 2.5. The fractional scaling function of order δ ∈ (−∞,+∞) of a univariate
Meyer scaling function ϕ is the function Φ

(δ)
Δ ∈ 𝒮(ℝ) defined through its Fourier transform

by:

ˆ︁Φ(δ)
Δ (ξ) :=

(︃
1 − e−iξ

iξ

)︃δˆ︁ϕ(ξ) ∀ξ ≠ 0 and ˆ︁Φ(δ)
Δ (0) := 1.

Notice that, similar to ˆ︁ϕ, the function ˆ︁Φ(δ)
Δ has a compact support satisfying

(9) supp ˆ︁Φ(δ)
Δ ⊆

[︃
−4π

3
,

4π

3

]︃
.

One can check, by using elementary properties of the Fourier transform on the space 𝒮(ℝ)

(see, e.g., the seminal book [45]), that Φ
(δ)
Δ and ψh are well-defined functions belonging to

𝒮(ℝ), which means that they are infinitely differentiable functions satisfying, for all m ∈ ℕ0
and L > 0,

(10) sup
x∈ℝ

{︃(︁
3 + |x|)︁L(︃⃓⃓⃓⃓ dm

dxm
Φ

(δ)
Δ (x)

⃓⃓⃓⃓
+
⃓⃓⃓⃓

dm

dxm
ψh(x)

⃓⃓⃓⃓)︃}︃
< +∞.

Another fundamental ingredient of the wavelet-type expansion of generalized Hermite
process is the so-called Gaussian FARIMA (autoregressive fractionally integrated moving
average) sequence defined as follows.
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DEFINITION 2.6. Generally speaking, if {Xk}k∈ℤ is a time series, we consider the back-
shift operator 𝔅 defined, for each k ∈ ℤ, as 𝔅Xk = Xk−1. Then, for any δ ∈ (−1/2,1/2),
given a sequence (Zk)k∈ℤ of i.i.d. centred Gaussian random variables, the Gaussian FARIMA
(0, δ,0) sequence (Z

(δ)
k )k∈ℤ is defined, for each k ∈ ℤ, as

Z
(δ)
k := (I −𝔅)−δZk =

+∞∑︂
p=0

γ (δ)
p 𝔅pZk =

+∞∑︂
p=0

γ (δ)
p Zk−p,

where we have set

γ
(δ)
0 = 1 and, for all p ∈ ℕ, γ (δ)

p := δΓ(p + δ)

Γ(p + 1)Γ(δ + 1)
.

In the context of generalized Hermite process, we extended this definition to cover the case
of chaotic random variables. Namely, we consider, for all J ∈ ℤ, the sequence of dth Wiener
chaos random variables(︃

μJ,k := 2J d
2

∫︂ ′
ℝd

ϕ
(︁
2J x1 − k1

)︁ · · ·ϕ(︁2J xd − kd

)︁
dB(x1) . . . dB(xd)

)︃
k∈ℤd

and set, for all h satisfying (3),

(11) σ
(h)
J,k := ∑︂

p∈ℕd
0

(︄
d∏︂

l=1

γ (hl−1/2)
pl

)︄
μJ,k−p.

Also, we remarked that if we consider, for J ∈ ℤ, the Gaussian FARIMA (0, δ,0) sequence
(Z

(δ)
J,ℓ)ℓ∈ℤ associated to the sequence of the i.i.d. standard Gaussian random variables(︃

g
ϕ
J,k := 2J/2

∫︂
ℝ

ϕ
(︁
2J x − k

)︁
dB(x)

)︃
k∈ℤ

,

then we get, the more explicit expression [5], Proposition 2.7, for all k ∈ ℤd ,

σ
(h)
J,k =

⌊d/2⌋∑︂
m=0

(−1)m
∑︂

P∈𝒫(d)
m

m∏︂
r=1

𝔼
[︁
Z

(hℓr −1/2)

J,kℓr
Z

(hℓ′r −1/2)

J,kℓ′r

]︁ d−m∏︂
s=m+1

Z
(hℓ′′s −1/2)

J,kℓ′′s
,(12)

where 𝒫(d)
m is the finite set of all partitions of {1, . . . , d} with m (nonordered) pairs and d −2m

singletons and the indices ℓr , ℓ′
r and ℓ′′

s are such that

P = {︁{︁
ℓ1, ℓ

′
1
}︁
, . . . ,

{︁
ℓm, ℓ′

m

}︁
,
{︁
ℓ′′
m+1

}︁
, . . . ,

{︁
ℓ′′
d−m

}︁}︁
.

Finally, for all j,k ∈ ℤd , we set

(13) ψj,k :=
d⨂︂

ℓ=1

ψjℓ,kℓ
,

where ψjℓ,kℓ
(·) := 2jℓ/2ψ(2jl · −kℓ), and we consider the chaotic random variable

(14) εj,k :=
∫︂ ′
ℝd

ψj,k(x1, . . . , xd) dB(x1) . . . dB(xd).

Theorem 2.8 and Theorem 2.12 of [5] can then be summarized together as follows.
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THEOREM 2.7. The random series

(15) X
(d)
h,J (t) = 2−J (h1+···+hd−d)

∑︂
k∈ℤd

σ
(h)
J,k

∫︂ t

0

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ

(︁
2J s − kℓ

)︁
ds,

is almost surely, for each fixed J ∈ ℕ, uniformly convergent in t on every compact interval I ⊂
ℝ+. Moreover, for any such I , there exists an almost surely finite random variable (depending
on I ) for which one has, almost surely, for all J ∈ℕ,⃦⃦

X
(d)
h − X

(d)
h,J

⃦⃦
I,∞

=
⃦⃦⃦⃦
⃦ ∑︂

(j,k)∈(ℤd )2

maxℓ∈[[1,d]] jℓ≥J

2j1(1−h1)+···+jd(1−hd)εj,k

∫︂ t

0

d∏︂
ℓ=1

ψhℓ

(︁
2jℓs − kℓ

)︁
ds

⃦⃦⃦⃦
⃦
I,∞

(16)

≤ CJ
d
2 2−J (h1+···+hd−d+1/2).(17)

In view of Theorem 2.7, we call {X(d)
h,J (t)}t∈ℝ+ the approximation process at scale J .

Unfortunately, it has not yet a form which is well adapted to numerical simulations. In order
to overcome this difficulty we need to replace it by the stochastic process {S(d)

h,J (t)}t∈ℝ+ ,
called the simulation process at scale J , which will be defined in the sequel. We aim at
doing so without altering the estimate of the rate of convergence given in the second part of
Theorem 2.7. On this purpose, we recall the following definition of some important sets.

DEFINITION 2.8 ([5], Definition 4.3). Let a be a fixed real number satisfying 1/2 < a <

1. For all (j, k) ∈ ℤ+ ×ℤ, let us denote by Bj,k the compact interval

(18) Bj,k := [︁
k2−j − 2−ja, k2−j + 2−ja]︁.

For all j ∈ ℕ and for all t ∈ ℝ+, we consider the three disjoint subsets of ℤ:

D1
j (t) := {︁

k ∈ ℤ : Bj,k ⊆ [0, t]}︁,(19)

D2
j (t) := {︁

k ∈ ℤ \ D1
j (t) : Bj,k ∩ [0, t] ≠ ∅

}︁
,(20)

D3
j (t) := {︁

k ∈ ℤ : Bj,k ∩ [0, t] = ∅
}︁
.(21)

These three sets, depending on t and a, form a partition of ℤ:

ℤ =
3⋃︂

ℓ=1

Dℓ
j (t).

The set (D1
j (t))

d is the Cartesian product of the set D1
j (t) d-times with itself. In [5], we

somehow remarked that the estimate of the rate of convergence in (17) is mainly determined
by the terms of the series in (16) whose indices k belong to some (D1

j (t))
d sets, with j ≥ J

and t ∈ I . Therefore, the idea behind the definition of S
(d)
h,J (t), with J ∈ ℕ and t ≥ 0, is to use

an appropriate enlargement of the “diagonal set” of (D1
J (t))d .

DEFINITION 2.9. Let ε be a fixed positive real number. For all J ∈ ℕ and for all t ∈ ℝ+,
we consider the three subsets

𝒥 1
J (t) :=

{︂
k ∈ (︁

D1
J (t)

)︁d : max
ℓ,ℓ′∈[[1,d]]

|kℓ − kℓ′ | ≤ 2εJ
}︂
,(22)

𝒥 2
J (t) := {︁

k ∈ ℤd : ∃n such that kn ∈ D2
J (t)

}︁
,(23)

𝒥 3
J (t) := {k ∈ ℤd : ∃n such that kn ∈ D3

J (t)}.(24)
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The simulation process {S(d)
h,J (t)}t∈ℝ+ is then defined as follows.

DEFINITION 2.10. For all J ∈ ℕ, the simulation process at scale J of the generalized
Hermite process {X(d)

h (t)}t∈ℝ+ is the process {S(d)
h,J (t)}t∈ℝ+ defined, for all t ∈ ℝ+, by

(25) S
(d)
h,J (t) = 2−J (h1+···+hd−d+1)

∑︂
k∈𝒥 1

J (t)

σ
(h)
J,k

∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds.

REMARK 2.11. From consecutive uses of the Parseval–Plancherel identity and the inclu-
sion (9), one can rewrite the integrals appearing in the right-hand side of (25) as integrals of
compactly supported functions, see equation (33) below. This fact is particularly interesting
for numerical computations.

The first main result of the present paper is that the sequence of simulation processes
({S(d)

h,J (t)}t∈ℝ+)J∈ℕ converges, almost surely and uniformly t belonging to any compact sub-

set of ℝ+, to the generalized Hermite process {X(d)
h (t)}t∈ℝ+ with the same estimate of the

rate of convergence as the one established for the approximation process in Theorem 2.7.

THEOREM 2.12. For any compact interval I ⊂ ℝ+, there exists an almost surely finite
random variable C (depending on I ) for which one has, almost surely, for each J ∈ℕ,

(26)
⃦⃦
X

(d)
h − S

(d)
h,J

⃦⃦
I,∞ ≤ CJ

d
2 2−J (h1+···+hd−d+1/2).

In order to state precisely the second main result of the present article, first we need to
analyse carefully the definition of the set D1

J (t) in (19). To this end, for each fixed J ∈ ℕ

and t ∈ ℝ+, we denote by mJ,t the integer part of the real number 2J t − 2J (1−a), that is,
mJ,t := ⌊2J t − 2J (1−a)⌋. Thus, in view of (19), it turns out that

(27) D1
J (t) =

{︄
∅ if t ∈ [0,21−Ja),

D1
j

(︁
mJ,t2

−J + 2−Ja)︁ if t ∈ [21−Ja,∞).

Then, we can derive from (27) that the process {S(d)
h,J (t)}t∈ℝ+ is a piecewise constant random

function, that is a random walk. More precisely, if ℐJ stands for the set

ℐJ := ℕ∩ [2J (1−a),+∞),

one has

(28) S
(d)
h,J (t) = ∑︂

m∈ℐJ

sm,J1λ
(a)
m,J

(t) for every t ∈ ℝ+,

where, for all m ∈ ℐJ , the random variable

(29) sm,J := S
(d)
h,J

(︁
m2−J + 2−aJ )︁

and the deterministic bounded interval λ
(a)
m,J := [m2−J + 2−aJ , (m + 1)2−J + 2−aJ ).

In virtue of Theorem 2.12, when J is large enough, the random walk in (28) can be used for
numerically simulating the generalized Hermite process {X(d)

h (t)}t∈ℝ+ . Nevertheless, from
Remark 2.2, we know that sample paths of the latter process are almost surely continu-
ous functions. Thus, one could prefer to simulate them through a numerically computable
stochastic process having continuous sample paths. This can be simply done by taking a
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linear interpolation between the random points (m2−J + 2−aJ , sm,J ), m ∈ ℐJ . Namely, we
consider the process {˜︁S(d)

h,J (t)}t∈ℝ+ defined, for all t ∈ ℝ+, by

˜︁S(d)
h,J (t) := sm0,J

|λ(a)
0,J | t1λ

(a)
0,J

(t)

+ ∑︂
m∈ℐJ

(︁
2J (sm+1,J − sm,J )

(︁
t − (︁

m2−J + 2−aJ )︁)︁+ sm,J

)︁
1λm,J

(t),

(30)

with m0 := minℐJ , λ
(a)
0,J := [0,m02−J + 2−aJ ) and |λ(a)

m0,J
| = m02−J + 2−aJ .

The following theorem shows that the sequence of simulation processes
({˜︁S(d)

h,J (t)}t∈ℝ+)J∈ℕ converges to {X(d)
h (t)}t∈ℝ+ , almost surely and uniformly in t belong-

ing to any compact interval of ℝ+. Moreover, the estimate it provides for the almost uniform
rate of convergence is the same as the one in Theorem 2.12.

THEOREM 2.13. For any compact interval I ⊂ ℝ+, there exists an almost surely finite
random variable C′ (depending on I ) for which one has, almost surely, for each J ∈ ℕ,⃦⃦

X
(d)
h − ˜︁S(d)

h,J

⃦⃦
I,∞ ≤ C′J

d
2 2−J (h1+···+hd−d+1/2).

REMARK 2.14. Before diving into the proofs of Theorems 2.12 and 2.13, let us empha-
size that the estimate of the rate of convergence obtained in each one of them is identical to
that previously established in Theorem 2.7. This, in some sense, means that we do not lose
approximation quality when moving from the approximation process {X(d)

h,J (t)}t∈ℝ+ to one

or the other of the simulation processes {S(d)
h,J (t)}t∈ℝ+ and {˜︁S(d)

h,J (t)}t∈ℝ+ . Moreover, based on
preliminary results, we believe that the estimate of the rate of convergence obtained in Theo-
rems 2.7, 2.12 and 2.13 is (quasi)-optimal as soon as the order generalized Hermite process
d ≥ 2. Investigating this question will be the object of a forthcoming work.

3. Proofs of the main results.

3.1. Proof of Theorem 2.12. Our strategy to prove Theorem 2.12 consists in writing, for
all J ∈ ℕ, the approximation error X

(d)
h −S

(d)
h,J as the sum of random variables, indexed by the

sets (D1
J (t))d , 𝒥 1

J (t), 𝒥 2
J (t) and 𝒥 3

J (t) and to bound the sup-norm of these random variables
in a suitable way. On this purpose, let us first remark that [5], Proposition 2.7, as well as [23],
Lemma 2.2.17, allow to affirm the existence of C∗ a positive finite random variable and Ω∗
an event of probability 1, such that, on Ω∗, for all J ∈ ℕ and k ∈ ℤd , one has

(31)
⃓⃓
σ

(h)
J,k

⃓⃓ ≤ C∗
d∏︂

ℓ=1

√︂
log

(︁
3 + |J | + |kℓ|)︁.

LEMMA 3.1. Let T > 2 be a fixed real number. There exists a positive almost surely finite
random variable C such that, for all J ∈ ℕ, on Ω∗, the positive random variable

𝒢2
J := sup

t∈[0,T ]

{︄
2−J (h1+···+hd−d)

∑︂
k∈𝒥 2

J (t)

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂ t

0

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ

(︁
2J s − kℓ

)︁
ds

⃓⃓⃓⃓
⃓
}︄

is bounded from above by CJ
d
2 (log(3 + J ))

d−1
2 2−J (h1+···+hd+a−d).
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PROOF. Let L > 1 be a fixed real number, for all t ∈ [0, T ], using the definition (23), the
inequality (31) and the fast decay property (10), we have, on Ω∗,

2−J (h1+···+hd−d)
∑︂

k∈𝒥 2
J (t)

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂ t

0

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ

(︁
2J s − kℓ

)︁
ds

⃓⃓⃓⃓
⃓

≤ C1 sup
n∈[[1,d]]

(︄
2−J (h1+···+hd−d)

∑︂
kn∈D2

J (t)

∑︂
kℓ∈ℤ
ℓ≠n

∫︂ T

0

d∏︂
ℓ=1

√
log(3 + J + |kℓ|)

(3 + |2J s − kℓ|)L ds

)︄
,

where C1 is a positive finite random variable, not depending on t or J . We proceed as in the
proof of [5], Lemma 4.5, to get, on Ω∗,⃓⃓

𝒢2
J

⃓⃓ ≤ C22−J (h1+···+hd+a−d)
√

1 + J log
(︁
3 + J + 2J T

)︁ d−1
2

≤ C32−J (h1+···+hd+a−d)J
d
2 log(3 + J )

d−1
2 ,

where C2 and C3 are positive finite random variables, not depending on J . □

LEMMA 3.2. Let T > 2 and L ≥ 2−1(1 − a)−1 + 1 be two fixed real numbers. There
exists a positive almost surely finite random variable C such that, for all J ∈ ℕ, on Ω∗, the
positive random variable

𝒢3
J := sup

t∈[0,T ]

{︄
2−J (h1+···+hd−d)

∑︂
k∈𝒥 3

J (t)

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂ t

0

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ

(︁
2J s − kℓ

)︁
ds

⃓⃓⃓⃓
⃓
}︄

is bounded from above by CJ
d+1

2 (log(3 + J ))
d−1

2 2−J (h1+···+hd+(L−1)(1−a)−d).

PROOF. For all t ∈ [0, T ], using the definition (24), the inequality (31) and the fast decay
property (10), we have, on Ω∗,

2−J (h1+···+hd−d)
∑︂

k∈𝒥 3
J (t)

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂ t

0

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ

(︁
2J s − kℓ

)︁
ds

⃓⃓⃓⃓
⃓

≤ C1 sup
n∈[[1,d]]

(︄
2−J (h1+···+hd−d)

∑︂
kn∈D3

J (t)

∑︂
kℓ∈ℤ
ℓ≠n

∫︂ T

0

d∏︂
ℓ=1

√
log(3 + J + |kℓ|)

(3 + |2J s − kℓ|)L ds

)︄
,

where C1 is a positive finite random variable, not depending on t or J . We proceed as in the
proof of [5], Lemma 4.4, to get, on Ω∗,⃓⃓

𝒢3
J

⃓⃓ ≤ C2(1 + J ) log
(︁
3 + J + 2J T

)︁ d−1
2 2−J (h1+···+hd+(L−1)(1−a)−d)

≤ C3J
d+1

2 log(3 + J )
d−1

2 2−J (h1+···+hd+(L−1)(1−a)−d),

where C2 and C3 are positive finite random variables, not depending on J . □

LEMMA 3.3. Let T > 2 and L > 2 be two fixed real numbers. There exists a positive
almost surely finite random variable C such that, for all J ∈ ℕ, on Ω∗, the positive random
variable

𝒢1
J := sup

t∈[0,T ]

{︄
2−J (h1+···+hd−d)

∑︂
k∈(D1

J (t))d

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂
ℝ\[0,t]

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ

(︁
2J s − kℓ

)︁
ds

⃓⃓⃓⃓
⃓
}︄

is bounded from above by CJ
d
2 2−J (d(L−1)(1−a)+h1+···+hd−d+1).
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PROOF. For all t ∈ [0, T ], using the inequality (31), the fast decay property (10), the
inequality |k| ≤ 2J T , for all k ∈ D1

J (t), the inequality 2J T ≥ J , [5], Lemma B.2, and the
definition (19), we have, on Ω∗,

2−J (h1+···+hd−d)
∑︂

k∈(D1
J (t))d

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂
ℝ\[0,t]

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ

(︁
2J s − kℓ

)︁
ds

⃓⃓⃓⃓
⃓

≤ C12−J (h1+···+hd−d)
∫︂
ℝ\[0,t]

d∏︂
ℓ=1

(︃ ∑︂
kℓ∈D1

J (t)

√
log(3 + J + |kℓ|)

(3 + |2J s − kℓ|)L
)︃

ds

≤ C12−J (h1+···+hd−d)
∫︂
ℝ\[0,t]

d∏︂
ℓ=1

(︃ ∑︂
kℓ∈D1

J (t)

√︂
log(3 + 2J+1T )

(3 + |2J s − kℓ|)L
)︃

ds

≤ C2J
d
2 2−J (h1+···+hd−d)

∫︂
ℝ\[0,t]

d∏︂
ℓ=1

(︃ ∑︂
kℓ∈D1

J (t)

1

(3 + |2J s − kℓ|)L
)︃

ds

≤ C2J
d
2 2−J (h1+···+hd−d)(︁I 1

J (t) + I 2
J (t)

)︁
,

where C1 and C2 are positive finite random variables, not depending on t or J , and we have
set

I 1
J (t) :=

∫︂ +∞
t

d∏︂
ℓ=1

(︃ ∑︂
kℓ≤2J t−2J (1−a)

1

(3 + 2J s − kℓ)L

)︃
ds

and

I 2
J (t) :=

∫︂ 0

−∞

d∏︂
ℓ=1

(︃ ∑︂
kℓ≥2J (1−a)

1

(3 + kℓ − 2J s)L

)︃
ds.

In order to bound I 1
J (t), we use the change of variable y = 2J (s − t) and the fact that the

function y ↦→ (2 + y)−L is decreasing on ℝ+. By this way we obtain that

I 1
J (t) = 2−J

∫︂ +∞
0

d∏︂
ℓ=1

(︃ ∑︂
kℓ≤2J t−2J (1−a)

1

(3 + y + 2J t − kℓ)L

)︃
dy

≤ 2−J
∫︂ +∞

0

d∏︂
ℓ=1

(︃∫︂ +∞
0

dz

(2 + y + 2J (1−a) + z)L

)︃
dy

= 2−J
∫︂ +∞

0

(L − 1)−d

(2 + y + 2J (1−a))d(L−1)
dy

= 2−J (L − 1)−d(︁d(L − 1) − 1
)︁−1(︁2 + 2J (1−a))︁−(d(L−1)−1)

.

We bound I 2
J (t) in the same way and get the conclusion. □

To complete the proof Theorem 2.12, it only remains to bound the random variable

(32) 2−J (h1+···+hd−d+1)
∑︂

k∈(D1
J (t))d\𝒥 1

J (t)

σ
(h)
J,k

∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds.

To this end, we use the following key lemma.



3612 A. AYACHE, J. HAMONIER AND L. LOOSVELDT

LEMMA 3.4. For all k ∈ ℤd , one has

(33)

∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds =

∫︂
ℝd−1

ei(k2−k1)ξ ei(k3−k2)η3 · · · ei(kd−k2)ηd

× F(ξ, η3, . . . , ηd) dξ dη3 · · ·dηd,

where F is the function in the Schwartz class 𝒮(ℝd−1) defined as follows: for all
(ξ, η3, . . . , ηd) ∈ ℝd−1,

F(ξ, η3, . . . , ηd) := (2π)−(d−1)Φ
(h1−1/2)
Δ

⋀︁

(ξ)

× Φ
(h2−1/2)
Δ

⋀︁(︁
ξ − (η3 + · · · + ηd)

)︁ d∏︂
ℓ=3

Φ
(hℓ−1/2)
Δ

⋀︁

(ηℓ).

Moreover, since F ∈ 𝒮(ℝd−1), one can derive from (33) that, for each fixed L > 0, there
exists a deterministic constant cL > 0 for which the following is true: for all k ∈ ℤd ,

(34)

⃓⃓⃓⃓
⃓
∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds

⃓⃓⃓⃓
⃓ ≤ cL

d∏︂
ℓ=1,ℓ≠2

1

(1 + |kℓ − k2|)L .

PROOF. It follows from the change of variable s = x + k2 that∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds =

∫︂
ℝ

Φ
(h1−1/2)
Δ (x + k2 − k1)

× Φ
(h2−1/2)
Δ (x)

d∏︂
ℓ=3

Φ
(hℓ−1/2)
Δ (x + k2 − kℓ) dx.

Then, using the Parseval–Plancherel identity and using d − 2 times the equality2 ˆ︂fg =
(2π)−1 ˆ︁f ⋆ˆ︁g, for all f,g ∈ 𝒮(ℝ), we get∫︂

ℝ
Φ

(h1−1/2)
Δ (x + k2 − k1)Φ

(h2−1/2)
Δ (x)

d∏︂
ℓ=3

Φ
(hℓ−1/2)
Δ (x + k2 − kℓ) dx

= (2π)−1
∫︂
ℝ

ei(k2−k1)ξΦ
(h1−1/2)
Δ

⋀︁

(ξ)

(︄
Φ

(h2−1/2)
Δ

∏︁d
ℓ=3 Φ

(hℓ−1/2)
Δ (· + k2 − kℓ)

⋀︁)︄
(ξ) dξ

= (2π)−(d−1)
∫︂
ℝ

ei(k2−k1)ξΦ
(h1−1/2)
Δ

⋀︁

(ξ)

× (︁
Φ

(h2−1/2)
Δ

⋀︁

⋆ ei(k2−k3)(·)Φ(h3−1/2)
Δ

⋀︁

⋆ · · · ⋆ ei(k2−kd)(·)Φ(hd−1/2)
Δ

⋀︁)︁
(ξ) dξ

=
∫︂
ℝd−1

ei(k2−k1)ξ ei(k3−k2)η3 · · · ei(kd−k2)ηd F (ξ, η3, . . . , ηd) dξ dη3 · · ·dηd,

2Notice that throughout the article we use the convention that ˆ︁h = ℱ(h) the Fourier transform of an arbitrary
function h ∈ 𝒮(ℝ) is defined as

ˆ︁h(t) = ℱ(h)(t) :=
∫︂
ℝ

e−ityh(y) dy for all t ∈ℝ.

Thus, ℱ−1(h), the inverse Fourier transform of h is defined as

ℱ−1(h)(s) := (2π)−1
∫︂
ℝ

eiszh(z) dz for all s ∈ℝ.
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which proves that the equality (33) holds. Let us now show that the inequality (34) is satisfied.
Since F belongs to 𝒮(ℝd−1), its Fourier transform ˆ︁F , defined, for all (x1, . . . , xd−1) ∈ ℝd ,
as

ˆ︁F(x1, . . . , xd−1) :=
∫︂
ℝd−1

e−i⟨(x1,...,xd−1),(ξ,η3,...,ηd )⟩F(ξ, η3, . . . , ηd) dξ dη3 · · ·dηd,

also belongs to the space 𝒮(ℝd−1). Therefore, for each fixed L > 0, there exists a determin-
istic constant cL > 0 such that

(35) sup
(x1,...,xd−1)∈ℝd−1

(︁
1 + |x1|)︁L . . .

(︁
1 + |xd−1|)︁L ⃓⃓ ˆ︁F(x1, . . . , xd−1)

⃓⃓
< cL.

Thus, it turns out that the inequality (34) is a straightforward consequence of the equality
(33) and the inequality (35). □

REMARK 3.5. The equality (33) can somehow be viewed as a useful extension of the
well-known Parseval–Plancherel identity in which more than two functions are involved. In
particular, it could have been used in Section 4.3 of our preceding paper [5] to get a more
direct proof of Lemma 4.9 in the same spirit as [4], Lemma 2.21.

Lemma 3.4 is a main ingredient of the proof of the following lemma which allows to bound
the random variable in (32).

LEMMA 3.6. Let T > 2 and L > max{(2ε)−1,1} be two fixed real numbers. There exists
a positive almost surely finite random variable C such that, for all J ∈ ℕ, on Ω∗, the positive
random variable

𝒢J := sup
t∈[0,T ]

{︄
2−J (h1+···+hd−d+1)

∑︂
k∈(D1

J (t))d\𝒥 1
J (t)

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds

⃓⃓⃓⃓
⃓
}︄

is bounded from above by CJ
d
2 2−J (h1+···+hd−d+εL).

PROOF. Let t ∈ [0, T ] and k ∈ (D1
J (t))d \ 𝒥 1

J (t) be arbitrary and fixed. There is no re-
striction to assume that the coordinates k1, . . . , kd of k are labeled so that |k1 − k2| > 2εJ .
Thus, using the inequality (34), we get⃓⃓⃓⃓

⃓
∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds

⃓⃓⃓⃓
⃓ ≤ cL2−εJL

d∏︂
ℓ=3

1

(1 + |kℓ − k2|)L .

Then, combining the latter inequality with (31) and the inequality |k| ≤ 2J T , which holds for
all k ∈ D1

J (t), we obtain

2−J (h1+···+hd−d+1)
∑︂

k∈(D1
J (t))d\𝒥 1

J (t)

⃓⃓
σ

(h)
J,k

⃓⃓⃓⃓⃓⃓⃓
∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds

⃓⃓⃓⃓
⃓

≤ C12−J (h1+···+hd−d+1)(︁log
(︁
3 + J + 2J T

)︁)︁ d
2 2−εJL

× (#
(︁
D1

J (t)
)︁

sup
x∈ℝ

(︃∑︂
k∈ℤ

1

(1 + |k − x|)L
)︃d−2

≤ C2J
d
2 2−J (h1+···+hd−d+εL),
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where #(D1
J (t)) denotes the cardinality of D1

J (t) which is less than 2J+1T , and C1 and C2
are positive finite random variable not depending on t or J . □

We are now in position to complete the proof of Theorem 2.12. Actually, it is a direct
consequence of the Lemmata in this section and Theorem 2.7.

END OF THE PROOF OF THEOREM 2.12. Without loss of generality, one can assume that
the compact interval I in the statement of the theorem is of the form I = [0, T ] for some fixed
real number T > 2. Then, one can derive from the triangle inequality that, for all J ∈ ℕ,⃦⃦

X
(d)
h − S

(d)
h,J

⃦⃦
I,∞ ≤ ⃦⃦

X
(d)
h − X

(d)
h,J

⃦⃦
I,∞ + ⃦⃦

X
(d)
h,J − S

(d)
h,J

⃦⃦
I,∞

≤ ⃦⃦
X

(d)
h − X

(d)
h,J

⃦⃦
I,∞ + 𝒢1

J + 𝒢2
J + 𝒢3

J + 𝒢J .

Then combining the latter inequality with Theorem 2.7 and Lemmata 3.1, 3.2, 3.3 and 3.6,
one obtains Theorem 2.12. □

3.2. Proof of Theorem 2.13. We have now enough materials to complete the prove The-
orem 2.13.

END OF THE PROOF OF THEOREM 2.13. For the sake of simpleness in notation, let us
assume I = [0, T ], for some T > 2. In the sequel J ∈ ℕ is arbitrary and fixed. The set of
positive integers ℐJ (T ) is defined as

(36) ℐJ (T ) := ℕ∩ [︁
2J (1−a),2J T − 2J (1−a)]︁ = ℐJ ∩ [︁

0,2J T − 2J (1−a)]︁.
One can derive from the triangle inequality that⃦⃦

S
(d)
h,J − ˜︁S(d)

h,J

⃦⃦
I,∞ ≤ max

{︂
|sm0,J |, max

m∈ℐJ (T )
|sm+1,J − sm,J |

}︂
≤ 2

⃦⃦
X

(d)
h − S

(d)
h,J

⃦⃦
I,∞ + max{AJ ,BJ },

(37)

where

AJ := ⃓⃓
X

(d)
h

(︁
m02−J + 2−aJ )︁− X

(d)
h (0)

⃓⃓
and

BJ := max
m∈ℐJ (T )

⃓⃓
X

(d)
h

(︁
(m + 1)2−J + 2−aJ )︁− X

(d)
h

(︁
m2−J + 2−aJ )︁⃓⃓.

Let γ be an arbitrary fixed positive real number such that γ < H and γ > aγ > H − 1
2 . It

follows from the inequality (8) that one has almost surely, for all m ∈ ℐJ (T ),⃓⃓
X

(d)
h

(︁
(m + 1)2−J + 2−aJ )︁− X

(d)
h

(︁
m2−J + 2−aJ )︁⃓⃓ ≤ CT,γ 2−γ J .

Then, combining the latter inequality with the fact that γ > H − 1
2 = h1 +· · ·+hd −d +1/2,

one obtains that

(38) BJ ≤ CT,γ J
d
2 2−J (h1+···+hd−d+1/2).

On another hand, since m02−J + 2−aJ ∈ I = [0, T ] and 2J (1−a) ≤ m0 < 2J (1−a) + 1, one
can derive from the inequality (8) that, almost surely,⃓⃓

X
(d)
h

(︁
m02−J + 2−aJ )︁− X

(d)
h (0)

⃓⃓ ≤ Cγ

⃓⃓
m02−J + 2−aJ

⃓⃓γ
≤ 3γ CT,γ 2−aγ J .
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Then, using the inequality aγ > H − 1
2 , one gets that

(39) AJ ≤ 3γ CT,γ J
d
2 2−J (h1+···+hd−d+1/2).

Finally, it follows from the triangle inequality, (37), (38) and (39) that⃦⃦
X

(d)
h − ˜︁S(d)

h,J

⃦⃦
I,∞ ≤ ⃦⃦

X
(d)
h − S

(d)
h,J

⃦⃦
I,∞ + ⃦⃦

S
(d)
h,J − ˜︁S(d)

h,J

⃦⃦
I,∞

≤ 3
⃦⃦
X

(d)
h − S

(d)
h,J

⃦⃦
I,∞ + 4CT,γ J

d
2 2−J (h1+···+hd−d+1/2).

Then combining the latter inequality with (26) one obtains the theorem. □

REMARK 3.7. Before ending the present section, let us provide a synthetic summary of
our simulation method of trajectories (sample paths) of a generalized Hermite process with
arbitrary order and Hurst parameter. We mention in passing that the sample paths of frac-
tional Brownian motions, Rosenblatt processes, Hermite and generalized Hermite processes
of order 3, which are displayed in Figures 1 to 7 of Section 4, have been obtained through
this method.

The method depends on the following four parameters:

• the upper bound T > 0 of the interval [0, T ] on which the simulation of a trajectory is
performed;

• the level of approximation J ∈ ℕ (see Theorems 2.12 and 2.13);
• a ∈ (1/2,1) which determines the time set{︁

m2−J + 2−aJ : m ∈ ℐJ (T ) ∪ {︁
maxℐJ (T ) + 1

}︁}︁
on which data are simulated, recall that the finite set of positive integers ℐJ (T ) is defined
in (36), in the sequel one sets

m0 := minℐJ (T ) = minℐJ = ⌈︁
2J (1−a)⌉︁ and m1 := maxℐJ (T ) = ⌊︁

2J T − 2J (1−a)⌋︁;
• ε > 0 which governs, for any given t ∈ ℝ+, the “thickness” of the set 𝒥 1

J (t) defined in
(22).

We refer to Section 5.2 for a discussion on the role and the impact of these four parameters
T , J , a and ε on the quality of the simulations.

For a given J ∈ ℕ large enough so that the set ℐJ (T ) = {m0, . . . ,m1} is nonempty, the
method firstly consists to build the finite data set

(40)
{︁
sm,J : m ∈ {m0, . . . ,m1,m1 + 1}}︁,

whose size (i.e., cardinality) is about 2J T , since

(41) m1 + 2 −m0 = ⌊︁
2J T − 2J (1−a)⌋︁+ 2 − ⌈︁

2J (1−a)⌉︁ ∈ [︁
2J (1−a) − 1,2J T − 2J (1−a) + 1

]︁
.

Let us emphasize that for building this data set, we make use of an iterative procedure, since
we know from (25) and (29) that

(42) sm0,J := 2−J (h1+···+hd−d+1)σ
(h)

J,{m0}d
∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − m0) ds

and, for all m ∈ ℐJ (recall that {m0, . . . ,m1,m1 + 1} ⊂ ℐJ , see (36)),

(43) sm+1,J − sm,J = 2−J (h1+···+hd−d+1)
∑︂

k∈𝒥 1
J [m]

σ
(h)
J,k

∫︂
ℝ

d∏︂
ℓ=1

Φ
(hℓ−1/2)
Δ (s − kℓ) ds,
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where the finite set 𝒥 1
J [m] is defined as

𝒥 1
J [m] := 𝒥 1

J

(︁
(m + 1)2−J + 2−aJ )︁ \𝒥 1

J

(︁
m2−J + 2−aJ )︁

= {︁
k ∈ {︁

max
{︁
m0,m − ⌊︁

2εJ ⌋︁}︁, . . . ,m}︁d : ∃n such that kn = m
}︁
.

The method secondly consists to linearly interpolate the m1 + 3 − m0 points whore coor-
dinates are:

(0,0); (︁m02−J + 2−aJ , sm0,J

)︁; . . . ; (︁m12−J + 2−aJ , sm1,J

)︁; (︁(m1 + 1)2−J + 2−aJ , sm1+1,J

)︁
.

By this way, we obtain a simulated continuous trajectory of a generalized Hermite process
with arbitrary order and Hurst parameter on the interval [0, (m1 + 1)2−J + 2−aJ ] which
contains the interval [0, T ].

Finally, the graph of the simulated trajectory is restricted to the interval [0, T ].
4. Examples. We use the process defined in (30) to numerically simulate the Rosenblatt

process and the Hermite process of order 3. We refer to [40], Chapter 4, for more information
on these processes. The significant parts of the algorithm we used to obtain these simulations
are described in pseudo-code. Note that the practical implementation was carried out using a
Python routine, which we make available to any interested reader.

4.1. Simulation of the Rosenblatt process. The Rosenblatt process of Hurst parameter
H ∈ (1/2,1) is the process introduced in (2) with d = 2 and h = (1 + H−1

2 ,1 + H−1
2 ). To

generate the random variables (σ
(h)
J,k)J∈ℕ,k∈ℤd , one can use the more explicit equation, derived

from (12),

(44) σ
(1+H−1

2 ,1+H−1
2 )

J,k1,k2
= Z

(H
2 )

J,k1
Z

(H
2 )

J,k2
−𝔼

[︁
Z

(H
2 )

J,k1
Z

(H
2 )

J,k2

]︁
,

where (Z
(H

2 )

J,ℓ )ℓ∈ℕ is the Gaussian FARIMA (0, H
2 ,0) sequence associated to the sequence of

Gaussian random variables (2
J
2
∫︁
ℝ ϕ(2J x−k) dB(x))k∈ℤ. Note that we have [5], Remark 3.5,

for all J ∈ ℕ and k ∈ ℤ2,

(45) 𝔼
[︁
Z

(H
2 )

J,k1
Z

(H
2 )

J,k2

]︁ = 1

2π

∫︂ 2π

0
eiξ(k2−k1)

⃓⃓⃓⃓
2 sin

(︃
ξ

2

)︃⃓⃓⃓⃓−H

dξ.

On the other side, for all k ∈ ℤ2, we get from the Definition 2.5 of the fractional scaling
function and equation (33)

(46)
∫︂
ℝ

2∏︂
ℓ=1

Φ
(H

2 )

Δ (s − kℓ) ds =
∫︂ 4π

3

− 4π
3

eiξ(k2−k1)

(︃
sin(ξ/2)

ξ/2

)︃H ⃓⃓ˆ︁ϕ(ξ)
⃓⃓2

dξ.

Note that the two expressions (44) and (46) are symmetric with respect to k1 and k2. Thus,
in that case, one can rewrite the recursive formula (43) as

sm+1,J − sm,J

= 2−JH (︁(︁
Z

(H
2 )

J,m

)︁2 −𝔼
[︁(︁

Z
(H

2 )

J,m

)︁2]︁)︁ ∫︂ 4π
3

− 4π
3

(︃
sin(ξ/2)

ξ/2

)︃H ⃓⃓ˆ︁ϕ(ξ)
⃓⃓2

dξ

+ 2 × 2−JH
m−1∑︂

k=max{m0,m−⌊2εJ ⌋}

(︁
Z

(H
2 )

J,mZ
(H

2 )

J,k −𝔼
[︁
Z

(H
2 )

J,mZ
(H

2 )

J,k

]︁)︁

×
∫︂ 4π

3

− 4π
3

eiξ(m−k)

(︃
sin(ξ/2)

ξ/2

)︃H ⃓⃓ˆ︁ϕ(ξ)
⃓⃓2

dξ.

Therefore, if T > 0 is fixed and if:



NUMERICAL SIMULATION OF GENERALIZED HERMITE PROCESSES 3617

1. integralvector is a vector of size ⌊2εJ ⌋ + 1 such that, for all 0 ≤ k ≤ ⌊2εJ ⌋,
integralvector[k] is the value of∫︂ 4π

3

− 4π
3

eiξk

(︃
sin(ξ/2)

ξ/2

)︃H ⃓⃓ˆ︁ϕ(ξ)
⃓⃓2

dξ ;

2. IJ is a vector containing ℐJ (T ) with IJ[0] = m0

3. farima contains a simulation of the random variables (Z
(H

2 )

J,ℓ )ℓ∈ℐJ (T );

4. sigmaJ(farima, k1, k2,
H
2 ) is computing (44) using the simulation farima and the

formula (45).
5. for all m ∈ IJ (T ), epaissi(m) is a vector of size min{⌊2εJ ⌋,m − m0} + 1 such that,

for all 0 ≤ i ≤ min{⌊2εJ ⌋,m − m0}, epaissi(m)[i] = m − i

the sequence (sm,J )m∈ℐJ (T ) is simulated via

ROSENBLATT(J)

1 result[0]=sigmaJ(farima,IJ[0],IJ[0], H
2 ) × integralvector[0]

2 for index=1 to length(IJ)
3 element=epaissi(IJ[index])
4 part=sigmaJ(farima,element[0],element[0], H

2 ) × integralvector[0]
5 for i=1 to length(element)
6 part=part+2 × sigmaJ(farima,element[0],element[i], H

2 ) × integralvector[i]
7 result[index]=result[index-1]+part.

Indeed, it suffices to multiply the obtained vector result by 2−JH to get a simulation of
(sm,J )m∈ℐJ (T ).

The Figure 1 below shows four simulated sample paths of Rosenblatt processes of respec-
tive Hurst parameters 0.6; 0.7; 0.8 and 0.9 on the interval [0,1]. They are obtained using our
algorithm with parameters J = 20, a = 0.99 and ε = 10−3 and T = 1. Note that, following

the suggestion of one of the reviewers, the FARIMA sequence (Z
(H

2 )

J,ℓ )ℓ∈ℐJ (T ) is simulated
using a circulant matrix embedding method [14, 16, 18, 19, 54].

4.2. Simulation of the Hermite process of order 3. The Hermite process of order 3 and
Hurst parameter H ∈ (1/2,1) is the process (2) with d = 3 and h = (1 + H−1

3 ,1 + H−1
3 ,1 +

FIG. 1. Sample paths of the Rosenblatt process of Hurst parameter 0.6 (blue), 0.7 (orange), 0.8 (green) and 0.9
(red).
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H−1
3 ). To generate the random variables (σ

(h)
J,k)J∈ℕ,k∈ℤd , one can use the more explicit equa-

tion, derived from (12),

σ
(1+H−1

3 ,1+H−1
3 ,1+H−1

3 )

J,k1,k2,k3

= Z
( 2H+1

6 )

J,k1
Z

( 2H+1
6 )

J,k2
Z

( 2H+1
6 )

J,k3
−𝔼

[︁
Z

( 2H+1
6 )

J,k1
Z

( 2H+1
6 )

J,k2

]︁
Z

( 2H+1
6 )

J,k3

−𝔼
[︁
Z

( 2H+1
6 )

J,k1
Z

( 2H+1
6 )

J,k3

]︁
Z

( 2H+1
6 )

J,k2
−𝔼

[︁
Z

( 2H+1
6 )

J,k2
Z

( 2H+1
6 )

J,k3

]︁
Z

( 2H+1
6 )

J,k1
,

(47)

where (Z
( 2H+1

6 )

J,ℓ )ℓ∈ℕ is the Gaussian FARIMA (0, 2H+1
6 ,0) sequence associated to the se-

quence of Gaussian random variables (2
J
2
∫︁
ℝ ϕ(2J x − k) dB(x))k∈ℤ. In this case, we have

[5], Remark 3.5, for all J ∈ℕ and k1, k2 ∈ ℤ,

(48) 𝔼
[︁
Z

( 2H+1
6 )

J,k1
Z

( 2H+1
6 )

J,k2

]︁ = 1

2π

∫︂ 2π

0
ei(k2−k1)

⃓⃓⃓⃓
2 sin

(︃
ξ

2

)︃⃓⃓⃓⃓− 2H+1
3

dξ.

Also, from the Definition 2.5 of the fractional scaling function and equation (33), we get, for
all k ∈ ℤ3, ∫︂

ℝ

3∏︂
ℓ=1

Φ
( 2H+1

6 )

Δ (s − kℓ) ds

=
∫︂∫︂

[− 4π
3 , 4π

3 ]2
eiξ(k2−k1)eiη(k3−k2)ˆ︁ϕ(ξ)ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

×
(︃

sin(ξ/2)

ξ/2

sin((ξ − η)/2)

(ξ − η)/2

sin(η/2)

η/2

)︃ 2H+1
6

dξ dη.

(49)

Using again the symmetry of the expressions (47) and (49), we rewrite the recursive for-
mula (43) in this context:

sm+1,J − sm,J

= 2−JH

[︃(︁(︁
Z

( 2H+1
6 )

J,m

)︁3 − 3𝔼
[︁(︁

Z
( 2H+1

6 )

J,m

)︁2]︁(︁
Z

( 2H+1
6 )

J,m

)︁)︁
×
∫︂∫︂

[− 4π
3 , 4π

3 ]2
ˆ︁ϕ(ξ)ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

(︃
sin(ξ/2)

ξ/2

sin((ξ − η)/2)

(ξ − η)/2

sin(η/2)

η/2

)︃ 2H+1
6

dξ dη

]︃

+ 3 × 2−JH
m−1∑︂

k=max{m0,m−⌊2εJ ⌋}

[︃(︁(︁
Z

( 2H+1
6 )

J,m

)︁2
Z

( 2H+1
6 )

J,k −𝔼
[︁(︁

Z
( 2H+1

6 )

J,m

)︁2]︁
Z

( 2H+1
6 )

J,k

− 2𝔼
[︁
Z

( 2H+1
6 )

J,m Z
( 2H+1

6 )

J,k

]︁
Z

( 2H+1
6 )

J,m

)︁
×
∫︂∫︂

[− 4π
3 , 4π

3 ]2
eiη(m−k)ˆ︁ϕ(ξ)

× ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

(︃
sin(ξ/2)

ξ/2

sin((ξ − η)/2)

(ξ − η)/2

sin(η/2)

η/2

)︃ 2H+1
6

dξ dη

]︃

+ 3 × 2−JH
m−1∑︂

k=max{m0,m−⌊2εJ ⌋}

[︃(︁(︁
Z

( 2H+1
6 )

J,k

)︁2
Z

( 2H+1
6 )

J,m −𝔼
[︁(︁

Z
( 2H+1

6 )

J,k

)︁2]︁
Z

( 2H+1
6 )

J,m
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− 2𝔼
[︁
Z

( 2H+1
6 )

J,k Z
( 2H+1

6 )

J,m

]︁
Z

( 2H+1
6 )

J,k

)︁
×
∫︂∫︂

[− 4π
3 , 4π

3 ]2
eiη(m−k)ˆ︁ϕ(ξ)

× ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

(︃
sin(ξ/2)

ξ/2

sin((ξ − η)/2)

(ξ − η)/2

sin(η/2)

η/2

)︃ 2H+1
6

dξ dη

]︃

+ 6 × 2−JH
m−1∑︂

k=max{m0,m−⌊2εJ ⌋}

k−1∑︂
ℓ=max{m0,m−⌊2εJ ⌋}

[︃(︁
Z

( 2H+1
6 )

J,m Z
( 2H+1

6 )

J,k Z
( 2H+1

6 )

J,ℓ

−𝔼
[︁
Z

( 2H+1
6 )

J,m Z
( 2H+1

6 )

J,k

]︁
Z

( 2H+1
6 )

J,ℓ

−𝔼
[︁
Z

( 2H+1
6 )

J,m Z
( 2H+1

6 )

J,ℓ

]︁
Z

( 2H+1
6 )

J,k

−𝔼
[︁
Z

( 2H+1
6 )

J,k Z
( 2H+1

6 )

J,ℓ

]︁
Z

( 2H+1
6 )

J,m

)︁ ∫︂∫︂
[− 4π

3 , 4π
3 ]2

eiξ(m−k)eiη(k−ℓ)

× ˆ︁ϕ(ξ)ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

(︃
sin(ξ/2)

ξ/2

sin((ξ − η)/2)

(ξ − η)/2

sin(η/2)

η/2

)︃ 2H+1
6

dξ dη

]︃
.

Therefore, if T > 0 is fixed and if:

1. integralmatrix is a matrix of dimension ⌊2εJ ⌋ + 1 such that, for all 0 ≤ k, ℓ ≤
⌊2εJ ⌋, integralmatrix[k, l] is the value of∫︂∫︂

[− 4π
3 , 4π

3 ]2
eiξkeiηℓˆ︁ϕ(ξ)ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

(︃
sin(ξ/2)

ξ/2

sin((ξ − η)/2)

(ξ − η)/2

sin(η/2)

η/2

)︃ 2H+1
6

dξ dη

2. IJ is a vector containing ℐJ (T ) with IJ[0] = m0

3. farima contains a simulation of the random variables (Z
( 2H+1

6 )

J,ℓ )ℓ∈ℐJ (T );

4. sigmaJ(farima, k1, k2, k3,
2H+1

6 ) is computing (47) using the simulation farima
and the formula (48).

5. for all m ∈ IJ (T ), epaissi(m) is a vector of size min{⌊2εJ ⌋,m − m0} + 1 such that,
for all 0 ≤ i ≤ min{⌊2εJ ⌋,m − m0}, epaissi(m)[i] = m − i

the sequence (sm,J )m∈ℐJ (T ) is simulated via

HERMITE3(J)

1 result[0]=sigmaJ(farima,IJ[0],IJ[0],IJ[0], 2H+1
6 ) × integralmatrix[0,0]

2 for index=1 to length(IJ)
3 element=epaissi(IJ[index])
4 part=sigmaJ(farima,element[0],element[0],element[0], 2H+1

6 ) × integralmatrix[0,0]
5 for i=1 to length(element)
6 part=part+3 × sigmaJ(farima,element[0],element[0],element[i], 2H+1

6 ) × integralmatrix[0,i]
7 part=part+3 × sigmaJ(farima,element[0],element[i],element[i], 2H+1

6 ) × integralmatrix[0,i]
8 for j=i+1 to length(element)
9 part=part+6 × sigmaJ(farima,element[0],element[i],element[j], 2H+1

6 ) × integralmatrix[i,j-i]
10 result[index]=result[index-1]+part.

Indeed, it suffices to multiply the obtained vector result by 2−JH to get a simulation of
(sm,J )m∈ℐJ (T ).

The Figure 2 below shows four simulated sample paths of Hermite processes of order 3
and respective Hurst parameter 0.6; 0.7; 0.8 and 0.9 on the interval [0,1]. They are obtained
using our algorithm again with parameters J = 20, a = 0.99 and ε = 10−3 and T = 1. The
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FIG. 2. Sample paths of the Hermite process of order 3 of Hurst parameter 0.6 (blue), 0.7 (orange), 0.8 (green)
and 0.9 (red).

FARIMA sequence (Z
( 2H+1

6 )

J,ℓ )ℓ∈ℐJ (T ) is once again computed via a circulant matrix embed-
ding method.

Of course, our algorithm can also be used to simulate sample paths of the fractional Brow-
nian motion with Hurst parameter H ∈ (1/2,1). In this context, the integrals appearing both
in the definitions of {S(d)

h,J (t)}t∈ℝ+ and {˜︁S(d)
h,J (t)}t∈ℝ+ are all equal to 1. Thus, the approxima-

tion scheme, consisting in summing terms of the Gaussian FARIMA sequence (Z
(H− 1

2 )

J,ℓ )ℓ∈ℕ,
according to the sets (𝒥 1

J (m2−J + 2−aJ ))m∈ℐJ
is particularly elementary to implement. In

the Figures 3, 4, 5 and 6 below, we compare simulated sample paths of the fractional Brow-
nian, the Rosenblatt process and the Hermite process of order 3, with Hurst parameter 0.6;
0.7; 0.8 and 0.9. All simulations are once again obtained using our algorithm with parameters
J = 20, a = 0.99 and ε = 10−3.

REMARK 4.1. To get the simulations in Figures 3, 4, 5, 6, we use the standard normal-
isation of Hermite processes (see Remark 2.3 above) which is more appropriate to compare
the sample paths.

FIG. 3. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.6.
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FIG. 4. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.7.

FIG. 5. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.8.

FIG. 6. Sample paths of the fractional Brownian Motion (blue), the Rosenblatt process (orange) and the Hermite
process of order 3 (green) with Hurst parameter 0.9.
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4.3. Simulation of the generalized Hermite process of order 3. Our approach can also be
used to numerically simulate generalized Hermite processes. We consider here the case of a
process of order d = 3 and arbitrary h = (h1, h2, h3) satisfying conditions (3). To generate
the random variables (σ

(h)
J,k)J∈ℕ,k∈ℤd , we use the more explicit equation, derived from (12),

σ
(h1,h2,h3)
J,k1,k2,k3

= Z
(h1−1/2)
J,k1

Z
(h2−1/2)
J,k2

Z
(h3−1/2)
J,k3

−𝔼
[︁
Z

(h1−1/2)
J,k1

Z
(h2−1/2)
J,k2

]︁
Z

(h3−1/2)
J,k3

−𝔼
[︁
Z

(h1−1/2)
J,k1

Z
(h3−1/2)
J,k3

]︁
Z

(h2−1/2)
J,k2

−𝔼
[︁
Z

(h2−1/2)
J,k2

Z
(h3−1/2)
J,k3

]︁
Z

(h1−1/2)
J,k1

,

(50)

where, for any ℓ ∈ {1,2,3}, (Z
(hℓ−1/2)
J,ℓ )ℓ∈ℕ is the Gaussian FARIMA (0, hℓ − 1/2,0) se-

quence associated to the sequence of Gaussian random variables (2
J
2
∫︁
ℝ ϕ(2J x − k) ×

dB(x))k∈ℤ. In this case, we use again [5], Remark 3.5, to compute, for all J ∈ ℕ, ℓ,m ∈
{1,2,3} and kℓ, km ∈ ℤ,

𝔼
[︁
Z

(hℓ−1/2)
j,kℓ

Z
(hm−1/2)
j,km

]︁
= 1

2π

∫︂ 2π

0
ei(kℓ−km)ξ (︁1 − e−iξ )︁−(hℓ−1/2)(︁1 − eiξ )︁−(hm−1/2)

dξ.

(51)

Also, from the Definition 2.5 of the fractional scaling function and equation (33), we get, for
all k ∈ ℤ3, ∫︂

ℝ

3∏︂
ℓ=1

Φ
(hℓ−1/2
Δ (s − kℓ) ds

=
∫︂∫︂

[− 4π
3 , 4π

3 ]2
eiξ(k2−k1+h2−h1)eiη(k3−k2+h3−h2)ˆ︁ϕ(ξ)

× ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

(︃
sin(ξ/2)

ξ/2

)︃(h1−1/2)

× · · · ×
(︃

sin((ξ − η)/2)

(ξ − η)/2

)︃(h2−1/2)(︃sin(η/2)

η/2

)︃(h3−1/2)

dξ dη.

(52)

Now, the expressions (50) and (52) are not symmetric, which means that we have to com-
pute much more quantities in our algorithm. Indeed, if T > 0 is fixed and if:

1. integralmatrix is a matrix of dimension 2×⌊2εJ ⌋+1 such that, for all −⌊2εJ ⌋ ≤
k, ℓ ≤ ⌊2εJ ⌋, integralmatrix[k, l] is the value of∫︂∫︂

[− 4π
3 , 4π

3 ]2
eiξ(k+h2−h1)eiη(ℓ+h3−h2)ˆ︁ϕ(ξ)ˆ︁ϕ(ξ − η)ˆ︁ϕ(η)

(︃
sin(ξ/2)

ξ/2

)︃(h1−1/2)

× · · · ×
(︃

sin((ξ − η)/2)

(ξ − η)/2

)︃(h2−1/2)(︃sin(η/2)

η/2

)︃(h3−1/2)

dξ dη.

2. IJ is a vector containing ℐJ (T ) with IJ[0] = m0
3. for any ℓ ∈ {1,2,3}, fℓ contains a simulation of the random variables

(Z
(hℓ−1/2)
J,m )m∈ℐJ (T );
4. sigmaJ(f1, f2, f3, k1, k2, k3,h) is computing (50) using the three simulations f1, f2,

f3 and the formula (51).
5. for all m ∈ IJ (T ), epaissi(m) is a vector of size min{⌊2εJ ⌋,m − m0} + 1 such that,

for all 0 ≤ i ≤ min{⌊2εJ ⌋,m − m0}, epaissi(m)[i] = m − i
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FIG. 7. Sample path of the generalized Hermite of order 3 with index h = (0.8,0.85,0.9).

the sequence (sm,J )m∈ℐJ (T ) is simulated via

GENHERMITE3(J)

1 result[0]=sigmaJ(f1,f2,f3,IJ[0],IJ[0],IJ[0],h) × integralmatrix[0,0]
2 for index=1 to length(IJ)
3 element=epaissi(IJ[index])
4 part=sigmaJ(f1,f2,f3,element[0],element[0],element[0],h) × integralmatrix[0,0]
5 for i=1 to length(element)
6 part=part+ sigmaJ(f1,f2,f3,element[0],element[0],element[i],h) × integralmatrix[0,-i]
7 part=part+ sigmaJ(f1,f2,f3,element[0],element[i],element[0],h) × integralmatrix[-i,i]
8 part=part+ sigmaJ(f1,f2,f3,element[i],element[0],element[0],h) × integralmatrix[i,0]
9 part=part+ sigmaJ(f1,f2,f3,element[0],element[i],element[i],h) × integralmatrix[-i,0]

10 part=part+ sigmaJ(f1,f2,f3,element[i],element[0],element[i],h) × integralmatrix[i,-i]
11 part=part+ sigmaJ(f1,f2,f3,element[i],element[i],element[0],h) × integralmatrix[0,i]
12 for j=1 to length(element)
13 if j ≠ i
14 part=part+ sigmaJ(f1,f2,f3,element[0],element[i],element[j],h) × integralmatrix[-i,j-i]
15 part=part+ sigmaJ(f1,f2,f3,element[0],element[j],element[i],h) × integralmatrix[-j,j-i]
16 part=part+ sigmaJ(f1,f2,f3,element[i],element[0],element[j],h) × integralmatrix[i,-j]
17 part=part+ sigmaJ(f1,f2,f3,element[j],element[0],element[i],h) × integralmatrix[j,-i]
18 part=part+ sigmaJ(f1,f2,f3,element[i],element[j],element[0],h) × integralmatrix[i-j,j]
19 part=part+ sigmaJ(f1,f2,f3,element[j],element[i],element[0],h) × integralmatrix[j-i,i]
20 result[index]=result[index-1]+part.

Due to the numerous additional computations, this algorithm clearly needed more time
to produce a simulation than its counterpart for the usual Hermite process of order 3. For
this reason, the sample path displayed in Figure 7 above is obtained with J = 15 (instead of
J = 20 in the previous figures). The other parameters are h1 = 0.8; h2 = 0.85 and h3 = 0.9,
a = 0.75 and ε = 10−3.

5. Some numerical experiments.

5.1. Validation of the trajectories. To numerically validate our simulations, we propose
to estimate their Hurst parameter using three well-established methods:

• the local Whittle estimators (LW) [26, 33, 42]
• log-variogram estimations (LV) [3, 10, 12]
• quadratic-variation estimators (QV). [6]
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TABLE 1
LW estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.600 0.699 0.799 0.899
s 0.004 0.004 0.004 0.004

RP m 0.656 0.725 0.801 0.878
s 0.008 0.011 0.014 0.012

HP m 0.656 0.717 0.790 0.901
s 0.017 0.017 0.012 0.010

Tables 1 to 3 below presented the Hurst parameter estimations obtained for the fractional
Brownian motion (FBM), Rosenblatt process (RP) and Hermite process of order 3 (HP) sim-
ulated with prescribed Hurst parameter 0.6, 0.7, 0.8 and 0.9. In each case, we simulated 100
trajectories with J = 17, a = 0.99 and ε = 10−3 and T = 1. The notation m and s stand
respectively for the mean of the estimations and their standard deviation. Figure 8 displays
the 1,200 trajectories obtained from this numerical experiment.

These numerical experiments seem to support the idea that the simulated trajectories ex-
hibit a reasonably good Hurst index. This was already apparent from Figures 1 to 6 above:
the larger H is, the smoother the trajectories become.

REMARK 5.1. In this analysis, we have chosen to work with the modified quadratic
variation estimator defined in [6], so that the asymptotic performance of the estimator
does not depend on the exact value of the Hurst parameter H or on the order d of the
process. Indeed, it is known that the classical Hurst index estimator based on quadratic
variations, although strongly consistent, is not asymptotically Gaussian as soon as d ≥ 2,
and even at order d = 1 provided that H > 3

4 [11, 51]. The estimator recently introduced
in [6] has the advantage of overcoming this issue and is therefore asymptotically normal
in all cases. Note, however, that given an observation of a process {X k

2N
: 0 ≤ k ≤ 2N }

on a dyadic grid, this modified estimator is obtained by considering only the increments
{X

ℓ[2Nβ ]+1
2N

− X
ℓ[2Nβ ]

2N

: ℓ ∈ ℕ ∩ [1,min{[2Nγ ], 2N

[2Nβ ] }]}, for some 0 < γ < β < 1, so as to

ensure that the intervals associated to these increments are sufficiently far apart to define ran-
dom variables which possess independence properties. In other words, the modified estimator
uses only part of the information available in {X k

2N
: 0 ≤ k ≤ 2N }, which naturally slows its

rate of convergence to H , see [6], Theorem 3. In this work, for comparative purposes, we

TABLE 2
LV estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.594 0.692 0.787 0.886
s 0.010 0.013 0.013 0.015

RP m 0.638 0.702 0.779 0.850
s 0.018 0.023 0.029 0.029

HP m 0.636 0.703 0.792 0.915
s 0.017 0.016 0.013 0.015
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TABLE 3
QV estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.605 0.705 0.806 0.904
s 0.006 0.005 0.006 0.007

RP m 0.585 0.693 0.796 0.896
s 0.013 0.013 0.015 0.012

HP m 0.586 0.691 0.802 0.896
s 0.031 0.026 0.016 0.006

considered it more appropriate to guarantee the same asymptotic properties of the estimator
regardless of the values of d and H , even at the cost of slightly slowing its convergence.

REMARK 5.2. In the paper [28], numerical experiments are carried out to test the perfor-
mance of a wavelet-based estimator for the Hust parameter of a Hermite process. Therein, as
well as in the initial version of the current article, trajectories of this process were simulated
through FARIMAs generated by a wavelet synthesis similar to that presented in [1, 39]. Yet,
a referee on the initial version of our paper suggested us to use a circulant matrix embedding
algorithm to generate them, since it offers the advantage to be an exact method. This sensible
suggestion has been followed in the present revised version of the paper. Indeed, it allows to
greatly improve the results of the numerical experiments. For instance, a comparison of the
estimations in Table 4 with the ones presented in [28] clearly confirms this fact.

Another fundamental aspect of the Hermite processes is their non-Gaussianity as soon
as d ≥ 2. Recall that our trajectories on [0,1] are obtained by simulating data at the times
m2−J + 2−aJ , m ∈ ℐJ (1), for a given J ∈ ℕ (see Remark 3.7). In the sequel, 𝒟J stands for

FIG. 8. The 1,200 trajectories generated to obtain the estimations presented in Tables 1 to 4.
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TABLE 4
WV estimations of the Hurst parameter

0.6 0.7 0.8 0.9

FBM m 0.620 0.713 0.807 0.903
s 0.177 0.156 0.168 0.169

RP m 0.630 0.713 0.759 0.886
s 0.187 0.205 0.230 0.244

HP m 0.623 0.695 0.794 0.883
s 0.266 0.219 0.207 0.218

the set ℐJ (1) \ {m0}. For any J ∈ ℕ, d ≥ 1, H ∈ (1/2,1) and m ∈ 𝒟J , the random variable
X

(d)
H,m,J is defined as

X
(d)
H,m,J := 2JH (︁

X
(d)
H

(︁
m2−J + 2−aJ )︁− X

(d)
H

(︁
(m − 1)2−J + 2−aJ )︁)︁,

where {X(d)
H (t)}t≥0 denotes the Hermite process of order d and Hurst parameter H . The

empirical cumulative distribution function ˆ︁F (d)
H,J is defined, for all x ∈ ℝ, as

ˆ︁F (d)
H,J (x) := 1

#𝒟J

∑︂
m∈𝒟J

1{X(d)
H,m,J ≤x},

where #𝒟J denotes the cardinality of 𝒟J . On another hand, the cumulative distribution func-
tion F

(d)
H is defined, for every x ∈ ℝ, as

F
(d)
H (x) := ℙ

(︁
X

(d)
H (1) ≤ x

)︁
.

The following proposition is the theoretical foundation behind our empirical approach to test
the Gaussianity of the simulated processes.

PROPOSITION 5.3. For each fixed integer d ≥ 1 and H ∈ (1/2,1), the sequence of func-
tions (ˆ︁F (d)

H,J )J∈ℕ converges, almost surely and uniformly in x ∈ ℝ, to the function F
(d)
H .

PROOF. We know from [44], Theorem 8.3.1, that the stationary Hermite noise
(X

(d)
H (m) − X

(d)
H (m − 1))m∈ℕ is ergodic. Thus, one can derive from the self-similarity prop-

erty of the process {X(d)
H (t)}t≥0 the stationarity of its increments that

for all x ∈ ℝ ℙ
(︂

lim
J→+∞

ˆ︁F (d)
H,J (x) = F

(d)
H (x)

)︂
= 1.

Then, since ℚ is a countable set, one gets that

ℙ
(︂
∀x ∈ ℚ, lim

J→+∞
ˆ︁F (d)
H,J (x) = F

(d)
H (x)

)︂
= 1.

Next, we use the facts that ℚ is dense in ℝ and x ↦→ ˆ︁F (d)
H,J (x) is almost surely nondecreasing

to obtain that

(53) ℙ
(︂
∀x ∈ ℝ, lim

J→+∞
ˆ︁F (d)
H,J (x) = F

(d)
H (x)

)︂
= 1.

Next, notice that since the random variable X
(d)
H (1) can be expressed as a nonzero multiple

Wiener–Itô integral, we know from the Shigekawa theorem [46] that its distribution is abso-
lutely continuous with respect to the Lebesgue measure on ℝ. The latter fact entails that F

(d)
H
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FIG. 9. Qq-plot comparing the empirical quantiles of the set (54) in the case of the fractional Brownian motion
(d = 1) to the quantiles of the cumulative distribution function of a 𝒩 (0,1) Gaussian random variable.

is a continuous function on ℝ. Moreover, since

lim
x→−∞

⎧⎨⎩
ˆ︁F (d)
H,J

F
(d)
H

⎫⎬⎭ (x) = 0 and lim
x→+∞

⎧⎨⎩
ˆ︁F (d)
H,J

F
(d)
H

⎫⎬⎭ (x) = 1,

the conclusion follows from Dini’s theorem applied on the compact ℝ ∪ {±∞} to the se-
quence of almost surely nondecreasing functions (ˆ︁F (d)

H,J )J∈ℕ which, according to (53), almost

surely simply converges to the continuous function F
(d)
H . □

Based on our simulation procedure, we approximate ˆ︁F (d)
H,J (x) by

1

#𝒟J

∑︂
m∈𝒟J

1{2JH (sm,J −sm−1,J )≤x}

and we test the Gaussianity of the process by comparing this function to the cumulative
distribution function Φ of a 𝒩 (0,1) Gaussian random variable. Figures 9 to 11 present the

FIG. 10. Qq-plot comparing the empirical quantiles of the set (54) in the case of the Rosenblatt process (d = 2)

to the quantiles of the cumulative distribution function of a 𝒩 (0,1) Gaussian random variable.
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FIG. 11. Qq-plot comparing the empirical quantiles of the set (54) in the case of the Hermite process of order 3
(d = 3) to the quantiles of the cumulative distribution function of a 𝒩 (0,1) Gaussian random variable.

qq-plot obtained by comparing the empirical quantiles of the set

(54)
{︁
2JH (sm,J − sm−1,J )

}︁
m∈𝒟J

to the quantiles of Φ. They clearly show that the latter set is normally distributed when d = 1,
while it is not the case when d = 2 or d = 3. Interestingly, we also note that this approach
seems to distinguish the Rosenblatt process from the Hermite process of order 3. This feature
could be explored to develop a statistical method allowing to determne the order of a given
Hermite process.

5.2. Roles of the parameters. The trajectories we simulate depend on the parameters J ∈
ℕ, ε > 0 and a ∈ (1/2,1). Undeniably, the most important parameter is J , since it alone truly
governs the quality of the approximation provided by Theorems 2.12 and 2.13 as well as the
size (41) of the data set (40) we simulate. According to (41), for any T > 0, #ℐJ (T ) ≈ 2J T ,
thus it is clear that the complexity algorithm is exponential in J . Experimentally, we manage
to produce a few simulations within a reasonable time up to the rather high level J = 20.
However, if we wish to generate numerous simulations for statistical estimations, as we did
above, we lower this threshold to J = 17. Nevertheless, Tables 5 and 6 below show that the
Hurst parameter estimations are already quite satisfactory, especially for the QV estimator, at
the reduced level J = 12.

The parameters a and ε do not play an explicit role in the convergence rate stated in
Theorems 2.12 and 2.13. Nevertheless, the proofs of the latter two theorems as well as that of

TABLE 5
LW estimations of the Hurst parameter for simulations at resolution J = 12

0.6 0.7 0.8 0.9

FBM m 0.59 0.693 0.796 0.896
s 0.016 0.016 0.016 0.019

RP m 0.625 0.733 0.806 0.874
s 0.032 0.035 0.034 0.042

HP m 0.635 0.736 0.822 0.925
s 0.040 0.030 0.032 0.038
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TABLE 6
QV estimations of the Hurst parameter for simulations at resolution J = 12

0.6 0.7 0.8 0.9

FBM m 0.606 0.707 0.811 0.908
s 0.017 0.017 0.021 0.018

RP m 0.586 0.696 0.797 0.880
s 0.037 0.029 0.027 0.022

HP m 0.592 0.700 0.795 0.894
s 0.045 0.033 0.021 0.010

Theorem 2.7 (see the proofs of Lemmata 3.1, 3.2, 3.3 and 3.6), which provide the theoretical
validation of our method, explicitly depend on these parameters.

The parameter a determines the first and last time at which the process is simulated, see
Remark 3.7. One may think that it could affect the quality of the approximation given by
{S(d)

h,J }t∈ℝ+ or {˜︁S(d)
h,J }t∈ℝ+ . Indeed, the trajectory of this process is set to zero on [0,m02−J ].

Thus, for instance, variations on [0,m02−J ] are vanishing, which could be a bad feature for
estimators based on variations over an interval [0, T ]. However, comparing Table 7 (a = 0.51)
with Tables 3 (a = 0.99), we see that the value of a does not have a significant impact on the
estimations of H . As the value of a does not affect the computational cost of the algorithm,
we do not see any “advantageous” value to choose in practice. Maybe, taking a close to 1 is
better to reduce edge effects in other applications.

The parameter ε > 0 has a real impact on the computational cost of the algorithm. Indeed,
for any t > 0, #𝒥J (t) ≈ 2J (1+ε(d−1)). One might expect that working with larger values of ε

improves the quality of the approximation, as it effectively adds more detail to the sums in
(25). However, this is difficult to assess numerically. For instance, ε = 1 leads to considerable
computation times as early as d = 2, making it impossible to generate a sufficiently large
sample within a reasonable time frame. With J = 17 and ε = 10−1, we have

𝒥 1
J (t) :=

{︂
k ∈ (︁

D1
J (t)

)︁d : max
ℓ,ℓ′∈[[1,d]]

|kℓ − kℓ′ | ≤ 3
}︂

whereas for any n ≥ 2 and ε = 10−n,

𝒥 1
J (t) :=

{︂
k ∈ (︁

D1
J (t)

)︁d : max
ℓ,ℓ′∈[[1,d]]

|kℓ − kℓ′ | ≤ 1
}︂
.

We then simply compare the results above with estimates obtained from simulations using
ε = 10−1. Comparing Tables 8 and 9 with Tables 1 and 3 show that there is no real advan-
tage in working with ε = 10−1: the computation time is higher, for simulations of similar

TABLE 7
QV estimations of the Hurst parameter for simulation with a = 0.51

0.6 0.7 0.8 0.9

FBM m 0.606 0.707 0.807 0.905
s 0.006 0.005 0.005 0.006

RP m 0.587 0.691 0.799 0.897
s 0.012 0.014 0.014 0.011

HP m 0.588 0.691 0.796 0.897
s 0.026 0.023 0.019 0.007
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TABLE 8
LW estimations of the Hurst parameter for simulations with ε = 10−1

0.6 0.7 0.8 0.9

FBM m 0.600 0.699 0.798 0.898
s 0.004 0.004 0.003 0.003

RP m 0.656 0.724 0.801 0.878
s 0.008 0.011 0.013 0.013

HP m 0.658 0.716 0.793 0.901
s 0.016 0.016 0.014 0.016

TABLE 9
QV estimations of the Hurst parameter for simulations with ε = 10−1

0.6 0.7 0.8 0.9

FBM m 0.606 0.711 0.813 0.919
s 0.018 0.021 0.021 0.016

RP m 0.557 0.687 0.804 0.909
s 0.033 0.030 0.028 0.021

HP m 0.556 0.685 0.805 0.900
s 0.042 0.037 0.020 0.012

TABLE 10
LW estimations of the Hurst parameter with Vladas Pipiras’s synthesis

0.6 0.7 0.8 0.9

RP1 m 0.632 0.709 0.796 0.885
s 0.009 0.015 0.021 0.025

RP2 m 0.617 0.711 0.800 0.891
s 0.025 0.014 0.021 0.023

TABLE 11
LV estimations of the Hurst parameter with Vladas Pipiras’s synthesis

0.6 0.7 0.8 0.9

RP1 m 0.616 0.689 0.772 0.861
s 0.021 0.027 0.037 0.043

RP2 m 0.615 0.694 0.781 0.869
s 0.049 0.029 0.037 0.036

TABLE 12
QV estimations of the Hurst parameter with Vladas Pipiras’s synthesis

0.6 0.7 0.8 0.9

RP1 m 0.607 0.710 0.809 0.903
s 0.026 0.024 0.022 0.019

RP2 m 0.610 0.705 0.809 0.905
s 0.023 0.025 0.020 0.024
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performance. If technological improvements in the near future make it possible to consider
simulations at much higher resolutions J , it would be interesting to reassess the actual impact
of ε. In particular, can ε be chosen as a function of J to obtain more refined simulations with
reduced computational time? It is also possible that our theoretical results could be improved
to eliminate the dependence on the parameter ε. Section 5 of Paper [38] seems to suggest that
this is possible for the Rosenblatt process. Further investigation is, however, necessary in the
case of a general Hermite process.

To obtain the results in Section 3 ensuring the theoretical validity of our approach, we
explicitly needed to exploit the parameters a ∈ (1/2,1) and ε > 0 to bound certain parts of
the random series (15) and (16). However, it is true that the exact values of a ∈ (1/2,1) and
ε > 0 ultimately do not contribute to the rate of convergence in Theorems 2.12 and 2.13 and
do not seem to affect the practical quality of the simulations either. It is therefore conceivable
that our approach for proving some intermediate results is not yet fully optimal, and that we
could eventually allow ourselves to take, for example, ε = 0 and a = 1. Nevertheless, we
have not managed to dispense with these parameters and therefore still prefer to use them
in our procedure to guarantee its theoretical validity. Future investigations may allow us to
further improve our results.

5.3. Comparisons with other methods. Vladas Pipiras kindly shared with us his two
wavelet-based synthesis of the Rosenblatt process [1, 38]. Tables 10 to 12 presented some
Hurst parameter estimations of trajectories with prescribed Hurst parameter 0.6, 0.7, 0.8 and
0.9 realised with Vladas Pipiras’s first synthesis method (RP1) and second synthesis method
(RP2). In each cases, we simulated 100 trajectories on [0,1] with resolution J = 17 (which
means that data are simulated at time t = k

2J with 0 ≤ k ≤ 2J ). It shows that the three methods
have similar performance in terms of Hurst index estimation, with perhaps a slight advantage
for our approach. Nevertheless, we emphasize that Vladas Pipiras’s methods require the nu-
merical computation of fewer quantities (his approach is comparable to taking ε = 0 in ours)
and therefore has a significantly lower computational cost.

In the case of fractional Brownian motion, since exact simulation methods are available,
they are certainly more suitable in practice. On the other hand, we emphasize once again that
our approach is unique for Hermite processes of order strictly greater than 2.
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