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Temperature-dependent harmonic approximations generalize the ground-state phonon picture, and have found
widespread use in computing the thermal properties of materials. However, applying these approaches to access
the thermal conductivity still lacks a formal justification, in particular due to the use of perturbation theory.
In this work, we derive a theory of heat transport in anharmonic crystals, using the mode-coupling theory
of anharmonic lattice dynamics. Starting from the Green-Kubo formula, we develop the thermal conductivity
tensor based on the system’s dynamical susceptibility, or spectral function. Our results account for both the
diagonal and off-diagonal contributions of the heat current, with and without collective effects. We implement
our theory in the temperature-dependent effective potential (TDEP) package, and have notably introduced a Monte
Carlo scheme to compute phonon scattering due to third- and fourth-order interactions, achieving a substantial
reduction in computational cost which enables full convergence of such calculations. We apply our methodology
to systems with varying regimes of anharmonicity and thermal conductivity to demonstrate its universality. These
applications highlight the importance of the phonon renormalizations, and their interactions beyond the harmonic
order. Overall, our work advances the understanding of thermal conductivity in anharmonic crystals and provides
a theoretically robust framework for predicting heat transport in complex materials.

DOI: 10.1103/PhysRevB.111.094306

I. INTRODUCTION

Fourier’s law asserts that heat transport is characterized by
the thermal conductivity which is an intrinsic material prop-
erty relating the temperature gradient and heat current. This
property is essential for selecting candidate materials in many
technological applications, each requiring a specific range of
thermal conductivity, either high, low, or “just right.” For
instance, the development of thermoelectric devices and bar-
rier coatings demands materials with extremely low thermal
conductivity [1,2]. Conversely, in applications which generate
heat, such as electronic devices, batteries, or nuclear reactors,
ensuring safe and controllable operating conditions necessi-
tates the efficient removal of excess heat [3,4]. This can be
achieved passively through the high thermal conductivity of
the contact and heat sink materials. A theoretical understand-
ing of the mechanisms underlying heat transport in materials
is thus critical for fundamental science but also many
applications.

In electrically insulating solids, the pioneering works of
Hardy and Peierls have shown that heat is primarily trans-
ported by the vibrations of nuclei around their equilibrium
positions. Within the harmonic approximation, these vibra-
tions are quantized as quasiparticles called phonons. The
Peierls-Boltzmann theory describes phonons as heat carriers
that diffuse through materials collectively, with their transport
limited by scattering due to other quasiparticles, boundaries,
or defects [5,6]. Recently, the importance of another trans-
port mechanism has been highlighted, where heat is carried
through the wavelike tunneling of phonons to quasidegenerate

states. This mechanism, derivable from both the Hardy [7–10]
and Wigner [11,12] formulations of the heat current, is partic-
ularly significant for systems with low thermal conductivity
and complex crystal structures.

Accurately predicting a material’s thermal conductivity
thus ultimately comes down to the precise description of
atomic vibrations and phonons. The harmonic approxima-
tion relies on a Taylor expansion of the Born-Oppenheimer
surface, assuming that displacements around equilibrium po-
sitions are relatively small. Additionally, perturbation theory
is often used to compute scattering mechanisms affecting
phonon diffusion, and only converges if higher-order con-
tributions to the potential energy are small compared to the
harmonic part. However, these assumptions are not always
valid in real materials [13,14]. This limits the predictive
accuracy of the harmonic approximation. Recognizing this
limitation, theories of temperature-dependent phonons have
emerged, notably, the self-consistent harmonic approximation
[15–18] and the temperature-dependent effective potential
[19–21]. Both approaches involve renormalizing the bare har-
monic phonons through nonperturbative interaction with a
bath of all other phonons. These methods have been ap-
plied to many systems, showing significant improvement over
harmonic or perturbative predictions, and highlighting the
importance of including anharmonicity in the vibrational de-
scription of materials [22–27].

In recent work, we introduced the mode-coupling theory of
anharmonic lattice dynamics [28], providing a formal justifi-
cation for the temperature-dependent effective potential. This
theory posits that the phonon bath originates from the full
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dynamics of the many-body Hamiltonian. While applications
of this methodology to compute thermal conductivity exist,
they are based on formulas derived in a perturbative context,
and a formal justification is still lacking.

In this work, we derive a theory of heat transport in
anharmonic crystals based on the mode-coupling theory of an-
harmonic lattice dynamics. Our derivation applies heat current
operators defined for anharmonic phonons in the Green-Kubo
formula, allowing us to construct a theory founded on phonon
correlation functions. Ultimately, we obtain a formulation of
the thermal conductivity tensor that includes anharmonicity
nonperturbatively, with both collective and coherent contri-
butions. We describe the implementation of the theory in the
open-source package temperature-dependent effective poten-
tial (TDEP) [29], emphasizing the reduction of computational
cost, which is essential to be able to converge fully with
complex unit cells and/or higher-order anharmonic coupling.
Finally, we apply the method to several systems spanning
different regimes of anharmonicity and thermal conductivity
mechanisms.

The paper is organized as follows. In Sec. II, after introduc-
ing the mode-coupling theory of anharmonic lattice dynamics,
we derive a heat current operator which is consistent with
the theory. This operator is then injected in the Green-Kubo
formula, enabling us to obtain formulations of the thermal
conductivity tensor. We then discuss the improvement brought
by our approach in Sec. III. Section IV presents our imple-
mentation of the theory in the TDEP package, focusing on
approaches to reduce the computational cost. These meth-
ods include a linear algebra formulation of the scattering
matrix elements, the irreducible representation of scattering
triplets and quartets, and a Monte Carlo integration scheme for
phonon scatterings. Finally, in Sec. V, we apply our formalism
to several materials before concluding in Sec. VI.

II. DERIVATION

We consider a crystalline system within the framework
of the Born-Oppenheimer approximation, where the system
dynamics is described by the Hamiltonian

H =
∑

i

P2
i

2Mi
+ V (R), (1)

where R and P are, respectively, the position and momentum
operators and where V (R) is the many-body potential. To
incorporate quantum effects in the ionic motion, we utilize
the quantum Liouvillian formalism, which describes the time
evolution and derivative of an operator O as

O(t ) = e
i
h̄ HtOe− i

h̄ Ht = eiLtO, (2)

Ȯ(t ) = i

h̄
[H,O(t )] = iLO(t ), (3)

where L = [H, ·]/h̄ is the Liouville superoperator.
We assume that ions oscillate around their equilibrium

positions 〈R〉, allowing us to introduce displacement operators
u(t ) = R(t ) − 〈R〉. In much of the literature, this assumption
is used to define an approximate Hamiltonian obtained by
truncating a Taylor expansion of the potential energy. Typi-
cally, this expansion is truncated at the third or fourth order,

implying small displacement from equilibrium positions. In
our approach, we do not assume a specific amplitude for these
displacements, other than ensuring that ions do not diffuse
within the crystal, and remain localized around their equilib-
rium positions.

The focus of this work is the thermal conductivity tensor,
which quantifies the heat flux J α in Cartesian direction α due
to an applied temperature gradient in direction β:

J α = −καβ∇βT . (4)

In the regime where the applied gradient is small, linear
response theory dictates that κ is an intrinsic equilibrium
property expressed by the Green-Kubo formula

καβ = 1

V kBT 2

∫ ∞

0
dt (J α,J β (t )), (5)

where (A, B(t )) = kBT
∫ β

0 dλ 〈A(−ih̄λ), B∗(t )〉 denotes the
Kubo correlation function (KCF) [30]. From our initial con-
siderations, the primary challenge lies in expressing heat
current operators in terms of the dynamic variables of our
systems, specifically the displacements. However, before ad-
dressing this task, it is crucial to establish a comprehensive
description of ion dynamics.

A. Mode-coupling theory of anharmonic lattice dynamics

The many-body nature of the Hamiltonian governing ion
motion renders an exact analytical description of the dynamics
impossible. Fortunately, linear response theory offers effective
tools for making accurate approximations in such scenarios.
Recently, we introduced the mode-coupling theory of an-
harmonic lattice dynamics [28], which uses linear response
theory to calculate the correlated motion of ions in crystals
beyond standard perturbation theory. This formalism aims
to describe the mass-weighted displacement-displacement
KCF [30]:

Gαβ
i j (t ) = √

MiMj
(
uα

i , uβ
j (t )

)
. (6)

In this overview, we outline the key aspects of its derivation
and refer interested readers to our previous work for compre-
hensive details.

The formalism is founded on a Mori-Zwanzig projec-
tion scheme [31,32], with the introduction of the projection
operators

P· =
∑
i jαβ

(
uβ

j , ·
)(

uα
i , uβ

j

)uα
i +

∑
i jαβ

(
pβ

j , ·
)(

pα
i , pβ

j

) pα
i , (7)

Q = 1 − P . (8)

The operator P projects a dynamical variable on the sub-
space of the full dynamical variables defined by single
displacements ui and their momenta pi, while its orthogonal
projection Q projects on the rest of the full dynamical variable
space. The first step of the derivation consists in projecting
the time derivative of the momentum operator, the atomic
force, on both P and Q which allows, after some steps,
to formally write its equation of motion as the generalized
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Langevin equation [30]

f α
j (t ) = −

∑
kγ

�
βγ

jk uγ

k (t )

−
∑
kγ

∫ t

0
ds Kβγ

jk (s)u̇γ

k (t − s) + δ fi(t ), (9)

where we introduced the temperature-dependent generaliza-
tion of the second interatomic force constants (IFC)

�
αβ
i j = − 1√

MiMj

∑
kγ

(
uγ

k , f α
i

)(
uβ

j , uγ

k

) (10)

as well as a memory matrix

Kαβ
i j (t ) = β

(
δ f α

i , δ f β
j (t )

)√
MiMj

(11)

and where δ f α
i (t ) = eiQLt ( f α

i + ∑
jβ �

αβ
i j uβ

j ) is called the
“random” force due to its projected dynamics outside of the
space spanned by single displacements. Multiplying then by a
displacement, taking the Kubo average, and using the property
(uα

i , δ f j (t )) = 0, we obtain the generalized Langevin equa-
tion for the equation of motion of the displacement correlation
function

G̈αβ
i j (t ) = −

∑
kγ

�
βγ

jk Gβγ

ik (t ) −
∑
kγ

∫ t

0
ds Kβγ

jk (s)Ġβγ

jk (t − s).

(12)

As in the harmonic approximation, the Fourier transform
of � allows to define phonons with their associated phonon
displacement operator As(q), where s is the mode. The dis-
placements can then be projected onto the phonon space using
their eigenvectors εs(q):

uα
i (t ) =

√
h̄

2Mi

∑
λ

εiα
s (q)√

s(q)

As(q, t ). (13)

To simplify the derivation of the heat current and ease the
comparison with harmonic and perturbation theory, we will
also introduce the phonon momentum operator

pα
i (t ) = − i

√
h̄Mi

2

∑
sq

√

s(q)εiα

s (q)Bs(q), (14)

where we can recognize Bs(q, t ) = −iȦs(q, t )/
s(q). The
usefulness of the momentum operator comes from the relation
between static correlation function involving As(q) and Bs(q),
for instance,

(As(q), As′ (q′)) = (Bs(q), Bs′ (q′)) = kBT

h̄
s(q)
δss′δqq′ , (15)

(As(q), Bs′ (q′)) = (Bs(q), As′ (q′)) = 0. (16)

We can now define the phonon correlation function

Gs(q, t ) = (As(q), As(q, t )) (17)

which follows the generalized Langevin equation

G̈s(q, t ) = −
2
s (q)Gs(q, t ) −

∫ t

0
ds Ks(q, s)Ġs(q, t − s),

(18)

where Ks(q, t ) is the projection of the memory kernel on
phonon (q, s). Taking the real part of the Laplace transform
of this equation, we obtain the phonon correlation function in
frequency space

Gs(q, ω) = kBT

π h̄

× 8
s(q)
s(q, ω)

[ω2−
s(q)2 − 2ω�s(q, ω)]2+4ω2
2
s (q, ω)

,

(19)

where 
s(q, ω) and �s(q, ω) are the real and imaginary
parts of the memory kernel, which are related through a
Kramers-Kronig transform

�s(q, ω) = 1

π

∫
dω′ 
s(q, ω′)

ω′ − ω
(20)

while 
s(q, ω) is proportional to the Fourier transform of the
memory kernel. It should be noted that up until this point,
the only approximation made concerns the neglect in Eq. (17)
of the off-diagonal component of the correlation function for
a given q point. The correlation function in Eq. (19) is re-
lated to the phonon spectral function, which can be directly
compared to experiments such as inelastic neutron or x-ray
scattering and is obtained from the fluctuation-dissipation the-
orem χ ′′

s (q, ω) = ω
2kBT Gs(q, ω), resulting in

χ ′′
s (q, ω) = 1

π h̄

× 4ω
s(q)
s(q, ω)

[ω2−
s(q)2 − 2ω�s(q, ω)]2+4ω2
2
s (q, ω)

.

(21)

The main difficulty in employing Eq. (19) or (21) lies in
the a priori unknown expression of the memory kernel. In the
mode-coupling approximation, this difficulty is alleviated by
expanding the random forces using higher-order displacement
projection operators. Up to fourth order, the random forces are
then written as

δ f α
i (t ) = eiQLt

[
1

2!

∑
jk

∑
βγ

�
αβγ

i jk uβ
j uγ

k

+ 1

3!

∑
jkl

∑
βγ δ

�
αβγ δ

i jkl uβ
j uγ

k uδ
l + δ4 f α

i

]
, (22)

where δ4 f α
i is the remainder of the force and the � are the

temperature-dependent generalizations of higher-order force
constants. These can be computed as

�
αβγ

i jk =
∑
k′l ′

∑
β ′γ ′

(
uβ ′

j′ u
γ ′
k′ , δ f α

i

)(
uβ ′

j′ u
γ ′
k′ , uβ

j uγ

k

) , (23)

�
αβγ δ

i jkl =
∑
j′k′l ′

∑
β ′γ ′δ′

(
uβ ′

j′ u
γ ′
k′ uδ′

l ′ , δ3 f α
i

)(
uβ ′

j′ u
γ ′
k′ uδ′

l ′ , uβ
j uγ

k uδ
l

) , (24)

where δ3 f α
i = δ f α

i − ∑
jk

∑
βγ �

αβγ

i jk uβ
j uγ

k . An approxima-
tion up to fourth order of the memory matrix can be computed
by injecting Eq. (22) in (11) after the neglect of the δ4 f α

i term
and of the orthogonal projector Q in the time evolution. After
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a projection on phonon modes, the memory kernel for mode
(s, q) can be decomposed as


s(q, ω) ≈ 
(3)
s (q, ω) + 
(4)

s (q, ω). (25)

After decoupling the various correlation functions appearing
in 
s(q) using the scheme presented in Appendix B, one

obtains a set of self-consistent equations for the memory
kernel and Gs(q, ω). This set can be replaced by a one-shot ap-
proximation, where the phonon correlation functions involved
in the memory kernel are replaced by their memory-free coun-
terparts. In this approximation, the three-phonon contribution
is written


(3)
s1

(q1, ω) =
∑
q2q3

∑
s2s3


(3)
s1s2s3

(q1, q2, q3, ω), (26)


(3)
s1s2s3

(q1, q2, q3, ω) = π

16

∣∣�s1s2s3
q1q2q3

∣∣2S (3)(ω,
s2 (q2),
s3 (q3)), (27)

S (3)(ω,
2,
3) =
∑

s=1,−1

{s[n(
2) + n(
3) + 1]δ(ω + s
2 + s
3) + s[n(
2) − n(
3)]δ(ω + s
2 − s
3)} (28)

while the four-phonon interaction is given by


(4)
s1

(q1, ω) =
∑

q2q3q4

∑
s2s3s4


(4)
s1s2s3s4

(q1, q2, q3, q4, ω), (29)


(4)
s1s2s3s4

(q1, q2, q3, q4, ω) = π

96

∣∣�s1s2s3s4
q1q2q3q4

∣∣2S (4)(ω,
s2 (q2),
s3 (q3),
s4 (q4)), (30)

S (4)(ω,
2,
3,
4) =
∑

s=1,−1

{s[n(
2) + 1][n(
3) + 1][n(
4) + 1] − n(
2)n(
3)n(
4)δ(ω + s
2 + s
3 + s
4)

+ s{3n(
2)[n(
3) + 1][n(
4) + 1] − [n(
2) + 1]n(
3)n(
4)]δ(ω + s
2 − s
3 − s
4)}. (31)

In these equations, the scattering matrix elements �s1s2s3
q1q2q3

and
�s1s2s3s4

q1q2q3q4
are the projections of the higher-order generalized

IFCs on phonon modes. Introducing a unit-cell centered nota-
tion �

αβγ

i jk (μ, ν), where i, j, and k are atoms in the unit cell
and μ and ν denote the index of a unit cell in the crystal, the
third-order scattering matrix elements are computed as

�s1s2s3
q1q2q3

=
∑

i jkαβγμν

�
αβγ

i jk (μ, ν)e−i(q2Rμ, j+q3Rν,k )√
MiMjMk

× εiα
s1

(q1)ε jβ
s2 (q2)εkγ

s3 (q3)√

λ
λ′
λ′′

�(q1 + q2 + q3) (32)

with Rμ, j the distance between the atom i in a reference unit
cell and the atom j in the unit cell μ and where �(q) is 1 if q is
equal to a reciprocal lattice vector and 0 otherwise, to ensure
conservation of the quasimomentum. The fourth-order scat-
tering matrix elements are computed with a similar formula
involving the fourth-order generalized IFC. The memory ker-
nel in the mode-coupling approximation can be rationalized
from a diagrammatic representation, pictured in Fig. 1. In this
representation, the third-order contribution is analogous to the

FIG. 1. Feynman diagrams for the memory kernel considered in
this work. (a) The three-phonon bubble contribution. (b) The four-
phonon sunset contribution.

third-order bubble diagram from perturbation theory, while
the fourth order is equivalent to the sunset diagram.

It should be noted that to introduce the scattering of
phonons due to isotopic effects, the following contribution can
be added to the memory kernel:


iso
s (q, ω) =

∑
q2s2


iso
ss2

(q, q2, ω)

=
∑
q2s2

∑
i

gi

∣∣εi
s(q)εi

s2
(q2)

∣∣2
δ[ω − 
s2 (q2)]. (33)

In this equation, corresponding to Tamura’s model [33], the gi

measure the distribution of the isotope masses of element i and
is computed as gi = ∑

n
di,n

N ( �Mi,n

Mi
)2 where N is the number of

isotopes, di,n is the concentration of isotope n of element i,
and �Mi,n is the mass difference between isotope n and the
average mass of the element.

The generalized Langevin equation (12) describes phonons
interacting with a bath made from all other phonons. When the
interaction with this bath is weak, the time dependence of the
memory kernel can be neglected, and the dissipative part of
the dynamics can be reduced to a single value 
M

s (q), given
by 
s(q, ω) evaluated at the frequency of the phonon (s, q),
as shown in Appendix C:


M
s (q) = 
s(q,
s(q)). (34)

In this limit, known as Markovian, the spectral function re-
duces to a Lorentzian centered at the frequency 
s(q) and
with a width 
s(q):

χ ′′M
s (q, ω) = 1

π h̄


M
s (q)

[ω − 
s(q)]2 + [

M

s (q)
]2 . (35)
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The Markovian limit cannot be a complete description of the
system since it breaks some sum rules that the correlation
functions are supposed to follow [28]. Nevertheless, it remains
a useful and often accurate approximation for systems where
the quasiparticle picture is well founded. In this case, the
phonons can be thought of as diffusing through the material
with a lifetime τs(q) = [2
M

s (q)]
−1

. One can note that the
Markovian limit is analogous to the use of Fermi’s golden rule
in perturbation theory.

B. Anharmonic heat current operator

To derive the thermal conductivity tensor using the Green-
Kubo formula, it is essential to derive heat current operators
which are consistent with the previously established mode-
coupling theory. In an electrically insulating solid, with our
prerequisite of absence of diffusion, the conductive compo-
nent of the heat current operator, defined as [7,34]

J (t ) =
∑

i

〈Ri〉 Ėi(t ) (36)

is the only contributor the thermal conductivity. Here, Ei(t )
represents the local energy contribution from atom i to the
system’s total energy, a quantity that is inherently ambiguous.
To circumvent the complexities associated with explicitly par-
titioning the potential energy, we instead focus directly on the
time derivative Ėi(t ). Building on the approach of [35], the
heat current operator can be expressed as

J (t ) = 1

V

∑
i j

(〈Ri〉 − 〈R j〉)fi j (t )u̇i(t ), (37)

where fi j (t ) denotes the forces exerted by atom j on atom
i. To formally define this quantity, one would typically re-
quire an explicit formulation of the Hamiltonian. However, the
Mori-Zwanzig projection scheme offers an alternative ap-
proach to perform the partitioning. Indeed, from the equa-
tion of motion for the forces [Eq. (9)], we can partition the
force over atom pairs, resulting in the expression

fα
i j (t ) = −�

αβ
i j uβ

j (t ) −
∫ ∞

0
ds Kαβ

i j (s)pβ
j (t − s) + δ f α

j (t )δi j

(38)

which respects the condition fi(t ) = ∑
j fi j (t ). Neglecting the

contribution from the memory kernel and the random force,
we can substitute this expression into the heat current opera-
tor, which yields

J α (t ) ≈
∑

i j

∑
βγ

(〈
Rα

i

〉 − 〈
Rα

j

〉)
�

βγ

i j uγ

j (t )u̇β
i (t ) (39)

which, in term of phonon operators, becomes

J (t ) = −1

2

∑
qs1s2

h̄
s2 (q)vs1s2
q As1 (q, t )Bs2 (q, t ) (40)

with vs1s2
q the generalized group velocities [7,12,36]. The heat

current can be split as J (t ) = J d(t ) + J nd(t ), where the first
term is diagonal with respect to phonon branches

J d(t ) = −1

2

∑
qs

h̄
s(q)vs
qAs(q, t )Bs(q, t ) (41)

with vs
q = vss

q , and the other term is the off-diagonal
contribution

J nd(t ) = −1

2

∑
qs1 	=s2

h̄
s2 (q)vs1s2
q As1 (q, t )Bs2 (q, t ). (42)

Neglecting the correlations between diagonal and off-diagonal
heat current, the thermal conductivity can be separated in a
similar manner

κ ≈κd + κnd, (43)

κd = 1

V T

∫ ∞

0
(J d,J d(t )), (44)

κnd = 1

V T

∫ ∞

0
(J nd,J nd(t )). (45)

C. Diagonal thermal conductivity

We will begin with the diagonal part of κ,

κd = 1

4V kBT 2

∑
q1q2

∑
s1s2


s1 (q1)
s2 (q2)vs1
q1

⊗ vs2
q2

×
∫ ∞

0
dt (As1 (q1)Bs1 (q1), As2 (q2, t )Bs2 (q2, t )). (46)

The main difficulty in this equation lies in the expression of
the four-point correlation function. In Appendix D, we show
how to obtain its equation of motion in the mode-coupling
theory, which, after a Laplace transform and the application of
the Markovian approximation, allows to express the diagonal
contribution to κ as

κd = 1

V

∑
q1q2

∑
s1s2

vs1
q1

⊗ vs2
q2

cs1 (q1)(�−1)(q1s1, q2s2), (47)

where cs(q) = 
2
s (q)ns(q)[ns(q) + 1]/kBT 2 is the modal heat

capacity and � is the scattering matrix, given explicitly in
Appendix D.

Neglecting the off-diagonal component of the scattering
matrix, we obtain the single-mode approximation to the ther-
mal conductivity tensor

κd,SMA = 1

V

∑
qs

vs
q ⊗ vs

q
cs(q)

2
M
s (q)

. (48)

It is interesting to note that this result can also be obtained
using the decoupling scheme of Kubo correlation functions,
as we will use for the nondiagonal contribution.

D. Nondiagonal contribution to the thermal conductivity

The contribution stemming from the off-diagonal part of
the heat current is written

κd = 1

4V kBT 2

∑
q1q2

′∑
s1s2

′∑
s3s4


s2 (q1)
s4 (q2)vs1s2
q1

⊗ vs3s4
q2

×
∫ ∞

0
dt (As1 (q1)Bs2 (q1), As3 (q2, t )Bs4 (q2, t )), (49)

where
∑′

s1s2
indicates that s1 = s2 is excluded from the double

sum. Using the rules presented in Appendix B, the four-point
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Kubo correlation function can be decoupled as∫ ∞

0
dt (As1 (q1)Bs2 (q1), As3 (q2, t )Bs4 (q2, t ))

≈ δq1q2δs1s3δs2s4

π


s1 (q1)
s2 (q1)

×
∫ ∞

−∞
dω χ ′′

s1
(q, ω)χ ′′

s2
(q, ω)ω2n(ω)[n(ω) + 1]. (50)

Injecting this result in Eq. (49), and introducing the frequency-
dependent heat capacity cv (ω) = h̄ω2n(ω)[n(ω) + 1]/kBT 2,
the off-diagonal contribution to the thermal conductivity
tensor is

κnd ≈ π

V

∑
q

′∑
s1s2

vs1s2
q ⊗ vs1s2

q

×
∫ ∞

−∞
dω χ ′′

s1
(q, ω)χ ′′

s2
(q, ω)cv (ω). (51)

Within the Markovian approximation, this equation involves
the integral of two Lorentzians multiplied by the heat ca-
pacity of a harmonic oscillator. If we assume a regime of
anharmonicity where the quasiparticle picture is valid, each
Lorentzian approaches a Dirac delta, allowing us to take the
approximation

κnd ≈ 1

V

∑
q

′∑
s1s2

vs1s2
q ⊗ vs1s2

q

cs1
q + cs2

q

2

M

s1s2
(q), (52)

where we introduced the off-diagonal scattering


M
s1s2

(q) = 
M
s1

(q) + 
M
s2

(q)

[
s1 (q) − 
s2 (q)]2 + [

M

s1
(q) + 
M

s2
(q)

]2 . (53)

One should note that by removing the restriction of s1 and s2

being different, the diagonal contribution in the single-mode
approximation is recovered, as expected.

III. DISCUSSION

Our final formulation of the thermal conductivity tensor
is expressed as κ = κd + κnd, with κd given by Eq. (47) and
κnd by Eq. (52). This result bears some resemblance to pre-
vious derivations based on Hardys formulation of the heat
current operator [7–10,12,37,38]. For instance, we show in
Appendix E that the diagonal contribution of the thermal
conductivity tensor κd is equivalent to that obtained through
the solution of the phonon Boltzmann equation, providing a
further proof with Ref. [38] of the equivalence between the
phonon Boltzmann and Green-Kubo approaches. Thus, our
derivation provides a unified framework that encompasses
the collective, single-mode, and off-diagonal contributions
to heat transport by phonons. Notably, for the single-mode
and off-diagonal contributions, it captures the non-Markovian
memory effects described in Eq. (51) through the inclusion of
the full phonon dynamical susceptibility. As a result, our for-
mulation can address any system with a crystalline reference
structure, from highly harmonic crystals at low temperatures
where collective effects dominate to complex crystals with
large unit cells, where the off-diagonal components of κnd are
essential.

A key distinction of our approach is its inherent inclusion
of temperature-dependent phonon renormalization, setting it
apart from standard formalisms. The latter rely on a Taylor
expansion of the Born-Oppenheimer potential energy surface,
treating anharmonic terms as a perturbative correction to a
dominant second-order term. Consequently, the dynamical
properties of the system are inferred indirectly, being re-
constructed a posteriori from the effective potential energy
surface. However, in order to use perturbation theory, these
methods assume that the atoms vibrate closely around their
equilibrium positions, an assumption that fails at elevated
temperatures, in the presence of nuclear quantum effects, or
when the Hessian of the Born-Oppenheimer surface is not
positive definite. In these scenarios, high-order anharmonic
interactions become significant, making perturbative correc-
tions insufficient.

In contrast, our mode-coupling theory focuses directly on
the atom dynamics, rather than on the underlying potential
energy surface. Because of this, the framework naturally in-
corporates temperature-dependent interactions and avoids the
limitations of perturbative expansions.

In the end, this difference in foundations is critical. To
understand how the approaches diverge, it is useful to fo-
cus on their fundamental building blocks: the interatomic
force constants and the phonons. In the harmonic case (and
its perturbation expansion), the IFC are derivatives of the
Born-Oppenheimer surface. At the second order, the effective
Hamiltonian can be diagonalized, giving rise to eigenstates:
the harmonic phonons. Interactions between these phonons
are then introduced through the higher-order IFCs, with the
magnitude of phonon-phonon interactions at a given temper-
ature being proportional to these IFCs and to the phonon
population.

However, in general, these harmonic phonons are a very
rough approximation of the true dynamical quantities. In-
deed, since the second-order term captures only part of the
full potential energy landscape, the accuracy of the harmonic
phonons as descriptors of atomic motion is inherently limited.
For instance, it has been shown that, in some systems, the har-
monic component can account for less than half of the forces
acting on atoms [13]. In such cases, the validity of perturba-
tion theory is compromised: not only does the noninteracting
phonon baseline inadequately describe the dynamics, but the
phonon-phonon interactions themselves are poorly captured
and constrained by the finite order of the Taylor expansion.

In contrast, the mode-coupling theory is constructed to
alleviate these shortcomings. For example, we have shown
previously [28] that the second-order generalized IFCs are
physically meaningful, being proportional to the inverse static
susceptibility. As a result, in the static limit, the phonons
defined by mode-coupling theory are exact, corresponding to
the mass-weighted displacement covariance. Furthermore, the
Mori-Zwanzig projection scheme ensures that these phonons
provide a minimally interacting basis, representing the most
accurate noninteracting phonons possible, with already exact
static properties [28]. On top of this, each order of the mode-
coupling approximation is built to minimize the amplitude of
all subsequent orders.

Thus, mode-coupling theory provides a rigorous and sys-
tematic framework for capturing dynamical properties. For
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the thermal conductivity tensor, this approach introduces two
primary improvements. First, it enhances the accuracy of key
parameters of the heat current [Eq. (40)], specifically the
phonon frequencies and group velocities, due to the exact-
ness of the second-order generalized IFCs. As a result, both
the propagation (through vs

q) and the amount of heat carried
for each phonon mode [through cs(q)] are more accurately
represented. Second, the mode-coupling theory offers a re-
fined treatment of phonon-phonon scattering, yielding a more
precise dynamical description and leading to improved predic-
tions of thermal conductivity. However, our work is a further
demonstration that, even with the renormalization, heat trans-
port is not mediated by individual phonons but is a collective
effect, and reduces to phonons only if the coupling between
phonons is negligible. Nevertheless, the refinement brought
by the mode-coupling theory also holds in systems where
these collective excitations (also known as relaxons [39]) are
necessary for an accurate description. In this case, the equiv-
alence between our derivation and the phonon Boltzmann
equation shown in Appendix E further suggests that diag-
onalizing � allows to obtain the temperature-renormalized
counterpart of the relaxons from a perturbative approach.

A notable strength of the mode-coupling theory is that
despite its dynamical foundation, its building blocks are
real-space and time-independent properties. Specifically, the
generalized IFCs are derived from static Kubo averages, offer-
ing distinct advantages over fully time-dependent approaches.

First, this formulation facilitates the evaluation of ther-
modynamic and long-range limits of correlation functions
using relatively moderate simulation sizes and durations. In
contrast, direct time-dependent methods often require signifi-
cantly larger and more computationally intensive simulations
to achieve convergence, making the mode-coupling approach
both more efficient and less prone to size-related artifacts.

Additionally, nuclear quantum effects are naturally inte-
grated within the mode-coupling framework, as the formalism
is rooted in Kubo correlation functions. These quantum
effects can be explicitly incorporated in practice through path-
integral simulations to compute the generalized IFCs. This
is a noticeable advantage since the path-integral molecular
dynamics formalism is only exact in the static limit [40]
and provides an approximation of the real Kubo correlation
that can be spoiled by numerical artifacts such as spurious
resonances or shifts in frequency-resolved spectra [41–43].
Finally, the the framework being grounded on Kubo corre-
lation functions supports a rigorously justified semiclassical
approximation [28,44]. By using classical simulations to com-
pute the generalized IFCs, these quantities can then serve
as inputs for the quantum equations of motion developed in
this work, enabling a practical treatment of quantum nuclear
effects.

IV. IMPLEMENTATION

The formalism derived above has been implemented in the
TDEP code [29] and this section outlines the strategy used in
this implementation. For high-order many-body calculations,
the latter is not just a question of efficiency: it is crucial to
obtain converged results at all. This has been an important
and unrecognized problem in comparing different approaches
in the literature.

The generalized IFC are fit using linear least squares on
the forces, incorporating the symmetry reduction described in
Ref. [20]. This ensures strict adherence to transposition and
point-group symmetries, as well as the acoustic and rotational
sum rules and Hermiticity [45]. A key point of the imple-
mentation is the successive fitting of the IFC, meaning that
each order is fit on the residual forces from the previous order.
As demonstrated previously [28], this method aligns with the
definition of the generalized IFC in the mode-coupling theory,
providing a crucial step beyond the harmonic approximation
and perturbation theory. It should be noted that for systems
exhibiting significant nuclear quantum effects, path-integral
molecular dynamics can be used, the static KCF needed to
compute the generalized IFC corresponding to correlations of
the centroid of the quantum polymer.

At the beginning of the thermal conductivity computation,
harmonic properties (frequencies, eigenvectors, and group ve-
locities) are generated on a q-point grid. At this point, the
degeneracies are carefully treated following the process in-
troduced in Appendix F. To ensure the conservation of the
quasimomentum in the definition of the scattering matrix
elements, we use regular grids of size N1 × N2 × N3 where
q points are defined as q = (i1/a, i2/b, i3/c), ix being integers
from 0 to Nx − 1, and a, b, and c representing the lattice
constants of the system [46,47]. This grid structure ensures
that given two q points q1 and q2, it is always possible to find a
third q point q3 in the grid, such that |q3| = |q1 + q2|, thereby
enforcing the quasimomentum conservation. The same princi-
ple applies when three q points are summed to find a fourth
one.

For the numerical approximation of the delta function,
we employ an adaptive Gaussian method. In this scheme,
the delta functions appearing in the scattering processes are
approximated with Gaussians

δ[
s(q) − W ] → e−[
s (q)−W ]2/2σ 2

√
2πσ

(54)

at a frequency W , with a width σ estimated according to the
scattering event being computed. In the original formulation
of the method [48] and the subsequent adaptations [37,46,49],
the width is obtained by expanding W linearly with respect to
the q point of one of the phonons involved in the scattering.
In this work, we opted for a different, more robust approach,
where each phonon frequency involved in the scattering is
expanded around its respective q point. To first order, this
means that the frequency of a phonon at a point q in the
neighborhood of q0 can be expressed as


s(q) ≈ 
s(q0) +
∑

α

∂
s(q)

∂qα

(
qα − qα

0

)
. (55)

From this extrapolation, one can “blur” phonons around each
q point using Gaussians with mean 
̄s(q) and variance σs(q)
computed with


̄s(q) = E [
s(q)] = 
s(q0), (56)

σ 2
s (q) = E [(
s(q) − 
̄s(q))2] (57)

=
∣∣∣∣∂
s(q)

∂q

∣∣∣∣2

| q − q0 |2, (58)
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where E [X ] is the expectation of X . The width σ can then
be obtained from the convolution of all “blurred” phonons
involved in a specific process, giving

σ =
√

σ 2
s1

(q1) + σ 2
s2

(q2) + σ 2
s3

(q3) (59)

for third-order processes, and

σ =
√

σ 2
s1

(q1) + σ 2
s2

(q2) + σ 2
s3

(q3) + σ 2
s4

(q4) (60)

for fourth-order processes. Compared to the approach involv-
ing group velocity differences [37,46,48,49], our approach
respects the symmetries of the scattering matrix, and allow
to keep it symmetric positive definite. Moreover, the individ-
ual phonon broadening parameters σs(q) can be precomputed
at the beginning of the calculation with other harmonic
properties.

A. Iterative solution to the collective diagonal contribution

The collective contribution to the thermal conductivity
tensor poses a computational challenge, as it requires the
diagonalization of the scattering matrix �. An alternative
formulation of Eq. (47) proves to be advantageous [50]

κd = 1

V

∑
q

∑
s

cs(q)vs
q ⊗ Fs(q), (61)

where

Fs(q) = �−1vs
q. (62)

This formulation circumvents direct matrix inversion, by fo-
cusing on computing the vectors Fs(q), which can be limited
to irreducible q points. Using the Neumann series for matrix
inversion, (1 − �)−1 = ∑∞

n=0 �n, and suitable reordering, an
iterative method for computing Fs(q) is obtained

F0
s (q) = 1

2
M
s (q)

vs
q, (63)

Fn+1
s (q) = F0

s (q) − 1

2
M
s (q)

∑
q2s2

�(qs, q2s2)Fn
s2

(q2). (64)

This iterative approach is analogous to Omini’s solution to
the phonon Boltzmann equation [51]. In our implementation,
convergence of the series is improved using a mixing pref-
actor α between iterations, where 0 < α < 1. As a tradeoff
between memory usage and speed, the scattering matrix is
retained throughout iterations, but only rows corresponding
to the Nirr irreducible q points are stored. This results in a
manageable storage size of 3NatNirr × 3NatNq, independent of
the scattering order considered, thereby avoiding the mem-
ory overhead associated with fourth-order terms when storing
scattering processes independently [37,52] and allowing the
use of the BLAS linear algebra library [53] to perform the
matrix multiplication in Eq. (64).

B. Improving the computational cost

Calculating thermal conductivity can incur significant
computational costs, especially when considering fourth-
order interactions. In a naïve implementation, the computation
of third-order interactions scales as O(Ni × Nq × N3

s ), where

Ni is the number of irreducible q points in the Brillouin zone,
Nq is the number of points in the full grid, and Ns is the number
of modes. For fourth-order scattering, the scaling is even more
demanding, at O(Ni × N2

q × N4
s ).

In this subsection, we will demonstrate techniques to miti-
gate this computational cost.

1. Computing the scattering amplitude

The most time-consuming part of computing thermal con-
ductivity is the calculation of the scattering matrix elements,
which are needed for a large number of triplets or quartets of
q points and modes. To reduce this computational cost, we
divide the calculation into two steps. First, once a triplet of q
point is selected, we Fourier transform the third-order IFC in
reciprocal space, without projecting on mode:

�̃
αβγ

i jk (q1, q2, q3) =
∑
μν

�
αβγ

i jk (μ, ν)√
MiMjMk

e−i(q2Rμ, j+q3Rν,k ). (65)

Then, for each triplet of modes, corresponding to this triplet of
q points, the third-order IFC in reciprocal space are projected
onto the phonon modes using

�s1s2s3
q1q2q3

= �̃(q1, q2, q3) × ε̃s1 (q1) × ε̃s2 (q2) × ε̃s3 (q3) (66)

with ε̃s(q) = εs(q)/
√


s(q). This second step can be signif-
icantly accelerated by recognizing that it can be formulated
as matrix-vector multiplications, allowing us to use optimized
routines. The same approach can be applied to the fourth-
order scattering matrix elements.

2. Irreducible triplet and quartet

To reduce both the time and memory cost of the calcula-
tions, it is essential to exploit the symmetry properties of the
scattering matrix elements. These elements exhibit specific
symmetries under permutations of both the q points and mode
indices [47,54]

�
P(s1,s2,s3 )
P(q1,q2,q3 ) = �s1,s2,s3

q1,q2,q3
∀ P ∈ P (3),

�
P(s1,s2,s3,s4 )
P(q1,q2,q3,q4 ) = �s1,s2,s3,s4

q1,q2,q3,q4
∀ P ∈ P (4), (67)

where P (3) represents the set of all the permutations of a triplet
and P (4) is the set of all permutations of a quartet. Utilizing
these symmetries for any irreducible triplet reduces the num-
ber of third-order elements by about half and the fourth-order
elements by about a factor of 6.

Furthermore, the number of elements can be further re-
duced by employing the symmetry operations of the crystal
structure. For a rotation R belonging to the set of crystal
symmetry operations R expressed for reciprocal space, the
invariance is expressed as [47,54]

�
s1,s2,s3
Rq1,Rq2,Rq3

= �s1,s2,s3
q1,q2,q3

,

�
s1,s2,s3,s4
Rq1,Rq2,Rq3,Rq4

= �s1,s2,s3,s4
q1,q2,q3,q4

. (68)

In our implementation, once a triplet or quartet of q points
is selected, we check the possibility of reduction based on
the aforementioned symmetries. If the triplet or quartet is
reducible, the calculation of scattering matrix elements is
skipped. The integration weights of the remaining irreducible
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triplets or quartets are adjusted to reflect their multiplicity
accordingly.

3. Monte Carlo integration for the scattering rates

Despite the improvements brought by the linear algebra
formulation of the scattering matrix elements and the irre-
ducible triplet and quartet, the computational cost remains
significant due to the large number of elements involved,
especially for fourth-order scattering.

This cost can be greatly reduced by recognizing that the
computation of κ can be divided into distinct integrations. The
first (outer) integration pertains to the contribution of each
q point to the thermal conductivity, and can be written as a
weighted sum over the irreducible q points

κ =
∑
qirr

w(qirr )κ(qirr ), (69)

where w(qirr ) is the integration weight of the irreducible
q point qirr and κ(qirr ) represents the contribution of this q
point to the thermal conductivity.

For each irreducible point and each vibrational mode, ad-
ditional inner integrations are required to compute either the
lifetime or the memory kernel at the isotopic, three-phonon,
and/or four-phonon levels. Typically, a full grid is used for
these integrations. However, the q-point grid densities needed
to converge the different integrations are not necessarily the
same. Specifically, the grid densities required to converge
the linewidths are usually much lower than those needed for
the outer integration for the thermal conductivity, as we will
demonstrate in the applications section. Consequently, we
implement a scheme to decouple these integrations, using a
Monte Carlo method on the grids for the inner integrals. This
decoupling significantly reduces the computational cost, with
the only drawback being the introduction of (controllable,
numerical) noise into the results.

Initially, a dense grid is generated, and all necessary har-
monic quantities are computed on it. This grid, which will be
used for the thermal conductivity integration, is referred to as
the full grid. Then, for each scattering integration, we compute
the contributions from a randomly selected subset of points
of the dense grid, termed the Monte Carlo grid. To enhance
the convergence of the integrals with respect to the Monte
Carlo grid densities, the points are not selected entirely at
random but rather using a stratified approach. In this approach,
the full grid is subdivided into smaller sections, and points
are randomly selected within these subdivisions. This ensures
that the Monte Carlo grid samples the reciprocal space more
uniformly, as shown in Fig. 2, thereby reducing the variance
of the results.

It should be noted that a similar method has been proposed
based on a maximum likelihood justification [55]. However,
while the maximum likelihood approach is based on the relax-
ation time approximation (RTA), our Monte Carlo integration
method is agnostic to the quantity computed and can be used
for any approximation derived in this work. Moreover, our
stratification step ensures that if the Monte Carlo and full
grids have the same densities, all points on the full grid are
used in the Monte Carlo grid, making the inner integrations

FIG. 2. Sketch of the method used to select q points for the
Monte Carlo integrations. In this example, the full grid is 8 × 8 and
we use a 4 × 4 grid for the Monte Carlo. For all grids, empty circles
represent a point on the 8 × 8 full grid, while the colored circles
represent the point selected for the Monte Carlo integration. When
the Monte Carlo grid points are selected randomly, the distribution
of points is less uniform and some part of reciprocal space can be
left empty while others are “bunched” and oversampled. Moreover,
the same point can be selected several times, reducing even more
the uniformity of the distribution. With our stratified approach, rep-
resented on the bottom right, the subdivisions of the full grid ensure
that reciprocal space is more uniformly sampled.

deterministic and yielding results equivalent to those obtained
using the full grid in all steps.

Empirically we have found that this approach is more
delicate for the computation of the off-diagonal terms of the
scattering matrix. Indeed, if the terms that couple q points
(q1, q2) are skipped by the Monte Carlo scheme, then the cor-
responding entries of the matrix will be empty, thus neglecting
coupling between the corresponding modes. While this should
not be a problem for most systems, where collective effects
contribute only a small fraction of the thermal conductivity,
this neglect can be dramatic for materials such as graphene,
where the collective contribution is the dominant source in
heat transport [56]. Fortunately, the scattering matrix should
respect some symmetries that can be enforced to alleviate
this problem. For instance, given a rotation R belonging to
the little group of q1, the scattering matrix should respect the
relation

�s1s2 (Rq1, Rq2) = �s1s2 (q1, q2). (70)

In our implementation, we impose this symmetry in a way
that fills the neglected entries of the scattering matrix with the
average of the values of other equivalent entries.

V. APPLICATIONS

In this section, we demonstrate the performance and pre-
cision of the formalism and implementation detailed in this
paper through various applications. To provide a comprehen-
sive overview, we selected systems that represent the diverse
regimes of thermal conductivity of thermal conductivity.

To quantify the different regimes of anharmonicity spanned
by our sample materials, we use the anharmonicity measure
introduced by Knoop et al. [13],

σ anh(T ) =
√∑

iα 〈(δ f α
i )2〉∑

iα 〈( f α
i )2〉 , (71)

which, in the context of the mode-coupling theory, becomes
a measure of the dissipative component of the dynamics of
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FIG. 3. Anharmonicity measure of the materials studied in this
work. The gray zone indicates low anharmonicity.

the system [28]. In Fig. 3, we plot the anharmonicity measure
for the different materials considered in this work. Going
from low to high anharmonicity, our example systems are
silicon [σ anh(T = 300 K) = 0.15], Li3ClO [σ anh(T =
300 K) = 0.28]. and γ -AgI [σ anh(T = 300 K) = 0.61].

A. Framework to compute the thermal conductivity
and numerical details

The key components for computing the thermal conduc-
tivity tensor are the generalized IFC, which must be derived
from molecular dynamics (MD), or path-integral molecular
dynamics (PIMD) for systems with significant nuclear quan-
tum effects. Performing MD simulations for each temperature
with an ab initio description of the Born-Oppenheimer surface
incurs substantial computational expense, even when using
density functional theory (DFT). To mitigate this cost, we pro-
pose a comprehensive framework utilizing machine-learning
interatomic potentials (MLIP) as surrogates for the ab initio
Born-Oppenheimer surface in MD simulations.

Our framework consists of three main steps. First, starting
from the crystal structure, a MLIP is trained using a self-
consistent approach. In this method, the MLIP is iteratively
trained and used to generate configurations, which are then
added to a data set. It should be noted that configurations are
added randomly, without any accuracy criterion, in order to
sample uniformly the canonical ensemble of the systems. Us-
ing a variational principle, it can be shown that this approach
yields an optimal MLIP according to the Kullback-Leibler di-
vergence [57], enhancing accuracy for equilibrium properties
at the expense of extrapolation capacity.

Once the MLIP is prepared, MD simulations in the NPT
ensemble are conducted for each desired temperature to de-
termine the system equilibrium volumes. This step is crucial
because thermal expansion significantly affects the renor-
malization of phonon frequencies, thus impacting thermal
conductivity. The equilibrated cell is then used for MD
simulations in the NVT ensemble and configurations from
these simulations are extracted to compute the generalized
IFCs, which are subsequently used to calculate the thermal
conductivity.

It should be noted that while we use classical MD in the
remaining of this work, this scheme can easily be adapted
to systems where nuclear quantum effects are important, by
simply replacing classical MD with path-integral MD.

B. Computational parameters

For all applications, DFT calculations are performed with
the ABINIT suite [58,59]. The MLIP employed in this work
uses the moment tensor potential framework [60,61], with a
level 22 and a 6-Å cutoff for every material. MD simulations
are executed with the LAMMPS software [62], utilizing the
Grønbech-Jensen-Farago (GJF) integrator [63] for Langevin
dynamics. Finally, the computation of the generalized IFCs
and the thermal conductivity tensor is carried out using the
TDEP package [29]. More information on the computational
details can be found in Appendix G.

For the NPT and NVT molecular dynamics, we used a
4 × 4 × 4 supercell of Li3ClO and AgI, totaling 350 and 512
atoms and a 3 × 3 × 3 supercell for Si, with 216 atoms. The
cutoff for the second-order generalized IFC was set at half
the size of the supercell for all systems. For the third order,
we used a cutoff of 7.3, 6.4, and 7.0 Å for Si, Li3ClO, and
AgI, respectively, while we used 4.0, 3.0, and 5.0 Å at the
fourth order. These parameters were selected after careful
convergence of the thermal conductivity tensor to below 1%.

All calculations for the thermal conductivity tensor were
performed on the Lucia supercomputer of the CECI consor-
tium in the Walloon region of Belgium. Each node in this
cluster is equipped with two AMD EPYC 7763 processors,
each featuring 64 cores with a clock speed of 2.45 GHz. For
all timing measurements presented in this study, computations
were conducted using a single node.

A direct comparison with experimental measurement could
suffer from inaccuracies due to underlying DFT or MLIP
biases. To better assess the accuracy of our theory for all
systems, we also computed the thermal conductivity us-
ing approach-to-equilibrium molecular dynamics (AEMD)
[64–68]. Being a nonequilibrium MD method, AEMD in-
cludes all orders of anharmonicity in its description of heat
transport, with the drawback of a strong size dependence
and absence of nuclear quantum effects. More details on our
AEMD simulations are provided in Appendix H.

C. Silicon

We start our applications with silicon, a critical material in
the semiconductor industry. Its thermal conductivity has been
extensively researched both theoretically and experimentally,
making it an ideal candidate for benchmarking the approaches
developed in this work. Silicon is typically considered to
exhibit low anharmonicity, and perturbation theory has been
shown to accurately reproduce its transport properties, at least
below room temperature. Due to the large mean-free path ob-
served in this system at low temperature, which would require
very large simulation boxes to obtain convergence, we only
applied AEMD at 700, 1100, and 1500 K.

We begin with a demonstration of the speedup provided by
using the linear algebra formulation of the scattering matrix of
Eqs. (65) and (66). Figure 4 shows that the new formulation
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FIG. 4. Computational cost for the thermal conductivity of sili-
con with respect to the full grid density using third-order scattering.
The blue dots show timings computed using the linear algebra
scheme of Eqs. (65) and (66) while the timings using standard for-
mulation of Eq. (32) are denoted by the orange hexagon.

allows for a drastic reduction of the CPU time, dividing for
instance by more than 3 the computational cost with a q-point
grid of 35 × 35 × 35. It should be noted that, as the number
of atoms in the unit cell or the order of the scattering matrix
element increases, so does the speedup.

We continue with the improvement brought by the Monte
Carlo integration scheme. Figure 5 illustrates the convergence
of the thermal conductivity with respect to the Monte Carlo
grid density, across several full grids. These results clearly
demonstrate the decoupling between thermal conductivity and
scattering integrations. For all the grids considered, an 8 ×
8 × 8 Monte Carlo grid achieves an error of less than 1% and
a standard deviation of less than 1 W/m/K compared to scat-
tering integration on the full grid. Notably, this convergence is
independent of the type of approximation used, validating the
effectiveness of our Monte Carlo scheme even for calculations
beyond the single-mode approximation.

The efficiency of this scheme is further highlighted in
Fig. 6, where it is shown that using a Monte Carlo grid of
12 × 12 × 12 q points can reduce the wall time by an order
of magnitude compared to a full grid. This acceleration be-
comes even more pronounced when fourth-order scattering
processes are included. In such cases, even a 4 × 4 × 4 grid is
sufficient to converge the fourth-order contribution to thermal
conductivity to less than 1 W/m/K, cutting computational
cost by several orders of magnitude compared to full grid
calculations.

The rapid convergence with smaller grids at the fourth
order can be attributed to the combinatorially large number of
scattering process it involves, combined with stochastic error
cancellation. For instance, in a system like silicon, a 4 × 4 × 4
grid incorporates a number of interactions on the same order
of magnitude as the number of three-phonon processes within
a 35 × 35 × 35 q-point grid. While the specific grid densities
required to converge the thermal conductivity tensor vary by
system, this example demonstrates the significant computa-
tional acceleration achievable with our decoupling scheme.

FIG. 5. Convergence of the thermal conductivity with respect to
the Monte Carlo grid density for several full grid densities. Each
point is the average over 10 calculations, except for the 12 × 12 × 12
and 16 × 16 × 16 grid with fourth order, and the error bars indicate
the standard deviation. Results with fourth order including using the
full grid as a Monte Carlo grid for the third order. SMA denotes
results using the single-mode approximation and full grid denotes
results computed using the full scattering matrix. Empty symbols
indicate points with an error greater than 1 W/m/K compared to
the largest grid.

Using a 35 × 35 × 35 full grid along with a 16 × 16 × 16
and a 8 × 8 × 8 Monte Carlo grid for third- and fourth-
order scattering, we computed the temperature dependence of
silicon’s lattice thermal conductivity. The results are displayed
in Fig. 7. Our findings demonstrate good agreement with both

FIG. 6. Computational cost for the thermal conductivity of sili-
con with respect to the Monte Carlo grid density for different full grid
densities. For the calculation involving fourth-order scattering, the
Monte Carlo grid for the third-order contribution is set to the same
density as the full grid. Each point is the average over 10 calculations
(variance smaller than symbols), except for the 12 × 12 × 12 and
16 × 16 × 16 grid with fourth order. Empty symbols indicate points
with an error greater than 1 W/m/K compared to the largest grid.
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FIG. 7. Evolution of the thermal conductivity of silicon between
100 and 1500 K. Lines are fit of the results according to the model
κ (T ) = A/T C , with A and C as fitting parameters.

experimental [69] and theoretical results from the literature
[37,70]. Notably, we observe an increasing significance of
fourth-order scattering with rising temperatures, a trend cor-
roborated by recent studies [70] and also reproduced with
our AEMD simulations, with which the mode-coupling theory
agrees very well.

It can be noted that our results show some discrepancy
with previous results from the literature, both experimental
[71] and theoretical [72,73]. Such discrepancies can be at-
tributed to the MLIP used in this work. It has been shown that
MLIP errors on the prediction of forces can introduce an un-
derestimation of the thermal conductivity tensor through the
introduction of an effective scattering channel [74,75]. While
perturbative theory can be quite insensitive to the force’s error,
the mode-coupling theory is built on averages of thermally
excited configurations and a similar mechanism could be at
play in this case. However, setting up a correction scheme,
such as the ones introduced for (non)equilibrium molecular
dynamics methods, is out of the scope of this work, and the
agreement between AEMD and the mode-coupling theory
provides a clear validation of the latter.

D. Li3ClO

The second system we studied is Li3ClO, an antiperovskite
with a rich lithium composition that makes it a candidate
future generation electrolyte in solid-state batteries [76,77].
The thermal conductivity of this system has been studied
using both lattice dynamics approaches, in the perturbative
regime [38,78], and molecular dynamics within the Green-
Kubo formalism [78]. Li3ClO can be considered as a system
with medium anharmonicity, as can be attested by its σ anh(T )
going from 0.23 to 0.37 when increasing the temperature from
200 to 550 K.

For this system, we use a 24 × 24 × 24 full grid along-
side an 8 × 8 × 8 Monte Carlo grid for third-order scattering
and a 3 × 3 × 3 grid for fourth-order interactions. This setup
provides converged results with a computational cost of ap-
proximately 1.5 CPU hours when only third-order scattering
is included, and around 120 CPU hours when fourth-order

FIG. 8. Evolution of the thermal conductivity of Li3ClO with
respect to temperature. Lines are fit of the results according to the
model κ (T ) = A/T C , with A and C as fitting parameters. Full lines
correspond to fit of MCT and AEMD results and the dashed lines
denote the fit of results with temperature-independent IFC.

scattering is also accounted for. To examine the influence
of generalized IFC, thermal conductivity was also calcu-
lated across all temperatures using IFCs extracted at 10 K.
Although not exactly equivalent to purely harmonic or per-
turbative results, these results should give an indication of
possible failures of perturbative theory.

Our findings, summarized in Fig. 8, reveal a significant
contribution from fourth-order scattering, even at the lowest
temperatures considered. At 200 K, the inclusion of fourth-
order effects reduces thermal conductivity by approximately
37%. This impact of fourth-order scattering persists whether
or not the temperature dependence of the IFCs is included
in the heat transport calculations. However, incorporating
this temperature dependence is critical for an accurate descrip-
tion of the system’s thermal conductivity. When neglected,
the third-order results yield a misleading agreement between
AEMD and lattice dynamics calculations, and the inclusion
of fourth-order scattering in the low-T harmonic model leads
to a significant underestimation of κ across all temperatures.
In contrast, mode-coupling theory restores agreement with
molecular dynamics simulations, provided that fourth-order
scattering is also taken into account.

E. γ-AgI

As an example of a strongly anharmonic material, we
apply our formalism to silver iodide in its zinc-blende
γ phase, a silver halide with applications in photovoltaic
devices and solid-state batteries. Despite its simple crystal
structure, AgI is known for its ultralow thermal conductivity,
measured to be approximately 0.4 W/m/K at room tem-
perature [26]. This value is significantly overestimated by
conventional perturbation theory accounting only for three-
phonon interactions, which predicts a thermal conductivity
of 2.1 W/m/K [79]. Recent studies [26,80] have reconciled
experimental and theoretical discrepancies by highlighting
the critical role of phonon renormalization and high-order
scattering processes. Reference [80] suggested that scattering
processes beyond fourth order are necessary to accurately re-
produce the ultralow thermal conductivity of AgI, even when
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FIG. 9. Evolution of the thermal conductivity of AgI with re-
spect to temperature. Lines are fit of the results according to the
model κ (T ) = A/T C , with A and C as fitting parameters. The
dashed lines are fit of the results using classical occupation for the
computation of κ .

using anharmonic phonon theories. However, it is important
to note that their work did not rely on the mode-coupling
definition of anharmonic phonons. While they used a simi-
lar approach to mode-coupling theory (MCT) for calculating
noninteracting phonons, the higher-order generalized IFC
were computed using a different method, with all orders
greater than second fitted simultaneously to molecular dynam-
ics data instead of successively.

For this system, we employed a 32 × 32 × 32 full grid,
along with 16 × 16 × 16 and 6 × 6 × 6 Monte Carlo grids
for third- and fourth-order scattering, yielding a computa-
tional cost of approximately 0.5 CPU hours and 14 CPU
hours, respectively. Our results, shown in Fig. 9, demonstrate
the the mode-coupling theory with fourth-order scattering is
sufficient to produce converged results, yielding a thermal
conductivity of about 0.3 W/m/K at room temperature, con-
sistent with both experimental data and AEMD results. These
findings underscore the importance of a correct definition
for generalized IFCs. While second-order IFCs are crucial
for accuracy, a consistent definition of higher-order IFCs is
equally essential to capture the full anharmonic behavior of
the system. In the end, using a classical distribution instead
of the Bose-Einstein, our mode-coupling results are able to
reproduce AEMD for the whole range of temperature con-
sidered, despite the strong anharmonicity of this system. A
strong advantage of our mode coupling over MD techniques
is the absence of finite-size artifacts and the insight in mode
contributions and scattering mechanisms.

VI. CONCLUSION

In recent years, the limitations of the harmonic approxi-
mation have become more and more apparent, producing a
surge in the use of temperature-dependent phonon theories. In
this work, we provided a detailed derivation of the theory of
thermal conductivity in the framework of the mode-coupling
theory of anharmonic lattice dynamics, thus justifying the use

of temperature-dependent phonons as a means to study heat
transport in materials.

Following a summary of the mode-coupling theory for
anharmonic crystals, the starting point of our derivation con-
sists in the introduction of a consistent formulation of the
heat current. Using the Green-Kubo formula, we obtain an
equation for the thermal conductivity tensor involving cor-
relation functions for the phonon operators. Our final result
for the κ tensor includes single-mode, collective, and off-
diagonal contributions, which makes it valid for a large range
of systems, from simple to complex crystals with low or high
anharmonicity.

Due to the extreme computational cost incurred in the com-
putation of scattering processes, we also present numerical
strategies to increase the efficiency of thermal conductivity
calculations, and fully converge even the most advanced cal-
culations with dense grids. This acceleration is enabled by
reducing the cost of each scattering process, through the use of
a linear algebra formulation of the scattering matrix elements,
and by reducing the number of processes to be computed. For
this second point, we implemented both symmetry reduction
and Monte Carlo integration schemes. All these improvements
result in a drastic reduction of the computational cost, and
even enable the computation of thermal conductivity with up
to fourth-order scattering, in complex systems for which it
would otherwise be too expensive.

Finally, we apply our implementation to systems going
from low to high anharmonicity. This demonstrates the va-
lidity of the mode-coupling theory of anharmonic lattice
dynamics to compute transport properties, as well as the ef-
ficiency of our implementation.

Regarding the limitations of our work, we stress the two
main approximations made. The first concerns the use of
the Markovian limit, in which the full frequency-dependent
phonon spectral functions are replaced by Lorentzians charac-
terized only by their center [the frequency 
s(q)] and width
[the linewidths 
M

s (q)]. While this approximation is ubiqui-
tous in the literature, the more complicated spectral functions
observed in some anharmonic materials raise questions on the
validity of the Markovian approximation in such cases. One
should notice that in this work, we already derived Eq. (51),
which goes beyond the Markovian limit. The other main
approximation is the neglect of a part of the heat current
operator involving the random force and memory kernel. As
the anharmonicity of a material increases, their importance is
expected to increase. However, these contributions have never
been considered, and their importance in realistic materials is
unknown: our work provides a starting point to quantify these
terms.
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APPENDIX A: RELATION BETWEEN SOME
CORRELATION FUNCTIONS

If the definition of a classical correlation function is un-
ambiguous, there exist an infinite number of ways to define
a quantum correlation function. In this Appendix, we give
the relation between the Kubo correlation function used
throughout this work and other types of correlation functions
used to obtain some of the relations appearing in the main
text. Most of the equalities given here use properties of the
Bose-Einstein distribution, in particular n(−ω) = −[n(ω) +
1] or e−h̄ω/kBT = n(ω)/[n(ω) + 1].

The first important relation is that between the Kubo corre-
lation function and the generalized susceptibility, which stems
from the fluctuation-dissipation theorem [28]

χ ′′(ω) = ω

2kBT
G(ω). (A1)

Other important quantum correlation functions are the lesser
and greater ones, which is defined for two operators A
and B as

G<(t ) = 〈AB(t )〉 θ (t ), (A2)

G>(t ) = 〈AB(t )〉 θ (−t ), (A3)

where θ (t ) is the Heaviside function. Decomposing the cor-
relation functions on the eigenstates of the Hamiltonian into
a Lehmann representation and using the properties of the
Bose-Einstein distribution, one can show that the lesser,
greater, and Kubo correlation functions are related by

G<(ω) = h̄ω

kBT
n(ω)G(ω) = n(ω)χ ′′(ω), (A4)

G<(ω) = h̄ω

kBT
[n(ω) + 1]G(ω) = [n(ω) + 1]χ ′′(ω). (A5)

APPENDIX B: DECOUPLING KUBO CORRELATION
FUNCTIONS

In this Appendix, we formally derive the decoupling
of four-point Kubo correlation functions of the form
(AB,C(t ), D(t )), where A, B, C, and D are arbitrary operators.
In our previous work, we used the decoupling

(AB,C(t )D(t )) ≈ (A,C(t ))(B, D(t )) + perm (B1)

with perm being the permutations of the operators in the
four-point correlation function. However, this decoupling cor-
responds to a semiclassical approximation mostly valid at

high temperature, and neglects some of the coupling between
the decoupled two-point function’s correlation due to the
imaginary-time integration of the Kubo correlations. A more
formal decoupling keeping this quantum coupling is given by

(AB,C(t )D(t )) = kBT
∫ β

0
dλ 〈A(ih̄λ)B(ih̄λ)C(t )D(t )〉

≈ kBT
∫ β

0
dλ[〈A(ih̄λ)C(t )〉 〈B(ih̄λ)D(t )〉

+ 〈A(ih̄λ)D(t )〉 〈B(ih̄λ)C(t )〉
+ 〈A(ih̄λ)B(ih̄λ)〉 〈C(t )D(t )〉]. (B2)

We can use the Fourier transform to express the first term of
this equation in terms of the standard correlation function∫ β

0
dλ 〈A(ih̄λ)C(t )〉 〈B(ih̄λ)D(t )〉

=
∫ ∞

−∞
dω1dω2G<

AC (ω1)G<
BD(ω2)e−i(ω1+ω2 )t

×
∫ β

0
dλ e−h̄(ω1+ω2 )λ

=
∫ ∞

−∞
dω1dω2G<

AC (ω1)G<
BD(ω2)

eβ h̄(ω1+ω2 ) − 1

h̄(ω1 + ω2)

× e−i(ω1+ω2 )t

=
∫ ∞

−∞
dω

eβ h̄ω − 1

h̄ω
e−iωt

∫ ∞

−∞
dω′G<

AC (ω′)G<
BD(ω − ω′).

(B3)

Going further, we can also integrate this result from t = 0 to
infinity∫ ∞

0
dt 〈A(ih̄λ)C(t )〉 〈B(ih̄λ)D(t )〉

=
∫

dω
eβ h̄ω − 1

h̄ω

∫
dω′G<

AC (ω′)G<
BD(ω − ω′)

∫ ∞

0
dt e−iωt

= π

∫ ∞

−∞
dω′G<

AC (ω′)G<
BD(−ω′)

= π

∫ ∞

−∞
dω′n(ω′)[n(ω′) + 1]χ ′′

AC (ω′)χ ′′
BD(ω′), (B4)

where we used G<(ω) = n(ω)χ ′′(ω) and G<(−ω) =
G>(ω) = [n(ω) + 1]χ ′′(ω) from Appendix A.

APPENDIX C: DERIVATION OF THE MARKOVIAN
APPROXIMATION

The Markovian approximation is founded on the assump-
tion that the bath, represented by the memory kernel, follows
a dynamic on a much slower timescale than the dynamical
variable. Effectively, this assumption translates into taking the
infinite-time limit of the convolution appearing in the gener-
alized Langevin equation∫ t

0
ds 
s(q, s)Ġs(q, t − s)→ lim

t→∞

∫ t

0
ds 
s(q, t−s)Ġs(q, s),

(C1)
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where we used the symmetry of convolutions
∫ t

0 ds f (s)g(t −
s) = ∫ t

0 ds f (t − s)g(s). Furthermore, assuming that
interactions with the bath are weak, the correlation function
Ġs(q, t ) in this equation can be approximated as acting as a
delta function centered on 
s(q) in frequency space. Using
these approximations in the memory kernel convolution gives∫ ∞

0
ds 
s(q, t − s)Ġs(q, s)

=
∫ ∞

−∞
dω1dω2
s(q, ω1)Gs(q, ω2)ω2

∫ ∞

0
ds eiω1(t−s)eiω2s

=
∫ ∞

−∞
dω 
s(q, ω)Gs(q, ω)ωeiωt

≈ 
s(q,
s(q))
∫ ∞

−∞
dω Gs(q, ω)ωeiωt

= 
M
s (q)Ġs(q, t ), (C2)

where we defined the Markovian scattering rate 
M
s (q) =


s(q,
s(q)) found in the main text.

APPENDIX D: DERIVATION OF THE SCATTERING
MATRIX

In this Appendix, we derive the scattering matrix by com-
puting the time integral of the four-point correlation function

(As1 (q1)Bs1 (q1), As2 (q2, t )Bs2 (q2, t )). (D1)

To facilitate the derivation, we introduce the composite
operator

Cs(q, t ) = As(q, t )Bs(q, t ) (D2)

whose correlation function is denoted by

Ys1,s2 (q1, q2, t ) = (Cs1 (q1),Cs2 (q2)). (D3)

Our task is to compute the integral of this correlation func-
tion, which can be recognized as its zero-frequency Laplace
transform.

From the definitions of the operators As(q, t ) and Bs(q, t ),
and by projecting the Mori-Zwanzig equation of motion for ṗ
[28] onto the phonon modes, we obtain the time derivative of
these operators

Ȧs(q, t ) = − i
s(q)Bs(q, t ), (D4)

Ḃs(q, t ) = i
s(q)As(q, t )

+ i


s(q)

∑
s′q′

∫ t

0
ds Kss′ (q, q′, s)Bs′ (q′, t − s)

+ i


s(q)
δAs(q, t ). (D5)

The derivative of the composite operator Cs(q, t ) can thus be
expressed as

Ċs(q, t ) = Ȧs(q, t )Bs(q, t ) + As(q, t )Ḃs(q, t )

= − i
s(q)Bs(q, t )Bs(q, t ) + i
s(q)As(q, t )As(q, t )

+ iAs(q, t )


s(q)

∑
s′q′

∫ t

0
ds Kss′ (qq′, s)Bs′ (q′, t − s)

− i


s(q)
δAs(q, t )As(q, t ). (D6)

Multiplying by Cs(q), taking the Kubo average, and using
the decoupling scheme, we obtain the following equation of
motion for Ys1s2 (q1, q2, t ) :

Ẏs1s2 (q1q2, t ) =
∑
s3q3

∫ t

0
ds Ks2s3 (q2q3, s)Ys1s3 (q1q3, t − s)

(D7)

or Ẏ(t ) = ∫ t
0 ds K(s)Y(t − s) in matrix form. From this equa-

tion of motion, we find that the Laplace transform of Y(t ) can
be written Ỹ(ω) = [ω − K̃(ω)]−1Y, leading to the final result

Ỹ(0) = K̃(0)−1Y, (D8)

where Ỹ(ω) and K̃(ω) are the Laplace transform of the
four-point correlation function and the memory kernel, re-
spectively. Applying the decoupling rule for the Y matrix, it
can be shown that it is a diagonal matrix with entries

Yss(q, q) = 
2
s (q)ns(q)[ns(q) + 1] = kBT 2cs(q). (D9)

Furthermore, we can recognize the scattering matrix of the
main text as the Markovian limit of the memory kernel, in-
cluding off-diagonal terms

�s1s2 (q1, q2) = Ks1,s2 (q1, q2,
s1 (q1))

= 
M
s1

(q1)δq1q2δs1s2

+ 
s2 (q2)


s1 (q1)

[ ∑
q3s3

[

(3)

s1s2s3
(q1, q2, q3,
s1 (q1))

+ 
(3)
s1s3s2

(q1, q3, q2,
s1 (q1))
]

+
∑

q3s3q4s4

[

(4)

s1s2s3s4
(q1, q2, q3, q4,
s1 (q1))

+ perm
]

+ 
iso
s1s2

(q1, q2,
s1 (q1))

]
, (D10)

where perm denotes all permutations of the second, third, and
fourth phonons in 
(4)

s1s2s3s4
(q1, q2, q3, q4,
s1 (q1)).

APPENDIX E: COMPARISON WITH THE PHONON
BOLTZMANN EQUATION

The central quantity in the phonon Boltzmann equa-
tion (PBE) is the phonon occupation ns(q, t ) [39]. To facilitate
comparison with the results in the main text, we assume that
the system is in a steady state with a homogeneous and con-
stant temperature gradient. Under these conditions, the spatial
and temporal derivatives of the phonon occupation vanish,
allowing us to eliminate the time dependence and work di-
rectly with ns(q). Noting the equilibrium phonon occupation
as n̄s[q = (eβ h̄
s (q) − 1)−1], the Boltzmann equation is ex-
pressed as a balance between the temperature gradient and
phonon scattering processes

∂ n̄s(q)

∂T
vs

q∇T = −
∑
s′q′

�(qs, q′, s)δns′ (q′), (E1)
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where δns(q) = ns(q) − n̄s(q) represents the deviation of the
phonon occupation from equilibrium, and �(qs, q′s′) is the
phonon scattering matrix introduced in the main text.

Assuming a linearized form of the deviation

ns(q) = n̄s(q) + ρs(q)∇T (E2)

the PBE reduces to

∂ n̄s(q)

∂T
vs

q = −
∑
s′q′

�(qs, q′, s)ρs′ (q′). (E3)

Recognizing this as a matrix equation, we solve for ρs(q) by
inverting the scattering matrix:

ρs(q) = −
∑
s′q′

∂ns(q)

∂T
�−1(sq, s′q′)vs′

q′ , (E4)

where we used the fact that the scattering matrix is positive
definite, hence symmetric.

To compute the thermal conductivity tensor, we introduce
the heat current operator in the harmonic approximation

J harm(t ) = − 1

V

∑
q,s

h̄
s(q)vs
qδns(q, t ). (E5)

Applying Fourier’s law, we express the thermal conductivity
tensor as

κPBE = 〈J harm〉
∇T

= − 1

V

∑
q,s

h̄
s(q)vs
qρs(q). (E6)

Substituting our solution for ρs(q), we obtain

κPBE = − 1

V

∑
sq

∑
s′q′

h̄
s(q)
∂ns(q)

∂T
vs

q ⊗ vs′
q′�

−1(sq, s′q′)

= 1

V

∑
sq

∑
s′q′

cs(q)vs
q ⊗ vs′

q′�
−1(sq, s′q′) (E7)

which coincide with Eq. (47) of the main text.

APPENDIX F: TREATMENT OF DEGENERACIES

In reciprocal space, the generalized group velocities can
be seen through Hellman-Feynman theorem as the derivative
of the dynamical matrix projected on phonons s and s′ of the
same q point. We can write this formally as

vss′
q = 1

2
√

2
s(q)
s′ (q)
〈s, q| ∇q�(q) |s′, q〉 , (F1)

where we introduced the notation

〈s, q| O |s′, q〉 =
∑
iα, jβ

εiα∗
s (q)ε jβ

s′ (q)O jβ
iα , (F2)

where O is a 3Nat × 3Nat matrix. For degenerate modes, a
direct calculation with this formula is ill defined and we use
instead degenerate perturbation theory. We start by computing
the Ndegen × Ndegen matrix h composed of the derivative of the
dynamical matrix only for modes si and s j in the degenerate

TABLE I. Parameters for the DFT calculations for each of the
systems used in the applications.

System XC functional k-point grid Cutoff (Ha)

Si PBEsola [82] 12 × 12 × 12 25
Li3ClO PBEb 8 × 8 × 8 32
AgI PBEb 8 × 8 × 8 32

aNorm conserving, from pseudodojo [83].
bPAW, from GPAW pseudopotential data set [84].

subspace

hα
i j = 〈si, q| ∂

∂qα
�(q) |s j, q〉 . (F3)

Then, the diagonal components of the generalized group ve-
locities for each of the degenerate modes are computed as the
average of the eigenvalues λi of h:

vs,α
q = 1

2
s(q)

1

Ndegen

∑
i

λi (F4)

while the off-diagonal components vanish:

v
sis j ,α
q = 0. (F5)

APPENDIX G: ACCURACY OF THE
MACHINE-LEARNING INTERATOMIC POTENTIALS

In this Appendix, we give the computational details for
the fitting of the machine-learning interatomic potential used
in the applications of Sec. V. In all cases, the MLIP were
constructed by fitting on ab initio data computed with DFT
using the ABINIT package [58,59], with the data set created
following the scheme presented in Sec. V A. The functional,
k-point grid and kinetic energy cutoff used for each sys-
tem are detailed in Table I, with the parameters selected to
give a total energy accuracy better than 1 meV/atom. For
Li3ClO and AgI, Born effective charges and dielectric con-
stant were computed at the ground-state volumes using DFPT
as implemented in ABINIT. The nonanalytical long-range cor-
rections were then applied using the method described in the
Supplemental Materials of [81].

On Fig. 10, we show the correlations between DFT and
MLIP energy, forces and stress for each system while Table II
compares ground-state lattice parameters and volume. For all
materials studied here, the agreement is excellent, both for
the error measure given by the root-mean-squared error and
the mean absolute error and the comparison of the lattice
parameters.

TABLE II. Comparison between the ground-state lattice constant
computed with DFT and the MLIP.

DFT MLIP

System a (Å) Volume (Å3) a (Å) Volume (Å3)

Si 5.431 20.026 5.431 20.026
Li3ClO 3.916 12.010 3.916 12.010
AgI 6.654 36.834 6.654 36.828
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FIG. 10. Correlation between DFT and MLIP energy, forces, and stress for all the MLIP used in this work.

APPENDIX H: APPROACH TO EQUILIBRIUM
MOLECULAR DYNAMICS

The approach-to-equilibrium molecular dynamics
(AEMD) [64–68] method directly applies Fourier’s law,
utilizing the time evolution of temperature governed by
the heat equation to estimate the thermal conductivity.
In this approach, the simulation box is initially divided into
two regions: a hot region and cold region, thermostatted at
temperatures T + �T/2 and T − �T/2, respectively. After
the regions reach constrained equilibrium, the thermostats
are removed, allowing the system to relax towards a global
equilibrium. During this relaxation, the time evolution of the

temperature difference between the two regions is described
by the heat equation

�T (t ) =
∞∑

m=0

8�T (0)

(2m + 1)2π2
e−(2m+1)2t/τ , (H1)

where τ is the decay time, which is related to the system’s
thermal conductivity through the equation

κ (L) = LCv

4π2S

1

τ
. (H2)
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Here, L is the length of the system along the temperature
gradient, Cv is the heat capacity, and S is the cross-sectional
area perpendicular to the heat flow.

As a real-space method, AEMD is subject to finite-size
effects. Recently, Sheng et al. [64] used lattice dynamics
analysis to derive a model that fits and extrapolates the size de-
pendence of thermal conductivity from AEMD. Their model
is expressed as

κ̂ (L) = κ1

1 + ( 2π�1
L

)2 + κ2

1 + ( 2π�2
L

)2 , (H3)

where κ1, κ2, �1, and �2 are fitting parameters.

In our simulations, we applied a temperature difference
of �T = 200 K. To fit the time evolution of the tempera-
ture difference, using 10 terms of Eq. (H1) was sufficient to
accurately converge the decay time τ . For each system and
temperature, thermal conductivity was computed for various
systems length L, and the results were extrapolated to the
bulk limit using Eq. (H3). The lengths of the system along the
temperature gradient were 273, 546, 1092, 2731, 3278, 5463,
and 8156 Å for Si, 40, 199, 398, and 795 Å for Li3ClO, and
334, 1337, 2674, and 4679 Å for AgI. Our simulations were
run for several hundred picoseconds, depending on the length
of the system, with a time step of 1 fs and data gathered every
50 fs.
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