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aUniveristé de Liège
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Abstract

We investigate a new class of self-similar fractional Brownian fields, called Weighted Ten-
sorized Fractional Brownian Fields (WTFBS). These fields, introduced in the compan-
ion paper [16], generalize the well-known fractional Brownian sheet (FBs) by relaxing its
tensor-product structure, resulting in new self-similar Gaussian fields with stationary rect-
angular increments that differ from the FBs. We analyze the local regularity properties of
these fields and introduce a new concept of regularity through the definition of Weighted
Tensorized Besov Spaces. These spaces combine aspects of mixed dominating smooth-
ness spaces and hyperbolic Besov spaces, which are similar in structure to classical Besov
spaces. We provide a detailed characterization of these spaces using Littlewood-Paley
theory and hyperbolic wavelet analysis.

keywords : Brownian fields, Brownian sheet, rectangular increments, hyperbolic wavelets,
Besov spaces

1 Introduction

Modeling some phenomena, such as the movement of particules observed by Brown in 1827,
with the help of random functions, has a long history. The first and most well-known model
is the Brownian motion, which has been extensively studied. Notably, as early as 1937, Paul
Levy established the Hölder regularity properties of its sample paths. He achieved this for by
expanding the Brownian motion in the Schauder-Faber system [33], whose bases functions are
the primitive of the Haar wavelets [18, 21] and hence enter the class of biorthogonal vaguelet
bases.

Using also the expansion of the Brownian motion in the Faber-Schauder system, Ciesielski

proved that almost surely the sample paths belong to the Besov spaces B
1/2
p,∞ for 1 ≤ p < +∞,

see [11]. A modern and self-contained version of these results is presented in [26], where
regularity is explored within the framework of Orlicz-Besov spaces, as well as for newer,
smaller spaces.
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The Brownian motion B can be defined as the unique Gaussian process with stationary
increments which satisfy the self-similarity property

∀a > 0, Bat
(d)
= a1/2Bt.

This property has been naturally extended by Kolmogorov [27] to define fractional brown-
ian motions BH , which have been systematically studied by Mandelbrot and Van Ness [38].
They form a family of Gaussian processes with again stationary increments, depending of a
parameter H ∈ (0, 1) called Hurst exponent which the generalized notion of self-similarity

∀a > 0, BH
at

(d)
= aHBt.

In [39], wavelet-type expansions of the fractional Brownian motions are given. The main
difficulty when H 6= 1/2 is that we have either to deal with fractional primitive of wavelets
which are no more compactly supported and might create infrared divergence or to analyze or
expand the field in a wavelet basis, but with correlated coefficients. Nevertheless, as for the
Brownian motion, the properties of regularity of the sample paths are now well understood, in
particular, a.s. the sample paths of BH belong to the Hölder space CH−ε for every ε > 0 (on
any compact set), but does not belong to CH . Using precise estimates of these expansions, the
recent work in [17] has highlighted the existence of both rapid and slow points in fractional
Brownian motions.

In higher dimensions, particularly in two dimensions, stochastic fields are widely used
to model textures in various application contexts such as medical image analysis, texture
synthesis, and more. The generalization of Brownian processes has evolved in different di-
rections, depending on the required properties of the process to match the characteristics of
the modeled textures. In particular, two main models have emerged: fractional Brownian
fields, which are isotropic, and fractional Brownian sheets, studied notably by A. Kamont
[25], which introduce intrinsic anisotropy through different regularities along distinct direc-
tions. This anisotropy proves useful in modeling certain structures, such as medical tissues
(e.g., bones) or hydrological phenomena.

• The fractional brownian fields Y H , H ∈ (0, 1) also called Levy fractional brown-
ian motion [43]. They are Gaussian, self-similar with stationary increments and isotropic,
meaning that the field is invariant in law under rotations. As a centered Gaussian field, it is
characterized by its covariance operator

E[Y H
x Y H

y ] =
1

2

(
‖x‖2H + ‖y‖2H − ‖x− y‖2H

)
.

It is also characterized by its harmonizable representation, that is

Y H
x =

∫
RN

ei〈x,ξ〉 − 1

‖ξ‖H+N
2

dŴ(ξ) (1)

where 〈·, ·〉 denotes the standard scalar product in RN and where Ŵ can be understood as the
“Fourier” transform of the N-dimensional Brownian measure W on an underlying probability
space (Ω,F ,P), see [3] for a precise definition. On any non trivial compact K, the sample
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paths of the field a.s. do not belong to CH but belong to CH−ε for any ε > 0. Once again,
regularity and irregularity results can be otained by performing a classical N-dimensional
wavelet analysis of the fields, i.e. with an orthonormal basis of the form {ϕ(· − k), k ∈
RN} ∪ {ψ(2j · −k), j ≥ 0,k ∈ RN}, where ϕ is a scaling function and ψ is the mother
wavelet, with good properties of localization, regularity and oscillations (see [13, 14, 31, 37]
for constructions of such bases and introduction to wavelet theory). In particular, the Hurst
exponent of the field can be determined by

H = sup{α > 0 : Y H ∈ Cα([0, 1])},

and estimated with log-log regression on wavelet coefficients (see [5]).
These fields have several extensions, introducing anisotropy in the model [9] or local fluc-

tuations in the Hurst exponent [3], implying that the regularity of the field varies from point
to point. An other important extension is the notion of Operator Scaling Gaussian Fields
(OSGF) introduced in [8, 6]. They satisfy a matricial self-similarity condition, which is given
by

∀a > 0, ZaEx
(d)
= aHZx

for some H > 0, where E is a N ×N matrix with eigenvalues having positive real parts, and

where aE = exp(E ln(a)) =
∑
k≥0

lnk(a)Ek

k!
. In this context, the natural notion of regularity is

no longer the classical one, and it becomes necessary to consider anisotropic functional spaces
[7, 12]. These spaces have been extensively studied in [47] and possess biorthogonal wavelet
bases, referred to as anisotropic wavelet bases [46]. This framework provides strategies for
numerical estimation of model parameters [41, 42].

• The fractional brownian sheets (FBs) SH [25, 4]. For a given vector H =
(H1, . . . ,HN ) ∈ (0, 1)N , the fBs of Hurst index H is a real-valued centered Gaussian ran-
dom field SH with covariance function given by

E[SH
x S

H
y ]=

N∏
m=1

1

2

(
|xm|2Hm + |ym|2Hm − |xm − ym|2Hm

)
.

It can also be characterized by its harmonizable representation

SH
x =

∫
RN

N∏
m=1

eixmξm − 1

|ξm|Hm+ 1
2

dŴ(ξ). (2)

Setting Hm = 1
2 for each m ∈ {1, . . . , N} yields the standard Brownian sheet.

Classical spaces and even anisotropic ones are not well-suited to study the regularity of
these fields. Indeed, due to the tensor-product structure in the covariance – and similarly in
the kernel of the harmonizable representation – it is natural to study the regularity of the
field in the scale of spaces of mixed dominating smoothness [48] and to characterize it with
the help of hyperbolic wavelet [25].

Note that the fractional Brownian sheet SH satisfies the self-similarity property

∀a > 0, SH
a x

(d)
= aHSHx
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and its rectangular increments – as defined in Section 2 – are stationary. Whereas frac-
tional Brownian fields are the unique Gaussian self-similar fields with stationary increments,
Makogin and Mishura have exhibited in [35, 36] self-similar Gaussian fields with stationary
rectangular increments which are distinct from the FBs. Here, the notion of self-similarity
required for the field Z is

∀a1, a2 > 0, Z(a1x1,a2x2)
(d)
= aH1

1 aH2
2 Z(x1, x2).

In this paper, we study a new class of self-similar fractional Brownian fields, called
Weighted Tensorized Fractional Brownian Fields (WTFBFs). These fields were in-
troduced in a short companion conference paper [16], where numerical simulations were pro-
vided. Notably, these simulations highlighted how the parameter α contributes to relaxing
the tensor-like structure of the field. Our motivation for this study is multifaceted :

a) These fields offer new examples of self-similar fields with stationary rectangular in-
crements, complementing the examples presented in [35, 36], when the notion of self-
similarity is relaxed to:

∀a > 0, Zax
(d)
= aHZx.

These fields have a relatively simple spectral representation (cf. below), and it allows
us to obtain both statistical and regularities properties.

b) The fractional Brownian Sheet has been introduced to model anisotropic textures such
as bones in the diagnosis of osteoporosis [25]. However, due to its strong tensor-product
structure, it is not always an appropriate model for real-world data. Nonetheless, in
certain contexts, particularly in modeling reticulated textures – such as textiles, biolog-
ical structures and urban networks – a controlled “tensor-product”-like property can be
useful. Our new class of fields offers flexibility, ranging from strongly tensorized fields to
nearly isotropic ones, depending on a parameter α. The endpoint α = 0 corresponds to
the classical FBs when α = 1 yields a field that closely resembles to the FBf, particularly
in term of regularity.

c) The relaxation of the strict tensor-product structure renders both classical and mixed
dominating smoothness notions inadequate for studying these fields. Therefore, we
introduce a new notion of regularity and define Weighted Tensorized Besov Spaces.
These spaces are a hybrid between spaces of mixed dominating smoothness (at α = 0)
and hyperbolic Besov spaces (at α = 1), the latter being quite similar to classical Besov
spaces.

This question of modulating or weighting the tensor-product effect echoes works on
PDE’s where the physically relevant solutions of a electronic Schrödinger equation nat-
urally has this kind of hybrid regularity [49, 50]. This hybrid smoothness can be then
used to reduce numerical efforts to compute solutions, and it leads to ongoing researches
on non-linear approximation on these spaces in [10, 22], where the spaces are only in-
troduced via conditions on the hyperbolic wavelet coefficients of their functions.

As a matter of fact, the introduction of hyperbolic spaces with characterization in terms of
hyperbolic wavelets Xs

p,q (X = B for Besov spaces or F for Triebel-Lizorkhin spaces) in [2, 44]
has proven useful. These spaces are equivalent to classical spaces if and only if p = q = 2,

4



but they remain very close in other cases, differing only by a logarithmic correction. This
approach provides a unified tool for analyzing isotropic, anisotropic, and tensor-product-like
structures. In this paper, we aim to present various equivalent definitions of these spaces
(through finite differences, Littlewood-Paley analysis, and wavelet characterizations), explore
properties of embeddings, and showcase the typical Gaussian random processes related to
this notion of smoothness. Let us also mention related works where different extensions of
the notions of smoothness have been studied such as directional regularities and rectangular
pointwise regularity [1, 34].

The paper is organised as follows : After quickly giving the definitions and the first
properties of the field below, Section 2 is devoted to a variant of Kolmogorov’s continuity
Theorem and provide us with the regularity of the fields. Irregularity properties are obtained
in Section 3 and Section 4 is devoted to the study of the associated Besov spaces.

Definition 1.1 (Weighted Tensorized fractional Brownian fields). For α ∈ [0, 1] and
H ∈ (0, 1), we set

H+
α := (1 + α)H and H−α := (1− α)H (3)

and we define the Gaussian field {Xα,H
(x1,x2)}(x1,x2)∈R2 by

Xα,H
(x1,x2) :=

∫
R2

(eix1ξ1 − 1)(eix2ξ2 − 1)

φα,H(ξ1, ξ2)
dŴ(ξ) (4)

where the function

φα,H(ξ1, ξ2) = min(|ξ1|, |ξ2|)H
−
α + 1

2 max(|ξ1|, |ξ2|)H
+
α + 1

2

denotes the square root of the inverse of the spectral density of the field.

In the sequel, we also use the notation

Kα,H(x1,x2)(ξ1, ξ2) :=
(eix1ξ1 − 1)(eix2ξ2 − 1)

φα,H(ξ1, ξ2)

for the kernel in the stochastic integral (4). Note that the field (4) is well-defined according
to the following Lemma.

Lemma 1.2. The kernel Kα,H is in L2(R2).

Proof. The kernel being symmetric in ξ1 and ξ2, we can restrict the domain of integration to
the half plane {|ξ1| ≤ |ξ2|}. One writes, on a neighborhood of (0, 0),∣∣∣∣ (eix1ξ1 − 1)(eix2ξ2 − 1)

|ξ1|(1−α)H+1/2|ξ2|(1+α)H+1/2

∣∣∣∣2 ≤ C|x1ξ1|2|x2ξ2|2

|ξ1|2(1−α)H+1|ξ2|2(1+α)H+1

≤ C|x1ξ1|2|x2ξ2|2

|ξ1|2H+1|ξ2|2H+1

using |ξ1| ≤ |ξ2| for this last inequality. This gives the integrability in (0, 0). A similar
argument gives the integrability when ‖ξ‖ → +∞.

Let us end this introduction by mentioning the first basic properties of the field Xα,H ,
proved in [16].

Proposition 1.3. For all α ∈ [0, 1] and all H ∈ (0, 1), the field Xα,H is real, self-similar with
exponent 2H and has stationary rectangular increments.
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2 Regularity of the sample paths: A variant of Kolmogorov’s
continuity Theorem

A usual strategy to get a first glimpse on the regularity of a stochastic process from very basic
probabilistic quantity is to use the Kolmogorov’s continuity Theorem. In its most basic form,
it tells that if a field {Xx}x∈Rd is such that there exist some constants β, η, c, R > 0 for which,
for all x,y ∈ R2 with ‖x− y‖ < R, we have

E[|Xx −Xy|η] ≤ c (‖x− y‖)1+β (5)

then there exists a version {X̃x}x∈Rd of {Xx}x∈Rd which is locally Hölder of order γ, for all

γ ∈ [0, βη ). It means that, for any such γ and any bounded set K, for all ω ∈ Ω, there exists
a finite constant C(ω) > 0 such that for all x,y ∈ K,

|X̃x − X̃y| ≤ C(ω) (‖x− y‖)γ .

Numerous generalizations of Kolmogorov’s continuity theorem (also known as the Kolmogorov-
Chentsov theorem) can be found in the literature. See, for instance, [28] for an extension in
the very general context of stochastic processes defined on a metric space and taking values
in another metric space. These kinds of results are particularly well-adapted for processes
with stationary increments, as the law of Xx − Xy used in (5) (or generally d(Xx, Xy) for
processes on a metric space with distance d) does not depend on ‖x− y‖.

Nevertheless, as already noted in [4, 24, 35, 36, 40], for real-valued stochastic field with a
“tensorized structure”, the stationarity of increments is rarely met and it is often preferable
to work with so-called rectangular increments. Given a stochastic field {Xx}x∈Rd and h ∈ Rd,
the rectangular increment of X at x ∈ Rd with step h is given by

∆Xh;x :=
∑

(k1,...,kd)∈{0,1}d
(−1)d−(k1+···+kd)X(x1 + k1h1, . . . , xd + kdhd).

In this paper, we work with d = 2 and therefore we have

∆X(h1,h2);(x1,x2) := X(x1 + h1, x2 + h2)−X(x1 + h1, x2)−X(x1, x2 + h2) +X(x1, x2).

Starting from the observation that rectangular increments are an appropriate quantity to
study stochastic field with tensorized structure, the authors in [19, 30] propose the following
variant of Kolmogorov’s continuity theorem. Let {X(x1,x2)}(x1,x2)∈R2 be a two-dimensional
fied such that there exist constants β1, β2, η, c, R > 0 for which, for all (x1, x2) ∈ R2 and
(h1, h2) ∈ R2 with |h1| < R and |h2| < R, we have

E[|∆X(h1,h2);(x1,x2)|η] ≤ c|h1|1+β1 |h2|1+β2 .

Then, there exists a version {X̃(x1,x2)}(x1,x2)∈R2 of {X(x1,x2)}(x1,x2)∈R2 for which, for all γ1 ∈
[0, β1

η ) and γ2 ∈ [0, β2

η ), and for every bounded intervals I, J of R, for all ω ∈ Ω, there exists
a finite constant C(ω) > 0 such that

|∆X̃(h1,h2);(x1,x2)| ≤ C|h1|γ1 |h2|γ2 .

for every x1 ∈ I, x2 ∈ J and h1, h2 ∈ R with x1 +h1 ∈ I and x2 +h2 ∈ J . This result could be
applied to study the regularity of the WTFBFs. However, the weights within the tensorized
structure of this field allow to refine the bounds on the moments, as stated in the following
proposition.
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Proposition 2.1. [16] For all α ∈ [0, 1] and H ∈ (0, 1), there is a constant c1 > 0 such that
the rectangular increments of {Xα,H

(x1,x2)}(x1,x2)∈R2 satisfy

E
[
|∆Xα,H

(h1,h2);(x1,x2)|
2
]
≤ c1

(
max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α

)2H
for all (x1, x2), (h1, h2) ∈ R2.

Our strategy will thus be to exploit this bound on the second moments of rectangular
increments of the WTFBFs to establish the regularity of their sample paths.

Proposition 2.2. For all α ∈ [0, 1] and H ∈ (0, 1), there exists a version of Xα,H , which we
still denote as Xα,H , such that for all ε > 0 and for every bounded intervals I, J of R, for all
ω ∈ Ω, there exists a finite constant C(ω) > 0 such that

|∆Xα,H
(h1,h2);(x1,x2)| ≤ C(ω)

(
max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α

)H−ε
.

for every x1 ∈ I, x2 ∈ J and h1, h2 ∈ R with x1 + h1 ∈ I and x2 + h2 ∈ J .

This result follows directly from a variant of Kolmogorov’s continuity theorem, which we
state now.

Theorem 2.3. Let α ∈ [0, 1] be fixed. Assume that {X(x1,x2)}(x1,x2)∈R2 is a stochastic field
for which there exist some constants β, η, c, R > 0 such that

E[|∆X(h1,h2);(x1,x2)|η] ≤ c
(
max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α

)1+β
(6)

for all (x1, x2) ∈ R2 and (h1, h2) ∈ R2 with |h1| < R and |h2| < R. Then, there exists a
version {X̃(x1,x2)}(x1,x2)∈R2 of {X(x1,x2)}(x1,x2)∈R2 such that, for every γ ∈ [0, βη ) and for every
bounded intervals I, J of R, for all ω ∈ Ω, there exists a finite constant C(ω) > 0 such that

|∆X̃(h1,h2);(x1,x2)| ≤ C(ω)
(
max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α

)γ
(7)

for every x1 ∈ I, x2 ∈ J and h1, h2 ∈ R with x1 + h1 ∈ I and x2 + h2 ∈ J .

Proof. Let us first remark that we can assume, without loss of generality, that the field
{X(x1,x2)}(x1,x2)∈R2 vanishes on the horizontal and vertical axes, i.e., for all x ∈ R, X(x,0) =
X(0,x) = 0. Indeed, if it is not the case, it suffices to consider the field {Y(x1,x2)}(x1,x2)∈R2

defined, for all (x1, x2) ∈ R2, by

Y(x1,x2) = X(x1,x2) −X(x1,0) −X(0,x2) +X(0,0)

and to note that, for every such (x1, x2) and (h1, h2) ∈ R2, we have

∆X(h1,h2);(x1,x2) = ∆Y(h1,h2);(x1,x2).

Furthermore, since R2 can be written as a countable union of rectangle, we can restrict our
attention to the subfields {X(x1,x2)}(x1,x2)∈I2 , where I = [a, b]×[c, d]. For simplicity, we further
restrict our attention to the field defined on R = [0, 1]2. We use the strategy employed, for
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instance, in [29] to establish the standard Kolomogrov’s continuity Theorem. Namely, we
consider the sets

D :=

{
k

2j
: j ∈ N, k ∈ {0, . . . , 2j − 1}

}
of dyadic numbers of [0, 1] and prove the announced regularity properties on D2. The version
{X̃(x1,x2)}(x1,x2)∈[0,1]2 is then constructed by exploiting the density of D in [0, 1] and some
convergence arguments. Although the structure of the proof is standard, we deal with specific
arguments required by the “rectangular properties” of the field of interest.

Let us fix γ ∈ [0, βη ) for the moment. For every (j1, j2) ∈ N2, the probability that there

exists (k1, k2) ∈ {0, . . . , 2j1 − 1} × {0, . . . , 2j2 − 1} and a1, a2 ∈ {−1, 1} such that

|∆X
(
a1

2j1
,
a2

2j2
);(

k1

2j1
,
k2

2j2
)
| ≥ 2−γ(max{j1,j2}(1+α)+min{j1,j2}(1−α))

is bounded above by

∑
a1,a2∈{−1,1}

2j1−1∑
k1=0

2j2−1∑
k2=0

P
(
|∆X

(
a1

2j1
,
a2

2j2
);(

k1

2j1
,
k2

2j2
)
| ≥ 2−γ(max{j1,j2}(1+α)+min{j1,j2}(1−α))

)

≤ 4c

2j1−1∑
k1=0

2j2−1∑
k2=0

2(γη−β−1)(max{j1,j2}(1+α)+min{j1,j2}(1−α))

≤ 4c2(j1+j2)(γη−β)

using Markov’s inequality, where the last inequality follows from

2−max{j1,j2}(1+α)−min{j1,j2}(1−α) ≤ 2−(j1+j2).

As γη − β < 0, Borel-Cantelli’s Lemma entails the existence of an event Ωγ of probability
1, such that, for all ω ∈ Ωγ there is Cγ(ω) > 0 such that, for every (j1, j2) ∈ N2 and every
(k1, k2) ∈ {0, . . . , 2j1 − 1} × {0, . . . , 2j2 − 1} and every a1, a2 ∈ {−1, 1}

|∆X
(
a1

2j1
,
a2

2j2
);(

k1

2j1
,
k2

2j2
)
(ω)| ≤ Cγ(ω)2−γ(max{j1,j2}(1+α)+min{j1,j2}(1−α)). (8)

Now, let us consider t1, t2, s1, s2 ∈ D; we will bound from above

|X(t1,t2) −X(t1,s2) −X(s1,t2) +X(s1,s2)| (9)

on Ωγ . Let p1, p2 ∈ N be such that

2−(p1+1) ≤ |t1 − s1| < 2−p1 and 2−(p2+1) ≤ |t2 − s2| < 2−p2 . (10)

It means that we can write

t1 =
k1 + ε0

2p1
+

ε1

2p1+1
+ · · ·+ εn1

2p1+n1

s1 =
k1 + ε′0

2p1
+

ε′1
2p1+1

+ · · ·+
ε′n1

2p1+n1

t2 =
k2 + δ0

2p2
+

δ1

2p2+1
+ · · ·+ δn2

2p2+n2

s2 =
k2 + δ′0

2p2
+

δ′1
2p2+1

+ · · ·+
δ′n2

2p2+n2

8



for some n1, n2 ∈ N and ε0, ε1, . . . , εn1 ; ε′0, ε
′
1, . . . , ε

′
n1

; δ0, δ1, . . . , δn2 ; δ′0, δ
′
1, . . . , δ

′
n2
∈ {0, 1}

such that ε0 = 0 if t1 ≤ s1, ε′0 = 0 if s1 < t1, δ0 = 0 if t2 ≤ s2 and δ′0 = 0 if s2 ≤ t2. In this
case, for all 0 ≤ j1 ≤ n1 and 0 ≤ j2 ≤ n2, we write

t
(j1)
1 =

k1 + ε0

2p1
+

ε1

2p1+1
+ · · ·+ εj1

2p1+j1

s
(j1)
1 =

k1 + ε′0
2p1

+
ε′1

2p1+1
+ · · ·+

ε′j1
2p1+j1

t
(j2)
2 =

k2 + δ0

2p2
+

δ1

2p2+1
+ · · ·+ δj2

2p2+j2

s
(j2)
2 =

k2 + δ′0
2p2

+
δ′1

2p2+1
+ · · ·+

δ′j2
2p2+j2

and get that (9) can be bounded by

|X(t1,t2) −X(t1,s2) −X(s1,t2) +X(s1,s2)|
≤ |X

(t
(0)
1 ,t

(0)
2 )
−X

(t
(0)
1 ,s

(0)
2 )
−X

(s
(0)
1 ,t

(0)
2 )

+X
(s

(0)
1 ,s

(0)
2 )
| (11)

+

n1−1∑
j1=0

n2−1∑
j2=0

|X
(t

(j1+1)
1 ,t

(j2+1)
2 )

−X
(t

(j1)
1 ,t

(j2+1)
2 )

−X
(t

(j1+1)
1 ,t

(j2)
2 )

+X
(t

(j1)
1 ,t

(j2)
2 )
| (12)

+

n1−1∑
j1=0

n2−1∑
j2=0

|X
(t

(j1+1)
1 ,s

(j2+1)
2 )

−X
(t

(j1)
1 ,s

(j2+1)
2 )

−X
(t

(j1+1)
1 ,s

(j2)
2 )

+X
(t

(j1)
1 ,s

(j2)
2 )
| (13)

+

n1−1∑
j1=0

n2−1∑
j2=0

|X
(s

(j1+1)
1 ,t

(j2+1)
2 )

−X
(s

(j1)
1 ,t

(j2+1)
2 )

−X
(s

(j1+1)
1 ,t

(j2)
2 )

+X
(s

(j1)
1 ,t

(j2)
2 )
| (14)

+

n1−1∑
j1=0

n2−1∑
j2=0

|X
(s

(j1+1)
1 ,s

(j2+1)
2 )

−X
(s

(j1)
1 ,s

(j2+1)
2 )

−X
(s

(j1+1)
1 ,s

(j2)
2 )

+X
(s

(j1)
1 ,s

(j2)
2 )
| (15)

+

n1−1∑
j1=0

|X
(t

(j1+1)
1 ,t

(0)
2 )
−X

(t
(j1)
1 ,t

(0)
2 )
−X

(t
(j1+1)
1 ,s

(0)
2 )

+X
(t

(j1)
1 ,s

(0)
2 )
| (16)

+

n1−1∑
j1=0

|X
(s

(j1+1)
1 ,s

(0)
2 )
−X

(s
(j1)
1 ,s

(0)
2 )
−X

(s
(j1+1)
1 ,t

(0)
2 )

+X
(s

(j1)
1 ,t

(0)
2 )
| (17)

+

n2−1∑
j2=0

|X
(t

(0)
1 ,t

(j2+1)
2 )

−X
(t

(0)
1 ,t

(j2)
2 )
−X

(s
(0)
1 ,t

(j2+1)
2 )

+X
(s

(0)
1 ,t

(j2)
2 )
| (18)

+

n2−1∑
j2=0

|X
(s

(0)
1 ,s

(j2+1)
2 )

−X
(s

(0)
1 ,s

(j2)
2 )
−X

(t
(0)
1 ,s

(j2+1)
2 )

+X
(t

(0)
1 ,s

(j2)
2 )
|. (19)

Let us assume from now that α ∈ [0, 1), the case α = 1 requiring specific arguments
developed later. Up to a permutation of the indices, we can assume p1 ≥ p2. In this case,
from (8), we directly deduce, for all ω ∈ Ωγ

(11) ≤ Cγ(ω)2−γ(p1(1+α)+p2(1−α)).
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Similarly, for all ω ∈ Ωγ , we bound (12), (13), (14) and (15) from above by

Cγ(ω)

n1−1∑
j1=0

n2−1∑
j2=0

2−γ(max{j1+p1+1,j2+p2+1}(1+α)+min{j1+p1+1,j2+p2+1}(1−α))

≤ Cγ(ω)

+∞∑
j1=0

∑
j2≤j1+p1−p2

2−γ((j1+p1+1)(1+α)+(j2+p2+1)(1−α))

+
+∞∑
j1=0

∑
j2>j1+p1−p2

2−γ((j2+p2+1)(1+α)+(j1+p1+1)(1−α))


≤ Cγ(ω)

2−γ(p1(1+α)+p2(1−α))
+∞∑
j1=0

+∞∑
j2=0

2−γ(j1(1+α)+j2(1−α)+2)

+
+∞∑
j1=0

+∞∑
j=1

2−γ((j+j1+p1+1)(1+α)+(j1+p1+1)(1−α))


≤ Cγ(ω)(c′2−γ(p1(1+α)+p2(1−α)) + c′′2−2γp1)

≤ Cγ(ω)(c′ + c′′)2−γ(p1(1+α)+p2(1−α)).

Using once again the inequality (8) on Ωγ , we bound (16) and (17) from above by

Cγ(ω)

+∞∑
j1=0

2−γ((j1+p1+1)(1+α)+p2(1−α)) ≤ Cγ(ω)c′2−γ(p1(1+α)+p2(1−α))

while we bound (18) and (19) from above by

Cγ(ω)

n2−1∑
j2=0

2−γ(max{p1,j2+p2+1}(1+α)+min{p1,j2+p2+1}(1−α))

≤ Cγ(ω)

 ∑
j2<p1−p2

2−γ(p1(1+α)+(p2+j2+1)(1−α))

+
∑

j2≥p1−p2

2−γ((p2+j2+1)(1+α)+p1(1−α))


≤ Cγ(ω)

c′2−γ(p1(1+α)+p2(1−α)) +
+∞∑
j=0

2−γ((p1+j+1)(1+α)+p1(1−α))


≤ Cγ(ω)(c′ + c′′)2−γ(p1(1+α)+p2(1−α)).

In total, for all ω ∈ Ωγ , we obtain

(9) ≤ Cγ(ω)′2−γ(p1(1+α)+p2(1−α))

≤ Cγ(ω)′′
(
max{|t1 − s1|, |t2 − s2|}1−α min{|t1 − s1|, |t2 − s2|}1+α

)γ
. (20)
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Note that, since we assume that the field {X(x1,x2)}(x1,x2)∈[0,1]2 vanishes on the horizontal and
vertical axes, inequality (20) also implies

|X(t1,s2) −X(s1,s2)| = |X(t1,s2) −X(t1,0) −X(s1,s2) +X(s1,0)|
≤ Cγ(ω)′′

(
max{|t1 − s1|, |s2|}1−α min{|t1 − s1|, |s2|}1+α

)γ
(21)

as well as

|X(s1,t2) −X(s1,s2)| ≤ Cγ(ω)′′
(
max{|s1|, |t2 − s2|}1−α min{|s1|, |t2 − s2|}1+α

)γ
. (22)

Let us now consider a sequence (γn)n with γn ↗ β
η . The event

Ω1 :=
⋂
n

Ωγn

is of probability 1 and the preceding argument shows that, on Ω1, the sample paths of
{X(x1,x2)}(x1,x2)∈[0,1]2 have the desired rectangular regularity property on D2. Now, it re-

mains to construct the version {X̃(x1,x2)}(x1,x2)∈[0,1]2 on [0, 1]2.
First, on Ω1, we extent X by using the density of D2 in [0, 1]2 together with (21) and

(22). More precisely, if (x1, x2) ∈ [0, 1] and if ((x
(j)
1 , x

(j)
2 ))j ⊂ D2 is such that ((x

(j)
1 , x

(j)
2 ))j →

(x1, x2), then the inequalities (21) and (22) insure that (X
(x

(j)
1 ,x

(j)
2 )

)j is Cauchy. Hence, we set

X̃(x1,x2) = limj X(x
(j)
1 ,x

(j)
2 )

. Secondly, we set X̃(x1,x2) = 0 on Ωc
1.

It is then clear that {X̃(x1,x2)}(x1,x2)∈[0,1]2 has the desired rectangular regularity property.
To conclude, it suffices now to show that it is a version of {X(x1,x2)}(x1,x2)∈[0,1]2 . Of course, it
suffices to work with (x1, x2) /∈ D2. Fix ε > 0 and j. Using the triangle inequality, the fact
that {X(x1,x2)}(x1,x2)∈[0,1]2 vanishes on the horizontal and vertical axes, Markov’s inequality
and assumption (6), we get

P(|X
(x

(j)
1 ,x

(j)
2 )
−X(x1,x2)| ≥ ε) ≤ P(|X

(x
(j)
1 ,x

(j)
2 )
−X

(x
(j)
1 ,x2)

| ≥ ε

2
) + P(|X

(x
(j)
1 ,x2)

−X(x1,x2)| ≥
ε

2
)

≤ P(|X
(x

(j)
1 ,x

(j)
2 )
−X

(x
(j)
1 ,x2)

−X
(0,x

(j)
2 )

+X(0,x2)| ≥
ε

2
)

+ P(|X
(x

(j)
1 ,x2)

−X(x1,x2) −X(x
(j)
1 ,0)

+X(x1,0)| ≥
ε

2
)

≤ c2η

(
max{|x(j)

1 |, |x2 − x(j)
2 |}1−α min{|x(j)

1 |, |x2 − x(j)
2 |}1+α

)1+β

εη

+ c2η

(
max{|x1 − x(j)

1 |, |x2|}1−α min{|x1 − x(j)
1 |, |x2|}1+α

)1+β

εη
.

This last inequality implies that the convergence X
(x

(j)
1 ,x

(j)
2 )
→ X(x1,x2) holds in probability

and thus almost surely for a subsequence. It directly follows that P(X̃(x1,x2) = X(x1,x2)) = 1.

To complete the proof, it remains to consider the case α = 1. Using the same arguments,
for any γ ∈ [0, βη ), we get

(9) ≤ Cγ(ω)′2−2γp1p1 ≤ Cγ(ω)′′ (min{|t1 − s1|, |t2 − s2|})2γ |log (min{|t1 − s1|, |t2 − s2|})|
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for all ω ∈ Ωγ . In particular, for any γ′ < γ, there is Cγ′(ω) > 0 such that

(9) ≤ Cγ′(ω) (min{|t1 − s1|, |t2 − s2|})2γ′ ,

which is sufficient to conclude the proof in exactly the same way as in the case α ∈ [0, 1).

Remark 2.4. Let {X(x1,x2)}(x1,x2)∈R2 be a stochastic field vanishing on the axes and satisfying
the inequality (7). Then, for x1, x2, h ∈ R, we have

|X(x1+h,x2) −X(x1,x2)| = |X(x1+h,x2) −X(x1,x2) −X(x1+h,0) +X(x1,0)|
≤ C

(
max{|h|, |x2|}1−α min{|h|, |x2|}1+α

)γ
and, similarly

|X(x1,x2+h) −X(x1,x2)| ≤ C
(
max{|h|, |x1|}1−α min{|h|, |x1|}1+α

)γ
.

In particular, this means that the horizontal and vertical increments of the field are locally
Hölder-continuous. Note that, in the case where the field {X(x1,x2)}(x1,x2)∈R2 satisfies the
assumptions of Theorem 2.3, this fact can also be observed by applying the (standard) Kol-
mogorov’s continuity Theorem to the increments of the field.

Proposition 2.2 will now be easily obtained using the equivalence of Gaussian moments:
if X is a Gaussian random variable then, for all j ∈ N, we have

E[X2j ] =
(2j)!

2jj!
E[X2]j .

Indeed, this relation allows us to state the following classical corollary of our version of
Kolmogorov’s continuity Theorem.

Proposition 2.5. Let α ∈ [0, 1] be fixed. Assume that {X(x1,x2)}(x1,x2)∈R2 is a Gaussian
stochastic field for which there exist some constants β, c, R > 0 such that

E[|∆X(h1,h2);(x1,x2)|2] ≤ c
(
max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α

)β
for all (x1, x2) ∈ R2 and (h1, h2) ∈ R2 with |h1| < R and |h2| < R. Then, there exists a
version {X̃(x1,x2)}(x1,x2)∈R2 of {X(x1,x2)}(x1,x2)∈R2 for which, for all γ ∈ [0, β2 ) and for every
bounded intervals I, J of R, for all ω ∈ Ω, there exists a finite constant C(ω) > 0 such that

|∆X̃(h1,h2);(x1,x2)| ≤ C(ω)
(
max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α

)γ
for every x1 ∈ I, x2 ∈ J and h1, h2 ∈ R with x1 + h1 ∈ I and x2 + h2 ∈ J .

3 Irregularities of the trajectories

The aim of this section is to prove that the regularity of the rectangular increments of the
WTFBFs, as obtained in Proposition 2.2 as a consequence of the Kolmogorov continuity-type
Theorem 2.3, is optimal.
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Theorem 3.1. Fix α ∈ [0, 1] and H ∈ (0, 1). Almost surely, for every bounded intervals I, J
of R, one has

sup
(x1,x2),(x1+h1,x2+h2)∈I×J

h1 6=0,h2 6=0

|∆Xα,H
(h1,h2);(x1,x2)|

(max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α)H
= +∞.

The proof of Theorem 3.1 is based on several lemmas, that rely on estimating the size of
the so-called “hyperbolic wavelet coefficients” of our fields, see Section 4 for more details about
hyperbolic wavelet basis. In what follows, we will denote by {2j/2ψ(2j ·−k) : (j, k) ∈ Z2} the
Lemarié-Meyer orthonormal wavelet basis of the Hilbert space L2(R), introduced in [31]. Its
particular features include the fact that the mother wavelet ψ belongs to the Schwartz class
of C∞ functions whose derivatives of all orders decay rapidly, that it has vanishing moments
of every order and that

supp ψ̂ ⊆
[
−8π

3
,−2π

3

]
∪
[

2π

3
,
8π

3

]
. (23)

For every (j1, j2), (k1, k2) ∈ N2, we will use the compact notation

j̄ = (j1, j2) and k̄ = (k1, k2)

together with
max(j̄) = max{j1, j2} and min(j̄) = min{j1, j2}.

Let cj̄,k̄, (j̄, k̄) ∈ Z2, denote the hyperbolic wavelet coefficients of Xα,H in the the Lemarié-
Meyer basis, defined by

cj̄,k̄ = 2j1+j2

∫
R2

Xα,H
(x1,x2)ψ(2j1x1 − k1)ψ(2j2x2 − k2)dx. (24)

We will show that these coefficients are independent as soon as they correspond to distant
scales, and controlling their second-order moment will allow us to estimate their size as the
scale increases. The vanishing moment of ψ will then enable us to obtain information about
the rectangular increments of the field. Our first objective will be to prove that the wavelet
coefficients given in Equation (24) are well-defined. Let us begin with the following lemma,
which provides an estimate of the covariance of the rectangular increments of the process
Xα,H . From now on, we assume that α ∈ [0, 1] and H ∈ (0, 1) are fixed.

Lemma 3.2. One has∣∣E[∆Xα,H
(h1,h2);(x1,x2)∆X

α,H
(`1,`2);(y1,y2)

]∣∣
≤
∫
R2

min{2, |h1ξ1|}min{2, |h2ξ2|}min{2, |`1ξ1|}min{2, |`2ξ2|}|(
φα,H(ξ1, ξ2)

)2 dξ

for all (h1, h2), (`1, `2), (x1, x2), (y1, y2) ∈ R2.

Proof. By definition of Xα,H , one has

∆Xα,H
(h1,h2);(x1,x2) =

∫
R2

ei(x1ξ1+x2ξ2) (eih1ξ1 − 1)(eih2ξ2 − 1)

φα,H(ξ1, ξ2)
dŴ(ξ).
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The isometry property of the Wiener integral gives then

E
[
∆Xα,H

(h1,h2);(x1,x2)∆X
α,H
(h1,h2);(y1,y2)

]
=

∫
R2

ei((x1−y1)ξ1+(x2−y2)ξ2)(eih1ξ1 − 1)(eih2ξ2 − 1)(e−i`1ξ1 − 1)(e−i`2ξ2 − 1)(
φα,H(ξ1, ξ2)

)2 dξ.

It implies that∣∣E[∆Xα,H
(h1,h2);(x1,x2)∆X

α,H
(h1,h2);(y1,y2)

]∣∣
≤
∫
R2

|eih1ξ1 − 1| |eih2ξ2 − 1| |e−i`1ξ1 − 1| |e−i`2ξ2 − 1|(
φα,H(ξ1, ξ2)

)2 dξ

≤
∫
R2

max{2, |h1ξ1|} max{2, |h2ξ2|} max{2, |`1ξ1|} max{2, |`2ξ2|}|(
φα,H(ξ1, ξ2)

)2 dξ

by noticing that

|eiξ − 1| = 2 | sin(
ξ

2
)| ≤ min{2, |ξ|}.

Lemma 3.3. Let us fix L ∈ (0, 1] and let us consider for every (j̄, k̄) ∈ N× Z the coefficient

dj̄,k̄ =

∫
Sj̄

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy

where
Sj̄ =

{
(y1, y2) ∈ R2 : |y1| ≥ 2j1L or |y2| ≥ 2j2L

}
.

For every N ≥ 3, there exists C > 0 such that

E
[
|dj̄,k̄|2

]
≤ C 2−2N min{j1,j2}

for all (j̄, k̄) ∈ N× Z.

14



Proof. For the first part, note that Lemma 3.2 and Fubini theorem give

E
[
|dj̄,k̄|2

]
≤
∫
Sj̄

∫
Sj̄

∣∣∣∣E [∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
∆Xα,H

(
x1

2j1
,
x2

2j2
);(

k1

2j1
,
k2

2j2
)

]∣∣∣∣ ∣∣ψ(y1)ψ(y2)ψ(x1)ψ(x2)
∣∣dydx

≤
∫
R2

∫
Sj̄

∫
Sj̄

min{2, | y1

2j1
ξ1|}min{2, | y2

2j2
ξ2|}min{2, | x1

2j1
ξ1|}min{2, | x2

2j2
ξ2|}|(

φα,H(ξ1, ξ2)
)2

×
∣∣ψ(y1)ψ(y2)ψ(x1)ψ(x2)

∣∣dydxdξ
≤ 22(j1+j2)

∫
R2

∫
S

∫
S

min{2, |u1ξ1|}min{2, |u2ξ2|}min{2, |v1ξ1|}min{2, |v2ξ2|}|(
φα,H(ξ1, ξ2)

)2
×
∣∣ψ(2j1u1)ψ(2j2u2)ψ(2j1v1)ψ(2j2v2)

∣∣dudvdξ
≤ C22(j1+j2)

∫
S

∫
S

max{1, |u1|}max{1, |u2|}max{1, |v1|}max{1, |v2|}|

×
∣∣ψ(2j1u1)ψ(2j2u2)ψ(2j1v1)ψ(2j2v2)

∣∣dudv
= C22(j1+j2)

(∫
S

max{1, |u1|}max{1, |u2|}
∣∣ψ(2j1u1)ψ(2j2u2)|du

)2

where S = S(0,0),

C =

∫
R2

min{2, |ξ1|}min{2, |ξ2|}min{2, |ξ1|}min{2, |ξ2|}(
φα,H(ξ1, ξ2)

)2 dξ,

and by using the change of variables u1 = 2−j1y1, u2 = 2−j2y2, v1 = 2−j1x1, v2 = 2−j2x2 and
the relation

min{2, |wξ|} ≤ min{2, |ξ|}max{1, |w|}

for all w, ξ ∈ R. Note that the constant C is finite by Lemma 1.2. We will now decompose
the integral over S in three parts, corresponding to the sets

S(1) =
{

(u1, u2) ∈ R2 : |u1| ≥ L and |u2| ≥ L
}

S(2) =
{

(u1, u2) ∈ R2 : |u1| ≥ L and |u2| < L
}

S(3) =
{

(u1, u2) ∈ R2 : |u1| < L and |u2| ≥ L
}

and give an upper bound for each term by using the fast decay of the wavelet

|ψ(t)| ≤ C2N

(1 + |t|)2N
∀t ∈ R.
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First, one has∫
S(1)

max{1, |u1|}max{1, |u2|}
∣∣ψ(2j1u1)ψ(2j2u2)|du

≤
∫
S(1)

max{1, |u1|}max{1, |u2|}
C2

2N

(1 + |2j1u1|)2N (1 + |2j2u2|)2N
du

≤ C2
2N2−N(j1+j2)

∫
S(1)

max{1, |u1|}max{1, |u2|}
(1 + |2j1u1|)N (1 + |2j2u2|)N

du

≤ C2
2N2−N(j1+j2)2−(j1+j2)

∫
|t1|≥2j1L

max{1, 2−j1 |t1|}
(1 + |t1|)N

dt1

∫
|t2|≥2j2L

max{1, 2−j2 |t2|}
(1 + |t2|)N

dt2

≤ C2
2N2−N(j1+j2)2−(j1+j2)

(∫
R

max{1, |t|}
(1 + |t|)N

dt

)2

by using the change of variable t1 = 2j1u1 , t2 = 2j2t2. For the second term, we use as
before the fast decay of the wavelet for the part corresponding to |u1| ≥ L while for the part
corresponding to |u2| < L, we use the fact that max{1, |u2|} = 1 since L ≤ 1. More precisely,
we obtain ∫

S(2)

max{1, |u1|}max{1, |u2|}
∣∣ψ(2j1u1)ψ(2j2u2)|du

≤

(∫
|u1|≥L

max{1, |u1|}
C2N

(1 + |2j1u1|)2N
du1

)(∫
|u2|<L

∣∣ψ(2j2u2)|du2

)

≤ C2
2N2−Nj12−j1

(∫
R

max{1, |t1|}
(1 + |t1|)N

dt1

)
2−j2

(∫
R

∣∣ψ(t2)|dt2
)
.

We proceed in the same way for the integral over S(3), by switching the roles of j1 and j2.
Putting everything together, it follows that there exists a constant C ′ > 0 such that

∣∣E[|dj̄,k̄|2]∣∣ ≤ C22(j1+j2)

(
3∑

m=1

∫
S(m)

max{1, |u1|}max{1, |u2|}
∣∣ψ(2j1u1)ψ(2j2u2)|du

)2

≤ C ′22(j1+j2)
(

2−N(j1+j2)2−(j1+j2) + 2−Nj12−(j1+j2) + 2−Nj22−(j1+j2)
)2

≤ 9C ′2−2N min{j1,j2},

which gives the conclusion.

A direct consequence of the previous Lemma is that, almost surely, for every (j̄, k̄), the
wavelet coefficient cj̄,k̄ given in Equation (24) is well-defined. Indeed, by using the vanishing

moment of the wavelet and the change of variables y1 = 2j1x1 − k1, y2 = 2j2x2 − k2, we can
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write

cj̄,k̄ =

∫
R2

Xα,H

(
y1+k1

2j1
,
y2+k2

2j2
)
ψ(y1)ψ(y2)dy

=

∫
R2

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy

=

∫
Rj̄

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy +

∫
Sj̄

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy (25)

where Rj̄ = R2 \Sj̄ . The first integral is almost surely well-defined thanks to Proposition 2.5,
while the second integral is almost surely finite thanks to Lemma 3.3.

Lemma 3.4. Almost surely, for every (j̄, k̄), one has

cj̄,k̄ =

∫
R2

ei(k12−j1ξ1+k22−j2ξ2)ψ̂(2−j1ξ1)ψ̂(2−j2ξ2)

φα,H(ξ1, ξ2)
dŴ(ξ).

In particular,

1. if ‖j̄ − j̄′‖∞ > 1, the wavelet coefficients cj̄,k̄ and cj̄′,k̄′ are independent,

2. there exist two constants c, d > 0 such that

c 2−2(max(j̄)H+
α +min(j̄)H−α ) ≤ E[ |cj̄,k̄|2 ] ≤ d 2−2(max(j̄)H+

α +min(j̄)H−α )

for all j̄, k̄.

Proof. We have

cj̄,k̄ =

∫
R2

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy

=

∫
R2

∫
R2

(ei(y1+k1)2−j1ξ1 − eik12−j1ξ1)(ei(y2+k2)2−j2ξ2 − eik22−j2ξ2)

φα,H(ξ1, ξ2)
ψ(y1)ψ(y2)dŴ(ξ)dy

=

∫
R2

ei(k12−j1ξ1+k22−j2ξ2)

φα,H(ξ1, ξ2)

(∫
R

(eiy12−j1ξ1 − 1)ψ(y1)dy1

)(∫
R

(eiy22−j2ξ2 − 1)ψ(y2)dy2

)
dŴ(ξ)

=

∫
R2

ei(k12−j1ξ1+k22−j2ξ2)ψ̂(2−j1ξ1)ψ̂(2−j2ξ2)

φα,H(ξ1, ξ2)
dŴ(ξ)

using a Fubini type argument for Wiener integral, see e.g. [32, Lemma 2.10.]. It gives the
first part of the lemma. For the second part, the isometry property of the Wiener integral
gives

E
[
cj̄,k̄cj̄′,k̄′

]
=

∫
R2

ei(k12−j1−k′12−j
′
1 )ξ1ei(k22−j2−k′22−j

′
2 )ξ2ψ̂(2−j1ξ1)ψ̂(2−j

′
1ξ1)ψ̂(2−j2ξ2)ψ̂(2−j

′
2ξ2)(

φα,H(ξ1, ξ2)
)2 dξ.

Assume now for example that j1− j′1 > 1. Using the localization of ψ̂ given in Equation (23),

if 2−j1ξ1 ∈ supp ψ̂, then we have

|ξ1|2−j
′
1 = 2−j1 |ξ1|2j1−j

′
1 ≥ 2π

3
2j1−j

′
1 ≥ 8π

3
.
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Consequently, we obtain ψ̂(2−j1ξ1)ψ̂(2−j
′
1ξ1) = 0 for all ξ ∈ R and it follows that the coef-

ficients cj̄,k̄ and cj̄′,k̄′ are independent, thanks to the Gaussianity of the wavelet coefficients.
The other cases are treated in the same way.

Finally, one also has

E
[
|cj̄,k̄|2

]
=

∫
R2

|ψ̂(2−j1ξ1)|2|ψ̂(2−j2ξ2)|2(
φα,H(ξ1, ξ2)

)2 dξ = 2j1+j2

∫
R2

|ψ̂(η1)|2|ψ̂(η2)|2(
φα,H(2j1η1, 2j2η2)

)2dη
by using the change of variables η1 = 2−j1ξ1, η2 = 2−j2ξ2. Assume now that j1 − j2 > 1.
Then, if η1, η2 ∈ supp ψ̂, one has

|2j1η1| ≥ 2j1
2π

3
≥ 2j2

8π

3
≥ |2j2η2|

hence (
φα,H(2j1η1, 2

j2η2)
)2

=
2−j1(2H+

α +1)2−j2(2H−α +1)

|η2|2H
−
α +1|η1|2H

+
α +1

,

see (3) for the definition of H+
α and H−α . We obtain directly that

E
[
|cj̄,k̄|2

]
= 2−2j1H

+
α−2j2H

−
α

∫
R

|ψ̂(η)|2

|η|2H+
α +1

dη

∫
R

|ψ̂(η)|2

|η|2H−α +1
dη.

A similar argument for j2 − j1 > 1 gives

E
[
|cj̄,k̄|2

]
= c12−2(max(j̄)H+

α +min(j̄)H−α ) if |j1 − j2| > 1

for

c1 =

∫
R

|ψ̂(η)|2

|η|2H+
α +1

dη

∫
R

|ψ̂(η)|2

|η|2H−α +1
dη.

It remains to treat the case where |j1 − j2| ≤ 1. First, assume that j1 = j2. Then

E
[
|cj̄,k̄|2

]
= 22j1

∫
R2

|ψ̂(η1)|2|ψ̂(η2)|2(
φα,H(2j1η1, 2j1η2)

)2dη1dη2

= 2−2(j1H
+
α +j1H

−
α )

∫
R2

|ψ̂(η1)|2|ψ̂(η2)|2(
φα,H(η1, η2)

)2 dη1dη2

= c22−2(max(j̄)H+
α +min(j̄)H−α )

with

c2 =

∫
R2

|ψ̂(η1)|2|ψ̂(η2)|2(
φα,H(η1, η2)

)2 dη1dη2.

The cases j1 = j2 ± 1 are treated similarly with the two constants

c3 =

∫
R2

|ψ̂(η1)|2|ψ̂(η2)|2(
φα,H(2η1, η2)

)2dη1dη2 and c4 =

∫
R2

|ψ̂(η1)|2|ψ̂(η2)|2(
φα,H(η1, 2η2)

)2dη1dη2.

It suffices then to take c = min{c1, c2, c3, c4} and d = max{c1, c2, c3, c4}.
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The following final classical lemma provides the asymptotic behavior of a sequence of
(independent) standard Gaussian random variables. It is a direct consequence of the Borel-
Cantelli lemma together with the classical estimate of the tail behavior of a standard Gaussian
random variable Z, given by

lim
x→+∞

P(|Z| > ε)

x−1e−x2/2
=

√
2

π
.

Lemma 3.5. Assume that (Zn)n∈N is a sequence of N (0, 1) random variables.

1. Almost surely, one has

lim sup
n→+∞

|Zn|√
log(n+ 2)

< +∞.

2. If the random variables Zn, n ∈ N, are independent, then one has almost surely

lim sup
n→+∞

|Zn|√
log(n+ 2)

> 0.

We are now ready to prove the main result of this section.

Proof of Theorem 3.1. Fix a scale J large enough so that there is (K1,K2) ∈ Z2 satisfying

K1

2J
∈ I◦ and

K2

2J+2
∈ J◦.

Let us also fix L ∈ (0, 1] such that(
K1

2J
− L, K1

2J
+ L

)
⊂ I and

(
K2

2J+2
− L, K2

2J+2
+ L

)
⊂ J.

For every j ≥ J , we denote by (j̄, k̄) the unique couple satisfying j1 = j = j2−2 and K1

2J
= k1

2j
,

K2

2J+2 = k2

2j2
. As done in Equation (25), we know that

cj̄,k̄ =

∫
R2

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy

=

∫
Rj̄

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy +

∫
Sj̄

∆Xα,H

(
y1

2j1
,
y2

2j2
);(

k1

2j1
,
k2

2j2
)
ψ(y1)ψ(y2)dy

:= d̃j̄,k̄ + dj̄,k̄

Lemma 3.3 together with Lemma 3.5 implies that there is an event of probability one such
that

lim sup
j1→+∞

|dj̄,k̄|
2−2Nj1

√
log(j1 + 2)

< +∞

since min{j1, j2} = j1. Hence, there is a constant C0 > 0 such that

|dj̄,k̄| ≤ C02−N(2j1+2)
√

log(j1 + 2)
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for every j̄, k̄. Now, let us assume by contradiction that on this event of probability one, there
exists a constant D > 0 such that

sup
(x1,x2),(x1+h1,x2+h2)∈I×J

|∆Xα,H
(h1,h2);(x1,x2)| ≤ D

(
max{|h1|, |h2|}1−α min{|h1|, |h2|}1+α

)H
.

We obtain then that

|d̃j̄,k̄| ≤ D
∫
Rj,k

(
max{|2−j1y1|, |2−j2y2|}1−α min{|2−j1y1|, |2−j2y2|}1+α

)H |ψ(y1)ψ(y2)|dy

≤ 2−2j1HD

∫
Rj,k

(
max{|y1|, |

y2

4
|}1−α min{|y1|, |

y2

4
|}1+α

)H
|ψ(y1)ψ(y2)|dy

= C2−2j1H

for some constant C > 0. Now, Lemma 3.4 and Lemma 3.5, applied to scales sufficiently far
apart to ensure independence, imply that there are a constant C ′ > 0 and infinitely many
scales such that

|cj̄,k̄| ≥ C ′
√

log(j1 + 2)2−(max(j̄)H+
α +min(j̄)H−α ) = C ′′

√
log(j1 + 2)2−2j1H

since j2 = j1 + 2. Putting everything together, we obtain that for infinitely many scales,

C ′′
√

log(j1 + 2)2−2j1H ≤ |cj̄,k̄| ≤ C2−2j1H + C02−N(2j1+2)
√

log(j1 + 2)

which is impossible. It gives the conclusion.

Remark 3.6. The same arguments show that the irregularity can actually be observed in any
direction j2 = j1 + p, as soon as p is an integer chosen such that p /∈ {−1, 0, 1}.

4 Associated function spaces

In this section, we introduce global Hölder spaces to reflect the type of regularity we have
obtained for the WTFBFs. These spaces are classically characterized using wavelets. This
leads us to the second classical definition of these spaces through Littlewood-Paley analysis,
which is extended naturally to Besov spaces.

4.1 Weighted tensorized Hölder spaces for rectangular regularity

Let us introduce the weighted tensorized Hölder spaces as follows.

Definition 4.1. For s ∈ (0, 1) and α ∈ [0, 1], we define the weighted tensorized Hölder space
T s,αC(R2) as the space of functions f : R2 → R of L∞(R) such that there is c > 0 with

|f(x1 + h1, x2 + h2)− f(x1, x2 + h2)− f(x1 + h1, x2) + f(x1, x2)|
≤ c min{|h1|, |h2|}(1+α)s max{|h1|, |h2|}(1−α)s,

and

|f(x1 + h1, x2)− f(x1, x2)| ≤ c |h1|(1+α)s and |f(x1, x2 + h2)− f(x1, x2)| ≤ c |h2|(1+α)s

for all x1, x2, h1, h2 ∈ R.
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In order to get a characterization of this space in terms of wavelet coefficients, we first
recall the definition of the hyperbolic wavelet bases as tensorial products of two unidimensional
wavelet bases (see [15]).

Definition 4.2. Let ψ denote a Lemarié-Meyer wavelet and ϕ the associated scaling function.
The hyperbolic wavelet basis is defined as the system

{ψj1,j2,k1,k2 : (j1, j2) ∈ (N ∪ {−1})2, (k1, k2) ∈ Z2}

where

• if j1, j2 ≥ 0,
ψj1,j2,k1,k2(x1, x2) = ψ(2j1x1 − k1)ψ(2j2x2 − k2) ,

• if j1 = −1 and j2 ≥ 0

ψ−1,j2,k1,k2(x1, x2) = ϕ(x1 − k1)ψ(2j2x2 − k2) ,

• if j1 ≥ 0 and j2 = −1

ψj1,−1,k1,k2(x1, x2) = ψ(2j1x1 − k1)ϕ(x2 − k2) ,

• if j1 = j2 = −1
ψ−1,−1,k1,k2(x1, x2) = ϕ(x1 − k1)ϕ(x2 − k2) .

For any f ∈ S ′(R2), one then defines its hyperbolic wavelet coefficients by

cj1,j2,k1,k2 = 2j1+j2 < f,ψj1,j2,k1,k2 > if j1, j2 ≥ 0 ,

cj1,−1,k1,k2 = 2j1 < f,ψj1,j2,k1,k2 > if j1 ≥ 0 and j2 = −1 ,

c−1,j2,k1,k2 = 2j2 < f,ψj1,j2,k1,k2 > if j1 = −1 and j2 ≥ 0 ,

c−1,−1,k1,k2 = < f,ψj1,j2,k1,k2 > if j1 = j2 = −1 .

The hyperbolic wavelet coefficients of a function f provide a characterization of the space
T s,αC(R2), as shown in the following proposition.

Proposition 4.3. Let s ∈ (0, 1), α ∈ [0, 1] and consider f : R2 → R such that f ∈ S ′(R).
Then f ∈ T s,αC(R2) if and only if its hyperbolic wavelet coefficients satisfy

sup
j̄∈(N∪{−1})2,k̄∈Z2

2((1+α) max(j̄)+(1−α) min(j̄))s|cj̄,k̄| < +∞.

Proof. Since it is very classical, we just sketch the ideas of the proof. First, assume that
f ∈ T s,αC(R2). By using the vanishing moment of the wavelet, we can write

cj1,j2,k1,k2 = 2j1+j2

∫
R2

f(x1, x2)ψ(2j1x1 − k1)ψ(2j2x2 − k2)dx

=

∫
R2

f(
y1 + k1

2j1
,
y2 + k2

2j2
)ψ(y1)ψ(y2)dy

=

∫
R2

∆f( y1
2j1

,
y2

2j2

)( k1

2j1
,
k2

2j2

)
ψ(y1)ψ(y2)dy
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so that

|cj1,j2,k1,k2 | ≤ c
∫
R2

max

{
|y1|
2j1

,
|y2|
2j2

}(1−α)s

min

{
|y1|
2j1

,
|y2|
2j2

}(1+α)s

|ψ(y1)| |ψ(y2)|dy.

Now, if j1 ≥ j2, we have

max

{
|y1|
2j1

,
|y2|
2j2

}(1−α)s

min

{
|y1|
2j1

,
|y2|
2j2

}(1+α)s

≤ 2−(j1(1+α)+j2(1−α))s max{|y1|, |y2|}(1−α)s|y1|(1+α)s

so that

|cj1,j2,k1,k2 | ≤ 2−(j1(1+α)+j2(1−α))s

∫
R2

max{|y1|, |y2|}(1−α)s|y1|(1+α)sψ(y1)ψ(y2)dy1dy2.

We proceed in the same way if j2 ≥ j1. Now, if j1 = −1, we have

c−1,j2,k1,k2 = 2j2
∫
R2

f(x1, x2)ϕ(x1 − k1)ψ(2j2x2 − k2)dx

=

∫
R2

f(y1 + k1,
y2 + k2

2j2
)ϕ(y1)ψ(y2)dy

=

∫
R2

(
f(y1 + k1,

y2 + k2

2j2
)− f(y1 + k1,

k2

2j2
)
)
ϕ(y1)ψ(y2)dy

and we use the fact that

|f(y1 + k1,
y2 + k2

2j2
)− f(y1 + k1,

k2

2j2
)| ≤ c| y2

2j2
|(1+α)s

to get the conclusion. The same argument holds for j2 = −1.

Let us now prove the converse result. We fix x1, x2, h1, h2 ∈ R. Assume that J1, J2 ∈ N
are such that

2−(J1+1) ≤ |h1| < 2−J1 et 2−(J2+1) ≤ |h2| < 2−J2 .

We have

f =
∑

(j̄,k̄)∈N2×Z2

cj̄,k̄ψ(2j1 · −k1)ψ(2j2 · −k2) +
∑

j2∈N,k̄∈Z2

c−1,j2,k̄
ϕ(· − k1)ψ(2j2 · −k2)

+
∑

j1∈N,k̄∈Z2

cj1,−1,k̄ψ(2j1 · −k1)ϕ(· − k2) +
∑
k̄∈Z2

c−1,−1,k̄ϕ(· − k1)ϕ(· − k2) (26)

so that the rectangular increment

f(x1 + h1, x2 + h2)− f(x1, x2 + h2)− f(x1 + h1, x2) + f(x1, x2)

can be decomposed into the four corresponding sums. For example, let us study the first
contribution. The argument of the other sums can be obtained with an easy adaptation of
the arguments. Note that the rectangular increment of ψ(2j1 · −k1)ψ(2j2 · −k2) at (x1, x2) of
step (h1, h2) is equal to(

ψ(2j1(x1 + h1)− k1)− ψ(2j1x1 − k1)
)(
ψ(2j2(x2 + h2)− k2)− ψ(2j2x2 − k2)

)
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and it follows that one has to estimate∑
(j̄,k̄)∈N2×Z2

|cj̄,k̄|
∣∣ψ(2j1(x1 + h1)− k1)− ψ(2j1x1 − k1)

∣∣ ∣∣ψ(2j2(x2 + h2)− k2)− ψ(2j2x2 − k2)
∣∣.

(27)

We will use the two following upper bounds. First, for every N ≥ 2, there exists a constant
CN > 0 such that

sup
x∈R

∑
k∈Z

1

(1 + |x− k|)N
≤ CN . (28)

Together with the fast decay of ψ, we obtain

sup
x∈R

∑
k∈Z
|ψ(2jx− k)| ≤ CN (29)

for all j ∈ N. Seconldy, for every j ∈ N, we set

Fj(x) =
∑
k∈Z

ψ(2jx− k)

for all x ∈ R. The regularity of ψ and the mean value theorem imply that

|Fj(x+ h)− Fj(x)| ≤ 2j |h| sup
R

∑
k∈Z
|Dψ(· − k)| ≤ C2j |h| (30)

for some constant C > 0 that does not depend on j, by using the fast decay of ψ and Equation
(28).

Now, assume that J1 < J2. The same argument will apply for J2 ≤ J1 by symmetry. The
quantity (27) will be in turn decomposed into five sums: for 0 ≤ j1, j2 < J1, for 0 ≤ j1 < J1 ≤
j2 < J2, for J1 ≤ j1, j2 < J2, for 0 ≤ j1 < J1 < J2 ≤ j2 and finally for j1 ≥ J1 and j2 ≥ J2.
First, using (30), we have∑
0≤j1,j2<J1

∑
k̄∈Z2

|cj̄,k̄|
∣∣ψ(2j1(x1 + h1)− k1)− ψ(2j1x1 − k1)

∣∣ ∣∣ψ(2j2(x2 + h2)− k2)− ψ(2j2x2 − k2)
∣∣

≤
∑

j1,j2≤J1

2−
(

(1+α) max{j1,j2}+(1−α) min{j1,j2}
)
sC22j1+j2 |h1h2|

≤ C22−(J1+J2)

J1−1∑
j1=0

2(1−(1+α)s)j1

j1∑
j2=0

2(1−(1−α)s)j2 +

J1−1∑
j1=0

2(1−(1−α))sj1

J1−1∑
j2=j1+1

2(1−(1+α))sj2


≤ C22−(J1+J2)

J1−1∑
j1=0

2(1−(1+α)s)j12(1−(1−α)s)J1 +

J1−1∑
j1=0

2(1−(1−α))sj12(1−(1+α))sJ2


≤ C22−(J1+J2)

(
2(1−(1+α)s)J22(1−(1−α)s)J1 + 2(1−(1−α))sJ12(1−(1+α))sJ2

)
≤ 2C22−

(
(1+α)J2+(1−α)J1

)
s
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since J1 < J2. We proceed similarly if 0 ≤ j1 < J1 ≤ j2 < J2. Consider now the sum
corresponding to the values of j̄ such that J1 ≤ j1, j2 < J2. By using (29) for the sum over
k1 and (30) for the sum over k2, one has∑
J1≤j1,j2<J2

∑
k̄∈Z2

|cj̄,k̄|
∣∣ψ(2j1(x1 + h1)− k1)− ψ(2j1x1 − k1)

∣∣ ∣∣ψ(2j2(x2 + h2)− k2)− ψ(2j2x2 − k2)
∣∣

≤
∑

J1≤j1,j2<J2

c′2−
(

(1+α) max{j1,j2}+(1−α) min{j1,j2}
)
sC2j2 |h2|

∑
k1

(∣∣ψ(2j1(x1 + h1)− k1)
∣∣+
∣∣ψ(2j1x1 − k1)

∣∣)
≤ 2−J2

J2−1∑
j1=J1

j1∑
j2=J1

2−
(

(1+α)j1+(1−α)j2
)
s2C2 2j2︸︷︷︸

≤2j1

+2−J2

J2−1∑
j1=J1

J2−1∑
j2=j1+1

2−
(

(1+α)j2+(1−α)j1
)
s2C22j2

≤ 2C22−J2

J2−1∑
j1=J1

2(1−(1+α)s)j1

j1∑
j2=J1

2−(1−α)sj2 + 2C22−J2

J2−1∑
j1=J1

2−(1−α)sj1

J2−1∑
j2=j1+1

2(1−(1+α)s)j2

≤ 2C22−J22(1−(1+α)s)J22−(1−α)sJ1 + 2C22−J22−(1−α)sJ12(1−(1+α)s)J2

≤ 4C22−
(

(1+α)J2+(1−α)J1

)
s.

The sums corresponding to the values of j̄ with 0 ≤ j1 < J1 < J2 ≤ j2 or with j1 ≥ J1 and
j2 ≥ J2 are treated in a similar way.

4.2 Hyperbolic Littlewood-Paley analysis and weighted tensorized Hölder
spaces

A classical approach for defining Hölder spaces without relying on finite differences involves
the use of Littlewood-Paley analysis. This methodology also provides a straightforward
framework for defining Besov spaces. In this section, we adopt, as in reference [2], a hy-
perbolic Littlewood-Paley analysis to introduce new spaces that reflect weighted rectangular
anisotropy. Notably, these spaces were independently and concurrently introduced in [22] in
the context of linear approximation problems.

The key feature of our approach is the weight that appears in the definition of these Besov
spaces (see Definition 4.11 below)

2((1+α) max(j̄)+(1−α) min(j̄))sq.

This reveals connections with well-known function spaces:

• for α = 0, the weight simplifies to

2((1+α) max(j̄)+(1−α) min(j̄))sq = 2(j1+j2)sq

leading to the Besov spaces with dominating mixed smoothness Ssp,qB(R2).

• for α = 1, the weight becomes

2((1+α) max(j̄)+(1−α) min(j̄))sq = 2max(j̄)2sq

corresponding to the isotropic hyperbolic Besov spaces (with regularity 2s).
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However, when α ∈ (0, 1), neither the hyperbolic Besov spaces nor the Besov spaces with
dominating mixed smoothness are sufficient to characterize the type of rectangular anisotropy
under consideration. This motivates the introduction of new spaces that bridge the gap
between these existing frameworks.

Before introducing the hyperbolic Littlewood-Paley analysis, we first recall the classical
Littlewood-Paley decomposition and the associated Besov spaces. After establishing these
fundamental concepts, we turn to the hyperbolic Littlewood-Paley analysis. We revisit the
hyperbolic Besov spaces and the Besov spaces with dominating mixed smoothness before
defining the new spaces that reflect weighted rectangular anisotropy. We then investigate the
relationships between these new spaces and the previously mentioned Besov spaces and finally
propose a wavelet characterization. This wavelet description aligns with the characterization
provided for Hölder spaces in the previous subsection.

4.2.1 Littlewood-Paley analysis and Besov spaces

Let us recall the definition of classical Besov spaces, hyperbolic Besov spaces, and spaces with
dominating mixed smoothness. The last two ones are defined with the hyperbolic Littlewood-
Paley analysis but the first one is defined with a classical Littlewood-Paley analysis.

Let ϕ0 ≥ 0 belong to the Schwartz class S(R2) and be such that, for ξ = (ξ1, ξ2) ∈ R2,

ϕ0(ξ) = 1 if max{|ξ1|, |ξ2|} ≤ 1 ,

and
ϕ0(ξ) = 0 if max{|2−1ξ1|, |2−1ξ2|} ≥ 1 .

For j ∈ N, further define

ϕj(ξ) := ϕ0(2−jξ)− ϕ0(2−(j−1)ξ)

= ϕ0(2−jξ1, 2
−jξ2)− ϕ0(2−(j−1)ξ1, 2

−(j−1)ξ2) .

Then
∑

j∈N ϕj = 1, and the sequence (θj)j∈N satisfies

supp (ϕ0) ⊂ R1, supp (ϕj) ⊂ Rj+1 \Rj−1 ,

where

Rj =
{
ξ ∈ R2 : max{|ξ1|, |ξ2|} ≤ 2j

}
. (31)

For f ∈ S ′(R2), we then define
∆jf := F−1(ϕjFf) .

The sequence (∆jf)j∈N is called a Littlewood-Paley analysis of f . With this tool, the Besov
spaces are now defined as follows (see [47] for example for different equivalent definitions of
spaces of smoothness, including anisotropic and weighted spaces).

Definition 4.4. For 0 < p, q ≤ ∞ and s ∈ R, the Besov space Bs
p,q(R2) is defined by

Bs
p,q(R2) =

{
f ∈ S ′(R2) :

(∑
j∈N

2jsq‖∆jf‖qp
)1/q

<∞
}
,
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with the usual modification for q =∞.
This definition does not depend on chosen resolution of unity ϕ0 and the quantity

‖f‖Bsp,q =
(∑
j∈N

2jsq‖∆jf‖qp
)1/q

is a norm (resp. quasi-norm) on Bs
p,q(R2) for 1 ≤ p, q ≤ ∞ (resp. 0 < min{p, q} < 1), with

the usual modification if q =∞.

We also define the Besov spaces with logarithmic scale. Again, we use the usual modifi-
cation if q =∞.

Definition 4.5. For 0 ≤ p, q ≤ ∞ and s, β ∈ R, the Besov space with logarithmic scale is
defined by

Bs
p,q,| log |β (R2) :=

{
f ∈ S ′(R2) :

∑
j∈N

j−βq2jsq‖∆jf‖qp <∞
}

(32)

and we define a norm on Bs
p,q,| log |β (R2) by

‖f‖Bs
p,q,| log |β

(R2) =

∑
j∈N

j−βq2jsq‖∆jf‖qp

1/q

.

Subsequently, in order to compare the different spaces, we will use ϕ0 as the tensor product
of two 1-dimensional functions. In other words, we consider ϕ0 defined by

ϕ0(ξ1, ξ2) = θ0(ξ1)θ0(ξ2)

where θ0 is a one-dimensional function.

4.2.2 Hyperbolic Littlewood-Paley analysis

Let θ0 ∈ S(R) be a non-negative function supported on [−2, 2] with θ0 = 1 on [−1, 1]. For
any j ∈ N0, let us further define

θj = θ0(2−j ·)− θ0(2−(j−1)·)

such that (θj)j∈N forms a univariate resolution of unity, i.e.,
∑

j∈N θj = 1. Observe that, for
any j ∈ N0,

supp(θj) ⊂ {ξ ∈ R2 : 2j−1 ≤ |ξ| ≤ 2j+1} and θj = θ1(2−(j−1)·).

Remark 4.6. In the following, the function θ0 can be chosen with an arbitrary compact
support. It does not change the main results even if technical details of proofs and lemmas
have to be adapted. This allows to choose θ0 as the Fourier transform of a Meyer scaling
function.

Definition 4.7. (i) For any j̄ = (j1, j2) ∈ N2 and any ξ = (ξ1, ξ2) ∈ R2 set

θj̄(ξ) := θj1(ξ1)θj2(ξ2) .

The function θj̄ belongs to S(R2) for all j̄ ∈ N2
0 and is compactly supported on a dyadic

rectangle. Further
∑

j̄∈N2 θj̄ = 1 and (θj̄)j̄∈N2 is called a hyperbolic resolution of unity.

26



(ii) For f ∈ S ′(R2) and j̄ ∈ N2 set

∆j̄f := F−1(θj̄Ff) .

The sequence (∆j̄f)j̄∈N2 is called a hyperbolic Littlewood-Paley analysis of f .

Let us now introduce the hyperbolic Besov spaces with logarithmic scale, see [2, 44].

Definition 4.8. For 0 ≤ p, q ≤ ∞ and s, β ∈ R, the hyperbolic Besov space with hyperbolic
scale is defined by

B̃s
p,q,| log |β (R2) :=

{
f ∈ S ′(R2) :

∑
j̄∈N2

(max(j̄))−βq2max(j̄)sq‖∆j̄f‖qp <∞
}

(33)

with the norm

‖f‖
B̃s
p,q,| log |β

(R2)
=

∑
j̄∈N2

(max(j̄))−βq2max(j̄)sq‖∆j̄f‖qp

1/q

,

with the usual modification if q =∞.

Note that the case β = 0 gives the spaces without logarithmic correction. In [2], the
following theorem was proved, which highlights the close connection between classical Besov
spaces and their hyperbolic versions. This result serves as the foundation for providing a
quasi-universal basis – the hyperbolic one – of numerous Besov and Triebel-Lizorkin spaces.

Theorem 4.9. Let s, β ∈ R and 0 < p, q ≤ ∞ and p′ the conjugate exponent of p. We have
the following embeddings

• if q < +∞

B̃s
p,q,| log |β−r1/q(R

2) ↪→ Bs
p,q,| log |β (R2) ↪→ B̃s

p,q,| log |β+r2/q
(R2) (34)

where

r1 =

{
q(1
p − 1) + max(q − 1, 0) if p ≤ 1

max( q
min(p,p′) − 1, 0) if p > 1

and

r2 =

{
1 if p < 1

max(1− q
max(p,p′) − 1, 0) if p ≥ 1.

• if q = +∞

B̃s
p,∞,| log |β−max(1/p−1,0)−1(R2) ↪→ Bs

p,∞,| log |β (R2) ↪→ B̃s
p,∞,| log |β (R2) (35)

• if q = 2, the Sobolev spaces Hs
2,| log |β (R2) coincide with the classical Besov spaces

Bs
2,2,| log |β (R2) and with the hyperbolic Besov spaces B̃s

2,2,| log |β (R2).
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In [44], it has been shown that the hyperbolic and classical spaces coincide if and only if
p = q = 2. The logarithmic correction is then necessary (even maybe not optimal) to obtain
the embeddings.

Finally, we introduce the spaces with dominating mixed smoothness, see [48].

Definition 4.10. For 1 ≤ p, q ≤ ∞ and s ∈ R, the Besov space with dominating mixed
smoothness is defined by

Ssp,qB(R2) :=
{
f ∈ S ′(R2) :

∑
j̄∈N2

2(j1+j2)sq‖∆j̄f‖qp <∞
}

(36)

with the norm

‖f‖Ssp,qB(R2) =

∑
j̄∈N2

2(j1+j2)sq‖∆j̄f‖qp

1/q

,

with the usual modification if q =∞.

4.2.3 Definition of the weighted tensorized Besov spaces

As mentioned before, to address the cases where α ∈ (0, 1), we introduce a new class of
Besov spaces characterized through their hyperbolic Littlewood-Paley analysis. This approach
provides a refined framework that bridges the gap between the hyperbolic Besov spaces and
spaces with dominating mixed smoothness.

Definition 4.11. For 0 < p, q ≤ ∞, s ∈ R and 0 ≤ α ≤ 1, the weighted tensorized Besov
space T s,αp,q B(R2) is defined by

T s,αp,q B(R2) =
{
f ∈ S ′(R2) :

( ∑
j̄∈N2

2((1+α) max(j̄)+(1−α) min(j̄))sq‖∆j̄f‖qp
)1/q

<∞
}
.

The quantity

‖f‖T s,αp,q B(R2) :=
( ∑
j̄∈N2

2((1+α) max(j̄)+(1−α) min(j̄))sq‖∆j̄f‖qp
)1/q

is a norm (resp. quasi-norm) on T s,αp,q B(R2) for 1 ≤ p, q ≤ ∞ (resp. 0 < min{p, q} < 1). We
adopt the usual modification if q =∞.

The definition is independent of the chosen hyperbolic partition of unity. This follows from
the proof of Proposition 1 (p. 87) in [45], which addresses the case of spaces with dominating
mixed smoothness.

We will now turn to the embeddings between the tensorized Besov spaces and the other
spaces. We have the following results.

Proposition 4.12. For 0 < p, q ≤ ∞, s ∈ R and 0 ≤ α ≤ 1, one has

• S
(1+α)s
p,q B(R2) ↪→ T s,αp,q B(R2) ↪→ Ssp,qB(R2),

• B̃2s
p,q(R2) ↪→ T s,αp,q B(R2) ↪→ B̃

(1+α)s
p,q (R2),
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and these embeddings are optimal.

Proof. The two first items are obvious by definition of the different Littlewood-Paley analysis
since

(j1 +j2) = min(j1, j2)+max(j1, j2) ≤ (1−α) min(j1, j2)+(1+α) max(j1, j2) ≤ (1+α)(j1 +j2)

and

(1 + α) max(j1, j2) ≤ (1− α) min(j1, j2) + (1 + α) max(j1, j2) ≤ 2 max(j1, j2).

Le us prove that these embeddings are optimal. Let ε > 0. We consider a one-dimensional

function g such that g ∈ B
(1+α)s
p,q (R) but g /∈ B

(1+α)s+ε
p,q (R). Additionally, we take another

one-dimensional function u 6= 0 such that Supp (û) ⊂ [−1, 1]. We define f as f(x1, x2) =
u(x1)g(x2). Using the localization of the supports û and of θj , one has, for (j1, j2) ∈ N2

0

‖∆j1,j2f‖p =

{
‖∆0(u)‖p‖∆j2g‖p if j1 = 0,

0 if j1 ≥ 1.

It follows that

‖f‖
S

(1+α)s
p,q B(R2)

= ‖f‖T s,αp,q B(R2) = ‖f‖
B̃

(1+α)s
p,q (R2)

=

‖∆0u‖qp
∑
j2∈N

2j2(1+α)sq‖∆j2g‖qp

1/q

= ‖∆0u‖p‖g‖B(1+α)s
p,q (R2)

which proves the optimality of the left embedding of the first item and of the right embedding
of the second item.

For the two other ones, we consider the function f such that

f̂(ξ1, ξ2) =
∑
j≥1

1

j2/q
2−2js2−2(1−1/p)j v̂(2−jξ1)v̂(2−jξ2)

where v is a non-null function defined on 1 ≤ |ξ| ≤ 2 such that ∆1(v) = v and ∆j(v) = 0 for
j 6= 1. It follows that

‖f‖Ssp,∞B(R2) = ‖f‖T s,αp,∞B(R2) = ‖f‖
B̃2s
p,∞(R2)

=

∑
j≥1

1

j2
22(1−1/p)jq‖22jv(2jx1)v(2jx2)‖qp

1/q

= ‖v‖2p
(
π2

6

)1/q

which implies the other embeddings.

Finally, the combination of Theorem 4.9 and this proposition provides immediate em-
beddings of the weighted tensorized spaces in the classical Besov space with a logarithmic
correction. It can be improve in the case p = q = 2 since the logarithmic correction is no
more necessary and for some particular values of q (see Theorem 5.5 of [23]).
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4.2.4 Wavelet characterization of the weighted tensorized Besov spaces

We define a space of sequences by the following condition

ts,αp,q b :=

(cj̄,k̄) :
∑

j̄∈(N∪{−1})2

2
− (j1+j2)q

p 2−((1+α) max(j̄)+(1−α) min(j̄))sq

∑
k̄∈Z2

|cj̄,k̄|p
q/p

< +∞


(37)

and we define a (pseudo-)norm on ts,αp,q b for c = (cj̄,k̄) by

‖c‖ts,αp,q b :=

 ∑
j̄∈(N∪{−1})2

2
− (j1+j2)q

p 2−((1+α) max(j̄)+(1−α) min(j̄))sq

∑
k̄∈Z2

|cj̄,k̄|p
q/p


1/q

.

with the usual modification if q = +∞:

‖c‖ts,αp,∞b := max
j̄∈(N∪{−1})2

2
− (j1+j2)

p 2−((1+α) max(j̄)+(1−α) min(j̄))s

∑
k̄∈Z2

|cj̄,k̄|p
1/p

.

We prove the following characterization in hyperbolic wavelets.

Theorem 4.13. Let 0 < p, q ≤ ∞, s ∈ R and 0 ≤ α ≤ 1 and let (cj̄,k̄) denote the sequence

of the Meyer wavelet coefficients of a function f ∈ S ′(R2). The following assertions are
equivalent:

1. f ∈ T s,αp,q B(R2),

2. (cj̄,k̄) ∈ t
s,α
p,q b.

Moreover, there exist two constants C1, C2 > 0 such that

C1‖(cj̄,k̄)‖ts,αp,q b ≤ ‖f‖T s,αp,q B(R2) ≤ C2‖(cj̄,k̄)‖ts,αp,q b .

Remark 4.14. Note that the statement is given with a L∞ normalisation for the wavelet
functions.

The proof of Theorem 4.13 is an adaptation of the results of [20] and their extension to
the tensor product case in [2]. In particular, we will rely on the following lemma, established
in [2] (Lemma 4.5), which adapts Lemma 2.4 of [20] to the case of rectangular supports.

Lemma 4.15. Let 0 < p ≤ ∞ and j̄ = (j1, j2) ∈ N2. Assume that g ∈ S ′(R2) and that
Supp (ĝ) ⊂ {ξ ∈ R2 : |ξ1| ≤ 2j1+1 and |ξ2| ≤ 2j2+1}. Then, there exists C > 0 such that∑

k̄∈Z2

2−(j1+j2)
∣∣g (k12−j1 , k22−j2

)∣∣p1/p

≤ C ‖g‖Lp .

We will also use the following adaptation of Lemma 3.4 of [20], given in Lemma 4.6 [2]
which is useful do deal with the case p > 1.
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Lemma 4.16. Let 1 ≤ p ≤ ∞ and `1, `2,m1,m2 be integers such that `1 ≤ m1 and `2 ≤ m2.
Assume that gk̄, k̄ ∈ Z2, are functions satisfying the following inequality

∀x ∈ R2, |gk̄(x)| ≤ C(
1 + 2min(`1,m1)|x1 − 2−m1k1|

)2 (
1 + 2min(`2,m2)|x2 − 2−m2k2|

)2 . (38)

for some C > 0. If one sets

F =
∑
k̄∈Z2

dk̄gk̄,

then

‖F‖Lp ≤ C 2−(m1+m2)/p2m1−`12m2−`2

∑
k̄∈Z2

|dk̄|p
1/p

. (39)

Proof of Theorem 4.13. Since the Littlewood-Paley analysis does not depend of the function
θ, we can chose θ = ϕ̂ where ϕ is the Meyer scaling function, see Remark 4.6 above.

For the first implication, let us observe that cj̄+1,k̄ = ∆j̄f(2−j1k1, 2
−j2k2) where we use

the notation j̄+ 1 = (j1 + 1, j2 + 1). Applying Lemma 4.15 to the function g = ∆j̄f ∈ S(R2),
we obtain ∑

k̄∈Z2

|cj̄+1,k̄|p =
∑
k̄∈Z2

|∆j̄f(2−j1k1, 2
−j2k2)|p ≤ C2j1+j2‖∆j̄f‖pp,

which gives (cj̄,k̄) ∈ t
s,α
p,q b and the upper-bound

‖cj̄,k̄‖ts,αp,q b ≤ ‖f‖T s,αp,q B(R2).

We focus now on the converse implication. We mainly adapt the proof of [2] and first deal
with the case 0 < p < 1. We have to bound ‖∆j̄(f)‖p = ‖θj̄ ∗ f‖p. We have

(F−1θj̄) ∗ f =
∑

m̄∈(N∪{−1})2

∑
k̄∈Z2

cm̄,k̄(θj̄ ∗ ψm̄,k̄).

Since θj̄ and ψj̄,k̄ are both tensor products of one-dimensional functions, Lemma 3.3. of
[20] can be applied and give the existence of C > 0 such that for any r > 0 such that for all
x ∈ R2, one has

|(F−1θj̄)∗ψm̄,k̄(x)| ≤ C 2−‖j̄−m̄‖1(M+3)(
1 + 2min(j1,m1)|x1 − 2−m1k1|

)r (
1 + 2min(j2,m2)|x2 − 2−m2k2|

)r , (40)

where M is taken smaller or equal to the number of vanishing moments of the wavelets.
Because of the localization of the Fourier transform of the Meyer wavelet and the shift of

index - starting at −1 for the wavelets, we notice that

∆j̄f =
∑
k̄∈Z2

j1∑
m1=j1−2

j2∑
m2=j2−2

cm1,m2,k1,k2(F−1θj1,j2) ∗ ψm1,m2,k1,k2 .

By the concavity of x→ xp for 0 < p < 1, it follows that

|∆j̄f(x)|p ≤
j1∑

m1=j1−2

j2∑
m2=j2−2

∑
k̄∈Z2

|cm1,m2,k1,k2 |p|((F−1θj1,j2) ∗ ψm1,m2,k1,k2)(x)|p.
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Hence, with inequality (40), we obtain

|∆j̄f(x)|p ≤
j1∑

m1=j1−2

j2∑
m2=j2−2

∑
k̄∈Z2

|cm1,m2,k1,k2 |p
C

(1 + 2j1 |x1 − 2−j1k1|)rp(1 + 2j2 |x2 − 2−m2k2|)rp

An integration over R2 with a change of variable ui = xi − 2jiki for i = 1, 2 gives

‖∆j̄f‖pp ≤ C2−(j1+j2)
j1∑

m1=j1−2

j2∑
m2=j2−2

∑
k̄∈Z2

|cm1,m2,k1,k2 |p

and

‖f‖T s,αp,q =

∑
j̄∈N2

2((1+α) max(j̄)+(1−α) min(j̄))sq‖∆j̄f‖qp

1/q

≤ C

∑
j̄∈N2

2((1+α) max(j̄)+(1−α) min(j̄))sq2−(j1+j2)/p
j1∑

m1=j1−2

j2∑
m2=j2−2

∑
k̄∈Z2

|cm1,m2,k1,k2 |p
1/q

≤ C̃

∑
j̄∈N2

2((1+α) max(j̄)+(1−α) min(j̄))sq2−(j1+j2)/p
∑
k̄∈Z2

|cj1,j2,k1,k2 |p
1/q

≤ C̃‖cj̄,k̄‖ts,αp,q b.

We now consider the case p ≥ 1. One can write

∆j̄f =

j1∑
m1=j1−2

j2∑
m2=j2−2

∑
k̄∈Z2

cm1,m2,k1,k2gm1,m2,k1,k2

with
gm1,m2,k1,k2 = F−1(θj1,j2) ∗ ψm1,m2,k1,k2 .

Again, this is due to the fact that θj̄ and ψ̂j̄+1,k̄ have the same support which meet at most
three dyadic annuli. Lemma 4.16 gives that

‖∆j̄f‖Lp ≤
j1∑

m1=j1−2

j2∑
m2=j2−2

‖
∑
k̄∈Z2

cm1,m2,k1,k2gm1,m2,k1,k2‖p

≤ C

j1∑
m1=j1−2

j2∑
m2=j2−2

2−(m1+m2)/p

∑
k1,k2

|cm1,m2,k1,k2 |p
1/p

.
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Finally, we obtain that

‖f‖q
T s,αp,q B(R2)

=
∑

j̄∈(N∪{−1})2

2((1+α) max(j̄)+(1−α) min(j̄))sq‖∆j̄(f)‖qLp

≤ C
∑

j̄∈(N∪{−1})2

j1∑
m1=j1−2

j2∑
m2=j2−2

2((1+α) max(j̄)+(1−α) min(j̄))sq2−q(m1+m2)/p

∑
k̄

|cm,k̄|p
q/p

≤ C̃
∑

j̄∈(N∪{−1})2

2((1+α) max(j̄)+(1−α) min(j̄))sq2−q(j1+j2)/p

∑
k1,k2

|cj̄,k̄|p
q/p

for some constant C̃ > 0, which is the desired inequality.

Let us observe that, in the particular case where q = p = ∞, Theorem 4.13 provides a
simplified characterization of the spaces T s,α∞,∞B(R2). Specifically, a function f belongs to
T s,α∞,∞B(R2) if and only if

sup
j̄∈(N∪{−1})2,k̄∈Z2

2−((1+α) max(j̄)+(1−α) min(j̄))s|cj̄,k̄| < +∞.

where (cj̄,k̄) denotes the wavelet coefficients of f in the Meyer basis. This result, combined

with Proposition 4.3, allows us to conclude that the spaces T s,α∞,∞B(R2) correspond precisely
to the weighted tensorized Hölder spaces T s,αC(R2) introduced in Subsection 4.1.

Theorem 4.17. The Meyer wavelet basis is an unconditional basis of T s,αp,q B(R2).

Proof. Consider f ∈ T s,αp,q B(R2). Then its wavelet coefficients satisfy

‖cj̄,k̄‖ts,αp,q b < +∞.

Since f −
∑
−1≤j1,j2≤J

∑
0≤k1,k2≤K cj̄,k̄ψj̄,k̄ has for wavelet coefficients

dj̄,k̄ =

{
0 if − 1 ≤ j1, j2 ≤ J and 0 ≤ k1, k2 ≤ K
cj̄,k̄ otherwise,

it implies that ∥∥f − ∑
−1≤j1,j2≤J

∑
0≤k1,k2≤K

cj̄,k̄ψj̄,k̄
∥∥
T s,αp,q B(R2)

≤ ‖dj̄,k̄‖ts,αp,q b

is the tail of a convergent series, so that the functions ψj̄,k̄, j̄ ∈ N2, k̄ ∈ Z2, is a Schauder basis

of T s,αp,q B(R2). Finally if εj̄,k̄ = ±1, the signed series converges in Ssp,qB(R2) (for which the
Meyer wavelet basis is unconditional, see [44]) to a function g. By the wavelet characterization,
we obtain that g belongs to T s,αp,q B(R2).
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