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Abstract

We investigate a new class of self-similar fractional Brownian fields, called Weighted Ten-
sorized Fractional Brownian Fields (WTFBS). These fields, introduced in the compan-
ion paper [I6], generalize the well-known fractional Brownian sheet (FBs) by relaxing its
tensor-product structure, resulting in new self-similar Gaussian fields with stationary rect-
angular increments that differ from the FBs. We analyze the local regularity properties of
these fields and introduce a new concept of regularity through the definition of Weighted
Tensorized Besov Spaces. These spaces combine aspects of mixed dominating smooth-
ness spaces and hyperbolic Besov spaces, which are similar in structure to classical Besov
spaces. We provide a detailed characterization of these spaces using Littlewood-Paley
theory and hyperbolic wavelet analysis.

keywords : Brownian fields, Brownian sheet, rectangular increments, hyperbolic wavelets,
Besov spaces

1 Introduction

Modeling some phenomena, such as the movement of particules observed by Brown in 1827,
with the help of random functions, has a long history. The first and most well-known model
is the Brownian motion, which has been extensively studied. Notably, as early as 1937, Paul
Levy established the Holder regularity properties of its sample paths. He achieved this for by
expanding the Brownian motion in the Schauder-Faber system [33], whose bases functions are
the primitive of the Haar wavelets [I8, 21] and hence enter the class of biorthogonal vaguelet
bases.

Using also the expansion of the Brownian motion in the Faber-Schauder system, Ciesielski
proved that almost surely the sample paths belong to the Besov spaces B;,/go for 1 < p < +o0,
see [I1I]. A modern and self-contained version of these results is presented in [26], where
regularity is explored within the framework of Orlicz-Besov spaces, as well as for newer,
smaller spaces.



The Brownian motion B can be defined as the unique Gaussian process with stationary
increments which satisfy the self-similarity property

Va>0, By < al’?B,

This property has been naturally extended by Kolmogorov [27] to define fractional brown-
ian motions B, which have been systematically studied by Mandelbrot and Van Ness [38].
They form a family of Gaussian processes with again stationary increments, depending of a
parameter H € (0,1) called Hurst exponent which the generalized notion of self-similarity
va>0, BYYHB,

In [39], wavelet-type expansions of the fractional Brownian motions are given. The main
difficulty when H # 1/2 is that we have either to deal with fractional primitive of wavelets
which are no more compactly supported and might create infrared divergence or to analyze or
expand the field in a wavelet basis, but with correlated coefficients. Nevertheless, as for the
Brownian motion, the properties of regularity of the sample paths are now well understood, in
particular, a.s. the sample paths of B belong to the Holder space C7—¢ for every € > 0 (on
any compact set), but does not belong to CH. Using precise estimates of these expansions, the
recent work in [I7] has highlighted the existence of both rapid and slow points in fractional
Brownian motions.

In higher dimensions, particularly in two dimensions, stochastic fields are widely used
to model textures in various application contexts such as medical image analysis, texture
synthesis, and more. The generalization of Brownian processes has evolved in different di-
rections, depending on the required properties of the process to match the characteristics of
the modeled textures. In particular, two main models have emerged: fractional Brownian
fields, which are isotropic, and fractional Brownian sheets, studied notably by A. Kamont
[25], which introduce intrinsic anisotropy through different regularities along distinct direc-
tions. This anisotropy proves useful in modeling certain structures, such as medical tissues
(e.g., bones) or hydrological phenomena.

e The fractional brownian fields Y, H € (0,1) also called Levy fractional brown-
ian motion [43]. They are Gaussian, self-similar with stationary increments and isotropic,
meaning that the field is invariant in law under rotations. As a centered Gaussian field, it is
characterized by its covariance operator

E[Y, 'Y, = 5 (Il + llyl*" = llz — yl*7) .

N

It is also characterized by its harmonizable representation, that is
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where (-, -) denotes the standard scalar product in R" and where W can be understood as the
“Fourier” transform of the N-dimensional Brownian measure W on an underlying probability
space (2, F,P), see [3] for a precise definition. On any non trivial compact K, the sample



paths of the field a.s. do not belong to C* but belong to C#~¢ for any ¢ > 0. Once again,
regularity and irregularity results can be otained by performing a classical N-dimensional
wavelet analysis of the fields, i.e. with an orthonormal basis of the form {p(- — k), k €
RV} U {¢(27 - —k),j > 0,k € RV}, where ¢ is a scaling function and v is the mother
wavelet, with good properties of localization, regularity and oscillations (see [13| 14} 31 37]
for constructions of such bases and introduction to wavelet theory). In particular, the Hurst
exponent of the field can be determined by

H =sup{a>0:YH cco0,1))},

and estimated with log-log regression on wavelet coefficients (see [5]).

These fields have several extensions, introducing anisotropy in the model [9] or local fluc-
tuations in the Hurst exponent [3], implying that the regularity of the field varies from point
to point. An other important extension is the notion of Operator Scaling Gaussian Fields
(OSGF) introduced in [8, [6]. They satisfy a matricial self-similarity condition, which is given
by

d
Ya >0, Z,ey @ atl Z,
for some H > 0, where F is a N x N matrix with eigenvalues having positive real parts, and

In*(a)E*
where o = exp(En(a)) = Z (k;') In this context, the natural notion of regularity is
k>0 '
no longer the classical one, and it becomes necessary to consider anisotropic functional spaces
[7, 12]. These spaces have been extensively studied in [47] and possess biorthogonal wavelet
bases, referred to as anisotropic wavelet bases [46]. This framework provides strategies for
numerical estimation of model parameters [41), 42].

e The fractional brownian sheets (FBs) SY [25, 4]. For a given vector H =
(Hy,...,Hy) € (0,1)", the fBs of Hurst index H is a real-valued centered Gaussian ran-
dom field SH with covariance function given by

1
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It can also be characterized by its harmonizable representation
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Setting H,, = % for each m € {1,..., N} yields the standard Brownian sheet.

Classical spaces and even anisotropic ones are not well-suited to study the regularity of
these fields. Indeed, due to the tensor-product structure in the covariance — and similarly in
the kernel of the harmonizable representation — it is natural to study the regularity of the
field in the scale of spaces of mixed dominating smoothness [48] and to characterize it with
the help of hyperbolic wavelet [25].

Note that the fractional Brownian sheet SH satisfies the self-similarity property

Va>0, SHx @ HgH



and its rectangular increments — as defined in Section [2| — are stationary. Whereas frac-
tional Brownian fields are the unique Gaussian self-similar fields with stationary increments,
Makogin and Mishura have exhibited in [35] [36] self-similar Gaussian fields with stationary
rectangular increments which are distinct from the FBs. Here, the notion of self-similarity
required for the field Z is

Yai,as > 0, Z(arar,anws) (:) afhagzZ(xl,xg).

In this paper, we study a new class of self-similar fractional Brownian fields, called
Weighted Tensorized Fractional Brownian Fields (WTFBFs). These fields were in-
troduced in a short companion conference paper [16], where numerical simulations were pro-
vided. Notably, these simulations highlighted how the parameter « contributes to relaxing
the tensor-like structure of the field. Our motivation for this study is multifaceted :

a) These fields offer new examples of self-similar fields with stationary rectangular in-
crements, complementing the examples presented in [35, [36], when the notion of self-

similarity is relaxed to:
d
Va >0, Zox 2oz,
These fields have a relatively simple spectral representation (cf. below), and it allows
us to obtain both statistical and regularities properties.

b) The fractional Brownian Sheet has been introduced to model anisotropic textures such
as bones in the diagnosis of osteoporosis [25]. However, due to its strong tensor-product
structure, it is not always an appropriate model for real-world data. Nonetheless, in
certain contexts, particularly in modeling reticulated textures — such as textiles, biolog-
ical structures and urban networks — a controlled “tensor-product”-like property can be
useful. Our new class of fields offers flexibility, ranging from strongly tensorized fields to
nearly isotropic ones, depending on a parameter a. The endpoint o = 0 corresponds to
the classical FBs when a = 1 yields a field that closely resembles to the FBf, particularly
in term of regularity.

c¢) The relaxation of the strict tensor-product structure renders both classical and mixed
dominating smoothness notions inadequate for studying these fields. Therefore, we
introduce a new notion of regularity and define Weighted Tensorized Besov Spaces.
These spaces are a hybrid between spaces of mixed dominating smoothness (at a = 0)
and hyperbolic Besov spaces (at o = 1), the latter being quite similar to classical Besov
spaces.

This question of modulating or weighting the tensor-product effect echoes works on
PDE’s where the physically relevant solutions of a electronic Schrodinger equation nat-
urally has this kind of hybrid regularity [49, [50]. This hybrid smoothness can be then
used to reduce numerical efforts to compute solutions, and it leads to ongoing researches
on non-linear approximation on these spaces in [10], 22], where the spaces are only in-
troduced via conditions on the hyperbolic wavelet coefficients of their functions.

As a matter of fact, the introduction of hyperbolic spaces with characterization in terms of
hyperbolic wavelets X, , (X = B for Besov spaces or F for Triebel-Lizorkhin spaces) in [2} [44]
has proven useful. These spaces are equivalent to classical spaces if and only if p = ¢ = 2,



but they remain very close in other cases, differing only by a logarithmic correction. This
approach provides a unified tool for analyzing isotropic, anisotropic, and tensor-product-like
structures. In this paper, we aim to present various equivalent definitions of these spaces
(through finite differences, Littlewood-Paley analysis, and wavelet characterizations), explore
properties of embeddings, and showcase the typical Gaussian random processes related to
this notion of smoothness. Let us also mention related works where different extensions of
the notions of smoothness have been studied such as directional regularities and rectangular
pointwise regularity [I] [34].

The paper is organised as follows : After quickly giving the definitions and the first
properties of the field below, Section 2 is devoted to a variant of Kolmogorov’s continuity
Theorem and provide us with the regularity of the fields. Irregularity properties are obtained
in Section 3 and Section 4 is devoted to the study of the associated Besov spaces.

Definition 1.1 (Weighted Tensorized fractional Brownian fields). For « € [0,1] and
H € (0,1), we set

Hf =(1+4+a)H and H, :=(1-a)H (3)
and we define the Gaussian field {X(O;f{xz)}(xl,xz)ERQ by
1181 _ 1)(67?93252 _ 1) R
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(21,22) R? Pa,m (€1, €2) (©) )

where the function

. 41 +1

bo, (€1, &2) = min([&1 ], [€21) " 2 max(|&a], [€2]) < 2

denotes the square root of the inverse of the spectral density of the field.
In the sequel, we also use the notation

N A et
Koy gy (61,62) = ot (€1, 62)

for the kernel in the stochastic integral . Note that the field is well-defined according
to the following Lemma.

Lemma 1.2. The kernel K& is in L2(R?).

Proof. The kernel being symmetric in & and &2, we can restrict the domain of integration to
the half plane {|¢1] < [£2|}. One writes, on a neighborhood of (0,0),

(€& —1)(ei2E2 — 1) |? Clz1&1?|m20|?
61| - HT1/2] 6T HH1/2 | = | 20-a)H+1[g, 20 ) H+1

Cla1&|?|z2&s|?
S G PE G

using |£1| < |&] for this last inequality. This gives the integrability in (0,0). A similar
argument gives the integrability when ||£|| — 4o0. O

Let us end this introduction by mentioning the first basic properties of the field X
proved in [16].

Proposition 1.3. For all a € [0,1] and all H € (0, 1), the field X*! is real, self-similar with
exponent 2H and has stationary rectangular increments.



2 Regularity of the sample paths: A variant of Kolmogorov’s
continuity Theorem

A usual strategy to get a first glimpse on the regularity of a stochastic process from very basic
probabilistic quantity is to use the Kolmogorov’s continuity Theorem. In its most basic form,
it tells that if a field { Xy} cpa is such that there exist some constants /3,7, ¢, R > 0 for which,
for all x,y € R? with ||x —y|| < R, we have

E[|Xx - Xy|"] < e(lx - yl)'** ()

then there exists a version {)?x}xeRd of {Xx}yxere which is locally Hélder of order v, for all
v € [0, %) It means that, for any such « and any bounded set K, for all w € (), there exists
a finite constant C'(w) > 0 such that for all x,y € K,

[Xx = Xyl < Cw) (Ix—y])7

Numerous generalizations of Kolmogorov’s continuity theorem (also known as the Kolmogorov-
Chentsov theorem) can be found in the literature. See, for instance, [28] for an extension in
the very general context of stochastic processes defined on a metric space and taking values
in another metric space. These kinds of results are particularly well-adapted for processes
with stationary increments, as the law of Xx — X used in (or generally d(Xx, Xy) for
processes on a metric space with distance d) does not depend on ||x — y/|.

Nevertheless, as already noted in [4], 24 [35] 36, [40], for real-valued stochastic field with a
“tensorized structure”, the stationarity of increments is rarely met and it is often preferable
to work with so-called rectangular increments. Given a stochastic field { Xy }xecge and h € RY,
the rectangular increment of X at x € R? with step h is given by

AXh;x = Z (—l)df(lir"'Jrkd)X(xl + kihi, ..., xq + kqghg)-
(kl,...,kd)e{o,l}d

In this paper, we work with d = 2 and therefore we have
AX(hl,hz);(m,mz) = X(:Cl + hi,x0 + hg) — X(a:l + hyq, xg) — X(:Cl, xro + hg) + X(xl, :L‘Q).

Starting from the observation that rectangular increments are an appropriate quantity to
study stochastic field with tensorized structure, the authors in [19, 30] propose the following
variant of Kolmogorov’s continuity theorem. Let {X($1,5B2)}(:{:1,$2)6R2 be a two-dimensional
fied such that there exist constants B1,32,7n,¢, R > 0 for which, for all (x1,z2) € R? and
(h1,hs) € R? with |hy| < R and |hs| < R, we have

E(AX (hy o)1 )| < clha 7P hg P2

Then, there exists a version {)Z'(xl,m)}(mm)eﬂ{z of {X(21,2) } (21,20)er? for which, for all v €

[0, &) and 2 € [0, %), and for every bounded intervals I,.J of R, for all w € Q, there exists

"
a finite constant C'(w) > 0 such that

|A§(h17h2);(w1,w2)| < Clhy | |ho| 2.

for every x1 € I, x5 € J and hy, hs € R with 1+ h1 € I and 2o+ ho € J. This result could be
applied to study the regularity of the WTFBFs. However, the weights within the tensorized
structure of this field allow to refine the bounds on the moments, as stated in the following
proposition.



Proposition 2.1. [16] For all o GJJO, 1] and H € (0,1), there is a constant ¢; > 0 such that
the rectangular increments of {XE);’1 ;1;2)}(a:1,ac2)6R2 satisfy

ayH — . o 2H
EUAX(hl,hg);(x1,z2)|2] <c (maXﬂhl‘v |h2|}1 mln{|h1’7 ‘h2|}1+ )

for all (x1,z2), (h1,h2) € R?.

Our strategy will thus be to exploit this bound on the second moments of rectangular
increments of the WTFBFs to establish the regularity of their sample paths.

Proposition 2.2. For all a € [0,1] and H € (0,1), there exists a version of X*H  which we
still denote as X | such that for all e > 0 and for every bounded intervals I,J of R, for all
w € Q, there exists a finite constant C(w) > 0 such that

«, -« : « H—
AXGT ] < C(w) (max{[hal, b}~ min{|hal, |ho[}1+) %

for everyx1 € I, xo € J and h1,hs € R with 1 + h1 € I and xo + ho € J.

This result follows directly from a variant of Kolmogorov’s continuity theorem, which we
state now.

Theorem 2.3. Let a € [0,1] be fived. Assume that {X (4, 2y)} (2, ,20)cr? 18 @ stochastic field
for which there exist some constants 5,m,c, R > 0 such that

e o 148
E[AX (4 ho):(a1,20)|"] < € (max{|ha], |2}~ min{|hy], |ho|}' 1) (6)

Jor all (z1,x2) € R? and (h1,h2) € R? with |hy| < R and |ho| < R. Then, there exists a
version { Xz, w0) } (21 ,00)eR2 O {X(21,09) } (21,20)cr? Such that, for every v € [0, %) and for every

bounded intervals 1,J of R, for all w € Q, there exists a finite constant C(w) > 0 such that
IAX (1) 1o )] < C(w) (max{|ha], [ha|}' ™ min{|ha], |ho|} )" (7)
for every x1 € I, xo € J and h1,ho € R with x1 + hy € I and xo + ho € J.

Proof. Let us first remark that we can assume, without loss of generality, that the field
{X(21,22) } (21,50)cr? Vanishes on the horizontal and vertical axes, i.e., for all z € R, X(, ) =
X(02) = 0. Indeed, if it is not the case, it suffices to consider the field {Y{;, 4)} (21 20)cRr?
defined, for all (z1,z2) € R?, by

Y(me:z) = X(xl,xz) - X(w1,0) - X(O,m) + X(an)
and to note that, for every such (z1,x2) and (h1, ho) € R?, we have

AX(hlJu);( = AY(thQ);(

x1,x2) 5’317552)'

Furthermore, since R? can be written as a countable union of rectangle, we can restrict our
attention to the subfields { X (4, 2,) } (21 20)er2, Where I = [a, b] x[c, d]. For simplicity, we further
restrict our attention to the field defined on R = [0,1]2. We use the strategy employed, for



instance, in [29] to establish the standard Kolomogrov’s continuity Theorem. Namely, we
consider the sets

27
of dyadic numbers of [0, 1] and prove the announced regularity properties on D2. The version
{X(wl,mz)}(wl,xz)E[O,l]Q is then constructed by exploiting the density of D in [0, 1] and some
convergence arguments. Although the structure of the proof is standard, we deal with specific
arguments required by the “rectangular properties” of the field of interest.
Let us fix v € |0, %) for the moment. For every (j1,j2) € N2, the probability that there
exists (k1,ke) € {0,...,27t —1} x {0,...,22 — 1} and a1, az € {—1,1} such that

k .
D = { :jEN,kE{O,...,ZJ—l}}

AX 0 oy by by )| > 277N iR} (170)

2717272 /7% 271 7 272
is bounded above by

271 —1 2921

Y Y Y <| AX oy oy iy 0|2 2v(max{jl,j2}<1+a)+min{j1,jz}<1a)))

al,aze{—l,l} k1=0 ko=0 271 7272 271 7272

20112921
<de Y Y 20 Dlmax{inik(ta)tmingin gz} (1-e))

k1=0 ko=0
< 420 +i2)(n=F)
using Markov’s inequality, where the last inequality follows from
o~ max{ji,j2}(1+e)—min{j1,j2}(1-a) < 9=(j1+2)
As yn — B < 0, Borel-Cantelli’s Lemma entails the existence of an event 2, of probability

1, such that, for all w € Q there is C(w) > 0 such that, for every (ji,7j2) € N? and every
(k1,k2) € {0,...,29t — 1} x {0,...,272 — 1} and every aj,as € {—1,1}

AX o1 oy sy ()] S Cy(e)27 b2} minGi 12} 00, ®

271 7232 7'\ 9d1 7 972

Now, let us consider t1,to, $1, 52 € D; we will bound from above
|X(t1,t2) - X(t1,82) - X(Sl,tz) + X(81,82)| (9)
on €2,. Let p1,p2 € N be such that
2P+l < |ty — 51| < 2771 and 272D <ty — 59| < 27P2, (10)

It means that we can write

k1 +eg €1 Eny

b= 2p1 op1+1 Tt 9p1+n1
ki + e e} Eny

51 = 2p1 op1+1 Tt 9p1+n1
ko + 99 01 5712

ta = 22 op2+1 Tt 9p2+n2
s _k2+56 61 4ot 5412

2= 2p2 9p2+1 9Ip2+n2



! / ! . .S/ !
for some ni,n2 € N and €g,€1,...,6n13€0,75-++En;500,015 -+, 0ny; g, 07,5 - - .

Y ny?

€ {0,1}

such that eg = 0 if t; < s1, e[ = 01if 51 < t1, 0o = 0 if o < s9 and §) = 0 if sy < to. In this

case, for all 0 < j; < nj and 0 < jo < ng, we write

tgjl) - klg—;EO 2p611+1 Tt 2p813;|1‘j1
ngl) = kl;;lgé 2p81,1+1 +-o+ 2;;:-]'1
téh) - k22—;50 Qpilﬂ Tt QPi];rjz
o) _ kz;fé 2p‘zi+1 T 2p52§ij2

and get that @D can be bounded by

[ X (t1,t2) = X(tr,50) = X(sr,t2) T X(s1,00)]

< 00y = X0 ) = X040y T X0 10|

ni—1ng—1

+> 0> X e oty = Koo a0y = X Gren ) + X 6o 60,

J1=0 j2=0

ni—1ngs—1

+ Z Z |X(t§n+1>7sgj2+1)) - X(tgjl)’séh"'l)) - X(tgjl“”),sgj?)) + X(tf”,sgf?)ﬂ

J1=0 j2=0

ni—1ng—1

+> 0> X o0 oy = X o) Garny = X Gren 0y + X 60 )|

J1=0 j2=0

ni—1lngs—1

+> > [ X oren ey = X o0 Gty = X Gren Gy + XG0 G2))]

71=0 jo=0
ny1—1

+ jlz::o \X(t§j1+1),tgo>) - X(tgm,t;m) — X<t§j1+1>,5;0>) + X(tgh),SéO))‘
ni—1

+ ]2 ‘X(s;j1+1)7s;0)) o X(s;jl),séﬂ)) - X(S§j1+1),t;0)) + X(S§j1>,t;0))|
no—1

+ ];) ‘X(t§0)7téﬂ'2+1)) - X(t§O)7t§j2>) - X(Sgo)7téj2+1)) + X(sg(’%tgh))‘
na—1

+ ];) \X(s(p),séﬂ‘zﬂ)) B X(s(lo)ﬁg‘z)) — X(t(lo)ysészrl)) + X(t50)’séj2))|.

(11)

(12)

(14)

(15)

(16)

(17)

(18)

(19)

Let us assume from now that o € [0,1), the case @ = 1 requiring specific arguments
developed later. Up to a permutation of the indices, we can assume p; > ps. In this case,

from , we directly deduce, for all w € €2,

< ny (W)2_7(p1(1+0‘)+p2(1—a)) ]



Similarly, for all w € €, we bound , , and from above by

ni—1lng—1
C o—y(max{ji+p1+1,j2+p2+1}(1+a)+min{ji+p1+1,j2+p2+1}(1—0a))
v(w)

71=0 j2=0
400
Cw [ S 2 G (ta) et (=)

J1=0j2<j1+p1—p2

+00
+Z Z 27((Jz+pz+1)(1+a)+(j1+p1+1)(1a)))

J1=0 j2>j1+p1—p2

IN

400 +o0
Cy(w) 2—7(p1(1+a)+p2(1—a)) Z Z 2—’7(j1(1+o¢)+j2(1—a)+2)
j1=0 j2=0

IN

+o00 400
+ Z Z 9= ((U+s1+p1+1)(A+a)+(G1+p1+1)(1-a))

71=0j=1
C,y(w)(6/2_7(P1(1+a)+p2(1—a)) _|_C//2—2fyp1)

C(w)(d + 211 (+a)tpa(l=a),

ININ

Using once again the inequality on €2, we bound and from above by

+oo
Oy (w) Z 9= ((1+p1+D)(1+a)+p2(1-0)) < Cy(w)C/Q_W(pl(1+a)+p2(1_a))

j1=0
while we bound and from above by

na—1
C,y(w) Z Q*V(max{m,j2+P2+1}(1+a)+min{p17j2+p2+1}(17a))

J2=0
S C'y((/J) Z 2_7(171(1+Oc)+(p2+j2+1)(1_a))
ja<p1—p2
+ Z 2—7((p2+j2+1)(1+o¢)+p1(1_0[))
J2>p1—p2

+oo

s GW) Cl277(p1(1+a)+p2(170‘))+Z2*7((p1+j+1)(1+a)+p1(ka))
j=0

< Cyw)(d + )21t a)+pz(l—a))
In total, for all w € €2, we obtain

©) < Cy(w)27 7P+ Fpa(l=a))

< Cy(w)” (max{|t1 — 51|, [t2 — so|Y T min{|t; — s1], [t — 52|}1+a)'y.

10



Note that, since we assume that the field {X (4, 4)}(2,,20)e[0,1]? Vanishes on the horizontal and
vertical axes, inequality also implies

1 X (41,50) = X(s1,00) | = [ X(t1,82) = X(t1,0) = X(s1,82) T X(s1,0)]
< Cy(w)” (max{[ty — s1], 2|}~ min{[ty — s1], s} )" (21)
as well as
X (1) — X(sr,o0)| < Cy(w)” (max{|s1], [tz — so}'~*min{|s1], [t — s2[}' 7). (22)

Let us now consider a sequence (), with v, % The event

O =2,

is of probability 1 and the preceding argument shows that, on €21, the sample paths of
{X(xl,xz)}(xl,m)e[O,l]? have the desired rectangular regularity property on D?. Now, it re-
mains to construct the version {)A(/(xwz)}(m,xz)e[o’l}g on [0, 1]%.

First, on Q1, we extent X by using the density of D? in [0,1]? together with and
(22). More precisely, if (z1,x2) € [0,1] and if ((acgj), gj)))- C D? is such that ((xgj),mQ )i —
(21, x2), then the inequalities and insure that (X( W), (]))) is Cauchy. Hence, we set

)Z'(xlm) = lim; X(xgj)’xéj)). Secondly, we set )}( =0on QC.

r1,22)

It is then clear that {)N( (zl,aza)}(m,xz)e[(),l]? has the desired rectangular regularity property.
To conclude, it suffices now to show that it is a version of {X (4, 20)}(@y,22)ej0,1)2- Of course, it
suffices to work with (z1,22) ¢ D?. Fix ¢ > 0 and j. Using the triangle inequality, the fact
that {X(xl,xz)}(ml,xg)e[o,lP vanishes on the horizontal and vertical axes, Markov’s inequality
and assumption ((6f), we get

13 g
PX 009y = Xarenl 2 &) SPUX 00 100y = X000 1) 2 5 HPUX 00 o) = Kar o] 2 9)
Ef
SPIX a0 090) = X 0y = X)) T X0 2 5
+ ]P)(‘X(xgj),:cg) B X(m’m) B X(zgj),O) + X (21,0) |2 2)

. , . 148
(max{laf?], 22 — 2§11 mind 2] oz — 2§ }1+2)

<c2
en
. ' . 148
(max{ler = 2], [zl b= min{lay — 2], 2]} 4
+ 2" 7
9

This last inequality implies that the convergence X (@ o) — X(z1,2,) holds in probability
and thus almost surely for a subsequence. It directly follows that IP)()? (w1,22) = X, (m,xz)) =1

To complete the proof, it remains to consider the case &« = 1. Using the same arguments,
for any v € [0, 5) we get

[©) < Cy(w)'221p1 < Cy(w)" (min{|tr — s1], [t2 — 52|})? [log (ming 1 — sa],[t2 — s}

11



for all w € Q. In particular, for any 7' < =, there is Cy/(w) > 0 such that

@) < Cy(w) (min{ft — su, [t2 = s2[})*7,
which is sufficient to conclude the proof in exactly the same way as in the case a € [0,1). O

Remark 2.4. Let {X(m?m)}(m’@)ekz be a stochastic field vanishing on the axes and satisfying
the inequality @ Then, for x1,x2,h € R, we have

’X(m-i—h,m) - X($1,z2)| = ‘X($1+h7$2) B X(zlvm) o X($1+h’0) T X(m1’0)|
< C (max{|hl, |22}~ min{|A|, ’352|}H_06)7

and, similarly
|X(931,:v2+h) - X(ml,xQ)‘ <C (HlaX{|h|, |x1|}1ia min{‘h|7 |x1‘}1+a)’Y )

In particular, this means that the horizontal and vertical increments of the field are locally
Holder-continuous. Note that, in the case where the field {X(m,zz)}(m,mz)eRz satisfies the
assumptions of Theorem this fact can also be observed by applying the (standard) Kol-
mogorov’s continuity Theorem to the increments of the field.

Proposition will now be easily obtained using the equivalence of Gaussian moments:
if X is a Gaussian random variable then, for all j € N, we have

E[X%¥] = %E[xﬂj.

Indeed, this relation allows us to state the following classical corollary of our version of
Kolmogorov’s continuity Theorem.

Proposition 2.5. Let a € [0,1] be fired. Assume that {X (4, 20)}(w1,20)er? 8 a Gaussian
stochastic field for which there exist some constants 3,c, R > 0 such that

o B
E[[AX (hy,ns) 1] < e (max{|hu, o}~ min{|hy], [ho[} )

(1,22

Jor all (z1,x2) € R? and (h1,h2) € R? with |hy| < R and |ho| < R. Then, there exists a

version {X (4, 2.) a1 ,w0)eR2 Of {X(21,22) }(@1,20)er2 for which, for all v € [0, g) and for every
bounded intervals 1,J of R, for all w € Q, there exists a finite constant C(w) > 0 such that

[AX () o 00)| < C() (max{|al, [ho|}' = min|hal, [ha[} )"

for every x1 € I, xo € J and h1,ho € R with x1 + hy € I and xo + ho € J.

3 Irregularities of the trajectories

The aim of this section is to prove that the regularity of the rectangular increments of the
WTFBFs, as obtained in Proposition as a consequence of the Kolmogorov continuity-type
Theorem is optimal.

12



Theorem 3.1. Fiz « € [0,1] and H € (0,1). Almost surely, for every bounded intervals I, J
of R, one has

sup |AX (o ha)i(ma, 332)| = +o0
(z1,22),(x1+h1,xo+ho)ElX T (maX{’hl‘ ‘hQ’}l & mln{|h1‘ ‘hQ’}l-i_a)
h17#0,ho7#0

The proof of Theorem is based on several lemmas, that rely on estimating the size of
the so-called “hyperbolic wavelet coefficients” of our fields, see Section [4] for more details about
hyperbolic wavelet basis. In what follows, we will denote by {27/2(27 - —k) : (j,k) € Z?} the
Lemarié-Meyer orthonormal wavelet basis of the Hilbert space L?(R), introduced in [31]. Its
particular features include the fact that the mother wavelet ¢ belongs to the Schwartz class
of C'°° functions whose derivatives of all orders decay rapidly, that it has vanishing moments

of every order and that

8T 27

o [452].]

2w 8w
23
" } (23)

373
For every (j1,j2), (k1,k2) € N2, we will use the compact notation
j=(1,j2) and k= (ki,ks)
together with
max(j) = max{ji,j2} and min(j) = min{ji,jo}.

Let ¢; 1, (7,k) € Z2%, denote the hyperbolic wavelet coefficients of X in the the Lemarié-
Meyer basis, defined by

Cj,];: = 2j1+j2 /2 X(o;fm)¢(2j1$1 _ kl)w(2]2x2 _ kQ)da}' (24)
R

We will show that these coefficients are independent as soon as they correspond to distant
scales, and controlling their second-order moment will allow us to estimate their size as the
scale increases. The vanishing moment of ¢ will then enable us to obtain information about
the rectangular increments of the field. Our first objective will be to prove that the wavelet
coefficients given in Equation are well-defined. Let us begin with the following lemma,
which provides an estimate of the covariance of the rectangular increments of the process
X*H_ From now on, we assume that a € [0,1] and H € (0,1) are fixed.

Lemma 3.2. One has

a,H a,H
‘E[ X (h1,h2); (wl,xz)AX(fl,42);(y17yz)] ‘

min{2, |h1&; |} min{2, |hoo|} min{2, [¢1£;]} min{2, |52§2|}|
R? (¢O¢H(§17§2))

for all (h1, ha), (€1, 02), (x1,22), (y1,2) € R®.
Proof. By definition of X*¥  one has

] ih1€1 _ 1)(eih2§2 _ 1) ~
AxoH _ / ei(@181+x282) (e dW ().
(h1,h2);(%1,22) R2 ¢a,H(£1a 52) (s)

13



The isometry property of the Wiener integral gives then

a,H a,H
E[AX G ha)s(ora2) DX (isha)i(vr.0)]

i((w1—y1)&+(z2—y2)82) (pih1€r _ 1)(gth2€2 _ 1) (=181 _ 1) (e~ 282 _ |
_ / e (e )(e )(e )(e )4
R2

3 £
(Ga,m(&1,82))

It implies that

a,H a,H
‘E [AX(M,h2);($1,I2)AX(h1,h2);(y1,y2)] ‘
th1§1 _ thab2 _ —il1&1 _ —il2ls _
S/ e 1l e 1lle ; 1l e 1‘d£
R? (fa,m(&1,82))
max{2, |h1€1]} max{2, |haa|} max{2,[(1£;]} max{2, |£2€2|}|d£

R? (¢a, 1 (&1, 52))2
by noticing that
¢ — 1] = 2[sin($)] < min{2, e[}

O]

Lemma 3.3. Let us fix L € (0,1] and let us consider for every (j, k) € N x Z the coefficient

a,H
S5 2717232 /7% 2717 272

where ‘ .
Si = {(y1,y2) €R?: |ya| > 2L or [ya| > 272 L}.

For every N > 3, there exists C' > 0 such that
Eﬂdj l%|2] < O 92N min{ji,j2}

for all (j,k) € N x Z.

14



Proof. For the first part, note that Lemma [3.2] and Fubini theorem give

[Axf"y’j s i AXE o || 100 ey

271 7272 7'\ 241 7 9d2 (2j1 7 9J2 /7N 9d1 7 9d2

/ / Hlln{2 |231 §1|}m1n{2 |2J2§2|}m1n{2 ‘23151‘}111111{2 ’21252’”
R2.J.55J.8; (¢a,H(£17£2))
< | (y1) e (y2) i (1) (22) | dydadé

92(j1+52) min{2, [u1 & [} min{2, |uaa[} min{2, 1§ [} min{2, jvalal}|
- /Rz// (¢a,H(§17§2))2
X (2701 )1 (272 ug ) (27101 )¢ (27202 )| dudvd€

§C22(j1+j2)//max{l,]uﬂ}max{l,\uzl}max{l,|v1\}max{1,\vgl}|
SJS

X [0(27 ug )Y (272 ug) Y (27101 )1 (27209 | dudv

2
— (2201 +32) (/ max{1, |ui|} max{1, ugl}|¢(2jlu1)w(2j2u2)ldu>
S
where S = 5 o),

c— min{2, ||} min{2, [§2[} min{2, [§;[} min{2, ||}
R2 (¢a,H(51,§2))2

dg,

and by using the change of variables u; = 2*3'1@/1, Ug = 2*j2y2, v1 =277z, vy = 27229 and
the relation
min{2, [we]} < min{2, ¢} max{1, [w]}

for all w,& € R. Note that the constant C is finite by Lemma We will now decompose
the integral over S in three parts, corresponding to the sets

s — {(u1,u2) € R?: |u| > L and |ug| > L}
S® = {(u1,us) € R?: jua| > L and |ug| < L}
SG) = L(ur,ug) € R?: Juy| < L and |ug| > L}

and give an upper bound for each term by using the fast decay of the wavelet

W) < — 2N wreR.

15



First, one has

[ e [ a1, ) o272 ) e
S(1)
Cin
(1 + \2j1u1|)2N(1 + ’2jQUQ‘)2N

< / masc{ 1, |ua|} max{1, [us]} du
S(1)

< C22N2_N(j1+j2)/ max{1,|u1\}max{11]u2|} Ju
s (14 271wy )V (1 + |272ug| )V

< C22N2_N(jl+j2)2_(jl+j2)/ maX{LQh’tﬂ}dﬂ/ e, 2 eal) to
wzenn (L4 [t)Y jto>22r, (14 [t2)N

. L) )2
< 2 o9=N(@j1+j2)9—(1+72) /max{ J
< O e @y @

by using the change of variable ¢; = 2/1%1, t, = 2/2t,. For the second term, we use as
before the fast decay of the wavelet for the part corresponding to |uj| > L while for the part
corresponding to |ug| < L, we use the fact that max{1,|ua|} = 1 since L < 1. More precisely,
we obtain

masc{1, [ug [} masc{L, [uz] }| (27 w1 )0 (272us) | de
S(2)

CQN i
</uI|ZLmaX“’ ‘“%mwwd“l) </|. (2 u2>|duQ)

022~ Nirg=in ( /]R r?f’f?é’ﬁﬂ‘fdu) 972 < /R |¢(t2)|dt2>.

We proceed in the same way for the integral over S, by switching the roles of j; and ja.
Putting everything together, it follows that there exists a constant C’ > 0 such that

IN

IN

3 2
E[|d; z]] < C2%0rt) (Z/ max{1, |ui|} max{1, !u2\}W(?ﬁul)l/}(?jguz)ld't)
m=1 §(m)
< C'221+52) (2—N(j1+j2)2—(j1+j2) + 9~ Nirg=(i1+i2) +2—Nj22—(j1+j2))2
S 90/2—2Nmin{j1,j2}’
which gives the conclusion. O

A direct consequence of the previous Lemma is that, almost surely, for every (j,k), the
wavelet coeflicient ¢; i given in Equation is well—deﬁnqd. Indeed, by usi‘ng the vanishing
moment of the wavelet and the change of variables y; = 2/'x1 — k1, y2 = 27229 — ko, we can

16



write

c_',/;: - \/RQ XO‘ f{%kl yatko w(yl)"‘/’(lﬂ)dy

Yy
(211 > 972 )

R2 2]1 2]2 2]1 2]2
R; 2917202 231 232 S; 291 7292 1\ 571 572

where R; = R2\ S;. The first integral is almost surely well-defined thanks to Proposition
while the second integral is almost surely finite thanks to Lemma

Lemma 3.4. Almost surely, for every (j,k), one has

[ a2 Re) o dig (2 0E)
Gk = \/R2 ¢a,H(§17£2) dW(g)

)

In particular,
1. if |7 = 7' lleo > 1, the wavelet coefficients ¢; i and ¢z g are independent,
2. there exist two constants c,d > 0 such that
9~ 2max(HHI +min(HHa) < R 721 < d 9—2(max(j)Ha +min(j)Ha )
for all 7, k.
Proof. We have

Gr= | AXNT L . Y)d(ye)dy
R2 (231 27535310 575)
l(y1+k1 27918 eik127j1§1)(ei(y2+k2)27j2€2 _ eik‘227j2€2) R
-/ / By (o) AW (€)dy
R2 JR? ba,m(E1,62)

k12 J1§1+k22 ]262) . .
_ 127918 1Y2277282 A
fo e (Lo = nvtman) ([ - i) aivie

_/ (k127 61 +ka277260) (9= £ Yo (27928,
- Jre ba,m(&1,82)

using a Fubini type argument for Wiener integral, see e.g. [32, Lemma 2.10.]. It gives the
first part of the lemma. For the second part, the isometry property of the Wiener integral
gives

_ 271 K2 ka2 2 K2 () (2 60) D (2 6) D2 o)
E[-,-cc-,];,]:/ ;
R? (¢a,m(&1,€2))

Assume now for example that j; — ji > 1. Using the localization of @Z given in Equation ,
if 2791¢, € supp 1, then we have

dW (£)

de.

’51‘2_]{ — 2—]’1’61‘23'1—]'{ > 23 21171 > 8%
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Consequently, we obtain @(2—J’151)$(2—J'151) =0 for all £ € R and it follows that the coef-
ficients ¢; ;; and c¢j p, are independent, thanks to the Gaussianity of the wavelet coeflicients.
The other cases are treated in the same way.

Finally, one also has

o [ WP L) L, (1) 29 (n2) 2
] = dg =2 ALY
2 (a, H(§1,§2)) R2 (Pa, (27111, 272172) )

by using the change ofAvariables m = 2791&;, ny = 2792¢&5. Assume now that j; — jo > 1.
Then, if n1,n2 € supp 9, one has

Ellcix

8
|2]17]1| > 2]1 3 > 2]2? > |2]2772|

hence
9—i1(2H{ +1)9—j2(2Hg +1)

271 272 2 _
(Pa, 1 (27111, 27219)) |o|2Ha +1 | |2Hd 41

see for the definition of H} and H,. We obtain directly that

. R 2 2
[| | ] _ 2—2‘71H3_—2‘]2Ha / |¢( 2‘ dn/ |w( )‘ d'l?
R |77|2H +1 R |’I’]’2H +1

A similar argument for jo — j; > 1 gives

E[lej zl?] = ex2 2 DT minGHD i |5y — jo| > 1

- 2 " 2
_ / Lk, / IO
R |28+ g g2+

It remains to treat the case where |j; — j2| < 1. First, assume that j; = jo. Then

Elle- - [2] = 9201 \72(771)|2|TZ(772)|2 dnd
UC ,k| } /R? (%,H(2j1771,2j1772))2 n1a72
:22(le§+le&)/ |@Z(771)\2|@E(772)|2d

2 (¢a,H(771,772))2

—2(max(j)Hi +min(j)HZ )

for

= 022

with

(1) PP ()
— dnidns.
/2 (¢a,H(771,772))2 e

The cases j1 = jo + 1 are treated similarly with the two constants

o 217 2
Y A PR g L LT
R2 (%,H(Qm,?b)) (%,H(m,?nz))
It suffices then to take ¢ = min{ecy, c2, c3,c4} and d = max{cy, ca,c3,c4}. O
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The following final classical lemma provides the asymptotic behavior of a sequence of
(independent) standard Gaussian random variables. It is a direct consequence of the Borel-
Cantelli lemma together with the classical estimate of the tail behavior of a standard Gaussian

random variable Z, given by

L PUZ>e) 2
:E—1>r—ir-100 x—le*$2/2 a ;

Lemma 3.5. Assume that (Z,)nen is a sequence of N(0,1) random variables.

1. Almost surely, one has

Z,
lim sup [Zn] < +o00.

n—+oo y/log(n + 2)

2. If the random variables Z,, n € N, are independent, then one has almost surely

) 2,
imsup —(———
n—+oo /log(n + 2)

We are now ready to prove the main result of this section.

Proof of Theorem[3.] Fix a scale J large enough so that there is (K1, K3) € Z? satisfying

0 Ko o
276[ and 2J+2€‘]‘

Let us also fix L € (0,1] such that

K1 K1 KQ KQ

K _ Kk
27 T 2

For every j > J, we denote by (j, k) the unique couple satisfying j; = j = jo — 2 and
Ko — k2 Ag done in Equation , we know that

97+2 232 *

a,H
R 271 7272 77\ 271 272
— AX(O‘;? w2y (k1 ﬁ)w(y1)w(y2)dy + AX(C“;f vk Lg)w(yl)l/)(yz)dy
R; 271 ' 992 17\ 571 ' 5d2 S5 271’232 17\ 231’ 972
=djp +djp

Lemma together with Lemma [3.5] implies that there is an event of probability one such
that d:

lim sup ] k - < 400

j1—=4oo 272N014 /log(j1 + 2)

since min{ji, jo} = j1. Hence, there is a constant Cy > 0 such that

|d; 5] < Co27 N2 flog (51 + 2)
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for every j, k. Now, let us assume by contradiction that on this event of probability one, there
exists a constant D > 0 such that

H _ . H
sup AX G oo san)| < D (max{[hal, [ha[} = min{|ha], [ha[}7) 7
(w1,22),(x1+h1,22+h2)EIX T

We obtain then that

~ s 4 _ . s s H
15 | §D/ (max{[277 g, 2772y [} min{|277 g1 [, (27722} ) T [ (y1) e (y2) | dy
Rk

—29 y2 —Q . y2 « H
<9 QJlHD/ (max{\yﬂ,’z‘}l mln{]yl\,|zf}l+ ) [V (y1)Y(y2)|dy
Rk
=27

for some constant C' > 0. Now, Lemma [3.4] and Lemma applied to scales sufficiently far
apart to ensure independence, imply that there are a constant C’ > 0 and infinitely many
scales such that

lej.5l = €'y/log(jy + 2)2- (DA minG)H) — 07 flog (i 4 2)27 1

since jo = j1 + 2. Putting everything together, we obtain that for infinitely many scales,
C"\/log(j1 + 2)27 2 < |¢; | < €272 4 G2~ NVEIH2) Jlog (51 + 2)

which is impossible. It gives the conclusion. O

Remark 3.6. The same arguments show that the irreqularity can actually be observed in any
direction jo = j1 + p, as soon as p is an integer chosen such that p ¢ {—1,0,1}.

4 Associated function spaces

In this section, we introduce global Hoélder spaces to reflect the type of regularity we have
obtained for the WTFBFs. These spaces are classically characterized using wavelets. This
leads us to the second classical definition of these spaces through Littlewood-Paley analysis,
which is extended naturally to Besov spaces.

4.1 'Weighted tensorized Holder spaces for rectangular regularity

Let us introduce the weighted tensorized Holder spaces as follows.

Definition 4.1. For s € (0,1) and « € [0, 1], we define the weighted tensorized Hélder space
T5*C(R?) as the space of functions f : R? — R of L®°(R) such that there is ¢ > 0 with

|f(z1+ h1, 22+ ho) — f(x1, 22 + ha) — f(x1 + hi,22) + f(21,22)]
< ¢ min{|], [ho] }1F maxc{| ], [ho| }1 7,

and
|f (@1 + by a2) — far,22)| < cha|PF9% and | f(z1,22 + he) — f(w1,22)| < c|ho|TH*

for all x1,x3,h1,he € R.
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In order to get a characterization of this space in terms of wavelet coefficients, we first
recall the definition of the hyperbolic wavelet bases as tensorial products of two unidimensional
wavelet bases (see [15]).

Definition 4.2. Let ¢ denote a Lemarié-Meyer wavelet and ¢ the associated scaling function.
The hyperbolic wavelet basis is defined as the system

{0 jorki st (1. 72) € (NU{=1})%, (K1, k) € Z°}
where

L4 ifjlaj? Z O; ) )
Vi gosk ke (T1,72) = (2021 — k1)Yp(27220 — k2)

e ifji=—1andj> >0

Yotk o (€1, 02) = (a1 — K1)y (2202 — k)
e if j1 >0 and jo = —1

Vi1 ke (71, 32) = (27021 — ky) (w2 — ka) |

o ifj1=J2=-1
V1,1 ke (T1, T2) = @(21 — k1) @(22 — K2) .

For any f € 8'(R?), one then defines its hyperbolic wavelet coefficients by

Civaskrks = 22 < fob ke > if G152 >0,
Crthke = 20 < [0 gokk, > i 51 >0 and jo = —1,
C—Ljokike = 272 < f, wj17j27k17k2 > ifj1=—1and jo >0,
Cot 1k = < [oWjijokiks > fJ1=J2=—1.

The hyperbolic wavelet coefficients of a function f provide a characterization of the space
T5*C(R?), as shown in the following proposition.

Proposition 4.3. Let s € (0,1), a € [0,1] and consider f : R? — R such that f € S'(R).
Then f € TS*C(R?) if and only if its hyperbolic wavelet coefficients satisfy

sup 2((1+a) max(j)+(1—a) min(j))3|c_'l_€’ < +00.
Fe(NU{—11)2,kez? .

Proof. Since it is very classical, we just sketch the ideas of the proof. First, assume that
f € T>*“C(R?). By using the vanishing moment of the wavelet, we can write

Cir ooy = 2772 [ f(ar, 20)0 (27 21 — k1 )Y (2% 2 — ko)de

RQ
y1+ k1 y2 + ko
= [ I )b m)y
ki1 ko
- /R D () (i 50002y
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so that

MR IR A
|cj1,j27k1,k2| S c R2 max 2j1 ) 2j2 min 2j1 ) 2j2 |¢(y1)| |¢(92)|dy

Now, if j1 > jo, we have

wal L2V (il 1 " a1 o)) (1=a)s|, |(14a)s
ax ¢ 221 1720 min { —, 2= <2 max{|y1|, [y2|} Y1

2717 2742 2J1 7 Qj2
so that

sl < 20O [ eyl V5 ) e

We proceed in the same way if jo > j;. Now, if j; = —1, we have

C Loy = 272 AT G k1) (2729 — ky)da
R

= [ G+ 2 — b )l

and we use the fact that

Y2 + k2 ko Y2
[Flyr+ k=) = flon + b, )l < el (07
to get the conclusion. The same argument holds for jo = —1.

Let us now prove the converse result. We fix x1, 22, h1, hs € R. Assume that Ji,Js € N
are such that
=) < gy <27 et 27(2FD < |py| < 272,

We have
f= Z 03,E¢(2j1 ’ _k1)¢(2j2 ’ _k2) + Z Cfl,jg,l_c(p(’ - kl)q/)(QjQ : —kz)
(j,k)EN2x 72 j2€N,keZ2
- Z le,—l,l?:w@jl c—k1)p(- — k2) + Z C—17—1,15<P(' —k1)p(- — k) (26)

j1€N,keZ? kez?
so that the rectangular increment
f(x1 4+ hi,22 + he) — f(x1, 22+ ha) — f(z1 + hi,22) + f(21, 22)

can be decomposed into the four corresponding sums. For example, let us study the first
contribution. The argument of the other sums can be obtained with an easy adaptation of
the arguments. Note that the rectangular increment of (271 - —k1)(272 - —ks) at (1, x2) of
step (hi, he) is equal to

(p(27 (21 + h1) — k1) — (27 21 — k1)) ((272 (w2 + Do) — ko) — (27229 — ko))
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and it follows that one has to estimate

Z |C§J??| W(le(xl + hl) — /{1) - ¢(2j133‘1 — kl)} ‘¢(2j2(1‘2 + hg) — k‘z) — 1ﬂ(2j2$2 — k‘g)‘
(j,k)EN2 x 72

(27)

We will use the two following upper bounds. First, for every N > 2, there exists a constant
Cn > 0 such that

1
sup

— << (Cy. 28
e DY e 29

Together with the fast decay of 1, we obtain

sup Y [1/(2'z — k)| < Cw (29)

z€R ez

for all 7 € N. Seconldy, for every j € N, we set

x) = Zw(ij —k

keZ

for all x € R. The regularity of ¥ and the mean value theorem imply that

|Fj(x + h) — Fj(x)| < 27|h|sup Y |Dy(- — k)| < C2|h| (30)
keZ

for some constant C' > 0 that does not depend on j, by using the fast decay of ¢ and Equation
9).

Now, assume that J; < Jy. The same argument will apply for Jo < J; by symmetry. The
quantity will be in turn decomposed into five sums: for 0 < ji,j2 < J1, for 0 < j; < J; <
o < Jo, for J; < J1,02 < Jo, for 0 < < J1 < o < J2 and ﬁnally for j1 > J1 and jo > Ja.
First, using , we have

Yo D I al 9@ (@ 4 h) = kr) = (2 @y — k)| [(272 (w2 + ho) — ko) — (222 — k)|

0<j1,J2<)1 EGZQ

< Z 1+04 ) max{j1,j2}+(1— a)mln{Jldz}) 022J1+J2‘h1h2|
Jr,j2<J1

Ji—1 Ji—1 Ji—1

< 029 (1+]2) Z 9(1=(14a)s)j1 Z 9(1-(1-a)s)jz | Z 9(1=(1=a))sjr Z 9(1=(14a))sjz
J1=0 J2=0 J1=0 Je=j1+1
Ji—1 Ji—1

< 022—(J1+J2) Z 2(1—(1+a)s)j12( (1—a)s)J1 + Z 2 —(1-« )sy12(1 (1+a))sJ2
Jj1=0 J1=0

< 2 —(J1+J2) (1—(14—04)8),]22(1—(1—0&)5)J1 2(1—(1—04))&]12(1—(1+a))sJ2
< (C“2 2 +

< 2029~ ((+a)Jat(1-a)J1)s
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since J; < Jo. We proceed similarly if 0 < j; < J; < jo < Jo. Consider now the sum
corresponding to the values of j such that J; < jq,j2 < Jo. By using for the sum over
k1 and for the sum over ko, one has

S0 el [ (@1 4 ) = k1) — (2w — k)| [(22 (w2 + he) — ko) — (222 — k)|

J1<01,52<J2 kez?

< Z 0/2—((14-0:) max{j1,j2 }-+(1—a) min{j1,j2})802j2|h2| Z (W)(Qﬁ (21 + hy) — kl)} + W}(lexl _

J1<g1,52<J2 k1
Jo—1 J1 Jo—1 Jo—1
<2 Jo Z Z 2~ 1+Ot )j1+(1— a)]z) 202 2]2 42~ Jo Z Z ((1+a)j2+(1*04)j1)52022j2
j1=J1 je=J1 <291 J1=J1 je=j1+1
Jo—1 Jo—1 Jo—1
< 20227& Z 2( —(1+a)s)j1 Z 29— (1—a)sj2 + 2029 —J2 Z 9- (1—a)sj1 Z 2(17(1+a)s)j2
1= Jo=J1 Ji=J1 J2=J1+1

< 2022—J22(1—(1+Q)S)J22—(1—05)&]1 + 2022—J22—(1—Q)SJ12(1—(1-{-0&)8)]2
< 4022—((1-1—(1)]2-&-(1—0&)]1)8‘

The sums corresponding to the values of j with 0 < j; < J; < Ja < jo or with j; > J; and
Jjo > Jo are treated in a similar way. O

4.2 Hyperbolic Littlewood-Paley analysis and weighted tensorized Holder
spaces

A classical approach for defining Holder spaces without relying on finite differences involves
the use of Littlewood-Paley analysis. This methodology also provides a straightforward
framework for defining Besov spaces. In this section, we adopt, as in reference [2], a hy-
perbolic Littlewood-Paley analysis to introduce new spaces that reflect weighted rectangular
anisotropy. Notably, these spaces were independently and concurrently introduced in [22] in
the context of linear approximation problems.

The key feature of our approach is the weight that appears in the definition of these Besov
spaces (see Definition below)

o((1+a) max(j)+(1—a) min(j))sq

This reveals connections with well-known function spaces:
e for a = 0, the weight simplifies to

o((1++a) max(7)+(1—a) min(7))sq _ 9(j1+i2)sq

leading to the Besov spaces with dominating mixed smoothness S; B (R2).
e for o = 1, the weight becomes

9((1+a) max(j)+(1—a) min(j))sq _ gmax(j)2sq
corresponding to the isotropic hyperbolic Besov spaces (with regularity 2s).
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However, when « € (0, 1), neither the hyperbolic Besov spaces nor the Besov spaces with
dominating mixed smoothness are sufficient to characterize the type of rectangular anisotropy
under consideration. This motivates the introduction of new spaces that bridge the gap
between these existing frameworks.

Before introducing the hyperbolic Littlewood-Paley analysis, we first recall the classical
Littlewood-Paley decomposition and the associated Besov spaces. After establishing these
fundamental concepts, we turn to the hyperbolic Littlewood-Paley analysis. We revisit the
hyperbolic Besov spaces and the Besov spaces with dominating mixed smoothness before
defining the new spaces that reflect weighted rectangular anisotropy. We then investigate the
relationships between these new spaces and the previously mentioned Besov spaces and finally
propose a wavelet characterization. This wavelet description aligns with the characterization
provided for Holder spaces in the previous subsection.

4.2.1 Littlewood-Paley analysis and Besov spaces

Let us recall the definition of classical Besov spaces, hyperbolic Besov spaces, and spaces with
dominating mixed smoothness. The last two ones are defined with the hyperbolic Littlewood-
Paley analysis but the first one is defined with a classical Littlewood-Paley analysis.

Let o > 0 belong to the Schwartz class S(R?) and be such that, for £ = (£1,&) € R?,

po(§) =1 if max{|G],[&|} <1,

and
@o(€) =0 if max{]27'& ], 276} > 1.

For j € N, further define
#3(€) = ¢0(277€) — po(27U7V)
= 0(277€1,279&) — (27U Vg, 2707 1g,) .
Then } ;. ®; =1, and the sequence (0;) en satisfies

supp (o) C R, supp (¢;) C Rjy1 \ Rj1,
where
Ry = {ee R : max{la, |6/} <27} (31)
For f € 8'(R?), we then define

Ajf=F N Ff).

The sequence (A;f)jen is called a Littlewood-Paley analysis of f. With this tool, the Besov
spaces are now defined as follows (see [47] for example for different equivalent definitions of
spaces of smoothness, including anisotropic and weighted spaces).

Definition 4.4. For 0 < p,q < oo and s € R, the Besov space Bz’q(]RZ) s defined by

B3, ) = {feS®) : (L 2a ) <o},

jeN
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with the usual modification for ¢ = oc.
This definition does not depend on chosen resolution of unity o and the quantity

. 1/q
1£1ms, = (D214, 112)
jeN
is a norm (resp. quasi-norm) on B;g,q(R2) for1 <p, q<oo (resp. 0 < min{p,q} < 1), with
the usual modification if ¢ = co.

We also define the Besov spaces with logarithmic scale. Again, we use the usual modifi-
cation if ¢ = oo.

Definition 4.5. For 0 < p, g < 0o and s, 8 € R, the Besov space with logarithmic scale is
defined by

B3, g s (R?) = {f € S'R2) + 3 P12 Ay < o} (32)
JEN
and we define a norm on B;,q,|log|ﬂ(R2) by
1/q
. — i—Baoisa||A . £|9
I b S T

JjeN

Subsequently, in order to compare the different spaces, we will use g as the tensor product
of two 1-dimensional functions. In other words, we consider ¢y defined by

©0(&1,&2) = 00(§1)00(82)

where 6 is a one-dimensional function.

4.2.2 Hyperbolic Littlewood-Paley analysis

Let 6y € S(R) be a non-negative function supported on [—2,2] with 6y = 1 on [—1,1]. For
any j € Ny, let us further define

0; = 0(277-) — 6o(27U 1))

such that (0;);en forms a univariate resolution of unity, i.e., > ;-y0; = 1. Observe that, for
any j € Np,

supp(6;) C {€ € R?: 2771 < [¢| <27} and 0; = 6,(270).).

Remark 4.6. In the following, the function 6y can be chosen with an arbitrary compact
support. It does mot change the main results even if technical details of proofs and lemmas
have to be adapted. This allows to choose 0y as the Fourier transform of a Meyer scaling
function.

Definition 4.7. (i) For any j = (j1,j2) € N? and any &€ = (&1,&) € R? set

0;(€) = 0j,(£1)0,(&2) -

The function 0; belongs to S(R?) for all j € N3 and is compactly supported on a dyadic
rectangle. Further ZEGNQ 0; =1 and (65)jen2 is called a hyperbolic resolution of unity.
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(i) For f € S'(R?) and j € N? set
_f._ T 1(p.
As;f=F (0;Ff) .
The sequence (A;f);enz is called a hyperbolic Littlewood-Paley analysis of f.
Let us now introduce the hyperbolic Besov spaces with logarithmic scale, see [2, [44].

Definition 4.8. For 0 < p, ¢ < oo and s, § € R, the hyperbolic Besov space with hyperbolic
scale is defined by

By o ) = {F e S®) Y (max(G) P20 a5 p|g <00} (39)
jEN2
with the norm
1/q

£ 5 ®2) = Z(max(j)) ,Bquax(j)quAijg 7

;| log|# -
p,q,| log | jeN?

with the usual modification if ¢ = oo.

Note that the case § = 0 gives the spaces without logarithmic correction. In [2], the
following theorem was proved, which highlights the close connection between classical Besov
spaces and their hyperbolic versions. This result serves as the foundation for providing a
quasi-universal basis — the hyperbolic one — of numerous Besov and Triebel-Lizorkin spaces.

Theorem 4.9. Let s, € R and 0 < p,q < 0o and p’ the conjugate exponent of p. We have
the following embeddings

e if g < 400
~ ) ) _ )
B;,qy\loglﬁ‘”/q (R7) = B;,qﬂ\logIB(R )= B;,q,llogl‘“ﬁ/q (R%) (34)
where
g(L — 1) +max(¢—1,0) ifp<1
T = )
max (b —1,0) ifp>1
and
1 ifp<l1
ro = q )
max(l — ;b —1,0) ifp = 1.
e ifg=+o0
~ ) , B )
B;7oo7|10g|67max(1/p71v0>*1(R ) — B;,OO,“OgIﬂ (R ) — B;,OO,UOng(R ) (35)
e if ¢ = 2, the Sobolev spaces H5|10g|5 (R?) coincide with the classical Besov spaces
B3, |1og\ﬂ(R2) and with the hyperbolic Besov spaces E; ) |10g|[3(]R2).
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In [44], it has been shown that the hyperbolic and classical spaces coincide if and only if
p = q¢ = 2. The logarithmic correction is then necessary (even maybe not optimal) to obtain
the embeddings.

Finally, we introduce the spaces with dominating mixed smoothness, see [48].

Definition 4.10. For 1 < p,q < oo and s € R, the Besov space with dominating mixed
smoothness is defined by

S5 BE2) = {f e S®) « 3 20Hma A < oo} (36)

JjENZ

with the norm
1/q

1fllss., B®2) = Z 2(j1+j2)5q||A;fll;§ :
jEN2

with the usual modification if ¢ = oo.

4.2.3 Definition of the weighted tensorized Besov spaces

As mentioned before, to address the cases where a € (0,1), we introduce a new class of
Besov spaces characterized through their hyperbolic Littlewood-Paley analysis. This approach
provides a refined framework that bridges the gap between the hyperbolic Besov spaces and
spaces with dominating mixed smoothness.

Definition 4.11. For 0 < p,q < 00, s € R and 0 < a < 1, the weighted tensorized Besov
space Tpq B(R?) is defined by
max(j —a) min(j 1/q
T;’;‘B(RQ) = {f e S'(R?) : ( Z 9((1+a) max(j)+(1-a) (J))quAijg) < oo}.
JEN?

The quantity

—a)min(j))s 1/q
HfHT;;gB(W) = ( Z 9((1+a) max(j)+(1—a) min(j)) qHAij;JJ
JjEN?

is a norm (resp. quasi-norm) on Tpg' B(R?) for 1 <p, ¢ < 0o (resp. 0 < min{p,q} < 1). We
adopt the usual modification if ¢ = oco.

The definition is independent of the chosen hyperbolic partition of unity. This follows from
the proof of Proposition 1 (p. 87) in [45], which addresses the case of spaces with dominating
mixed smoothness.

We will now turn to the embeddings between the tensorized Besov spaces and the other
spaces. We have the following results.

Proposition 4.12. For 0 <p,q <00, seR and 0 < a <1, one has
o S\ B(R?) < THeB(R?) < S5,B(R2),
o BY(R?) = T57 B(R?) — B ™" (RY),
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and these embeddings are optimal.

Proof. The two first items are obvious by definition of the different Littlewood-Paley analysis
since

(J1+J2) = min(j1, j2) + max(ji, j2) < (1—a) min(ji, j2) + (1 +a) max(j1, j2) < (1+a)(j1+J2)

and
(1 4+ a) max(j1,72) < (1 — ) min(ji, j2) + (1 + o) max(ji, j2) < 2max(ji, j2).

Le us prove that these embeddings are optimal. Let € > 0. We consider a one-dimensional
function g such that g € BI(,HQ)S(R) but g ¢ B,(,,l;r a)S+E(R). Additionally, we take another
one-dimensional function u # 0 such that Supp (u) C [—1,1]. We define f as f(x1,z2) =
u(z1)g(x2). Using the localization of the supports @ and of 6;, one has, for (j1, j2) € N3

[1A0(u)lpllAjo9gllp if J1 =0,

A. . =
H ]17.72pr {0 if jl Z 1.

It follows that
1/q

1Pz ey = g ey = 1l g sereny = | NBoull 32 22042 2 gl
’ Y j2€N

= 1 80ull gl i g
which proves the optimality of the left embedding of the first item and of the right embedding

of the second item.
For the two other ones, we consider the function f such that

fl&.8)=> — 2/q 22y 21/Dig(2796, )5(27/ )
j>1

where v is a non-null function defined on 1 < [¢| < 2 such that Aq(v) = v and Aj(v) = 0 for
j # 1. It follows that

1/q
1 R o A
Iflls; @) = Iflmge p@e) = Il gee ey = | Do 20 PH2Y0(221)0(222) ]
j>1
2\ /g
2 7T
= 101 (%)
which implies the other embeddings. O

Finally, the combination of Theorem and this proposition provides immediate em-
beddings of the weighted tensorized spaces in the classical Besov space with a logarithmic
correction. It can be improve in the case p = ¢ = 2 since the logarithmic correction is no
more necessary and for some particular values of ¢ (see Theorem 5.5 of [23]).
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4.2.4 Wavelet characterization of the weighted tensorized Besov spaces

We define a space of sequences by the following condition

a/p
S,x _ (1tia)e ((]_-t,-a) max( )+(1 Oé mln s D
tpqg =4 (7)) : Z 2 P2 Z |c5 &l < 400
JENU{-1})? heze
(37)
and we define a (pseudo-)norm on tpgb for ¢ = (cj ;) by
4 a/p\ V4
Hc”ts,ab = Z 2—W2 ((14+a) max(5)+(1—a) min(j))s Z ‘C] k’
p,q
FE(NU{-1})2 kez?
with the usual modification if ¢ = 4oc0:
o 1/p
HCHtS’O‘ p = max 2*W27((1+a) max(j)Jr(l a)min(j))s Z ’ k‘p
p,00

je(u{-1)? =

We prove the following characterization in hyperbolic wavelets.

Theorem 4.13. Let 0 < p,qg < oo, s € R and 0 < a <1 and let (c; ;) denote the sequence

of the Meyer wavelet coefficients of a function f € S'(R?). The following assertions are
equivalent:

1. f e TpgB(R?),
2. (037];) € t;?gb.

Moreover, there exist two constants C1,Co > 0 such that

Cill(ezp)llesas < [1fllzpe B@ey < Coll(cj i) llesas -

Remark 4.14. Note that the statement is given with a L* normalisation for the wavelet
functions.

The proof of Theorem is an adaptation of the results of [20] and their extension to
the tensor product case in [2]. In particular, we will rely on the following lemma, established
in [2] (Lemma 4.5), which adapts Lemma 2.4 of [20] to the case of rectangular supports.

Lemma 4.15. Let 0 < p < oo and j = (j1,j2) € N2. Assume that g € S'(R?) and that
Supp (g) C {€ € R? : [&| < 2L and |&| < 221}, Then, there exists C > 0 such that

1/p
> 27 g (k27 k2 2) ] < Clgllre.
kez2

We will also use the following adaptation of Lemma 3.4 of [20], given in Lemma 4.6 [2]
which is useful do deal with the case p > 1.
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Lemma 4.16. Let 1 <p < o0 and £1,02, m1, mo be integers such that £1 < mq and lo < my.
Assume that gi, k € Z2, are functions satisfying the following inequality

C

Ve € R?, gz (x)] < . (38
| k( )| (1 + 2min(€1,m1)‘x1 _ 2_m1k1‘)2 (1 + 2min(€2,m2)‘x2 — 2_m2k2‘)2 ( )

for some C > 0. If one sets

F=Y" dg
kez?
then
1/p

Fls < C-tmomallogmtigma=ta [ §™ e | (39)

kez?
Proof of Theorem[{.13. Since the Littlewood-Paley analysis does not depend of the function
0, we can chose 8 = ¢ where ¢ is the Meyer scaling function, see Remark above.

For the first implication, let us observe that Cip1p = Asf (2791ky,2772ky) where we use
the notation j+1 = (41 + 1,72+ 1). Applying Lemma to the function g = A;f € S(R?),
we obtain

> leial = Y A F27 k27 Rk [P < C21H2 || A f I,
kez? kez?

which gives (cj ;) € tplgb and the upper-bound

5 illesas < 1 fllse B2y

We focus now on the converse implication. We mainly adapt the proof of [2] and first deal
with the case 0 < p < 1. We have to bound [[A;(f)[|, = [|6; * fll,- We have

Flo)«f= > > carlbirvap)
me(NU{-1})2 kez?

Since #; and v; ;. are both tensor products of one-dimensional functions, Lemma 3.3. of
20] can be applied and give the existence of C' > 0 such that for any » > 0 such that for all
PP g Yy
x € R?, one has

o—lj—mll: (M+3)

(1 + 2min(j1,m1)|x1 _ 2—m1k1|)7” (1 4 2111in(j2,mz)|x2 _ 2—m2k2|)r7

(F710;) 5 p(2)| < C (40)

where M is taken smaller or equal to the number of vanishing moments of the wavelets.
Because of the localization of the Fourier transform of the Meyer wavelet and the shift of
index - starting at —1 for the wavelets, we notice that

J1 J2
1
Ajf = Z Z Z Cry,ma, k1 k2 (F 9j1J2) * Yy ma ko -
kezZ2 mi=j1—2ma=j2—2
By the concavity of x — «P for 0 < p < 1, it follows that

Ji J2
‘Aif(x) ’p = Z Z Z ’le’m%kl,/@|p‘((f710j1,j2) * wmth,kl,kz)(x)‘p‘

m1=j1—2me=j2—2 kcZ2
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Hence, with inequality , we obtain

C
Asf(x)]P < p . ‘ .
[Ajf(2)] Z Z Z [ ma ko (14 20 |zq — 271 ks |)7P(1 + 202 |zg — 2-M2ky|)7P

mi1=j1—2ma=j2—2 keZ2

An integration over R? with a change of variable u; = x; — 2/ik; for i = 1,2 gives

||A pr <C2” (1t+52) Z Z Z ‘Cm17m2,k1,k2’

m1=j1—2ma=j2—2 keZ2

and
1/q
||f||T§;,§’ - jezN; 9((1+a) max(j)+(1-a) mm(J))quAijg
1/q
< C ZQ((Ha)max(j)Jr(l—a)mm( ))sa9—(j1+i2)/ Z Z Z|Cm1,m2,k1,k2|p
jeN? mi1=j1—2ma=j2—2 keZ?
1/q
< C Z o((1+a) max(j)+(1—a) min(j))sqo—(j1+752) /p Z [
jeN? kez?

< Cliegrllssen

We now consider the case p > 1. One can write

J1 J2
E : E : E :cm1;m27k17k2gm1,m2,k17k2

m1=j1—2me=j2—2 kcZ2
with
_ 1. .
9mi,ma.k1,k2 = F (ejly]Z) * ¢m1,m27k1,k2'

Again, this is due to the fact that ¢; and m have the same support which meet at most
three dyadic annuli. Lemma [4.16| gives that

J1 J2
”Ajf”Lp < Z Z [ Z Comt ma ki k2 ma ma et ks |l p

mi=j1—2ma=j2—2 kcZ2

J1 J2
= C Z Z 2_(m1+m2)/p Z ’Cm17m2,k17k2|p

m1=j1—2mao=j2—2 k1 ,ko

1/p
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Finally, we obtain that

117 e pme

= Z o((1+a) max(j)+(1—a) min(i))quAj(f)H%p
JEMNU{-1})?

qa/p
< C Z Z Z (1+a max(j)+(1—a) min(j ))squq(mr#mz)/p Z ’cmé‘p
JE(NU{-1})2 m1=j1—2ma=j2—2 E
a/p
< C Z 2((14a) max(j)+(1—a) min(5))sgg—q(j1+352)/p Z 5 I
JENU{-1})? ki, kz
for some constant C > 0, which is the desired inequality. ]

Let us observe that, in the particular case where ¢ = p = oo, Theorem provides a
simplified characterization of the spaces T oo B (R2). Specifically, a function f belongs to
T35 B(R?) if and only if

sup 2*((1+a)maX(3)+(17a)min(j))5|cTE‘<+OO‘
je(NU{-1})2,kez? Js

where (c; ;) denotes the wavelet coefficients of f in the Meyer basis. This result, combined

with Proposition allows us to conclude that the spaces T oo B (R?) correspond precisely
to the weighted tensorized Holder spaces T°“C(R?) introduced in Subsection

Theorem 4.17. The Meyer wavelet basis is an unconditional basis of Tpy B(R?).
Proof. Consider f € T,5'B(R?). Then its wavelet coefficients satisfy

Hc oy < +00.

Since f =3 1< jy<t 2u0<k ke<k k5 has for wavelet coefficients

P 0 if —1<j1,72<Jand0<ky, by <K
k ¢jp  otherwise,
it implies that

7= > > vkl

—1<71,J2<J 0<ky, k2 <K

tppee) S 145

ENeY
tpﬂlb

is the tail of a convergent series, so that the functions v; ¢, j € N2,k € Z2, is a Schauder basis
of T,y B(R?). Finally if ;55 = +1, the signed series converges in S B (R?) (for which the
Meyer wavelet basis is unconditional, see [44]) to a function g. By the wavelet characterization,
we obtain that g belongs to T}, B(R?). O
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