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Abstract

We investigate a new class of self-similar fractional Brownian fields, called Weighted Ten-
sorized Fractional Brownian Fields (WTFBFs). These fields, introduced in the compan-
ion paper [I§], generalize the well-known fractional Brownian sheet (FBs) by relaxing its
tensor-product structure, resulting in new self-similar Gaussian fields with stationary rect-
angular increments that differ from the FBs. We analyze the local regularity properties of
these fields and introduce a new concept of regularity through the definition of Weighted
Tensorized Besov Spaces. These spaces combine aspects of mixed dominating smooth-
ness spaces and hyperbolic Besov spaces, which are similar in structure to classical Besov
spaces. We provide a detailed characterization of these spaces using Littlewood-Paley
theory and hyperbolic wavelet analysis.

keywords : Brownian fields, Brownian sheet, rectangular increments, hyperbolic wavelets,
Besov spaces

1 Introduction

Modeling some phenomena, such as the movement of particules observed by Brown in 1827,
with the help of random functions, has a long history. The first and most well-known model
is the Brownian motion, which has been extensively studied. Notably, as early as 1937, Paul
Levy established the Holder regularity properties of its sample paths. He achieved this for by
expanding the Brownian motion in the Schauder-Faber system [35], whose bases functions are
the primitive of the Haar wavelets [20, 24] and hence enter the class of biorthogonal vaguelet
bases.

Using also the expansion of the Brownian motion in the Faber-Schauder system, Ciesielski
proved that almost surely the sample paths belong to the Besov spaces BA/OQO for 1 < p < 400,
see [13]. A modern and self-contained version of these results is presented in [29], where
regularity is explored within the framework of Orlicz-Besov spaces, as well as for newer,
smaller spaces.



The Brownian motion B can be defined, up to a multiplicative constant, as the unique
Gaussian process with stationary increments which satisfy the self-similarity property

Va>0, By < a2B,

where @ means that all their finite-dimensional distributions coincide. This property has been
naturally extended by Kolmogorov [30] to define fractional Brownian motions B, which have
been systematically studied by Mandelbrot and Van Ness [41]. They form a family of Gaussian
processes with again stationary increments, depending of a parameter H € (0,1) called Hurst
exponent satisfying the self-similarity property

va>0, BHY. B,

In [42], wavelet-type expansions of the fractional Brownian motions are given. The main
difficulty when H # 1/2 is that we have either to deal with fractional primitive of wavelets
which are no more compactly supported and might create infrared divergence or to analyze or
expand the field in a wavelet basis, but with correlated coefficients. Nevertheless, as for the
Brownian motion, the properties of regularity of the sample paths are now well understood, in
particular, a.s. the sample paths of B belong to the Hélder space C~¢ for every e > 0 (on
any compact set), but do not belong to C. Using precise estimates of these expansions, the
recent work in [I9] has highlighted the existence of both rapid and slow points in fractional
Brownian motions.

In higher dimensions, particularly in two dimensions, stochastic fields are widely used
to model textures in various application contexts such as medical image analysis, texture
synthesis, and more. The generalization of Brownian processes has evolved in different di-
rections, depending on the required properties of the process to match the characteristics
of the modeled textures. In particular, two main models have emerged: fractional Brownian
fields, which are isotropic, and fractional Brownian sheets, studied notably by A. Kamont [2§],
which introduce intrinsic anisotropy through different regularities along distinct directions.
Anisotropy proves useful in modeling certain structures, such as medical tissues (e.g., bones)
or hydrological phenomena [23], 36].

e The fractional Brownian fields Y, H € (0,1) also called Lévy fractional Brow-
nian motion [46]. They are Gaussian, self-similar with stationary increments and isotropic,
meaning that the field is invariant in law under rotations. As a centered Gaussian field, it is
characterized by its covariance function

E[Y, 'Y, = 5 (Il + lyl*" = llz — yl*¥) .

N

It can also be characterized by its harmonizable representation, namely
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where (-,-) denotes the standard scalar product in RN and where W can be understood as
the “Fourier transform” of the N-dimensional Brownian measure W defined on an underlying



probability space (€2, F,P), see [3] for a precise definition. On any non-trivial compact set
K, the sample paths of the field almost surely do not belong to C* but belong to C*~¢ for
any € > 0. Once again, regularity and irregularity results can be obtained by performing a
classical N-dimensional wavelet analysis of the fields, i.e. with an orthonormal basis of the
form {p(- —k): k e RN} U {y(27 - —k) : j > 0,k € RV}, where ¢ is a scaling function and
1) is the mother wavelet, with good properties of localization, regularity and oscillations (see
[15, [16], B4, [40] for constructions of such bases and an introduction to wavelet theory). In
particular, the Hurst exponent of the field can be determined by

H =sup{a>0:YH ccoo,1)},

and can be estimated with log-log regression on wavelet coefficients (see [7]).

These fields have several extensions, introducing anisotropy in the model [11] or local
fluctuations in the Hurst exponent [3], implying that the regularity of the field varies from
point to point. An other important extension is the notion of Operator Scaling Gaussian
Fields (OSGF) introduced in [I0} [§]. They satisfy a matricial self-similarity condition, which
is given by

Va>0, Ze, 2 atlz,

for some H > 0, where F is a N x N matrix with eigenvalues having positive real parts, and

In*(a)E*
where a” = exp(En(a)) = Z (k') In this context, the natural notion of regularity is
k>0 ’
no longer the classical one, and it becomes necessary to consider anisotropic functional spaces
[9, [I4]. These spaces have been extensively studied in [50] and possess biorthogonal wavelet
bases, referred to as anisotropic wavelet bases [49]. This framework provides strategies for
numerical estimation of model parameters [44], 45].

e The fractional brownian sheets (FBs) SH [28 5]. For a given vector H =
(Hy,...,Hy) € (0,1)N, the fBs of Hurst index H is a real-valued centered Gaussian ran-
dom field SH with covariance function given by

—_
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It can also be characterized by its harmonizable representation
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Setting H,, = % for each m € {1,..., N} yields the standard Brownian sheet.

Classical spaces and even anisotropic ones are not well-suited to study the regularity of
these fields. Indeed, due to the tensor-product structure in the covariance — and similarly in
the kernel of the harmonizable representation — it is natural to study the regularity of the
field in the scale of spaces of mixed dominating smoothness [51] and to characterize it with
the help of hyperbolic wavelet [28].

Note that the fractional Brownian sheet SH satisfies the self-similarity property

Va >0, SHx @ atlsl



and its rectangular increments — as defined in Section [2| — are stationary. Whereas frac-
tional Brownian fields are the unique Gaussian self-similar fields with stationary increments,
Makogin and Mishura have exhibited in [38] [39] self-similar Gaussian fields with stationary
rectangular increments which are distinct from the FBs. Here, the notion of self-similarity
required for the field Z is

Yai,as > 0, Z(arar,anws) (:) afhagzZ(xl,xg).

In this paper, we study a new class of self-similar fractional Brownian fields, called
Weighted Tensorized Fractional Brownian Fields (WTFBFs). These fields were in-
troduced in a short companion conference paper [18], where numerical simulations were pro-
vided. Notably, these simulations highlighted how the parameter « contributes to relaxing
the tensor-like structure of the field. Our motivation for this study is multifaceted:

a) These fields offer new examples of self-similar fields with stationary rectangular in-
crements, complementing the examples presented in [38, [39], when the notion of self-

similarity is relaxed to:
d
Va >0, Zox 2oz,
These fields have a relatively simple spectral representation (cf. below), and it allows
us to obtain both statistical and regularities properties.

b) The fractional Brownian Sheet has been introduced to model anisotropic textures such
as bones in the diagnosis of osteoporosis [28]. However, due to its strong tensor-product
structure, it is not always an appropriate model for real-world data. Nonetheless, in
certain contexts, particularly in modeling reticulated textures — such as textiles, biolog-
ical structures and urban networks — a controlled “tensor-product”-like property can be
useful. Our new class of fields offers flexibility, ranging from strongly tensorized fields to
nearly isotropic ones, depending on a parameter a. The endpoint o = 0 corresponds to
the classical FBs when a = 1 yields a field that closely resembles to the FBf, particularly
in term of regularity.

c¢) The relaxation of the strict tensor-product structure renders both classical and mixed
dominating smoothness notions inadequate for studying these fields. Therefore, we
introduce a new notion of regularity and define Weighted Tensorized Besov Spaces.
These spaces are a hybrid between spaces of mixed dominating smoothness (at a = 0)
and hyperbolic Besov spaces (at o = 1), the latter being quite similar to classical Besov
spaces.

This question of modulating or weighting the tensor-product effect echoes works on
PDE’s where the physically relevant solutions of a electronic Schrodinger equation nat-
urally has this kind of hybrid regularity [52] [53]. This hybrid smoothness can be then
used to reduce numerical efforts to compute solutions, and it leads to ongoing researches
on non-linear approximation on these spaces in [12], 25], where the spaces are only in-
troduced via conditions on the hyperbolic wavelet coefficients of their functions.

As a matter of fact, the introduction of hyperbolic spaces with characterization in terms of
hyperbolic wavelets X, , (X = B for Besov spaces or F for Triebel-Lizorkhin spaces) in [2} [47]
has proven useful. These spaces are equivalent to classical spaces if and only if p = ¢ = 2,



but they remain very close in other cases, differing only by a logarithmic correction. This
approach provides a unified tool for analyzing isotropic, anisotropic, and tensor-product-like
structures. In this paper, we aim to present various equivalent definitions of these spaces
(through finite differences, Littlewood-Paley analysis, and wavelet characterizations), explore
properties of embeddings, and showcase the typical Gaussian random processes related to
this notion of smoothness. Let us also mention related works where different extensions of
the notions of smoothness have been studied such as directional regularities and rectangular
pointwise regularity [II, 37].

A further motivation for our study comes from the regularity analysis of WTFBF's. Indeed,
these processes are associated with kernels that lack the regularity properties usually available
in classical settings. This prevents one from relying on standard kernel-based methods and
suggests decomposing the process itself instead. Using an adapted hyperbolic Meyer wavelet
basis, we obtain independence properties for the Gaussian wavelet coefficients when they
correspond to sufficiently distant scales. Estimates on their second-order moments then lead
to bounds on the rectangular increments of the field. In this sense, the wavelet approach
developed here not only serves the analysis of the present examples, but also provides a first
set of tools for dealing with irregular kernels, which may prove useful in other contexts where
similar regularity issues arise.

The paper is organised as follows : After quickly giving the definitions and the first
properties of the field below, Section 2 is devoted to a variant of Kolmogorov’s continuity
Theorem and provide us with the regularity of the fields. Irregularity properties are obtained
in Section 3 and Section 4 is devoted to the study of the associated Besov spaces.

Definition 1.1 (Weighted Tensorized fractional Brownian fields). For « € [0,1] and
H €(0,1), we set

Hf =(1+4+a)H and H, :=(1-a)H (3)

and we define the Gaussian field {ch’fm)}(th)eﬂgz by

1181 _ 1)(ei$2£2 _ 1) R
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where the function
. —41 +1

do, (€1, €2) = min(|€a], [§2]) " = max(|& ], |&a])" T2 (5)

denotes the square root of the inverse of the spectral density of the field.
In the sequel, we also use the notation

(181 — 1)(e™282 — 1)
P, (&1, &2)

for the kernel in the stochastic integral . Note hat is well-defined according to the
following Lemma.

/Cgc’fxz)(fbfz) =

Lemma 1.2. The kernel K& is in L2(R?).



Proof. The kernel being symmetric in & and &2, we can restrict the domain of integration to
the half plane {|£1| < |€2]}. One writes, on a neighborhood of (0, 0),

(€& —1)(ei2e2 — 1) |? Clz1&1 [2]abal?

&1 |(—) H+1/2|¢, (1) H+1/2 =6 PO-a)HAT g 20 +a) H1

Cla1&|?|z2&s]?
€1 [P gy 2T

using |£1| < |&] for this last inequality. This gives the integrability in (0,0). A similar
argument gives the integrability when ||£|| — 4o0. O

Let us end this introduction by mentioning the first basic properties of the field X
proved in [I8]. Note however that similarly to Operator Scaling Gaussian Fields [10] it seems
difficult to derive an explicit formula for the covariance of the fields.

Proposition 1.3. For all o € [0,1] and all H € (0,1), the field X! is real, self-similar with
exponent 2H and has stationary rectangular increments.

2 Regularity of the sample paths: A variant of Kolmogorov’s
continuity Theorem

A usual strategy to get a first glimpse on the regularity of a stochastic process from very basic
probabilistic quantity is to use the Kolmogorov’s continuity Theorem. In its most basic form,
it tells that if a field {Xx } cpa is such that there exist some constants 3,7, ¢, R > 0 for which,
for all x,y € R? with ||x —y|| < R, we have

E[|Xx - Xy|"] < c(lx - yl)'** (6)

then there exists a version {Xx}xeRd of {Xx}xere which is locally Holder of order +, for all
v € [0, %) It means that, for any such v and any bounded set K, for all w € 2, there exists
a finite constant C(w) > 0 such that for all x,y € K,

Xy — Xy| < Clw) (Ix— )"

Numerous generalizations of Kolmogorov’s continuity theorem (also known as the Kolmogorov-
Chentsov theorem) can be found in the literature. See, for instance, [31] for an extension in
the very general context of stochastic processes defined on a metric space and taking values
in another metric space. These kinds of results are particularly well-adapted for processes
with stationary increments, as the law of Xx — Xy used in (6)) (or generally d(Xx, Xy) for
processes on a metric space with distance d) does not depend on ||x — y||.

Nevertheless, as already noted in [5 27, [38], B9, [43], for real-valued stochastic field with a
“tensorized structure”, the stationarity of increments is rarely met and it is often preferable
to work with so-called rectangular increments. Given a stochastic field { Xy }xcge and h € R?,
the rectangular increment of X at x € R? with step h is given by

AXh;x = Z (—l)d_(kl—i_m—i_kd)X(xl + kihi,...,xq+ kdhd).
(k’1,...,kd)€{0,l}d



In this paper, we work with d = 2 and therefore we have
AX(h1,h2);(a:1,ac2) = X(a:l + hl, Tro + hg) — X(J?l + hl, 33‘2) — X(.%’l, To + h2) + X(Qj‘l, 1’2).

Starting from the observation that rectangular increments are an appropriate quantity to
study stochastic field with tensorized structure, the authors in [21], [33] propose the following
variant of Kolmogorov’s continuity theorem. Let {X(zl,zz)}(ml,mz)eRZ be a two-dimensional
fied such that there exist constants B1,[2,7,¢, R > 0 for which, for all (x1,22) € R? and
(h1,ho) € R? with |hy| < R and |ha| < R, we have

E[|AX hy hayi(or.an "] <l |79 B 1HE2.

Then, there exists a version {X(ml’mZ)}(xl7x2)eR2 of {X(21,22) } (21,20)er? for which, for all v €
[0, %) and vy, € [0, %), and for every bounded intervals I, J of R, for all w € Q, there exists
a finite constant C'(w) > 0 such that

|AX (hy ha)s(wraa)| < Clha |7 2|2

for every x1 € I, x5 € J and hy, hs € R with 1+ hy1 € I and 29+ ho € J. This result could be
applied to study the regularity of the WITFBFs. However, the weights within the tensorized
structure of this field allow to refine the bounds on the moments, as stated in the following
proposition.

Proposition 2.1. [18] For all « EIJO, 1] and H € (0,1), there is a constant ¢; > 0 such that

the rectangular increments of {X(a Harw0)er? Satisfy

x1,%2)

a, —a o 2H
E[AXG | orenl?] < e (max{[ha], [ho[} = min{|hal, [ha[} )

fO’I“ all (l’l,l'g), (hl,hz) € R2.

Our strategy will thus be to exploit this bound on the second moments of rectangular
increments of the WTFBFs to establish the regularity of their sample paths.

Proposition 2.2. For all a € [0,1] and H € (0,1), there exists a version of X which we
still denote as XM | such that for all e > 0 and for every bounded intervals I,.J of R, for all
w € Q, there exists a finite constant C(w) > 0 such that

a, —a - a\H—
AXGT | < C(@) (max{[hal, [ho]}' = ming|hal, [ha[}+) 777

for every x1 € I, xo € J and h1,ho € R with x1 + hy € I and xo + ho € J.

This result follows directly from a variant of Kolmogorov’s continuity theorem, which we
state now.

Theorem 2.3. Let o € [0,1] be fized. Assume that {X(z; 0)}(2,,00)cr? 5 @ stochastic field
for which there exist some constants 5,m,c, R > 0 such that

- a\ 148
El|AX () ho)s(ar0)|"] < € (max{| ], | o[}~ min{|R], [} ) (7)



Jor all (z1,x2) € R? and (h1,h2) € R? with |hy| < R and |ho| < R. Then, there exists a
version { X (2, w0) } a1,20)eR? O {X(21,20) } (21,22)er? Such that, for every « € [0, %) and for every

bounded intervals 1,J of R, for all w € Q, there exists a finite constant C(w) > 0 such that
[AX (1) )i sea)| < C(w) (max{ |, [hol}' = min{| R |, ||} ) (8)
for every x1 € I, xo € J and h1,ho € R with x1 + hy € I and xo + ho € J.

The outline of the proof follows the construction used in the standard Kolmogorov conti-
nuity theorem, adapted to the fact that we consider rectangular increments and a tensorized
form of regularity. For the sake of conciseness and completeness, we have chosen to include
the proof in Appendix [A]

Remark 2.4. Let {X(w17$2)}(m1’m2)€R2 be a stochastic field vanishing on the axes and satisfying
the inequality . Then, for x1,x2,h € R, we have

’X(ac1+h,m2) - X(z1,mz)| = ‘X(-'ElJrh,xQ) - X(xlvfm) o X("E1+h’0) + X(wl’o)‘
< C (max{|h], 2|}~ min{|R], |zs|} 1+

and, similarly
X (1 ) — K@) < C (max{|R], |z}~ min{|A[, [z} T*)" .

In particular, this means that the horizontal and vertical increments of the field are locally
Hélder-continuous. Note that, in the case where the field {X (4, 20)}(21,20)cr2 Satisfies the
assumptions of Theorem this fact can also be observed by applying the (standard) Kol-
mogorov’s continuity Theorem to the increments of the field.

Proposition [2.2] will now be easily obtained using the equivalence of Gaussian moments:
if X is a Gaussian random variable then, for all j € N, we have

. 927)1 .
x| = Gy
27 41
Indeed, this relation allows us to state the following classical corollary of our version of
Kolmogorov’s continuity Theorem.

Proposition 2.5. Let a € [0,1] be fized. Assume that {X (4, 1)} (21 20)cr2 8 a Gaussian
stochastic field for which there exist some constants 8,c, R > 0 such that

E[[AX (4, ko) )1°] < ¢ (max{|hal, |h2|}'~* min{|hq], \h2|}1+a)ﬁ

(1,22

Jor all (z1,x2) € R? and (h1,h) € R? with |hy| < R and |ha| < R. Then, there exists a

version { Xz, 22) } (a1 ,0)eR? Of {X(21,02) }(@1,20)er2 for which, for all v € [0, g) and for every

bounded intervals 1,J of R, for all w € Q, there exists a finite constant C(w) > 0 such that
’AX(hl,hg);(xl,x2)| < C(w) (max{|h1|, |h2’}lia min{|h1\, |h’2|}1+a)’y

for every x1 € I, xo € J and h1,ho € R with x1 + hy € I and xo + ho € J.



3 Irregularities of the trajectories

The aim of this section is to prove that the regularity of the rectangular increments of the
WTFBFs, as obtained in Proposition as a consequence of the Kolmogorov continuity-type
Theorem is optimal.

Theorem 3.1. Fiz a € [0,1] and H € (0,1). We suppose in addition that (1 + «)H < 1.
Almost surely, for every bounded intervals I,J of R, one has

a,H
[AX 3 o) ao)] _
sup ; 7=t
(e1,20), (1 +h1,eatho)erxs (max{|hi|, [ha|}1 = min{|hy|, |ho|}1 1)

h170,hg#0

Note that the additional assumption (1 + a)H < 1 ensures that the involved increments
remains of order less than one. The proof of Theorem is based on several lemmas, that
rely on estimating the size of the so-called “hyperbolic wavelet coefficients” of our fields, see
Section 4] for more details about hyperbolic wavelet basis. In what follows, we will denote by
{29/24)(27 - —k) : (j,k) € Z*} the Lemarié-Meyer orthonormal wavelet basis of the Hilbert
space L%(R), introduced in [34]. TIts particular features include the fact that the mother
wavelet ¥ belongs to the Schwartz class of C'*° functions whose derivatives of all orders decay
rapidly, that it has vanishing moments of every order and that

i 2”] U [2” 8”} . (9)

~ [ 8m

Supp¢_[ 53 373

For every (j1,42), (k1,k2) € N2, we will use the compact notation
j=(j,j2) and k= (ki,ks)

together with

max(j) = max{ji,jo} and min(j) = min{ji,jo}.
Let ¢; 1, (4,k) € Z2%, denote the hyperbolic wavelet coefficients of X*H in the the Lemarié-
Meyer basis, defined by

CGE= /1 +s2 - X&17$2)¢(2jlx1 — k)Y (2% 29 — ko)dex. (10)
We will show that these coefficients are independent as soon as they correspond to sufficiently
separated scales, and controlling their second-order moments will allow us to estimate their
size as the scale increases. The vanishing moment of 1) will then enable us to derive information
on the rectangular increments of the field. Our first objective will be to prove that the wavelet
coefficients given in Equation are well-defined. Let us begin with the following lemma,
which provides an estimate of the covariance of the rectangular increments of the process
X,
From now on, we assume that a € [0,1] and H € (0,1) are fixed with (14 o)H < 1.



3.1 Hyperbolic wavelet coefficients of the WTFBF

Lemma 3.2. One has

a,H ‘AN vo,H
‘]E[AX h1,h2); (:171,$2)AX(Z1,42)3(?J17ZJ2)] ‘

min{2, [h1&1|} min{2, [hefo|} min{2, [¢1£;[} min{2, ’€2§2I}|
R? (%H(Eh&))

fO’/’ all (hlv h2)7 (Elv 62)7 (wlv x2)7 (yh 3/2) € RQ'
Proof. By definition of X®¥  one has

thiér _ 1)(€ih2§2 —1)
(ba,H(gla 52)
The isometry property of the Wiener integral gives then

Ayl _ / sil@rr+aste) (€ AW ().
RQ

(h1,h2);(x1,22)

oa,H a,H
E [AX(hle) ($1»$2)AX(h17h2);(y1,y2)]

/ el(@—y)&it(@a—v2)82) (gih&r _ 1) (eth262 — 1) (e~i1€1 — 1)(e7H282 — 1)
=/,

de.
(Garr(E1,62))°

It implies that

o, H o, H
[E[AXG ho)iter,e2) DX )it o)

letf&r — 1| |eth28z — 1| |e=#181 — 1] |e~ 282 — 1|
< dg
/RQ (Pa, H(fhfz))z
min{2, |h1&1]} min{2, |ho&a|} min{2, [(1&1|} min{2, |5252|}’
R2 (¢, H(§1,§2))

by noticing that
e’ — 1] = 2| s1n( )| < min{2, |¢[}. (11)
O

Lemma 3.3. Let us fix L € (0,1] and let us consider for every (j,k) € N x Z the coefficient

dig= [ AXNT O Y ()dy

2
55 (o233 )i (Gir 53

where 4 ‘
S5 ={(y1,42) ER*: [y1| > 27'L or |ys| > 2L},

For every N > 3, there exists a constant C' > 0 such that
EHd; 12|2] < (¢ 272N min(j)

for all (j,k) €N x Z.

10



Proof. For the first part, Tonelli’s theorem together with Lemma yields

{AX"‘J? o AX | ) T 0

NGR R (
2J1 7 972 271 272 2J1 7972 271’ 2]2

/ / min{2, |24 & 1} min{2, | &/} min{2, | 286 |} min{2, | 226}
r2.JS;.)s; (¢a,H(£17£2))
X | (y1) e (y2) v (1) (22) | dydadé
Using the change of variables u; = 2771y;, ug = 2772y, v = 277121, vg = 277229 and the

relation
min{2, [we]} < minf2, [¢]} max{1, |}

for all w,§ € R, and setting S = S(g ), we obtain
Blj ) < e [ [ [ 20l mint2 ot min{ o) min 1)
) - R2

(¢a,H(fl7§2))2
X[ (27 w1 )1h(272u2) (27101 )1 (27203 ) | dudvd€

gc*z?(flﬂ'z)//max{l,|u1|}max{1,\uQ|}max{1,|v1\}max{1,v2|}|
SJS

X | (27 un )1h (2% ug ) (201 vy )1 (20202 ) | dudw

2
= 02201 +72) (/S max{1, |u1|} max{1, ]uQ|}|¢(2j1u1)w(2j2uQ)|du>

where

. o 2
C’:/ (min{2, [£1]} min{2, [£2]}) de, (12)
R2

(ba,m(E1,2))°
Note that the constant C'is finite by Lemma We will now decompose the integral over S
in three parts, corresponding to the sets
g — {(U17U2) cR?: |ur| > L and |ug| > L}
S® = {(u1,up) € R? : |uy| > L and |ug| < L}
S® = {(u1,u2) € R* : |uy| < L and |ug| > L}

and give an upper bound for each term by using the fast decay of the wavelet

Con
| ()\_W Vit e R

11



for a constant C'y > 0. First, one has

[ e [ a1, ) 327 )2 ) e
S(1)
Cin
(1 + \2j1u1|)2N(1 + ’2jQUQ‘)2N

< / masc{ 1, |ua|} max{1, [us]} du
S(1)

< C22N2_N(j1+j2)/ max{1,|u1\}max{11]u2|} Ju
s (14 271wy )V (1 + |272ug| )V

< C22N2_N(jl+j2)2_(jl+j2)/ maX{LQh’tﬂ}dﬂ/ e, 2 eal) to
wzenn (L4 [t)Y jto>22r, (14 [t2)N

. L) )2
< 2 o9=N(@j1+j2)9—(1+72) /max{ J
< O e @y @

by using the change of variable ¢; = 2/1%1, t, = 2/2t,. For the second term, we use as
before the fast decay of the wavelet for the part corresponding to |uj| > L while for the part
corresponding to |ug| < L, we use the fact that max{1,|ua|} = 1 since L < 1. More precisely,
we obtain

masc{1, [ug [} masc{L, [uz] }| (27 w1 )0 (272us) | de
S(2)

CQN i
</uI|ZLmaX“’ ‘“%mwwd“l) </|. (2 u2>|duQ)

022~ Nirg=in ( /]R r?f’f?é’ﬁﬂ‘fdu) 972 < /R |¢(t2)|dt2>.

We proceed in the same way for the integral over S, by switching the roles of j; and ja.
Putting everything together, it follows that there exists a constant C’ > 0 such that

IN

IN

3 2
E[|d; z]] < C2%0rt) (Z/ max{1, |ui|} max{1, !u2\}W(?ﬁul)l/}(?jguz)ld't)
m=1 §(m)
< C'221+52) (2—N(j1+j2)2—(j1+j2) + 9~ Nirg=(i1+i2) +2—Nj22—(j1+j2))2
S 90/2—2Nmin{j1,j2}’
which gives the conclusion. O

A direct consequence of the previous Lemma is that, almost surely, for every (j,k), the
wavelet coeflicient ¢; i given in Equation is well—deﬁnqd. Indeed, by usi‘ng the vanishing
moment of the wavelet and the change of variables y; = 2/'x1 — k1, y2 = 27229 — ko, we can

12



a,H
Cik = /RZX y1+k1 yatka ’(/)(yl)w(?ﬁ)dy

(2J1 ’ 9J2 )

= AX ( yl Y2 )(k71 ki)w(yl)w(yQ)dy

R2 201 7232 /7% 231 7 232

- /R AX(ay? Yp (kg Q)w(yl)¢(92 dy+/ AX
J

271 7272 77\ 231 7 202

Y(y1)Y(y2)dy  (13)

231 2%22)(2%’2]%)
where R; = R2\ S;. The first integral is almost surely well defined, thanks to Proposition
whereas the second integral is almost surely finite, by Lemma

Now that we have established that the coefficients are well defined, our goal is to show
that we can compute

271 272 2]1’2]2

by changing the order of integration, leading to

= [ AN ) )0y

71’ 2]2

ety1+k1)2™ g _ eik127j1£1)(ei(y2+k2)27j2€2 _ eik’ﬂfj?fz) N
-/ / () (o) AW (€)dy
R2 JR? Ga,1(€1,62)

k12 ]1§1+k22 ]262) . .
_ 127918 1Y2277282 A
fo e (Lo = nvtman) ([ - i) aivie

(k1279181 +k2279282) ) ~ ) .

= Y(ER2TEG)P(27726)dW (&
Lo e e

where the last equality is formal and needs to be rigorously justified. The precise justification

of this stochastic Fubini-type result, ensuring that the interchange is almost surely valid, is
the focus of the next subsection.

3.2 A stochastic Fubini theorem for the hyperbolic wavelet coefficients

In this subsection, we rigorously justify the previous computation by proving a stochastic
Fubini-type theorem for the coefficients. Our main result is the following.

Theorem 3.4. For any (j,k) € N x Z, one has, almost surely,
ei(k1277161+k2277263)

a,H _ T o—j1 T (9—J2 W
/R AX Ly )b ()dy = /R g IR )W)

2J1 7272 2]1 2]2)

Our strategy to prove Theorem is inspired by [4, Section 2]. We set, for all n € N,

my+1 mo+1

o on on
Xro= > > AX A k / Y (y1)dy / Y(y2)dys | -
Ji (P o J2y oy g

\m1|§4" \m2|§4" 2J1+n 2 9jo+n

om

oM

13



From the linearity of the stochastic integral and the Lebesgue integral, one can write

me+1

i(k1279161 +kp27928,) 2 7 )
n e 2 R W
45 _/Rz II{ > (2 278 — 1) (yg)dy, | AW ().

ik ba,m(§1,62) 5 moan B

First, we study the L2(Q) limit of the sequence (XJPE)”

Lemma 3.5. For any (j, k) € N x Z, one has,

XTL

]kn%oo

e ) omiv 22 0)aW 14
/IRQ ba,m(81,62) (2P (277262)dW () (14)

in L?(€2).

Proof. By the Wiener-It6 isometry, one has, for any n,

§ (ka2 i +220) I
X2 - /[R e @RI e

Lo
my+1

AQ¢;,%<£1,52> > /m (€28 — Dp(y)dyy | — D276 [h(27728)|%dE

[my|<am ™ 2n

L*(Q)

2 m;+1 2

Z /w (e iTeo—iee, 1) (ye)dye _&(273'151)&(273'252) e

f 1 \|myg|<4n

ei(k127j1£1+k227j2§2)

ba,m(&1,82)

2 3

IN

(15)

2

. 1297026, D(y)dyy | — @(2‘”52) d€

NI

m2

+ /RQ¢a3{(51»52)|$(2_j151)|2 Z /ngn (

[mag|<4n ™ 2

(16)
'm[+1 2 %

2
/Rﬁ;%(ih& I X / (€227 — D)p(yg)dy, | — D(2790€,)| de

(=1 [mg|<4m

_l’_

(17)
First, we show that the term tends to 0 as n — +o0o. To this aim, using the vanishing
moment of v, we write

m1+1

Z TEEE gy )y | - B(270)

mq+1

= Z / (e G2 eiy127j1§1)1/1(y1)dy1 _/ (eiy127j1§1 — 1) (y1)dy
R\[—27,2"+2— 7]

my
\m1|<4” 2n

14

N|=



and thus get

1
mq+1 2 2

() < /Rm;,%q@l,sz) SO [T @ gy | (D2 26)| de

m
[my|<am ™ 2

(18)

NI

2

o e e| [ (27— )| (D@ PE)PE | (19)
R2 R\[—27,2n 42 7]

Let us bound from above the term . First, we have, by the triangle inequality,

mq+1 2

/Rﬁ;,%{(fl,sz) > /f (€228 — 2y (y )y, | [(27726) Pdg

|m1|§4n om

mq+1 2

_ 2n omq i o~ )
= / a6 | D] /ml o T2 (g |dys | [ (277260)]d€ (20)
® jma|<dn 2
Now, we choose 7 > 0 such that (1 — a)H < 7 < (1 4+ «) and, using inequality , we get,
for all & € R and |my| < 4", since, for all y; € [52 ml“], T —y] <277,

2n7 2n
mq+1
2n comq —_i
L I )
: mq+1
21 om g om i
= [T e e iR mn2 E 7g(g) dyy
QTL
mq+1
re—Ti 2m Iy T
<otz [0 )l
on
mq+1
. 2n
<2zl [ ) ldn (21)
on
and thus
m1+1 2

[20) < 22(1-7)g=2nTo=2m /R2 RGN IISIE Y /m12n W)y | [9(2772&)|de

g |<dn 2
< 2272722 ]| gy /R2 G (61, &) |6 [T [9(27726) Pde. (22)
We need to check that
| e Il I e Pde < oo (23)

To this aim, as suppt) C [—%’r, %’r] \ (—%’T, %’r) and 2772 €]0, 1], we note

6. _ 8m2? w2 _ 2m22 2m2
v 37 3 37 3

15



and write

/ G261, &) |EaPTI(27726,) [P = / / 622161, )16 2T D(2776) Pdeadey
R2 RJS,;,

27292
3

-/ /S 022,60, 0)E D 6) Pdeadey (24)

27272 )
3

272

v ahaelalie et @)
ngQ SQjZ

+/ i / ¢;,2H(§1,52)\51!27!12(2*3'252)\2(;[5265&_
{le[>22=} JS, 5,
(26)

From the definition (5)) of ¢ g and the fact that for any |£;| < % and &o € Sy-js, [€1] < |€2],
we get, since (1 —a)H < T,

27r2j2
3 —~ .
(24) = /27r2]'2 &1 |20 g, (/ \§2|2(1+Q)H1|1/1(232€2)|2d§2>
-5 ,

272
< oQ.

On the other side, for any |£;| > % and & € Sy-iy, [€1] > |€2] and, now, we use T < (14+a)H
to deduce

" = <[{|£ | 87r2j2} |€1‘272(1+Q)H1d§1> <[g ’52’2(1a)H1‘{b\(2j2§2)|2d§2>
>3 ]

272

< oQ.

Finally, the integral is clearly finite since its integrand is continuous on the compact
set Sgjs X Sagjp. In total, we obtain and we deduce from this inequality together with
inequalities and that there is a deterministic constant C7 > 0 such that, for any n,

@ < cr2 . (27)

We now turn to the term (|19)). Proceeding as in (21]), we obtain

2

[0(2772¢,) 2dg

/ Po g (€1,2) / (12718 — 1)ep(yn )dyy
R? R\[-27,2n +2-7]

2
<200 [ e gl ( /{ - }|y117|w<y1>|dy1> B2 ey) Pde.
y1|=2"

Since 1) belongs to the Schwartz class, we know that, for any L > 0, there exists a determinsitic
constant C7 1, > 0 such that

/ Iy ldys < Crp2 (28)
{ly1|>2"}

16



This last inequality, together with inequality , gives, for all L > 0, the existence of a
deterministic constant Cy > 0, such that, for all n,

(T9) < Cp27"". (29)

The convergence to 0 of , as n — oo then follows from inequalities and .
We proceed in exactly the same way to show that the term tends to 0 as n — +oo. It
remains us to consider the term . First, proceeding as above in and , we obtain

2 mptl - 2 1
<| [oneoll| ¥ / (/327060 _ ey dy, | de (30)
R =1 [jml<an 5
1
2 2 2
/ ¢;,2H(€1,£2)H / (€278 _ 1)op(ye)dye| dE (31)
R2 —1 on 2n49—n]
miq+1 2
omn . i
/ ¢;7%{(§1,§2) Z /m (e g 27IE g2 Y (1) dyy
R |mq|<4n ¥ 21
1
2 2
X/‘ (€228 — 1)1 (yo)dy| d& (32)
R\[—27,2n42-7]
2
/ Goir(€1:2) / (e — 1) (y1)dys
R2 R\[—2n 2n4+2-7]
2\ 2

mo+1

X Z - (e’ i 522728y 6iy22_'72§2)¢(y2)dy2 d¢

ma
[ma|<d4m ™ 27

(33)
To bound from above , we set
Ar={&: lal<lel <1} Al={&:lal<1<|&l} AT={¢:1<la| <l
and
A ={¢: el <lal <1} AB={:jol<1<lal} AB={&:1<lal<al}
and use the triangle inequality to get

2

N

me+1

2 .
@Bo) < ZZ / ¢aH £1,6) H Z / (T2 _ w2 Ey | de

my
r=1 s=1 £=1 ||my|<4n ¥ 27

To bound from above the integral over the set Al, we use the definition of ¢, m, the

17



triangle inequality and twice inequality with 7 = 1 and we obtain

me+1 2

/1%,211(51’52 ) / (/327708 — w2y (g )y, | dE
Ay =1 | [mg|<an ’ T
2|12
S 274n272j1272j2”1/}”4 / |€1‘ |€2| dE
L'(R) Al |&1|20-a) H+1| ¢y 2(0+a) H+1

—4no—2j10—2j2 |, (|4 &1l &)
<2yl | ¢

' &1 [2H+1| &y 2H+1
=Cp 27", (34)

for a deterministic constant C7; > 0 only depending on H, ji, j2 and 9.
To bound from above the 1ntegral over the set A%, we use the definition of ¢o.m, the
triangle inequality and the inequality (21)) once with 71 > (1 —«)H and once with 75 < (1+«)

2 me+1 2

/Aﬂ;%@h& II| > / (72t 28— 2 Sy ()| dE

my

=1 |jmy|<an ¥ 77

S 22(1—7'1)22(1—7'2)2—21’1,(T1+T2)2—2(7‘1j1+7‘2j2)‘|¢H%1(R) / ’§1|2T1—2(1—Q)H—1d€1
{l&1]<1}

% (/ |£2‘2T2_2(1+Q)H_1d€2>
{l€2[>1}

for a deterministic constant C'y 2 > 0 only depending on H, «, j1,j2 and 1.

To bound from above the integral over the set A3, we use the definition of ¢,
the triangle inequality and the inequality once with (1 — a)H < 71 < 1 and once with
0 < 72 < 1 such that 2(7; + 72) < 4H and we obtain

— 01722—27‘&(7'14-7'2) (35)

m[+1 2

2 .
/ boutr (€1, €2) H > / (T2 708 — 20y (y )y, | dg

/=1 mg|<4" 27L

< 921=m)92(1=m2) 9= 2n(ri+72) 9= 2mugi+72j2) || |4

X/ </ |£1‘27'1—2(1—04)H—1d£1>|£2’272—2(1+a)H—1d£2
{e>1\/{1<l&<|é2(}

< D22(1-m)92(1-m2)9—2n(T1+72) 9= 2(T1j1+7252) ‘WHLl R)/ ’€2|2(71+72)*4H*1d§2
{l€2[>1
= () 327 2(1tm) (36)

for some deterministic constant D > 0 and C1 3 > 0 only depending on H, «, j1,j2 and 2.
We proceed exactly in the same way to bound the integrals over the sets A3, A3 and A3. In

total, inequalities , and yields the convergence to 0 of the term as n — 00.

18



The same decomposition of integrals over the sets AS (r € {1,2}, s € {1,2,3}), together
with a wise choice of the parameter 71, 7o to apply inequality as here over and the
inequality allows to show that the terms , and also tend to 0 as n — oo.
The convergence to 0 of as n — oo and then the conclusion follows immediately. [

Lemma 3.6. For any (j,k) ENxZ

/ Ax Sy d()dy —s 0 (37)
RQ\[ NN]Q ( N—oo

2J1 ’QyJ%) (271 2]2 )
in L?(£2).

Proof. Using the upper bound given in Lemma [3.2] and proceeding as in the proof of Lemma
B:3] we obtain

2

AxsH
/R?\[ N,NJ2 yL Y2y, k1 ky Y(y1)Y(y2)dy

G i Giras) L2(Q)

< 022U +32) / max{1, |ui|} max{1, \uQ]}‘w(leul)w@jng)‘du
R2\([-N2771 ,N2771]x[-N27J2,N2~72])
where C' is the deterministic constant in . Using the fact that ¢ belongs to the Schwartz
class, we deduce that this last integral tends to 0 as N — 400 and thus the conclusion. [
We are now ready to prove Theorem

Proof of Theorem[3.4 In view of Lemma it suffices to show that, almost surely

XN [ oAxs! vt kWU (12)dy.

Jsk n—oco ’ :
R2 (271 1902 /\ 971 ' 9d2

To this end, for all N € N, we set

N _ H
Y},E - /[ N,NJ2 AXayl Y2 %i( k1 ko )¢(y1)¢(y2)dy

(2J1 2]2 271 2]2

and, for any n > N,

N2 —1 N2™—1 m217:'1 m2277j'1
EEEED DD DS oo AR ( /. ¢<y1>dy1) ( /. ¢<y2>dy2>.
2n 2n

mi=—N2" ma=—N2n 231+” T9J2+n 2N 971 7 902 oM 7
Note that
N _ YN,n
J.k 5.k
N2™—1 N2™—1 mi1+1 mo+1
z : 2 : 2n 2n o, H a,H
mi=—N2" mo=—N2n T e 271 7292 /7% 271 7 292 od1+n  9ia+n NG5 500
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First, we remark that, for any —N2" < mq,mg < N2" — 1, y1 € [m mIH] and yy €

2n s " 2n
mo mo+1
[2—”, o ], we have
a,H o, H o, H a,H
'AX(;; v2 ). (B kg B AX( my_ mg ki kg | = X(y1+k1 2tk - 7;112—n+k1 yo+ko
2717292 77 271 7 272 2J1+n 7 9d2+n 21951 2 572 2J1 7 272 ( 21 " od2 )
+ XaH _Xa,H + Xa,H _ yo,H
(m12 Ttk y2+k2) (m12_n+k1 m22—n+k2) (IL; yszz) (kil m22_n+k2)
271 272 2J1 ’ 2J2 2717 272 2J1’ 2J2
a,H a,H
+ X(y1+k1 K2y B (ma2Tky kg |
271 272 271 7272

If € > 0 is such that 0 < H — ¢, we use Remark [2.4] to affirm that, for any w € Q, there exists
Cn(w) > 0 such that, for all such m1,ma,y1,y2, and n sufficiency large,

on,H _ yo,H
(y1{rk1,yz{rk2) (m12 "tk y2+k2)
271 272 2J1 > 972

< C(w) (max{27j1 lyp —mi127", 27j2|y2 + kg\}lfa 111111{273‘1 ly1 —mi27", 97 J2 ly2 + ,14:2|}1+°‘)H_6

< C(w)2772 (1 + [ya| + [ko|) ! m02 7m0y =

and, similarly,

H H o e e H
‘Xamﬂ Tiky yotkoy Oéml2*"+k1 mo2 M+ ko < C(M)(Q J1 ]2(14— ’yl‘ + ‘kl‘)l @9 n( +a)) 5
(T’ 2J2 ) ( o1 B 572 )
Xa;fl{ vathkay T QLH o2ty | S C(w)(271772(1 + |y ) mo2 (i He)yH—e
Gi2R?) G it
and
H H L o B
Xéxlerkl ko ) - am12 Ntk ko < C(W)(Q I j2(1+ ’kQ’)l a2 n(1+a))H €
a1 ) (T )

These last four inequalities, together with the fact that ¢ belongs to the Schwartz class, entail
that, for any N and w € ,

lim A "(w)’ —0. (38)

n—-+o0o

On the other side, we know from [0, Lemma 2] that there exists ; C Q with P(Q;) =
for which, for any w € 1, there is Cj(w) > 0 such that for all n € N, my,my € Z,

AXH sy ()] S Cole) VIR T ]+ e [AXCE, ®

1
(2J1+n Yodotn 0N 951 7 902 2J1+n’2j2+n) (271 2]2)

20
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Thus, combining this last inequality with Proposition we deduce, for any w € O, N € N
sufficiency large and n > N

N,
X2 (w) = V23" (w)|

<w Y Y iog@ [+ [mil+ mal) (/ \w<y1>rdy1) (/ w<y2>rdy2>

n
|m1 |>N2n "H’LQ|>N2n

27’L
ima|  mol yima . lmal  |ma| 1)
X max{ j1+n,2j1+n} mln{ j1+n’2j2+n}

<Ciw) Yo > V1og@F [nf+ [mi] + ma]) (/ \w<y1>rdy1) (/m w<y2>rdy2>

[m1|>N2"™ |mg|>N2™ 27

% 272(n+maxj H‘ml‘ l+a)H’m2‘ 1+o¢)H~

Then, we use the fast decay of the wavelet ¥ to get, for all L > 2 the existence of C;, > 0
such that, for all ¢ € {1,2} and |my| > N2",

my+1

271
|| vy [Py < CL2" D (2 + my))~F

Pig

Therefore, using the relation

V10g(2 + [n] + [ma| + [ma]) < (2+ [n])(2 + [ma])(2 + mal),
there exits a deterministic constant ¢ > 0 such that

2
X24(w) — Y2 )| < CC @)@ + 22 By T (57 (24 )
=1 \my|>N2n
< CC%Cl(O))(Q—F ‘7’L|) n+maxg)H22n(L 1)(N2n) 2(L-2)
< Cf(w)N~2L=2), (39)
since /log(2 + [n[)2~2(vtmax)H 1 for all n large enough.

Finally, from Lemma[3.6] we know that there exist a sequence (Ny)¢ and Qs with P(Qy) =
such that, for any w € Qo,

lim A X (o) (51l = O
L—+00 R2\[— Ng,Ng|2 (2?’311 23322)(2%72’%) ) ( ( )

In total, for any ¢ large enough, n > Ny and w € Q1 N Q9, one gets

AX y1 v2 ). (1 k1 Q)(w)¢(yl)w(y2)dy — XEH,E

R2 271 7292 77\ 291 7 292

/RQ\[ . Axsf 2k by (W)Y (y2)dy

(231 79J2 /0N 9d1 0 2d2

<

N[ _ Ng,n Ng,’I’L_ n7
VW) = YR YT - X
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and it follows from and that, for any ¢ and w € 1 N Qo,

limsup | [ AXST o (@)Y (ye)dy — X7
n—-+oo R2 (Ev%)’(ﬁ7ﬁ) 7>

<

RIS v PP T AT e {O
—4Ve, Ve

271 7292 )’(2j1 7272 )

Thus, letting £ — 400, we conclude, for any w € Q1 N Qo

lim su AX*H . w dy — X2 =0
msup| | AX G 7%);(%,%)( (1) (y2)dy — X3
which ends the proof. O

3.3 Estimation of the size of the hyperbolic wavelet coefficients

As an immediate consequence of Theorem [3.4] we can estimate the second moment of the hy-
perbolic wavelet coefficients and observe that coefficients associated with sufficiently separated
scales are independent.

Corollary 3.7.
1 Iflj — 7' llee > 1, the wavelet coefficients ¢k and ¢ o are independent.
2. There exist two constants c¢,d > 0 such that

9~ 2(max(j) HY +min(j) Hz ) < EHC§IE|2] < 4 9—2(max(j)H +min(j)Ha )

for all 7, k.

Proof. The isometry property of the Wiener integral gives

il 2 k2 gilha2 2 k2 )6 (9= g ) (27951 ) B (272 60) D (2H56s)
I de.
[cj,kcj E } /R2 (gzﬁa,H(fl, 52))2 €

Assume now for example that j; — j1 > 1. Using the localization of 1[1 given in Equation @,
if 2771¢; € supp v, then we have

]2 = 2771 gy |2t > %Qhﬂ'i > 8%

Consequently, we obtain @(2‘j1§1)$(2_j1§1) = 0 for all £ € R and it follows that the coef-
ficients ¢;  and ¢, 1, are independent, thanks to the Gaussianity of the wavelet coeflicients.
The other cases are treated in the same way.

Finally, one also has

) (02771 Pl (27262 . [0 (n0) ]9 () |2
= d£ = QJ1TJ2 - - d
] /R2 (%,H(ﬁlaﬁz))z /RQ (%,H(291771,232772))2 K

Ellcj
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by using the change of variables 71 = 27U1Ey, my = 2772&5. Assume now that j; — jo > 1.
Then, if n1,n2 € supp ¢, one has

. .92 .8 .
|2J1771| Z 2]1?7r Z 2]2?7r Z |2]2772|

hence
9—i1(2H +1)9—j2(2Hs +1)

91y, 9J2 2 _
(G r (211, 212)) I |2Ha +L ]y [2HE L

see for the definition of HS and H,. We obtain directly that

()2 () [2
EHCE,E‘Q] :22j1Hct2j2Ha/ [v(n)] dﬁ/ [P(n)] dn
R

+ —
R |n[2Hd +1 |[2Ha +1
A similar argument for jo — j; > 1 gives

]EUC‘-"|2:| = 012*2(maX(E)Hz{+min(;)Hg) lf ’jl _]2’ >1

- 2 > 2
e f [
R [n|*a R |n|*He

It remains to treat the case where |j; — j2| < 1. First, assume that j; = jo. Then

~ 2 -~ 2
Elle (2] — g2 [ (1) 179 ()]

UC J€| ] /R2 ((pa’H(QﬁTIthTD))

:22(j1H$+j1Ha)/ |d’(m)‘2|¢(772)|2d771alnz

B2 (¢, (M, 772))2
_ 02272(max(3)H;L+min(3)Hg)

for

2 d771 dn2

with

|6 ()P (n2) |
= dnidns.
C2 /]R2 (¢Q7H(n1’ 772))2 nian2

The cases j; = jo £+ 1 are treated similarly with the two constants

o 217 2 0 2177 2
o = / ¥ (m)] W(m’)'Qdmdm and = / |9 (m)| Iw(m)\zdmdm
R? (¢a,H(27717772)) R2 (¢a,H(771,2772))
It suffices then to take ¢ = min{ecy, ¢2, ¢3, ¢4} and d = max{cy, ca,c3,¢4}. O

The following final classical lemma provides the asymptotic behavior of a sequence of
(independent) standard Gaussian random variables. It is a direct consequence of the Borel-
Cantelli lemma together with the classical estimate of the tail behavior of a standard Gaussian

random variable Z, given by
P(|Z 2
i P22 2
z—+oo p—le—2 /2 s
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Lemma 3.8. Assume that (Zy)nen is a sequence of N'(0,1) random variables.

1. Almost surely, one has

) 2]
1m sup ——————— < +00.
n—+oo y/log(n + 2)

2. If the random variables Z,, n € N, are independent, then one has almost surely

im sup —————
n—+oo /log(n + 2)

3.4 Proof of Theorem [3.1]

We are now ready to establish the main result of this section.

Proof of Theorem[3.1] Fix a scale J large enough so that there is (K3, K3) € 72 satisfying

K
— € I° and 2

2J 2J+2 eJ

Let us also fix L € (0,1] such that

K, K, Ko Ko

For every j > J, we denote by (j, k) the unique couple satisfying j; = j = jo — 2 and % = %,

Ko — k2 Ag done in Equation , we know that

2J+2 T 9j2°

CAk:/]R? AX(aiLQ Ry kg VY(y1)Y(y2)dy

’ 2J1 7272 );(2j1 ’2j2)

271 7272 77\ 9d1 7 972 )

= [ AXTT kU (2)dy + /S AXEY Y)Y () dy
J

R; 271 7972 2J1 7942 271
=dj A+ djg
Lemma together with Lemma [3.§] implies that there is an event of probability one such

that
. |5
lim sup , ——
j1—too 272N log(j1 +2)

< +00

since min{ji, jo} = j1. Hence, there is a constant Cy > 0 such that

|5 5] < Co27 N2 flog (51 + 2)

for every j, k. Now, let us assume by contradiction that on this event of probability one, there
exists a constant D > 0 such that

a,H - o H
sup |AX(h1,h2);(x1,x2)| < D (ma’xﬂhl‘? |h2’}1 mln{|h1‘7 ‘}7‘2|}1Jr ) .
(z1,22),(x1+h1,22+h2)EIXJT

24



We obtain then that
5 _ ;i o - i . H
|5 &l SD/R (max{[277 g1 ], |27y |} 7 min{ |27 g ], [277292 1) T b (y1) ) (y2) | dy
J.k

—29 y2 —Q . y2 (6% H
<9 QJIHD/R (max{\yﬂ,!z\}l mln{]yl\,\zl}H) ¥ (y1)¥ (y2)ldy
3.k
= C2 A

for some constant C' > 0. Now, Corollary and Lemma [3.8] applied to scales sufficiently
far apart to ensure independence, imply that there are a constant C’ > 0 and infinitely many
scales such that

o361 = €'/Tog(jr + 2)2~(max(DH4minG)He) — o flog (G, & 2)2~ 2

since jo = j1 + 2. Putting everything together, we obtain that for infinitely many scales,
C"\/log(j1 + 2)27 21 < o5 | < €272 4 G2~ NEIH2) Jlog (51 + 2)

which is impossible. It gives the conclusion. O

Remark 3.9. The same arguments show that the irreqularity can actually be observed in any
direction ja = j1 + p, as soon as p is an integer chosen such that p ¢ {—1,0,1}.

4 Associated function spaces

In this section, we introduce global Holder spaces to reflect the type of regularity we have
obtained for the WTFBFs. These spaces are classically characterized using wavelets. This
leads us to the second classical definition of these spaces through Littlewood-Paley analysis,
which is extended naturally to Besov spaces.

4.1 'Weighted tensorized Holder spaces for rectangular regularity

Let us introduce the weighted tensorized Holder spaces as follows.

Definition 4.1. For s € (0,1) and « € [0, 1], we define the weighted tensorized Holder space
T5°C(R?) as the space of functions f : R? — R of L=°(R?) such that there is ¢ > 0 with

|f(z1+ h1,x2 4+ ha) — f(x1, 22 + ha) — f(x1 + h1,x2) + f(21,22)]
< ¢ min{|hy], [ho|} T max{|hy], [ho|} 7,

and
|f(z1 + h1,22) = far,22)] < c|ha |09 and  |f(z1, 22 + ha) — fa1,22)| < c|ho| 1T
for all x1,x9,h1,ho € R.

In order to get a characterization of this space in terms of wavelet coefficients, we first
recall the definition of the hyperbolic wavelet bases as tensorial products of two unidimensional
wavelet bases (see [I7]). We denote by Ny the set NU {0}.
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Definition 4.2. Let ¢ denote a Lemarié-Meyer wavelet and ¢ the associated scaling function.
The hyperbolic wavelet basis is defined as the system

{1 ok kot (15 d2) € (No U{=1})?, (k1, ko) € Z°}
where

o if j1,j2 >0, . ‘
Vi ok ke (T1,72) = (210 21 — k1)Y(27220 — k2)

e ifj1=—1and jo >0

V1 o ke ko (21, T2) = 01 — k)W (2222 — ko)
e ifj1 >0 and jo = —1

U1 ks ko (T1,02) = P(20 w1 — k) (w2 — ko)

o if j1=J2=—1
V1,1 ke ko (71, 02) = (21 — k1) (w2 — k2)

For any f € 8'(R?), one then defines its hyperbolic wavelet coefficients by

Crgokike = 22 < fo Gy kke > i 1,52 >0,
Cirmtike = 270 < o0 gakike > if J1 >0 and jo = —1,
Cotgoeike = 27 < fo0jgakike > if j1=—1and j2 >0,
Cl-1kike = <[iUjhjokik > fj1=Ja=-1.

The hyperbolic wavelet coefficients of a function f provide a characterization of the space
T5*C(R?), as shown in the following proposition.

Proposition 4.3. Let s € (0,1), a € [0,1] with (1 + a)s < 1 and consider f : R?> — R such
that f € S'(R?). Then f € T“C(R?) if and only if its hyperbolic wavelet coefficients satisfy

sup 2((1+a) max(])Jr(lfa)min(j))s’cTE‘ < +00.
FeMNoU{—11)2,kez2 7

Proof. Since it is very classical, we just sketch the ideas of the proof. First, assume that
f € T>*C(R?). When (ji, jo) are non-negative, by using the vanishing moment of the wavelet,
we can write

Cir ooy = 272 [ far, 20)0 (27 21 — k1 )Y (2% 20 — ko)da

RQ
y1+k1 y2 + ko
= [ )b m)y
ki1 ko
- /R D () (i 50002y
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where

B (s ) (o ) o01)002) = Flun o

2J1 7972 2

)l

2)— f(yl,szrk o s y2)+f (Y1, 92)-

ko
Y2t o5 9272

272

It follows that

MRS IR A
|Cj1 gz e k| S € Y 90 g0 min § 55 o5 [ (y1)| [ (y2)|dy.

Now, if j1 > jo2, we have

]l VY7 [yl I VY G e (1a)s (Aoa)sl. ((1+a)s
ax 4 22 122l min { 221 1220 <2 max{|y1, ly2|} ly1]

2717 242 2J1 7 Qj2

so that
sl < 20O eyl 3 V5 ) e

We proceed in the same way if jo > j;. Now, if j; = —1, we have

rgats =2 [ forma)elar — k)o@~ )
R

= [ 7+ o))y

) (y1)(y2)dy

_ y2 + ko ko
_/]RQ (f<y1+k17 272 ) f<y1+k172jz

and we use the fact that

Y2 + ko ko Y2 | (14a)s
P+ ) — f o+, 52| < el 22
to get the conclusion. The same argument holds for jo = —1.

Let us now prove the converse result. Note that the assumption on the wavelet coefficients
implies that | -.,-c|2_(1_°‘)5max(j) < +o0 and so that f € B&&‘)(S*E)(R% for any ¢ > 0. In
particular, using classical results, the wavelet series converges to f € B(1 e E)(Rz) in
the sense of distribution and is indeed a function. We fix x1, 2, hy, hs € ]R Assume that

Ji, JJo € N are such that

27D < by < 27 et 270D < py| < 272,

We have
f= > G@ =k —k)+ > ey, il —k)Y(@? — k)
(J,k)eN?x 72 j2€N,keZ2
+ > g @ k) — k) + Y ey (- = ka)e(- — ko) (40)

j1EN,keZ2 kez?
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so that the rectangular increment
f(a:l + hi,x0 + hg) — f(:Ul,SUQ + hg) — f(.%‘l + hyq, 332) + f(xl,xg)

can be decomposed into the four corresponding sums. For example, let us study the first
contribution. The argument of the other sums can be obtained with an easy adaptation of
the arguments. Note that the rectangular increment of (27! - —k1)¥(272 - —ko) at (x1,z2) of
step (h1, he) is equal to

(p(27 (21 + h1) — k1) — (2721 — k1)) ((272 (22 + o) — ko) — (27229 — ko))

and it follows that one has to estimate

Z <5 k] | W27 (21 + hy) — k1) — (27 2y — k)| [0(272 (w2 + ho) — ka) — (27220 — ko).
(4,k)EN2Z x 72
(41)

We will use the two following upper bounds. First, for every N > 2, there exists a constant
Cn > 0 such that

1

Tr =~ <O )

sup E
z€R 7,

Together with the fast decay of 1, we obtain the existence of a constant Cy > 0 such that

sup Y [1h(2/z — k)| < O (43)

z€R keZ

for all j € N. Secondly, for every j € N, we set

Fj(x) =) v(2z —k)

kEZ

for all x € R. The regularity of ¥ and the mean value theorem imply that

|[Fj(@ + h) = Fj(x)| < 2|l sup ) [¢/(- — k)| < O |h| (44)
keZ

for some constant C' > 0 that does not depend on j, by using the fast decay of ¢ and Equation
(42).

Now, assume that J; < Jy. The same argument will apply for Jo < J; by symmetry. The
quantity will be in turn decomposed into five sums: for 0 < j1,72 < Jp, for 0 < j; < J1 <
jo < Jo, for Ji < j1,59 < Jo, for 0 < j; < J1 < Jo < jo and finally for j; > J; and jo > Jo.
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First, using , we have

Z Z <5 k] (27 (21 + h1) — k1) — (27 @1 — k)| [(27 (22 + ho) — ko) — (2225 — ky))|

0<j1,j2<)1 EEZQ

<Y o ((1++a) max(j)+(1—a) min(j )))s02231+32|h1h2|
Ji,52<0

Ji—1 Ji—1 Ji1—1

<C —(J1+J2) Z 2(1 (14a)s)j1 Z 2 (1-(1—a)s)j2 + Z 2 —(1—a))sj1 Z 2 —(14a))sjo
Jj1=0 Jj2=0 j1=0 Jje=j1+1
Ji—1 J1—1

< 022—(J1+J2) Z 2(1—(1+a)s)j12( 1 Oc S J1 + Z 2 1 Oé 8]1 2(1 (1+a))sJ2
Jj1=0 J1=0

< 29~ (Ni+D) (2(17(1+a)s)J22(17(17(1)5)J1 i 2(17(17(1))&]12(17(1+a))sJ2)
< 2022— ((1+a)J2+(1—a)J1)5
since J; < Jo and 1 — (1 + a)s < 0.

We proceed similarly if 0 < j; < J; < jo < Ja. Consider now the sum corresponding to

the values of j such that J; < ji,jo < Jo. By using for the sum over k; and for the
sum over ko, one has

S el [0 (@1 4 h) = k1) — (2w — )| (22 (w2 + he) — ka) — (27222 — k)|

J1<g1,52<J2 kez?

< A2 ((1+0¢)max(1)+(1 o) min(j) ) SC9272 |1 2]1 (z1+ h1) — k1)| + gk
Z |ha| (o 1+ k) = k)| + |27 21 — k1))

J1<j1,52<J2 k1
Jo—1 J1 Jo—1  Jo—1
<o Z Z 9~ 1+Of Yii+(1— a)]z) 5902 2]2 492 Z Z ((1+a)j2+(1fa)j1)52022j2
J1=J1je=N <2]1 J1=J1 je=s1+1
Jo—1 Jo—1 Jo—1
< 202 —Js Z 2 —(1+a)s)j1 Z 9- (1—a)sj2 + 202 —Js Z 29— (1—a)sj1 Z 2 (1-(1+a)s)j
n=d J2=J1 n=J J2=n+1

S 2022—J22(1—(1+04)S)J22—(1—04)&]1 + 2022—J22—(1—O¢)SJ12(1—(1+a)8)J2
S 4022—((1+04)J2+(1—06)J1)5'

The sums corresponding to the values of j with 0 < j; < J; < Jo < jo or with j; > J; and
jo > Jo are treated in a similar way. O

4.2 Hyperbolic Littlewood-Paley analysis and weighted tensorized Holder
spaces

A classical approach for defining Holder spaces without relying on finite differences involves
the use of Littlewood-Paley analysis. This methodology also provides a straightforward
framework for defining Besov spaces. In this section, we adopt, as in reference [2], a hy-
perbolic Littlewood-Paley analysis to introduce new spaces that reflect weighted rectangular
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anisotropy. Notably, these spaces were independently and concurrently introduced in [25] in
the context of linear approximation problems.

The key feature of our approach is the weight that appears in the definition of these Besov
spaces (see Definition below)

2((1+a) max(j)+(1—a) min(}))sq‘

This reveals connections with well-known function spaces:

e for a = 0, the weight simplifies to

9((1+a) max(7)+(1-a) min(7)sq _ g(j1+i2)sq

leading to the Besov spaces with dominating mixed smoothness S; B (R2).

e for a = 1, the weight becomes

o((1+0) max(7)+(1-a) min(j))sq _ gmax(j)2sq

corresponding to the isotropic hyperbolic Besov spaces (with regularity 2s).

However, when a € (0, 1), neither the hyperbolic Besov spaces nor the Besov spaces with
dominating mixed smoothness are sufficient to characterize the type of rectangular anisotropy
under consideration. This motivates the introduction of new spaces that bridge the gap
between these existing frameworks.

Before introducing the hyperbolic Littlewood-Paley analysis, we first recall the classical
Littlewood-Paley decomposition and the associated Besov spaces. After establishing these
fundamental concepts, we turn to the hyperbolic Littlewood-Paley analysis. We revisit the
hyperbolic Besov spaces and the Besov spaces with dominating mixed smoothness before
defining the new spaces that reflect weighted rectangular anisotropy. We then investigate the
relationships between these new spaces and the previously mentioned Besov spaces and finally
propose a wavelet characterization. This wavelet description aligns with the characterization
provided for Holder spaces in the previous subsection.

4.2.1 Littlewood-Paley analysis and Besov spaces

Let us recall the definition of classical Besov spaces, hyperbolic Besov spaces, and spaces with
dominating mixed smoothness. The last two ones are defined with the hyperbolic Littlewood-
Paley analysis but the first one is defined with a classical Littlewood-Paley analysis.

Let g > 0 belong to the Schwartz class S(R?) and be such that, for & = (£1,&) € R?,

po(§) =1 if max{|G],[&|} <1,

and
@o(€) =0 if max{|27'&[,[27'&} > 1.

For j € N, further define

0 (€) = po(277€) — o (27U Vg)
= 00(277€1,279&5) — (2707 Vg, 270 Ngy) .

30



Then } .,y ®; = 1, and the sequence (0;);en satisfies

supp (o) C R1,  supp (p;) C Rjp1\ Rj1,
where
Ry ={¢e R : max{lail.|el} <27} (45)
For f € 8'(R?), we then define

Ajf=F N Ff).

The sequence (A, f)jen is called a Littlewood-Paley analysis of f. With this tool, the Besov
spaces are now defined as follows (see [50] for example for different equivalent definitions of
spaces of smoothness, including anisotropic and weighted spaces).

Definition 4.4. For 0 < p,q < oo and s € R, the Besov space B;7q(R2) is defined by
B, = {fes®) « (L 2as)” <},
JEN

with the usual modification for ¢ = oo
This definition does not depend on chosen resolution of unity o and the quantity

. /
7l = (2%, 718)
jeN

is a norm (resp. quasi-norm) on B;Q(RQ) for 1 <p, q < oo (resp. 0 <min{p,q} < 1), with
the usual modification if ¢ = oo

We also define the Besov spaces with logarithmic scale. Again, we use the usual modifi-
cation if ¢ = 0o

Definition 4.5. For 0 < p, q < oo and s, 8 € R, the Besov space with logarithmic scale is
defined by

BY o iog o () = [ € SB2) = 37 001 4 < oo} (46)
JEN
2
and we define a norm on B . Ilog|5(R ) by
1/q
”fHB; S®2) = Z] Pagisa| A Fg

JEN

Subsequently, in order to compare the different spaces, we will use ¢g as the tensor product
of two 1-dimensional functions. In other words, we consider ¢ defined by

©o(&1,&2) = 00(&1)00(82)

where 6 is a one-dimensional function.
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4.2.2 Hyperbolic Littlewood-Paley analysis

Let 6y € S(R) be a non-negative function supported on [—2,2] with 6y = 1 on [—1,1]. For
any j € Ny, let us further define

0; = 0p(277-) — 6o(27U 1))

such that (;);en forms a univariate resolution of unity, i.e., >
any j € Np,

jeN #; = 1. Observe that, for

supp(6;) C {€ e R?: 2771 < |¢] < 27%1} and 0, = 6,(270~Y).).

Remark 4.6. In the following, the function 6y can be chosen with an arbitrary compact
support. It does not change the main results even if technical details of proofs and lemmas
have to be adapted. This allows to choose Oy as the Fourier transform of a Meyer scaling
function.

Definition 4.7. (i) For any j = (j1,j2) € N? and any &€ = (&1,&) € R? set
05(€) := 0;,(£1)05,(&2) -

The function 6; belongs to S(R?) for all j € Ng and s compactly supported on a dyadic
rectangle. Further ZjeNZ 0; =1 and (65)jenz is called a hyperbolic resolution of unity.

(ii) For f € S'(R?) and j € N? set
Asf=F N0, Ff).
The sequence (A;f)jenz s called a hyperbolic Littlewood-Paley analysis of f.
Let us now introduce the hyperbolic Besov spaces with logarithmic scale, see [2], 47].

Definition 4.8. For 0 < p, q < oo and s, B € R, the hyperbolic Besov space with logarithmic
scale is defined by

B 4 iog s (B = { € S(®?) = 3 (max(3)) Po2m@ouagfs < oo} (47)
jEN2
with the norm
1/q

£l 5 &) = Z (max(j))—BQQmax(j)Sq||A5f||g ,

;| log |8 5
p,q,|log | FEN2

with the usual modification if ¢ = oo.

Note that the case f = 0 gives the spaces without logarithmic correction. In [2], the
following theorem was proved, which highlights the close connection between classical Besov
spaces and their hyperbolic versions. This result serves as the foundation for providing a
quasi-universal basis — the hyperbolic one — of numerous Besov and Triebel-Lizorkin spaces.
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Theorem 4.9. Let s, € R and 0 < p,q < co and p’ the conjugate exponent of p. We have
the following embeddings

o if g < 400
5y 2 2 5] 2
B, g 1og p=r1/a(RY) = By g 10g s (RY) = By 110 720 (RY) (48)
where
_JaG 1) +max{g—-1,0} ifp<1
and
1 ifp<1
To =
P max{l - by 1,00 ifp> 1
. if g=+o
> 2 2 > 2
B;7oo7|]og|ﬂ—mﬂx(1/p—170)—l(R ) — B]ioo"loglﬁ (R ) — B;7oo7|10g|B(R ) (49)
o if ¢ = 2, the Sobolev spaces H5|log|3(R2) coincide with the classical Besov spaces
B3, |10g‘5(R2) and with the hyperbolic Besov spaces E;’ 5 |log|B(R2)'

In [47], it has been shown that the hyperbolic and classical spaces coincide if and only if
p = q = 2. The logarithmic correction is then necessary (even maybe not optimal) to obtain
the embeddings.

Finally, we introduce the spaces with dominating mixed smoothness, see [51].

Definition 4.10. For 1 < p,q < oo and s € R, the Besov space with dominating mixzed
smoothness is defined by

S5  B(R?) := {f eSR?) : S 20t AL p|e < oo} (50)

jENZ

with the norm
1/q

1llss, mwy = | 3 20925 a5118 |

jEN2

with the usual modification if ¢ = oo.

4.2.3 Definition of the weighted tensorized Besov spaces

As mentioned before, to address the cases where o € (0,1), we introduce a new class of
Besov spaces characterized through their hyperbolic Littlewood-Paley analysis. This approach
provides a refined framework that bridges the gap between the hyperbolic Besov spaces and
spaces with dominating mixed smoothness.
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Definition 4.11. For 0 < p,q < 00, s € R and 0 < a < 1, the weighted tensorized Besov
space Ty B(R?) is defined by

S, ) max « mln S /
TioBR?) = {f e SR : (Y 2re)mastsO=eymin(sa ag pja) ™ < oo}
JjEN?
The quantity
HfHTS @ B(R?) = ( Z 2 ((14a) max(j)+(1—o) min( ]))quA f” )
jEN2

is a morm (resp. quasi-norm) on Tpg B(R?) for 1 <p, ¢ < 0o (resp. 0 < min{p,q} < 1). We
adopt the usual modification if ¢ = oo

The definition is independent of the chosen hyperbolic partition of unity. This follows from
the proof of Proposition 1 (p. 87) in [48], which addresses the case of spaces with dominating
mixed smoothness.

We will now turn to the embeddings between the tensorized Besov spaces and the other
spaces. We have the following results.

Proposition 4.12. For 0 <p,q <00, se R and 0 < a <1, one has
o S5 B(R2) < Tpe B(R2) < 55 B(R?),
o BY,(R?) — T B(R?) < Bl " (R?),

and these embeddings are optimal.

Proof. The two first items are obvious by definition of the different Littlewood-Paley analysis
since

(41 + j2) = min(j) + max(j) < (1 — o) min(j) + (1 + ) max(j) < (1 + @) (j1 + j2)
and
(1+ a)max(j) < (1 — a)min(j) + (1 + a) max(j) < 2max(j).

Le us prove that these embeddings are optimal. Let € > 0. We consider a one-dimensional
function g such that g € Bﬁ}j a)s( R) but g ¢ B 1+a S+E(R). Additionally, we take another
one-dimensional function u # 0 such that Supp( ) C [-1,1]. We define f as f(z1,22) =
u(z1)g(x2). Using the localization of the supports @ and of 6;, one has, for (41, j2) € N3

1A flL = {HAo w)lpll Aol i g1 =0,
1,72 p—

0 if j1 > 1.
It follows that
1/q
171 g 500y = 1 g mcaey = 11 gt oy = | I180ullg 3 2320+, g0
j2€N

= 180l gt gy
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which proves the optimality of the left embedding of the first item and of the right embedding
of the second item.
For the two other ones, we consider the function f such that

fl&.8)=> — Z/q 2 s 2UPIG(277 6, )5(276,)
j>1

where v is a non-null function defined on 1 < [£] < 2 such that Aq(v) = v and Aj(v) = 0 for
j # 1. It follows that

1/q
1 Ry o .
1flls; @) = Iflmge pmey = Il gy = | Do 2 /P25 0(2a1)o(2 ) |
Jj>1
2\ /g
_ 2 (T
= 101 (%)
which implies the other embeddings. O

Finally, the combination of Theorem and this proposition provides immediate em-
beddings of the weighted tensorized spaces in the classical Besov space with a logarithmic
correction. It can be improve in the case p = ¢ = 2 since the logarithmic correction is no
more necessary and for some particular values of ¢ (see Theorem 5.5 of [20]).

4.2.4 Wavelet characterization of the weighted tensorized Besov spaces

We define a space of sequences by the following condition

q/p
(J1+i2)e -
t;:‘;b — (CE,E) : Z 9= 1 p272—((1+a) max(j)+(1—c) min( Z |C] k|p < +00
je(NuU{-1})2 kez?
(51)
and we define a (pseudo-)norm on tpgb for ¢ = (cj ;) by
a/p\ /4
lell s, = 3 o= 2 ) ((140) max(7)+(1-a) min(j))s 0[S el
D,q
JeNU{~1})? kez?
with the usual modification if ¢ = 4o00:
1/p

lel ooy = max 275 g ((e) max()+(1—a) min())s S fes P
- X e ,
je(NU{-1}) heze

We prove the following characterization in hyperbolic wavelets.

Theorem 4.13. Let 0 < p,g < o0, s€ R and 0 < a <1 and let ( 3,12) denote the sequence

of the Meyer wavelet coefficients of a function f € S'(R?). The following assertions are
equivalent:
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1. f e T3 BRY),
2. (637]5) € t;;:gb.
Moreover, there exist two constants C1,Co > 0 such that

Cill(es gy < 1fllmge prey < Call(e; p)lligas -

D, »q

Remark 4.14. Note that the statement is given with a L normalisation for the wavelet
functions.

The proof of Theorem is an adaptation of the results of [22] and their extension to
the tensor product case in [2]. In particular, we will rely on the following lemma, established
in [2] (Lemma 4.5), which adapts Lemma 2.4 of [22] to the case of rectangular supports.

Lemma 4.15. Let 0 < p < oo and j = (j1,j2) € N2, Assume that g € S'(R?) and that
Supp (9) C {€ € R?: |&] < 2H! and |&] < 272F1Y. Then, there exists C > 0 such that
1/p
Z 9—(j1+72) }g (k:12_j1, k22_j2) ’p < Cllg|l -
kez?
We will also use the following adaptation of Lemma 3.4 of [22], given in Lemma 4.6 [2]

which is useful do deal with the case p > 1.

Lemma 4.16. Lft 1 <p< oo andly,lo, mi,mo be integers such that £1 < my and fo < my.
Assume that gr, k € 72, are functions satisfying the following inequality

C

Vo € R?, |gi(x)| < . . . (52)
k (1 + 2m1n(€1,m1)|x1 _ 2—m1k1|)2 (1 + 2m1n(€2,m2)|x2 _ 2—m2k2|)2
for some C > 0. If one sets
F =" dg
kez?
then
1/p
Pl € omtmsmaipgmi—tigmate [ §7 ger ) (53)

kez?

Proof of Theorem[[.13, Since the Littlewood-Paley analysis does not depend of the function
0, we can chose 8 = ¢ where ¢ is the Meyer scaling function, see Remark above.

For the first implication, let us observe that ¢;.,; = Ajf (27J1ky,2772ky) where we use
the notation j +1 = (j; + 1,52 +1). Applying Lemma to the function g = A; f € S(R?),
we obtain

Do legealP = D 185 F(27T ke, 27 ke [P < O 2| A f |1,
kez? keZ?

which gives (c; ;) € tpjgb and the upper-bound
5 illesas < 1 fllzse B2y

36



We focus now on the converse implication. We mainly adapt the proof of [2] and first deal
with the case 0 < p < 1. We have to bound [[A;(f)|, = [|6; * f|l,- We have

(.7'—_193) x f = Z Z ijc(ej * ¢ﬁz,l§)'
me(NU{—1})2 kez?

Since #; and v; i are both tensor products of one-dimensional functions, Lemma 3.3. of
22] can be applied and give the existence of C' > 0 such that for any » > 0 such that for all
g Y
x € R?, one has

o=l (M+3)

(1 + Qmin(jl’m1)|xl —9—m k.1|)7’ (1 + 2min(j27m2)|x2 _ 27m2k2|)r>

(F105) 5t 5(z)| < C (54)

where M is taken smaller or equal to the number of vanishing moments of the wavelets.
Because of the localization of the Fourier transform of the Meyer wavelet and the shift of
index - starting at —1 for the wavelets, we notice that

Ji J2
—1
Aﬁf = Z Z Z Crnyma ke ke (F 651,52 * Yy ma ko -

k€Z2 mi=j1—2ma=j2—2

By the concavity of x — «P for 0 < p < 1, it follows that

‘A f@)F < Z Z Z |Cm1,m27k1 ko [P ((F lejl,jz) * ¢m1,M2,k1,k2)($)|p'

mi1=j1—2ma=j2—2 kecZ?
Hence, with inequality , we obtain
IR SHED SED 1 T — A
DIBELERE (] 4 201 py — 2791k |)P(1 + 202 |9 — 27 M2ks|)TP

mi1=j1—2mo=jo—2 k7>

An integration over R? with a change of variable u; = z; — 2Jik; for i = 1,2 gives

HA pr <C2” (rt2) Z Z Z ‘Cm17m27k1,k2’p

mi1=j1—2ma=j2—2 kcZ2

and
1/q
Ifllpge = Z 9((1+a) max(j)+(1—a) min(ﬁ))sq”Aif”lq)
JEN2
1/q
< Z o((1+a) max(j)+(1—a) min(j))sqo—(j1+j2)/ Z Z Z [ES——
JENZ? mi1=j1—2ma=j2—2 kc7?2
1/q
< Z o((1+0a) max(j)+(1—a) min(j))sqo—(j1+72) /P Z [N
jEN2 kez?
< Clieg gl
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We now consider the case p > 1. One can write

Ji J2
A}f = § § E :le,m27k1,k29m17m2,k17k2

m1=j1—2me=j2—2 kcZ2
with
_ 1. .
Imi,ma k1,k2 = F (9317]2) * wml,mz,kl,kr

Again, this is due to the fact that 0; and @ have the same support which meet at most
three dyadic annuli. Lemma, gives that

J1 J2
HAijLP < Z Z [ Z Cm1,m27k1,k29m1,m2,k17k2HP

mi1=j1—2me=j2—2 kecZ2

J1 J2
D SRS DEESCIELY | U PN

mi1=j1—2mo=j2—2 k1,k2

1/p

IN

Finally, we obtain that

(FFRP—.

= Z o((1+a) max(j)+(1—a) min@)quA;(f)H%p
JEMNU{-1})?

4 ) a/p
J1 J2
< C Z Z Z o((1+0a) max(j)+(1—a) min(j))sg9—q(mi+ma)/p Z e 7P
JE(NU{—1})2 m1=j1—2ma=j2—2 k
a/p
< C Z o((1+a) max(j)+(1—a) min(j))sqo—q(j1+3j2) /p Z 5 I
je(NU{-1})2 k1,k2
for some constant C > 0, which is the desired inequality. ]

Let us observe that, in the particular case where ¢ = p = oo, Theorem provides a
simplified characterization of the spaces T oo B(R?). Specifically, a function f belongs to
T B(R?) if and only if

sup 2*((1+a)maX(J)Jr(lfa)min(j))s’CTE‘<+OO'
Fje(NU{—1})2,kezZ? 7,

where (c; ;) denotes the wavelet coefficients of f in the Meyer basis. This result, combined
with Proposition allows us to conclude that the spaces Ts's B(R?) correspond precisely
to the weighted tensorized Holder spaces T°“C(R?) introduced in Subsection

Theorem 4.17. The Meyer wavelet basis is an unconditional basis of Tpy B(R?).

38



Proof. Consider f € Ty B(R?). Then its wavelet coefficients satisfy

6.k llegap < +o0.

Since f — 3" 1< i<y D0<ky ka<k G.EV5E has for wavelet coefficients

dif =

)

_{0 if —1<ji,jo<Jand0<kiky <K

¢;r  otherwise,

it implies that

IF= > > vkl

—1<71,52<J 0<ky,ka <K

5o B®2) S 15 & llezran

is the tail of a convergent series, so that the functions (U j € N?2 k € Z?, is a Schauder basis
of T,y B(R?). Finally if g5 = *1, the signed series converges in S;’qB(Rz) (for which the
Meyer wavelet basis is unconditional, see [47]) to a function g. By the wavelet characterization,

we obtain that g belongs to 1), B(R?). O
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A Proof of Theorem [2.3

It remains only to prove Theorem [2.3] This is the purpose of this appendix.

Proof of Theorem[2.3 Let us first remark that we can assume, without loss of generality,
that the field {X (4, 2,)}(2;,0)er? Vanishes on the horizontal and vertical axes, i.e., for all
r € R, Xz 00 = X0 = 0. Indeed, if it is not the case, it suffices to consider the field
{Y(21,20) } (21,20)er? defined, for all (z1,z2) € R?, by

Y($1,$2) = X(1171'2) - X(lho) - X(0,332) + X(070)
and to note that, for every such (x1,x2) and (hy, hs) € R?, we have

AX(hlJu);( AY(thQ);(

x1,x2) — x1,x2)"

Furthermore, since R? can be written as a countable union of rectangle, we can restrict our
attention to the subfields { X (4, 2,) } (21 20)c12, Where I = [a,b] x[c, d]. For simplicity, we further
restrict our attention to the field defined on R = [0,1]2. We use the strategy employed, for
instance, in [32] to establish the standard Kolomogrov’s continuity Theorem. Namely, we
consider the sets

k .
D .= {2] :jEN,kG{O,...,ZJ—l}}

of dyadic numbers of [0, 1] and prove the announced regularity properties on D2. The version
{)}:(Z'l,xz)}(ll,lé)e[o,lp is then constructed by exploiting the density of D in [0,1] and some
convergence arguments. Although the structure of the proof is standard, we deal with specific
arguments required by the “rectangular properties” of the field of interest.

Let us fix v € |0, %) for the moment. For every (ji,j2) € N2, the probability that there

exists (k1,ko) € {0,...,27t —1} x {0,...,22 — 1} and a1,as € {—1,1} such that

’AX(L )k LQ)‘ > 9—(max{ji,j2}(1+a)+min{ji,j2}(1-a))

2J1 7942 2J1 ' 972
is bounded above by

20112921

Z Z Z P <|AX(al gy ﬁ)’ > Q—W(max{jl»j2}(1+a)+min{jl7j2}(1_a))>

a1,a26{—1,1} k1=0 ko=0 271 7272 271 7272

20112921
< 4c Z Z 9(yn—B—1)(max{j1,j2}(1+c)+min{ji,j2}(1-a))

k1=0 ko=0
< 421 +52)(vn=F)
using Markov’s inequality, where the last inequality follows from
o~ max{ji,j2}(1+e)—min{j1,j2}(1-a) < o=(j1+s2)
As yn — B < 0, Borel-Cantelli’s Lemma entails the existence of an event 2, of probability

1, such that, for all w € Q, there is C(w) > 0 such that, for every (ji1,72) € N? and every
(k1,ko) €{0,...,271 —1} x {0,...,22 — 1} and every aj,as € {—1,1}

’AX(Ll ) ﬁ)(w)] < Cﬂ/(w)Q—W(maX{ﬁ,jz}(1+a)+min{j1Jz}(l—a)). (55)

271 7292 /7% 271 7 292
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Now, let us consider t1, t2, 51, 52 € D; we will bound from above
[ X (t1,t2) = X(tr,50) = X(sn,t2) T X(s1,8)| (56)
on €. Let p1,p2 € N be such that
271D <ty — 51| < 270 and 272D <ty — sy| < 27P2, (57)

It means that we can write

ki +eg €1 Eny
b= 2p1 op1+1 Tt op1+n1
ki + ¢/ €] £
="ty 1y
2p1 op1+1 9p1+n1
k2 + 4o 01 Ony
t2 = 2p2 + 9p2+1 Tt 9p2+n2
ko + 0 Y 5
52 = 2+ % Lo e
2p2 9p2+1 9p2+n2
for some ni,m2 € N and eg,€1,...,6n,360,€1, -+, €0,300,01, - -, 0ny3 00,07, ..., 0y, € {0,1}

such that eg = 0 if t; < s1, [ = 01if 51 < t1, 0o = 0 if to < s9 and ) = 0 if sy < to. In this
case, for all 0 < 773 < nj and 0 < jo < ng, we write

G1) k1 + eg €1 €1
b= 201 op1+1 - + op1+i1

/

G _ kit €0 €1 o €i1
51 = 2p1 op1+1 T T op1+i1

(j2) _ K2+ o 01 . J]
37 = P2 9p2+1 - + op2+j2

/

S(jz):k2+56 5 T 5]'2
2 2p2 9op2+1 op2+j2
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and get that can be bounded by

|X(t17t2) - X(t1752) - X(81,t2) + X(51,52)|

< |X(t§0>,t;0>) - X(tg‘”,s;“)) — X(sg(’),t;O)) + X(s(lo),s;0>)| (58)
ni—1ng—1

+ 32) J; |X(t§j1+1>,t§f2+1>) = X a0y = X Gren G20y + X(t§j1>7t§j2>)| (59)
ni—1ngo—1

" j;o jzzzzo X e ey = Xow o) = X ooy + Xov 0o (60)
ni—1na—1

+ jlz_:o J;) |X(S§j1+1)7téj2+1)) = X (v ey = X aren o) + X(sgjl)’téae)ﬂ (61)
ni—1no—1

+ jlz=o 3‘22:0 ’X(Sghﬂ)’séﬂéﬂ)) = X0 o0y = X G 6oy F X(S§j1>75§j2>)\ (62)
ni—1

" ;o X 10 400y = Xon o = X g oy + X0 )| (63)
nyi—1

+ 2 Xm0 = K 0 = X gy Xm0 \s
no—1

' ];o X o) 120y = X0 60 = X (0 a0y + X0 )| (65)
no—1

- g::o \X(Sgo>75g2+1)) - X(Sgoxsgm)) - X(t50)75212+1)) + X(t§0)7séj2))]. (66)

Let us assume from now that a € [0,1), the case a = 1 requiring specific arguments
developed later. Up to a permutation of the indices, we can assume p; > po. In this case,
from , we directly deduce, for all w € €,

< Oy (w)2 1 Pr(re)tp(i=a))
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Similarly, for all w € €, we bound , , and from above by

ni—1lng—1
C o—y(max{ji+p1+1,j2+p2+1}(1+a)+min{ji+p1+1,j2+p2+1}(1—0a))
v(w)

71=0 j2=0
400
Cw [ S 2 G (ta) et (=)

J1=0j2<j1+p1—p2

+00
+Z Z 27((Jz+pz+1)(1+a)+(j1+p1+1)(1a)))

J1=0 j2>j1+p1—p2

IN

400 +o0
Cy(w) 2—7(p1(1+a)+p2(1—a)) Z Z 2—’7(j1(1+o¢)+j2(1—a)+2)
j1=0 j2=0

IN

+o00 400
+ Z Z 9= ((U+s1+p1+1)(A+a)+(G1+p1+1)(1-a))

71=0j=1
C,y(w)(6/2_7(P1(1+a)+p2(1—a)) _|_C//2—2fyp1)

C(w)(d + 211 (+a)tpa(l=a),

ININ

Using once again the inequality on €2, we bound and from above by

+oo
Oy (w) Z 9= ((1+p1+D)(1+a)+p2(1-0)) < Cy(w)C/Q_W(pl(1+a)+p2(1_a))

j1=0
while we bound and from above by

na—1
C,y(w) Z Q*V(max{m,j2+P2+1}(1+a)+min{p17j2+p2+1}(17a))

J2=0
S C'y((/J) Z 2_7(171(1+Oc)+(p2+j2+1)(1_a))
ja<p1—p2
+ Z 2—7((p2+j2+1)(1+o¢)+p1(1_0[))
J2>p1—p2

+oo

s GW) Cl277(p1(1+a)+p2(170‘))+Z2*7((p1+j+1)(1+a)+p1(ka))
j=0

< Cyw)(d + )21t a)+p2(l=a))
In total, for all w € €2, we obtain

< O, (w)'2 1 Pr(HHa)pa(1-a)

< Cy(w)" (max{|t; — s1], [t2 — o[} min{|t; — 51|, [to — 52‘}1+a)7'
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Note that, since we assume that the field {X (4, 4)}(2,,20)e[0,1]? Vanishes on the horizontal and
vertical axes, inequality also implies

1 X (41,50) = X(s1,00) | = [ X(t1,82) = X(t1,0) = X(s1,82) T X(s1,0)]
< Cy(w)” (max{[ty — s1], 2|}~ min{[ty — s1], s} )" (68)
as well as
X (1) — X(sr,o0)| < Cy(w)” (max{|s1], [tz — so}'~*min{|s1], [t — s2[}' 7). (69)

Let us now consider a sequence (), with v, % The event

O =2,

is of probability 1 and the preceding argument shows that, on €21, the sample paths of
{X(xl,xz)}(xl,m)e[O,l]? have the desired rectangular regularity property on D?. Now, it re-
mains to construct the version {)A(/(xwz)}(m,xz)e[o’l}g on [0, 1]%.

First, on Q1, we extent X by using the density of D? in [0,1]? together with and
(69). More precisely, if (z1,z2) € [0,1] and if ((acgj), gj)))- C D? is such that ((xgj),mQ )i —
(21, x2), then the inequalities and insure that (X( W), (]))) is Cauchy. Hence, we set

)Z'(xlm) = lim; X(xgj)’xéj)). Secondly, we set )}( =0on QC.

r1,22)

It is then clear that {)N( (zl,aza)}(m,xz)e[(),l]? has the desired rectangular regularity property.
To conclude, it suffices now to show that it is a version of {X (4, 20)}(@y,22)ej0,1)2- Of course, it
suffices to work with (z1,22) ¢ D?. Fix ¢ > 0 and j. Using the triangle inequality, the fact
that {X(xl,xz)}(ml,xg)e[o,lP vanishes on the horizontal and vertical axes, Markov’s inequality
and assumption , we get

13 g
PX 009y = Xarenl 2 &) SPUX 00 100y = X000 1) 2 5 HPUX 00 o) = Kar o] 2 9)
Ef
SPIX a0 090) = X 0y = X)) T X0 2 5
+ ]P)(‘X(xgj),:cg) B X(m’m) B X(zgj),O) + X (21,0) |2 2)

. , . 148
(max{laf?], 22 — 2§11 mind 2] oz — 2§ }1+2)

<c2
en
. ' . 148
(max{ler = 2], [zl b= min{lay — 2], 2]} 4
+ 2" 7
9

This last inequality implies that the convergence X (@ o) — X(z1,2,) holds in probability
and thus almost surely for a subsequence. It directly follows that IP)()? (w1,22) = X, (m,xz)) =1

To complete the proof, it remains to consider the case &« = 1. Using the same arguments,
for any v € [0, 5) we get

(BO) < Cy(w)'271p1 < Cy(w)” (min{|ty — s1, [t2 — s2[})* |log (min{[t — s1], [tz — sa[})]
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for all w € Q. In particular, for any 7' < =, there is Cy/(w) > 0 such that

(B6) < Oy (w) (min{[ty — s1], [t2 — 52[})*7",

which is sufficient to conclude the proof in exactly the same way as in the case a € [0,1). O
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