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ABSTRACT
The dynamical properties of nuclei, carried by the concept of phonon quasiparticles , are central to the field of condensed matter. While the
harmonic approximation can reproduce a number of properties observed in real crystals, the inclusion of anharmonicity in lattice dynamics
is essential to accurately predict properties such as heat transport or thermal expansion. For highly anharmonic systems, non-perturbative
approaches are needed, which result in renormalized theories of lattice dynamics. In this article, we apply the Mori–Zwanzig projector for-
malism to derive an exact generalized Langevin equation describing the quantum dynamics of nuclei in a crystal. By projecting this equation
on quasiparticles in reciprocal space, and with results from linear response theory, we obtain a formulation of vibrational spectra that fully
accounts for the anharmonicity. Using a mode-coupling approach, we construct a systematic perturbative expansion in which each new order
is built to minimize the following ones. With a truncation to the lowest order, we show how to obtain a set of self-consistent equations that
can describe the lineshapes of quasiparticles. The only inputs needed for the resulting set of equations are the static Kubo correlation func-
tions, which can be computed using (fully quantum) path-integral molecular dynamics or approximated with (classical or ab initio) molecular
dynamics. We illustrate the theory with an application on fcc 4He, an archetypal quantum crystal with very strong anharmonicity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0174255

I. INTRODUCTION

In the condensed phases of matter, many physical properties
are profoundly related to the vibrations of nuclei. The understand-
ing of thermodynamical, dynamical, or transport phenomena in
crystals requires the inclusion of the correlated motion of atoms
around their equilibrium positions. To describe such dynamics, the
cornerstone of modern theories is the harmonic approximation.1
Using a second-order Taylor expansion of the Born–Oppenheimer
surface (BOS), this model describes the lattice vibrations as a non-
interacting quantum gas of quasiparticles called phonons. Despite
its simplicity, the harmonic approximation has been tremendously
successful in explaining a large number of phenomena observed in
the solid state, including excitation spectra, the phase stability of
various materials, elastic properties, or even zero point motion.2,3

Consequently, it naturally became one of the most important tools
in the field of condensed matter. Nevertheless, the early trunca-
tion of the BOS Taylor expansion can be a severe limitation to
the accuracy of the harmonic approximation.3–5 In some cases,

these inaccuracies are only quantitative, but many phenomena can-
not be described even qualitatively with a purely harmonic theory
of lattice dynamics. Indeed, the higher order terms of the Taylor
expansion, which are denoted as anharmonic, are responsible for a
number of properties that cannot be predicted at all with the non-
interacting phonon picture. Two of the most striking examples of
these limitations are probably the dynamical stabilization of some
structures,6 and the computation of the thermal conductivity, which
diverges in the harmonic approximation.2 These limitations are a
good illustration of the intrinsic problem with the non-interacting
phonon picture. Indeed, within the harmonic approach, phonons
are quasiparticles with temperature-independent energies and infi-
nite lifetimes. Such features are incompatible with the frequency
changes associated with a dynamical stabilization or the finite life-
times associated with a finite thermal conductivity. In order to
reconcile the temperature-dependent frequencies with a harmonic
approximation, the quasi-harmonic approximation is often used,3,7

in which the temperature evolution is included indirectly through
a volume dependence. Unfortunately, this approach is biased in the
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type of anharmonicity it includes,8 is often insufficient to accurately
describe the frequency evolution, and is still unable, by construction,
to incorporate a linewidth.9

Nevertheless, a quasiparticle picture still seems to be an ade-
quate representation of the finite temperature vibrational excitations
for most solids. As a matter of fact, in most vibrational spec-
troscopy measurements on pure crystals, one can observe reasonably
sharp Lorentzian-like resonances.10 These resonances can be associ-
ated with vibrational quasiparticles, and it is these excitations that
are approximated with harmonic phonons. However, in contrast
with the harmonic picture, these quasiparticles have temperature-
dependent frequencies Ων(T), as well as a linewidth Γν(T), which
can be interpreted as a manifestation of their finite lifetimes.

In recent years, a number of frameworks have been devel-
oped to account for the anharmonicity of materials. For exam-
ple, it is nowadays common to use perturbation theory11–13 to
describe the effects of finite temperature on phonons within an
ab initio setting.14–17 In this approach, the anharmonic contribu-
tions to the BOS are responsible for phonon–phonon interactions,
which leads to temperature-dependent frequencies as well as the
finite lifetimes missing in the harmonic approximation. However,
if perturbation theory can improve the agreement between har-
monic phonons and more realistic vibrational QP, it is based on the
assumption that the higher order anharmonic contributions will be
of progressively lower importance, the (T = 0 K) harmonic contri-
bution being dominant. This hypothesis is often too drastic, and
perturbative approaches are consequently known to fail in some
cases.18–21 Moreover, a significant drawback of such approaches
is that they cannot be applied at all in strongly anharmonic sys-
tems with unstable harmonic-level phonons. These failures suggest
that approaches beyond standard perturbation theory are neces-
sary to obtain a satisfactory description of vibrational properties of
materials.

Starting from this observation, a significant number of works
have focused on developing non-perturbative methods to treat
anharmonicity without the drawbacks of the perturbative expan-
sion. Most of these approaches are constructed on the idea
of renormalized phonons and phonon–phonon interactions. The
foremost non-perturbative theory of anharmonicity is the Self-
Consistent Harmonic Approximation (SCHA),22–31 also known as
self-consistent phonons, first imagined by Born and since then
rederived several times.4 The idea behind the SCHA is that inter-
actions between harmonic phonons renormalize their frequencies.
Using the Gibbs–Bogoliubov free energy inequality,23,30,32 a Dyson
equation for the Green function,27 or even a path-integral formal-
ism,33 the SCHA can be derived as a set of self-consistent equations,
which uses the density matrix of an effective harmonic Hamilto-
nian. In essence, the renormalized phonons are obtained from an
average computed on the distribution associated with the converged
Hamiltonian. However, the quadratic form of the effective Hamil-
tonian means that the average is always computed on a multivariate
Gaussian distribution, which can differ substantially from the true
distribution. For instance, the renormalized phonons obtained as
a result of the self-consistent equations still need a correction to
approximate the QP frequencies.29,32

Fortunately, there exists a clear way to lift the multivari-
ate Gaussian distribution approximation. Indeed, given a potential
V(R), which can be computed using ab initio methods, such as

density functional theory (DFT) or a classical model, it is possible
to sample the exact canonical distribution in the classical limit for
a given temperature T with methods such as molecular dynamics
(MD) or Markov-chain Monte Carlo. Consequently, it seems natu-
ral to use these methods to obtain a non-perturbative description
of lattice dynamics to go beyond the effective harmonic distri-
bution of the SCHA. For instance, it has been proposed to use
the displacements covariance tensor computed from MD to map
it on an effective harmonic model through effective interatomic
force constants (IFC).34–36 However, the prevailing MD-based lattice
dynamics method is probably the temperature dependent effective
potential (TDEP).37–39 This method uses configurations extracted
from MD to fit an effective harmonic potential as well as third
and sometimes fourth order anharmonic terms.39 An important
feature of this potential is that each new order is fitted on the
residual forces from the previous order.40 The goal of this proce-
dure is to minimize the importance of high order contributions
compared to the effective harmonic one. By using perturbation
theory on top of this effective anharmonic Hamiltonian, TDEP
has proven its ability to describe anharmonic properties with a
great number of applications on the free energy and transport
of materials.37–39,41–43 Unfortunately, the renormalized anharmonic
Hamiltonian at the heart of TDEP lacks a theoretical justification.
This feature hinders a clear vision of its limits and raises questions on
the justification for the use of perturbation theory with the effective
Hamiltonian.

For instance, an important question raised by this approach is
the easily overlooked problem of going from the classical descrip-
tion of MD to the quantum description of perturbation theory.
Indeed, the QP description of a many-body system is intrinsically
constructed on correlation functions. However, while the definition
of classical correlation functions is unambiguous, this is not the case
for a quantum system, where there exist an infinite number of ways
to define them.44 Consequently, the classical to quantum transfor-
mation of correlation functions is a non-trivial task that needs strong
justifications.45–47 It would seem that to dispose of this problem,
a solution could be to use the true quantum distribution of dis-
placements using, for example, path-integral molecular dynamics.
Unfortunately, the freedom of choice in how to define quantum cor-
relation functions is still an obstacle to a clear vision of how to apply
TDEP. Indeed, from all the different types of quantum correlation
functions, which one should be used as input for the least-squares
problem? In a recent publication, it has been proposed to use the
standard correlation functions.48 However, this choice was justi-
fied with the goal of having a good description of the BOS, which
unfortunately does not answer the remaining questions on how to
approximate the QP with the effective Hamiltonian.

A more satisfying answer comes from the recent method intro-
duced by Morresi et al.,49,50 which uses the static Kubo correlation
function (KCF) as input to obtain the QP. With simple manipula-
tions, the authors were able to show that QPs computed this way
match the exact zero frequency of the Matsubara QP Green’s func-
tion. While their QPs feature an infinite lifetime, this result is a
strong suggestion that the KCF might be an answer to the questions
raised previously. From this type of correlation functions, the miss-
ing step is how to obtain the dynamical QP properties, but the use
of the KCF points to the field of linear response theory, in which
established theoretical tools exist to solve such problems.
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In this work, we build a foundation for an exact non-
perturbative theory of lattice dynamics that can describe strongly
anharmonic quantum systems. With this objective, we derive a
dynamical theory for solids based on the Mori–Zwanzig projector
formalism of linear response theory.51–57 This approach projects the
dynamics on the slow variables of the system, resulting in a gener-
alized Langevin equation (GLE) and thus splitting the equation of
motion for the KCF into a conservative and in a memory-dependent
dissipative part. After defining a projection on quasiparticle oper-
ators in reciprocal space, we use linear response theory to obtain
an exact formulation of the spectral function. By using a mode-
coupling theory58–61 to approximate the memory kernel inherent
to the Mori–Zwanzig formalism, we derive a theory in which the
renormalized interatomic force constants of all orders appear natu-
rally. This approximation allows us to obtain a set of self-consistent
equations to compute vibrational spectra, for which we also propose
a simplification based on a scattering approximation. Moreover, we
show how our findings can justify a theory of temperature dependent
phonons, thus giving an explanation of the success of renormalized
phonon methods. We also discuss the implications of the method,
showing, for instance, how it can be used to approximate nuclear
quantum effects (NQE) on classical simulations, while alleviating
ambiguities related to the multiple definitions of quantum corre-
lation functions. We show that well established methods, such as
perturbation theory or the SCHA, can be recovered as approxi-
mations of our mode-coupling theory, and that TDEP, used with
(PI)MD [(Path-integral) Molecular Dynamics], is a direct applica-
tion of our approach. Another interesting result of the present theory
is that it shows that the often-used Lorentzian approximation of
spectral lineshapes can never be an exact representation.

This paper is organized as follows. In Sec. II, we introduce the
notation used throughout the paper as well as the Kubo correlation
functions (KCF), before deriving the generalized Langevin equation
for the displacement KCF, using the Mori–Zwanzig projector for-
malism. We then construct the projection in reciprocal space in
Sec. III, before using the GLE to derive exact equations describing
the spectral properties in Sec. IV. Using a mode-coupling approach,
we then derive in Sec. V a set of approximations to the memory ker-
nel appearing in the GLE. Next, we discuss how to compute from
ab initio calculations the quantities needed as input for the method
in Sec. VI. Section VII is devoted to the discussion of the classical
limit as well as the comparison to other theories of anharmonic-
ity. We illustrate the theory with an application on 4He in Sec. VIII
before concluding in Sec. IX.

II. DERIVATION OF THE GENERALIZED
LANGEVIN EQUATION
A. Notations

In this work, we consider a three-dimensional crystal in the
Born–Oppenheimer approximation so that the Hamiltonian gov-
erning the dynamics of the system is taken with the general
form

H =∑
i

p2
i

2Mi
+ V(R), (1)

where R and p are, respectively, the position and momentum oper-
ators, and V(R) is the potential. In this work, we will consider

that there is no atomic diffusion in the system so that we can
use the displacements ui = Ri − ⟨Ri⟩ as dynamical variables. In this
definition, ⟨O(t)⟩ is the thermal average of the operator O, mean-
ing that ⟨R⟩ are the equilibrium positions. It should be noted that
with this definition, the equilibrium positions, and consequently the
definitions of displacements, are temperature dependent. While it
is common to expand the potential in Eq. (1) in a Taylor expan-
sion, here we make no assumptions on its form, apart from its time
independence.

To describe the time evolution of the system, we use the Heisen-
berg representation, where the time dependence and derivatives of
operators are obtained with

A(t) = e
i
h̵ HtAe−

i
h̵ Ht
= eiLtA,

Ȧ(t) =
i
h̵
[H, A(t)] = iLA(t),

(2)

where A = A(0) and L = 1
h̵ [H, ⋅] is the quantum Liouville operator.

We will denote pi(t) =Miu̇i(t) the time derivative of the displace-
ment of atom i with mass Mi. Furthermore, we will define mass
scaled coordinates ũi =

√
Miui and p̃i =

1√
Mi

pi.

B. Kubo correlation function
Given the many-body nature of atomic vibrations in a crystal,

a natural tool to describe the dynamics are correlation functions. In
this work, we will be using the Kubo correlation function (KCF),
which, for two operators A and B, is defined as

GAB(t) = kBT∫
β

0
dλ⟨A†

(iλh̵)B(t)⟩

=
kBT
Z ∫

β

0
dλ Tr [e−(β−λ)HA†e−λHB(t)]

= (A, B(t)), (3)

where β = 1
kBT is the inverse temperature and Z is the partition func-

tion. This correlation function, which can be derived from linear
response theory,53,62 has the advantage of being easily approximated
in the path-integral molecular dynamics formalism.49,63 Moreover,
the KCF has a number of properties which simplify its manipula-
tion. First, similarly to classical correlation functions, it is a real and
even function of time and it obeys the relations GAB(t) = GAB(−t) as
well as GAB(t) = GBA(t). Using the Lehmann representation, it can
also be shown that derivatives of the static Kubo correlation function
are related64

dk

dtk (A, B(t))∣t=0 = (−1)k dk

dtk (B, A(t))∣t=0, (4)

dk

dtk (A, A(t))∣t=0 = 0 ∀k = 1, 3, 5, . . . . (5)

Naturally, all the different quantum correlation functions are related
by simple relations47,53 so that knowledge of any type of correlation
function allows to obtain any other one. Finally, we will note that
the KCF, as the standard or any other quantum correlation function,
reduces to the classical correlation function in the limit h→ 0.
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In this work, the KCF of interest is the mass-weighted dis-
placement KCF, which is a 3Nat × 3Nat symmetric matrix defined
with

Gij(t) =
√

MiMj
kBT
Z ∫

β

0
dλ Tr [e−(β−λ)Hu†

i e−λHuj(t)]

=
√

MiMj(ui, uj(t))
= (ũi, ũj(t)) (6)

with an equation of motion given by

G̈ij(t) =
√

MiMj(ui, üj(t))

= (ũi, ˙̃pj(t)). (7)

Our goal in this work is to derive a solution for this equation of
motion.

C. The generalized Langevin equation
Presented in the form of Eq. (7), solving for the dynamics of the

many-body system is an intractable problem. Fortunately, the pro-
jection operator formalism derived by Mori51 and Zwanzig52 allows
to express Eq. (7) in a form amenable to approximations. This for-
malism is based on operators P and Q, which project an observable
O(t) onto the subspace of “slow” dynamical variables of interest. In
this work, we will use the mass scaled coordinates as “slow” variables,
so that the projectors are defined as

PO(t) =∑
ij

(ũj , O(t))
(ũi, ũj)

ũi +∑
ij

(p̃j , O(t))
(p̃i, p̃j)

p̃i, (8)

QO(t) = (1 − P)O(t). (9)

By construction, it should be noted that the projectors P and
Q are orthogonal, in the sense that they follow P + Q = 1
and PQ = QP = 0. Being projection operators, it is natural that
P and Q are idempotent so that PP = P and QQ = Q. More-
over, it can be shown that these projectors, as the Liouville operators,
are Hermitian with respect to the static Kubo correlation function,55

which results in the properties

(X, PY) = (PX, Y), (10)

(X, QY) = (QX, Y). (11)

Equipped with these operators, we can now express the
equation of motion of the mass scaled momentum of atom i,

˙̃pi(t) = eiLtiLp̃i

= eiLt
(P + Q)iLp̃i

= eiLt PiLp̃i + eiQLt QiLp̃i +∫

t

0
dseiL(t−s)PiLeiQLs QiLp̃i,

(12)

where we used the Dyson identity55,59 to expand the Q projection.
To simplify the notation of Eq. (12), we introduce the frequency

matrix Θ (note that it is not in mass scaled coordinates)

Θij = −∑
k

(uk, fi)

(uj , uk)
, (13)

where fi =Mi L2ui is the force acting on atom i, as well as δf(t),
which is often called the random force,

δ fi(t) = eiQLt⎛

⎝
fi +∑

j
Θijuj
⎞

⎠
(14)

and the memory kernel K(t)

Kij(t) =
(δ fi, δ fj(t))
√

MiMj
(15)

so that the equations of motion for the momentum can be
written as58–61

˙̃pi(t) = −∑
j

Θij
√

MiMj
ũj(t) −

δ fi(t)
√

Mi
− β∑

j
∫

t

0
dsKij(s)p̃j(t − s).

(16)

Formally, the Mori–Zwanzig projection splits the evolution of the
dynamical variables into a “slow” contribution, driven by the fre-
quency matrix and a “fast” one, given by the random force and
the memory kernel. As depicted in Fig. 1, the “slow” part of the
dynamics represents a subspace of the full Hilbert space of the
dynamical variables. Thus, the goal of the operator P is to project
any dynamical variable into this subspace. The random forces, which
account for the effects of other degrees of freedom, evolve in the
“fast” orthogonal subspace, as indicated by the evolution operator
eiQLt , and its orthogonal nature is recovered thanks to the property
(ũi, δ fi(t)) = 0. It should be noted that the randomness of this term
is only apparent. By contracting information through the projector
Q, the time evolution of this term is more difficult to apprehend and
its dynamics appears “random,”55 though this is not the case.

We can now inject ˙̃pi(t) into the equations of motion of Eq. (7)
to obtain the generalized Langevin equation of motion of the mass
weighted displacement KCF

G̈(t) = −
Θ

√

MTM
G(t) − β∫

t

0
dsK(s)Ġ(t − s). (17)

An interesting result of this formulation is the separation of the
dynamics into two parts. The first one, driven by the static fre-
quency matrix, is conservative, while the second part, driven by

FIG. 1. Schematic illustration of the Mori–Zwanzig projection operator formalism.
Within this formalism, the dynamics of a dynamical variable, represented here with
a black arrow, happen in the full Hilbert space. The operators P, represented as
the red arrows, projects this dynamic onto a “slow” subspace depicted here as a
blue rectangle. By construction, the starting point of the dynamics, visualized with
the green dot, is located on the projected subspace.
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the memory kernel, is dissipative.61 The formulation of the mem-
ory kernel as the autocorrelation of the random forces is a result
of the equilibrium state of the system and is known as the second
fluctuation–dissipation theorem.53 It is important to note that there
is no approximation leading to Eq. (17) so that it is an exact descrip-
tion of the dynamics of the system. However, the main difficulty in
solving this equation comes from the memory kernel of Eq. (15), for
which the dynamics is not generated by the Liouville operator, but
by its orthogonal projection.

III. THE GLE IN QP SPACE
Up to this point, we have been working in real space. To for-

mulate the problem in reciprocal space, there is a freedom of choice
for the basis set into which we will project the dynamical variables.
A natural projection is one where the conservative part of the GLE
is block diagonal in momentum and completely diagonal in vibra-
tional modes, all while taking advantage of the periodicity of the
crystal. Such a transformation can be achieved using concepts from
the toolkit of harmonic phonon theory.

With this goal, we define a generalized dynamical matrix D(q)
as the Fourier transform of the mass weighted Θ,

Dij(q) =∑
τ

Θτ, j
0,i√

MiMj
eiq(⟨Rτ,j⟩−⟨R0,i⟩), (18)

where we introduced a unit cell based notation i→ (τ, i) so that
Θτ, j

δ,i is the frequency matrix relating atom i in the unit cell δ to the
atom j in unit cell τ. Similarly to the harmonic phonon case, we can
now obtain QP polarization vectors ϵν

(q) and frequencies Ωq,ν by
diagonalizing D(q),

D(q)ϵν
(q) = Ω2

ν(q)ϵ
ν
(q), (19)

where ν is a QP mode. Without loss of generality, we can now express
the mass-weighted atomic displacements as

ũi(t) =∑
q,λ

ρq,λϵλ
i (q)Aλ(q, t), (20)

where Aλ(q, t) are unitless quasiparticle operators with the property
(Aλ(q), Aλ′(q

′
)) = 2kBT

h̵Ωλ(q)
δλλ′δq,q′

65 and ρq,λ is a prefactor deter-
mined below. Using the static solution of Eq. (17) as well as
the property G̈i j(0) = −kBT/Miδi j ,66,67 we can express the static
mass-weighted displacement covariance tensor as

(ũi, ũj) = kBT
√

MiMjΘ−1
i j . (21)

Injecting Eq. (20) into this equation and with some reorganization,
it can be shown that ρq,λ =

√
h̵/Ωλ(q) so that the displacements can

be expressed as

ui(t) =

√
h̵

2Mi
∑
q,λ

ϵλ
i (q)√
Ωλ(q)

Aλ(q, t). (22)

We can now define a Kubo transformed QP Green’s function

Gλ,μ(q, t) = (Aλ(q), Aμ(q, t)). (23)

To obtain the expression of the memory kernel projected on the
QP, we note that from Eq. (22), the force acting on nucleus i can
be expressed as

fi =

√
h̵Mi

2 ∑qλ

ϵλ
i (q)√
Ωλ(q)

Äλ(q). (24)

The part of the random forces involving the frequency matrix
has a structure resembling mass-scaled harmonic forces, which can
be written in terms of quasiparticle operators as

∑
jβ

Θαβ
i j

√
MiMj

uβ
j =

√
h̵Mi

2 ∑qλ

ϵλ
i (q)√
Ωλ(q)

Ω2
λ(q)Aλ(q). (25)

Consequently, we can define the random forces in terms of QP
operators as

δ fi =

√
h̵Mi

2 ∑q,λ

ϵλ
i (q)√
Ωλ(q)

(Äλ(q) −Ω2
λ(q)Aλ(q))

=

√
h̵Mi

2 ∑q,λ

ϵλ
i (q)√
Ωλ(q)

δAλ(q), (26)

where we defined the QP random forces operator δAλ(q) = Äλ(q)
−Ω2

λ(q)Aλ(q), which follows orthogonal time dynamics

δAλ(q, t) = eiQLtδAλ(q). (27)

We are now able to define the memory kernel in reciprocal space

K(q, t) =
h̵

kBT
Ω(q)−1

(δA(q), δA(q, t)), (28)

which allows us to write the GLE for the Kubo transformed Green’s
function as

G̈(q, t) = −Ω2
(q)G(q, t) − ∫

t

0
dsK(q, s)Ġ(q, t − s). (29)

The dynamical properties of the many-body system can now be
obtained by solving Eq. (29) with the initial conditions

Gλμ(q, 0) =
2kBT

h̵Ωλ(q)
δλ,μ, (30)

Ġλμ(q, 0) = 0. (31)

IV. VIBRATIONAL SPECTRA FROM THE KUBO
CORRELATION FUNCTION

From linear response theory, it is known that the correla-
tions of an unperturbed system are related to its response to a
perturbation.53,62,68 For a perturbation applied to an observable
A, the response of the system through the observable B can be
computed using the response function ΦAB, which we define as

ΦAB(t) = −
i
h̵
⟨[A, B(t)]⟩, (32)
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where the average of the commutator of A and B(t) is called the sym-
metrized correlation function. The dynamical susceptibility of the
system is then simply given by the Laplace transform of the response
function

χAB(ω) = ∫
∞

0
dtΦAB(t)e−iωt. (33)

It should be noted that the use of a Laplace transform with the
definition Eq. (32) allows to include causality in the response of
the system. This formulation is equivalent to more common defi-
nitions of the susceptibility where causality is introduced with the
use of the Heaviside function. To connect the preceding derivation
to the response function, we need to express ΦAB(t) as a func-
tion of the KCF. This can be achieved using the cyclic property of
the trace, which gives a classical-like formulation of the response
function

ΦAB(t) = −
i
h̵

1
Z
( Tr [e−βHAB(t)]] − Tr [e−βHB(t)A]])

=
i
h̵

1
Z
( Tr [e−βHeβHAe−βHB(t)]] − Tr [e−βHAB(t)]])

= ∫

β

0
dλ

1
Z

Tr [e−βHȦ(ih̵λ)B(t)]

= βĠAB(t), (34)

where Ȧ = i[H, A]/h̵ is the time derivative of A at t = 0.
From this response function, the dynamical susceptibility of the

system is simply obtained by applying a Laplace transform

χAB(ω) = β∫
∞

0
dt(Ȧ, B(t))e−iωt

= β̃̇GAB(iω)

= iβωG̃AB(iω) − βGAB(0), (35)

with G̃AB(iω) the Laplace transform of the KCF of A and B, and
̃̇GAB(iω) is the Laplace transform of its time derivative. The dynam-
ical susceptibility can be decomposed into a real and imaginary part
χAB(ω) = χ′AB(ω) + iχ′′AB(ω), where χ′AB(ω) and χ′′AB(ω) are related
by a Kramers–Kronig transform, meaning that the knowledge of one
is sufficient to recover the dynamical response of the system. From
Eq. (35), we see that the imaginary part of the dynamical suscep-
tibility, which corresponds to the dissipative part of the response,
is simply proportional to the real part of G̃AB(ω). Since the KCF
is an even and real function of time, this real part is proportional
to the power spectrum GAB(ω), which corresponds to the Fourier
transform of GAB(t), so that the dissipative part of the response, also
called the spectral function, can be written as

χ′′AB(ω) =
ω

2kBT
GAB(ω). (36)

This equation is simply the fluctuation–dissipation theorem,
written using the Kubo transformed correlation function. The trace
of the dissipation χ′′(q, ω) is particularly important since this quan-
tity can be linked to the cross section d2σ/dΩdE from spectroscopy

measurements, allowing thus a direct comparison between the-
ory and experiment. For the QP KCF, using the initial conditions
[Eqs. (30) and (31)], the Laplace transform is expressed as

G̃(q, iω) =
2kBT

h̵Ω(q)
−iω − K̃(q, iω)

ω2
−Ω2
(q) − iωK̃(q, iω)

. (37)

To obtain a formula for the Fourier transform of G(q, ω), we start
by separating the memory kernel into a real and an imaginary part
as K̃(q, iω) = Γ̃(q, ω) − iΔ̃(q, ω). Since K(q, t) is a real and even
function of time, the real part Γ̃(q, ω) of its Laplace transform is pro-
portional to its Fourier transform Γ(q, ω), with Γ̃(q, ω) = 2Γ(q, ω).
Moreover, Γ̃(q, ω) and Δ̃(q, ω) are not independent, and one can
recover the other using Kramers–Kronig relations.69 For instance,
Δ̃(q, ω) can be computed with

Δ̃(q, ω) =
1
π ∫

dω′
Γ̃(q, ω′)
ω′ − ω

, (38)

where the absence of the usual minus sign comes from the previous
definition of the memory kernel. This allows us to take the real part
of Eq. (37) and obtain the power spectrum as

G(q, ω) =
kBT
πh̵

8Ω(q)Γ(q, ω)
(ω2
−Ω2
(q) − 2ωΔ(q, ω))2

+ 4ω2Γ2
(q, ω)

. (39)

Finally, the dissipative part of the response function can be
computed using the fluctuation–dissipation theorem of Eq. (36),
giving

χ′′(q, ω) =
1

πh̵
4ωΩ(q)Γ(q, ω)

(ω2
−Ω2
(q) − 2ωΔ(q, ω))2

+ 4ω2Γ2
(q, ω)

. (40)

In the end, the dynamical response of the system can be entirely
characterized using Ω(q), Γ(q, ω), and Δ(q, ω). Consequently, at
this point, the only missing ingredient needed to compute the
dynamical properties of the system is the real part of the memory
kernel.

V. MODE-COUPLING APPROXIMATION
FOR THE MEMORY KERNEL

For the moment, the formulation is exact and consists only
in a rewriting of the dynamical problem, by framing the unsolv-
able part into a memory kernel. The exact computation of K(t) is
a formidable task and we have to resort to approximations to be
able to apply the theory to real simulations. To obtain a tractable
formulation of the memory kernel, we use a cluster expansion of
the random forces. With this goal, we define the nth order pro-
jection operators Pn,70 which project an operator O(t) on the
subspace of n QP operators, as well as the corresponding orthogonal
projection Qn,

PnO(t) =
1
n! ∑λ1...λn

λ′1...λ
′

n

(Aλ′1 . . .Aλ′n , O(t))
(Aλ1 . . .Aλn , Aλ′1 . . .Aλ′n)

Aλ1 . . .Aλn , (41)

Qn = 1 − Pn, (42)
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where the prefactor 1/n! is here to account for all the permutations of
Aλ operators so that Pn Pn = Pn. Going up to order N and inserting
several times the identity Pn + Qn = 1, we can rewrite the random
forces

δAλ = (P2 + Q2)δAλ

= P2δAλ + (P3 + Q3)Q2δAλ

=
N

∑
n

Pnδn−1Aλ + δN Aλ, (43)

δN Aλ = QN QN−1 . . . Q2δAλ, (44)

where each successive application of Qn will produce an ever smaller
δnAλ, and δN Aλ is the final residual random force we will neglect. We
can now inject this expression into the memory kernel to obtain

Kλ,λ′
(t) = (δAλ, δAλ′(t))

=
N

∑
n=2

N

∑
n′=2
(Pnδn−1Aλ, Pn′δn′−1Aλ′(t))

+ (δN Aλ′ , δN Aλ′(t))

=
N

∑
n=2

N

∑
n′=2

Kλ,λ′

nn′ (t) + (δN Aλ, δN Aλ′(t)), (45)

where we define the (n, n′) order memory kernel

Kλ,λ′

n,n′(t) = (Pnδn−1Aλ, Pn′δn′−1Aλ′(t))

= ∑
λ1 ,...,λn
λ′1 ,...,λ′

n′

Ψn(λ, λ1, . . . , λn)Ψn′(λ
′, λ′1, . . . , λ′n′)

× (Aλ1 . . .Aλn , eiQLtAλ′1 . . .Aλ′
n′
) (46)

as well as the vertex

Ψn(λ1, . . . , λn) =
1
n! ∑μ1 ,...,μn

(Aμ1 . . .Aμn , δn−1Aλ)

(Aλ1 . . .Aλn , Aμ1 . . .Aμn)
. (47)

The preceding manipulations serve to shift the orthogonal space
time dependence from the random forces into multiple displace-
ment Kubo correlation functions. By subtracting the contributions
up to order n, the Qn projectors minimize the corresponding con-
tribution of the random forces δnAλ. Consequently, this “clustering”
procedure ensures that the contribution of each new order in the
memory kernel is less important than the previous one. While this
is still impossible to solve in practice, this rewriting opens a way to
approximate K(q, t).

As a first approximation, we truncate the expansion of the
memory kernel at some order N and we neglect the Nth order
correlation of the random forces. The second approximation con-
sists in decoupling the n point correlations in orthogonal time into
n/2 products of two point correlations in real time.58,59,61 For
instance, a four point correlation function is given by

(Aλ1 Aλ2 , eiQLtAλ3 Aλ4) ≈ (Aλ1 , Aλ3(t))(Aλ2 , Aλ4(t))

+ (Aλ1 , Aλ4(t))(Aλ2 , Aλ3(t)). (48)

These two approximations are at the foundation of the mode-
coupling theory of the liquid–glass transition.58,59

In this work, we will limit ourselves to the second order in
the memory kernel expansion. To simplify further the expression of
the memory kernel, we will neglect its off-diagonal terms (n ≠ n′,
λ ≠ λ′). We note that this approximation does not remove mode
coupling [the sum in Eq. (46) runs over all the other modes]
and would not prevent the inclusion of off-diagonal velocity terms
in the thermal conductivity as in Ref. 71. Finally, taking into
account the conservation of crystal momentum (with the −λ), our
approximation for the memory kernel is given by

Kλ(t) ≈
h̵

2kBTΩλ
∑
μ,ν
∣Ψ(−λ, μ, ν)∣2Gμ(t)Gν(t). (49)

The only inputs are contained in the vertex Ψ. We define the third-
order tensor Θ as

Θijk = −
1
2
∑l,m (ulum, δ fi)

∑l,m (ujuk, ulum)
. (50)

Using the projection of displacements and random forces on QP, the
vertex can then be expressed as

Ψ(λ, μ, ν) =

¿
Á
ÁÀ h̵

2
Ωλ

ΩμΩν
∑
i,j,k

ϵλ
i ϵμ

jϵ
ν
k

√
MiMjMk

Θijk

× ei(Riqλ+Rj qμ+Rkqν)δG(qλ + qμ + qν), (51)

where δG(qλ + qμ + qν) = 1 if qλ + qμ + qν is 0 modulo a reciprocal
lattice vector G.

With the preceding approximation of K, we now have all the
ingredients to compute the power spectrum. Fourier transforming
Eq. (49) in frequency domain, and using Eqs. (38) and (39), we
obtain the following set of self-consistent equations:

Γλ(ω) =
h̵

2kBTΩλ
∑
μ,ν
∣Ψ(−λ, μ, ν)∣2(Gμ ∗Gν)(ω), (52)

Δλ(ω) =
1
π ∫

dω′
Γλ(ω′)
ω′ − ω

, (53)

Gλ(ω) =
kBT
πh̵

8ΩλΓλ(ω)
(ω2
−Ω2

λ − 2ωΔλ(ω))2
+ 4ω2Γ2

λ(ω)
. (54)

In order to obtain a starting point to the self-consistent cycle, we
introduce an approximation inspired by scattering theory. We begin
by defining a bare Green’s function as the solution of a memory-less
GLE

G̈λ,0(t) = −Ω2
λGλ,0(t), (55)

which is simply given by Gλ,0(t) = kBT
h̵Ωλ

cos (Ωλt). The scattering the-
ory approximation is obtained by replacing the Green’s function in
Eq. (52) by Gλ,0(ω), which allows to obtain the linewidth

Γs
λ(ω) =

πkBT
h̵ΩλΩμΩν

∑
μ,ν,s,s′

∣Ψ(−λ, μ, ν)∣2δ(ω + sΩμ + s′Ων) (56)
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with s, s′ = ±1. From this result, a first approximation to the
power spectrum can be obtained by using Eqs. (53) and (54) with
Γs

λ(ω) as an input.

VI. COMPUTING THE FREQUENCIES AND VERTEX
FROM (PI)MD SIMULATIONS

One advantage of the formalism derived previously is that only
static averages are needed as input. This is particularly interesting
for applications given that the static KCF of two variables A and
B can be computed exactly in the path-integral molecular dynamics
framework as49,63

GAB(0) = lim
P→∞

lim
t→∞∫

t

0

e−βH(t)

Z
⎛

⎝

P

∑
p

Ap(t)
⎞

⎠

⎛

⎝

P

∑
p

Bp(t)
⎞

⎠
dt

≈
1
N

N

∑
n

Ā(tn)B̄(tn), (57)

where P is the number of beads in the classical polymer, and Ā(t)
= ∑p Ap(t) is the mean of the property A over the classical poly-
mer. The second line of Eq. (57) corresponds to the approximation
with a finite number of configurations and beads from path integral
molecular dynamics.

The static correlation function of classical MD simulations
corresponds to the limit P = 1 and can be computed as

GAB(0) ≈
1
N

N

∑
n

A(tn)B(tn). (58)

We note that this can be used as a way to approximate the static KCF,
as will be discussed on the next section.

In the limit of a finite number N of configurations, the
frequency matrix can be computed with

Θij = −
∑

N
n ∑k ūk(tn)f̄ i(tn)

∑
N
n ∑k ūk(tn)ūj(tn)

, (59)

where we used the property (ui, f j) = −kBTδi j to decouple the sums
in the numerator and denominator of Eq. (13). In this equation,
one can recognize the least squares solution Θ of the linear prob-
lem Θu = −f. This implies that the computation of the frequency
matrix can be mapped to the problem of fitting an effective harmonic
Hamiltonian using the distribution of forces and displacements at
the studied temperature. This corresponds to the TDEP method
at second order,37 for which our framework offers an exact formal
justification and a path for generalization. In practice, the average
needed in the computation of Θ might necessitate long simulations,
which could become prohibitive. Fortunately, Θ is a sparse matrix,
with many coefficients related by symmetry, as it must be invari-
ant under the symmetry group of the crystal. Moreover, since the
displacements and forces are invariant with respect to global trans-
lation and rotation of the system, their static KCF should also respect
these invariances. This means that, by definition, Θ follows the
usual symmetries found in the IFC tensor of the harmonic approx-
imation for phonons. Consequently, imposing them on Θ before
applying Eq. (59) will considerably decrease the length of the sim-
ulations needed, similarly to what is done in lattice dynamic fitting

methods.38,72–74 A similar analysis can be done for the second order
vertex in real space, which can be computed as

Θijk = −
1
2

N

∑
n

∑l,m ūl(tn)ūm(tn)δf̄ i(tn)

∑l,m ūl(tn)ūm(tn)ūj(tn)ūk(tn)
(60)

with δfi = fi +∑jΘijuj. A simple variable transformation allows to
rewrite this equation as a least-squares solution of the equation
ΘTU = δf, where U = uuT .39,74 As in the frequency matrix case, this
means that this interaction can be constructed exactly as the third-
order IFC in the TDEP method. It can be shown that this TDEP-like
construction arises naturally for every order, by definition of the nth
order projectors Pn.

VII. DISCUSSION
A. Classical-like correlation functions
and classical limit

Looking at the main results in the preceding derivation, it
would be easy to miss the quantum character of the dynamics
described, since most of the equations seem to lack the usual
quantum-related prefactors. The quantum behavior of the system is
hidden in the Kubo correlation function, as can be inferred from its
Lehmann representation given by

Gλ(ω) = kBT∑
jk

pj
∣⟨j∣Aλ∣k⟩∣2

h̵ω(n(ω) + 1)
δ(ω −

Ej − Ek

h̵
), (61)

where p j = e−βE j/Z is the Boltzmann weight associated with state
j of energy Ej and n(ω) = 1/(eβhω

− 1) is the Bose–Einstein distribu-
tion. Consequently, our approach allows to alleviate any ambiguity
related to the type of quantum correlation functions one should use
in PIMD simulations, all while giving a consistent formulation of the
dynamics of the system.

Interestingly, the classical limit of this mode-coupling approach
is completely analogous to its quantum counterpart.60 Indeed, the
classical version of the Mori–Zwanzig formalism is obtained by
simply replacing the KCF with classical correlation functions. Using
the similarity between the properties of Kubo and classical cor-
relation functions, the same derivation can be used to obtain the
classical version of the set of self-consistent Eq. (52)–(54). Therefore,
the only difference between the quantum and classical description
comes from the type of correlation functions used to compute
the frequency matrix Θ and the vertex. This classical-like behavior
is particularly visible in the KCF formulation of the quantum
fluctuation–dissipation theorem given by Eq. (36), which is exactly
the same as its classical limit.62 This observation brings a new
justification to the interpretation of classical correlation functions
as approximated KCF.47 From a practical point of view, and as
discussed in the previous section, this means that the same set of
equations can be used in the two limits, the only difference stem-
ming from the type of simulation used to compute the correlation
functions.

Furthermore, our approach allows for a simple inclusion of
quantum behavior when doing classical simulations. For this, we
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introduce the lesser Green’s function G<λ (t) = ⟨A
†
λ(t)Aλ⟩, given in

the Lehmann representation by

G<λ (ω) =∑
jk

pje−βh̵ω
∣⟨j∣Aλ∣k⟩∣

2δ(ω −
Ej − Ek

h̵
). (62)

From this representation, it is easy to see that the Kubo and lesser
Green’s functions are related by G<λ (ω) =

h̵ω
kBT n(ω)Gλ(ω). Replacing

the Kubo Green’s functions in Eq. (52) with the lesser Green’s func-
tions makes the Bose–Einstein distributions visible in the following
equation:

Γλ(ω) =
h̵

2kBTΩλ
∑
μ,ν
∣Ψ(−λ, μ, ν)∣2

× ∫

∞

−∞
dω′

kBT
h̵(ω − ω′)n(ω − ω′)

G<λ (ω − ω′)

×
kBT

h̵ω′n(ω′)
G<λ (ω

′
). (63)

In the scattering theory approximation, G<λ (t) = n(Ωλ) cos (Ωλt) so
that Γs

λ(ω) reduces to

Γs
λ(ω) =

h̵π
4kBTΩλ

∑
μ,ν
∣Ψ(−λ, μ, ν)∣2F(ω, μ, ν), (64)

F(ω, μ, ν) = ∑
s=±1
[(nμ + nν + 1)δ(ω + sΩμ + sΩν)

+ (nμ − nν)δ(ω + sΩμ − sΩν)] (65)

with nμ = n(Ωμ), and where we used limω→01/[hωn(ω)] = β. Once
Ψ has been calculated, using Eq. (64) to process inputs from MD
simulations is a simple zero-cost and legitimate way to approximate
quantum effects without needing to do expensive PIMD simula-
tions. Such an approximation should be valid for systems with low
anharmonicity or at high temperature.

B. Interpretation of the static quasiparticles
With the previous discussions, we focused on dynamical prop-

erties. It is interesting to also consider static properties associated
with the formalism, in particular the quasiparticle frequencies. Inter-
estingly, these temperature-dependent frequencies have often been
compared with great success to experiments,35,37,43 but these com-
parisons lacked a rigorous theoretical justification. It has been pro-
posed to interpret these frequencies as an approximation of the first
excitation of the system.49,75 While such an approximation would
be accurate at low temperature, it does not hold for high tempera-
ture and completely misses the exact character associated with the
quantity.75

Taking the ω→ 0 limit of Eq. (35), the static susceptibility
can be written as χ = −βG(0). From Eq. (13) and using the prop-
erty (ui, f j) = −kBTδi j , we obtain a proportionality relation between
the frequency matrix and the inverse static susceptibility in real
space

Θ
√

MTM
= χ−1, (66)

meaning that the frequency matrix is directly related to the instanta-
neous response of the system to an external perturbation. By doing

the transformation in Sec. III, and due to the Hermitian charac-
ter of the matrices involved, we can conclude that the quasiparticle
polarizations ϵλ(q) are also eigenvectors of the Fourier transform
of the susceptibility matrix, with eigenvalues h̵Ω−2

λ (q). From this
observation, we can interpret the eigenvectors ϵλ

(q) of the quasipar-
ticles as displacement patterns associated with a perturbation with
a momentum q. The Aλ(q) are thus the amplitude of these dis-
placement patterns, which can be seen as a temperature-dependent
generalization of the normal modes of the harmonic theory.

To have a better understanding of the meaning of these fre-
quencies, it is useful to focus on the second order time derivative
of the KCF. From the relation G̈i j = kBT, and using Eqs. (22) and
(24), we have G̈λ(q)/Gλ(q) = Ω2

λ(q). Using then the Lehmann
representation of the KCF Gλ(q) and G̈λ(q),

Gλ(q) = kBT∑
jk

∣⟨j∣Aλ(q)∣k⟩∣2(pk − pj)

ωjk
, (67)

G̈λ(q) = kBT∑
jk

⟨j∣Aλ(q)∣k⟩⟨k∣Äλ(q)∣j⟩(pk − pj)

ωjk

= kBT∑
jk

ω2
jk∣⟨j∣Aλ(q)∣k⟩∣2(pk − pj)

ωjk
(68)

with ωjk = (Ej − Ek)/h, and where we used ⟨ j∣Äλ(q)∣k⟩
= −ω2

jk⟨ j∣Aλ(q)∣k⟩, we obtain a formulation of the frequencies
in terms of a complete set of eigenstates of the Hamiltonian

cjk(λ, q) =
∣⟨j∣Aλ(q)∣k⟩∣2(pk − pj)

ωjk
, (69)

Ωλ(q) =

¿
Á
ÁÀ∑jk ω2

jkcjk(λ, q)
∑jk cjk(λ, q)

. (70)

This result shows that the quasiparticle frequencies correspond to
a thermodynamic average of the transitions between states of the
system projected on the displacement patterns.

It should be noted that these frequencies do not necessar-
ily align with peaks in the spectral functions. Indeed, the relation
between the static frequencies and the spectral function is given by
the sum rule

∫

∞

0
dωχ′′λ (q, ω)ω = Ωλ(q). (71)

Consequently, the peaks and the static frequencies should be aligned
only in the case of a symmetric lineshape or at least in cases where
the spectral weight is evenly distributed around Ωλ.

C. Comparison with other methods
To help understanding the implication of the mode-coupling

theory of lattice dynamics, it is informative to compare it to well
established methods. In this section, we show that the perturba-
tion theory, the SCHA and the TDEP method can be understood
as different approximations of the mode-coupling approach, that we
summarize in Table I.
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TABLE I. Summary of different approach of anharmonic lattice dynamics.

Perturbation theory SCHA Mori–Zwanzig

Sampling Perturbative through finite Effective harmonic Exact through MD (classical case)
of displacements difference or DFPT (multivariate Gaussian) or PIMD (quantum case)

Static quasiparticles Harmonic phonons Effective harmonic phonons Eigenstates of the inverse
or eigenstates of the inverse susceptibility susceptibility

Vertex in the bubble Perturbative Gaussian approximation Exact
contribution

Implementations
Phono3py15 SSCHA30

MD-TDEP37,38Alamode27,28

ShengBTE16 sTDEP76

qSCAILD31

1. The harmonic limit
A good theory of lattice dynamics should reduce to the exactly

known harmonic limit. This can be trivially shown to be true for the
mode-coupling theory. Indeed, for a harmonic system, the frequency
matrix presented in Eq. (13) is equal to the harmonic force constants
so that the random forces cancel out. Consequently, the GLE reduces
to the expected memory-less harmonic equations of motion.

2. Perturbation theory
More interestingly, it can be shown that the perturbative limit

of the mode-coupling approach allows us to retrieve the usual
linewidth formulation obtained from a diagrammatic expansion.11,13

To show this, we suppose that the potential energy of the system
can be approximated by an anharmonic potential truncated to third
order

V(R) ≈
1
2∑ij

Θpt
i j uiuj +

1
3!∑ijk

Ψpt
ijkuiujuk, (72)

Θpt
i j =

∂2V(R)
∂Ri∂Rj

, (73)

Ψpt
ijk =

∂3V(R)
∂Ri∂Rj∂Rk

, (74)

where we assume that contributions from Ψpt
ijk are perturbations with

respect to Θpt
i j so that averages can be taken with respect to the har-

monic contribution. In this approximation, the frequency matrix is
equal to the second order force constants Θpt and the memory kernel
can be written

Kpt
i j (t) = ∑

klmn
Ψpt

iklΨ
pt
jmn(ukul, e−iQLtumun), (75)

which corresponds to the (2, 2)-order memory kernel defined in
real space, but with third-order force constants instead of the full
vertex. From this observation, the derivation of the phonon quasi-
particles follows the same route as the more general Mori–Zwanzig
theory. In the end, the main difference between the perturbation and

mode-coupling theories lies in the definition of the quasiparticles
and in the strength of the vertex Ψ(λ, μ, ν). In order to quantitatively
reconcile experimental observations and theoretical predictions for
properties such as thermal conductivity, these renormalizations are
important. Indeed, while the temperature dependence of QP fre-
quencies is known to have a large impact on this kind of quantity,77

the deviations brought by scattering renormalization can be of sim-
ilar magnitude and have the potential to remove the expected high
temperature trend κ∝ T−α, as shown in Refs. 78–80.

From a diagrammatic derivation to lowest-order, this dynam-
ical contribution is given by the bubble diagram represented in
Fig. 2(a). Doing a naive comparison, it would seem that the other
lowest-order diagrams, known as the tadpole [Fig. 2(b)] and the
loop [Fig. 2(c)], are missing from the mode-coupling theory. How-
ever, the absence of these diagrams is correct, and a consequence
of some exact properties of this approach. By construction, the
Mori–Zwanzig projection formalism used in Sec. II C results in a
conservative contribution that gives the exact static part of the Kubo
Green’s function. The tadpole and loop diagrams are purely real so
that their contributions to the Green’s function only result in a shift
of the static terms.11,28 From this observation, one can infer that the
frequencies Ωλ(q) already include all static diagrams to all orders.
Adding any static diagram, such as the loop or the tadpole, would
result in an over-correction, thus explaining their absence from the
lowest-order mode-coupling approximation.

FIG. 2. Feynman diagrams appearing in the self-energy in perturbation theory
to lowest order. Each line represents a propagator, while dots and squares are,
respectively, third and fourth order vertices. (a) The bubble, (b) the tadpole, and
(c) the loop. In the mode-coupling approach presented here, we observe only
bubble-like contributions in the memory kernel.
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Even if the approaches are quite similar, we should expect
the mode-coupling theory to have a wider range of validity than
bare perturbation theory. Indeed, being constructed on a trun-
cated expansion of the Hamiltonian with respect to displacements,
perturbation theory is known to fail for systems with strong anhar-
monicity. In these systems, the high-order contributions to the
Hamiltonian can be of similar—or even higher—magnitude than
the harmonic contribution. This is because the perturbative nature
of the high order contributions is only a supposition, and there is
no guarantee that this holds in general.17,21,81 On the contrary, the
projection operators of Eqs. (8) and (41) are constructed so that
effects of higher order correlations are minimized. Such a construc-
tion allows the mode-coupling theory to be valid even in strongly
anharmonic systems. One should note that the use of linear response
theory for this kind of system is not a problem for the Mori–Zwanzig
approach, as the linearity is assumed in the response of the system to
a weak probe, not in the behavior of the system itself.

3. Self-consistent harmonic approximation
The self-consistent harmonic approximation is a workhorse

for the study of anharmonic crystals. The method is based on the
minimization of the Gibbs–Bogoliubov free energy F̃ defined as

F̃ = F̃0 + ⟨V(R) − Ṽ(R)⟩0, (76)

where Ṽ(R) is an effective potential, F̃0 is its associated free energy,
and ⟨O⟩0 is an average computed within the distribution associ-
ated with Ṽ(R). As the name of the method implies, the effective
potential has a harmonic form

Ṽ(R) = (R −R)TΘSCHA
(R −R), (77)

where the effective force constants ΘSCHA and equilibrium posi-
tions R are parameters to optimize. The advantage of such a
potential is that the distribution of displacements around R is a
multivariate Gaussian. Consequently, the sampling of atomic posi-
tions to compute averages is greatly simplified compared to the
true potential. Using Jensen’s inequality, it can be shown that
the Gibbs–Bogoliubov is an upper bound to the real free energy
F < F̃82 so that optimizing the parameters means minimizing F̃ .
For the effective force constants, the minimum is obtained when

ΘSCHA
i j = ⟨

∂2V(R)
∂ui∂uj

⟩

0
, (78)

while the effective equilibrium positions are optimized when the
average difference of true and harmonic forces is zero. In practice,
the minimization is done self-consistently, and several approaches
and implementations can be found in the literature.26–31,76

After the minimization, while the effective force constants can
be used to approximate quasiparticles, a more consistent result is
obtained by using the Hessian Ξ of the free energy29,30

Ξij =
∂2 F̃

∂Ri∂Rj
. (79)

By seeing the Gibbs–Bogoliubov free energy as a Landau expansion
with an order parameter R, the free energy Hessian Ξ can be under-
stood as the inverse static susceptibility. However, compared to the

mode-coupling approach, where this quantity is exact, χ−1 is approx-
imated in the SCHA, as only the contribution from the first-order
free energy cumulant enters in F̃ .

On top of the quasiparticles computed from the free energy
Hessian, the dynamical susceptibility can be obtained with a bubble-
like contribution29,30 in which the vertices are computed using the
average of the third-order derivative of the potential energy

ΨSCHA
ijk =

1
√

MiMjMk
⟨

∂3V(R)
∂Ri∂Rj∂Rk

⟩

0

= −
1

√
MiMjMk

∑
lm

⟨ulum fk⟩0

⟨uiul⟩0⟨ujum⟩0
, (80)

where the second line can be derived with an integration by parts.
This procedure can also be compared with our mode-coupling
theory. To show this, we start by assuming that we can approxi-
mate the real distribution with the Gaussian associated with ΘSCHA.
With this assumption, the frequency matrix is actually given by
the SCHA force constants ΘSCHA, and the random forces are given
with by δ fi = fi +∑ j ΘSCHA

i j u j . Applying the mode-coupling decom-
position of Sec. V to approximate KSCHA

(t), it is then simple to
show that the vertex appearing in the (2,2)-order memory kernel
in real space is given by Eq. (80), as the average of an odd number
of displacements cancels out with the Gaussian average. From this
observation, we can conclude that the bubble-like dynamical con-
tribution in the SCHA is an approximation of the mode-coupling
theory.

To summarize, two approximations enter in the SCHA com-
pared to the mode-coupling theory. The first one concerns the
static frequencies, which are approximated by the effective har-
monic frequencies corrected by a first-order cumulant of the free
energy. The second one is in the vertices in the bubble contri-
bution, which are computed on the basis of a Gaussian approxi-
mation. From a computational point-of-view, the SCHA bears the
important advantage of a lower cost due to its simplified sam-
pling compared to (PI)MD. This is particularly true for the inclu-
sion of nuclear quantum effects, which can be added in a simple
way. However higher-order corrections and applications to strongly
anharmonic (and hence non-Gaussian) systems are more delicate to
justify.

4. Average of the Hessian
In the literature, it has been proposed to define a generalization

of the harmonic force constants through an average of the potential
energy Hessian49

Πij = (
∂2V(R)
∂Ri∂Rj

), (81)

where the only difference with the SCHA force constants of Eq. (78)
lies in the Hamiltonian used to compute the average. From the har-
monic limit, where Πij reduces to the harmonic force constants, and
the similarity with Eq. (78), this generalization seems like a sensible
choice. However, it is constructed on the equality Πij = Θij that only
holds in a harmonic system.
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To highlight the differences between this formulation and the
mode-coupling theory, the potential energy Hessian average can be
expanded in terms of force–force KCF,49

Πij =
( fi, fj)

kBT
. (82)

Using this equation, the static part of memory kernel can be
formulated as

Kij(0) = Πij −Θij. (83)

Since K is a positive definite matrix,69 this equation tells us that Π is
greater that Θ, meaning that frequencies computed from the diag-
onalization of the average Hessian will overestimate the Ωλ. This
result shows that while formulations based on the SCHA and on
the true distribution by means of (PI)MD are similar, they are not
interchangeable.

5. Temperature dependent effective potential
TDEP is a method based on the construction of an effective

anharmonic potential of the form (here presented up to third order)

Ṽ(R) =
1
2∑ij

ΘTDEP
i j uiuj +

1
3!∑ijk

ΨTDEP
ijk uiujuk. (84)

The temperature dependence in this potential is introduced through
a successive fitting of each order. First, using a set of positions
and forces distributed according to a given temperature, the sec-
ond order interatomic force constants Θij are fit using ordinary
least-squares. Then, the third order force constants Ψijk are fit on
the residual of the forces. In principle, this successive fitting can be
continued to any order, though usual applications of the method
truncate the potential at the third or fourth order.

In applications of TDEP, two approaches have been used to
generate the set of positions and forces. In the original works,37,38

which we will call MD-TDEP, MD simulations are used. In the
second one, sometimes called sTDEP (for stochastic TDEP), the dis-
placements are computed from an effective harmonic model. In the
latter case, the set of forces and displacements have to be constructed
self-consistently by refitting the second order potential from the set
of the previous iteration.

It is important to differentiate the approaches. On one
hand, sTDEP is simply an implementation of the SCHA,
since the self-consistent least-squares fit allows to minimize the
Gibbs–Bogoliubov free energy in Eq. (77). On the other hand, by
using the real distribution, MD-TDEP is an implementation of
the mode-coupling theory. Indeed, as has already been discussed
in Sec. VI, the force constants ΘTDEP and ΨTDEP computed from
the TDEP methods are equal to the frequency matrix Θ and the
real space vertex Ψ. Consequently, the perturbation theory usually
applied to compute the spectral function is equivalent to the scat-
tering approximation of mode-coupling theory [Eq. (64)] if only the
bubble term is used. As this is the case for most applications of TDEP
in the literature, we have a large number of examples showing the
accuracy of the mode-coupling approach. For instance, the method
has been used successfully to explain the anomalous neutron scat-
tering of SnTe and PbTe,83 to study the phase transition of GeTe84

or the phase diagram of uranium85,86 as well as many other phe-
nomena for highly anharmonic systems.40,87–89 Our work provides

a theoretical justification for the results of these studies, as well as a
generalization, allowing to include quantum effects through the use
of PIMD and to include higher order corrections.

D. Markovian approximation
and Lorentzian lineshape

In the limit of small anharmonicity, the spectral lineshapes are
often approximated with Lorentzians.7,15,90 An interesting conclu-
sion to be taken from the presented theory is that such a solution
cannot be an exact representation of the dynamics of the nuclei. In
the Lorentzian approximation, the frequency dependency of the life-
time is neglected and Γ(ω) is approximated with a constant given
by Γλ = Γλ(Ωλ).15 In the Mori–Zwanzig formalism presented here,
such Lorentzian spectra would appear in the context of a Marko-
vian approximation of the memory kernel.54 In this case, where it
is assumed that K(t) decays very quickly compared to G(t), the
memory kernel can be replaced by a constant friction term ΓM

(q)
= β∫

∞

0 dtK(q, t) so that the Kubo transformed Green’s function is
written as

G̈(q, t) = −Ω2
(q)G(q, t) − ΓM

(q)Ġ(q, t) (85)

with solutions

G(q, t) = cos (Ω(q)t)e−ΓM
(q)t. (86)

However, it can be observed that this solution is not an even func-
tion of time, as requested for the KCF. For instance, in a Markovian
approximation, the property dG(t)

dt ∣t=0 = 0 would not be respected.
This means that a Markovian approximation, and consequently a
Lorentzian approximation, will never fully represent the dynamics
of the system.

Nevertheless, for mildly anharmonic systems, the Markovian
limit of the GLE should still be a reliable approximation, and
Lorentzian-like lineshapes are frequently observed in spectroscopy
measurements. Consequently, a derivation of the inputs needed for
such an approximation is of interest in order to provide an efficient
way to compute the dynamical properties of a system of nuclei from
(PI)MD.

VIII. APPLICATIONS
To demonstrate the accuracy of the theory developed here, we

apply it to the fcc phase of 4He. Due to its very small atomic mass,
helium is known to show strong nuclear quantum effects (NQE)
making it an archetypal example of a quantum crystal.92 Indeed,
the zero-point motion in solid helium is large enough to make
the system explore the BOS far beyond the range of applicability
of the harmonic approximation. This unusual behavior manifests

itself in the largest Lindemann ratio (i.e.,
√

⟨u2
⟩/a with ⟨u2

⟩ the
mean squared atomic displacement and a the lattice parameter) of
any material observed at cryogenic temperature.92 The high anhar-
monicity in helium, which can be found in other rare gas solids, is
what started the field of anharmonic lattice dynamics and spawned
the development of theories, such as the SCHA.4,22,23,93

Given these properties, this system represents a perfect case to
illustrate that both NQE and strong anharmonicity can be captured
with our mode-coupling approach. To emphasize this point, we
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performed numerical simulations in a fully quantum setting using
PIMD as well as classical MD simulations. For the sake of com-
parison, we also performed simulations using both the SCHA and
perturbation theory. To allow for a comparison with inelastic neu-
tron scattering results,91 all simulations were run at a temperature of
38 K and with a molar volume of 9.03 mol3/mol, which correspond
to a lattice parameter of 3.915 Å.

To describe the BOS of helium, we use the Aziz pair poten-
tial,94 as it offers an accurate representation of the solid phases of
helium at low pressure.92 PIMD and MD simulations were done
using the implementation of the Langevin thermostat in Large-
scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)95

for a duration of 125 ps with a timestep of 0.5 fs in both cases
and 64 beads for the PIMD. To compute the frequency matrix and

the second order vertex in real space, we used the recursive least-
square fit presented in Sec. VI. After projecting these tensors on QP
following Subsection III, we solved the mode-coupling theory equa-
tions in the scattering approximation using the greater and lesser
Green’s function formalism of Subsection VII A. For this step, a
12 × 12 × 12q-point grid was sufficient to obtain converged results.
We note that for both PIMD and MD results, the memory kernel is
obtained within a quantum formalism, though NQE are included in
the frequency matrix and second order vertex only in the PIMD case.
For the SCHA, we used the stochastic TDEP approach presented
in Subsection VII C 5 with Bose–Einstein occupations in order to
capture NQE.

Before presenting the spectral properties of 4He, we first
assess the anharmonicity of the system. To this end, we adopt a

FIG. 3. Spectral function χ′′(ω) of fcc 4He at 9.03 cm3/mol and 38 K computed with the mode-coupling approach in the scattering-like approximation. The frequency matrix
and second order vertex were computed using PIMD for (a), classical MD for (b), the SCHA for (c), and through perturbation theory for (d). The green dots are from inelastic
neutrons scattering experiment.91
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recently proposed measure of anharmonicity5 to our Mori–Zwanzig
formalism as

σA
=

¿
Á
ÁÀ∑i ⟨δ f 2

i ⟩

∑i ⟨ f 2
i ⟩

. (87)

We note, however, that used in this way σA is not strictly a measure
of anharmonicity since the frequency matrix already goes beyond
the harmonic contribution of the BOS. It is more accurate to see
σA as a measure of the dissipative contribution to the dynamics of the
system. For fcc 4He, we find σA

= 0.62 when computed with PIMD,
which would indicate a very dissipative system. Similarly, using a
formulation based on the frequency matrix,74 we find a Debye tem-
perature of 174 K, close to the indirect experimental estimation of
154 K.91 At 38 K, this means that zero-point motion is expected to
be important. Coupled with the high σA, this confirms that the He
system is a stringent test for the ability of the mode-coupling theory
to capture both NQE and anharmonicity.

For each of the simulations, the theoretical spectra are pre-
sented in Fig. 3 where they are compared with inelastic neutron
scattering results.91 Among all the results, PIMD mode coupling
presents the best agreement with experiment, with peaks of the theo-
retical spectral function fully aligning with the experimental phonon
frequencies. On the contrary, the classical MD case severely underes-
timates phonon frequencies for all reciprocal space directions. This
underestimation is even more important when using (harmonic,
0 K based) perturbation theory, showing the need to go to non-
perturbative methods for an accurate description of this system. The
spectra computed with the SCHA presents a good agreement with
experimental data, even though a slight overestimation is observed
compared to the PIMD mode-coupling results, especially for the
transverse modes in the Γ −U and Γ − L directions.

It is interesting to ask why, even with the strong Gaussian
approximation, the SCHA still gives an accurate description of the
quasiparticle frequencies, while the classical MD completely dis-
agrees with experimental results. To answer this question, we plot
in Fig. 4 the density of first neighbor distances computed with MD,
PIMD and the SCHA. This figure allows us to highlight the effects
of NQE on the system. Indeed, comparing MD and PIMD results,
the former presents a high skewness directed to large distances,
while the inclusion of zero-point motion in the latter results in a

FIG. 4. Distribution of first neighbor distances in fcc 4He at 38 K. The vertical grey
bar corresponds to the equilibrium distance.

FIG. 5. Coefficients entering the (a) frequency matrix and (b) the second order
vertex in the first shell of interactions computed with PIMD, MD, SCHA, and
perturbation theory.

partial re-symmetrization of the density. Because of this, the tails of
the PIMD and SCHA densities are similar, even though their areas
differ, indicating a close to symmetric yet non-Gaussian distribu-
tion for the displacements in PIMD. In the end, the differences in
exploration of the BOS strongly impact the generalized IFC. This is
illustrated in Fig. 5 which compares the symmetry-irreducible coef-
ficients entering the frequency matrix and second order vertex in the
first shell of interactions. If the SCHA and PIMD frequency matrix
coefficients are quite close, their magnitudes are almost twice those
computed with MD, which explains the softer frequencies observed
within the classical mode-coupling theory. The difference of ensem-
ble sampling used is even more marked for the second order vertex.
Comparing the vertex coefficients for the PIMD and SCHA cases,
we observe that the harmonic perturbation theory is coincidentally
close to the full PIMD results, while the SCHA has an almost dou-
bled magnitude compared to PIMD. This implies that even if the
SCHA has extended validity for effective QP frequencies thanks to
NQE, higher order quantities will still be strongly biased by the
Gaussian starting point.

From this application, it is clear that the method used to com-
pute the frequency matrix and the interaction vertex significantly
impact the resulting generalized susceptibility. In future works, it
will be interesting to meticulously compare the effects of the sam-
pling strategies in different regimes of anharmonicity. Moreover,
while we limited ourselves to the scattering-like approximation, it
remains to test the effects of the self-consistent solution of the mode-
coupling equations, especially on systems where the QP picture
is broken and the spectral function is strongly non-Lorentzian in
shape.

IX. CONCLUSION
In summary, we have developed a non-perturbative theory

of lattice dynamics based on the Mori–Zwanzig projection oper-
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ator formalism. We derived a generalized Langevin equation for
the displacement Kubo correlation functions, resulting in an exact
description of the dynamics of the system in terms of a conserva-
tive part, driven by the frequency matrix Θ, and a dissipative part,
driven by the memory kernel K(t). From the real space formulation
of the dynamics, we were able to project this GLE into a quasipar-
ticle basis, thus giving an equation of motion in reciprocal space.
Using linear response theory, we then derived an exact formula-
tion for the vibrational spectrum, in terms of the spectral function
χ′′(ω). In order to approximate the memory kernel, we developed a
systematic expansion inspired by mode-coupling theory, in which
every new order is constructed to minimize higher-order contri-
butions. By truncating this expansion to lowest order, we obtain a
set of self-consistent equations for the memory kernel. Within this
mode coupling approach, the only inputs needed are the static KCFs,
and we show how to compute them from path-integral or classical
molecular dynamics simulations.

Our Mori–Zwanzig approach to lattice dynamics, being based
on the KCF, takes into account the quantum nature of nuclei. Con-
sequently, this derivation demonstrates how to obtain vibrational
properties of quantum systems from PIMD. Moreover, the classical-
like nature of the equations derived allows us to justify the use of
classical MD to perform vibrational spectroscopy when quantum
effects are not relevant, for instance for systems with heavy nuclei or
at high temperature. We also compare our mode-coupling scheme
to more standard perturbation theory, which allows us to derive a
scattering-like approximation to the memory kernel. Our approach
gives physical meaning to the temperature-dependent phonons that
appear in numerous recent works. Moreover, we are able to relate the
mode-coupling theory to other approaches for anharmonic lattice
dynamics. Notably, we show that in the perturbative limit, the pre-
sented theory is equivalent to the usual diagrammatic formulation
to lowest order, and that the SCHA can be seen as a Gaussian aver-
aged approximation of it. We also showed that the TDEP method
used in conjunction with (PI)MD is a direct application of the
mode-coupling theory, provided that static corrections to the fre-
quencies are not applied, as they would double-count interactions.
These comparisons treat all of the main theories for anharmonic
lattice dynamics in a unified formalism, and give a better vision of
their inter-relationships, strengths, and limits. The Mori–Zwanzig
formalism also allows us to show that while the commonly used
Lorentzian approximation for lineshapes can be a useful approxi-
mation, it can never be an exact description of the lattice dynamics.
Finally, we apply the mode-coupling theory on fcc 4He to demon-
strate its ability to describe both strong anharmonicity and NQE in
quantum crystals, in comparison with other theories of anharmonic
lattice dynamics.

The mode-coupling theory of lattice dynamics should apply
to a more general class of strongly anharmonic and/or quantum
systems, where standard methods are known to fail. For instance,
while we limited ourselves here to crystalline materials, the for-
malism only requires well defined equilibrium positions so that it
would be straightforward to adapt the theory to disordered solids
such as alloys or glasses. This framework can serve as a start-
ing point for new formulations of related properties such as the
thermal conductivity,57,71,90,96,97 which will be the focus of future
work.
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