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A B S T R A C T

Deep beams in concrete infrastructure often exhibit wide diagonal shear cracks that extend from the supports to 
concentrated loads. A key problem in these cases is to assess the residual capacity against shear failure across 
such cracks. This problem can be solved by establishing a relationship between the opening of the crack and the 
residual capacity, expressed in percentage of the shear strength. The current study establishes such a relationship 
that requires minimal input information. The input consists of only three on-site measurements: the depth of the 
critical loading zone (CLZ) determined by the diagonal crack; the angle of the crack in the CLZ; and a single crack 
measurement: the vertical crack displacement in the vicinity of the CLZ. The physical basis of the proposed crack- 
based assessment (CBA) is established with the help of a targeted test and advanced modelling. It is shown that 
only three input parameters and two simple closed-form equations are sufficient to accurately evaluate the re-
sidual capacity of diagonally cracked deep beams with various properties. Furthermore, in the presence of 
loading and unloading cycles, the proposed CBA reveals how close the member has come to shear failure 
throughout its entire service life. These properties render the CBA not only suitable for rapid assessment, but also 
for long-term monitoring of deep beams with diagonal cracks.

1. Introduction

Deep reinforced concrete beams work with high shear stresses and 
can develop diagonal shear cracks under service loads. As shown in 
Fig. 1, in cantilever regions of deep beams, these major cracks extend 
from the inner edge of loading elements to the vicinity of support 
members [1]. In simply supported deep beams, the cracks extend from 
the supports to the vicinity of concentrated loads. Such situations arise 
in various important members, such as deep pier cap beams in bridges 
(Fig. 1) and deep transfer girders in buildings. In existing bridges, the 
amount of shear reinforcement often does not meet modern design re-
quirements for crack control, thus exacerbating the opening of diagonal 
cracks. In recent years, crack widths of up to 0.9 mm have been reported 
in road bridges in operation [1–4]. This has raised serious concerns 
about the safety of traffic on these structures, as well as questions about 
the long-term monitoring of deep pier cap beams.

The behavior of deep beams has been studied both experimentally 
and analytically since the 1950s. Tests have shown that deep beams 
typically fail in shear along critical diagonal cracks with yielding of the 

transverse reinforcement and crushing of the concrete [5–7]. However, 
until recently, no studies included detailed measurements of crack dis-
placements (i.e., crack widths and slips) and information on how they 
relate to the residual shear capacity of deep members. The same applies 
to most available modelling approaches: the focus has been predomi-
nantly on predicting the shear strength of deep beams without explicit 
consideration of crack displacements. The most common modelling 
approaches include strut-and-tie [8,9] and stress field models [10], both 
based on the lower-bound theorem of the theory of plasticity. However, 
in recent years, the use of digital image correlation (DIC) in experi-
mental studies has allowed to measure accurately crack displacements 
and concrete strains [11–14]. Field measurements have also advanced 
with the development of computer vision and other approaches [15,16]. 
In this context, a key question persists: can measured cracks be used to 
evaluate the residual shear capacity of deep beams, as well as to monitor 
the safety of such members in existing structures?

In principle, this question can be formalized as illustrated with the 
plot in Fig. 2 [17,18]. On the horizontal axis of the plot is a crack 
displacement (e.g., crack width at a particular location), and on the 
vertical axis is the residual shear strength of the member 1-V/Vu in % (V 
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is the shear force and Vu the shear resistance). The residual capacity 
decreases with the opening of the crack and reaches zero when the beam 
is at peak load (shear failure). If such residual capacity diagrams are 
prepared in advance, they can be used for direct crack-based assessment 
(CBA) as illustrated with the arrows in Fig. 2. For a measured crack 
displacement, the diagram allows to rapidly evaluate the residual shear 
capacity of the member and inform appropriate measures.

To generate residual capacity curves for deep beams, Trandafir et al. 
[17,18] have proposed a crack-based assessment method (CBA) using 
the Two-Parameter Kinematic Theory (2PKT) [19,20]. In this method, 
the crack geometry is measured and used as an input for 2PKT simula-
tions, together with the geometrical and material properties of the 
member. In this manner, it has been shown that the method captures the 
influence the crack shape can have on the shear resistance. In limit cases, 
a strength difference of up to 60 % has been observed and predicted 
between nominally identical beams whose crack shapes differed due to 
random factors. More recently, a crack-based assessment method has 
been proposed by Fathalla and Mihaylov [13] for short (non-slender) 
shear walls with diagonal cracks. The method focuses on evaluating the 
state of damage in the compression toe of the wall based solely on crack 

measurements. More precisely, it evaluates the displacement capacity of 
these critical zones and compares it to the measured displacement sus-
tained by the zone. Earlier research on crack-based assessment includes 
methods for panels by Calvi et al. [21] and slender (non-deep) beams by 
Zaborac et al. [22], both largely based on the Modified Compression 
Field Theory [23].

The goal of this paper is to demonstrate that residual capacity dia-
grams for deep beams can be obtained with an extremely parsimonious 
yet accurate approach, requiring minimal input and computational 
effort. It will be shown that only two simple closed-form equations are 
completely sufficient to accurately capture the response shown in Fig. 2
for beams with various properties (e.g., aspect ratio, amount of rein-
forcement, material properties). The only inputs to the equations are 
three measurements performed on the cracked member: a distance, a 
crack angle, and a crack displacement. Detailed experimental observa-
tions and the CBA method proposed by Trandafir et al. [17,18] are used 

Nomenclature

a shear span
b beam width (rectangular section)
ag maximum size of coarse aggregate
d effective depth of section
dCLZ depth of critical section of the CLZ
Ec modulus of elasticity of concrete
Es modulus of elasticity of reinforcement
fc concrete cylinder strength
fy yield strength of reinforcement
h total depth of section
lb1e effective length of loading plate
lt cracked length along flexural-tensile reinforcement
T tensile force in flexural-tensile reinforcement
P point load
Pu point load at failure
V shear force
VCLZ shear resisted by the CLZ
Vci shear resisted by aggregate interlock
Vd shear resisted by dowel action
Vs shear resisted by stirrups
Vres residual shear capacity

Vu shear strength (shear capacity, peak resistance)
w crack width
wv vertical crack displacement
wv,cr critical vertical crack displacement
s crack slip
z lever arm of internal longitudinal forces at section with 

maximum moment
αCLZ angle of critical diagonal crack in the CLZ
Δ mid-span deflection
Δc shear distortion of the CLZ
Δcu displacement capacity of the CLZ
ε compressive strains in the CLZ
ε2 principal compressive strains
ε2,max maximum principal compressive strain
εc strain of concrete at peak compressive stress fc
εmax maximum compressive strain in the CLZ
εt,avg average strain along flexural-tensile reinforcement
εv stirrup strain
ρl ratio of flexural reinforcement
ρv stirrup ratio
σ compressive stresses in the CLZ
σavg average compressive stress in the CLZ
ψ residual shear capacity (in %)

Fig. 1. Deep pier cap beam with a major diagonal shear crack (adapted from 
Bracci et al., 2000 [1]).

Fig. 2. Residual shear capacity diagram for direct crack-based assessment.
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to establish the physical basis of the proposed equations. The paper also 
addresses the important question concerning the effect of loading his-
tory in the context of crack-based assessment of deep members subjected 
to loading and unloading. The novelty of the proposed approach for 
deep beams lies in the combination of physical basis, simplicity, accu-
racy, and explaining power.

2. Experimental observations

2.1. Description of test P8

To answer important questions about crack-based assessment, a 
targeted test of a full-scale deep beam was conducted in this study. The 
key features of the test were a targeted instrumentation and a loading 
history involving cycles of unloading and reloading.

Fig. 3 shows the geometrical and material properties of the beam, 
named specimen P8. The shear-span-to-effective-depth ratio of the 
specimen was a/d= 1.64, the flexural reinforcement ratio was 
ρl= 1.37 %, and the transverse reinforcement ratio was ρv= 0.134 %. 
The beam was subjected to symmetrical three-point bending through 
180-mm-long loading and support steel plates. On one face of the beam, 
a zone of 600 mm by 350 mm in the vicinity of the loading plate was 
speckled for high-resolution digital image correlation (DIC) measure-
ments (Fig. 3). On the opposite face of the beam, displacement trans-
ducers were used to measure the deflection of the specimen and various 
deformations on the concrete surface.

2.2. Observed behavior of specimen P8

The complete shear force versus deflection response of specimen P8 
is shown in Fig. 4. The crack pattern at failure and measured crack 
widths at different load stages are reported in Fig. 5. The load was 
applied in three major load cycles with increasing peak shear forces: 
300 kN, 375 kN and 450 kN (points 1, 2 and 3 in Fig. 4). In all cycles the 
unloading was performed to 200 kN to simulate permanent (dead) load 
on structures (points 1′, 2′ and 3′ in Fig. 4). The average loading rate was 
2 kN/sec. Manual crack measurements were performed at the load levels 
marked on the V-Δ curve after 10 % uploading each time.

After an initial linear-elastic response, flexural and flexure-shear 
cracks developed in the two shear spans. The major diagonal cracks 
formed at a shear force of approximately 225 kN, or 49 % of the peak 
resistance (shear strength). They extended from the inner edges of the 
supports to the vicinity of the load, and reached widths of up to 1.8 mm 
at 88 % of Vu prior to failure (Fig. 5). The failure occurred at Vu= 459 kN 
with sudden widening of the east (E) diagonal crack and crushing of the 
concrete in the vicinity of the load. More precisely, the crushing 

occurred above the critical crack near the edge of the loading plate. This 
zone of high damage has been referred to as the critical loading zone 
(CLZ) [19] as it typically triggers the failure of deep beams. For this 
reason, the CLZ will be key for developing a parsimonious crack-based 
assessment approach later in this study.

The deformations in the CLZ of specimen P8 are studied in more 
detail with the help of the DIC measurements. Fig. 6a shows the 
deformed configuration of the CLZ (scaled ×30) at the three pairs of 
maximum and minimum levels of loading and unloading, respectively. 
The loading reached 65.4 %, 81.7 % and 98.1 % of the peak load (points 
1, 2 and 3 in Fig. 4), while the unloading was always performed to 44 % 
of Vu (points 1′, 2′ and 3′ in Fig. 4). The diagrams show clear shear dis-
tortions of the critical loading zone, particularly at 98.1 % of Vu when 
inclined macrocracks formed in the CLZ due to high diagonal 
compressive stresses. The shear deformations result in nearly vertical 
displacements in the critical crack in the vicinity of the load. This is 
illustrated with the vector in the deformed shape at 98.1 % of Vu, which 
has a relatively very small horizontal component. Because the crack 
displacement is nearly vertical and the crack is inclined, the critical 
diagonal crack undergoes a combination of crack opening and crack slip.

The DIC data allows to measure the vertical displacements in the 
critical crack by installing virtual displacement transducers. One such 
transducer is marked in Fig. 6a at a horizontal distance of 183 mm from 
the center of the load in the critical east shear span (see point A along the 
crack). The choice of this particular distance/point is intentional and 

Fig. 3. Beam geometry, reinforcement, and material properties of specimen P8.

Fig. 4. Global response of specimen P8.
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will be discussed in detail in Section 3.2. The measurement of the 
transducer is denoted wv,cr – the critical vertical crack displacement. This 
displacement is aimed to characterize the deformations and damage in 
the critical loading zone. The transducer spans the critical crack and 
extends to the top edge of the beam. In this way, prior to the formation of 
cracks inside the CLZ, the transducer measured the vertical displace-
ment in the critical crack. After the cracking in the CLZ occurred at 97 % 
of Vu, the transducer also captured the rapid vertical expansion of the 
CLZ. It can be seen that as the shear was increased from 65.4 % to 
98.1 % of Vu, wv,cr increased significantly from 0.23 mm to 0.84 mm 
(3.65 times). In a sharp contrast, upon unloading, the critical vertical 
crack displacement wv,cr changed only slightly (see pairs 1–1′, 2–2′, 3–3′). 
For instance, when the beam was unloaded from 98.1 % to 44 % of Vu, 
wv,cr recovered by only 5 %. In other words, the unloading behavior in 
terms of V versus wv,cr is almost perfectly plastic (vertical branch). This 
vertical unloading is a very important property of the critical vertical 
crack displacement, which will be exploited further in this study for the 
purpose of meaningful crack-based assessment and monitoring.

The state of the CLZ at failure of specimen P8 is shown in Fig. 6b. In 
addition to the deformed shape, the figure also shows a color map of the 
principal compressive strains ε2 and a photograph of the crushed CLZ 
after the test. The inclined cracking in the concrete was extensive and 
the critical vertical crack displacement wv,cr reached 1.40 mm. This is an 
increase of 0.56 mm compared to the measured value at 98.1 % of the 
failure load. The compressive strains in the CLZ exceeded 3 × 10− 3 and 
were oriented largely parallel to the critical diagonal crack. This is 
consistent with the observed crushing of the concrete and the orienta-
tion of the inclined cracks in the CLZ. Higher strains were observed near 
the bottom of the CLZ as illustrated with the white diagram within the 
color map. This diagram shows the strain variation across a section 
which is perpendicular to the critical crack. An approximation of these 
strains at failure will be used later for the purpose of crack-based 
assessment.

3. 2PKT analysis of test P8

3.1. Brief overview of crack-based 2PKT

To gain further understanding of specimen P8, its behavior is 
modelled using the advance crack-based assessment approach (CBA) 
proposed by Trandafir et al. [17,18] based on the Two-Parameter Ki-
nematic Theory (2PKT) [19,20]. As this approach has been formulated 
and discussed in detail elsewhere [17,18], it is only summarized here 
before discussing its predictions for beam P8.

Fig. 7 illustrates the main steps and components of the CBA. This 
approach is applicable to shear-critical deep beams, which have devel-
oped complete diagonal cracks between the loading and support points. 
As shown in Fig. 7 (top), the assessment of such members consists of two 
main steps. First, the geometry of the potential critical diagonal crack is 
measured onsite and represented as a series of short straight segments. 
To achieve detailed modelling of aggregate interlock across the crack, 
the length of the segments is selected approximately equal to the 
maximum size of the coarse aggregates ag. Second, the measured crack 
geometry, together with the main properties of the beam (i.e., di-
mensions, reinforcement and material properties), is used as an input to 
the Two-Parameter Kinematic Theory. The 2PKT is in turn used to 
simulate the complete shear response of the beam up to failure, taking 
into account the specific geometry of the measured crack. The 2PKT is 
well suited for such simulations as it explicitly models the kinematics of 
the critical cracks based on a kinematic model with two degrees of 
freedom (DOFs).

Fig. 7a-c summarise the 2PKT, which consists of three components: 
a) kinematics (compatibility of deformations), b) constitutive relation-
ships for the shear-resisting mechanisms, and c) equilibrium. As shown 
in Fig. 7a, the two DOFs of the 2PKT are associated with two distinct 
deformation patterns, which are superimposed to model the complete 
deformed shape of the beam. The first DOF is the average strain along 

Fig. 5. Photograph and crack pattern at failure of specimen P8.
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the flexural-tensile reinforcement εt,avg, which is associated with a 
flexural deformation pattern. The second DOF is the transverse 
displacement in the CLZ Δc, which is associated with a shear deforma-
tion pattern. The concrete block above the critical crack is modelled as 
rigid. The flexural DOF is associated with rotation of the block about 
point O and opening of the critical crack, while the shear degree of 
freedom represents a vertical translation of the block and an equivalent 
vertical displacement in the crack. The kinematics in Fig. 7a has been 
used to derive expressions for important deformations along the critical 
crack, including the crack width w, crack slip s, stirrup strain εv, and 
maximum compressive strain in the critical loading zone εmax. All these 
deformations are expressed as functions of the two DOFs of the kine-
matic model (see [17] for complete expressions). Note also that w and s 
are calculated separately for each segment of the critical crack, and can 
vary significantly along the crack.

The local deformations and DOFs of the kinematic model are used to 
evaluate the shear-resisting mechanisms across the critical diagonal 
crack – see Fig. 7b. This is achieved by means of appropriate constitutive 
relationships. Four shear mechanisms are considered in the 2PKT: the 
shear carried in the CLZ VCLZ, aggregate interlock shear Vci, tension in 
the transverse web reinforcement (stirrups) Vs, and dowel action of the 
flexural reinforcement Vd. Shear component VCLZ has been expressed 
with the compressive strain in the CLZ εmax, Vci with crack displacements 
w and s, Vs with the stirrup strain εv, and Vd with DOFs Δc and εt,avg (see 
[17,20] for complete expressions). The measured geometry of the di-
agonal crack allows these mechanisms to be evaluated in a detailed 
crack-specific manner throughout the predicted response of the beam up 
to failure. In particular, the crack geometry has a significant impact on 

shear contributions VCLZ and Vci as demonstrated by Trandafir et al. [17, 
18]. In addition to the shear contributions, the 2PKT also uses a 
constitutive relationship to evaluate the tension in the flexural rein-
forcement T as a function of the strain in the reinforcement εt,avg [17,20].

Finally, the 2PKT includes two equilibrium conditions – see Fig. 7c. 
They express the vertical equilibrium of the concrete block above the 
critical crack (left free body in Fig. 7b), as well as the moment equilib-
rium of the entire shear span (right free body in Fig. 7b). All forces in 
these equations are expressed with local deformations, and thus with the 
two DOFs of the 2PKT. Therefore, for a given shear force V, the two DOFs 
are obtained by solving the two equilibrium equations. The solution is 
iterative as the equations are nonlinear [17]. Calculations are performed 
for increasing values of V until the peak resistance (shear strength) Vu is 
reached.

3.2. Modelling of the CLZ

As the CLZ of deep beams crushes at failure, its modelling within the 
CBA approach [17,18] is discussed in more detail. This includes 
compatibility condition εmax=f(Δc) and constitutive relationship VCLZ=f 
(εmax) indicated in Fig. 7.

In the original 2PKT [19], Mihaylov et al. (2013) have modelled the 
critical loading zone as shown in Fig. 8a based on experimental obser-
vations and stress analysis. The CLZ is idealized as a symmetrical tri-
angle with angles αCLZ representing the inclination of the critical crack in 
the vicinity of the loading plate. The length of the CLZ along the plate is 
denoted lb1e. In the original 2PKT, angle αCLZ and length lb1e are pre-
dicted based on the properties of the beam. More specifically, αCLZ is 

Fig. 6. Deformations in the critical loading zone of specimen P8 (on the left side of the load is the critical East shear span): a) deformed shapes, and b) failure pattern.
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estimated as the angle of the diagonal of the shear span, and lb1e is the 
length along the loading plate responsible for the shear force V (e.g., 
one-half of the plate for symmetrical three-point bending). In terms of 
deformations, the compressive strain along the bottom face of the CLZ is 
εmax, while the strain along the top face is assumed zero. The strains 
within the CLZ are assumed to vary linearly between zero and εmax. 
These assumptions have been validated in several studies [18,19,24,25]
and are consistent with the test results presented in Fig. 6. They lead 
directly to the following relationship between strain εmax and DOF Δc 
(see [19]): 

εmax =
ΔctanαCLZ

3lb1e
(1) 

As with regards to relationship VCLZ=f(εmax), it is derived from the 
linear strain profile within the CLZ (Fig. 8a). The strains are transformed 
into stresses by using an appropriate constitutive relationship for con-
crete in uniaxial compression [26]. The stresses are integrated across the 
smallest section OB to obtain the resultant force in the CLZ inclined at 
angle αCLZ. The vertical component of this force is the shear carried in 
the CLZ: 

VCLZ = σavg(εmax)bdCLZsinαCLZ 

σavg =

∫ εmax
0 σc(εc)dε

εmax
(2) 

where σavg is the average compressive stress in the CLZ, b is the width of 
the rectangular section of the beam, and dCLZ is the depth of section OB 
equal to lb1esin(αCLZ).

It is evident from Eqs. 1 and 2 that the predicted behavior of the CLZ 
is very much influenced by the estimated values of lb1e and αCLZ, or 
equivalently by the values of dCLZ and αCLZ. At the same time, these 
geometrical properties are very sensitive to random variations in the 
path of the critical diagonal crack in the vicinity of the loading plate. For 
this reason, in the crack-based assessment approach (CBA), dCLZ and αCLZ 
are obtained directly from the measured geometry of the crack. This is 
achieved as illustrated in Fig. 8b based on a procedure proposed by 
Trandafir et al. [17]. The following two steps are conducted to measure 
dCLZ and αCLZ:

1) Draw a line that connects the edge of the loading plate B to the 
closest point along the critical crack. The closest point is marked as 
point O in Fig. 8b. Line OB should be approximately perpendicular to 
the critical crack. The measured length of the line is dCLZ.

Fig. 7. Summary of crack-based assessment approach (CBA) [17,18] using the Two-Parameter Kinematic Theory (2PKT) [19,20].
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2) Draw a circle with a center at point O and a radius of 3dCLZ. The circle 
intersects the critical crack at point A. Angle αCLZ is measured as the 
angle of line AO with respect to the horizontal axis.

If the values of dCLZ and αCLZ differ substantially between the two 
faces of the beam, the average values can be used to generate the VCLZ=f 
[εmax(Δc)] response. Radius 3dCLZ and point A determine approximately 
the edge of the CLZ along the critical crack. Note that the theoretical 
radius based on Fig. 8a equals 2dCLZ.cot(αCLZ), but is simplified to 3dCLZ 
(i.e., cotαCLZ≈1.5) to allow for straightforward onsite measurements. 
Namely this simple two-step method was utilized in Fig. 6 to locate point 
A in the east shear span of specimen P8. Therefore, point A in Fig. 6
marks the estimated edge of the CLZ in the tested beam, as determined 
by the measured shape of the critical diagonal crack in the vicinity of the 
loading plate. Point A also defines the position of the critical vertical 
crack displacement wv,cr.

3.3. Correspondence between DOF Δc of the 2PKT and the critical vertical 
crack displacement wv,cr

As DOF Δc of the 2PKT characterizes the deformations in the CLZ, it is 

of interest to relate it to the crack measurements in Fig. 6. To this end, it 
is instructive to compare Fig. 6 to the idealized deformation patterns in 
Fig. 7a. This comparison shows that the shear degree of freedom Δc is 
nearly identical to the vertical crack displacement wv,cr. This is because 
the flexural DOF of the kinematic model, εt,avg, has a negligible influence 
on the crack displacements in the vicinity of the load. Therefore, the 
crack-based 2PKT can be used to predict the measured crack displace-
ment wv,cr as equal to Δc. To achieve a nearly complete correspondence 
between the predicted Δc and measured wv,cr, it is necessary to measure 
wv,cr at the edge of the CLZ, i.e. at point A according to Fig. 8b. At this 
location Δc is fully developed, while the influence of εt,avg is negligible. 
The measured wv,cr in Fig. 6 corresponds exactly to this location in 
specimen P8. For this specimen, dCLZ and αCLZ were measured respec-
tively at 54 mm and 41◦ on the face of the DIC measurements. As a 
result, wv,cr is extracted from the DIC measurements at a horizontal 
distance of 183 mm from the center of the load (Fig. 6) The average 
values of dCLZ and αCLZ between the two faces of the beam are 43 mm 
and 38◦. These average values are used for the crack-based 2PKT sim-
ulations presented next.

3.4. Predicted response of specimen P8

The main results from the CBA approach for the critical shear span of 
specimen P8 are shown in Fig. 9a. The plot compares the predicted and 
measured response in terms of shear force V versus the critical vertical 
crack displacement wv,cr

–––Δc. The shear force is the sum of the four 
shear-resisting components VCLZ, Vci, Vs, and Vd predicted by the 2PKT, 
which are also shown in the plot. It can be seen that the measured 
response was nonlinear from the moment the critical crack formed at 
225 kN up to the peak response (shear failure). It can also be seen that 
wv,cr does not recover upon unloading as already demonstrated with 

Fig. 8. Crack-based modeling of the critical loading zone (CLZ).

Fig. 9. 2PKT analysis of specimen P8.
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reference to Fig. 6. The measured unloading branches remain nearly 
vertical independently of the load level at which the unloading was 
initiated. Most importantly, a good agreement is achieved between the 
measured and predicted monotonic response in terms of envelope 
curves.

In terms of shear mechanisms, the aggregate interlock Vci was acti-
vated rapidly at small values of wv,cr, which explains the stiff initial 
response observed in the test. The second stiffest mechanism was the 
CLZ VCLZ, followed by the stirrups Vs, and dowel action Vd. Near failure, 
the aggregate interlock and stirrups were in the plastic regime, thus 
producing a flat plastic plateau in terms of V-wv,cr response. It can be 
seen that the failure was triggered by the CLZ, whose resistance dropped 
quickly in the post-peak regime. As a result, the failure of the beam and 
the failure of the CLZ are almost coincident in terms of wv,cr values. This 
shows that, in order to predict wv,cr at the failure of the beam, it is only 
necessary to predict the displacement capacity of the CLZ, indepen-
dently of the other shear mechanisms. This observation is fundamental 
for the development of the simplified crack-based assessment approach 
in the following section. The displacement capacity of the CLZ is denoted 
as Δcu in Fig. 9a.

Fig. 9b presents the same information but in a different format: on 
the horizontal axis is again wv,cr

–––Δc, while on the vertical axis is the 
residual shear capacity Vres= (Vu-V). The dashed curve in this plot is 
neither experimental nor predicted by the CBA. It is an ellipse passed 
through points (Δc=0, Vres=Vu) and (Δc=Δcu, Vres=0). The center of the 
ellipse is placed at (Δc=Δcu, Vres=Vu). As a result, the ellipse has a ver-
tical tangent at Δc= 0 and a horizontal tangent at Δc= Δcu (failure). 
These properties reflect very well the physics of the problem at hand, as 
the ellipse approximates well the initial stiff response and the final 
plastic plateau observed in the test and 2PKT predictions. It can be seen 
that the ellipse represents a nearly perfect fit to the complete measured 
Vres-wv,cr response of specimen P8 up to failure. Therefore, this elliptical 
shape, together with an appropriate prediction of Δcu, will be exploited 
further for the development of the simplified CBA.

4. Proposed novel simplified CBA for rapid assessment

4.1. Key observations from experiments and modelling

The experimental results from specimen P8 presented in Section 2, 
together with the crack-based 2PKT analysis results presented in Section 
3, lead to several important observations. These observations are sum-
marized below in order to establish the physical basis of the simplified 
crack-based assessment approach:

• The failure of deep beams is triggered by crushing of the critical 
loading zone (CLZ), whose geometry can be established by 
measuring two quantities: depth dCLZ and angle αCLZ.

• The deformations of the critical loading zone can be quantified by 
measuring the critical vertical crack displacement wv,cr at the edge of 
the CLZ.

• At the failure of the beam, the critical crack displacement wv,cr rea-
ches the displacement capacity of the CLZ Δcu.

• The V-wv,cr response is initially very stiff due to aggregate interlock 
and becomes very flat at failure when the shear-resisting mechanisms 
enter the plastic regime.

• The critical crack displacement wv,cr does not recover upon unload-
ing at any load level.

These observations, while illustrated here with the help of specimen 
P8, are consistent with abundant experimental data and modelling re-
sults presented in various previous studies by the authors and others 
[17–20,24,25,27–30]. In the following, they are used to build the 
simplified CBA approach.

4.2. Formulation of the simplified CBA

Based on these observations, a five-step procedure for rapid crack- 
based assessment of cracked deep beams is proposed. The five steps 
are listed and justified in the following:

1) Inspect the CLZ of the beam for the presence of inclined macrocracks. 
If such cracks have occurred, the member is in distress and urgent 
measures are needed to avoid failure.

2) If inclined cracks are not present, proceed to measure the geometry 
of the critical loading zone – i.e. distance dCLZ and angle αCLZ – as 
described with regards to Fig. 8b (see two-step procedure in Section 
3.2).

3) Calculate the displacement capacity of the CLZ, Δcu as: 

Δcu = 0.009dCLZ
cosαCLZ

sin2αCLZ
(3) 

4) Measure the critical vertical crack displacement wv,cr at the edge of 
the CLZ, i.e. at point A in Fig. 8b.

5) Calculate the residual capacity of the beam ψ for the measured 
critical crack displacement wv,cr using Eq. 4. The residual capacity is 
expressed as a percentage of the shear strength:

ψ
(
wv,cr

)
=

(

1 −
V
Vu

)

× 100 = 0.9

⎡

⎣1 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −

(

1 −
wv,cr

Δcu

)2
√ ⎤

⎦ × 100,%

(4) 

The first step in this procedure is justified by the nature of the 
macrocracks in the CLZ. They occur when the CLZ is crushing and the 
beam is on the verge of failure. In specimen P8, the macrocracks 
developed at 97% of the failure load. No further assessment can be 
justified at this stage and urgent safety measures are required.

Eq. 3 is derived directly from Eq. 1, which was itself derived earlier 
from the model of the CLZ in Fig. 8a. It assumes that the compressive 
strain along the bottom face of the CLZ εmax reaches 3 × 10− 3 at failure, 
which is consistent with DIC measurements and observed concrete 
crushing. It also takes into account that lb1e is equal to dCLZ/sin(αCLZ).

Eq. 4 uses a simple approximation of the shape of the Vres-wv,cr 
response. Taking into account the stiff initial response and flat ultimate 
response, the Vres-wv,cr curve is approximated with an ellipse as shown 
earlier in Fig. 9b. The ellipse has a vertical tangent at wv,cr= 0 and a 
horizontal tangent at wv,cr= Δcu. The peak resistance Vu, and therefore 
zero residual capacity ψ , is reached when wv,cr reaches the displacement 
capacity of the CLZ Δcu obtained from Eq. 3. The factor of 0.9 in Eq. 4 is 
applied to the ellipse to introduce a certain conservatism in the esti-
mated residual capacity.

It is important to emphasize the meaning of the residual capacity 
ψ(wv,cr) in the presence of earlier loading and unloading cycles. Because 
wv,cr does not recover upon unloading, ψ(wv,cr) does not necessarily 
signify the residual capacity under the current load on the structure. 
Instead, it shows the closest the structure has come to failure during its 
entire service life up to the moment of measuring wv,cr. In other words, 
the proposed novel approach allows to access a “memory” the structure 
keeps of the largest load it has experienced during its entire loading 
history. This information can be of significant practical importance, as it 
speaks not only of the structure itself, but also of the long-term loading 
history experienced by the structure.

4.3. Validation of the simplified CBA

The rapid crack-based assessment approach presented in Section 4.2
is validated with several tests from this and previous studies [25,27–29]. 
The properties of the test specimens are summarized in Table 1. The 
effective depth of the beams d varies from 732 mm to 3840 mm, the a/d 
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ratio from 1.55 to 2.00, the flexural reinforcement ratio ρl from 0.66% to 
1.37%, the transverse reinforcement ratio ρv from 0 to 0.141%, and the 
concrete compressive strength fc varies from 33.0 MPa to 44.2 MPa. 
Only tests that included measurements of the critical crack displace-
ments wv,cr are selected for this study in order to be able to perform 
validations. Detailed crack photos/diagrams were also necessary in 
order to measure the geometry of the critical loading zones as described 
in Fig. 8b. No other restrictive criteria were used in the selection of test 
specimens.

Fig. 10 shows the predicted residual capacity diagrams of specimens 
P8 and P3 obtained from Eqs. 1–2 (P3 was reported earlier by Fathalla 
and Mihaylov [25]). They are compared with the experimental residual 
capacity curves, where wv,cr is measured at the edge of the CLZ (point A 
in Fig. 8b). The two specimens were nominally identical, except for the 
compressive strength of the concrete which differed very slightly 
(39.7 MPa for P8 vs. 40.5 MPa for P3). Nevertheless, the two measured 
ψ curves are significantly different. The reason for this difference is 
different dCLZ and αCLZ due to random variations in the path of the 
critical cracks in the vicinity of the loading plate. The measured geom-
etry of the CLZ and the corresponding predicted values of Δcu are re-
ported in Table 1. Specimen P3 had a deeper CLZ and a flatter critical 
crack, both of which result in a larger displacement capacity Δcu ac-
cording to Eq. 3. The figure shows the adequacy of Eqs. 3 and 4 when 
compared to the experimental results for the complete range of crack 
displacements from zero to Δcu. It is seen that the simplified CBA pre-
dicts well the residual shear capacity of both specimens using minimum 
input information and only two simple equations.

The comparisons in Fig. 10 focused on the critical shear spans of 
specimens P3 and P8. However, in a realistic crack-based assessment of 
existing deep beams, the critical shear span is not known in advance, and 

the assessment needs to be performed on both sides of the loading plate/ 
element. Therefore, it is of interest to verify whether the proposed 
parsimonious crack-based assessment approach can accurately predict 
the critical shear span solely using Eq. 3 and Eq. 4.

This is illustrated in Fig. 11 for specimen P8. On the horizontal axis of 
the plot is the normalized point load P/Pu at which the assessment is 
performed, and on the vertical axis is the predicted residual capacity ψ 
from Eqs. 3–4. The predictions are made separately for the east and west 
shear spans using the respective measured values of dCLZ, αCLZ and wv,cr. 
The values of dCLZ and αCLZ are shown on the crack diagram of the beam 
in the vicinity of the applied load (Fig. 11 top). The assessment is con-
ducted at four load levels P/Pu: 49%, 65%, 82%, 89%, and 100%. The 
first level corresponds to the full propagation of the critical diagonal 
cracks, while the other levels correspond to the peaks of the load cycles 
up to failure (see Figs. 4 and 6). It can be seen that the assessment of the 
cracks on both sides of the load renders significantly different results. 
For the same load, the west crack measured consistently larger crack 
displacements wv,cr than the east crack. Nevertheless, the west shear 
span is predicted to have a larger residual capacity at all load levels. At 
100% of the failure load, the proposed approach correctly predicts that 
the residual capacity of the critical east shear span is nearly zero. At the 
same time, the predicted residual capacity of the non-critical west crack 

Table 1 
Summary of beam properties.

Beam a/d 
-

d 
mm

ρl 

%
ρv 

%
fc 

MPa
dCLZ 

mm
αCLZ 

deg
Δcu,pred 

mm
Δcu,exp. 

mm
Vu,exp 

kN

P8 1.64 732 1.37 0.134 39.7 54 41 0.85 1.40 459
P3 1.64 732 1.37 0.134 40.5 74 34 1.77 1.60 466
CCR2 2.00 1105 2.10 0.141 35.8 127 30 3.83 3.38 1118
PLS4000W 1.82 3840 0.66 0.080 44.2 123 32 3.29 3.47 1509
S1M 1.55 1095 0.70 0.101 33.0 59 36 1.25 - 941
S0M 1.55 1095 0.70 0 34.2 34 30 1.01 - 721

a= shear span; d= effective depth; ρl= flexural reinforcement ratio; ρv= transverse reinforcement ratio; fc= concrete compressive strength; dCLZ= measured depth of 
critical loading zone, αCLZ= measured angle of critical crack in critical loading zone; Δcu,pred.= predicted displacement capacity of the CLZ using Eq. 3; Δcu,pre-

d.= measured displacement capacity of the CLZ (wv,cr at beam failure); Vu,exp.= measured shear strength.

Fig. 10. Measured and predicted residual capacity diagrams of nominally 
identical specimens P8 (red) and P3 [25] (blue).

Fig. 11. Simultaneous crack-based assessment of the two shear spans of spec-
imen P8.
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is 13.8%. This demonstrates that the proposed crack-based assessment 
approach correctly predicts the critical shear span based solely on three 
measurements: dCLZ, αCLZ, and wv,cr.

Fig. 12 shows validations of the proposed approach with the 
remaining tests from Table 1. Eqs. 3 and 4 show excellent predictions of 
residual capacity from zero critical crack displacement to failure. It is 
important to highlight that this conclusion is valid for specimens with 
very different properties, including a beam without shear reinforcement 
(specimen S0M) and a 4m-deep beam (PLS4000W). As listed in Table 1, 
the predicted displacement capacities of the CLZ Δcu vary from 0.85 mm 
to 3.8 mm, and agree reasonably well with the measured values pro-
vided in the same table.

4.4. Limits of applicability and uncertainties

Despite the broad range of test variables considered in the valida-
tions in Figs. 10–12, the simplified crack-based approach has several 
limits of applicability. It is developed for shear spans of deep beams, and 
therefore the shear-span-to-effective-depth ratio a/d ratio is limited to a 
maximum of 2. The method can be used if the diagonal crack is fully 
developed from the support to the near vicinity of the load (or vice 
versa). This ensures that no new major shear cracks can propagate to the 
vicinity of the load, and thus alter the geometry and displacement ca-
pacity of the CLZ. It also ensures that dCLZ can be measured as the depth 
of the section which is approximately perpendicular to the critical crack 

(Fig. 8b). In addition, shear spans subjected to double curvature are also 
outside the scope of this study. Such cases arise in continuous deep 
beams, where additional cracks can form in the CLZ due to tension in the 
reinforcement crossing this zone [31]. Furthermore, it is imperative to 
ensure that the flexural-tensile reinforcement is sufficient to prevent 
flexural failure and is well anchored in the support zones. If the rein-
forcement is not well anchored, that will lead to additional opening of 
the critical diagonal crack, and thus larger wv,cr. This unfavorable effect 
is indirectly captured by the proposed crack-based assessment method, 
as the predicted residual capacity ψ(wv,cr) will decrease. The presence of 
compression flanges also limits the applicability of the method, as they 
modify the geometry and behavior of the CLZ. Finally, in terms of 
reinforcement, the crack-based approach is of most interest for assess-
ment of existing members with less-than-minimum transverse rein-
forcement according to modern standards (approx. ρv≤0.20%). Such 
members develop a dominant diagonal crack and are outside the range 
of applicability of conventional plasticity approaches for strength eval-
uation (i.e., strut-and-tie and stress field models).

One of the main uncertainties in the application of the proposed 
method arises from the large variety of loading and support elements 
encountered in existing structures. For example, pier cap beams in 
bridges are often loaded by beam bearings that are significantly nar-
rower than the width of the beam, and/or are supported by circular 
piers. Both these cases create uncertainties with regards to the geometry 
of the CLZ and the crack measurements in the vicinity of the bearing/ 

Fig. 12. Measured and predicted residual shear capacity diagrams of specimens with variable properties.
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column. Other sources of uncertainty that require further investigation 
include tapered members, eroded crack faces, presence of corrosion, 
creep and fatigue. Some of these factors are discussed further in the 
following.

5. Discussion

The proposed crack-based assessment approach (CBA) has some 
important implications and opens new promising perspectives, which 
are discussed in the following.

5.1. Minimal required information for assessment

As has already been demonstrated, the proposed CBA (Section 4.2) 
requires minimal input information and computational effort to produce 
accurate results. The input consists of only three measurable quantities 
(dCLZ, αCLZ, and wv,cr) that are used in conjunction with two simple 
closed-form equations (Eqs. 3 and 4). At the same time, it is important to 
highlight the information which is not used/required by the method. 
This includes the size of the member, the a/d ratio, the amount of shear 
reinforcement, the concrete strength, and all other properties of the 
beam. It was illustrated that these properties are not decisive when 
evaluating the residual shear capacity as a fraction of the peak resis-
tance, even though they are very important when calculating the ab-
solute resistance (in kN). This makes the proposed method very 
convenient as often in existing structures detailed information on rein-
forcement and material properties are not readily available. In such 
cases, a series of surveys and non-destructive tests need to be conducted 
before performing detailed assessment calculations (e.g., core sampling, 
reinforcement mapping, etc.). In addition, the proposed assessment 
method captures the effect of random variations in the paths of the 
critical cracks (Figs. 10 and 11), which impact the size and shape of the 
CLZ. These effects are not captured by other modelling techniques, 
including complex numerical models.

5.2. Absolute residual shear capacity and levels of approximation (LoA)

All of the above concerned the assessment of the residual shear ca-
pacity of deep beams as a percentage of the shear capacity. However, it 
is also of interest to assess the residual capacity in terms of absolute 
shear force Vres. Here again the proposed assessment approach can be 
very useful. To evaluate the residual capacity curve Vres(wv,cr), it is only 
necessary to multiply the ψ(wv,cr) diagram given by Eq. 3 with the pre-
dicted shear strength of the member Vu. The shear strength can be 
evaluated with any appropriate method available to the engineer, 
including strut-and-tie models, the original 2PKT method, stress field 
models or even nonlinear finite element models. In this way, the engi-
neer can establish levels of approximation (LoA) as illustrated in Fig. 13. 
A simple approach, such as a strut-and-tie model, can provide the lowest 
level of approximation (LoA I) that requires limited computational effort 
but renders a conservative assessment. If this LoA shows that the re-
sidual shear capacity is insufficient, or if the lowest LoA is not applicable 
(e.g., strut-and-tie models may not be applicable to members with less- 
than-minimum transverse reinforcement), the engineer can proceed to a 
higher level of approximation for enhanced Vu predictions. If the 
negative consequences of closing the structure are deemed very 
important, a third and highest level of approximation LoA III can be 
employed to minimize the conservativeness of the structural assessment 
(e.g., detailed stress field analysis).

5.3. Creep and fatigue effects

This study does not address the long-term effects of creep and fa-
tigue, which are inevitably present in concrete infrastructure. Both these 
effects will result in increasing critical crack displacement wv,cr over time 
[25,32]. Further studies are needed to study creep and fatigue in the 

context of crack-based assessment. Nevertheless, even in its current 
form, the proposed assessment method produces adequate trends. As 
long-term effects progress and wv,cr increases, Eqs. 3 and 4 will predict 
that the residual capacity decreases, which is consistent with the influ-
ence of creep and fatigue on the shear strength. Furthermore, this ap-
plies to any unfavorable effect that may result in additional opening of 
the critical crack. As mentioned earlier, additional opening can also arise 
from inadequate anchorage of the flexural reinforcement in the support 
zones. In this case again the proposed method will signal that the re-
sidual capacity is decreasing.

5.4. Monitoring of shear-critical deep beams in concrete infrastructure

The method presented in Section 4.2 is not only suitable for a single- 
time assessment, but can also be employed for long-term monitoring of 
deep beams with diagonal cracks. To this end, an initial assessment 
needs to be performed as described before to measure the geometry of 
the CLZ and the current critical crack displacement wv,cr0. Following this 
stage, it is recommended to install a vertical displacement transducer to 
measure the increment of the crack displacement, Δwv,cr, over time. The 
transducer must be connected immediately below the critical crack and 
at the top edge of the beam as shown in Fig. 6. In this way, the sum of the 
initial measurement wv,cr0 and the reading of the transducer Δwv,cr 
provides the complete transverse deformation of the CLZ wv,cr, including 
cracking in the CLZ. This is of key importance, as inclined diagonal 
cracks may form in the CLZ near failure, and they need to be captured by 
the transducer. Because wv,cr does not recover upon unloading, the 
monitored values can only increase over time due to large variable loads 
or long-term effects. As illustrated in Fig. 14, the monitored values of wv, 

cr can then be used in conjunction with Eqs. 3 and 4 to continuously 
monitor the residual capacity of the member. The plot demonstrates 
how convenient the critical vertical crack displacement wv,cr is for 
monitoring. Regardless of the loading history, wv,cr only increases over 
time, and therefore the residual capacity decreases monotonically until 
it reaches an imposed threshold linked to safety or planned interven-
tion/maintenance.

6. Conclusions

This paper presented a rational approach for rapid assessment of the 
residual capacity of deep beams with diagonal cracks. The residual ca-
pacity is evaluated for a measured vertical crack displacement at the 

Fig. 13. Absolute residual shear capacity of deep beams based on a 
selected LoA.
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edge of the critical loading zone (CLZ). The physical basis of this crack- 
based assessment approach (CBA) was established with the help of a 
targeted test and advanced crack-based analysis. The CBA was validated 
with measured residual capacity diagrams, showing accurate results. 
The main conclusions of the study are the following:

1) The shear failure of deep beams is triggered by crushing of the 
concrete in the CLZ. Therefore, crack-based assessment approaches 
should focus on evaluating the state of damage of the CLZ.

2) The proposed approach uses only three measurements in the CLZ, 
together with two simple closed-form equations, to accurately eval-
uate the residual shear capacity of the member as a percentage of the 
shear strength. The measurements include the depth of the CLZ 
determined by the critical diagonal crack, the angle of the crack in 
the CLZ, and the critical vertical displacement in the crack at the 
edge of the CLZ. No additional input information is required for the 
assessment (e.g., members size, a/d ratio, reinforcement and mate-
rial properties). Therefore, this is an approach that combines parsi-
mony with high accuracy and explaining power.

3) The critical vertical crack displacement does not recover upon 
unloading. Therefore, the evaluated residual capacity shows what is 
the closest the cracked deep beam has come to failure during its 
entire service life up to the moment of assessment. In this manner, 
the proposed CBA reveals important “memory” of the history of 
loading and safety of the member.

4) The proposed CBA is also well suited for long-term monitoring of the 
residual capacity of cracked deep beams. The monitoring can be 
performed in an automated manner by imposing appropriate 
thresholds on the residual capacity, which decreases monotonically 
over time.

Further research is required to study sources of uncertainty in 
practical applications, such as different geometries of loading and sup-
port elements (e.g., small bearings, circular columns), tapered members, 
creep and fatigue effects.
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