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A B S T R A C T

The accurate assessment of cracked reinforced concrete structures is becoming increasingly more important as
the world’s infrastructure ages and resources for retrofit and replacement remain limited. While existing ap-
proaches can be used to predict crack information for comparisons with on-site observations, there remains a
need to establish methods that use crack measurements as a direct input to assess residual structural capacity.
Critical wide cracks have been observed in lightly reinforced deep beams leading to questions about the safety of
concrete bridges. To assess such deep members, this paper answers three important questions: 1) which critical
crack displacements should be measured?; 2) where should the critical crack displacements be measured?; and 3)
what is the residual shear capacity of the member, given the measured critical crack displacements? To answer
these questions, detailed data from large-scale experiments is examined and interpreted with the two-parameter
kinematic theory (2PKT). The results illustrate the importance of vertical crack displacements for conducting
assessments of lightly reinforced deep beams. The paper shows that when the measured crack shape is incor-
porated into the 2PKT, the residual capacity of deep beams can be determined from measured critical crack
displacements.

1. Introduction

As concrete infrastructure ages, the retrofit of bridges, buildings and
other critical structures is crucial for maintaining their safety and
resilience. At the same time, there are limited resources available to
allocate for retrofit; therefore, it has become increasingly more impor-
tant to enhance structural assessment methodologies used to identify,
prioritize, and conduct cost-effective interventions. Cracks in concrete
structures are an important visual indicator that can be used for struc-
tural assessment. While some current modelling approaches can be used
to predict cracks for comparisons with on-site observations, there re-
mains a need to establish methods that use crack measurements as a
direct input in the assessment process, referred to here as crack-based
assessment methods.

Of particular interest for crack-based assessment are lightly rein-
forced concrete deep (non-slender) members that can exhibit wide di-
agonal cracks and brittle shear failures [1]. Such members are
commonly found in existing infrastructure in the form of transfer girders

in buildings, pier cap beams in bridges, foundations, and thick structural
elements in power plants. In recent years, there have been several in-
stances where wide shear cracks have raised questions about the safety
of traffic loading on deep pier cap beams in bridge structures [2–4].

To assess the safety of cracked members, Calvi et al. [5] and Zaborac
et al. [6] have used measured angles and widths of shear cracks. The
observed cracks are approximated as straight and regularly spaced. The
crack information is used as an input into a membrane element repre-
senting the web of cracked beams, whose behaviour is modelled based
on the modified compression field theory [7]. This smeared crack
approach may be suitable for slender members with adequate crack
control provided by web reinforcement. However, the response of
lightly reinforced deep members is governed by a single dominant wide
crack, which presents several important challenges. For example, crack
widths can vary substantially locally and globally along the crack, and if
inappropriate crack measures are used to conduct the assessments, this
can lead to variations in the assessment results. Additionally, the exact
shape of the critical crack, which is in part determined by random
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variations in material and other properties, can have a significant in-
fluence on the actual shear strength of the member [1].

To address these challenges, this paper presents a detailed exami-
nation of critical shear cracks in lightly reinforced deep members. An
analysis is performed using detailed measurements of crack kinematics
in a large-scale laboratory test [8,9], as well as based on the modelling
framework provided by the two-parameter kinematic theory (2PKT) for
deep beams [10]. To conduct crack-based assessments, the paper then
answers three key questions:

1) Which critical crack displacements should be measured?

2) Where should the critical crack displacements be measured along the
cracks?

3) What is the residual shear capacity of the member, given the
measured critical crack displacements?

The study challenges the appropriateness of the use of crack widths,
and proposes alternative measurements for crack-based assessment of
deep beams. The 2PKT framework is then used to establish a link be-
tween the measured critical crack displacement, and the residual shear
capacity of cracked members. The measured shape of the shear cracks is
directly incorporated in the 2PKT. The obtained residual capacity

Fig. 1. Cracking of CCR2 deep beam experiment [8,9].
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diagrams are validated with test results from deep beams with various
properties and governing shear-carrying mechanisms.

2. Measured crack displacements

2.1. Obtaining crack measurements

Traditionally, site inspections of concrete structures have included
the measurement of crack widths. Until recently, crack widths were
measured manually with crack comparators or optical devices. Such
measurements are typically performed in a limited number of locations
and feature significant subjectivity. However, in recent years, the rapid
development of various sensing technologies has provided possibilities
for advanced crack measurements. In particular, crack shapes and crack
widths can now be measured based on high-resolution photographs and
image analysis methods [11–14]. This allows for nearly continuous
measurements along the entire length of cracks, and also reduces the
subjectivity of the results. Furthermore, while manual measurements
focus exclusively on crack widths, slip displacements in the cracks can
also be extracted from image analysis [15]. Such additional information
is important in shear-critical members, where crack slips are associated
with aggregate interlock shear stresses across the cracks. Therefore, the
availability of advanced technologies for crack measurements raises an
important question: Which crack displacements are most useful for the
purpose of reliable crack-based assessment of lightly reinforced deep
members?

2.2. Experiment of deep beam with detailed crack measurements

To answer this question, it is instructive to examine detailed crack
data from an experiment of a deep beam conducted by Palipana and
Proestos at the North Carolina State University (specimen CCR2 [8,9]).
The beam had a total depth h= 1105 mm and was subjected to sym-
metrical three-point bending. The geometry and reinforcement of the
specimen are shown in Fig. 1a, together with photos of the observed
cracks before and after failure. The effective depth of the beam was d=
909 mm and the shear-span-to-depth ratio was a/d= 2.0. The ratio of
flexural reinforcement and transverse reinforcement (stirrups) was 2.10
% and 0.141 %, respectively. The compressive strength of the concrete
was fc= 35.8 MPa and the maximum coarse aggregate size was ag= 19
mm.

The cracking of specimen CCR2 began with flexural cracks at mid-
span, followed by inclined flexure-shear cracks in the shear spans. The
flexural cracks developed at 10 % of the peak load, while the inclined
cracks began to form at 34 % of the peak load. Fig. 1b shows the crack
pattern of the beam at 54 % of the peak load, where the flattest inclined
cracks extended from the inner edge of the supports to the vicinity of the
loading plate (diagonal cracks). As the load increased, the diagonal
cracks exhibited opening and slip displacements without significant
further crack propagation. As typically observed in deep beams, the
failure occurred along a critical diagonal crack with crushing of the
concrete in the vicinity of the loading plate (Fig. 1c). The measured
shear strength of the beam was Vmax= 1118 kN. The spalling of concrete
visible in Fig. 1c occurred in the post-peak regime.

2.3. Experiment of deep beam with detailed crack measurements

Fig. 1b shows a highlighted portion of the critical crack near mid-
depth of specimen CCR2. Fig. 2 shows a close-up photo of this portion
of the critical diagonal crack at higher loads (70 % of the peak). It il-
lustrates the crack opening and crack slip that developed at this location.
The crack width w is defined as the displacement of one crack surface
perpendicular to the opposite surface, while the crack slip s represents
the displacement of one crack surface parallel to the opposite surface.
From a global perspective, the crack opening is associated with both
flexural and shear deformations, while crack slip is associated mainly

with shear distortions. Fig. 2 also shows the vertical crack displacement
wv. It can be seen that, within a 40 mm × 40 mm window, in some
places the crack surfaces are almost touching while in others they are
wide. This illustrates the difficulty of measuring crack widths as it can be
challenging to interpret where and how to take the measurements, even
along small crack segments.

The crack displacements in specimen CCR2 were also measured
using a full view three-dimensional digital image correlation (DIC)
system. The crack was discretized in a series of straight segments with a
length of approximately one maximum aggregate size ag, or 19 mm, as
recommended by Trandafir et al. [16,17]. This discretization is consis-
tent with the constitutive relationship which will be used later to model
aggregate interlock behavior across the cracks. A similar crack dis-
cretization approach has been employed by others for the analysis of lab
tests of slender beams [18,19]. The crack width w and crack slip s for
each segment were obtained from the DIC data as described by Palipana
and Proestos [8,9]. Eq. 1 describes how the vertical crack displacements
are mathematically related to the crack width and crack slip:

wv,i = wicosαcr,i + sisinαcr,i (1)

where αcr,i is the local angle of the crack (see Fig. 2). Other DIC data
processing tools can also be used to extract w, s, and αcr, such as the
automated crack detection and measurement tool (ACDM) developed by
Gehri et al. [20]. In field studies where DIC is not available, these
quantities can be measured based on image analysis as proposed by
Pantoja-Rosero et al. [15].

The variation of crack displacements w, s, and wv along the critical
diagonal crack of specimen CCR2 is shown in Fig. 3 at seven load levels:
40 %, 50 %, 60 %, 70 %, 80 %, 90 % and 100 % of the peak load.
Overall, the widths increase from the tip of the crack (loading zone) in
the top 2/3 of the beam, and then decrease significantly in the bottom 1/
3, near the support (Fig. 3a). More precisely, this measured profile can
be divided into three regions: 1) a top region in the vicinity of the
loading plate where w increases rapidly away from the tip of the crack;
2) a short middle region characterized by a slower w increase; and 3) a
bottom region associated with crack control. The crack control in region
3 is provided by the flexural reinforcement, which forces a series of
narrow cracks rather than a single dominant crack (Fig. 1b). It can be
seen from Fig. 3a that the maximum crack width measured along the
critical crack reached 4.7 mm at failure. Fig. 3a illustrates that in all
three regions the crack widths vary significantly. It is important to note
that in the second region, the crack widths vary even for adjacent crack
segments as also observed in Fig. 2. The variation increased with
increasing load and reached ~0.9 mm in region 2 at failure. This raises

Fig. 2. Definition of crack width w, crack slip s, crack angle αcr and vertical
crack displacement wv.
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the question: Are crack widths the most appropriate measurement for
crack-based assessment of deep beams?

Compared to crack widths, the slip displacements show even larger
variability from crack segment to crack segment (Fig. 3b). In certain
locations along the crack, negative slips are measured when the local
crack angle αcr,i is very small. At failure, the crack slip reached values of
up to 4.3 mm, which indicates significant shear distortions as is char-
acteristic of deep beams.

Finally, Fig. 3c shows the profile of vertical crack displacements wv.
The same three regions as observed in the crack widths are also observed
in the vertical crack displacements (near the tip of the crack, in the re-
gion near mid-depth, and in the crack control region). It is immediately

apparent that the vertical crack displacements are characterized by a
very smooth variation within regions 1 and 2. This is valid for all load
levels, from the formation of the critical diagonal cracks to the failure of
the member. The maximum value ofwv at failure is 4.9 mm. As indicated
in Fig. 3c, the local variation in region 2 is only ~0.2 mm, which is
negligible compared to the variations in w and s.

These observations are reinforced in Fig. 3d, which shows the sta-
tistical residuals of the three sets of measurements in region 2 at failure.
The residuals are defined as the difference between the measured values
and linear regressions of the w, s, and wv profiles. It can be seen that the
wv profile has the least fitting deviation among the three crack mea-
surements, with a residual standard deviation of only 0.11 mm, one-half

Fig. 3. Measured crack displacement profiles of test specimen CCR2 at 7 load stages: a) crack width; b) crack slip; c) vertical crack displacement; and d) statistical
residuals of measurements in region 2 at failure.
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of the standard deviation of w.
To conduct crack-based assessments, it is useful if the input param-

eters do not vary significantly in a particular region. This can help
improve field procedures and guidelines for inspectors. Therefore, the
negligible local and global variation of wv in region 2 represents a sig-
nificant advantage from the point of view of crack-based assessment.
The vertical crack displacement in region 1 grow rapidly from zero at the
crack tip. The vertical crack displacement in region 3 has significant
local variability because of the presence of multiple cracks in that re-
gion. Region 2 is located away from the tip of crack and disturbances
introduced by the flexural reinforcement in region 3, and therefore is
well suited for crack-based assessment. Equally as important, it will be
shown later with the help of the two-parameter kinematic theory (2PKT)
that wv is the most suitable indicator of shear failures in deep beams.
Therefore, the crack-based assessment method presented in the rest of
this paper is based exclusively on measured vertical crack displacements
wv in region 2. The boundaries of this region will also be defined with the
help of the 2PKT. This represents a shift of thinking as compared to
traditional inspection methods based on crack widths.

3. The crack-based assessment method

In the context of this paper, the assessment of reinforced concrete
deep beams is defined as the determination of the remaining capacity a
member has to resist shear forces. When this determination occurs by
directly using crack information as an input, the method is called a
crack-based assessment method. Thus, the crack-based assessment of a
deep beam can be represented by plotting the vertical crack displace-
ment wv on the horizontal axis, and the residual shear capacity on the
vertical axis.

Fig. 4 shows how the residual strength of specimen CCR2 decreases
with increasing wvmeasured at two different locations. The green curve
corresponds to wv,top at the top of region 2 (X ≈ 560 mm in Fig. 3c),
while the black curve is obtained with wv,bot at the bottom of region 2
(X ≈ 1040 mm in Fig. 3c). The residual strength is defined either in kN
as Vres= (Vmax-V), or as a percent Ψ = 100 × (1-V/Vmax), where V is the
shear force when the crack measurements occur and Vmax is the peak
shear resistance of the member.

In a previous study, Trandafir et al. [16,17] demonstrated the
sensitivity of residual shear capacity of deep beams to the specific shape
of the critical shear crack. It was illustrated that accounting for crack
shape greatly improves the ability to predict deep beam shear response.
Therefore, to generate the residual shear capacity versus vertical crack
displacement diagrams, it is important to use a modelling framework
which incorporates measured crack shapes. In deep beams the critical

cracks typically develop at service conditions and therefore can be
measured and mapped. Thus, both measuring the vertical crack dis-
placements and crack shape for input into a crack-based assessment
model is the goal of this study.

The modelling framework to accomplish this is the two-parameter
kinematic theory (2PKT) [10]. This framework is explicitly based on
the kinematics of the critical cracks and can incorporate observed crack
shapes. When crack shapes are incorporated in the response predictions,
the methodology is called the crack-based 2PKT [16,17]. Thus, the
crack-based 2PKTwill be used to obtain the Vres-wv andΨ -wv diagrams as
shown in Fig. 4. With these diagrams an assessment of residual capacity
can be directly determined with the measured vertical crack displace-
ments. For example, in the case of specimen CCR2, a measured wv,top of
1 mm should correspond to a residual strength of approximately
400 kN, or 36 %.

4. Formulation of the crack-based 2PKT

4.1. Kinematics of deep beams

The crack-based assessment framework proposed by Trandafir et al.
[16,17] is based on the two-parameter kinematic theory (2PKT) [10].
The 2PKT uses two degrees of freedom (DOFs) to model the complete
shear behaviour of diagonally cracked deep beams, including local de-
formations along the critical diagonal cracks. The global kinematics of
the model are obtained by superimposing two deformation patterns, and
are sufficient to describe the complete deformed shape of a shear span
under single curvature – see Fig. 5. The first deformation pattern de-
scribes flexural deformations and the second describes shear de-
formations. The first pattern depends on the average strain along the
flexural reinforcement, DOF εt,avg, and the second pattern is described by
the vertical displacement along the critical diagonal crack in the vicinity
of the load, DOF Δc. The concrete block above the critical crack is
modelled as rigid, except for the critical loading zone (CLZ) where the
concrete crushes at failure. It is the deformations in the CLZ that give rise

Fig. 4. Measured residual capacity of beam CCR2 as a function of measured
vertical crack displacements at two locations. Fig. 5. Two-parameter kinematic theory for deep beams [10].

A.N. Trandafir et al.
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to DOF Δc.
In the crack-based framework, the shape of the critical crack is

measured from images. As mentioned earlier, the crack is discretized
into straight segments with a length of approximately one maximum
aggregate size ag.

4.2. Crack kinematics

The beam kinematics illustrated in Fig. 5 is consistent with the
measured profiles of crack displacements in specimen CCR2. Region 1 in
CCR2 corresponds to the CLZ in the 2PKT, where the vertical crack
displacements wv increase linearly away from the loading point. Region
2 in CCR2 corresponds to the middle portion of the crack in the 2PKT,
where wv also increases linearly away from the load, but at a smaller
rate. Finally, region 3 in the CCR2 is the region in the vicinity of the
bottom flexural reinforcement (tie) in the 2PKT, where wv decreases
approaching the edge of the support. The length of region 1 along the
axis of the beam is denoted as lCLZ, while the length of region 3 is lcc.

Based on these kinematics, the vertical displacements of the ith crack
segment along the critical crack are expressed with the two DOFs of the
kinematic model as follows:

• If xi < lCLZ (region 1)

wv,i =
εt,avglk
d − y0

xi +
Δc

lclz
xi

• If lCLZ ≤ xi < acl +x0 − lcc (region 2)

wv,i =
εt,avglk
d − y0

xi +Δc

• If xi ≥ acl +x0 − lcc (region 3)

wv,i =

[
εt,avglk
d − y0

(acl + x0 − lcc)+Δc

]
(acl + x0 − xi)

lcc
(2)

where xi is the horizontal coordinate of the ith crack segment (Fig. 5),
acl is the clear shear span of the beam, and d is the effective depth.
Dimensions x0 and y0 define the location of the center of rotation in
the flexural deformation pattern in Fig. 5, as well as the origin of the
x-y coordinate system. Length lk defines the portion of the flexural
reinforcement that contributes to the crack displacements, and is
estimated as [10]:

lk = 1.5(h − d)
acl + lb1e

h
≥ scr

scr =
0.28db

ρl

2.5(h − d)
d

(3)

where h is the depth of the beam, db is the diameter of the bottom
flexural reinforcement, and ρl is the ratio of the flexural reinforce-
ment.
Similarly, the horizontal crack displacements can be expressed

from the kinematic model as:
• If xi < acl +x0 − lcc (regions 1 and 2)

wh,i =
εt,avglk
d − y0

yi

• If xi ≥ acl +x0 − lcc (region 3)

wh =
εt,avglk
d − y0

(h − y0 − hcc)
h − y0 − yi

hcc
(4)

where yi is the vertical coordinate of the ith crack segment, and hcc is the
depth of region 3. The determination of quantities lCLZ, lcc, hcc, x0 and y0
is discussed in the next subsection.

Once wv and wh are expressed with DOFs εt,avg and Δc, they can be
used to calculate the corresponding crack width and crack slip for any ith

crack segment:

wi = wv,icosαcr,i + wh,isinαcr,i

si = wv,isinαcr,i − wh,icosαcr,i (5)

The crack widthsw and crack slips s determined from these equations
are illustrated in Fig. 6 for specimen CCR2. For this illustration, the
values of DOFs εt,avg and Δc were taken to be 1.8 × 10− 3 and 3.3 mm,
respectively (these values will be discussed further below). The shape of
the critical crack was measured and discretized as previously described.
It can be seen that the vertical crack displacements follow a tri-linear
distribution along the x axis, while the horizontal displacements
follow a bi-linear variation. Fig. 6 also shows that the predicted crack
widths and slips show significant local variations as observed in the test.
The negative term in Eq. 5 also explains why negative slips are some-
times measured on flat crack segments, and can be observed in the
predictions and experiments.

4.3. Determination of lCLZ, lcc, hcc, x0 and y0 based on measured crack
geometry

Since the goal is to perform detailed crack-based assessment, quan-
tities lCLZ, lcc, hcc, x0 and y0 are determined based on the measured shape
of the critical crack. This will allow to minimize uncertainties in the
2PKT assessments associated with random variations in the paths of the
cracks.

To determine the geometry of the CLZ, Trandafir et al. [16,17] have
proposed the method illustrated in Fig. 7 (left). Two independent pa-
rameters are used to define the geometry: depth dCLZ and the local
inclination of the critical crack αCLZ. Depth dCLZ is the shortest distance
measured from the edge of the loading plate to the critical crack. To
determine the angle αCLZ, a circle is drawn with radius 3dCLZ, centered at
the bottom of the dCLZ length, as shown in Fig. 7 (left). A line is then
drawn from the center of the circle to the point where the circle in-
tersects the critical crack. The angle that this line-radius makes with the
horizontal is defined as αCLZ. In addition, the center of the circle in Fig. 7
(left) defines the center of rotation of the rigid block x0 and y0 used in the
derivation of Eqs. 2 and 4.

With the measured dCLZ and αCLZ, the critical loading zone is ideal-
ized as triangular region as illustrated in Fig. 7 (right) [10]. The length of

Fig. 6. Predicted crack displacements along the critical diagonal crack of
specimen CCR2 at failure.

A.N. Trandafir et al.
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the CLZ along the loading plate, lb1e, as well as the length of region 1,
lCLZ, are calculated as shown in Eq. 6.

lb1e = dCLZ/sinαCLZ

lCLZ = 2lb1ecos2αCLZ (6)

The location of the center of rotation is obtained from:

x0 = lb1esin2αCLZ

y0 = lb1esinαCLZcosαCLZ (7)

Note that in the original 2PKT method, the center of rotation is
assumed at the center of the loading plate [10]. This is a reasonable
assumption for members with relatively small loading plates, where the
critical crack typically propagates towards the center of the plate. The
approach proposed here is more general, as it also addresses cases of
large loading elements, where the crack tip may be closer to the edge of
the loading element.

A simpler approach is followed to determine the size of the crack-
control region, region 3, in the bottom of the beam. The depth of this
region is estimated at hcc=min[2.5(h-d), h/2] based on Eurocode 2 [21].
In a second step, the length of the crack control region lcc is determined
as the horizontal projection of the portion of the diagonal crack located
within depth hcc (Fig. 6).

4.4. Components of shear resistance

Deep beams carry shear mainly by four mechanisms. These mecha-
nisms include the inclined compression in the CLZ, VCLZ, the aggregate
interlock across the crack, Vci, the tension in the transverse reinforce-
ment, Vs, and the dowel action of the bottom flexural reinforcement, Vd.
To evaluate shear components VCLZ, Vci, Vs, and Vd, it is necessary to use
appropriate constitutive relationships as functions of the two DOFs of
the 2PKT, as well as crack displacements w, s, and wv from Eqs. 2–5.
Such relationships have been proposed elsewhere [10,16,17], and are
summarized below for the sake of completeness.

4.4.1. Critical loading zone
The idealized CLZ is shown in Fig. 7 (right) and its shear resistance is:

VCLZ = σavgblb1esin2αCLZ

σavg =

∫ εmax
0 σc(εc)dε

εmax

εmax =
Δc

3lb1ecotαCLZ
(8)

where σavg is the average compressive stress in the CLZ, σc=f(εc) is the
stress-strain relationship of concrete in uniaxial compression [22], εmax
is the maximum strain in the CLZ, b is the width of the beam, lb1e is the
length of the CLZ along the loading plate, and αCLZ is the angle of the
critical crack within the CLZ. Note that lb1e and αCLZ are obtained from
the measured crack shape as discussed above. Note also that, globally,
the behaviour of the CLZ is expressed with only one of the DOFs of the
2PKT, namely Δc.

Using the measured geometry of the CLZ is a key feature of the
proposed crack-based approach. As it will be illustrated later, the in-
clined compression in the CLZ is the dominant mechanism of shear
resistance in deep beams, whose failure typically triggers the failure of
the beam. At the same time, random variations in the path of the critical
crack in the vicinity of the load can significantly alter the capacity of the
CLZ, and thus the capacity of the beam [16]. By using the measured lb1e
and αCLZ, the crack-based 2PKT directly captures these random effects.

4.4.2. Aggregate interlock
As discussed earlier, the critical diagonal crack is discretized into a

series of straight segments. Aggregate interlock stresses are computed on
each segment, and are integrated to obtain the shear force carried by this
mechanism:

Vci = b

(
∑n

i
vci,isinαcr,i li −

∑n

i
nci,icosαcr,i li

)

vci,i = 0.35 • 0.635
∫ π

2

−
π
2

σconKsinθcosθdθ(MPa)

nci,i = 0.35 • 0.635
∫ π

2

−
π
2

σconKcos2θdθ(MPa)

σcon = 13.7
̅̅̅̅
fc3

√ sisinθ − wicosθ
0.04

{
≤ 13.7

̅̅̅̅
fc3

√

≥ 0

K = 1 − exp
(

1 −
0.5ag
wi

)

≥ 0 (9)

where vci,i is the shear stress on the ith crack segment, nci,i is the corre-
sponding normal compressive stress, αcr,i is the angle of inclination of the
segment, li is the length of the segment, and n is the number of crack
segments. The aggregate interlock stresses are obtained from the crack
width wi and crack slip si on each crack segment, using the contact
density model (CDM) [23] as modified by Trandafir et al. [16]. Note that
Vci depends on both DOFs of the kinematic model εt,avg and Δc via wi and
si, through Eqs. 2–5.

Fig. 7. Crack-based (left) and idealized (right) geometry of the CLZ used in the 2PKT.

A.N. Trandafir et al.
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Fig. 8 shows the results from these calculations along the critical
crack of specimen CCR2. The aggregate interlock stresses correspond to
the crack widths and slips in Fig. 6. It can be seen that vci and nci vary
significantly along the crack with the maximum values occurring on the
steepest crack segments. The reason for this result is that the steepest
segments feature the smallest crack widths and the largest slip dis-
placements, and thus act as strong shear keys. Therefore, by directly
using the measured crack shape, the assessment method is able to cap-
ture these local variations of aggregate interlock stresses that influence
the shear behavior.

4.4.3. Transverse reinforcement (stirrups)
The stresses and forces in the transverse reinforcement are evaluated

individually for each stirrup, and are summed to obtain shear resistance
component Vs. All transverse reinforcement crossing the critical crack
are taken into account:

Vs =
∑m

j
Av,jσv,j (10)

where Av,j is the area of the jth bar, σv,j is the corresponding stress in the
bar at the critical crack, and m is the number of bars. Stress σv,j is
calculated from the vertical crack displacement at the location of the
stirrup wv,j using the pullout model proposed by Sigrist [24]:

wv,j =

(

εv,j +
fyv
Es

)

L1+min
(

εv,j,
fyv
Es

)

L2

L1 = max
(

σv,j − fyv, 0
) dbv
4fct

L2 = min
(

σv,j, fyv
) dbv
8fct

(11)

where fyv is the yield strength of the bars, dbv is the bar diameter, Es is the
modulus of elasticity of the steel, and fct≈ 0.26fc2/3 (MPa) is the tensile
strength of the concrete. Eq. 11 is solved iteratively by varying the strain
in the stirrup εv,j. For each strain value, the corresponding stress in the
stirrup σv,j is calculated from a bi-linear stress-strain relationship for the
steel (i.e., elastic-plastic with strain hardening). This approach captures
the concentration of stresses in the stirrups in the critical crack. Note
that Vs depends on both DOFs of the kinematic model εt,avg and Δc via
crack displacement wv,j, through Eq. 2.

4.4.4. Dowel action
The bottom flexural reinforcement is assumed to deform in double

curvature over length lk, and therefore resists shear forces by dowel
action:

Vd = nb
12Esπd4b
64l3k

Δc ≤ nbfy
d3b
3lk

max

{[

1 −
(

εt,avg
εy

)2
]

, 0

}

(12)

where nb is the number of bars, db is the bar diameter, fy is the yield
stress, and εy=fy/Es is the corresponding yield stress. Note that Vd de-
pends on both DOFs of the kinematic model εt,avg and Δc. Note also that
all shear mechanisms depend on the degrees of freedom in a complex
nonlinear manner, which does not allow to separate the influence of
each DOF on the shear resistance.

4.5. Equilibrium conditions and solution procedure

The crack-based assessment starts by mapping and discretizing the
shape of the critical diagonal crack into a series of straight segments.
This measured crack shape is then used to determine quantities lb1e, lCLZ,
lcc, hcc, x0 and y0 as described above. The solution proceeds for a selected
value of DOF Δc according to the following steps:

1. Select Δc;
2. Assume a value of DOF εt,avg (e.g., 1.5 ×10− 3);
3. Calculate crack displacements wv,i, wi and si from Eqs. 2–5;
4. Calculate shear components VCLZ, Vci, Vs, and Vd from Eqs. 8, 9, 10,
11 and 12, respectively;

5. Compare the total shear VCLZ + Vci + Vs + Vd to the shear obtained
from the tension of the flexural reinforcement based on moment
equilibrium of the shear span:

V ≈
EsAsεt,avg

a
(0.9d) (13)

where As is the area of the bottom flexural reinforcement and a is the
length of the shear span. Eq. 13 expresses the moment equilibrium taken
about the loading point, and is derived from the free-body diagram
shown in Fig. 9 (top-right). This expression can also include the tension
stiffening effect of the reinforcement within hcc as described elsewhere
[16].

• If the two shear forces are not equal (i.e., equilibrium is not satisfied),
return to Step 2, and adjust DOF εt,avg;

• If the shear forces are equal, equilibrium is achieved and the solution
at the selected value of Δc is complete.

Fig. 8. Predicted aggregate interlock stresses along the critical diagonal crack
of specimen CCR2 at failure.

Fig. 9. Equilibrium conditions and solution procedure illustrated for specimen
CCR2 at predicted peak load.
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This solution procedure is illustrated in Fig. 9 for beam CCR2, where
the selected Δc value corresponds to the predicted peak response of the
beam. In this plot, curve V=VCLZ+Vci+Vs+Vd represents the sum of the
four shear-resisting mechanisms along the critical crack, and V= T
(0.9d)/a is the shear derived from the moment equilibrium of the shear
span (T is the tension in the flexural reinforcement EsAsεt,avg). The so-
lution of the 2PKT equations lies at the point of intersection of the two
curves, which is found iteratively. When the calculations are repeated
for different values of Δc, the complete response of the beam can be
obtained, including the pre- and post-peak regimes.

5. Predicted degrees of freedom of specimen CCR2

5.1. DOF εt,avg

The proposed crack-based approach is first applied to test specimen
CCR2. Fig. 10 compares the predicted and measured shear force versus
εt,avg response of this beam, where the measured values of DOF εt,avg are
obtained from the DIC data. More precisely, εt,avg is equal to the relative
horizontal displacement between the centers of the two beam supports,
divided by the distance between the supports (span). It can be seen from
the figure that the crack-based 2PKT captures well the measured
response. The simulation takes into account the tension stiffening effect
of the reinforcement, which allows to predict well the measured cracked
stiffness. The flexural reinforcement remained in the elastic range up to
shear failure. For comparison, Fig. 10 also shows the elastic stiffness
assuming a linear variation of longitudinal strain along the span, which
agrees well with the experimental response. The cracked elastic stiffness
calculated assuming a constant strain along the longitudinal reinforce-
ment is also shown; however, it does not predict the response of the
member well. The crack-based assessment approach, while making
simplifying assumptions in the uncracked regime, captures the response
of the member well throughout loading.

5.2. DOF Δc

Fig. 11 shows the measured and predicted response of specimen
CCR2 in terms of shear force versus DOF Δc. While DOF εt,avg could be
measured directly, Δc can only be estimated from the DIC data. Ac-
cording to the kinematic model in Fig. 6, Δc can be estimated from the
measured vertical crack displacements wv. In particular, wv near the load
is dominated by Δc, while the contribution of εt,avg is limited. Therefore,
it is proposed to estimate Δc from the DIC data as the vertical crack
displacement wv at x = lCLZ. In other words, according to Fig. 3c, Δc is
equal to wv at the boundary between regions 1 and 2. Note that lCLZ is
obtained from the measured crack shape as discussed earlier, and equals

310 mm for specimen CCR2.
It can be seen from Fig. 11 that the crack-based 2PKT captures well

the complete V-Δc response of beam CCR2 from the first cracking until
failure. The shear strength experimental-to-predicted ratio is 1118/
1062 = 1.05. The plot also shows the predicted shear components VCLZ,
Vci, Vs, and Vd as they vary with increasing Δc. The dominant mechanism
for this beam is the inclined compression in the critical loading zone,
VCLZ, which accounts for 48 % of the peak resistance. The second most
important strength contribution is provided by the stirrups Vs, ac-
counting for 30 %, while the aggregate interlock Vci accounts for 19 % of
the shear strength. The evaluation of Vci is illustrated in Fig. 6 and Fig. 8,
where DOFs εt,avg= 1.8 × 10− 3 and Δc= 3.3 mm correspond to the pre-
dicted values at peak load. The remaining contribution of 3 % is due to
the dowel action of the bottom reinforcement, Vd. The shear reinforce-
ment is predicted to yield early in the response of the member (see red
curve) and the failure is triggered by crushing of the CLZ (blue curve).
This is consistent with the test, as the beam was observed to fail in shear
with crushing of the concrete near the loading plate (Fig. 1c).

6. Critical crack displacement for crack-based assessment

The comparisons made in Fig. 11 allow to draw an important
conclusion regarding the critical crack displacement that needs to be
measured in crack-based assessments of deep beams. Earlier, it was
concluded that it is necessary to measure the vertical crack displace-
ments wv in region 2 as they vary smoothly and can be measured reli-
ably. According to the 2PKT, these displacements are also important
from a physical point of view, as they relate mostly to the shear de-
formations in Fig. 6. Furthermore, wv at 3dCLZ from the tip of the crack
(the top of region 2) quantifies the deformations of the critical loading
zone (CLZ), which typically triggers the failure of deep beams. There-
fore, wv at x = lCLZ is used as the critical assessment parameter. In the
2PKT calculations, this corresponds to DOF Δc. Both will be denoted wv,

cr, the critical vertical crack displacement.
It should be noted that the crack-based 2PKT is able to predict crack

displacements along the critical crack, including at the locations of the
crack measurements shown in Fig. 3. Therefore, any crack displacement
in region 1 and 2 could be used for crack-based assessment. It is just
necessary to perform the measurement and prediction for the same
point. Nevertheless, the critical vertical crack displacement wv,cr
measured in the vicinity of the compression zone is preferred as it
directly quantifies the transverse (shear) deformations of the member. In
other words, wv,cr is not affected by flexural deformations, which are not
strongly linked with the shear distortion, shear strength, and failure
mode of deep beams.

Fig. 10. Behaviour of the longitudinal reinforcement.

Fig. 11. Behaviour of the critical loading zone.
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7. Residual capacity diagrams obtained with the crack-based
2PKT

7.1. Specimen CCR2

Fig. 12 illustrates the proposed crack-based assessment framework
for deep beams, as applied to specimen CCR2. The plot is obtained
directly from the data in Fig. 11, except that the left vertical axis is now
the residual capacity (Ψ) of the beam in %. The shear strength contri-
butions are plotted on the right vertical axis, which is inverted so that
curves VCLZ, Vci, Vs, and Vd follow the residual capacity curve. As can be
seen in the figure, the crack-based assessment (solid thick black curve) is
in good agreement with the measured response (solid thin black curve).
The residual shear resistance of the beam decreases gradually under
increasing wv,cr up to failure. For a given measured wv,cr, the solid pre-
diction diagram can be used to evaluate the residual load-bearing ca-
pacity of the member. For example, if the measured value of wv,cr is
1 mm, the crack-based assessment results in a residual capacity of 30 %
for the member under consideration.

Fig. 12 also shows the residual capacity of test specimen CCR2 ob-
tained from the 2PKT in a case when the crack shape is unknown
(simplified method – dashed thick black). In this case, a straight crack is
assumed as described in detail elsewhere [10,17]. Although the shear
strength experimental-to-predicted ratio obtained with the simplified
approach remains adequate at 1118/985 = 1.14, this approach pro-
duces unconservative predictions of the residual capacity of the beam as
a function of wv,cr. This comparison shows that the crack-based 2PKT
with measured CLZ geometry produces significantly better structural
assessment results.

7.2. Residual capacity evaluation of deep beams tested by Mihaylov et al.

Two deep beam tests performed by Mihaylov et al. [1] are also used
for the validation of the direct crack-based assessment framework. The
two specimens were subjected to three-point bending, and had an a/d
ratio of 1.55, an effective depth d= 1095 mm, and a total depth
h= 1200 mm. The beams featured a flexural reinforcement ratio of
0.70 %, while the maximum coarse aggregate size was ag= 20 mm.
While specimen S0M had no stirrups, beam S1M had a transverse rein-
forcement ratio of 0.10 %. The concrete compressive strength of beams
S0M and S1M was fc= 34.2 MPa and 33.0 MPa, respectively. Further
details related to the crack-based modelling of the two deep members
are provided elsewhere [16].

Mihaylov et al. [1] used an orthogonal grid of Zürich targets to re-
cord the deformations of each member of the mesh at each load step.
Therefore, pairs of targets can be used to determine discrete crack

displacements [1]. However, as the mesh density is much coarser
compared to the DIC measurements of beam CCR2, the selection of
deformations is limited to targets that are crossed only by the critical
crack. This ensures that the deformations are concentrated in the studied
critical crack, including negligible concrete strains between targets. To
measure the transverse displacement wv,cr, a linear interpolation is
performed between the point of zero relative vertical crack displacement
(that is, approximately the center of the loading plate), and the closest
pair of targets outside the CLZ. For beam S0M the closest pair of targets
is located at 600 mm measured from beam midspan, while for specimen
S1M the pair of interest is positioned at 300 mm.

Fig. 13 shows that the crack-based predicted residual capacity as a
function of wv,cr is in good agreement with the measured values for both
beams. Fig. 13 (top) also shows the contribution of each load-bearing
mechanism in specimen S0M. Note that the shear resistance of this
beam was governed by the aggregate interlock mechanism. As illus-
trated in Fig. 13 (bottom), a different behaviour was exhibited by beam
S1M that featured stirrups. The small stirrup ratio was not able to
transfer across the critical crack more shear than the aggregate interlock
and CLZ components. For beam S1M, the twomain strength mechanisms
– aggregate interlock and CLZ – carried almost the same amount of load
at peak resistance.

7.3. Residual capacity evaluation of a 4-m deep beam test specimen

To further validate the direct crack-based assessment approach, it is
proposed to calculate the residual capacity of a unique large-scale deep
beam specimen PLS4000W tested to failure by Collins et al. [25] at the
University of Toronto. The beam had a total depth of 4 m and a
shear-span-to-effective-depth ratio of 1.82. The flexural reinforcement
ratio was 0.656 %, while the stirrup ratio was 0.08 %. The compressive

Fig. 12. Measured and predicted residual capacity of specimen CCR: crack-
based simulation (solid line) and simplified straight crack simulation
(dashed line).

Fig. 13. Measured and predicted residual capacity of specimens S0M (top) and
S1M (bottom).
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strength of the concrete was fc= 44.2 MPa and the maximum aggregate
size was ag= 14 mm. The complete load-deflection response of the deep
shear span has been previously simulated with the crack-based model,
and further details related to the modelling of this member are provided
elsewhere [17]. In this paper, the deep shear span of the 4-meter-deep
member is exclusively used for the validation of the direct crack-based
assessment.

Collins et al. [25] used a vertical displacement transducer to measure
deformations in the vicinity of the loading plate. The transducer was
installed within the CLZ, at 250 mm measured horizontally from the
middle of the loading plate. To determine the measured value of wv,cr, it
is necessary to extrapolate the reading to the edge of the CLZ.

As shown in Fig. 14, the direct assessment approach that makes use
of the crack-based simulation is able to capture accurately the residual
capacity of the specimen up to failure. Although the shear reinforcement
ratio is relatively low in this member, the largest contribution to the
shear resistance is provided by the stirrups.

It is important to note that all studied specimens featured different
governing mechanisms of shear resistance. Specimen CCR2 was gov-
erned by the critical loading zone, specimen S0M was governed by
aggregate interlock, the 4-meter deep Toronto specimen was governed
by the transverse reinforcement, and S1M combined significant critical
loading zone and aggregate interlock contributions. The results indicate
that the assessment method can capture the complete range of these
failure mechanisms and the residual capacity for all ranges of wv,cr, the
critical vertical crack displacement.

7.4. Summary of crack-based assessment results

Table 1 presents a summary of the results using the crack-based
assessment approach described in this paper. The table provides a
comparison of the measured and predicted peak shear force Vmax, as well
as the two DOFs described in the 2PKT, εt,avg and Δc. The results indicate
that the crack-based assessment approach performs well for all the
specimens examined.

8. Summary and conclusions

The paper set out to answer three questions as they relate to the
crack-based assessment of lightly reinforced concrete deep beams:

1) Which critical crack displacements should be measured?
2) Where should the critical crack displacements be measured along the
cracks?

3) How to assess the residual shear capacity of the member, given the
measured critical crack displacements?

The means used to address these questions included a detailed
analysis of data from the CCR2 experiment, as well as the modelling
framework provided by the 2PKT. The conclusions pertaining to the
three questions are the following:

1. The vertical crack displacements are most conducive for crack-based
assessments of deep beams. It was illustrated that these displace-
ments vary smoothly along the critical cracks, and therefore do not
render the assessment approach sensitive to small variations in
measurements. Equally as important, the vertical crack displace-
ments are closely linked to the shear deformations governing the
response of deep members. In contrast, crack widths were shown to
exhibit rapid variations even along small crack segments.

2. The critical vertical crack displacement is taken in the vicinity of the
critical loading zone, where the concrete crushes at failure. The exact
location is defined by the size of the critical loading zone which is
obtained from the measured crack shape. Closer to the load and near
the support the vertical crack displacements are significantly
disturbed by the load and flexural reinforcement, respectively.

3. The residual shear capacity of deep members can be assessed using
the crack-based 2PKT. The input for assessment includes the
measured shape of the critical crack, as well as the measured critical
vertical crack displacement. The crack-based assessment method was
able to determine the residual capacity of four deep members with
variable properties and governing shear carrying mechanisms.

In this crack-based assessment framework, the methodology devel-
oped is based on the kinematics of a specific structural typology. An
important challenge for the future is to apply these lessons and methods
to other structure typologies governed by different kinematics. Simi-
larly, it is necessary to develop an understanding of how these methods
can be applied in the field to conduct reliably structural assessments
directly from cracks.
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Fig. 14. Measured and predicted residual capacity of the deep shear span of the
4-m-deep Toronto specimen.

Table 1
Summary of crack-based assessment measured and predicted values at failure.

Beam εt,avg × 10− 3 Δc, mm Vmax, kN Vexp/Vpred

Exp. Pred. Exp. Pred. Exp. Pred.

CCR2 1.80 1.79 3.38 3.30 1118 1062 1.05
S0M 2.01 1.65 0.80 0.80 721 715 1.01
S1M 2.18 2.29 1.14 0.90 941 950 0.99
PLS4000W 2.00 2.32 1.80 2.14 1509 1486 1.02

Note: Experimental and predicted Δc values near failure at Ψ = 7 % for beams
S0M, S1M, and PLS4000W.
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