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Abstract

Ranking entities such as algorithms, devices, methods,
or models based on their performances, while accounting
for application-specific preferences, is a challenge. To ad-
dress this challenge, we establish the foundations of a uni-
versal theory for performance-based ranking. First, we
introduce a rigorous framework built on top of both the
probability and order theories. Our new framework en-
compasses the elements necessary to (1) manipulate perfor-
mances as mathematical objects, (2) express which perfor-
mances are worse than or equivalent to others, (3) model
tasks through a variable called satisfaction, (4) consider
properties of the evaluation, (5) define scores, and (6)
specify application-specific preferences through a variable
called importance. On top of this framework, we propose
the first axiomatic definition of performance orderings and
performance-based rankings. Then, we introduce a univer-
sal parametric family of scores, called ranking scores, that
can be used to establish rankings satisfying our axioms,
while considering application-specific preferences. Finally,
we show, in the case of two-class classification, that the
family of ranking scores encompasses well-known perfor-
mance scores, including the accuracy, the true positive rate
(recall, sensitivity), the true negative rate (specificity), the
positive predictive value (precision), and Fy. However, we
also show that some other scores commonly used to com-
pare classifiers are unsuitable to derive performance order-
ings satisfying the axioms.

1. Introduction

Every day, millions of people are faced with choices to
make. Often, these choices are between entities (e.g., al-
gorithms, devices, methods, models, options, procedures,
solutions, strategies, efc.) considered to be interchange-
able, although not necessarily equivalent in terms of perfor-
mance. One of the main difficulties arises from the uncer-
tainty that people have regarding the use that will be made
of the entity to choose. A widespread approach to objecti-
fying these choices is to (1) perform an evaluation to de-
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Figure 1. This work establishes the foundations of the theory of
performance-based ranking. We do this in two steps. First, we
introduce a new mathematical framework with 6 main elements,
as depicted here by the pillars. Second, we build on top of it:
(1) a set of three axioms for the ordering of performances and for
the performance-based ranking of entities, (2) sufficient conditions
for them when the performance ordering is induced by a score,
and (3) a family of scores, named ranking scores that consider the
application-specific preferences. This theory is universal in the
sense that it is applicable to any task.

termine (i.e., assume, calculate, estimate, predict, efc.) a
performance, encompassing the necessary uncertainty, for
each of these entities; (2) choose a way of comparing these
performances with each other; and (3) assume that an en-
tity is preferable to others if it has the best performance. A
more general problem is to establish an order of preference
between the entities: this is the performance-based ranking.

The approach of performance-based ranking is common
in many fields and has proved its usefulness, especially
in scientific communities that organize themselves around
competitions [3, 10, 16, 17] for the development of al-
gorithms for specific tasks. Nevertheless, several studies
[18, 19] have alerted the scientific community about the
ranking methodology used in these competitions.

A critical analysis [18] of common practices for 150
biomedical image analysis challenges reveals that the scores
used are justified in only 23% of the cases, and that the rank
computation method is reported in only 36% of the cases.
Moreover, there are at least 10 different methods for deter-



mining the rank of an algorithm based on multiple scores.
The properties of these methods are largely unknown.

There remains an obvious lack of theoretical founda-
tions for the performance-based ranking. From our perspec-
tive, there is a common and detrimental confusion between
the concept of performance and the numerical scores (also
called metrics, measures, indicators, criteria, factors, and
indices [2, 24]). Moreover, the way of comparing perfor-
mances is often chosen by intuition [19] or by imitation of
what has been chosen in the previously published related
works. This inevitably leads to a drastic loss of diversity
in the rankings that can be presented. From our perspective,
considering the diversity of possible rankings is healthy, and
also desirable for those who want to subsequently choose an
entity based on their own application-specific preferences.

The lack of theoretical foundations is profound. Loosely
speaking, the performance of a given entity can be defined
as the information necessary to determine the degree of sat-
isfaction one has with it, relatively to application-specific
preferences tuned by the relative importance given to the
various cases that can occur when the entity is used. Al-
though such a definition sheds interesting light on the sub-
ject, it does not specify the mathematical nature of the per-
formance, the space in which it is, or the operations that are
permitted, particularly those that enable the various perfor-
mances to be compared with one another.

The aim of this paper is to look at the performance-based
ranking from a broader angle. As shown in Fig. |, we es-
tablish mathematically rigorous theoretical foundations that
can be applied to a wide range of problems. Throughout the
paper, we exemplify our theory with the task of two-class
classification. More tasks are detailed in Appendix A.2
about: multi-class classification with links to micro- and
macro-averaging; regression with links to the mean squared
error and the mean absolute error; information retrieval; de-
tection with links to the intersection over-union and the F-
score; clustering with a link to the Fowlkes-Mallows index;
ranking with a link to Kendall’s 7.

Contributions. Our contributions are threefold. (1) First, in
Sec. 3, we present a new mathematical framework that en-
compasses the evaluation of entities, the performances, the
space in which they are, the notions of satisfaction and im-
portance, the scores that characterize numerically the per-
formances, and some operations permitted on performances
such as those for combining several performances and those
for comparing performances with one another (is equiva-
lent to, is worse than, is better than, is incomparable with,
etc.). (2) Second, we introduce the foundations of the the-
ory of performance-based ranking in Sec. 4. We innovate
with an axiomatic definition for both the ordering of per-
formances and the ranking of entities based on their per-
formances. We also present a new family of scores, named
ranking scores, that can be used to induce performance or-

derings that satisfy our axioms. These scores are parameter-
ized by application-specific preferences, and are universal,
i.e., applicable to any task. (3) Third, in Sec. 5, we study the
particularization of our theory of performance-based rank-
ing to the popular case of the two-class crisp classification.

2. Related Work

Mathematical foundations for our work can be found in the
probability theory, in the order theory, and in statistics. The
probability theory [14, 15] provides the tools needed to con-
sider the uncertainty that one has about how an entity will
be used. However, to be rigorous, probability measures can-
not be used without defining a measurable space. Surpris-
ingly, after reviewing hundreds of papers that use the no-
tion of performance, mainly in the fields of computer vision,
medicine and physics, we found none that explicitly gives
such a space and explains how to express, based on it, what
the performances are and what operations are allowed on
them. The order theory [6, 11] provides the basis for defin-
ing and manipulating homogeneous binary relations such as
is equivalent to, is worse than, is better than, and is incom-
parable with that underpin rankings. Statistics provide tools
to compare rankings through rank correlations, in particular
Kendall’s 7 [13] and Spearman’s p [23].

In a recent attempt to formalize the notion of ranking,
for basic vision tasks, Nguyen et al. [19] proposed to im-
pose three properties for ranking: (1) reliability (“a small
change in parameter values, should not result in a drastic
change in rankings”), (2) meaningfulness (evaluated by hu-
mans), and (3) mathematical consistency (“use scores that
satisfy certain properties”). The mathematical framework
introduced in this paper helps to clarify these three require-
ments. (1) Regarding the reliability, which is also a matter
of concern in [18], we argue that one should distinguish be-
tween two types of parameters: those involved in the eval-
uation (i.e. the step in which the performance of an entity
is determined) and those involved in the ranking of the en-
tities based on their previously determined performances.
The case actually discussed in [19] is of the first type. The
second type of parameters can be useful to adapt the rank-
ing to application-specific preferences: the importance. (2)
Regarding the meaningfulness, in the absence of analytical
means to ensure the meaningfulness of scores, Nguyen et
al. [19] suggest testing the ranking procedure on sanity tests
with pre-determined desired rankings. In contrast, we pro-
pose to start by modeling the task through a variable called
satisfaction and then to derive meaningful ranking scores,
by construction. (3) Concerning the mathematical consis-
tency, we show that it is possible to impose it based on ax-
ioms, at a level just below the scores (see Fig. 1).



3. Mathematical Framework

We now present the mathematical framework in which the
theory of performance-based rankings will be established in
Sec. 4.

To the best of our knowledge, it is the first time that a
rigorous mathematical framework is conceived for the uni-
versal comparison of performances. All mathematical sym-
bols used in this paper are defined where they first appear.
For convenience, we also provide a list of them in Ap-
pendix A.l. Our framework involves six components that
correspond to the pillars depicted in Fig. 1.

Performance to address uncertainty. First, we introduce
the notion of performance, which is our main object of in-
terest. To anchor it on a solid mathematical ground, we
leverage probability theory to benefit from its established
expressivity and rigor, and thus define performances as
probability measures. Probability theory is indeed the ideal
framework for studying uncertainty and randomness, which
naturally pertain to performances, hence our choice.

The essence of performance. Then, we define the three
components that really differentiate performances from or-
dinary probability measures: performances should be com-
parable/rankable (e.g., we need notions of better and worse
performances) through a preorder <; performances should
be related to a task, that we model by a random variable
called satisfaction S; and performances should be related
to entities (algorithms, devices, efc.) through an evaluation,
that we model by a function ®. We show that there exist
compatibility conditions to be met between < and S as well
as between < and ®, which lead us to formalize the axioms
at the basis of our theory in Sec. 4.

Performance in practical applications. Finally, we define
two components that connect our theory to practical appli-
cations: the scores X, which are functions mapping perfor-
mances to numerical values (e.g. accuracy, error rate,efc.);
and the importance I, a random variable that encodes ap-
plicative preferences about the possible outcomes of the
process. Later in Sec. 4, we show how these two compo-
nents can be defined to satisfy sufficient conditions (through
three theorems) to fulfill our three axioms, thus further serv-
ing as basis for our performance-based ranking theory and
the definition of new universal ranking scores.

3.1. The Performance P as a Probability Measure

For us, a performance is not a real number or a collection
of them, as sometimes assumed in the literature. Instead,
we choose to design our mathematical framework specifi-
cally to compare performances having a probabilistic mean-
ing. Thus, we ground our framework in probability the-
ory [14, 15] and consider that performances P are probabil-
ity measures. For two performances to be comparable, they
should be defined on a common measurable space (£2, %),

where (Q is the sample space, or universe, and ¥ is a o-
algebra on ) called event space. Without loss of generality,
when Q is finite, one can choose & = 2. We note Py
the set of probability measures on (€2, X).

Example 1. For the popular case of two-class crisp clas-
sification, several choices can be made for Q). In the sim-
plest setting, this set contains two elements interpreted as
“correct result” and “incorrect result”. In this case, the
performance analysis can only be based on the proportion
of correct results, i.e., the accuracy. In another setting, one
can choose to have three elements in (), making the distinc-
tion between the two types of incorrect results, namely false
positive (a.k.a. type I error) and false negative (a.k.a. type
II error). Finally, one could prefer having four elements in
Q, one for each pair of ground-truth and predicted classes
(in the frequency-based approach, this corresponds to the
normalized contingency table or confusion matrix). This
enlarges the flexibility in the analysis of performances.

3.2. Ordering Performances with a Preorder <

Our framework is not only grounded in probability theory,
as explained above, but also in order theory [6, 11]. We
aim at being able to decide if a performance is, e.g., worse
than, equivalent, or better than another one. Mathemati-
cally, these comparisons are done thanks to binary homo-
geneous relations on P x). Indeed, all binary relations
used to compare performances should be coherent, i.e., they
should all correspond to a common performance ordering.
Following this path, in this paper, the binary relations ~, >,
<, and 2 on P(q 5 will be implicitly considered as derived
from a common binary relation < on IP(q 5 as follows:

® P1 NPQlfaIldOIl]ylf(llf)Pl SPQ/\PQ SP]_;

. P1>P2il.fP1%P2/\P2§P1;

d P1<P2il:fP15P2/\P2%P1;

. P z Pyiif P, £ P, APy % P.

With such a construction, if < is a preorder (i.e., reflex-
ive and transitive), then ~ is an equivalence (i.e. reflexive,
transitive, and symmetric), > and < are converse strict par-
tial orders (i.e., irreflexive, asymmetric, and transitive), and
2 is irreflexive and symmetric. ~ For the proof, see Ap-
pendix A.3.4. These are the intuitively expected properties
that justify to interpret < as worse or equivalent, > as bet-
ter, < as worse, and Z as incomparable.

Example 1 (continued). In the case of two-class classifi-
cation, two spaces are commonly used to depict the perfor-
mances as points, at fixed priors: the Receiver Operating
Characteristic (ROC) space and the Precision-Recall (PR)
space. On the one hand, ROC users will all intuitively agree
that a performance P is better than, equivalent to, or worse
than a performance P, when both the values of TN R (true
negative rate) and the T PR (true positive rate) of P, are
greater, equal, or smaller than those of P», respectively.



Few of these users will risk deciding when one of the two
scores is higher while the other is lower, as this depends
on application-specific preferences. On the other hand, PR
users will perform a similar intuitive reasoning based on the
TPR (recall) and the PPV (precision). A careful compar-
ison reveals that ROC and PR users do not intuitively make
the same decisions. This is surprising since, at fixed priors,
both spaces show the same thing [7]. Our theory clarifies
what are the suitable performance orderings.

3.3. Modeling the Task as a Random Variable S

The random variable satisfaction, S : 1 — R, is task-
specific. The user is responsible for assigning satisfaction
values that are meaningful for the task at hand. We argue
that a task is ill-defined when the satisfaction is not speci-
fied, either explicitly or implicitly. In this paper, we pose
Smin,Q = minweﬂ S(w) and Smax,Q) = MaAX,HeQ S(w)

Example 1 (continued). In the case of two-class classifica-
tion, we expect that most people will agree that (1) the satis-
faction takes the same value for all samples corresponding
to incorrect results (e.g. S = 0), (2) the satisfaction takes
the same value for all samples corresponding to correct re-
sults (e.g. S = 1), and that (3) the satisfaction is strictly
greater for correct results than for incorrect results.

3.4. Modeling the Evaluation as a Function

We now have all the elements necessary to introduce the no-
tion of evaluation. Let us denote, by [E, the set of entities
of interest. In our framework, the evaluation is modeled by
function eval : E — P(q 5) : € = eval(e). We find it con-
venient to think in terms of a (thought) random experiment
involving an entity e and having outcomes that allow to de-
termine how satisfying the various realizations are, e.g., if
the result is correct, how accurate it is, or how many re-
sources are used. We define the performance P = eval(e)
of an entity € as the distribution of these outcomes.

Example 1 (continued). In the particular case of classifica-
tion, a typical random experiment implicitly considered in
the literature is in five steps. (1) Draw a sample s at random
from a source. (2) Apply the oracle on s to obtain ground-
truth class y(s). (3) Apply a descriptor on s to obtain the
features (a.k.a. attributes) x(s). (4) Feed the classifier with
x(s) to obtain the predicted class §(x(s)). (5) Set the out-
come of the experiment to the pair (y,§).

Our framework can be further enriched by integrating
some knowledge about the function eval. By definition, a
performance P is achievable when there exists an entity e
whose evaluation leads to it: Je : eval(e) = P. It of-
ten happens that, based solely on the performances of the
evaluated entities, we can be sure that some other perfor-
mances are also achievable, by combining and/or disrupting

the entities we have at our disposal. To take this knowledge
into account, we define the function @ : 2F@.» — 9F@.m)
that gives the set of performances that are achievable for
sure, for some set of achievable performances given in in-
put. Note that ® is idempotent, i.e. & o & = P.

Consider a random experiment using a black box entity
€ only once (this is the knowledge we have about eval).
Let A1, Ao, ...\, be positive values summing up to one.
All other things remaining identical, if one can achieve the
performances Pi, P, ... P, with, respectively, the entities
€1, €3, ... €y, then the performance ZZ \; P; is achievable
with a hybrid entity that randomly selects an entity among
€1, €2, . . . €, With the series of respective selection probabil-
ities A1, Ag, . .. A, before running the corresponding entity.
In this case, denoting the set of all possible convex combi-
nations by conv, we can take & = conv.

Example 1 (continued). In the particular case of two-class
crisp classification, when the source of samples, the ora-
cle, and the descriptor are kept unchanged, Fawcett’s inter-
polation [8] allows interpolating linearly between perfor-
mances with a hybrid classifier. And, when the oracle, the
descriptor, and the classifier are kept unchanged, Piérard’s
summarization [20] allows interpolating linearly between
performances with a hybrid source of samples.

3.5. The Scores as Functions X of Performances

In our framework, scores' (also called metrics, measures,
indicators, criteria, factors, and indices in the literature [2,
24]) are functions associating a real value to performances,
that is, X : dom(X) - R : P — X (P) with dom(X) C
Piq,x). One can define different parametric families of
scores, such as:

» Expected value scores are parameterized by a random
variable V. We define them as X : IP’%),E) —
[mingeco V(w), max,ecq V(w)] P - X{(P) =
Ep[V], where E denotes the mathematical expectation.
The score X Z, that we call the expected satisfaction, is
a universal score in the sense that it exists for all sample
spaces 2. It will be further studied in Sec. 4.

* Probabilistic scores are parameterized by two events
E\,E; € X suchthat ) C By C Fy C Q. We define
them as X§1|E2 AP €Py) : P(E2) #0} —[0,1] :

P Xp g, (P) = P(E1|E,). All probabilistic scores

can be expressed as a ratio of two expected value scores.

Example 1 (continued). In the case of two-class classifi-
cation, the expected satisfaction is both the expected value
score X% and the probabilistic score ngl\ﬂ' This is be-
cause S is a {0, 1}-binary random variable. In this case,
the expected satisfaction is called accuracy and is noted A.

'We choose the term score to avoid any possible confusion with the
mathematical meaning of the terms metric, measure, and indicator.



3.6. Modeling Application-Specific Preferences as a
Random Variable 1

It is well known that the ranking of entities does not only
have to be specific for the task, but that it should also be sen-
sitive to application-specific preferences. To encode these
preferences, we propose to rely on a second random vari-
able that we call importance: 1 : Q@ — R>o. We require
that I # 0, i.e. Jw : I(w) # 0.

Further in this paper, we will describe a new family of
scores, called ranking scores, which are parameterized by
this random variable. We would, however, like to draw the
reader’s attention to the fact that the importance is some-
thing that cannot, in general, be deduced from a score. In
particular, the visual inspection of a formula for a given
score could be misleading. Therefore, in this paper, we
present a technique to analyze the behavior of any score by
computing the rank correlations with the ranking scores for
which the importances are well-defined.

Example 1 (continued). In the case of two-class classifi-
cation, we provide examples of misleading formulas in Ap-
pendix A.4, in particular two equivalent formulas for the ac-
curacy and two for the true positive rate. In both cases, by
visually inspecting them, one would intuitively draw differ-
ent conclusions about the importance given to the true neg-
atives, false positives, false negatives, and true positives.

4. Performance-Based Ranking Theory

In this section, we build our theory in three steps, repre-
sented by the three lintels of Fig. 1, on top of the six pillars
depicting our mathematical framework. First, we present a
universal axiomatic definition of performance orderings and
performance-based rankings of entities (Sec. 4.1). Then,
we link these axioms with the scores, and give a sufficient
condition per axiom (Sec. 4.2). Finally, we account for the
application-specific preferences and provide an infinite, di-
versified, and universal family of scores that induce perfor-
mance orderings satisfying our axioms (Sec. 4.3).

4.1. Axiomatic Definition

We propose an axiomatic definition (the first as far as we
know) of both performance orderings and performance-
based rankings. The axioms do not involve any X or I.

4.1.1 Leveraging the Preorder <

We argue that if several entities from a set E have been
ranked, then removing or adding an entity should not af-
fect the relative order of those ranked entities. To guarantee
it, our first axiom imposes that the ranking function is based
on a preorder S on P(q 5y. There is no consensus in the lit-
erature on the rank value to consider when several entities

have equivalent performances. Thus, instead of setting an
arbitrarily chosen value, our axiom specifies bounds for it.

Axiom 1. The ranking function rankg : E — [1, |E|] : € —
rankg(€) satisfies |[{e' € E : eval(e) < eval(e')}| +1 <
rankg(e) < [{€' € E : eval(e) < eval(¢')}|, where < is a
preorder on P(q ).

4.1.2 Leveraging the Satisfaction S

We argue that if the satisfaction that can be obtained with
an entity € is for sure less or equal than the satisfaction that
can be obtained with an entity €5, then the performance P;
of €1 cannot be better than the performance P» of es.

Axiom 2. For Py, P, € Pq 5y such that Pi(S < s5) = 1
and Py(S > s) = 1 for some s, then Py < Py or Py % P.

This implies that, thanks to S, we can use the natural
order < that exists on R to obtain a preorder on {2, and the
axiom states that the preorder on P ) is coherent with it.

Let us now take a look at three implications that are
clearly intuitively expected.

Corollary 1. For any s, all performances P such that
P(S = s) = 1 are either equivalent or incomparable.

Corollary 2. We have P(S = Syinq) =1 = 3P : P' <
P. In other words, P(S = Sminq) = 1 means that P
belongs to the set of the worst performances, among P(q x).

Corollary 3. We have P(S = spazq) = 1= AP : P’ >
P. In other words, P(S = Smazq) = 1 means that P
belongs to the set of the best performances, among P(q ).

4.1.3 Leveraging the Combinations ¢

We argue that, for any set of achievable performances, it
must be impossible to obtain with certainty a performance
better than the best of them, or worse than the worst of them,
by sequentially combining operations from an arbitrary set
of possible operations to perturb (e.g., add noise to their out-
put) the entities corresponding to that initial set. Expressing
this requirement in terms of < leads to our third axiom.

Axiom 3. Let P be a performance, and 11 be a set of per-
formances on P(q 5 such that P' S PV P < P'VP' € 1L
« PP<PVYP €ll= P < PVP e ®(ll);

e PPZLPVP €¢ll= P Z PVYP € ®(Il);

e« PSPVP ell= P < PVYP e ®(Il);

s and P L P'YP' €1l = P £ PVP € ®(1l).

With the definitions for ~, >, <, and z given in Sec. 3.2,
the following corollary can be derived.

Corollary 4. Let P € Pq 5y and 11 C P(q 5 such that
P <PV P<PVP eIl Wehave:



P ~ PVP' €ll = P ~ PYP € ®(II)
e PP>PVP ell= P> PVP e ®(II);
(IT)
(1)

>

e« PP< PYP €ll= P < PYP € ®(1);

’

P’%PVP’eH:sﬁgpvﬁecbn.

4.1.4 Consistency

The three axioms are consistent in the sense that they do
not contradict each others. A trivial preorder < for which
all axioms are satisfied is the one such that all performances
are equivalent, regardless of what .S and @ are.

4.2. Sufficient Conditions for Score-Based Rankings

We can now connect the axioms and scores and give suffi-
cient conditions to satisfy our axioms. The proofs for the
three following theorems are given in Appendix A.5.

The 1% theorem explains how performance orderings <
can be induced from scores X, which allows capitalizing on
the natural order < on R to obtain a preorder S on P(q 5.

Theorem 1 (Sufficient condition for Axiom 1). A binary
relation Sx on P(q 5 induced by a score X as Py Sx Po
iif either P, = Py or P, € dom(X) and P, € dom(X)
and X (Py) < X(Ps), is a preorder satisfying Axiom 1.

The 2" theorem makes the connection between the prop-
erties of the scores X and the satisfaction S.

Theorem 2 (Sufficient condition for Axiom 2). If a score
X satisfies mingep S(w) < X(P) < maxyep S(w) for
all events E € ¥ and all performances P € dom(X) such
that P(E) = 1, then the ordering <x satisfies Axiom 2.

The 3" theorem makes the connection between the prop-
erties of the scores X and the function ®.

Theorem 3 (Sufficient condition for Axiom 3). If a score
X is such that 1T C dom(X) = ®(II) C dom(X) and
minper X(P) < X(P) < maxpen X(P) for all 1 C
dom(X) and all P € ®(I1), then the ordering Sy satisfies

Axiom 3.
4.3. The Ranking Scores: Solutions for & = conv

We now aim to define scores that satisfy our theorems and
thus our axioms. We provide such scores in the case of
® = conv, shown particularly relevant in our catalog of
practical examples (see Appendix A.2). Beyond that, we
include the application-specific preferences modeled by the
random variable I. We introduce a new family of scores,
the ranking scores Ry, that are parameterized by the impor-
tance, a non-negative random variable I # 0:

R;: dOHl(RI) — [Smin,Qasmar,Q] :

_Ep[IS]  Yucolw)SW)P{w})

P Bi(P) = g = > wea Iw)P({w})

where dom(R;) = {P € Po ) : Ep[I] # 0} and the
second equality holds in the common case where €2 is finite
and ¥ = 22, The expected satisfaction X g corresponds to
R when all samples are equally important.

The scores R; and the performance orderings <g, sat-
isfy the conditions of Theorem 1, 2, and 3 for & = conv
(proofs in Appendix A.6.1). Thus, the performance order-
ings <pg, induced by the ranking scores satisfy all our ax-
ioms. Hence, the chosen name. Remarkably, these scores
are universal: they can be used for performance-based rank-
ing, regardless of the sample space €.

Properties. Let us now give some selected properties
(proofs are in Appendix A.6.1). The first one clarifies how
the importance can be interpreted. Consider any random
experiment for which the set of possible outcomes is €2,
their distribution being given by P. One can choose to
filter the outcomes as follows: run the experiment, and
if the outcome is w, end the experiment with probabil-
ity I(w)/ > cq I(w'), otherwise restart everything. The
new distribution of outcomes is given by the operation
filter; (P).

Property 1. The ranking scores can be decomposed into
an operation on performances considering the importance
I and a score (the expected satisfaction) considering the
satisfaction S. We have Ry = X 5]? o filtery, with

filter; : dom(Ry) — P 5 :

P (2 L (0,1): B e P({“’})I(”)) _

2wea PHONI(W)

So far, the satisfaction was fixed. But what if one hesi-
tates about the objective of the task, i.e. with its modeling
through S? The next property clarifies what really matters.

Property 2. Linearly transforming the satisfaction results
in the same linear transformation of the ranking score. It is
something that does not affect the ordering.

The next property is about the scale invariance of I.

Property 3. Ry; = Rj,Vk # 0. We can thus restrict
the study of ranking scores to the case in which the total
importance ) ., I(w) is constant.

We can go further in the case of a binary satisfaction.

Property 4. For a binary satisfaction, the performance or-
dering induced by a ranking score is insensitive to the uni-
form scaling of the importance given to the unsatisfying
(S=1(0)) or to the satisfying (S~1(1)) samples.

Most scores obtained by averaging or integrating rank-
ing scores are not themselves ranking scores, and are un-
suited for ranking. Thanks to Theorem 2, we know that the



performance orderings induced by them satisfy Axiom 2.
However, most often, they do not satisfy Axiom 3. Yet, two
exceptions occur in the case of a binary satisfaction.

Property 5. If I is the arithmetic mean of I and I, then
Ry is the f-mean of Ry, and Ry, with f : © +— 7L e,
the harmonic mean, when S(w) = 1 = I (w) = Ir(w).

Property 6. If I is the arithmetic mean of I and I, then
Ry is the f-mean of Ry, and Ry, with f : x + (1 —x)~1,
when S(w) = 0= I (w) = Ix(w).

For any homogeneous binary relation R (e.g. <, <, =,
>, >, ...) on R, let us define the set ¢ (P) = {P’ €
Posy : Ri(P)RR;(P)}. Based on these sets, the fol-
lowing property helps to understand why the ranking scores
are suitable when ® = conv. This is indeed related to the
fact that the scores Ry are pseudolinear functions.

Property 7. With the performance orderings Sp, induced
by the ranking scores R and for any given performance
P € Pq ), the worse set o (P) (ak.a. the strictly lower
contour set), the worse or equivalent set ¢p<(P) (the lower
contour set), the equivalent set ¢p_(P), the better or equiv-
alent set ¢>(P) (the upper contour set) and the better set
o~ (P) (the strict upper contour set) are all convex.

5. Observations for Two-Class Classification

We now examine the particular case of two-class crisp clas-
sification. First, we compare the classical formulation of
this task with ours. Then, we examine more closely what
our ranking theory teaches us for this task.

5.1. Classical vs. our Formulation

Limitation of the classical formulation. Usual two-class
classification settings first define a set C = {c_,c4} in
which c_ and c; are named negative class and positive
class. Then, pairs (y,9) € C? composed of a “ground
truth” y and a “prediction” ¢ are interpreted as: a frue neg-
ative tn = (c_,c_), a false positive fp = (c_,cy) (type
I error), a false negative fn = (cy,c_) (type Il error), and
a true positive tp = (¢4, c4). Finally, scores are defined
as formulas involving these elements, upon which rankings
of entities are based. However, there is no mathematical
guarantee of the meaningfulness of such rankings.

Advantage of our formulation. In our framework, the
two-class classification settings are as follows. We consider
the sample space 2 = {tn, fp, fn,tp} and the event space
> = 29 The samples tn, fp, fn, and tp are interpreted as
in the classical case. The natural choice for the satisfaction
is such that S(fp) = S(fn) = 0and S(tn) = S(tp) = 1.
After modeling application-specific preferences through a
choice of importances I, we can derive rankings scores R;

to rank entities based on their performances, with the cer-
tainty that the ranking is mathematically valid.

Link between the two formulations. Fortunately, the two
formulations can be easily connected, which allows trans-
lating concepts from one to the other whenever necessary.
Indeed, to go from our formulation to the classical one,
we only need to define a “ground-truth” random variable
Y : Q — C such that Y(tn) = Y(fp) = c_ and
Y(fn) = Y(tp) = c4, as well as the “prediction” random
variable Y : Q — C such that Y (tn) = Y (fn) = c_ and
Y (fp) = Y(tp) = c4. Conversely, moving from the clas-
sical formulation to ours just requires considering {2 = C?
and S = 1, _¢. This link is represented in Fig. A.7.1.

5.2. What Does our Ranking Theory Teach us?

We now examine some common scores used in the liter-
ature for two-class classification, from the ranking stand-
point. Methodologically, we choose the set of numerical
quantities that were listed in a recent review [2], and focus
on those that are scores (this excludes the base measures
and the 1% level measures as they are called in that paper).

We consider three sets of performances: (1) all perfor-
mances P x); (2) all performances for fixed and unbal-
anced priors (we set arbitrarily a positive prior of 0.2); (3)
all performances for fixed and balanced priors. For each
score X and each set of performances II, we report in Tab. 1
the result of three tests on X as well as the minimum and
maximum rank correlations X has with the ranking scores.

The tests are the following. The 1% test determines if
Sx satisfies Axiom 2 when the set P(q ) is restricted to
II. The 2" and 3 tests relate to Theorem 3 (and thus to
Axiom 3). The 2" test determines if, for any subset IT’
of II, maxprerr X (P’) is greater or equal to X (P) for all
performances P € conv(Il'). The 3" test determines if,
for any subset IT" of II, minps e X (P’) is less or equal to
X (P) for all performances P € conv(Il').

For the rank correlations, we first try to determine ana-
lytically if the score is monotonically increasing or decreas-
ing with one of the ranking scores. If it is the case, we
report a maximum correlation of 1 or a minimum correla-
tion of —1, respectively. The proofs can be found in Ap-
pendices A.7.3 and A.7.4. Otherwise, we report empirical
values obtained by optimizing Kendall’s 7. We consider a
uniform distribution of performances within II. Kendall’s 7
is computed using a function provided in SCIPY [25], with
its default parameters, and fed with the values of R; and X
for about 6,550 performances regularly placed in II. Note
that Kendall’s 7 is not a continuous function of I when es-
timated on a finite set of performances. We designed a cus-
tom optimizer to estimate 7, detailed in Appendix A.7.2.

The result of our review is given in Tab. 1, where the
scores have been grouped in three categories: in green are
the scores satisfying the three tests in all cases. In orange



Table 1. Properties of some common scores defined in the literature for two-class crisp classification. The symbol findicates a value that
has been obtained theoretically, the others have been obtained empirically. Our conclusion is that, for the purpose of ranking, the scores in
green can always be used, those in orange should only be used when the priors are fixed, and those in black cannot be used even when the

priors are fixed. See Sec. 5 for the detailed description.

without any constraint: all performances with constraint: positive prior = 0.2 with constraint: positive prior = 0.5
score Itest | 2 test | 3 test | Tymin Tmaz | 1 test | 2 test | 3 test | Tonin Tmaz | 1 test | 29 test | 30 test | Tonin Tmaz
Accuracy \Y v / 0.469 1 \Y \Y / 0.157 1 \Y \Y A 0.505 1
F-score for 3 = 0.5 \4 v \4 0.079 1 \4 \ \% 0.451 1 \4 V v 0.352 1
F-score for 3 = 1.0 v v \Y 0.161 17 v v \Y 0.352 17 \% v v 0.194 1
F-score for 5 = 2.0 A% A% v 0.079 1f A% A% A% 0.194 1f A% A% A% 0.072 1
Negative Predictive Value (NPV) V v v 0.000 1 v v v 0.503 1 A% v v 0.503 1
Positive Predictive Value (PPV) v v \Y 0.000 17 A% v v 0.503 17 A% v \Y 0.503 17
True Negative Rate (TNR) v v v 0.000 1 v v v 0.000 1f A% A% A% 0.000 1f
True Positive Rate (TPR) \4 \4 \Y 0.000 1 \4 \4 \Y 0.000 1 \Y \4 \Y 0.000 1"

\Y X X 0.486 | 0.713

X X X 0.476 | 0.697

\% X X 0.486 | 0.713

v X X 0.420 | 0.677

X A% \Y -0.007 | 0.818

X \Y% \ -0.006 | 0.818
Chance in Cohen’s & X X X 0.194 | 0.498 X \Y v -0.157 | 0.849
Error Rate X \% \% -1F | -0469 | X \% \Y -1 0157 | X \% \Y -1f | -0.505
False Discovery Rate (FDR) X v \% -1f 0.000 X v v -1f -0.503 X v v -1f -0.503
False Negative Rate (FNR) X Y% \Y -17 | 0.000 X Y \% -17 | 0.000 X Y% \% -17 | 0.000
False Omission Rate (FOR) X v \Y -17 | 0.000 X v \Y -7 -0503 | X v \Y -17 | -0.503
False Positive Rate (FPR) X A% v -1 0.000 X A% \Y -1 0.000 X A% \Y -1t 0.000
Geometric mean of TNR and TPR A% X X 0.461 | 0.653 v X v 0.503 | 0.831 v X v 0.503 | 0.830
Markedness \% X X 0.486 | 0.713 \% X X 0.418 | 0.887 \% X X 0.503 | 0913
Matthews Correlation Coefficient (MCC) v X X 0.503 | 0.746 v X X 0.458 | 0.944 v X X 0.503 | 0.963
Negative Likelihood Ratio (NLR) X X X -0.677 | -0.418 X A% \Y -1t -0.491 X v \Y -1t -0.491
Odds Ratio (OR) v X X 0.499 | 0.671 v X X 0.503 | 0.894 v X X 0.503 | 0.892
Rate of positive predictions X v v -0.469 | 0.469 X v v -0.849 | 0.157 X v v -0.504 | 0.505
Sensitivity Index Estimate (d’) v X X 0.502 | 0.786 v X X 0.503 | 0.926 v X X 0.503 | 0.924

are those that satisfy the three tests only for fixed priors.
In black are the others. We draw 4 conclusions. (1) Per-
formance orderings satisfying our axioms can be induced
by several classical scores for two-class classification (in
green). (2) There exist scores that are commonly used in the
literature (in orange) that cannot be used for ranking classi-
fiers, unless the priors are fixed. (3) There exist scores that
are often used to compare classifiers (e.g., the geometric
mean of TNR and TPR, the markedness, Matthews Corre-
lation Coefficient, the Odds Ratio) but that cannot be used
to rank, even when the priors are fixed. (4) In all studied
cases where our axioms are satisfied, there is a perfect cor-
relation with a ranking score. This shows that our family
of scores covers at least a broad part of the needs. Only
one exception occurred (in gray): the accuracy achievable
by chance, as considered by Cohen in the definition of his
K [4], when the classes are balanced. In this case, the score
takes a constant value, that is why it satisfies our axioms.

6. Conclusion

We present a mathematical framework for a theory of
performance-based ranking, that comes with several prac-
tical benefits. Notably, it provides a universal language to
properly define tasks and characterize applications. Also,
separating these concepts allows evaluating entities (algo-
rithms, devices, efc.) independently of application-specific
preferences, as an entity can be used in various use cases,
and various entities can be candidates for a same use case.

Importantly, our axioms are crucial for organizers of
challenges to ensure sound rankings, to avoid, e.g., that the
relative order between two methods changes when a new
method appears and thus prevents drawing perennial con-
clusions on which is better. Our axioms are minimal re-
quirements to satisfy, and we provide practical theorems to
help check if that is the case.

Besides, practitioners often face many scores in the lit-
erature for a task, but none comes with an analysis of their
usability for ranking. We prove that our theory can help find
appropriate scores (we propose an infinite family of them)
or legitimate existing ones. As the chosen performance
score for ranking may have a major impact on the growth
of a research field, our framework clarifies best practices.

We can further deepen our axiomatic framework and in-
finite family of scores for ranking classifiers. In [21], we
particularize extensively this framework to binary classifi-
cation and present the Tile, a visualization tool that orga-
nizes these scores (among which the precision PPV, the
true positive rate T PR, the true negative rate TN R, the
scores Fj3, and the accuracy A) in a single plot. Finally,
in [12], we provide a comprehensive guide to using the Tile
according to four practical scenarios. For that purpose, we
present different Tile flavors on a real example, analyzing
and ranking 74 segmentation classifiers. We now wish to
build upon this trilogy of papers to reach various research
communities and impact significantly their way of estab-
lishing performance-based rankings.
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A.1. List of Symbols
A.1.1 Mathematical Symbols

e 1y: the 0-1 indicator function of subset U

R: the real numbers

¢ R: arelation

» conv: the set of convex combinations

 V: the inclusive disjunction (i.e., logical or)

* A: the conjunction (i.e., logical and)

* o: the composition of functions, i.e. (g o f)(z) = g(f(x))
* E: the mathematical expectation

A.1.2 Symbols Related to Our Mathematical Framework

We organize these symbols according to the 6 pillars depicted in Fig. 1, which correspond to the 6 subsections of Sec. 3.

Symbols related to the 1% pillar (Sec. 3.1)

¢ (): the sample space (universe)

e w: a sample (i.e., an element of ()

* Y: the event space (a o-algebra on €, e.g. 2)
e E: an event (i.e., an element of X0)

* (€, X): the measurable space

* Pq,5): all performances on (2, ¥)

* II: a set of performances (I C P(q x))

* P: aperformance (i.e., an element of P x))

Symbols related to the 2" pillar (Sec. 3.2)

* <: binary relation worse or equivalent on P(q )
2 binary relation better or equivalent on P (q 5,
~: binary relation equivalent on IP(q )

* >: binary relation better on IP(q )
<: binary relation worse on P(q v,

. z: binary relation incomparable on Pq 5

Symbols related to the 3¢ pillar (Sec. 3.3)
 §: the random variable Satisfaction

* Smin,0: the minimum satisfaction value

* Smaz,0: the maximum satisfaction value

Symbols related to the 4" pillar (Sec. 3.4)

¢ [: the set of entities to rank

* € an entity, i.e. an element of E

 eval: the performance evaluation function

e ®: some performances that are for sure achievable

Symbols related to the 5™ pillar (Sec. 3.5)

e X: ascore

* dom(X): the domain of the score X

o X ‘]}3 : the expected value score parameterized by the random variable V'

e X 51 X the probabilistic score parameterized by the events £y and Ey



Symbols related to the 6 pillar (Sec. 3.6)
e [: the random variable Importance

A.1.3 Symbols used for Operations on Performances

« filters: the filtering operation

A.1.4 Symbols used in the Performance Ordering and Performance-Based Ranking Theory

e rankg: the ranking function, w.r.t. the set of entities E

e <x: the ordering induced by the score X (cf. Theorem 1)
* Rjp: the ranking score parameterized by the importance [
e 7: the rank correlation coefficient of Kendall [13]

A.1.5 Symbols used for the Particular Case of Two-Class Crisp Classifications

Particularization of the mathematical framework
e tn: the sample true negative

e fp: the sample false positive, a.k.a. type I error

e fn: the sample false negative, a.k.a. type II error
e tp: the sample true positive

Extensions to the mathematical framework

* ROC: the Receiver Operating Characteristic space, i.e. FPR X TPR
* PR: the Precision-Recall space, i.e. TPR x PPV

Y': the random variable for the ground truth

« Y: the random variable for the prediction

¢ C: the set of classes

¢ c: aclass (i.e., an element of C)

* c_: the negative class

* c4: the positive class

Scores

e A: the accuracy

e T'N R: the true negative rate

* F'PR: the false positive rate

e T PR: the true positive rate

e PPV: the positive predictive value
» Fj: the F-scores

» 7 the prior of the positive class

o 7_: the prior of the negative class



A.2. How to Use our Framework: a Little Catalog of Problems

Throughout the paper, we have exemplified our theory with the problem of two-class classification. This section aims at
showing the universality of our theory. It presents a little catalog of other problems, together with discussions on how to use
our framework for them. These discussions are introductions. As shown by Sec. 5 and two recent works [12, 21], an in-depth
analysis and particularization of our theory to the various problems (e.g., to highlight their distinctive features, to review the
current ranking practices from the literature and the consistency of popular scores, and to establish practical tools tailored to
different user needs) may require substantial work that is out of the scope of this supplementary material.

In the following, we adopt a systematic approach: for each problem, we start by specifying a thought random experiment
for the evaluation (this is an arbitrary choice since the random experiment is not unique for each problem; do not hesitate
to use a different random experiment, the important is to specify it explicitly!), then we discuss the possible choices for the
sample space €2 (and what the set of all performances is), for the modeling of tasks with the satisfaction S, for the modeling of
the knowledge we have about the evaluation with the function @, and for the modeling of the application-specific preferences
with the importance I.

A.2.1 Multi-Class Classification (with a Note on Micro- and Macro-Averaging)

Let us consider the following thought experiment to evaluate classifiers predicting classes in a finite and non-empty set C.

Random Experiment 1. (/) Draw a sample s € S at random from a given source S. (2) Apply the oracle O on s to obtain
the ground-truth class y(s) € C. (3) Apply a descriptor D on s to obtain the features (a.k.a. attributes) x(s) € X. (4) Feed the
classifier C with x(s) to obtain the predicted class §(x(s)) € C. (5) Set the outcome of the experiment to the pair (y,§) € C2.

Choice for (2 and P, ). Our theory applies with {2 = C2. By definition, the function eval gives, for any classifier C : X —
C (the evaluated entity, either deterministic or not), the distribution of outcomes resulting from this random experiment:
P: = eval(C). Note that it is implicit that the performances are specific for some given source S (e.g., evaluation
dataset), oracle O, and descriptor D. By convenience, one can manipulate the ground-truth and predicted classes with,
respectively, the random variables Y and Y defined in such a way that w = (Y (w), Y (w)) Vw € €.

Choice for S. Several classification tasks can be distinguished, as the following two examples show. (1) One can consider
that all erroneous classifications are unsatisfactory and that correct classifications are satisfactory. For this task, the
satisfaction is then binary and given by S = 1,._.. The expected value of the satisfaction, which is a particular case of
ranking scores, is then equal to the multi-class accuracy. (2) One can also consider the similarity sim : C? — R between
classes, and choose the satisfaction accordingly: S(w) = sim(Y (w); Y (w)). A wide variety of tasks can be considered
by tuning sim. In general, the expected value of the satisfaction is different from the multi-class accuracy.

Choice for ®. As the classifier is used once and only once during the execution of the evaluation, we know that if the
performances P; and P, are achievable by some classifiers C; and Cs, then any performance P = M\ P + Mo P (with
A1 >0, Ay > 0,and A\; + Ay = 1) is achievable by a classifier C obtained by a non-deterministic combination of C;
and C, that chooses them with respective probabilities A; and As. Thus, ® = conv makes sense, and all ranking scores
can be used to rank classifiers. However, it would be possible to go further, by considering other functions ¢ that would
include the knowledge that we can predict the performance achievable by composing the classifier with any of the |C| ICI
functions f : C — C. This would lead to other performance orderings suitable for ranking classifiers.

Choice for /. When ¢ = conv, we have demonstrated that all rankings induced by the ranking scores R; satisfy all our three
axioms. This leaves a great flexibility for the users to fine-tune the ranking w.r.t. their application-specific preferences
through the random variable I. As we have seen, the only constraints are that I # 0 and [ (w) > 0Vw € Q.

Note on micro- and macro-averaging. Micro- and macro-averaging are commonly used techniques to build scores for
multi-class classification from scores for two-class classification [22]. We warn that they have pitfalls. In general,
micro- and macro-averaging scores suitable for ranking two-class classifiers do not lead to scores suitable for ranking
multi-class classifiers. The accuracy put aside, the performance orderings induced from the micro-averaged versions
of the scores put in green in Tab. 1 are incompatible with S = 1, _y: our 2" axiom is not satisfied. Moreover, the
accuracy put again aside, the performance orderings induced from the macro-averaged versions of the scores put in
green in Tab. | are incompatible with ® = conv: our 3™ axiom is not satisfied. A solution consists in using directly
ranking scores defined for multi-class classification.



A.2.2 Regression (with a Note on the Mean Squared Error and the Mean Absolute Error)

Let us consider the following thought experiment to evaluate regressors.

Random Experiment 2. (/) Draw a sample s € S at random from a given source S. (2) Apply the oracle O on s to obtain
the ground-truth value y(s) € R. (3) Apply a descriptor D on s to obtain the features (a.k.a. attributes) x(s) € X. (4) Feed
the regressor R with x(s) to obtain the predicted value §(x(s)) € R. (5) Set the outcome of the experiment to the pair

(y,9) € R?

Choice for 2 and P, 7). Our theory applies with 2 = R2. By definition, the function eval gives, for any regressor R : X —
R (the evaluated entity, either deterministic or not), the distribution of outcomes resulting from this random experiment.
It is the performance Pr = eval(R) of R. By convenience, one can manipulate the ground-truth and predicted values
with, respectively, the random variables Y and Y defined in such a way that w = (Y (w), Y (w)) Vw € Q.

Choice for S. Clearly, it is not a good idea to choose S = 1,._y., similarly as one can do in classification. In practice, a
regressor as no chance to predict the same value as the oracle, so this unfortunate choice for S would lead to perfor-
mances P such that P(S = 0) = 1. In other words, all performances observed about real regressors would belong to
the set of the worst performances (see Corollary 2), and their ranking would be of little interest (see Corollary 1). A
better option consists in specifying a tolerance € > 0 and choosing S = 1|Y—Y’| <e An even more flexible option, which

takes advantage of the fact that satisfaction values do not necessarily have to be positive, is to choose S = f(|Y — f/|)
with any arbitrarily chosen monotonically decreasing function f. The plethora of choices that can be made for S makes
it clear that there is an infinity of tasks related to the regression problem.

Choice for ®. As the regressor is used once and only once during the execution of the evaluation, we know that if the
performances P; and P» are achievable by some regressors R and Ro, then any performance P = M\ P, + Mo P> (with
A1 >0, Ay >0, and A\; + Ay = 1) is achievable by a regressor R obtained by a non-deterministic combination of R
and R4 that chooses them with respective probabilities A; and Ao. Thus, & = conv makes sense, and all ranking scores
can be used to rank regressors. However, it would be possible to go further, by considering other functions ® that would
include the knowledge that we can predict the performance achievable by adding noise, or applying a transformation on
the output of the regressor. This would lead to other performance orderings suitable for ranking regressors.

Choice for I. When ® = conv, we have demonstrated that all rankings induced by the ranking scores R satisfy all our three
axioms. This leaves a great flexibility for the users to fine-tune the ranking w.r.t. their application-specific preferences
through the random variable I. As we have seen, the only constraints are that I # 0 and I(w) > 0Vw € .

Note on the mean squared error and the mean absolute error. If we choose S = 2, the ranking score R; cor-
responding to uniform importance values, i.e., the expected satisfaction X ¥, yields a ranking that minimizes the mean
squared error (MSE). If we choose S = —|Y — Y|, the ranking score R corresponding to uniform importance values,
i.e., the expected satisfaction X%, yields a ranking that minimizes the mean absolute error (MAE).

A.2.3 Information Retrieval

Let us consider the following thought experiment to evaluate information retrieval systems. We denote by Q the set of all
possible queries.

Random Experiment 3. (/) Draw a query q € Q at random from a given source S. (2) Apply the oracle O on q to obtain
the ground-truth set of results Y. (3) Apply the evaluated information retrieval system S on q to obtain the predicted set of
results Y. (4)IfY = 0 and Y =0, restart the experiment, otherwise draw a result v at random in Y U ' (5) Choose the
outcome as follows: fpifr ¢ Yandr € Y, fnifreYandr ¢ Y, andtpifr e Yandr € \'é

Choice for 2 and P, 5). Our theory applies with Q = { fp, fn, tp}. By definition, the function eval gives, for any retrieval
system S defined on Q (the evaluated entity, either deterministic or not), the distribution of outcomes resulting from this
random experiment: Ps = eval(S).

Choice for S. Intuitively, everyone certainly agrees that S(fp) < S(tp) and S(fn) < S(tp). But we expect different
opinions regarding whether the outcome (sample) fp gives less, equal, or more satisfaction than fn.



Choice for ®. This random experiment is very interesting as, during its execution, the evaluated entity (the information
retrieval system S) can be used multiple times. In such a case, we have to discuss whether & = conv is adequate. Let
us consider two systems Sy, Sy and their respective performances P; = eval(Sy), P, = eval(Sz). It is possible to show
that the performance of a retrieval system S obtained by a non-deterministic combination of S; and S, that chooses
them with respective probabilities A\; and )., is some interpolated performance P = w1 Py + poPe (with g > 0,
w2 > 0, and p1 + po = 1). Unless being in very particular cases, 1+ # A. In other words, we know that the performances
that are convex combinations of achievable performances are also achievable (for any A, there exists ), but we do not
know in general how to achieve them (for most y it is not possible to determine A). This contrasts with the other kinds of
problems discussed in this catalog. In fact, the question we raise here is not specific to the information retrieval problem:
it is peculiar to the random experiment that we have chosen for it. By slightly modifying the thought experiment, the
question vanishes: instead of restarting the experiment when Y U Y = 0, one could yield a fourth outcome (and add it
to the sample space 2). By doing so, the evaluated entity S is used only once and & = conv makes sense for sure.

Choice for I. If & = conv is considered as adequate, then we have demonstrated that all rankings induced by the ranking
scores Ry satisfy all our three axioms. This leaves a great flexibility for the users to fine-tune the ranking w.r.t. their
application-specific preferences through the random variable I. As we have seen, the only constraints are that I # 0
and I(w) > 0Vw € Q.

A.2.4 Detection (with a Note about the Intersection-over-Union and the F-Score)

Different types of detections are present in the literature. An example of spatial detection aims at predicting the axis-aligned
bounding boxes around all the objects that match some given properties (i.e., a semantic class) in input images. Examples of
temporal detections include the detection of events in video streams and in audio recordings. By definition, such detection
problems are called action spotting when the temporal window is small, and activity detection otherwise. Let us consider the
following, generic, thought experiment to evaluate detectors.

Random Experiment 4. (/) Draw an input at random from a given source S (e.g., dataset). (2) Apply the oracle O on it to
obtain a set Y of ground-truth detections. (3) Also apply the detector D on it to obtain a set Y of predicted detections. (4) If

=0 and Y = 0, then end the experiment with the outcome &. Otherwise: (5) Apply a matching criterion between Y and
Y such that to any detection in Y should be associated at most a detection in Y and vice versa. (6) Draw a detection d at
random in Y U Y. (7) Give as outcome fp, fn or tp depending on whether d is a prediction, a ground truth, or both (i.e., a
match).

Choice for 2 and P(q, 5). Our theory applies with @ = {®, fp, fn,tp}. By definition, the function eval gives, for any
detector (the evaluated entity), the distribution of outcomes resulting from this random experiment. It is the performance
Pp = eval(D) of D.

Choice for S. Intuitively, everyone certainly agrees that & and tp give entire satisfaction. Moreover, we expect agreement
on S(fp) < S(tp) and S(fn) < S(tp). But we expect different opinions regarding whether fp gives less, equal, or
more satisfaction than fn.

Choice for ®. As the detector is used once and only once during the execution of the evaluation, we know that if the perfor-
mances P; and P, are achievable by some detectors D; and D5, then any performance P =\ P+ X\ Py (with Ay > 0,
A2 >0, and A\ + Ay = 1) is achievable by a detector D obtained by a non-deterministic combination of D; and D- that
chooses them with respective probabilities A\; and A5. Thus, & = conv makes sense, and all ranking scores can be used
to rank detectors.

Choice for I. If & = conv is considered as adequate, then we have demonstrated that all rankings induced by the ranking
scores Ry satisfy all our three axioms. This leaves a great flexibility for the users to fine-tune the ranking w.r.t. their
application-specific preferences through the random variable I. As we have seen, the only constraints are that I # 0
and [(w) > 0Vw € Q.

Note about the Intersection-over-Union and the F-score. Traditionally, in the literature, as soon as one has symbols fp,

In, angplzp, regardless of their very fine meaning, one defines quantities JoU = P70 +£8’;L)) TP and F} =
tp

PR fn)) P and name them Intersection-over-Union (or Jaccard) and F-one, respectively. The exact meaning




of these quantities is not well standardized. In particular, the random experiment supporting the evaluation, if it exists,
is rarely specified explicitly. For this reason, we cannot give the guarantee that these quantities are suitable to rank
detectors in all works in which they have been used. However, with the random experiment given here-above, with
® = conv, and with S = 1(g tp), We can guarantee that JoU and F} are suitable to rank detectors because they are
equal to the ranking scores with, respectively, I = 1¢f, 1 4py and I = 1¢pp 100 + 1ifp 4p)- Thus, the performance
orderings induced by them fulfill our three axioms.

A.2.5 Clustering (with a Note about Fowlkes-Mallows Index)

Let us consider the following thought experiment to evaluate clustering methods. These methods aim to place in different
clusters (groups) dissimilar objects and in the same cluster (group) objects that are similar to each other. We denote by E the
set of elements that these methods have to deal with. For the sake of simplicity, we do not consider hierarchical clustering.

Random Experiment 5. (1) Apply both the clustering method C and the oracle O on E to obtain, respectively, the predicted
and ground-truth clusterings. (2) Randomly draw two distinct elements, €1 and €s, from E. (3) Consider that the pair (e1; €3)
is a negative or a positive, in a given clustering, when €, and ey are in different clusters or in the same cluster, respectively.
(4) Choose the outcome as follows: tn when (€1; €2) is negative in both the predicted and ground-truth clusterings, fp when
(e1; €2) is negative in the ground-truth clustering and positive in the predicted clustering, fn when (€1; €2) is positive in the
ground-truth clustering and negative in the predicted clustering, and tp when (e1; €3) is positive in both the predicted and
ground-truth clusterings.

Choice for 2 and P, 5). Our theory applies with Q = {tn, fp, fn,tp}. By definition, the function eval gives, for any
clustering method (the evaluated entity), the distribution of outcomes resulting from this random experiment. It is the
performance Pz = eval(C) of C.

Choice for S. When S is chosen such that S(fp) = S(fn) = 0 and S(tn) = S(tp) = 1, we are in the same setting as
the one we studied for the two-class classification in Sec. 5. This is indeed not because we use the same symbols for
the elements of () —this is just a convention—, but because, in both settings, we have [Q] = 4, |S = 0| = 2, and
|S = 1| = 2. This implies that the performance orderings that satisfy our three axioms for ranking two-class classifiers
can also be used for ranking clustering methods, and vice versa.

Choice for ®. As the clustering method is used once and only once during the execution of the evaluation, we know that if the
performances P; and P, are achievable by some clustering methods C; and Co, then any performance P = A\ P + Ao Ps
(with A\; > 0, Ay > 0, and A; + Ay = 1) is achievable by a clustering method C obtained by a non-deterministic
combination of C; and C, that chooses them with respective probabilities A\; and Ay. Thus, ® = conv makes sense, and
all ranking scores can be used to rank clustering methods.

Choice for /. When ¢ = conv, we have demonstrated that all rankings induced by the ranking scores R; satisfy all our three
axioms. This leaves a great flexibility for the users to fine-tune the ranking w.r.t. their application-specific preferences
through the random variable I. As we have seen, the only constraints are that I # 0 and [ (w) > 0Vw € Q.

Note about Fowlkes-Mallows index. The score F'M I known as Fowlkes-Mallows index [9] and cosine coefficient [1],
which is commonly used for clustering methods and defined as the geometric mean of the positive predictive value
PPV (aka. precision) and true positive rate TPR (a.k.a. sensitivity and recall), does not satisfy our 3™ ax-
iom: the performance ordering induced by F'M1I is incompatible with & = conv. More precisely, the cluster-
ing method C obtained by randomly choosing between some methods C; or Cy can be such that FMI(eval(C)) <
min(FM1I(eval(Cy)), FMI(eval(Cz))), while it makes no sense to say that C can be worse than C; or Co. From this
perspective, it is advisable to use any ranking score instead of F'M I, for example, those in green in Tab. 1.

A.2.6 Ranking (with a Note about Kendall’s 7)

Let us consider the following thought experiment to evaluate ranking methods. We denote by E the set of elements that these
methods have to rank. For the sake of simplicity, we prefer to deal only with the case with no tie hereafter.

Random Experiment 6. (1) Apply both the ranking method R and the oracle O on E to obtain, respectively, the predicted
and ground-truth sequences of elements. (2) Randomly draw two distinct elements, €1 and €3, from E. (3) Four cases can



occur depending on whether €1 is before or after €5 in the predicted sequence and whether ¢y is before or after €5 in the
ground-truth sequence. Nevertheless, two outcomes are enough: choose @ if €1 and €s appear in the same order in both
sequences, @ otherwise.

Choice for 2 and P, 5). Our theory applies with @ = {©, ®}. By definition, the function eval gives, for any ranking
method (the evaluated entity), the distribution of outcomes resulting from this random experiment. It is the performance
Pr = eval(R) of R. The probability of drawing a discordant pair is given by P({®}), and the probability of drawing
a concordant pair is given by P({©}).

Choice for S. Clearly, S(®) < S(®) is wanted.

Choice for ®. As the ranking method is used once and only once during the execution of the evaluation, we know that if the
performances P; and P, are achievable by some ranking methods R and R, then any performance P =MP +X\P;
(with Ay > 0, Ay > 0, and A\; + A2 = 1) is achievable by a ranking method R obtained by a non-deterministic
combination of R; and R that chooses them with respective probabilities Ay and A5. Thus, & = conv makes sense,
and all ranking scores can be used to rank ranking methods.

Choice for I. Because |[2| = 2 and S(®) # S(®), we are in a particular case in which all ranking scores rank the ranking
methods in the same way. From this point of view, fine-tuning I is useless.

Note about Kendall’s 7. When S(®) = —1 and S(®) = 1, the expected value of the satisfaction is given by X% (P) =
1-2P({®}) = P{®}) — P({®}) = 7(P). In other words, with the task corresponding to this choice for the
satisfaction, Kendall’s correlation coefficient 7 [13] is the ranking score corresponding to uniform importance values.



A.3. Supplementary Material about Sec. 3.2

This section is devoted to reminders about the order theory.

A.3.1 Reminders of Classical Definitions.

Let R be a homogeneous binary relation on P ). It is said:

e reflexive iif PRPVP;
« irreflexive iif 3P : PRP;

* transitive llf PRP; N PyRP; = PyRP3 \V/Pl,PQ,P:;;

o symmetric iif PiRP, & Po,RP; vpl,PQ;

o asymmetric iif }( Py, Py) : PP RPy A PyRP;;

* and antisymmetric iif PIRPy N PsRP; = P, = Ps.
Two homogeneous binary relations R, and Ry, on P(q 5y are said converse iif IR,y < PoRy Py VP, Ps.

A relation R is:

* an equivalence iif it is reflexive, transitive, and symmetric;

* a preorder iif it is reflexive and transitive;

* and an order iif it is reflexive, transitive, and antisymmetric.
An order R is said total iif (Py, Py) : P RP> A Py RP;. 1tis said partial otherwise.

A.3.2 The 4 Cases in the Comparison of Two Performances with a Preorder <.

Let us now consider a preorder < and derive the homogeneous binary relations ~, >, <, 2 as follows:

P
P
Py
P

Indeed, we have:

Py

NP2<:>P1§P2/\P2§P1 (1)
>P2@P1%P2/\P25P1 2)
<P2<:>P15P2/\P2%P1 3)
ZP e P EPAP L. (4)
§P2<Z>Pl<P2\/P1NP2. 5)

Similarly, one can derive other binary relations taking unions of ~, >, <, or % For example,

P12P2<:>P1>P2VP1NP2. (6)

A.3.3 Implications of the Transitivity of <.

We can easily check, for each R,y € {<, £}, each Ry, € {S, €}, each Ry € {S, €}, each Ry, € {S, £}, each
Rea € {S, £}, and each R, € {S, £}, if there exists (P, Py, P.) such that P, Ry Py, PyRpaPas PoRocPe, PeReb P,
P.RcqP,, and P, R,.P.. Because of the assumed transitivity of <, there are only 29 possible cases out of the 26.

P,ZP.P,ZP..P.Z P,
P,Z PP, Z PPy > P,
P,ZP,.PyZ PPy <P
ZP.P,ZP. P~ P,
ZP.P,>P.. P, 2P,
ZP.P,>P. P, >P,
ZP.P,<P.P,ZP,

N AW

Py
Py
Py
Py

8. P, Z PPy <P.. Py <P,

10.

11.
12.
13.
14.
15.

ZP,.Py~P.P,ZP.
> Py Py PP P
> Py, PyZ P, P> P.
> P, P> P, P,> P,
>Pb,Pb<PC,Pa§Pc
> P, P, <P, P, >P,
>P,P,<P,P, <P,

UTIII T



16. P, > P,, P, < P., P, ~ P, 23. P, < P,,P,>P,, P, ~P,
17. P, > P,, Py~ P,, P, > P, 24. P, < Py, P, < P,,P, <P,
18. P, <P, P,ZP.. P, Z P, 25. P, < Py, Py~ P.,P, <P.
19. Pa<Pb,Pb§Pc,Pa<PC 26. PaNPIﬁszPc’Pa%Pc
0 PP Pap pIp 27. P,~ P, P,>P., P, > P.
0. Py < Py Py>Pe, Py Z P 28. P, ~ Py, P, < P., P, < P,
21. Py < Py, Py > P, Py > P, 29. P, ~ P,, P, ~ P., P, ~ P,
22. P,< P, P,>P,, P, <P,

From this list, we can derive some rules for manipulating the binary relations ~, >, <, and z First, we can see that ~,
>, and < are transitive:

PlNPQ/\PQNP?,jpl’\‘PE} (7)
P >P,ANP,>P3= P, > Ps ®)
P1<P2/\P2<P3:>P1<P3. )

Second, we can also see how ~ can be combined with the other 3 relations:

(PlNPQ/\P2>P3)\/<P1>P2/\P2NP3):>P1>P3 (10)
(PlNPQ/\P2<P3)\/(P1<P2/\P2NP3):>P1<P3 (11D
(PL~PyAPyZ P)V (PLZ Py NPy~ P3)= Py Z 5. (12)

And, third, we can see how 2 can be combined with > and <:

(PLZPAPy>Py)V(PL>Py NPy ZP3) = P> P VP 2Py (13)
(PLZPAP,<P)V(PL<PyNP,ZPs)= P <P;VP ZPs. (14)

A.3.4 Properties of ~, >, <, 2, <,and 2.

Lemma 1. When < is a preorder, ~ is reflexive.

Proof. This results from the reflexivity of < and fromEq. (1): P~ P < P < PAP < P & true. O
Lemma 2. When < is a preorder, ~ in transitive.

Proof. This results from the transitivity of < (¢f. Eq. (7)). O
Lemma 3. When < is a preorder, ~ is symmetric.

Proof. This results from the fact that the conjunction is symmetric and from Eq. (1): P, ~ P, & P, S B AP, S P &
Pgspl/\PlsPQ{:}PQNPl. O]

Lemma 4. When < is a preorder, > and < are converse.

Proof. This results from the fact that the conjunction is symmetric and from Eqs. (2) and 3): P, > P, & PL L P, APy <
P1<:>P2§P1/\P1%P2<:>P2<P1. O

Lemma 5. When < is a preorder, > and < are irreflexive.

Proof. For >, this results from the reflexivity of < and fromEq. 2): P> P< P £ PAP < P < false Atrue = false.
For <, the proof is similar. O

Lemma 6. When < is a preorder, > and < are asymmetric.

Proof. FOI'>,thiSiSbGCElUSCP1>P2/\P2>P1<:>(P1%P2/\P2§P1)/\(P2%P1/\P1SJPQ){:}(PlzPQ/\Plg
POYAN(Po £ PL APy S P) & false A false & false. For <, the proof is similar. O



Lemma 7. When < is a preorder, > and < are transitive.

Proof. This results from the transitivity of < (c¢f. Egs. (8) and (9)). O]
Lemma 8. When < is a preorder, 2 is irreflexive.

Proof. This results from the reflexivity of < and from Eq. (4): P 2 P& PLPAPLP< false false & false. O
Lemma 9. When < is a preorder, 2 is symmetric.

Proof. This results from the fact that the conjunction is symmetric and from Eq. (4): P; 2 PP EPRANP,EP <
PEZPINPLE P& P Z P O
Lemma 10. When < is a preorder, < and 2 are converse.

Proof. From Egs. (5) and (6), as > and < are converse, we have P, 2 Py & P| > P,VPi~ P & P, < PLVP ~ P &
P, S P O

Lemma 11. When < is a preorder, < and 2, are reflexive.

Proof. For <, it is by definition of preorders. For 2, from Egs. (1), (2) and (6), we have P 2 P < P > PVP ~ P &
(PLPAPSP)V(PSPAPSP) S (false Atrue) V (true A true) < true. O

Lemma 12. When < is a preorder, < and 2, are transitive.

Proof. For <, it is by definition of preorders. For 2, as < and 2 are converse, P; 2 Po APy 2 P3s < P3 S P APy <

~

P1:>P35P1<:>P12P3. O



A.4. Supplementary Material about Sec. 3.6
A.4.1 The Visual Inspection of Formulas, to Determine the Importance given by Scores, can be Misleading!

Let us consider the example of two-class classification, with P({tn}), P({fp}), P({fn}), and P({tp}) denoting, respec-
tively, the probability (or proportion) of true negatives, false positives, false negatives, and true positives. Here are two
classical scores, the accuracy and the true positive rate:

A= P{tn}) + P({tp}) TPR= P fgg{j-p;)({tp})

The formula for the accuracy gives the illusion that the same importance is given to {tn} and {¢p} and that no importance
at all is given to { fp} and { fn}. For the true positive rate, the formula might give the impression that the same importance
is given to { fn} and {¢p} and that no importance at all is given to {¢tn} and { fp}. In fact, the visual inspection of formulas

like these is not reliable at all to judge the importance given by a score to the various events. To see it, consider rewriting the
previous equations as

A= (1-a)P{tn}) —aP{fp}) —aP({fn}) + (1 - a)P({tp}) + o Vo
—aP({tn}) — aP({fp}) —aP({fn}) + (1 — a)P({tp}) +
—BP({tn}) — BP{fp}) + (1 = B)P({fn}) + (1 - B)P({tp}) + B
A visual inspection of such formulas would lead, indeed, to other illusions about the events that have no importance. This

observation, however, should not stop us from thinking in terms of importance. In fact, we do it in this paper, but we do it in
a mathematical framework that allows to do it rigorously.

TPR = Va, 3

A.4.2 So, How can we Determine the Importance given by Scores?

One cannot determine the application-specific preferences implicitly considered by any score X. However, one can determine
those that are consistent, or have the best consistency, with X. We detail these notions hereafter.

For a given set of performances. Consider a score X and a ranking score R;. If, for a given set II C IP’(Q’E), the scores
X and Ry are linked by a strict monotonic relationship on II N dom(X) N dom(R;) and if IT N dom(X) = II N dom(Ry),
then the performance orderings <x and Sg, (induced by X and R; in the way specified in Theorem 1) are identical on II.
We say that the score X is consistent with the application-specific preferences I, on this set. A score can be consistent with
different importance values (e.g., as consequence of Properties 3 and 4).

For a given distribution of performances. LetP = {P ¢ Py : P({w}) > 0Vw € Q)}. All ranking scores are defined

on this set. Consider a score X and the set II = dom(X) N P. We say that the score X has the best consistency with the
application-specific preferences I when I maximizes the rank correlation between X and R;, on II, for the given distribution
of performances. See Appendix A.7.2 for computational details.



A.5. Supplementary Material about Sec. 4.2
A.5.1 Proof of Theorem 1.

For convenience, we provide a reminder of Theorem | and Axiom | below.

Theorem 1 (Sufficient condition for Axiom 1). A binary relation <x on Pq,x) induced by a score X as P, <x Pyiif
either P) = Py or P; € dom(X) and P; € dom(X) and X (Py) < X(P,), is a preorder satisfying Axiom 1.

Axiom 1. The ranking function rankg : E — [1,|E|] : € — rankg(e) sarisfies |{e’ € E : eval(e) < eval(¢)}| +1 <
rankg(e) < [{€' € E: eval(e) < eval(¢')}|, where < is a preorder on P (q ).

Proof. To establish that <y is a preorder, we have to show that it is (1) reflexive and (2) transitive.
(1) The reflexivity of <x is trivial to establish, since P, = P, = P; Sx Ps.
(2) The transitivity of <x can be shown as follows. Py <x P> A P, <x Ps implies that:
o either P; € dom(X), P, € dom(X), P3 € dom(X),and X(P;) < X(PO)AX(P) < X(P3) = X(P1) < X(P3) =
Py Sx Ps;
e or P, ¢d0m(X),P2 ¢d0m(X),P3¢dom(X),andP1:Pg/\Pg:Pg:>P1:P3:>P1 SX P;s.
We conclude that, in all cases, P Sy Pand Py <x P, APy Sx Ps = P; <x P3. The orderings <x induced by scores X
are thus preorders. O

Summary. If the homogeneous binary relations ~, >, <, and z on P(q s are derived from the ordering Sx as explained
above, and if the < is derived from the score X, then the comparison between performances P; and P, can be summarized
as follows.

P, € dom(X) P, ¢ dom(X)
X(P1)<X(P2)<:>P1 < P
Py e dom(X) | X(P,) = X(P,) & P, ~ P, P Z P,

X(P1)>X(P2)<:>P1>P2

Pr=P,& P ~P

P, & dom(X) P ZP, H#&@R%%

A.5.2 Proof of Theorem 2

For convenience, we provide a reminder of Theorem 2 and Axiom 2 below.

Theorem 2 (Sufficient condition for Axiom 2). If a score X satisfies min,cg S(w) < X(P) < max,cp S(w) for all events
E € ¥ and all performances P € dom(X) such that P(E) = 1, then the ordering <x satisfies Axiom 2.

Axiom 2. For Py, P, € P(q 5 such that P\(S < s) = 1 and P5(S > s) = 1 for some s, then P, S P3 or Py 2 Ps.

Proof. Axiom 2 is satisfied when P; ¢ dom(X) or P> ¢ dom(X).

. EitheI‘P1:P2<:>P1NP2=>P1§P2,

. orPl#P2<:>PlzP2.

Axiom 2 is also satisfied when P; € dom(X) and P, € dom(X).

* On the one hand, the axiom stipulates that the event £} = {w € Q : S(w) < s} and the performance P; are such that
Pi(Ey) = 1. Trivially, we have max,cp, S(w) < s. On the other hand, the theorem stipulates that, as P;(E;) = 1,
X (P1) < max,ep, S(w). Putting all together, we have X (P;) < s.

* On the one hand, the axiom stipulates that the event Ex = {w € Q : S(w) > s} and the performance P are such that
Py(E3) = 1. Trivially, we have s < ming,ep, S(w). On the other hand, the theorem stipulates that, as Py(F>) = 1,
mingep, S(w) < X(Pz). Putting all together, we have s < X (P5).

* As we have established that X (P;) < sand s < X (P,), we have X (P) < X(P;) & P < P,.



A.5.3 Proof of Theorem 3
For convenience, we provide a reminder of Theorem 3 and Axiom 3 below.

om(X) = ®(II) € dom(X) and

Theorem 3 (Sufficient condition for Axiom 3). If a score X is such that 11 C d
€ O(II), then the ordering Sx satisfies

minpeng X(P) < X(P) < maxpen X(P) for all 1 C dom(X) and all P
Axiom 3.

e PP<PVP ell= P < PVYP e ()
e PPZLPYP €ll= P £ PVP € ®(Il)
s PSPVP €ll= P < PVYPe ()
s and P L P'YP' €Tl = P £ PVYP € &(1).

Proof. We take <=<x and IT # ().
Remainder of the conditions. The first condition of Theorem 3 is:

Axiom 3. Let P be a performance, and 11 be a set of performances on P(q ) such that P' S PV P < P'VP' € IL

>

IT C dom(X) = ¢(II) C dom(X). (15)
The second condition of Theorem 3 is:
i < X(P)< C P )
min X(P)<X(P)< r}gleza%(X(P) VII C dom(X) VP e (1) (16)

The condition of Axiom 3 is that P is comparable to all performances in the set II:
P<pPvP<P VP ell. a7

On the domain of X. By Theorem 1, this last condition implies that

P € dom(X), (18)
and
IT C dom(X). (19)
Taking Eq. (15) and Eq. (19) together, we have
®(IT) C dom(X) & Pedom(X) VPed). (20)

Proof that P’ < PYP' € Il = P < PYP € ®(II). On the one hand, we have, by Theorem 1,

P <PVP ell &X(P)<X(P) VP ell
< max X (P') < X(P).
Pell

On the other hand, Eq. (16) implies that

P) < ! P .
X(P)_}Ig}g)l_(IX(P) VP e o(II)

Considering the last two equations together, we obtain

X(P) < max X(P') < X(P) VP € (Il

=X(P)< X(P) VPed{).
By Theorem 1, we have thus P < P.
Proof that P’ £ PYP' € Il = P £ PYP € ®(II). On the one hand, we have, by Eq. (17) and Theorem 1,
P LPYP ell=P<PVP cll
sX(P)<X(P) VP el
<X (P) < min X(P')
Pren



On the other hand, Eq. (16) implies that

. / Y Y
}rjr}érﬁX(P)gX(P) VP e o(II)

Considering the last two equations together, we obtain

X(P) < Igni%X(P’) <X(P) VPed)
e
=X(P)< X(P) VPedl.
By Theorem 1, we have thus P < P, and by Eq. (17), P £ P.
Proof that P < P/ VP’ € Il = P < PYP € ®(II). On the one hand, we have, by Theorem 1,

P<PVYP elleX(P)<X(P) VP el

<X (P) < min X(P').
Pren

On the other hand, Eq. (16) implies that

. / < % e
min X(P) < X(P)  vPea().

Considering the last two equations together, we obtain

X(P) < gn%X(P’) <X(P) VPed)
e
=X(P) < X(P) VP e®(l).
By Theorem 1, we have thus P < P.
Proof that P £ P'VP' € Il = P £ PVP € ®(II). On the one hand, we have, by Eq. (17) and Theorem 1,

PLPVYP ell=P <PVYP ell
sX(P)Y<X(P) VP el
< max X(P') < X(P)
Pret

On the other hand, Eq. (16) implies that

_ , _
X(P) < max X(P') VP e ()

Considering the last two equations together, we obtain

X(P) < g}gﬁX(P’) <X(P) VPed)

=X(P)< X(P) VPed.

By Theorem 1, we have thus P < P, and by Eq. (17), P £ P.



A.6. Supplementary Material about Sec. 4.3
A.6.1 All Ranking Scores can be Used to Rank Performances (for ® = conv)

To show that all ranking scores can be used to rank performances, for ® = conv, we show that these scores satisfy the
conditions of Theorems 1, 2, and 3.

All ranking scores satisfy the conditions of Theorem 1, and thus Axiom 1. For convenience, we provide a reminder of
Theorem 1 and Axiom | below.

Theorem 1 (Sufficient condition for Axiom 1). A binary relation <x on ]P)(Q,Z) induced by a score X as P, Sx Ps iif
either Py = P, or Py € dom(X) and P, € dom(X) and X (P1) < X (Ps), is a preorder satisfying Axiom 1.

Axiom 1. The ranking function rankg : E — [1,|E|] : € — rankg(e) sarisfies |{e’ € E : eval(e) < eval(¢)}| +1 <
rankg(e) < [{€/ € E: eval(e) < eval(¢')}|, where < is a preorder on P (q ).

Theorem 4. All ranking scores satisfy the conditions of Theorem 1.

Proof. For all ranking scores Ry, it is possible to induce an ordering <g, satisfying the requirements of Theorem 1. O

All ranking scores satisfy the conditions of Theorem 2, and thus Axiom 2. For convenience, we provide a reminder of
Theorem 2 and Axiom 2 below.

Theorem 2 (Sufficient condition for Axiom 2). If a score X satisfies min,cg S(w) < X(P) < max,ecg S(w) for all events
E € ¥ and all performances P € dom(X) such that P(E) = 1, then the ordering <x satisfies Axiom 2.

Axiom 2. For P1, P, € Pq 5 such that P(S < s) = 1 and P»(S > s) = 1 for some s, then Py < P or Py z P,.

Theorem 5. All ranking scores satisfy the conditions of Theorem 2.

Proof. We take X = R;. When P(E) = 1, we have

2weo 1 W)SWP{w})  YpeplW)Sw)P(Hw})
2wea lw@)P({w}) 2wen I(W)P{w})

with 3~ I(w)P({w}) > 0 when P € dom(R;).
o Let M = max,cg S(w). We have

Ri(P) =

S(w) <M Ywe E
SSw)—M <0 Ywe E

=3 I(W)[Sw) - M]P{w}) <0 asI(w)>0and P({w}) > 0

&3 1@)Sw) P < 3 Tw)MP{w})

&Y Iw)SwP{w}) <MY I(w)P({w})
e 1(@)S(w)P({w})

TS l@Pwy M

SR(P)<M



e Let m = min,ep S(w). We have

S(w) >m YweE
SSw)—m >0 YweE

= Z w) [S(w) —m] P({w}) >0 as I(w) > 0and P({w}) >0
weE
> Iw P({w}) = Y I(w)mP({w})
weFk weE
& Z P{w}) >m Z P({w})
weE weE
>0
>wer I (w)S(w)P({w}) -
T WP ©
SRi(P) >m

* Putting all together, when P(E) = 1, we have m < R;(P) < M, and so,

min S(w) < Ry(P) < max S(w) . 2N

O

All ranking scores satisfy the conditions of Theorem 3, and thus Axiom 3 (for & = conv). For convenience, we provide
a reminder of Theorem 3 and Axiom 3 below.

(X) = @(II) C dom(X) and

Theorem 3 (Sufficient condition for Axiom 3). If a score X is such that Il C dom
€ O(II), then the ordering Sx satisfies

minpen X(P) < X(P) < maxpeyn X(P) for all T C dom(X) and all P
Axiom 3.

Axiom 3. Let P be a performance, and 11 be a set of performances on P(q ) such that P' S PV P < P'VP' € IL
s PPSPYP €ll= P < PVP e ®(Il);
« P'{ PYP ¢l = P £ PYP € &(I);
« P<P'YP ell= P < PYP e &(Il);

«and P £ P'YP' € Il = P £ PYP € &(1I).

Theorem 6. All ranking scores satisfy the conditions of Theorem 3 (for ® = conv).

Proof. The proof is in two parts.

* First, let us show that IT C dom(R;) = conv(II) C dom(R;). For any P € conv(II) there exists a weighting function
Anp = Rso: P Ay p(P)suchthat ) popp Ay 5(P) =1and ) popy Ay 5(P)P = P. Forall P € conv(II), we
have:

IT C dom(Ry) @Z P{w})#0 VP ell

we

= > Agp(P) D Iw)P({w}) #0
Pell weR

& Y1) Y AppPw)) £ 0
weN Pell

= Z P({w}) #0
weN

& P e dom(Ry).



* Second, let us show that, for all P € conv(Il), minpey Ry (P) < R;(P) < maxpen Rr(P). Let us pose
I = minpeny R7(P) and u = maxpery Ry (P). We have:
I<R/(P)<u VPell
>wen [(W)S(w)P({w})
ZUJGQ I(w)P({w})

13 Iw)PHw)) < Y I@)S)P{w}) <u Y Iw)P({w}) VPel

sl <

<u VP ell

weN weN weN
=13 @) P((w}) < 3 T@)S@P()) < w3 1)P({w))
weN weN weN
)« Soca[@S@PH) _

S Y l@P{wy

Sl < Ri(P)<u

A.6.2 On the Properties of Ranking Scores.

Proof of Property 1. Let us demonstrate that we have R;(P) = X£ (P’) with P’ = filter;(P). For all w € ), we have:

) __ PHwpIw)
P ({w}) - Zw'eQ P({w’})[(w’)

Thus,

=3 P({w))Sw)
wen
_ P{whI(w) y
- % Dowren P({w’})I(w/)S( )
_ 2wea PUONI(w)S(w)
>wea PHWHI(W)
= R;(P)

Proof of Property 2. Let S = aS + B with o, 8 € R.

Luea PUONS' WI(W) ¥ peq PHWHSW)I(W)
Ywea PHeI(W) Ywea PHwH (W)

+7

, S cq FI@S@P{w))  Soca I@)S@ P}
Proof of Property 3. Rir = =55 Sroypiwn - = S I@P(w)) = U

Proof of Property 4. Let us consider a binary satisfaction, thatis S(w) € {0, 1} Vw € Q. Let us define the events Ey = {w €
Q:Sw)=0}and By ={weN:Sw)=1}IfI' = (1s—gap + 1s=11)I with ag > 0 and o > 0, then

2wen 1(@)S(w)P({w})
Ywea IW)P({w})
Dower (W) P({w})
JP({w}) + 2 ep, [(w)P{w})

Ri(P) =

B ZUJEEO I(w




and

2wea ' (W)S(w)P({w})
Ywea I'(W)P({w})
_ 2wen I'(W)P({w})
 Ywer L @P{w}) + X ep, I'(w)P({w})
_ 2 wen, Wl (W)P{w})
 Ywen, 0l (W) P{w}) + X e p, rl(w)P({w})
_ 1) pem [(W)P({w})
a0 Yep, [W)PHw}) + 01X ep, [(w)P({w})

— _ aRy Qo : . : . _
Thus, R = -0k )ar Ry and 2 6R1 = Goomnary? > O This leads immediately to the conclusion that Sr,, =g, -
O

Rp(P) =

Proof of Properties 5 and 6. Let us consider a binary satisfaction and the events Ey = {w € Q : S(w) =0} and £y = {w €
Q: S(w) = 1}. Let I; and I5 be two random variables and I = A1 11 + Aoz with A1, Ao € R such that A; + Ao = 1.
* When the random variables I; and I5 are such that I1 (w) = I(w) = I(w) Vw € Ey, if we take f : @ +— 271,

M (R, (P +A2f<Rh< )
M <1+ e ! {W}DW <1+ZweEo Iz<w>P<{w}>)
)

ver, L@ P({w) e @) P({w})
s h@) P} , Suer, P

—h (H ver, 1 {w}>>“2< e, [@)P <{w}>>

zweEo L) PU{)) + 0 Y, L) P{))
> em [@P({w})
e, il + Aal) (@) P({w})
> e 1@ P({w})

S er, 1) PUw))

> e, 1@ P({])

=f (R(P))

=AM+ A2) +

=1+

Mf(Rr, (P)) + Xaf (R, (P

)

)
0 Suen h@)P(w)
M (”2@ 1) P({w}
(1 Suen h@)P(w) , Seen E@P())
- (” >er, @) {w}>>“2< e, )P ({w}>>
M Y e L@ PU0Y) + 20 Dyep, L@ P}

> e L@ P({})
>wer, M+ A lp)(w)P({w})
> ep, 1@ P({w])

P er, [@)P({w))
>er, 1@ P({])
=f(Ri(P))

=M\ + X2) +

=1+




Proof of Property 7. Let R € {<,<,=,>,>} and v = R;(P). Forall P’ € P(q x), we have:

R;(PYRR;(P)
S Ri(P)Rv
o 2wen [W)S@)P'({w})
Ywea [(W)P'({w})

& [Z I(w)S(w)P’({w})l R [v > I(w)P’({w})]

wEeN weN

Rv

&Y I(w)[S(w) - v] P'({w})RO

weN

This is either a linear equality or a linear inequality constraint. Thus,

¢r(P) = {P € Py : Ri(P)RR(P)}

— {P’ €Pqx): > I(w)[Sw) -] P’({w})RO}

weR

is a convex subset of P(q x).

(22)
(23)

(24)

(25)

(26)

27

(28)



Classical formulation Q=C? Our formulation

C=teer} Py Q = {tn, fp, fn,tp}
(y7g)€C2 Z:QQ
tn=(c,c-) fp=(c-,cy) Y:QC V:0-C S(fp) = S(fn) =0

S(tn) = S(tp) =1

f’ﬂ = (C+,C_) tp = (C+7C+) w = (Y(W),Y(W)) Yw e N

Figure A.7.1. Passages between two formulations (left: classical, right: ours) for the performance analysis of two-class classification
problems.

A.7. Supplementary Material about Sec. 5.2

A.7.1 Link between Classical Formulation and Ours.

Fig. A.7.1 shows the connections between the classical formulation of the two-class classification task and our formulation,
as explained in Sec. 5.

A.7.2 Custom Optimization Algorithm to Estimate Kendall’s 7.

For any score X, our algorithm aims at determining the minimum and maximum values that a rank correlation between X
and our ranking scores R can take over all possible importances I. Note that this algorithm is not specific to Kendall’s 7 [13]
and could also be used with any other rank correlation, for example Spearman’s p [23].

Variables. Leveraging Properties 3 and 4, we know that the rank-correlation between X and a ranking score R, is equal

to the rank-correlation between X and another ranking score Ry, if T til)(j’;z @ =T (ti";(ﬁi @) and h(fﬁﬁ}?( Y =
Is(fn . . . I(t I(fn
%. For this reason, we consider only two variables: a = % €[0,1]and b = % € [0, 1].

Objective function. We optimize the function 7(a, b) that gives the rank correlation between X and R~ with I*(tp) = 1—a,
I*(tp) = 1 —0b, I*(tp) = b, and I*(tp) = a. In practice, this is an estimation based on a finite set of performances
on which X and R;- are applied. Note that 7(a,b) is not a continuous function when estimated on a finite set of
performances. The chosen optimization technique circumvents the difficulties related to that.

Optimization technique. We implemented a custom coarse-to-fine grid-based direct search [5]: we compute 7(a, b) on a
coarse grid over the unit square, locate the maximum on the grid, center a smaller square and a finer grid around that
point, and iterate until the square is small enough.

A.7.3 Scores Perfectly Correlated with a Ranking Score, for all Performances

* The accuracy: A = Ry with I(tn) = /2, I(fp) = /2, I(fn) = /2, and I(tp) = /2.

* The F-score with § = 0.5: Fy 5 = Ry with I(¢tn) = 0, I(fp) = 4/5, I(fn) = /5, and I(tp) = 1.

* The F-score with § = 1.0: F}, = Ry with I(tn) =0, I(fp) = /2, I(fn) = /2,and I(tp) = 1.

* The F-score with § = 2.0: F;, = Ry with I(tn) =0, I(fp) = /5, I(fn) =4/5,and I(tp) = 1.

* The negative predictive value: NPV = R; with I(tn) = 1, I(fp) =0, I(fn) =1, and I(tp) = 0.
* The positive predictive value: PPV = R; with I(tn) =0, I(fp) =1, I(fn) =0, and I(tp) = 1.
* The true negative rate: TNR = Ry with I(tn) = 1, I(fp) = 1, I(fn) = 0, and I(tp) = 0.

* The true positive rate: TPR = Ry with I(tn) = 0, I(fp) =0, I(fn) =1, and I(tp) = 1.

A.7.4 Scores Perfectly Correlated with a Ranking Score, for the Performances Corresponding to Given Class Priors
m_ #0and 74 # 0
* The balanced accuracy: BA = Ry with I(tn) = 7r+, I(fp) = 7r+, I(fn) =m_,and I(tp) = .

» Cohen’s kappa: x = % with I(tn) = == 7 I(fp) = 5,I(fn) = 5, and I(tp) = ————. Thus, 'j > 0.



The informedness (a.k.a. Youden’s J): Jy = 2R; — 1 with [(tn) = 7y, I(fp) = 74, I(fn) = n_, and I(tp) = 7_.
Thus, 22% > 0.

The negative likelihood ratio: NLR = 128 with I(tn) = 1, I(fp) = 0, I(fn) = 1, and I(tp) = 0. Thus, 2FEE <0
The positive likelihood ratio: PLR = 24— with I(tn) = 0, I(fp) = 1, I(fn) = 0, and I(tp) = 1. Thus, 2ZLE > 0.

T-R
The probability of the elementary event true negative: PTN = n_R; with I(tn) = 1, I(fp) = 1, I(fn) = 0, and

I(tp) = 0. Thus, 2EIN. > 0,
The probability of the elementary event true positive: PTP = ©y Ry with I(tn) = 0, I(fp) = 0, I(fn) = 1, and
I(tp) = 1. Thus, d%{P > 0.




	. Introduction
	. Related Work
	. Mathematical Framework
	. The Performance P as a Probability Measure
	. Ordering Performances with a Preorder 
	. Modeling the Task as a Random Variable S
	. Modeling the Evaluation as a Function 
	. The Scores as Functions X of Performances
	. Modeling Application-Specific Preferences as a Random Variable I

	. Performance-Based Ranking Theory
	. Axiomatic Definition
	Leveraging the Preorder 
	Leveraging the Satisfaction S
	Leveraging the Combinations 
	Consistency

	. Sufficient Conditions for Score-Based Rankings
	. The Ranking Scores: Solutions for phi=conv

	. Observations for Two-Class Classification
	. Classical vs. our Formulation
	. What Does our Ranking Theory Teach us?

	. Conclusion
	. Supplementary Material
	. List of Symbols
	Mathematical Symbols
	Symbols Related to Our Mathematical Framework
	Symbols used for Operations on Performances
	Symbols used in the Performance Ordering and Performance-Based Ranking Theory
	Symbols used for the Particular Case of Two-Class Crisp Classifications

	. How to Use our Framework: a Little Catalog of Problems
	Multi-Class Classification (with a Note on Micro- and Macro-Averaging)
	Regression (with a Note on the Mean Squared Error and the Mean Absolute Error)
	Information Retrieval
	Detection (with a Note about the Intersection-over-Union and the F-Score)
	Clustering (with a Note about Fowlkes-Mallows Index)
	Ranking (with a Note about Kendall's )

	. Supplementary Material about sec:mathematical-framework-ordering
	Reminders of Classical Definitions.
	The 4 Cases in the Comparison of Two Performances with a Preorder .
	Implications of the Transitivity of .
	Properties of , >, <, , , and .

	. Supplementary Material about sec:mathematical-framework-importance
	The Visual Inspection of Formulas, to Determine the Importance given by Scores, can be Misleading!
	So, How can we Determine the Importance given by Scores?

	. Supplementary Material about sec:sufficient-conditions
	Proof of Theorem 1.
	Proof of Theorem 2
	Proof of Theorem 3

	. Supplementary Material about sec:ranking-scores
	All Ranking Scores can be Used to Rank Performances (for phi=conv)
	On the Properties of Ranking Scores.

	. Supplementary Material about sec:review
	Link between Classical Formulation and Ours.
	Custom Optimization Algorithm to Estimate Kendall's .
	Scores Perfectly Correlated with a Ranking Score, for all Performances
	Scores Perfectly Correlated with a Ranking Score, for the Performances Corresponding to Given Class Priors -=0 and +=0



