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Abstract

Reinforced concrete deep beams in bridges and other critical infrastructure are

subjected to millions of load cycles during their service life. At the same time,

they typically work with high shear and develop critical diagonal cracks. The

cyclic loading across the cracks results in fatigue damage of the shear-resisting

mechanisms, which needs to be taken into account in the assessment of exist-

ing structures, and in particular in members with small amount of shear rein-

forcement built according to early design codes. To aid the development of

advanced assessment approaches for such structures, this paper presents five

large-scale fatigue tests of deep beams with a stirrup ratio of 0.134%. The

beams are preloaded to develop complete diagonal cracks, and then are sub-

jected to cycles with different minimum and maximum load. The focus is

placed on detailed crack measurements, needed for the development of crack-

based assessment approaches. The crack data is analyzed with the help of the

two-parameter kinematic theory to quantify important deformations. It is

shown that the fatigue across the shear cracks is associated mainly with degra-

dation of aggregate interlock and progressive damage in the critical loading

zones. It is also shown that as the maximum load is decreased, the fatigue life

increases, and the failure mode can switch from shear to flexure.
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1 | INTRODUCTION

Reinforced concrete (RC) deep beams with shear-span-
to-effective-depth ratios a/d ≤ 2.0 are widely used in
concrete infrastructure, and most commonly in bridges.
Important examples include deep girders, pier caps, and
pile caps. These members are subjected to millions of
load cycles during their service life, leading to high-cycle
fatigue associated with deterioration of their load-
resisting mechanisms. At the same time, much of the
infrastructure across the world was built before the 1970s
with limited design provisions for fatigue degradation.1

At present, this infrastructure is nearing the end of its

service life, while the resources for its maintenance and
replacement are limited. Therefore, there is a pressing
need for innovative advanced assessment methods, which
can accurately evaluate the remaining service life of deep
members, taking into account the effect of fatigue
loading.

The fatigue flexural behavior of slender members is
typically governed by fatigue fracture of the longitudinal
reinforcement.2–4 Assessment of such failures is per-
formed based on the stress range in the reinforcement,
which is evaluated using conventional sectional models.
In the case of fatigue shear behavior, studies showed that
slender beams mainly fail in diagonal cracking failure by
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unstable crack propagation, or by fatigue fracture of the
transverse reinforcement.5–7 In one of these studies,7 the
impact of the slenderness ratio a/d = 2.0–6.36 on
the fatigue shear strength was examined on small-scale
specimens without web reinforcement. According to
these experimental results, it was demonstrated that as
the slenderness ratio decreases, the behavior changes
from beam action to arch action and the fatigue strength
starts to increase. On the other hand, in the case of deep
beams (a/d < 2.0), the fatigue shear behavior is much
more complex. The shear is carried by the compression
zone near the loading plate, aggregate interlock, trans-
verse reinforcement, and dowel action of the flexural
reinforcement. Deep members can fail by inclined crush-
ing of the compression region at the zone of loading (so-
called critical loading zone, CLZ), by fatigue fracture of
the stirrups, or by fatigue fracture of the longitudinal flex-
ural reinforcement.8–12

An advanced crack-based assessment approach for
shear-critical deep beams has been recently proposed
by Trandafir et al.13,14 for monotonic loading condi-
tions. This approach focuses on the main indicator of
damage in deep members: shear cracks which extend
from the supports to the loading points of the mem-
ber. Such diagonal cracks, reaching widths of up to
1 mm, have been observed in existing bridges and
have raised questions about the safety of critical infra-
structure.15 In the crack-based assessment approach,
the measured geometry and vertical crack displace-
ments are used in combination with the two-
parameter kinematic theory (2PKT)16,17 to assess the
residual capacity of the member. To extend this
approach to capture fatigue effects, it is necessary to
account for the degradation of the shear mechanisms
across the critical diagonal cracks, as well as the asso-
ciated widening of the cracks. However, while crack
displacements are key for crack-based assessment,
there is no detailed experimental data on crack dis-
placements in fatigue tests of deep beams.

An earlier large-scale experimental program on
fatigue behavior of deep beams was reported by Teng
et al.10,11 The study focused on the impact of the amount
and arrangement of web reinforcement, as well as on the
range of the cyclic load. It was demonstrated that
the web reinforcement was effective in restraining the
shear cracks and increasing the fatigue life. It was also
shown that the fatigue life increases when the load range
is reduced. This research focused on the global behavior
of the deep beams in terms of their fatigue life without
detailed measurements of crack displacements. In addi-
tion, the beams were not preloaded to develop complete
diagonal cracks prior to fatigue loading, as often observed
in existing bridges. Such critical cracks tend to develop

early in the life of the structure, followed by a large num-
ber of load cycles applying shear across the cracks.

In this context, the current study focuses on unfavor-
able but realistic cases of fatigue behavior of deep beams.
The test specimens feature small amount of shear rein-
forcement to represent existing structures built according
to early design codes. In addition, all beams are initially
loaded to 70% of their monotonic capacity in order to cause
complete diagonal shear cracks, prior to applying fatigue
cycles with various minimum and maximum loads.
Detailed measurements of crack displacements are per-
formed along the shear and flexural cracks, and they are
used together with the 2PKT approach to quantify impor-
tant deformations. The crack data and analysis are aimed
to aid researchers in developing reliable assessment models
for deep members subjected to repetitive loading.

2 | EXPERIMENTAL PROGRAM

2.1 | Test specimens

Five nominally identical deep beams with rectangular
section were built for the experimental program—see
Figure 1. The beams had a total length of 3200 mm, a
span of 2400 mm, a total depth of 800 mm, and a width
of 250 mm. The steel reinforcement consisted of
8Ø20 mm bottom longitudinal deformed bars placed in
two layers, 2Ø20 mm top deformed bars, and vertical
web reinforcement (stirrups) made of diameter 8 mm
deformed bars with a spacing of 300 mm. The corre-
sponding flexural reinforcement ratio ρl was 1.37% and
the shear reinforcement ratio ρv was 0.134%.

2.2 | Material properties

2.2.1 | Concrete

Normal strength concrete with identical mix design
was used for casting the five test specimens. Three
batches of concrete were used: the first for beams
P3/P4, the second for P5/P6, and the last batch for
beam P7. The clear concrete cover was 25 mm and the
type of coarse aggregate used was gravel with a maxi-
mum size of 22 mm. For material characterization,
three compression tests were conducted per concrete
batch on standard 300 mm � 150 mm cylinders. With
the exception of the first batch, all cylinders were
tested with strain measurements to obtain the com-
plete pre-peak stress–strain response, including the
modulus of elasticity Ec, the concrete strength fc, and
the strain at peak stress εc1. For the batch of beams

2 FATHALLA and MIHAYLOV
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P3/P4, only one cylinder was tested with strain mea-
surements, while the other two were tested to obtain
solely the concrete strength. The compressive strength
obtained for all three batches was approximately
40 MPa. The main results from the cylinder tests are
summarized in Table 1, while Figure 2 shows the com-
plete pre-peak stress–strain curves of the three batches
of concrete.

2.2.2 | Reinforcement

Standard tensile tests were performed on one sample of
the 20 mm bars (longitudinal reinforcement) and three
samples of the 8 mm bars (stirrups). The reinforcement
did not exhibit a clear yield plateau and had a yield
strength of approximately 530 MPa. Table 2 summarizes
the main average properties obtained in the reinforce-
ment tests.

2.3 | Test setup

Figure 3 shows the test setup used in the experimental
program. The beams were tested under symmetrical
3-point bending, where the shear span was a = 1200 mm
and the shear-span-to-effective-depth ratio a/d was 1.64
(d = 732 mm). The load was applied via a hydraulic jack
equipped with a load cell and a spherical hinge, while

the supports were rollers to ensure unrestrained elonga-
tion of the beams.

The jack load was transferred to the beam via a
180 mm � 250 mm � 30 mm steel plate. A thin layer of
plaster was placed between the plate and the concrete
surface to ensure uniform contact. The support reactions
were applied via 180 mm � 250 mm � 30 mm steel
plates. The out-of-plane stability of the beams was
ensured by steel frames located at the axes of the two
supports on both sides of the beam (Figure 3). To mini-
mize the friction, Teflon pads were placed between the
steel frames and the test specimen.
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FIGURE 1 Geometry and reinforcement of test specimens.

TABLE 1 Concrete material properties of deep beams.

Beam

Compressive
strength

Strain at
peak
stress

Modulus
of elasticity

Concrete
age

fc0 (MPa) εc1 (‰) Ec (MPa) (Days)

P3/P4 40.5 1.7 34,300 353

P5/P6 39.6 2.2 29,700 427

P7 39.7 2.4 25,800 492
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FIGURE 2 Pre-peak compression behavior of concrete.

TABLE 2 Properties of steel reinforcement.

Bar

Yield
strength

Ultimate
strength

Modulus of
elasticity

Yield
strain

Rupture
strain

fy (MPa) fu (MPa) Es (MPa) εy (‰) εu (‰)

; 20 534 616 203,000 2.63 97

; 8 523 595 174,000 3.00 50

FATHALLA and MIHAYLOV 3
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2.4 | Measuring instrumentation

Figure 3 shows the instrumentation designed to mea-
sure global and local deformations for both monotonic
and fatigue loading of the beams. Nine displacement
transducers (DTs) were placed on one side of the
beams in a symmetrical pattern across the two shear
spans. Transducers DT-A and DT-B were used to mea-
sure the average strain along the bottom flexural rein-
forcement, and DT-C was used to measure the mid-
span deflection with respect to a steel bar connected to
the beam at the support axes. The remaining six trans-
ducers were placed along the expected diagonal cracks
to measure the vertical displacements in the cracks:
DT-F and DT-G were located at a distance of 0.25 of
the shear span a measured from the center of the load-
ing plate, DT-E and DT-H at 0.47a, and DT-D and DT-I
were at 0.70a from the center of the plate. For the
fatigue testing, continuous measurements were per-
formed only with DT-C (mid-span deflection), while
the other transducers were used during intermediate
slow cycles within the fatigue cycles.

2.5 | Loading scheme and parameters

As mentioned earlier, one beam (P3) was tested to failure
under monotonic loading to serve as a reference speci-
men. The applied load at failure of this beam is denoted
as Pu: the monotonic ultimate capacity (strength). Beams
P4, P5 and P6 were tested under fatigue loading with dif-
ferent maximum fatigue loads Pmax varying from 70% to
45.1% of Pu (Table 3), while the minimum fatigue load
Pmin was kept constant at 9.7% of Pu. Beam P7 was tested
similarly to beam P5 with Pmax = 54.1% of Pu, but with a
higher minimum fatigue load Pmin of 22.5% of Pu.

In the monotonic test, the loading was initially con-
ducted in load control (rate �2 kN/s) in five load steps
up to �96% of the failure load. Following this load
level, the control was switched to displacements (rate
�0.01 mm/s) in order to capture the post-peak
response of the beam. After each load step, the load
was decreased by 10% and kept constant while con-
ducting crack width measurements and taking photos
for reporting.

As mentioned in the introduction, in the fatigue tests,
the beams were firstly loaded monotonically to 70% of Pu
(650 kN) in order to create major diagonal shear cracks.
More specifically, it was ensured that the diagonal cracks
propagated from the inner edges of the support plates to
the compression zone in the vicinity of the loading plate.
Following this step, the fatigue loading was applied
according to the load levels listed in Table 3 for each
beam. The fatigue loading followed a sinusoidal wave
with a frequency of 2 Hz. It is important to point out that
the fatigue performance of deep beams may be impacted
by the pre-cracking load in terms of initial state of stress
of the shear resisting mechanisms before the application
of the fatigue loading, and therefore this variable needs
to be investigated further in future testing.
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FIGURE 3 Test setup and instrumentation of deep beams. Displacement transducers DT-D and DT-I were only placed for the

monotonic test P3.

TABLE 3 Load levels of tested deep beams in fatigue.

Beam Loading type
Pmax/Pu Pmin/Pu R = Pmin/Pmax

% % %

P3 Monotonic 100 - -

P4 Fatigue 69.8 9.7 13.8

P5 Fatigue 54.7 9.7 17.6

P6 Fatigue 45.1 9.7 21.4

P7 Fatigue 54.7 22.5 41.2
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As mentioned earlier, continuous displacement
measurements were conducted only for the mid-span
deflection (transducer DT-C). For this reason, as
shown in Figure 4, intermediate slow cycles were
performed to connect the other displacement trans-
ducers and to perform full measurements at several
intermediate stages during the fatigue loading. In the
beginning of each set of intermediate slow cycles,
load stages at maximum and minimum fatigue loads
were conducted to measure crack widths and take
photos for reporting.

3 | EXPERIMENTAL RESULTS

3.1 | Monotonic test P3

The reference beam P3 failed at a total load Pu = 932 kN
(shear force Vu = 466 kN) by crushing of the concrete in
the compression zone near the loading plate, accompa-
nied by the opening of a critical diagonal crack—see
Figure 5. The crushed zone was located above the critical
diagonal crack, and it is referred to as the critical loading
zone (CLZ).16,17

FIGURE 4 Sample loading history for fatigue tests.

FIGURE 5 Cracks after failure (top) and crack width measurements at different load levels (bottom)—beam P3.
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FIGURE 6 Global response—beam P3.
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Figure 6 shows the global response of the beam in
terms of applied load versus mid-span deflection. The
specimen behaved linearly up to �21% of the peak load
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Average Strain of Flexural Reinforcement, ‰

0

200

400

600

800

1000

Peak Load Pu=932 kN

t,avg at Pu=1.35 ‰

Yield
Limit

Lo
ad

 P
, k

N

FIGURE 7 Flexural response—beam P3.
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FIGURE 8 Vertical crack displacements—beam P3.

FIGURE 9 Two-parameter kinematic model for deep beams.16,17
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FIGURE 11 Global response of beams P4 to P7 in the pre-
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failure.

FIGURE 10 Measured geometry of CLZ and estimated DOFΔc

of kinematic model—beam P3.

6 FATHALLA and MIHAYLOV

 17517648, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/suco.202300603 by U

niversity of L
iege L

ibrary L
éon G

raulich, W
iley O

nline L
ibrary on [02/11/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



(196 kN) when flexural cracks occurred in the mid-span
region and the tangent stiffness decreased. With subse-
quent loading, the beam behaved linearly again up to
�40% of Pu (373 kN) when shear cracks propagated from
the inner edges of the supports to the vicinity of the CLZ
(diagonal cracks), and the deflection increased suddenly.
By increasing the load further, the width of the diagonal
cracks increased with a slight gradual decrease in tangent
stiffness. Finally, at approximately 94% of Pu (876 kN), a
significant reduction of the slope of the load–deflection
curve was observed until the failure of the beam. The bot-
tom flexural reinforcement was in the elastic range along
the entire response of the specimen P3 (no flexural yield-
ing). As shown in Figure 7, the average strain along the
reinforcement measured with DT-A and DT-B reached
1.35 � 10�3 at peak load, which is significantly smaller
than the yield strain εy = 2.63 � 10�3.

In addition, Figure 5 shows the crack width measure-
ments at different load levels along the main flexural
crack and along the critical diagonal crack. At 87% of Pu,
the maximum width of the diagonal crack was observed
near the mid-depth of the beam (location 3) and reached
a value of �1.6 mm. On the other hand, the flexural
crack was significantly narrower, measuring only
�0.3 mm at the same load level.

While the crack widths were measured at discrete
load levels, vertical displacements across the critical diag-
onal crack wv were monitored continuously as shown in
Figure 8. It can be seen that the displacement near the
support (at 0.70a from the loading point) and near
the load (at 0.25a from the loading point) were nearly
equal throughout the response of the beam measuring
�1.7 mm at failure. Similarly to the crack widths, wv was
maximum in the mid-depth region, reaching �2.5 mm at
failure.

As the failure of the beam was triggered by crushing
in the critical loading zone (CLZ), it is of interest to use
the crack measurements to evaluate the deformations in
this zone. A suitable approach to evaluate the deforma-
tions in the CLZ is the two-parameter kinematic model
for deep beams proposed by Mihaylov et al.16,17 As shown
in Figure 9, this approach uses two degrees of freedom
(DOFs) to describe the complete displacement field of
shear spans with diagonal cracks, including the displace-
ments across the cracks (crack kinematics). The two
DOFs are the average strain along the bottom flexural
reinforcement, εt,avg, and the transverse displacement of
the critical loading zone, Δc. This model has been vali-
dated with measured displacement fields and crack data,
showing adequate results.13,14 In fact, it is DOF Δc that
characterizes the behavior of the CLZ and the shear
behavior of deep beams in general. As evident from
Figure 9, Δc is associated with vertical crack

displacements, which are in turn associated with slip
displacements and aggregate interlock stresses across the
critical diagonal crack.

Using the kinematic model, the vertical crack dis-
placements are expressed with the two DOFs as follows:

wv ¼Δcþ εt,avglk
x
d

ð1Þ

where d is the effective depth of the beam, x is the hori-
zontal coordinate measured from the center of the load-
ing plate (positive), and lk is the portion/length of the
flexural reinforcement whose elongation contributes to
the opening of the diagonal crack (Figure 9). This linear
equation is valid in the middle portion of the crack,
where the crack displacements are not affected by the top

(a)

(b)

FIGURE 12 Progress of the vertical crack displacement and

stirrup stresses at mid-depth in the initial pre-cracking loading

stage: (a) Vertical crack displacements and (b) Stirrups stresses.

Results of beam P6 is omitted since the critical diagonal shear crack

did not cross transducer DT-H.

FATHALLA and MIHAYLOV 7
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load on the beam and the flexural reinforcement in the
bottom of the beam (crack control zone). Vertical dis-
placement transducers DT-F and DT-E were intentionally
placed in this portion of the crack, and therefore their
measurements can be inserted in the left-hand side of
Equation (1). The two measurements provide two

FIGURE 13 Cracks after failure (top) and crack width measurements at different load levels (bottom)—beam P4.

FIGURE 14 Progress of mid-span deflection with the fatigue

cycles—beam P4.

FIGURE 15 Fatigue damage of shear resisting mechanisms—
beam P4.

8 FATHALLA and MIHAYLOV
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simultaneous equations to calculate DOF Δc and elonga-
tion εt,avglk, where x is either 0.25a or 0.47a.

Figure 10 illustrates the graphical solution of these
equations for beam P3 at failure. The two crack displace-
ment readings wv are connected with a straight line,
whose slope is equal to εt,avglk/d. When the line is
extended to the center of the load (x = 0), it results in a
Δc value of 1.13 mm at failure. Figure 10 also shows the
estimated geometry of the CLZ, which is characterized by
two parameters: minimum depth dCLZ and angle αCLZ.
Depth dCLZ is measured directly as the shortest distance
from the edge of the loading plate to the critical crack
(�54 mm), while αCLZ requires to estimate the size of the
CLZ along the critical crack. More precisely, angle αCLZ is
the inclination of the line connecting the bottom point of
dCLZ to the approximate end of the CLZ along the crack.
Trandafir et al.14 have proposed to estimate the length of
this line at 3dCLZ (�162 mm), which results in an

estimated angle αCLZ of 36� for beam P3. The crack dia-
gram shows that displacement transducers DT-E and
DT-F are outside the CLZ, and therefore the calculation
of Δc based on Equation (1) is valid.

With measured dCLZ and αCLZ, the formulation of the
critical loading zone derived in Reference 14 allows to
estimate the inclined compressive strain along the bot-
tom face of the CLZ—see Equations (2) and (3). For
beam P3 at failure, Equation (2) results in an εCLZ value
of �3 � 10�3, which is consistent with the observed
crushing of the CLZ.

εCLZ ¼ Δc

3 lb1e
tanαCLZ ð2Þ

lb1e ¼ dCLZ
sinαCLZ

ð3Þ

3.2 | Fatigue tests

As previously mentioned, the beams used for fatigue test-
ing were initially loaded monotonically up to 70% of Pu
(650 kN) in order to create diagonal shear cracks. After-
wards, the beams were subjected to fatigue cycles up to
failure. Figure 11 illustrates the global response of the
beams during the initial monotonic pre-cracking phase,
together with the complete response of the reference
specimen P3. It can be seen that the initial stiffness of the
four beams was nearly identical, which is also consistent
with the small variation of the modulus of elasticity of
the concrete (Table 1). However, there is a more visible
variation in the stiffness of the beams after the formation
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FIGURE 16 Progress of crack displacements and strains with

fatigue cycles—beam P4: (a) Vertical crack displacements and

(b) Average strain along flexural reinforcement.

FIGURE 17 Measured geometry of CLZ and estimated DOFΔc

of kinematic model—beam P4.
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of diagonal shear cracks, with beams P4 and P5 exhibit-
ing softer response than the other three beams. This dif-
ference is attributed mainly to random variations in the
path of the critical cracks.14

The softer response of beams P4 and P5 is also
observed in the measured vertical crack displacements,
as shown in Figure 12a. In the middle zone of the diago-
nal cracks (x = 0.47a) at 70% of Pu, wv of beams P4 and
P5 was approximately 1.5 larger than the corresponding
measurements in beams P1 and P7. These crack displace-
ments are used together with a bond model proposed by
Sigrist18 to evaluate the stress in the stirrups fv in the
cracks. In this model, the bond stress along the bar is a
function of the tensile strength of the concrete fct, which
estimated at 0.26fc0

2/3 (MPa). The bars are assumed
anchored in two uncracked concrete blocks, one on each
side of the critical crack. As evident from the results in
Figure 12b, the stirrups in beams started yielding and
entered the strain-hardening regime (fv > fyv = 523 MPa)
at 43%–57% of Pu in the initial monotonic pre-cracking
phase.

3.2.1 | Fatigue test of beam P4

Beam P4 was subjected to fatigue cycles with
Pmax = 650 kN (70% of Pu) and Pmin = 90 kN (9.7% of
Pu), after the specimen was pre-cracked with diagonal
shear cracks at a load of 70% of Pu. The beam failed at
4,539 cycles with crushing of the critical loading zone

(CLZ) and opening of a critical diagonal crack as shown
in Figure 13.

As evident from Figure 14 (top), the progress of the
mid-span deflection with fatigue cycles at Pmax and
Pmin was characterized by three phases: (a) an initial
fast increase up to �200 cycles due to cyclic creep; (b) a
slow linear increase from �200 cycles to �4,000 cycles;
and (c) a rapid increase after �4,000 cycles up to fail-
ure. This trend is similar to the fatigue behavior of con-
crete in uniaxial compression as reported elsewhere.19

Crack widths were measured in the beginning of the
test (1st cycle) and near the end of the second phase (at
�4,000 cycles) as shown in the crack diagram in
Figure 13. It is evident that the flexural cracks
remained unchanged, while the width of the critical
diagonal crack increased substantially.

Figure 14 (bottom) shows the fatigue response of
beam P4 in terms of load versus mid-span deflection, in
comparison to the monotonic response of beam P3. The
unloading and reloading stiffness decreased with increas-
ing number of cycles, while the mid-span deflection
increased and surpassed the deflection of P3 at peak load.
Beam P4 failed at a deflection of 6.8 mm, which is 48%
larger than the failure deflection measured in the
monotonic test.

The fatigue damage observed in beam P4 is illustrated
in Figure 15 with photographs taken in the beginning of
the test (1st cycle) and near the end of the second phase
(at �4,000 cycles). The damage was associated mainly
with two shear-resisting mechanisms: the inclined

FIGURE 18 Cracks after failure (top) and crack width measurements at different load levels (bottom)—beam P5.
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compression in the critical loading zone and the aggre-
gate interlock across the critical crack. It can be seen
that the load cycles caused inclined macro cracks in
the CLZ, which eventually led to fatigue crushing of
the concrete in this zone. Moreover, during the fatigue
cycles, the crack edges were eroded, and the crack
interface was gradually smoothened, in particular
along the steepest segments of the critical crack. The
steepest segments develop the largest slip displace-
ments and corresponding aggregate interlock stresses,
and therefore their deterioration is linked to significant
reduction in shear resistance.14

During the fatigue cycles, the vertical displace-
ments across the critical diagonal crack increased as
shown in Figure 16a. At �4,000 cycles, wv at Pmax at
x = 0.47a and 0.25a increased respectively by �67%
and �99% compared to the displacements in the 1st

cycle. At the same time, the average strains in the flex-
ural reinforcement remained nearly unchanged (7%

increase)—see Figure 16b. These results are consistent
with the evolution of the widths of the shear and flex-
ural cracks reported in Figure 13. They show that the
fatigue behavior of the beam was governed by shear
strength deterioration, while the flexural resistance
was not affected significantly.

This can also be illustrated with the help of the two-
parameter kinematic model in Figure 9. According to the
model, the flexural deformation pattern associated with
DOF εt,avg remained nearly unchanged, while the shear
pattern associated with DOF Δc exhibited increasing
deformations under consecutive fatigue cycles up to fail-
ure. Figure 17 shows the variation of the vertical dis-
placements along the critical crack, including DOF Δc

defined at the center of the loading plate. Between cycle
1 and �4000, Δc increased from 0.67 mm to 1.90 mm,
and the corresponding estimated strain in the CLZ
increased from 1.4 � 10�3 to 3.9 � 10�3 (Equations 1–3).
Therefore, the CLZ of beam P4 failed with a maximum

FIGURE 19 Progress of mid-span deflection with the fatigue

cycles—beam P5.

FIGURE 20 Fatigue damage of shear resisting mechanisms—
beam P5.
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compressive strain which is 30% larger than that in the
monotonic test. This is due to the accumulated irrevers-
ible compressive strains and reduction of stiffness of the
CLZ caused by the formation of microcracks during
the fatigue loading.19

3.2.2 | Fatigue test of beam P5

Beam P5 was subjected to fatigue cycles with
Pmax = 510 kN (54.7% of Pu) and Pmin = 90 kN (9.7% Pu),
after the specimen was pre-cracked with diagonal shear
cracks at a load of 70% of Pu. Similarly to beam P4, the
failure occurred with crushing of the CLZ and opening of
a critical diagonal crack as shown in Figure 18. However,
the reduction of Pmax from 70% to 55% of Pu resulted in a
substantial difference in the number of load cycles to fail-
ure: 4,539 for P4 versus 72,601 for P5.

The increase of mid-span defection with the number
of load cycles, as well as the load–deflection response of
beam P5 in comparison to the monotonic test P3, are
shown in Figure 19. As in test P4, the progress of the
mid-span deflection at Pmax and Pmin is characterized by
three phases: (a) an initial fast increase up to
�2,500 cycles due to cyclic creep; (b) a slow linear
increase from �2,500 cycles to �67,000 cycles; and (c) a
rapid increase after �67,000 cycles up to failure. The
crack width measurements in Figure 18 were performed
in the 1st cycle, at 24,128 cycles, and near the end of the
third phase at 72,324 cycles. The damage associated with
the concrete shear-resisting mechanisms at these three
stages is illustrated with photographs in Figure 20. As
before, inclined macro cracks accumulated in the CLZ,
and the surfaces of the critical crack were severely eroded
due to cyclic aggregate interlock.

Clear evidence that the fatigue behavior of beam P5
was governed by shear, as presented in Figure 21. Just
prior to failure, the vertical displacements in the diagonal
cracks at x = 0.47a and 0.25a at Pmax increased respec-
tively by �2.9 times and �3.4 times compared to the
values in the 1st load cycle. At the same time, the average
strain in the flexural reinforcement exhibited only a
slight increase, and no flexural damage was visible during
the fatigue testing. Just before failure, the average strain
at Pmax had increased by only �17% compared to the
value in the 1st load cycle. In other words, the flexural
fatigue damage was not dominant, and the failure of the
beam was caused by the fatigue damage of the shear-
resisting mechanisms.

In terms of measured geometry of the critical loading
zone, beam P5 represented an intermediate case between
P3 and P4—see Figure 22. The depth dCLZ was �45 mm
and the angle αCLZ was �35�. The shear DOF associated

FIGURE 21 Progress of crack displacements and strains with

fatigue cycles—beam P5: (a) Vertical crack displacements and

(b) Average strain along flexural reinforcement.

FIGURE 22 Measured geometry of CLZ and estimated DOFΔc

of kinematic model—beam P5.
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with the CLZ increased from 0.36 mm in the 1st cycle to
1.84 mm at cycle 72,324 near failure (�5-times increase).
The corresponding compressive strain in the CLZ is esti-
mated to have increased from 1.1 � 10�3 to 5.5 � 10�3,
reaching larger values than in beam P4.

3.2.3 | Fatigue testing of beam P6

Beam P6 was subjected to fatigue cycles with
Pmax = 420 kN (45.1% of Pu) and Pmin = 90 kN (9.7% Pu),
after the specimen was pre-cracked with diagonal shear
cracks at a load of 70% of Pu. At �2.4 million cycles, a
short fatigue flexural crack propagated suddenly in the
bottom of the beam near the main flexural crack at mid-
span. When the short crack merged with the main crack
and extended to �90% of the total depth of the beam at
5,685,066 cycles, the fatigue loading was stopped. At this
point, it was evident that the beam would fail in flexure.
In order to have a clear failure, the beam was then
unloaded and reloaded monotonically in displacement
control (rate �0.01 mm/s) up to failure. The failure
occurred due to fatigue fracture and yielding of the flex-
ure reinforcement at a total load of 671 kN (72% of Pu) as
shown in Figure 23.

Compared to beams P4 and P5, the progress of the
mid-span deflection with the fatigue cycles at Pmax and
Pmin also had three apparent phases, but differed in
the final phase (Figure 24 top): (a) an initial fast
increase up to �40,000 cycles due to cyclic creep; (b) a

linear increase from �40,000 cycles to �2 million
cycles; and (c) a stepwise increase after �2 million
cycles up to failure. Accordingly, Figure 23 shows
detailed crack width measurements after the first load
cycle, at �2 million cycles, at �4.3 million cycles, and
at the end of the final third phase. Up to �2.4 million
cycles, the increase of the width of the shear crack was
larger than that of the flexural cracks. After this stage,
the flexural cracks widened significantly and domi-
nated the response up to failure.

A more detailed illustration of this transition between
shear and flexural modes is demonstrated in Figure 25a,
which compares the evolution of crack widths at three
different locations. A comparison is made between the
diagonal shear crack (point 4 in Figure 23), the main flex-
ural crack (point 5 in Figures 23 and 25c), and the short
flexural crack (point 6 in Figure 23 and 25c). The propa-
gation of the two flexural cracks with increasing number
of cycles is shown in Figure 25c. Before the formation of
the short flexural crack at �2.4 million cycles, the diago-
nal shear crack widened up to �1.2 mm, while the open-
ing of the main flexural crack had a slight increase due to
the deterioration of the bond and tension stiffening of the
flexural reinforcement. After the formation of the short
flexural crack, the opening of the shear crack stabilized,
and the behavior was dominated by the opening and
propagation of the two flexural cracks. At the end of the
fatigue cycles, the short flexural crack had merged with
the main flexural crack and had reached a width
of �1.8 mm.

FIGURE 23 Cracks after failure (top) and crack width measurements at different load levels (bottom)—beam P6.
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In the flexure-dominated regime after �2.4 million
cycles, the stepwise increase of mid-span deflection is
explained with the help of Figure 25b. The plot matches
the evolution of the deflection at Pmax with the evolution
of the width of the short flexural crack (two-axes plot). It
can be seen that the sudden increases (steps) in the mid-
span deflection occurred simultaneously with four rapid
increases of the crack width. These steps are devoted to
fatigue fractures of four out of the eight bottom longitudi-
nal bars, which was confirmed after the test by removing
the concrete cover.

Figure 24 (bottom) shows the complete load–
deflection fatigue response of beam P6 in comparison to
the monotonic response of P3. At the end of the fatigue
cycles, the deflection reached �4.0 mm, which is smaller
than the deflection of P3 at failure (�4.6 mm). The plot
also shows the final monotonic response of beam P6
when the specimen was loaded to failure in displacement
control. At a load of 475 kN (51% of Pu), a fifth

longitudinal bar fractured, and the resistance dropped,
before it quickly increased again with increasing dis-
placement. This increase was due to the strain-hardening
of the remaining three longitudinal bars in the critical
flexural crack. The test was stopped at 671 kN (72% of Pu)
when the load–deflection curve flattened.

The five fractured bars are shown in the photographs
in Figure 26a taken after the test. The fractures occurred
due to defects and stress concentrations at the locations
where the bars were tack-welded to the stirrups and to
the steel connectors used for placing the second layer of
the flexural reinforcement (Figure 1). These premature
fractures are consistent with past experimental studies.20

It has been reported that tack-welding of stirrups to lon-
gitudinal bars reduces the endurance fatigue limit of the
bars by 28%–50%, where the endurance limit is the stress
range below which the bar can endure an infinite
fatigue life.

Since the stress range fr is the major factor for fatigue
behavior of steel bars,2 it is of interest to evaluate the
stresses in the longitudinal reinforcement of beam P6.
The stress in the eight bars just before the first fracture
can be estimated using the free body diagram in
Figure 26b. Based on the crack diagram at this stage, the
lever arm of the internal longitudinal forces in the mid-
span section is estimated at z ≈ 613 mm. With this lever
arm and the applied loads Pmin and Pmax, the total ten-
sion force in the bars is evaluated to have varied between
Tmin = 83 kN and Tmax = 389 kN, and the corresponding
stress between fs,min = 33 MPa and fs,max = 155 MPa.
Therefore, the stress range that caused the first bar frac-
ture was fr = fs,max � fs,min = 122 MPa. Based on the
model by Helgason and Hanson,21 the lowest average
endurance limit for straight bars is �165 MPa. This limit
is 35% larger than the stress range in beam P6, but it does
not account for the effect of tack welding. Due to the tack
welding in beam P6, the limit was likely reduced by 28%–
50% (�83–119 MPa), and thus the bar fractured after
experiencing �2.7 million cycles.

When the same analysis is performed at the end of the
final monotonic loading (P = 671 kN and z ≈ 696 mm), the
stress in the three remaining bars is estimated at 635 MPa,
which is almost equal to the ultimate tensile strength of the
steel (fu = 616 MPa). This result demonstrates that the
fatigue cycles did not cause a reduction of the monotonic
tensile strength of these three bars.

3.2.4 | Fatigue testing of beam P7

Beam P7 was subjected to fatigue cycles with
Pmax = 510 kN (54.7% of Pu) and Pmin = 210 kN (22.5% of
Pu), after the specimen was pre-cracked with diagonal

FIGURE 24 Progress of mid-span deflection with the fatigue

cycles—beam P6.
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shear cracks at a load of 70% of Pu. After approximately
1 million cycles, a macro-crack was observed in the CLZ
of the critical shear span. As the fatigue testing contin-
ued, more macro-cracks and concrete crushing of some
parts occurred in the CLZ. The fatigue testing was
stopped after 4,595,798 cycles and the beam was loaded
monotonically in displacement control (rate �0.01 mm/
s) up to failure. The failure occurred with crushing of the
CLZ and opening of a critical diagonal crack at a total
load of 758 kN (81% of Pu) as shown in Figure 27.

Although beam P7 experienced a failure mode similar
to that of beams P4 and P5, the progress of the mid-span
deflection with the number of cycles at Pmax and Pmin

was different and can be characterized by four phases—
see Figure 28 (top): (a) an initial fast increase up to
�160,000 cycles due to cyclic creep; (b) a linear increase
from �160,000 cycles to �800,000 cycles; (c) a slower lin-
ear increase from �800,000 cycles to �4.6 million cycles;
and (d) a rapid increase after �4.6 million cycles near
failure. Accordingly, the crack width measurements in
Figure 27 were performed at the 1st cycle, �160,000 and
�800,000 cycles, and near the end of the last phase.
While the width of both shear and flexural cracks
increased with the fatigue cycles, the increase of the

shear crack was significantly larger from 0.48 mm after
the 1st cycle to 2.44 mm near failure. Similarly to beams
P4 and P5, the surfaces of the shear crack were eroded
due to cyclic aggregate interlock, and accumulation of
damage was observed in the CLZ.

Figure 28 (bottom) shows the cyclic load–deflection
response of beam P7 compared to the monotonic
response of beam P3. The response of the two beams dur-
ing the pre-cracking stage 70% of Pu was similar. After
the application of the fatigue cycles at constant load
levels (�4.6 million cycles), the mid-span deflection of
beam P7 increased up to �4.5 mm, which is approxi-
mately equal to the deflection at failure of P3 (�4.6 mm).
Then by loading the beam monotonically up to failure,
P7 reached its peak load at 81% of the monotonic
strength and a deflection of 5.6 mm, which is 22% higher
than in the monotonic test.

The vertical crack displacements increased during the
fatigue cycles as shown in Figure 29a, while the increase
of flexural strain is illustrated in Figure 29b. Near the end
of the fatigue cycles, wv at x = 0.47a and 0.25a under
Pmax increased �3.4 times and �4.5 times, respectively,
compared to their displacements in the 1st cycle. The
average strain in the flexural longitudinal reinforcement

FIGURE 25 Progress of flexural cracks with the fatigue cycles—beam P6: (a) Comparison of flexural and shear cracks, (b) Fatigue

fracture of flexural bars, and (c) Flexural cracks propagation (nb is the number of non-fractured bottom bars).
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at Pmax increased by 33%. Since no flexural damage was
observed during the fatigue testing, this increase may be
explained with additional crack opening of the diagonal

cracks at the level of the flexural reinforcement and loss
of tensing stiffening of the reinforcement due to bond
fatigue damage. Generally, the bond degradation is a
slow process that requires millions of load cycles to have
a significant impact.22 In the end, the flexural fatigue
damage was not dominant for the ultimate response of
the beam, and the failure was caused by the fatigue of the
shear-resisting mechanisms.

This is consistent with the shear degree of free-
dom of the kinematic model Δc, which is estimated
from the measured vertical crack displacements as
shown in Figure 30. At the end of the fatigue cycles
at Pmax, Δc reached �1.26 mm, which is �23-times
larger than the value in the 1st cycle in demonstra-
tion of the fatigue compression damage in the CLZ.
Finally, the corresponding maximum compressive
strain in the CLZ estimated from Equations (2) and
(3) reached �6 � 10�3.

4 | SUMMARY OF TEST RESULTS

Figure 31 shows a comparison of the global response of
the beams tested in fatigue in terms of mid-span deflec-
tion versus the number of load cycles. Beams P4, P5, and
P7 failed in shear by crushing of the CLZ, however, beam
P7 exhibited a more gradual failure due to more bond
fatigue damage along the flexural reinforcement. On the
other hand, beam P6 failed in flexure by fatigue fracture
of the bottom longitudinal reinforcement.

FIGURE 27 Cracks after failure (top) and crack width measurements at different load levels (bottom)—beam P7.

FIGURE 26 Fracture and estimation of stresses in

longitudinal flexural reinforcement—beam P6: (a) Fatigue fracture

of reinforcement and (b) Free body diagram prior to first bar

fracture.
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The first variable in the test series was the maximum
fatigue load Pmax, which is investigated using the results
from beams P3 to P6. Figure 32a shows the load level
Pmax/Pu versus the number of failure cycles (P–N dia-
gram) obtained from these four beams. The black solid
line is the trend line defined by the experimental results
of beams P3, P4 and P5 (black dots), since these speci-
mens had the same failure mode. At load levels Pmax/Pu
above �50%, it is evident that the beams tend to fail in
shear by crushing of the CLZ. On the other hand, below
that range, the expected failure is flexural with fracture
of the longitudinal reinforcement in the presence of stress
concentrators (e.g., tack welds). As it can be expected,
when the maximum fatigue load is reduced, the fatigue
life of the CLZ and the beam is prolonged. This can lead
to the initiation of fatigue flexural crack at the locations
of welds and/or imperfections along the flexural rein-
forcement. Eventually, fatigue flexural failure can occur
before the crushing of the CLZ. Based on beams P4 and

FIGURE 29 Progress of crack displacements and strains with

fatigue cycles—beam P7: (a) Vertical crack displacements and

(b) Average strain in flexural reinforcement.

FIGURE 30 Measured geometry of CLZ and estimated DOFΔc

of kinematic model—beam P7.

FIGURE 28 Progress of mid-span deflection with the fatigue

cycles—beam P7.

FATHALLA and MIHAYLOV 17

 17517648, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/suco.202300603 by U

niversity of L
iege L

ibrary L
éon G

raulich, W
iley O

nline L
ibrary on [02/11/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



P5 in the shear-failure range of the P–N diagram, when
the maximum load Pmax is reduced by �22%, the fatigue
life is extended 16 times.

The second variable in the test series was the mini-
mum fatigue load Pmin, which is investigated using the
results of beams P5 and P7. Figure 32b shows the P–N

diagram that includes these beams. The black solid line is
the trend line defined by the test results from beams P3,
P4 and P5 (black dots) with a Pmin of 9.7% of Pu. The blue
solid line is the trend line based on the results from
beams P3 and P7 (blue dots) with a Pmin of 22.5% of Pu.
From these two lines, it is evident that Pmin has a sub-
stantial impact on the fatigue life of deep beams, and this
impact is more significant as Pmax decreases due to the
reduction of stress-range of the shear resisting compo-
nents. Based on the experimental results of beams P5 and
P7, when Pmin increased �2.3 times, the fatigue life of
beam P7 is extended by more than 63 times.

5 | DISCUSSION ON SHEAR
RESISTING MECHANISMS UNDER
FATIGUE LOADING

The shear resisting mechanisms of the monotonic ref-
erence beam (P3) can be predicted by using the 2PKT
approach.16 According to the 2PKT, the shear is car-
ried by four mechanisms: diagonal compression in
the CLZ, VCLZ, shear transfer by aggregate interlock
along the diagonal shear crack, Vci, tension in the
transverse reinforcement (stirrups), Vs, and shear
resisted by the dowel action of the longitudinal flex-
ural reinforcement, Vd. Table 4 summarizes the pre-
dicted shear resisting components and shear strength
of specimen P3. The 2PKT captures reasonably well
the shear strength with an experimental-to-predicted
ratio Vexp./Vpred. = 466/526 = 0.89. According to the
2PKT results, most of the shear is carried by the CLZ
and the transverse reinforcement: 40% and 34%,
respectively. The aggregate interlock contribution is
25%, while the dowel action of the flexural reinforce-
ment is negligible.

During the fatigue cycles in the case of the beams fail-
ing in shear, the shear resisting mechanisms, and mainly
the CLZ and the aggregate interlock, deteriorate with the
number of cycles as demonstrated from the experimental
observations. The rate of deterioration of these compo-
nents depends on the stress levels that they experience

100 101 102 103 104 105 106 107

Fatigue Cycles (log scale)

0

1

2

3

4

5

6

7

8

9

10
P4 (Crushing CLZ)
P5 (Crushing CLZ)
P6 (Fatigue Fracture Flexural Reinforcement)
P7 (Crushing CLZ)

Pmax=69.8% Pu
Pmin=9.7% Pu 54.7%

22.5%

45.1%
9.7%

54.7%
9.7%

FIGURE 31 Comparison of the fatigue response of tested deep

beams.

FIGURE 32 Load cycles versus fatigue life (P–N diagrams) of

tested deep beams: (a) P–N diagram for test variable Pmax and

(b) P–N diagram for test variable Pmin.

TABLE 4 Predicted shear strength of beam P3 according to

2PKT.16

Predicted shear strength components (kN)

VCLZ Vci Vs Vd Vpred.

212 179 129 6 526

V/Vpred. (%)

40 34 25 1 100
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under the applied fatigue loads. As evident from the
experimental results, the shear deformation Δc increases
with the fatigue cycles due to the fatigue degradation of
the CLZ and aggregate interlock. If the deterioration of
the CLZ is dominant and VCLZ decreases, the contribu-
tion of the other shear mechanisms must increase in
order to maintain equilibrium with the applied fatigue
load Pmax. The aggregate interlock contribution Vci will
increase due to increased slip displacements in the cracks
associated with Δc, the stirrup contribution Vs will
increase due to the increase of the vertical crack displace-
ments, and Vd will increase due to the increase of the
transverse deformation of the bar-dowels. Ultimately, if
no fatigue fracture occurs in the transverse and longitudi-
nal reinforcement, it is mainly the smoothening of the
cracks and the damage of the CLZ that triggers the shear
failure of deep beams.

To comprehensively capture the complex degradation
of shear mechanisms and the progressive increase in
crack displacements induced by fatigue loading, it is nec-
essary to develop a rational fatigue modeling approach
for deep beams. This goal can be achieved within the
framework of the two-parameter kinematic theory by
updating the constitutive relationships governing each
individual mechanism to incorporate fatigue-induced
damage. The outcomes of this study, including experi-
mental measurements and analysis, can be used for the
development and validation of the 2PKT and other
modeling approaches for deep members.

6 | CONCLUSIONS

This paper presented experimental research on five nomi-
nally identical deep beams with an a/d ratio of 1.64. Four
of the beams were tested under fatigue loading up to fail-
ure, while the fifth beam was tested monotonically as a
reference specimen. The main testing variables were the
maximum and minimum fatigue loads Pmax and Pmin.
The reference specimen exhibited a shear failure along a
critical diagonal crack with crushing of the critical load-
ing zone (CLZ). Through detailed test measurements and
analysis, the following main conclusions are reached:

1. Under high maximum fatigue loads (70% of the mono-
tonic strength Pu for beam P4 and 54.7% of Pu for P5),
deep beams which are shear critical under monotonic
loading are likely to exhibit the same failure mode
under repeated fatigue cycles. The global response of
such members in terms of mid-span deflection versus
the number of fatigue cycles is characterized by three
phases: an initial fast increase due to cyclic creep, a
slow linear increase, and a rapid increase near failure.

This trend is similar to the fatigue behavior of con-
crete under uniaxial compression.

2. The minimum fatigue load Pmin has a significant
impact on the fatigue life. When Pmin was increased
from 9.7% to 22.5% of Pu (�2.3 times), and Pmax was
kept at 54.7% of Pu, the fatigue life of beam P7
was extended by more than 63 times compared to
beam P5.

3. The main fatigue damage of shear-critical deep beams
P4, P5, and P7 was the erosion of the surface of the
critical shear cracks due to cyclic aggregate interlock,
as well as the formation of micro and macro cracks in
the critical loading zones (CLZ). Eventually, diagonal
crushing of the CLZ under repeated loading triggers
the shear failure of deep beams.

4. Despite the pre-cracking in shear of beam P6 at a
relatively high load (70% of Pu), the beam with the
lowest maximum load (45.1% of Pu) failed in flexure
by fatigue fracture of the longitudinal reinforce-
ment. Therefore, a switch of failure modes can be
observed from shear to flexure when Pmax is
decreased, and the life of the CLZ is prolonged.
Such flexural fractures can be caused by stress con-
centrators such as tack welds between the longitudi-
nal reinforcement and transverse reinforcement/
steel connectors.

5. The two-parameter kinematic model, combined with
measurements of vertical displacements in the diago-
nal cracks, can be used to evaluate the shear deforma-
tions and strains in the CLZ of shear-critical deep
beams. This model has the potential to provide the
basis of a complete modeling approach for crack-
based fatigue assessment of deep beams in existing
concrete infrastructure.
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