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Abstract

This document provides the mathematical formulation of the main equations implemented in

SDPM 1, version 1.4.0, December 2026. More details about the mathematical foundation can

be found in the series of articles by Morino [1, 2, 3, 4] and by Dimitriadis et al. [5, 6, 7, 8].

This theory manual and quick reference guide is organized as follows. Section 1 presents the

integral formulation of the linearized unsteady potential flow equation. Section 2 presents the

panel method used to discretize and solve the boundary integral equation. Section 3 presents

the gradients calculation procedure. Section 4 presents the transonic correction methodology.

Finally, section 5 gives an overview of the available API as well as its configuration parameters.

1https://gitlab.uliege.be/am-dept/sdpm
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1 Mathematical modelling

1 Mathematical modelling

The unsteady compressible potential equation is selected in order to model unsteady flowfields

with a computational cost that remains tractable and suitable for preliminary aircraft design.

This equation is theoretically restricted to subcritical flows, i.e. flows that remain subsonic

throughout the entire field. However, solutions of the potential equation can be corrected to

account for nonlinear transonic and viscous effects. These corrections are typically obtained

from higher-fidelity steady modeling.

Under the assumptions that the flow is inviscid and isentropic, it can be considered irrotational,

and the continuity equation can be written as

β2∂
2ϕ

∂x2
+

∂2ϕ

∂y2
+

∂2ϕ

∂z2
− 2M∞

a∞

∂

∂t

∂ϕ

∂x
+

1

a2∞

∂2ϕ

∂t2
= 0, (1.1)

where β =
√
1−M2

∞ is the compressibility factor, M∞ and a∞ are the freestream Mach number

and speed of sound, x, y and z are the space coordinates, t is the time, and ϕ is the perturbation

potential, deriving from the perturbation velocity. The total velocity of the flow is the sum of the

freestream velocity U∞ and the perturbation velocity u,

U = U∞ + u =


U∞,x

U∞,y

U∞,z

+


∂ϕ/∂x

∂ϕ/∂y

∂ϕ/∂z

 . (1.2)

Two transformations are applied to equation (1.2) in order to obtain a solution. First, the Prandtl-

Glauert transformation

ξ =
x

β
, η = y, ζ = z, (1.3)

is used to rewrite equation (1.1) as

∂2ϕ

∂ξ2
+

∂2ϕ

∂η2
+

∂2ϕ

∂ζ2
− 2M∞

βa∞

∂

∂t

∂ϕ

∂ξ
+

1

a2∞

∂2ϕ

∂t2
= 0. (1.4)

Then, the Fourier Transform is used to express equation (1.4) in the frequency domain,

∂2ϕ(ω)

∂ξ2
+

∂2ϕ(ω)

∂η2
+

∂2ϕ(ω)

∂ζ2
− iω

2M∞
βa∞

∂ϕ(ω)

∂ξ
+ ω2 1

a2∞
ϕ(ω) = 0, (1.5)

where ω is the circular frequency. Finally, using Green’s third identity, the solution to equa-

tion (1.5) can be written as

ϕ(ξξξ) = − 1

4π

∫
S
n(ξξξS)

(
∇ϕ(ξξξS)

E

R
(ξξξS)− ϕ(ξξξS)∇

(
E

R
(ξξξS)

))
dS, (1.6)

where ξξξ denotes a point located anywhere in the flow, ξξξS denotes a point located anywhere

on the body surface S, n is the unit normal to the surface, R is the distance between points ξ

and ξξξS, and E = e
−i ω

a∞β
(R−M∞(ξ−ξS)). Note that the first term in the integral is known as the
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1 Mathematical modelling

source function while the second term is called the doublet function. Also note that the gradient

is expressed in the space defined by the transformed coordinates ξ, η, ζ.

Two boundary conditions are required to solve equation (1.6): the farfield and the impermeabil-

ity boundary conditions. Firstly, the perturbation potential should vanish far away from the body

surface. This is enforced automatically by the source and doublet functions. Secondly, no flow

should pass through the body surface. This is enforced by setting the normal mass flux to zero

on the surface. For steady flows,

∇ϕ(ξξξS) ·n(ξξξS) = −U∞ ·B ⊙ n(ξξξS), (1.7)

where B is defined as

B =


1/β

0

0

 . (1.8)

For unsteady flows,

∇ϕ(ξξξS) ·n(ξξξS) = −Uc(ω) ·B ⊙ n(ξξξS), (1.9)

where Uc(ω) is the velocity induced by the motion of the body on the surface, and where ⊙
denotes the Hadamard product. For a combination of rigid pitch and plunge, Uc(ω) writes

Uc(ω) =


0

0

U∞,xα̃

+ iω


−α̃ (z − zref)

0

α̃ (x− xref) + h̃

 , (1.10)

where α̃ and h̃ are the pitch and plunge amplitudes, and where xref and zref are the x and z

coordinates of the reference center. For a flexible motion imposed using a mode shape, Uc(ω)

writes

Uc(ω) = q̃


U∞,zθy − U∞,yθz

U∞,zθx + U∞,xθz

− (U∞,xθy + U∞,yθx)

+ iωq̃


δx

δy

δz

 , (1.11)

where δx, δy and δz are the x, y and z-component of the modal displacements, θx, θy and θz are

the x, y and z-components of the modal rotations, and where q̃ is the modal amplitude. If the

rotations are not available, they can be reconstructed from the translations. Details are given in

appendix A.

The nonlinear pressure coefficient, obtained from the momentum equation under the irrotational

2



1 Mathematical modelling

assumption, can be computed as

Cp(ω) = 1− 2

|U∞|2
iωϕ(ω)

− U(ω)⊛ U(ω)
|U∞|2

+
M2

∞
|U∞|2

∂ϕ(ω)

∂x
⊛

∂ϕ(ω)

∂x

+
M2

∞
|U∞|3

(iωϕ(ω))⊛
∂ϕ(ω)

∂x

+
M2

∞
|U∞|4

(iωϕ(ω))⊛ (iωϕ(ω)).

(1.12)

where U(ω) denotes the sum of the convolutions of the components of the unsteady perturba-

tion velocity, and where ⊛ denotes the convolution product. For a steady flow, equation (1.12)

reduces to

Cp = 1− |U|2 −M2
∞u2x

|U∞|2
. (1.13)

Integrating the pressure coefficient over the whole surface yields the resulting aerodynamic

load coefficient

CR(ω) = − 1

Sref

∫
S
Cp(ω)ndS, (1.14)

which is in turn used to compute lift and drag coefficients as

CL(ω) = CRz(ω)− CRx(ω)⊛ α(ω),

CD(ω) = CRx(ω) + CRz(ω)⊛ α(ω),
(1.15)

where α(ω) is the angle of attack expressed in the frequency domain, and where Sref is the ref-

erence surface area of the body. Finally, the generalized aerodynamic force matrix at frequency

ω is calculated by integrating the scalar product of the surface displacement δxk,i
of mode i by

the pressure loads of mode j,

Qij(ω) =

∫
S
δxk,i

(ω)Cpj (ω)nxk
dS, (1.16)

where k counts the dimension so that x0 ≡ x, x1 ≡ y and x2 ≡ z. More details about the

calculation of the generalized aerodynamic force matrix can be found in the works of Dimitri-

adis [9, 10] and Güner [11].
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2 Numerical method

2 Numerical method

The surface of the body is discretized into quadrilateral elements. The source and doublet

functions required to solve equation (1.6) are discretized accordingly, and each panel holds a

constant-valued source and doublet. Additionally, a wake must be shed from the trailing edge

of a lifting body so that it can produce aerodynamic loads. The wake is also discretized into

quadrilateral panels. Since the wake has zero thickness, it only holds a constant-valued doublet

on each panel and no source. The geometry of the discretized body and wake, as well as the

discretized sources and doublets, are illustrated in figure 2.1.

𝑆𝑗 , 𝒏𝑗

𝑆𝑗w , 𝒏𝑗w

𝜇𝑗w

𝜎𝑗 , 𝜇𝑗

Body Wake

Figure 2.1: Discretized geometry with panel of surface area S, unit normal n, sources σ and
doublets µ.

Since the value of the source and doublets are constant on each panel, equation (1.6) can be

written as

ϕi =
∑
j

[
− σj
4π

∫
Sj

E

R
dSj +

µj

4π

∫
Sj

nj ·∇
(
E

R

)
dSj

]
+
∑
jw

µjw

4π

∫
Sjw

njw ·∇
(
E

R

)
dSjw , (2.1)

where ϕi is perturbation potential on panel i, dSj represents the area of the body panel j placed

on the body surface S, and dSjw represents the area of a wake panel jw placed on the wake

surface Sw, and where σj and µj denote the value of the source and doublet at the control

point of panel j. The integral terms appearing in equation (2.1) are known as the unsteady
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2 Numerical method

aerodynamic influence coefficients. In the present work, they are approximated by

Aij(ω) =
1

4π

∫
Sj

nj ·∇

(
e
−i ω

a∞β
(Rij−M∞(ξi−ξj))

Rij

)
dSj

≃ 1

4π
(1 + i

ω

a∞β
Rij)e

−i ω
a∞β

(Rij−M∞(ξi−ξj))
∫
Sj

nj ·∇
(

1

Rij

)
dSj

+
i

4π

ω

a∞β
M∞nξje

−i ω
a∞β

(Rij−M∞(ξi−ξj))
∫
Sj

1

Rij
dSj ,

Bij(ω) = − 1

4π

∫
Sj

e
−i ω

a∞β
(Rij−M∞(ξi−ξj))

Rij
dSj

≃ − 1

4π
e
−i ω

a∞β
(Rij−M∞(ξi−ξj))

∫
Sj

1

Rij
dSj ,

(2.2)

where nξj is the ξ-component of the unit normal to panel j. The remaining integrals only

depend on the geometry and are identical to steady aerodynamic coefficients. Their analytical

expressions are given by Katz and Plotkin [12].

The solution procedure can be summarized as follows. Firstly, the body sources are computed

to enforce impermeability following equations (1.7) and (1.9),

σj(0) = −U∞ ·B ⊙ nj ,

σj(ω) = −Ucj (ω) ·B ⊙ nj ,
(2.3)

where Ucj is the motion-induced velocity on panel j. Secondly, equation (2.1) is written for

the potential just outside and just inside the body surface and the expressions are subtracted,

yielding

Aijµj −Bijσj = 0, (2.4)

which is solved for the body doublets for each value of the frequency. Note that the wake contri-

bution is included in the matrix A. Thirdly, the tangential velocity is computed by differentiating

the doublets on the surface, while the normal velocity is readily obtained from the value of the

sources. Fourthly, the steady and unsteady pressure coefficients are computed on each panel

using equations (1.13) and (1.12). Assuming sinusoidal motion at frequency ω, the velocity will

have frequency components at −ω, 0 and +ω, and the terms in equation (1.12) can be written

5



2 Numerical method

as vectors with three components,

iωϕ(ω) = [(iωµ(ω))∗, 0, iωµ(ω)]

∂ϕ(ω)

∂x
=

[(
∂ϕ(ω)

∂x

)∗
,
∂ϕ(0)

∂x
,
∂ϕ(ω)

∂x

]
ũ(ω) =

[(
Uc,x +

∂ϕ(ω)

∂x

)∗
, U∞,x +

∂ϕ(0)

∂x
, Uc,x +

∂ϕ(ω)

∂x

]
ṽ(ω) =

[(
Uc,y +

∂ϕ(ω)

∂y

)∗
, U∞,y +

∂ϕ(0)

∂y
, Uc,y +

∂ϕ(ω)

∂y

]
w̃(ω) =

[(
Uc,z +

∂ϕ(ω)

∂z

)∗
, U∞,z +

∂ϕ(0)

∂z
, Uc,z +

∂ϕ(ω)

∂z

]
U(ω)⊛ U(ω) = ũ⊛ ũ+ ṽ ⊛ ṽ + w̃ ⊛ w̃,

(2.5)

where the superscript ∗ denotes the complex conjugate. Working out the convolutions, the first

harmonic of the pressure coefficient can be written as

Cp(ω) = −2
ux(0)ux(ω) + uy(0)uy(ω) + uz(0)uz(ω)

|U∞|2
− 2iω

|U∞|2
µ(ω)

+
2M2

∞
|U∞|2

∂ϕ(0)

∂x

∂ϕ(ω)

∂x
+

2iωM2
∞

|U∞|3
∂ϕ(0)

∂x
µ(ω)

(2.6)

Finally, the pressure coefficient is integrated over the wing to obtain the resulting aerodynamic

load following equation (1.14), which is then used to compute the lift and drag coefficients

using equation (1.15). The generalized aerodynamic force matrix at frequency ω is calculated

by discretizing equation (1.16)

Qij(ω) = δδδzk,i(ω) ·Cpj(ω)⊙ nxk
⊙ Sp, (2.7)

where δδδxk,i
is the vector containing the k-component of the surface displacement of mode i on

each panel, k counting the dimensions so that x0 ≡ x, x1 ≡ y and x2 ≡ z, Cpj is the vector

containing the pressure coefficient due to mode j on each panel, nxk
is the vector containing

the k-component of the unit normal to the body surface and Sp is the vector containing the

surface area of the panels.
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3 Calculation of the gradients

3 Calculation of the gradients

Two gradient calculation techniques are implemented in SDPM: automatic and analytical differ-

entiation.

3.1 Automatic differentiation

Automatic differentiation (AD) can be used in order to compute the gradients of the steady and

unsteady aerodynamic loads with respect to the aerodynamic and shape variables. AD uses

the fact that any numerical output of a computer code can be expressed as a sequence of

statements, each of which can be differentiated programmatically. The derivative of the output

is then recovered by using the chain rule to combine the statements and their derivatives. The

implementation of AD in SDPM relies on CoDiPack [13]2, which uses operator overloading in

order to compute the gradients. CoDiPack features forward and reverse accumulation modes.

The forward mode computes the gradient of any number of outputs with respect to one input per

evaluation, while the reverse mode computes the gradients of one output with respect to any

number of inputs. Since the code will be used to solve optimization problems formulated using

the adjoint method, the reverse mode has been selected. The main advantage of AD is that the

computation of any derivative is straightforward and requires little additional programming. On

the other hand, using AD results in an increase of memory usage. This is particularly the case

with panel methods, for which the memory scales quadratically with respect to the number of

panels.

3.2 Analytical derivatives

The computational time and memory cost required by AD can be prohibitive in some cases. In

order to alleviate this issue, the gradients of the generalized aerodynamic load matrices with

respect to the generalized coordinates defining the wing motion have been derived analytically

and implemented in SDPM. These gradients are typically used to calculate and constrain flutter

in an optimization problem.

Differentiating equation (2.7) with respect to the generalized coordinates composed of flexible

displacements and of flexible rotations, the derivative of generalized aerodynamic loads matrix

at frequency ω with respect to the x, y and z-components of the surface displacement of mode

k can then be expressed

∂Qij(ω)

∂δx,k
= δik ·Cpj(ω)⊙ nx ⊙ Sp

+ δδδxm,i ·
(
iω∂δ̇xCpj(ω) + (iω)2∂δ̈xCpj(ω)

)
δjk ⊙ nxm ⊙ Sp,

(3.1)

2https://github.com/SciCompKL/CoDiPack
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3 Calculation of the gradients 3.2 Analytical derivatives

∂Qij(ω)

∂δy,k
= δik ·Cpj(ω)⊙ ny ⊙ Sp

+ δδδxm,i ·
(
iω∂δ̇yCpj(ω) + (iω)2∂δ̈yCpj(ω)

)
δjk ⊙ nxm ⊙ Sp

(3.2)

and
∂Qij(ω)

∂δz,k
= δik ·Cpj(ω)⊙ nz ⊙ Sp

+ δδδxm,i ·
(
iω∂δ̇zCpj(ω) + (iω)2∂δ̈zCpj(ω)

)
δjk ⊙ nxm ⊙ Sp,

(3.3)

where δδδxm,i is the vector containing the m-component of the surface displacement of mode

i on each panel, with m counting the dimensions, Cpj is the vector containing the pressure

coefficient due to mode j on each panel, nxm is the vector containing the m-component of the

unit normal to the body surface, Sp is the vector containing the surface area of the panels, ω

is the frequency, and where δij is the Kronecker delta which value is 1 if i equals j and zero

otherwise.

Since the displacements are independent of the rotations, the derivative of the generalized

aerodynamic force matrix with respect to the x, y and z-components of the surface rotation of

mode k are expressed as

∂Qij(ω)

∂θx,k
= δδδxm,i ·

(
∂θxCpj(ω) + iω∂θ̇xCpj(ω)

)
δjk ⊙ nxm ⊙ Sp, (3.4)

∂Qij(ω)

∂θy,k
= δδδxm,i ·

(
∂θyCpj(ω) + iω∂θ̇yCpj(ω)

)
δjk ⊙ nxm ⊙ Sp (3.5)

and
∂Qij(ω)

∂θz,k
= δδδxm,i ·

(
∂θzCpj(ω) + iω∂θ̇zCpj(ω)

)
δjk ⊙ nxm ⊙ Sp (3.6)

where θx,k, θy,k and θz,k are the x, y and z-components of the surface rotation of mode k.

Note that, if the rotations have been reconstructed from the translations, the contribution of

the pressure derivatives given in equations (3.4) to (3.6) must be multiplied by the rotation

operators (A.6) or (A.7) and taken into account in equations (3.1) to (3.3) instead.

Equations (3.1) to (3.6) require to calculate the pressure derivatives: ∂δ̇δδxCp, ∂δ̈δδxCp, ∂δ̇δδyCp,

∂δ̈δδyCp, ∂δ̇δδzCp, ∂δ̈δδzCp, ∂θθθxCp, ∂θ̇θθxCp, ∂θθθyCp, ∂θ̇θθyCp, ∂θθθzCp and ∂θ̇θθzCp. Substituting equa-

tions (2.4), (2.3) and (1.11) successively into equation (2.6), the first harmonic of the unsteady

pressure coefficient can be expressed as a function of the generalized coordinates, which can

then be differentiated to obtain the pressure derivatives. The partial gradients of the pressure

coefficient with respect to the displacements along x, y and z due to a flexible mode are given

8



3 Calculation of the gradients 3.2 Analytical derivatives

by
∂δ̇δδxCp = −2uD

x (0)I

+
2

β

(
uD
x (0)−M2

∞∂xϕϕϕ
D(0)

)
⊙
(
1

β
nD
x ⊙ nD

x +∇NxA
−1B

1

β
nD
x

)
+ 2uD

y (0)⊙
(
1

β
nD
x ⊙ nD

y +∇NyA
−1B

1

β
nD
x

)
+ 2uD

z (0)⊙
(
1

β
nD
x ⊙ nD

z +∇NzA
−1B

1

β
nD
x

)
,

∂δ̈δδxCp = 2
(
I−M2

∞∂xϕϕϕ
D(0)

)
⊙A−1B

1

β
nD
x ,

(3.7)

∂δ̇δδyCp =
2

β

(
uD
x (0)−M2

∞∂xϕϕϕ
D(0)

)
⊙
(
nD
y ⊙ nD

x +∇NxA
−1BnD

y

)
+ 2uD

y (0)⊙
(
−I+ nD

y ⊙ nD
y +∇NyA

−1BnD
y

)
+ 2uD

z (0)⊙
(
nD
y ⊙ nD

z +∇NzA
−1BnD

y

)
,

∂δ̈δδyCp = 2
(
I−M2

∞∂xϕϕϕ
D(0)

)
⊙A−1BnD

y ,

(3.8)

and by

∂δ̇δδzCp =
2

β

(
uD
x (0)−M2

∞∂xϕϕϕ
D(0)

)
⊙
(
nD
z ⊙ nD

x +∇NxA
−1BnD

z

)
+ 2uD

y (0)⊙
(
nD
z ⊙ nD

y +∇NyA
−1BnD

z

)
+ 2uD

z (0)⊙
(
−I+ nD

z ⊙ nD
z +∇NzA

−1BnD
z

)
,

∂δ̈δδzCp = 2
(
I−M2

∞∂xϕϕϕ
D(0)

)
⊙A−1BnD

z ,

(3.9)

where β is the compressibility factor, M∞ is the freestream Mach number and I is the identity

matrix. nx, ny and nz are the vectors containing the x, y and z-components of the unit normal

to the body surface panels. ux(0), uy(0) and uz(0) are the vectors containing the x, y and

z-components of the steady velocity on each panel, respectively, and ∂xϕϕϕ(0) = ux(0) − U∞,x.

∇Nx., ∇Ny and ∇Nz are the matrices containing the x, y and z-components of the surface

gradient operators. vD denotes a diagonal matrix where the diagonal entries are those of vector

v. Note that the pressure derivatives depend on the frequency ω through the aerodynamic

influence coefficient matrices A and B.

The partial gradients of the pressure coefficient with respect to the rotations around x, y and z

due to a flexible mode are given by

∂θθθxCp =
2

β

(
uD
x (0)−M2

∞∂xϕϕϕ
D(0)

)
⊙
((
U∞,zn

D
y − U∞,yn

D
z

)
⊙ nD

x +∇NxA
−1B

(
U∞,zn

D
y − U∞,yn

D
z

))
+ 2uD

y (0)⊙
(
−U∞,zI+

(
U∞,zn

D
y − U∞,yn

D
z

)
⊙ nD

y +∇NyA
−1B

(
U∞,zn

D
y − U∞,yn

D
z

))
+ 2uD

z (0)⊙
(
U∞,yI+

(
U∞,zn

D
y − U∞,yn

D
z

)
⊙ nD

z +∇NzA
−1B

(
U∞,zn

D
y − U∞,yn

D
z

))
,

∂θ̇θθxCp = 2
(
I−M2

∞∂xϕϕϕ
D(0)

)
⊙A−1B

(
U∞,zn

D
y − U∞,yn

D
z

)
,

(3.10)
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3 Calculation of the gradients 3.2 Analytical derivatives

∂θθθyCp = −2uD
x (0)U∞,zI

+
2

β

(
uD
x (0)−M2

∞∂xϕϕϕ
D(0)

)
⊙
((

U∞,z

β
nD
x − U∞,xn

D
z

)
⊙ nD

x +∇NxA
−1B

(
U∞,z

β
nD
x − U∞,xn

D
z

))
+ 2uD

y (0)⊙
((

U∞,z

β
nD
x − U∞,xn

D
z

)
⊙ nD

y +∇NyA
−1B

(
U∞,z

β
nD
x − U∞,xn

D
z

))
+ 2uD

z (0)⊙
(
U∞,xI+

(
U∞,z

β
nD
x − U∞,xn

D
z

)
⊙ nD

z +∇NzA
−1B

(
U∞,z

β
nD
x − U∞,xn

D
z

))
,

∂θ̇θθyCp = 2
(
I−M2

∞∂xϕϕϕ
D(0)

)
⊙A−1B

(
U∞,z

β
nD
x − U∞,xn

D
z

)
(3.11)

and by

∂θθθzCp = 2uD
x (0)U∞,yI

+
2

β

(
uD
x (0)−M2

∞∂xϕϕϕ
D(0)

)
⊙
((

−U∞,y

β
nD
x + U∞,xn

D
y

)
⊙ nD

x +∇NxA
−1B

(
−U∞,y

β
nD
x + U∞,xn

D
y

))
+ 2uD

y (0)⊙
((

−U∞,y

β
nD
x + U∞,xn

D
y

)
⊙ nD

y +∇NyA
−1B

(
−U∞,y

β
nD
x + U∞,xn

D
y

))
+ 2uD

z (0)⊙
(
U∞,xI+

(
−U∞,y

β
nD
x + U∞,xn

D
y

)
⊙ nD

z +∇NzA
−1B

(
−U∞,y

β
nD
x + U∞,xn

D
y

))
,

∂θ̇θθzCp = 2
(
I−M2

∞∂xϕϕϕ
D(0)

)
⊙A−1B

(
−U∞,y

β
nD
x + U∞,xn

D
y

)
,

(3.12)

If rigid pitch and plunge motions are involved, additional pressure derivatives are also needed.

The partial gradients of the pressure coefficient with respect to the a rigid pitch and plunge

10



3 Calculation of the gradients 3.2 Analytical derivatives

motion are given by

∂α̃Cp =
2

β

(
ux(0)−M2

∞∂xϕϕϕ(0)
)
⊙
(
U∞,xnz ⊙ nx +∇NxA

−1B (U∞,xnz)
)

+ 2uy(0)⊙
(
U∞,xnz ⊙ ny +∇NyA

−1B (U∞,xnz)
)

+ 2uz(0)⊙
(
−U∞,x1+ U∞,xnz ⊙ nz +∇NzA

−1B (U∞,xnz)
)
,

∂ ˙̃αCp = 2ux(0)⊙ (z− zref1)

+
2

β

(
ux(0)−M2

∞∂xϕϕϕ(0)
)
⊙
((

− 1

β
(z− zref1)⊙ nx + (x− xref1)⊙ nz

)
⊙ nx

+∇NxA
−1B

(
− 1

β
(z− zref1)⊙ nx + (x− xref1)⊙ nz

))
+ 2uy(0)⊙

((
− 1

β
(z− zref1)⊙ nx + (x− xref1)⊙ nz

)
⊙ ny

+∇NyA
−1B

(
− 1

β
(z− zref1)⊙ nx + (x− xref1)⊙ nz

))
+ 2uz(0)⊙

(
− (x− xref1) +

(
− 1

β
(z− zref1)⊙ nx + (x− xref1)⊙ nz

)
⊙ nz

+∇NzA
−1B

(
− 1

β
(z− zref1)⊙ nx + (x− xref1)⊙ nz

))
+ 2

(
1−M2

∞∂xϕϕϕ(0)
)
⊙A−1BU∞,xnz

∂ ¨̃αCp = 2
(
1−M2

∞∂xϕϕϕ(0)
)
⊙
(
A−1B

(
− 1

β
(z− zref1)⊙ nx + (x− xref1)⊙ nz

))

(3.13)

and by

∂ ˙̃
h
Cp =

2

β

(
ux(0)−M2

∞∂xϕϕϕ(0)
)
⊙
(
nz ⊙ nx +∇NxA

−1Bnz

)
+ 2uy(0)⊙

(
nz ⊙ ny +∇NyA

−1Bnz

)
+ 2uz(0)⊙

(
−1+ nz ⊙ nz +∇NzA

−1Bnz

)
,

∂¨̃
h
Cp = 2

(
1−M2

∞∂xϕϕϕ(0)
)
⊙A−1Bnz,

(3.14)

where 1 is the identity vector, x and z are the vectors containing the x and z coordinates of

the center of gravity of each panel, and where xref and zref are the x and z coordinates of the

reference center.
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4 Transonic correction

4 Transonic correction

The panel method is based on a linear equation. Therefore it cannot model the boundary layer

and shocks, which are highly nonlinear. A correction methodology has been implemented in

SDPM to account for these effects following the approach proposed by Dimitriadis [7]. The main

idea is to correct the doublet aerodynamic coefficient matrix A by matching the derivative of

the steady pressure coefficient with respect to the angle of attack expressed using the panel

method to that obtained using higher-fidelity data. The linearized steady pressure coefficient

on the panels can be expressed as

Cp(0) ≃
2

β
(nξ ⊙ σσσ(0) +∇Nxµµµ(0)) , (4.1)

where β is the compressibility factor, nξ is the vector containing the ξ-component of the unit

normal to the surface panels transformed using the Prandtl-Glauert correction, ∇Nx is the

matrice containing the x component of the surface gradient operator, and σσσ(0) and µµµ(0) are the

steady sources and doublets. Assuming that the freestream velocity is given by

U∞ =


cosα

0

sinα

 , (4.2)

where the angle of attack α is small, injecting equations (2.3) and (2.4) into equation (4.1) and

taking the derivative with respect to the angle of attack, the pressure derivative is expressed as

∂αCp ≃ 2

β

(
nξ ⊙ nζ +∇NxA

−1(0)B(0)nζ

)
, (4.3)

where nζ is the vector containing the ζ-component of the unit normal to the surface panels

transformed using the Prandtl-Glauert correction. This expression can be matched to higher-

fidelity data, typically obtained by solving the Reynolds-Averaged Navier-Stokes equations, by

introducing the diagonal correction matrix Dcorr,

∂αCp
HF ≃ 2

β

(
nξ ⊙ nζ +∇NxD

corrA−1(0)B(0)nζ

)
, (4.4)

where ∂αCp
HF is the vector containing the higher-fidelity steady pressure coefficient on each

panel.

The transonic correction methodology starts by expressing the corrected derivative of the

steady doublets as

∇Nx∂αµµµ
corr(0) =

β

2
∂αCp

HF − nξ ⊙ nζ . (4.5)

This equation is solved for the unknown corrected derivative, subject to the boundary con-

dition that no correction is applied on the upper trailing edge panels, i.e. ∂αµµµ
corr = ∂αµµµ =

A−1(0)B(0)nζ . The diagonal of the correction matrix Dcorr can then be obtained by dividing

12



4 Transonic correction

the corrected doublet derivatives by the original derivatives,

diag(Dcorr) = ∂αµµµ
corr(0)⊘ ∂αµµµ(0), (4.6)

where ⊘ denotes the Hadamard division operator. Once the correction factors have been cal-

culated, they can be used to correct the unsteady aerodynamic coefficient matrices at each

frequency of interest, and the unsteady velocities, pressure distribution and generalized aero-

dynamic force matrices can be obtained as explained in section 2.
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5 Quick reference guide

5 Quick reference guide

SDPM is configured and accessed using an Application Programming Interface (API). The com-

plete documentation is available at https://gitlab.uliege.be/am-dept/sdpm/-/wikis/

home.

The list of parameters required to configure SDPM is provided below:

1 c fg = {
2 ’ op t ions ’ : {
3 ’ v e r b os i t y ’ : i n t # v e r b o s i t y l e v e l
4 } ,
5 ’ i o ’ : {
6 ’ mode l_ f i l e ’ : s t r , # Gmsh inpu t f i l e
7 ’ parameters ’ : d i c t # parameters f o r Gmsh f i l e
8 } ,
9 ’ bodies ’ : [

10 {
11 ’ tag ’ : s t r , # name of Gmsh marker d e f i n i n g the body
12 ’ exc lude_ro ta t ion_do fs ’ : bool , # whether not to read the r o t a t i o n DoFs and to

recons t ruc t them from the t r a n s l a t i o n DoFs ins tead
13 ’ wakes ’ : [
14 {
15 ’ te_ tag ’ : s t r , # name of Gmsh marker d e f i n i n g the t r a i l i n g edge of the body
16 ’ r e f _ l e n g t h ’ : f l o a t , # re ference leng th ( wake be 10 t imes r e f _ l e n g t h long )
17 ’ num_div is ions ’ : i n t , # number o f c e l l s per re ference leng th
18 }
19 ]
20 }
21 ] ,
22 ’ f reest ream ’ : {
23 ’mach ’ : f l o a t , # f reest ream Mach number
24 ’ aoa ’ : f l o a t , # f reest ream angle o f a t t ack
25 ’ aos ’ : f l o a t # f reest ream angle o f s ide s l i p
26 } ,
27 ’ geometry ’ : {
28 ’ symmetry ’ : bool , # whether on ly h a l f ( symmetric ) model i s prov ided
29 ’ area ’ : f l o a t , # re ference sur face area
30 ’ l eng th ’ : f l o a t , # re ference chord leng th
31 ’ center ’ : [ f l o a t , f l o a t , f l o a t ] # re ference po in t coord ina tes f o r moment computat ion
32 } ,
33 ’ unsteady ’ : {
34 ’ f requenc ies ’ : l i s t ( f l o a t ) , # l i s t o f reduced f requenc ies
35 ’ num_motions ’ : i n t , # number o f modes
36 ’ amp_pitch ’ : l i s t ( f l o a t ) , # r i g i d p i t c h ampl i tudes
37 ’ amp_plunge ’ : l i s t ( f l o a t ) , # r i g i d plunge ampl i tudes
38 ’ modes_f i le ’ : s t r , # i npu t CSV f i l e con ta in ing the modes
39 ’ d c p _ f i l e ’ : s t r , # i npu t CSV f i l e con ta in ing the pressure d e r i v a t i v e
40 }
41 }

SDPM can then be initialized using:

1 from sdpm . ap i . core impor t in i t_sdpm
2 sdpm = in i t_sdpm ( cfg )
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5 Quick reference guide

where sdpm is a Python dictionary containing:

• num_frequencies: the number of reference reduced frequencies,

• num_motions: the number of modes,

• mesh: the mesh,

• writer: the utility to write the mesh and results on disk,

• problem: the formulation of the problem,

• bodies: the bodies of interest,

• solver: the solver,

• gradient: the gradient calculator.
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A Reconstruction of the rotational degrees of freedom

A Reconstruction of the rotational degrees of freedom

If the rotational degrees of freedom are not available as an input, they can be reconstructed

from the translational degrees of freedom.

Because the motion of the body is used to compute the velocity normal to the surface, only the

change of orientation in the out-of-plane direction of the normal vector is needed. This can be

expressed using a rotation vector as

θθθ = θr = arctan

(
n× n′

n ·n′

)
n× n′

|n× n′|
, (A.1)

where θ and r are the rotation amplitude and axis, and where n and n′ are the original and

deformed unit normal vectors. Under the assumptions of small displacements, equation (A.1)

can be linearised as

θθθ =
n× δn

n
, (A.2)

where n is the norm of the original normal vector and where the δn denotes the difference

between the original and deformed normal vectors. For a geometry discretised into triangles

and quadrangles, the normal vectors can be computed using two tangent vectors a and b. If δa

and δb denote the difference between the original and deformed normal vectors, the variation

of the normal vector can be expressed as

δnδnδn =
n

n
× (a× δb+ b× δa) . (A.3)

Since a and b are orthogonal to n by construction, equation (A.2) reduces to

θθθ =
1

n
(a (n · δb) + b (n · δa)) . (A.4)

The linearised rotation vector can be expressed as

θθθ = Rθδδδ, (A.5)

where δδδ are the translations. Since equation (A.2) is linear, the rotation operator Rθ contains

the gradients of the rotations with respect to the displacements. For triangular elements, the

tangent vectors are defined along the first and the last edge of the triangle, and the rotation

operator is given by

Rθ =
1

n

[
(b− a)nT;−bnT;anT

]
. (A.6)

For quadrangular elements, the tangent vectors are defined as the diagonals, and the rotation

operator is given by

Rθ =
1

n

[
bnT;−anT;−bnT;anT

]
. (A.7)

In the last two equations, the terms enclosed by square brackets represent the columns of the

rotation matrix operator.
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