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In the NISQ era, where quantum informa-
tion processing is hindered by the decoher-
ence and dissipation of elementary quantum
systems, developing new protocols to extend
the lifetime of quantum states is of consid-
erable practical and theoretical importance.
A well-known technique, known as dynami-
cal decoupling, uses a carefully designed se-
quence of pulses applied to a quantum sys-
tem, such as a spin-j (which represents a qu-
dit with d = 2j + 1 levels), to suppress the
coupling Hamiltonian between the system and
its environment, thereby mitigating dissipa-
tion. While dynamical decoupling of qubit
systems has been widely studied, the decou-
pling of qudit systems has been far less ex-
plored and often involves complex sequences
and operations. In this work, we design ef-
ficient decoupling sequences composed solely
of global SU(2) rotations and based on tetrahe-
dral, octahedral, and icosahedral point groups,
which we call Platonic sequences. We extend
the Majorana representation for Hamiltonians
to develop a simple framework that establishes
the decoupling properties of each Platonic se-
quence and show its effectiveness on many ex-
amples. These sequences are universal in their
ability to cancel any type of interaction with
the environment for single spin-; with spin
quantum number j < 5/2, and they are capa-
ble of decoupling up to 5-body interactions in
an ensemble of interacting spin-1/2 with only
global pulses, provided that the interaction
Hamiltonian has no isotropic component, with
the exception of the global identity. We also
discuss their inherent robustness to finite pulse
duration and a wide range of pulse errors, as
well as their potential application as building
blocks for dynamically corrected gates.
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1 Introduction

Many quantum hardware devices are limited by the
coherence time of their noisy constituents due to un-
desirable interactions among them or with their en-
vironment. These interactions lead to decoherence
and dissipation and consequently to a deterioration
of the overall quantum state that contains the useful
information to be processed, stored, and extracted.
In a world where quantum error correction is not yet
available to correct this loss of information, the de-
velopment of protocols to mitigate undesirable inter-
actions is of major practical interest [1,2], but also
of fundamental theoretical importance. In particular,
such protocols can be useful in emerging quantum
technologies or for revealing minute physical effects
masked by surrounding noise [1].

A well-known technique for mitigating decoherence
is called dynamical decoupling (DD) and consists of
applying a periodic sequence of pulses to the system of
interest to average out its unwanted interaction with
the environment. Since Viola’s seminal work [3], nu-
merous DD sequences have been constructed —some
guided by physical intuition and others by numerical
methods—, firstly for a single qubit [4-7] and then
for multiqubit systems [8—11]. They have been suc-
cessfully implemented on a variety of physical plat-
forms, such as NV centers in diamond [12], trapped
ions [6], superconducting flux qubits [13], solid-state
spin qubits [14-16], photonic systems [17, 18] and
Bose-Einstein condensates [19,20]. They are routinely
used in experiments such as NMR and electron spin
resonance to reduce decoherence, but also to measure
transverse relaxation times more accurately [21] or to
finely probe the local spin environment in systems of
interacting spins [22].

Although qubits are the most elementary build-
ing blocks for quantum information processing, many
quantum platforms naturally possess a richer, multi-
level structure, in which a qubit is defined by selecting
a two-level subsystem. In recent years, considerable
efforts have been made to exploit these extra dimen-
sions [23-29] which could offer advantages in certain
quantum algorithms [30, 31], but also more efficient
quantum simulation [32-35], metrology [36, 37] and
error correction schemes [38-40].

Dynamical decoupling of qudit ensembles has been
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much less explored than for qubits. However, they
have gained interest in recent years. A universal DD
sequence for a single qudit based on the Heisenberg-
Weyl group has been recently constructed and experi-
mentally implemented [41]. An elegant generalization
of the CPMG sequence [42], which suppresses dephas-
ing in a single qubit, has been constructed for a de-
phasing qudit and its efficiency was experimentally
demonstrated for a qutrit on IBM quantum comput-
ers [43]. Some sequences have been constructed from
orthogonal arrays that were shown to decouple an en-
semble of interacting qudits, assuming that individual
control over each qudit is possible [44-47]. However,
the complexity of these protocols increases drastically
with the number of qudits in the ensemble. This is-
sue is avoided by allowing only global pulses, i.e., each
subsystem undergoes exactly the same pulse at each
moment of the sequence. Recent works have relied
on numerical approaches to find such sequences that
decouple relevant interactions between qudits [48,49].

In this work, we construct novel DD sequences ap-
plicable to qudits and in various single- and multi-
spin systems, using an innovative approach based on
operator space symmetries. We use the symmetriza-
tion formalism of Refs. [3,50], where a DD sequence
is seen to perform a symmetrization operation on
the unwanted interaction Hamiltonian. In this way,
the latter Hamiltonian is transformed into a Hamil-
tonian that possesses the symmetry enforced by the
sequence. We note that choosing a sequence enforc-
ing an inaccessible symmetry (a concept that will be
rigorously defined in the next section) will cancel the
Hamiltonian, and that studying the accessible sym-
metries of a generic Hamiltonian provides important
information about the DD sequences that cancel it.
By representing an operator as a geometric object (a
set of constellations) in three-dimensional space and
studying its rotational symmetries, using the so-called
Majorana representation [51,52], we show how to find
inaccessible symmetries in various operator spaces,
leading us to the construction of three novel sequences
relevant in a wide range of quantum systems. We
demonstrate their decoupling properties in single and
multispin systems for numerous relevant decoherence
models.

We call these three new sequences Platonic DD se-
quences, as they are associated with the symmetry
group of a Platonic solid, namely the tetrahedron, oc-
tahedron and icosahedron. They are composed solely
of global SU(2) operations and are naturally robust to
finite-duration pulses as well as many systematic con-
trol errors (in particular, flip-angle and axis misspec-
ification [53]). They provide decoupling for a wide
range of Hamiltonians in single- and multispin sys-
tems. For instance, we find a Platonic sequence that
decouples up to five-body interactions in a spin-1/2
ensemble (and more generally up to five-body multi-
linear interactions in any spin-j ensemble) and pro-

vides universal decoupling of an arbitrary spin with
quantum number j < 3 (spin with d < 7 levels). This
work aims at presenting the framework that leads to
the construction of Platonic sequences and providing
an extensive analysis of their decoupling and robust-
ness properties, in order to identify relevant experi-
mental systems where they might outperform other
state-of-the-art sequences.

This paper is organized as follows. In Sec. 2, we
recall the necessary notions of dynamical decoupling,
explain and define the concept of inaccessible sym-
metries, and present a pedagogical summary of the
general framework used in this paper. In Sec. 3, we
describe the necessary mathematical tools for study-
ing the SU(2) symmetries of a given operator space,
introducing the different point groups (finite groups
of rotational symmetries) and the decomposition of
Hilbert spaces into SU(2) irreps’. In Sec. 4, we gen-
eralize Majorana’s representation to arbitrary opera-
tors and systematically study the accessible rotational
symmetries of operators by analyzing those of their as-
sociated constellations. In particular, we define and
list the set of largest point groups for different types
of Hamiltonians with different irreps decomposition.
We then use these results to develop a simple frame-
work for selecting the relevant decoupling groups for
a single spin-j system (Sec. 5) and a multispin system
(Sec. 6). We study the robustness of these sequences
with respect to various pulse errors in Sec. 7. Finally,
we discuss their potential application for dynamically
corrected gates in Sec. 8 and conclude with a sum-
mary and outlook in Sec. 9.

2 Dynamical decoupling

In this section, we first recall in Sec. 2.1 the use-
ful notions of dynamical decoupling at first order of
the Magnus series and then introduce the concept
of decoupling group in the context of dynamical de-
coupling. In Sec. 2.2, we define inaccessible symme-
tries and present the general idea used in this work
to find new decoupling groups. We also present in
Sec. 2.3 a pedagogical summary of the more mathe-
matical material presented in Secs. 3 and 4, with the
aim of helping the reader understand the important
results and the framework developed without going
rigorously through the technical parts of the paper.
We then briefly explain the concept of Cayley graph,
which is used to construct a DD sequence.

IWe use the usual convention of calling SU(2) j-irrep both
the respective set of (25 + 1) x (27 + 1) matrices defining the
action of the group elements, and the (2j + 1)-dimensional vec-
tor space where the action of the group is defined through the
same matrices.
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2.1 Basics of dynamical decoupling

Consider a quantum system (.5) suffering from deco-
herence arising from unwanted interaction with its en-
vironment (bath B). The ”system—bath” interaction
Hamiltonian is written in Schmidt decomposition as

HSB :Zsa@)Bon (1)

where S, (resp. B,) are operators, not necessarily
Hermitian, acting on the Hilbert space of the system
(resp. of the bath). From this decomposition, we usu-
ally define the interaction subspace Zg = span({Sa})
as the vector space spanned by the system operators.
The free evolution from ty to ¢ under such Hamilto-
nian leads to unwanted dynamics through the propa-
gator Ugp(t,tg) = exp(—i®) where & = (¢t — t9)Hgsp
is called the error phase operator (EPO) [54].

To reduce this error, we can send a dynamical de-
coupling sequence (—P;—P, ...—Py) that acts only
on the system, which is made up of N infinitely short
and strong pulses, where Pj is the unitary opera-
tor corresponding to the action of the kth pulse, and
where each dash (—) corresponds to a free evolution
of duration 7, the time interval between two succes-
sive pulses. When subjected to this DD sequence, the
error phase operator can be considered as undergoing
the following series of unitary transformations [3,54]
in the toggling frame with respect to the DD pulses?,

& —— Plop, —— PlPjoP,P —— - (2)

— P — P i
where the last pulse Py is chosen to satisfy the cyclic
condition vazl P; = 15. An average EPO over the
whole sequence can then be calculated by performing
a Magnus expansion in the toggling frame. This leads
to By = > 00, @L@] with @Q@ the nth-order term of

n
the Magnus series, scaling as? H@w H < W(W)

with T'= Ny the total duration of the sequence and
& ~ 1.0868 a convergence radius [7,55,56]. If decoher-
ence is small enough (i.e., T||Hgp| < 1), then the
average EPO is well approximated by its first-order
term,

N

bl =Y (el B 1000 1), ()
k=1

where we defined the propagator acting on S at each
step k of the sequence as

1
g =1s, gr= [ P (or1<k<N). (4
i=k—1

2The toggling frame corresponds here to the interaction pic-
ture with respect to the Hamiltonian implementing the pulse
sequence.

|| A|| denotes here the supremum operator norm of A defined

] i A1) |
as [|[All = supjyyers royy

The products of unitary operators P; in (4) are or-
dered chronologically, so that P; stands to the right
of P;11. Using the Schmidt decomposition (1) for ®,
we see that the DD sequence implements the following
operation on each system operator S, [3,50]

N
Mg : B(Hs) - B(Hs) : S = Tlg(S) = 1 > ol Sai
k=1
(5)

where G = {gk},ivzl denotes the set of propagators
defined in Eq. (4).

In the case where G forms a group of unitary oper-
ators, we have that

9i0G(Sa)gk = Ng(Sa) Vo, k (6)

such that the quantum operation IIg projects each
operator S, € Zg onto a G-invariant subspace of the
space of operators; each S, is symmetrized [50] to
include G as its symmetry group. Interestingly, if the
group G is chosen such that the vector space Ilg(Zg)
only includes operators proportional to the identity,
then we ensure that

ol x 15 ® B, (7)

where B is some operator acting on the bath Hilbert
space. Thereby, the undesirable dynamics caused
by the interaction with the bath is eliminated at
the dominant order of the Magnus series. In this
case, G is called a decoupling group [3]. Each decou-
pling group has an associated correctable subspace [57]
Cg C B(Hs) which contains all operators of B(Hg)
whose image under Ilg is proportional to the iden-
tity4. The decoupling group should then be chosen
such that Zg C Cg. In particular, we call a group
Guni @ universal decoupling group if its correctable
subspace is equal to the entire space of operators

Ts = B(Hs).

2.2 Inaccessible symmetries and decoupling
groups

Consider a subspace V of the total space of operators
acting on the state of a quantum system, B(Hg). We
say that a group G is an inaccessible symmetry of V
if the only elements of V' having G as a symmetry
group are operators proportional to the identity (in-
cluding the zero operator). The rigorous definition of
inaccessible symmetry is given below.

Definition 1. Consider a quantum system with a
Hilbert space Hs and a subspace V.C B(Hg) of oper-
ators acting on Hg. The group of unitary operators
g = {gk}gzl is an inaccessible symmetry for V if
the G-invariant subspace of V' contains only operators
proportional to the identity.

4Formally speaking, the correctable subspace is defined as
the pre-image Cg = H;l(span ({1s})), which is a vector space.
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The following proposition using this definition high-
lights the link between inaccessible symmetries and
decoupling groups.

Proposition 1. Consider a group of unitary oper-
ators G = {gk}fcvzl and a subspace V' closed under
unitary transformations by the elements of G which
satisfies Ts €V C B(Hs). If G is an inaccessible
symmetry for V, then it is a decoupling group for Lg.

Proof. Because V is closed under unitary trans-
formations by any element ¢ € G, we have that
IIg(Zs) € V where, by construction, the subspace
IIg(Zs) includes only G-invariant operators. If G is
an inaccessible symmetry for V', the only G-invariant
operators in the vector space are those proportional
to the identity. Hence, the subspace IIg(Zs) can only
include operators proportional to the identity, and,
consequently, G is a decoupling group for Zg.

By finding inaccessible symmetries for certain sub-
spaces, it is then possible to find decoupling groups
for relevant interaction subspaces. In this work, we
focus on finding symmetries of a generic Hamiltonian
of an ensemble of spin-j under global SU(2) unitary
transformations. By global SU(2), we mean that each
spin in the ensemble undergoes the same unitary evo-
lution R(n,0) = e~*I™ where J = (J,,J,, J.) are
the angular momentum operators of a single spin-j
and R(n, 0) represents a rotation R € SO(3) of angle
0 of the spin around some axis n. The most common
experimental implementation of the SU(2) group is
through physical rotations which can be induced, for
instance, by applying a magnetic field to an electronic
or nuclear spin, as in NMR [58]. However, there are
different implementations of SU(2) in other physical
platforms such as multiphoton systems [17,59] or two-
component Bose-Einstein condensates [60]. Thus, our
results will also apply to a generic Hamiltonian of a
multiqudit system where the SU(2) unitaries are de-
fined by associating to each qudit a fictitious spin-
j and angular momentum operators (J, Jy, J.) with

- d=1
J="5-

2.3 Conceptual framework

In order to study SU(2) symmetries, the natural strat-
egy is to decompose a generic subspace of operators V'
into a direct sum of subspaces that transform indepen-
dently under SU(2) transformations. The (unique)
decomposition leaves us with

V= zH, (8)

(L,a)

where each of these subspaces 2% is called an ir-
rep. The index L indicates the dimension of the sub-
space (which is equal to 2L + 1), while the index «
may be necessary to distinguish between different ir-
reps of the same dimension. An introduction to the
irrep decomposition of operator spaces is provided in

Sec. 3.

In Sec. 4, we will show that the operators that live
in each subspace of the decomposition (i.e., each irrep
A1) can be associated with a (two-color) constel-
lation on a 2-sphere, where the number of points in
the constellation is equal to 2L and therefore depends
only on the dimension of the irreps [51,61]. Crucially,
an SU(2) transformation of an operator O € #(*) is
equivalent to the corresponding SO(3) rotation of its
constellation, and we understand that it is possible to
associate the (rather abstract) symmetries of an oper-
ator under SU(2) transformations with the rotational
symmetries of a geometric object in physical space.
We give a visual representation of the ideas explained
above in Fig. 1.

Using this approach, we systematically identify the
SU(2) symmetries accessible for each irrep by listing
the rotational symmetries in the associated constella-
tions of different sizes. The results are displayed in
Table 1, where we list the largest rotational symme-
try groups (or so-called point groups) for irreps Z%)
of different dimensions 2L 4+ 1 as well as an example
of operator that possesses each symmetry. We now
have all the tools we need to find inaccessible rota-
tional symmetries in an interaction subspace Zg using
a two-step procedure: (i) decompose Zg into its irreps
and (ii) check Table 1 to identify possible symmetries
absent from the irreps involved in the decomposition.
More precisely, (i) we search for a subspace defined by
a direct sum of irreps V = @(L’a) A1) such that
Zs CV, and (ii) we find an inaccessible symmetry in
the irreps of V. By Proposition 1, G is then guaran-
teed to be a decoupling group. As a result, we obtain
that the point groups associated to the Platonic solids
(see Appendix A for more details about these groups)
serve as inaccessible symmetries for several interac-
tion spaces.

2.4 From decoupling group to DD sequence

Once a decoupling group has been identified, the re-
maining task is to find a sequence of pulses imple-
menting the symmetrization operation (5) for this
group. This can be done systematically using the
Cayley graph formalism [4,62,63], which is briefly ex-
plained in this subsection for the sake of completeness.

Starting from a decoupling group G, we can pick a
generating set I' C G, such that every element of the
group can be written as a product of the elements of
[ (called generators). The Cayley graph of G with
respect to I' is constructed by assigning a vertex to
each element of G and connecting a vertex g; to an-
other vertex go by an edge if there exists a generator
v € I" such that go = vg1. The edges are then colored
to distinguish the generators connecting the group el-
ements. As explained in Ref. [4], any Eulerian path
on the graph corresponds to a sequence of pulses that
guarantees (5), i.e., a DD sequence. Further informa-
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Figure 1: (a) Representation of the symmetrization operation provided by a DD sequence. (b) Representation of the equivalence
between a SU(2) transformation of an operator and the SO(3) rotation of its associated constellation. (c) Representation of
the equivalence between the rotation symmetries of a constellation and the symmetries of its corresponding operator under

unitary transformation.

tion on Cayley graphs and their construction can be
found in Appendix B.

3 Mathematical tools

In this section, we present some general reminders
about point groups and representation theory of
Hilbert spaces which are useful for this work. Readers
who are primarily interested in the results and appli-
cations of the Platonic sequences, rather than their
derivation and the proof of their decoupling proper-
ties, can skip Sections 3 and 4 and go straight to the
following Sections.

3.1 Point groups

Point groups in three dimensions are classified into
different families, made explicit by the Schonflies no-
tation [64,65]. In this work, we only consider proper
point groups, i.e., those that do not contain reflec-
tions. Any of these point groups can be generated by
at most two rotations, also called generators (see Ap-
pendix A for more details). We denote by C* a 27k /n
rotation about an axis. We now briefly describe every
proper point group:

i) Cyclic groups C,,: such groups have n elements
consisting of 2wq/n rotations along the same axis of
rotation, where ¢ = 0,1,...,n — 1. The regular poly-
gons on the sphere that do not lie in a great circle’
have this symmetry. In addition, there is one group of
infinite order, denoted C,, consisting of the subgroup
of rotations about a fixed axis by any angle (the sym-
metry of a point on the sphere). Each C, has only
one generator C,.

ii) Dihedral groups D,, : For n > 2, they contain 2n
elements: n rotations C,, over the principal axis, and
n additional Cs rotations about axes perpendicular to

5The circles on the sphere whose center coincides with the
center of the sphere are called great circles.

the principal axis. This is the proper point group of
a regular prism with n > 2 sides, antiprisms® (with
n > 3) and regular n-gons on a great circle of the
sphere for n > 2. The group D, has as subgroup C.,
on a principal axis of rotation, as well as any rotation
of m about an axis perpendicular to it. It is equivalent
to the point group associated with a pair of antipodal
points. Each D,, has two generators: Cy and C,,.

iil) Tetrahedral group T: It consists of 12 elements
T = {E,8C5,3C>} corresponding to the rotations
which leave a regular tetrahedron invariant. A possi-
ble set of generators of T consists of two C3 rotations
about different axes.

iv) Octahedral group O: It consists of 24 elements
0 ={FE,8C5,9C5,6C4} that transform a regular oc-
tahedron (or cube) into itself. It can be generated by
a C3 and a C4 rotation.

v) Icosahedral group I: It consists of 60 elements
{E,12C5,12C2,20 C3,15Cy} and is equivalent to the
symmetry point group of a regular icosahedron (or
dodecahedron). It has two generators: Cs and Cs.

The point group notation is abstract in the sense
that it does not specify the orientation of the axes.
A procedure for constructing the three exceptional
groups (T, O and I) from their generators is presented
in Appendix A. Their corresponding Cayley graphs
and DD sequences are presented in Appendix B.

3.2 Representation theory of Hilbert spaces

Consider a general quantum state |¥) € H in a
finite-dimensional Hilbert space H where the elements
of the rotation group R € SO(3) are represented
by the unitary operators R(n,f) = e I with
n = (ng,ny,n,) and 6 the axis-angle parameters, and
J = (Jg, Jy, J:) the angular momentum operator of
the quantum system. From representation theory, H

6An antiprism with n sides has a point group D,, unless it
is a tetrahedron or octahedron (Platonic solids for n = 2,3),
respectively.
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decomposes into irreps (see subsection 2.3),

H = @ HUhes) (9)

(4,045)

where the superindex (7, «;) is used to label the spin-j
irrep. An additional integer o; may be used to dis-
tinguish between different subspaces of the same di-
mension. For example, for a two-qubit system, we
have H = H® ® H(™) because there is no degener-
ate irrep, whereas for a three-qubit system, we have
H =H/2D g H1/22) ¢3B/2) In the following, we
explain our approach for a single spin-j system with
H=HY).

Similarly, the space of Hilbert-Schmidt operators”
B(H9)) can be decomposed into subspaces that trans-
form as SU(2) irreps,

BHY) = D 2D, (10)

L=0

where each L-irrep #F) appears only once. Each
subspace is spanned by multipolar operators, ) =
span({Trar }y— 1) [66,67]. The complete set {T s :
L=0,...,2j; M =—L,..., L} forms an orthonormal
basis of B(H7)) with respect to the Hilbert-Schmidt
inner product. By definition, multipolar operators
transform according to the spin-L irrep under rota-
tions R € SO(3), i.e

D) (R) Trar D(j)T

Z DM’M

M'=—L

)T,

(11)
where DE\/?,)M(R) are the entries of the rotation ma-
trix in the L-irrep, also called Wigner-D matrix [67].
They also fulfill TEM = (=1)MTy, _ps. In terms of an-
gular momentum operators J, (a = x,y, 2), Tray’s are
expressed as a sum of monomials of J, up to degree
L [67], see Table 1 for some examples.

4 Point groups of operators

In this section, we first review the Majorana represen-
tation of Hermitian operators presented in Ref. [61]
and explain how it can be used to associate a point
group to a Hermitian operator according to its sym-
metries. We then generalize our approach to arbitrary
operators, not necessarily Hermitian.

4.1 Majorana representation of Hermitian op-
erators

The Majorana representation was originally intro-
duced for pure spin states [51] (see Appendix C). It

"B(H) is the space of bounded operators A : H — H with
finite Hilbert—Schmidt norm.

has recently been generalised to Hermitian operators
n [61]. The following presentation is rather different
from that of Ref. [61] but more appropriate to this
work.

We start with the expansion of a general Hamilto-
nian in the multipolar basis,

H= Z Z hom T (12)

L=0M=

with hpy = Tr (TzMH) the multipolar components
of H. It can be rewritten as

2j 2j
H:ZhL'TL:ZthL‘TL7 (13)
L=0 =0

where we gathered components with the same L
into vectors hy, = (hrp,...,hr_r) with Euclidean
norm hy = |hg|/, and corresponding unitary vec-
tor BL = hL/hL. TL = (TLLa--wTLfL) is a vec-
tor whose entries are multipolar operators, and the
dot product in hy - Ty is the shorthand notation
for ZLZ_L hrymTra. The properties of Tp s im-
ply that h%,, = (=1)hz_p and that each vector
h;, transforms as a L-spinor under SU(2) rotations®.
Reference [61] describes how to use these properties
to uniquely characterize any Hermitian operator H by

1. The Majorana representation, or constellation,
of each constituent spinor hy,, denoted €, (H) or
simply €. It is a geometric object with antipo-
dal symmetry made of 2L points (stars) on the
sphere [61] (see also Appendix C). When hy, = 0,
there is no associated constellation.

2. An equivalence class [€1] of star colorings (with
two different colors available, for example black
and red) of €, such that each pair of antipodal
stars is made up of stars of different colors. We
say that two colorings belong to the same equiv-
alence class if they differ by an even number of
color exchanges in their antipodal pairs. There-
fore, independently of the number and configu-
ration of the stars, there can be only two equiv-
alence classes for each constellation.

3. The norms hj, associated with each hy, which
can be considered as the radii of the spheres of
each constellation. Note that for L = 0, hy =

Te(H)/\/2] + 1.

8More precisely, we have from Eqs (11) and (13)

ZhL T,

DU (R)H DWT(R

with BL = (iLLL7 .. .,hL,L) where

L
o= Y DSy (R b
M’'=—L
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Coo Tip o< J,

Do | T o 3J2—J2

D3 T337T3_3 O(Ji‘i’Ji
T T3+ Ts—g < {JI+J2,J.}

N~ O

Do Tuo

Tso
Toa +To-a — \/?Tt;o

Tos — To—5 + 1/ = Teo

C Tro
D Trr —T7 7
T Tr6 — Tr—6 + /13 (Tr2 — Tr—2)

Table 1: Two left-hand columns: Largest point groups G of
different irreps 2") of dimensions 2L + 1 for angular mo-
mentum quantum numbers L = 1,...,7. Right-hand col-
umn: example of a Hermitian operator in %) with G sym-
metry. For each L, the set of point groups shown is denoted
Frax (,@(L)). For example, Fax (,93(4)) = {D«, O}. Any
operator in s necessarily has a point group equal to a
subgroup of an element of Fiax (%’(L)).

{
{
g {g? %2—1},,5
|
{

In summary, {ho,h1,[€1],...,he;, [€2;]} is the set
of parameters required to completely and bijectively
characterize a Hermitian operator (13), where €, has
2L stars.

4.2 Point groups of Hermitian operators via
Shubnikov groups

The bijection between Hermitian operators and sets of
two-color star constellations provided by Majorana’s
representation implies that the symmetry point group
G of a Hermitian operator H? is equal to the inter-
section of all the point groups Gie,:

25

G = ﬂ Gler)s (14)

L=1

where Gjg,1 = SO(3) if hy = 0. The possible constel-
lations of Hermitian operators and their correspond-

9We should formally consider the symmetry subgroups of
SU(2), the double cover of SO(3). However, the two trans-
formations £U € SU(2) that are mapped to the same rota-
tion have the same action on any operator as (+U)H(£U') =
UHU?'. We can therefore restrict ourselves to subgroups of
SO(3).

ing point groups can be studied for each subspace
BL) separately (see Eq. (10)).

Let us now explain a systematic method to obtain
the point group of an arbitrary Hermitian operator
and to identify the largest point groups that can ap-
pear in each subspace %), We begin by introducing
the Shubnikov groups [68] following the presentation
given in [65]. Consider a set of N points on the sphere
with an additional coordinate taking two possible val-
ues, for example, a color (black or red) as in our case.
We now consider, in addition to the usual action of
SO(3) on the sphere, an abstract operation I acting
on the additional coordinate such that: i) I commutes
with all elements of SO(3), Ig = gI for g € SO(3), and
ii) I? = E. All products of SO(3) elements and I,
(SO(3), I), define a group M which, by the properties
of I, reduces to [68]

M = SO(3) U I(SO(3)), (15)

with I(SO(3)) = {Iglg € SO(3)}. In particular,
we can choose I as the operation that switches from
one equivalence class [€r] to the other, i.e., that ex-
changes the colors of the stars in one antipodal pair.
At the level of operators, the action of I on H € #L)
would yield —H [61]. Aleksei V. Shubnikov [68]
has classified abstractly all the possible symmetry
groups that a set of N points with an additional two-
valued coordinate can have, which are called Shub-
nikov groups or magnetic point groups. Each equiva-
lence class [€1] has its corresponding Shubnikov group
and proper point group, which can be calculated sys-
tematically as follows:

1. First, we consider the Majorana’s constellation
¢ as a geometric object, without coloring, and
determine its corresponding point group, denoted
by Q¢L .

2. Then, we act with an element g € Gg, on [€1].
If the equivalence class has not changed, ¢ is a
symmetry. If it has changed, g is no longer a
symmetry, but Ig is. By repeating this procedure
on each element of G¢, , and adding I whenever
necessary to obtain a symmetry operation, we get
a set of elements that leave [€r] invariant and
form the Shubnikov point group of [€1] denoted
by M[@L] g M.

3. Finally, the point group Gi¢, ) is the subgroup of
M[QL] lylng in 80(3)7 g[QL] = M[@L] N gCL'

At the end of the procedure, we find a group
Ole; € Ge which is independent of the equivalence
class, Gjg] = Gje)- Let us look at some examples. For
the point group of a regular 2n-gon on a great cir-
cle, Q[Q] = D,,. For an octahedron, gm = T. For a
cube, Gjg) = O. For a dodecahedron or icosahedron,
Je) = L. Lastly, for a pair of n coincident points in
antipodal directions, Gj¢] = Coo or Do for n odd or
even, respectively.
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jHl/Z‘ 1 ‘ 3/2

2 | 5/2 | j=3

fmax

{Co} [ {Do} [ {D. T} | {D. O} [ {Dwc. O} | {Dc, 0.1}

Table 2: Minimal sets of largest point groups Fmax (B (’H(j))) for all possible values of the spin quantum number j. These

sets are valid for both Hermitian and non-Hermitian operators.

“ z
% . y
. » B =,
S n2
¢
Figure 2: Left: the constellation class [€1] of a Hermitian

operator H € #. Right: the constellation class [¢2] of a
Hermitian operator H € %™ oriented so that the constel-
lation lies in the xy plane.

We list in Table 1 examples of Hermitian oper-
ators in #) having the largest point groups for
L =1,...,7. This Table also shows the smallest L
required for an operator to exhibit some point group
symmetry.

4.3 Point groups of non-Hermitian operators

All the developments so far are valid only for Hermi-
tian operators. However, they can be generalized to
any operator S using its decomposition into a Hermi-
tian and an anti-Hermitian component

S =Sy +iSa, (16)

where both operators Sy = (S+S51)/2 and Sy = (S—
S1)/2i are Hermitian. The decomposition is unique,
and any unitary transformation applied to S preserves
it by linearity. Thus, the Majorana representation of
a generic operator S consists of the Majorana repre-
sentation of the two parts Sy and S 4, which is again
a bijective characterisation of the operator. In partic-
ular, the point group of S, Gs = Gg,, N Gs,, can be
calculated using the techniques mentioned previously.
A direct consequence is that the only admissible point
groups of an arbitrary operator are the same point
groups as for Hermitian operators or some of their
subgroups. Thus, the results presented in Table 1
also hold for non-Hermitian operators.

4.4 Set of largest point groups and examples

Let F(V) be the set of point groups that can appear
as the symmetry group of any element in the operator
space V', excluding multiples of the identity operator.
Additionally, let Fnax(V) be the minimal subset of

F(V), such that each element of F (V) is a subgroup’’
of an element of Frax (V).

The point groups listed in Table 1 correspond
to Fumax(BWE) for L < 7. Using Egs. (10) and
(14), we can now obtain Fi..(B(H))) for any spin
value. These sets are listed in Table 2. Since any
proper point group (excluding SO(3)) is a subgroup
of at least one of the groups Do, O, I, we have
Fmax(B(HD)) = Frax(B(H®)) for j > 3. Note that
the results summarized in Tables 1 and 2 are valid for
both Hermitian and non-Hermitian operators. They
will prove useful for the design of DD sequences.

For clarity, we show how to obtain the sets F and
Foax of V.= BL) for L = 1 and 2. We consider
first L = 1 with a generic Hamiltonian of the form
Hy = vn - J, where we can assume v > 0 without
loss of generality. The decomposition (13) of H; gives
ho = 0 and hy = v4/j5(j + 1), with only one constel-
lation class [€;] made of a pair of antipodal black
and red stars (see Fig. 2, left sphere). The black
(or red) star points to £n, where the sign is associ-
ated with the coloring of the pair, or, in other words,
with the equivalence class. It is now easy to see that
‘F(Hl) = ]:max(Hl) = {Coo}

We now turn to L = 2 with a generic Hamiltonian
of the form Hy = hy+T5. The operators of Z() have
constellation classes [€3] made up of two pairs of an-
tipodal black and red stars (see Fig. 2, right sphere).
We can identify the two black stars by the unit vectors
{n1, na}. The equivalence class [€3] has two elements
corresponding to constellations with black stars point-
ing to {ny, ny} and {—n;, —ny}. All possible constel-
lations can be parametrized by an angle 6 € [0, 7/2].
As an example of the procedure explained in Sub-
section 4.2, we consider the case where [€3] forms a
square on the equator (0 = m/4). We list in Table 3
the point group of a square, which contains 8 ele-
ments. We can now determine the group Mg, and
shown in the second row of Table 3. From this we
conclude that Q[Qz] = D5. We can obtain all possible
point groups for the Hermitian operators H € #(3)
by inspecting all possible constellations [€5], which

10Here, we use the usual convention that a set (group) is a
subset (subgroup) of itself.

1IThe set Fmax (V) can be understood as a generalization, to
sets, of the concept of maximal subgroups. A proper subgroup
G’ of a group G is called mazimal if there is no other subgroup
of G that contains G’ strictly.
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Ge, || E| R(z,7/2) | R(z,7)
M[QQ] H E ‘ IR(Z,W/Q) ‘ R(Z,W)

R(z,37/2) ‘ R(x,7)
IR(z,37/2) | R(x, )

Ry, ) | R(ni,7) | R(ny,7)
R(yvﬂ) ‘ IR(nla’/T) ‘ IR(n277T) ’

Table 3: Elements of the groups associated with the constellation €3 shown in Fig. 2 (right sphere) with § = 7w/4. The
elements of G¢, leave the constellation invariant if we ignore the color of the stars, whereas the elements of M¢,] leave the
constellation invariant when we take the color of the stars into account. The point group of the equivalence class [€2] is the
intersection of the two sets, i.e., Gje,) = {E,R(z, 7),R(x,7),R(y, 7)} = Da.

for § =0 and 7/2

D
L . 17
Gles) { D,  forde(0,7/2) 17)

Now, the possible point groups of non-Hermitian op-
erators S = Sy +iS4 € B? are defined by the inter-
section of the two points groups Gs, NGs,. The axes
of symmetry of the groups may or may not coincide.
In particular, if Gs,, = Gs, = D2 and if only one axis
of symmetry of each of these groups coincides, then
Gsy NGs, = Cq. On the other hand, if they share no
axis of symmetry, then Gg,, NGs, = E. Thus, the set
of point groups for generic operators (Hermitian and
non-Hermitian) is F(#?) = {E,Cy,Dy,D4}, and
fmax(%(Q)) = {Ds} since E,Cy, and Dy are sub-
groups of D.

5 Decoupling groups for single spins

In this section, we apply the general framework pre-
sented in Sections 2.2 and 2.3, using the point groups
of operators introduced in the previous section, to find
the decoupling groups of a single spin-j based on its
interaction subspace. The main result of this section
is summarized in Proposition 2 and Table 4 and is
applied to several systems.

5.1 General theory

Consider a single spin-j system, with Hilbert space
Hs = HY), interacting with its environment via the
interaction Hamiltonian (1), leading to the interac-
tion subspace g = span({Sy}). The subspace Zg,
which may not be closed under SU(2) operations, is
contained in a direct sum of irreps

Lmax
Is CV = 2" < B(Hs) (18)
L=0

where Lp.x < 2j is the smallest L value for which
the first inclusion is valid, and where the irrep &
(0-irrep) contains only operators proportional to the
identity 1g.

As explained in Sec. 2.3, a rotational symmetry that
does not appear in any of the irreps ) (1 < L <
Lyyax) will be a decoupling group. Using Tables 1 and
2, we can first find the set of largest rotational symme-
tries Fmax(V) by considering jog = Lmax/2. We can

Linax H Frmax (V) ‘ g ‘|Q| ‘ Operators S,

1 {Cx} D, | 4 J-n

2 {Ds } T |12 | J3J2-J;

3 {Deo, T} O |24 | J3JJ. 0,
4or5 || {Dsx,0} I |60 J4,J3

>6 {Ds, 0,1} | none | — —

Table 4: The sets of largest point groups for any interaction
subspace Zs C @i:g" B as a function of Lmax, along
with the corresponding smallest decoupling group G and its
cardinality. For Lmax > 6, there is no decoupling group
composed solely of rotations. The point groups listed are
universal decoupling groups for single spin systems with spin
quantum number j < Lpyax/2. The last column shows ex-
amples of the system operators S, in the interaction Hamil-
tonian (1) that are decoupled.

then find the smallest decoupling group by selecting
the smallest rotational symmetry group which is not
a subgroup of an element of Fax (V). We summarize
the results in the following proposition.

Proposition 2. Consider a single quantum system of
spin j interacting with its environment, whose inter-
action subspace Tg C @EZ‘B" BEL) for some integer
Lyax > 1. Any point group that is not a subgroup
of an element of Fax (@ii‘f‘ %(L)) is a decoupling
group of Lg. For Lya.x = 27, this is moreover a uni-
versal decoupling group.

Note that Proposition 2 refers to a subgroup (not
a proper subgroup), which may be the group itself.
The smallest decoupling groups for the first values
of Lyax are listed in Table 4, derived from the re-
sults contained in Tables 1 and 2. Four interesting
groups emerge, namely the 2-Dihedral (Ds), Tetra-
hedral (T), Octahedral (O) and Icosahedral (I) point
groups. Each of the last three corresponds to the sym-
metry group of one of the Platonic solids.

An interesting observation is that when L.y > 6,
the set of largest point groups is {Doo, 0, I}. Any fi-
nite proper point group is a subgroup of an element
of this set such that the smallest rotational symmetry
inaccessible at this point is the entire rotation group
SO(3), which would result in a DD sequence of infinite
number of pulses. The following corollaries follow.

Corollary 1. There is no universal decoupling group
based solely on rotations when j > 3.
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Figure 3: Average distance D between the identity propaga-
tor and the noisy propagator for a single spin-j system (where
j ranges from 1 to 7/2), with and without DD sequence. D
is plotted as a function of 7|/ Her|| for the TEDD (purple),
OEDD (red) and IEDD (green) sequences and for the free
evolution (noDD, blue). Heyr is a Hermitian error Hamilto-
nian and 7 is the total time of the free propagation (and also
the duration of the TEDD sequence, see main text).

Corollary 2. If the interaction subspace is such that
Frax = {DOO, O, I}, then there is no decoupling group
based solely on rotations.

5.2 Applications

We are now in a position to construct a sequence of
pulses for each decoupling group of Table 4 by choos-
ing an Eulerian path on the corresponding Cayley
graph. In particular, each group appearing in Ta-
ble 4, and thus its corresponding Cayley graph, has
two generators (a,b), such that the sequences will be
composed of only two different types of pulses. The
exact form of the resulting sequences and details of
their construction can be found in Appendix B, but
the results are summarized in Table 5. For the most
elementary system, the qubit (spin-1/2), the smallest
universal decoupling group is Dy. The corresponding
Eulerian sequence has already been studied in the lit-
erature and has been called Eulerian Dynamical De-
coupling (EDD) [4]. The novelty here lies in the three
other exceptional groups appearing in Table 4. We
call their Eulerian sequences Platonic DD sequences
because their respective symmetries are the same as
those of Platonic solids. We denote them by XEDD,
with X € {T, O, I}.

A direct application of our framework is the con-
struction of universal decoupling sequences for a sin-
gle spin j (using Proposition 2 with Ly, = 2j). For
spins with j < 3, it is possible to find a universal de-
coupling group in Table 4 since it suffices to choose
any of the decoupling groups with Ly,.x > 2j. For ex-
ample, the octahedral group is a universal decoupling
group for spins 1/2, 1 and 3/2.

To demonstrate and validate the decoupling prop-
erties of the Platonic sequences, we use the DD per-
formance quantifier introduced in Ref. [7] and defined
as
'Tr [Us]|

D(1s,Us) = 4/1 51 (19)
This quantifier D was derived in Ref. [69] and is a dis-
tance measure between the identity operator 1g (the
desired free evolution operator) and a noisy propaga-
tor Ug. The smaller D is, the more freely the sys-
tem evolves without perturbation, and the better the
DD sequence. Here, we consider a noisy propaga-
tor Ug = exp(—iHe,T) generated by a random error
Hamiltonian H,, drawn from the Gaussian ensemble
of random (25 + 1) x (2§ + 1) Hermitian matrices.
Figure 3 shows the average distance D(1g,Us) as a
function of 7||Hey|| in log-log scale for the free evo-
lution (i.e., without the DD sequence) and with the
application of each of the Platonic sequences. The av-
erage was computed over 5000 random Hamiltonians.
The time 7 is the duration of both the total free evolu-
tion (the NoDD protocol) and the shortest sequence
(TEDD in this case). To enable a fair comparison
of performance between the different sequences, the
time interval between successive pulses was chosen to
be identical for each sequence.

When there is no first-order decoupling, the average
distance D should scale as D o 7||Hey,||, according to
the Magnus expansion. This is indeed the behavior
we observe, for any spin, in the log-log plot in Fig. 3
in the absence of DD sequence (dashed blue curves
with a slope of 1) and for certain DD sequences. In
this plot, a slope that is twice as steep indicates first-
order decoupling, i.e., D o (7||Hew||)* [7]. It can also
be seen that when several sequences achieve decou-
pling, those with a smaller decoupling group result in
a smaller distance and therefore better performance.
This can be understood by the fact that the time re-
quired to implement a DD sequence is proportional to
the number of elements in the decoupling group.

Although platonic sequences do not achieve full de-
coupling for j > 3, they can nevertheless be of great
practical interest for dynamical decoupling of large
spins [29,70]. Indeed, the TEDD sequence is capable
of decoupling any Hamiltonian with Zg C @2 _, 8®),
regardless the spin j of the system. In this case,
Zs consists of linear combinations of operators that
are linear or quadratic with respect to the angular
momentum operators. The EDD sequence, in con-
trast, only handles terms linear in the spin operators.
As an example, we compare the performance of the
EDD and TEDD sequences for a spin-1 on random
error Hamiltonians of the form H®) = Zi:o h;,-T;.
The average distance D is shown in the (7hyi,Ths)
parameter space in Fig. 4; when hy/he < 1 (resp.
hi/hs > 1), the distance scales as D o< (Thy)" (resp.
D o (thy)") with 7 = 1 when there is no decoupling
and r = 2 when first-order decoupling is achieved.
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Decoupling group Platonic Generators # pulses Sequence
sequence a b
2-Dihedral (D2) EDD ((1,0,0),m) ((0,1,0),m) 8 abab®aba
Tetrahedral (T) | TEDD | ((0,0,1), %) ((%5 2 %), %’T) 24 aba2bab®a?babda®baba?
Octahedral (O) OEDD ((0,0,1), %) <\/i§(1, 1,1), %’T) 48 see Appendix B, Eq. (78)
Icosahedral (I) IEDD <(O’T\/1_+’(§)’ %”) (ufj}’go’d’) , %’r) 120 see Appendix B, Eq. (79)

Table 5: Summary of the Platonic DD sequences constructed from the point groups T, O and I. The generators are specified
in the axis-angle notation and correspond to the two types of pulses required to implement each sequence. The two shortest
sequences are given in their condensed notation and we refer to Appendix B for the two longest sequences. In the IEDD

sequence generators, ¢ = @ is the golden ratio.

1072
10°*
10°°
1078

o]

B:oDD [JEDD [ TEDD

Figure 4: Average distance D between the identity propa-
gator and the noisy propagator in the (7hi,Ths) parameter
space for a single spin-1 system, for the free evolution (blue)
and the EDD (gray) and TEDD (pink) sequences. The aver-
ages were performed over 1000 randomly generated Hamil-
tonians.

As expected, we observe that the TEDD sequence
outperforms the EDD sequence in cases where the
quadratic components hy are not negligible compared
to the linear components (r = 2 for TEDD and r = 1
for EDD in the regime hj/hy < 1). A similar advan-
tage of the OEDD sequence over the TEDD sequence
is observed in Fig. 5 for random spin-3/2 Hamilto-
nians of the form HG/2) = 21222 hy - Ty, where
we show the average distance in the parameter space
(tha,Ths). Here we set hg and hy equal to zero for
convenience. It should be noted that similar results
can be obtained for any spin, since the decoupling
properties of the sequences depend only on L.« and
not on j.

5.3 Comparison with existing schemes

We first point out that the universal Platonic sequence
designed for a spin-j can also serve as a universal se-
quence for an arbitrary qudit with a number of levels
d = 2j + 1, provided that the two SU(2) pulses a
and b can be implemented efficiently. Moreover, the
generator J - n of rotation pulses is tridiagonal in the
energy eigenbasis, so it suffices to have control over

102
0!
10°°
0%
10—1(]

o]

B:oDD  []TEDD [ OEDD

Figure 5: Same as in Fig. 4 but in the (Tha, Ths) parame-
ter space of a single spin-3/2 system, for the free evolution
(blue) and the TEDD (pink) and OEDD (purple) sequences.
The averages were performed over 1000 randomly generated
Hamiltonians.

transitions between adjacent energy levels’?.
However, Platonic sequences may not be the most
efficient DD sequences for an arbitrary qudit. For in-
stance, the universal sequences in Ref. [41] are more
efficient—although not being based solely on global
rotations—as the number of pulses scales only with
the square of the qudit dimension d. For example,
this sequence for a qudit with d = 6 levels requires 36
pulses, which is significantly fewer pulses than the cor-
responding Platonic icosahedral sequence IEDD (120
pulses). On the other hand, when dephasing is the

12For example, the two generating pulses of T for a qutrit
system (d = 3) are defined by the spin-1 generators 2?”J-n with
rotation axes given Table 5. Their respective 3 X 3 matrices are

equal to
1 0 0
J.(0,0,01)=| 0 0 0 ;
0 0 -1
1 1—1iv3 0
2 /21 1
J. %\/;5 =3 14iv3 0 1—-iv3 |,
0 1414V3 -1

(20)
Their entries can be modified by choosing different axes of ro-
tation.
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dominant decoherence error in a qudit, the basis cy-
cling procedure introduced in Ref. [43] decouples the
system with a pulse sequence whose size increases lin-
early with d. However, this is not a universal DD
sequence.

Platonic sequences appear to be advantageous over
the protocols of Refs. [41,43] in two cases. The first
one is when the d-dimensional elementary quantum
system can be easily controlled by global SU(2) pulses.
For instance, such pulses are native in qudits defined
in the hyperfine manifold of alkali atoms and are sim-
ply achieved by applying a magnetic field [29,70-72].
In order to implement the protocols of Refs. [41,43] in
this system, each transition between adjacent energy
levels would need to be accessed independently, e.g.
via optical transitions with an intermediate state from
another hyperfine manifold [23]. The second case is
when the interaction subspace of a large qudit only
includes irreps of small dimension. This is, again, the
case in the hyperfine manifold of alkali atoms where
the dominant sources of errors involve operators linear
and quadratic with respect to the angular momentum
operators [29]. In the 10-dimensional qudit presented
in Refs. [29,72], the universal sequence [41] would con-
sists of 100 pulses while the dominant errors should
be suppressed using the shorter TEDD sequence (24
pulses). This might also be the case for some deco-
herence model in a spinor or multi-component Bose-
Einstein condensate that behaves as a spin-like sys-
tem [19, 20].

6 Decoupling spin-spin interactions

with global rotations

We will now extend the framework of Sec. 5 to mul-
tispin systems where we seek to decouple the envi-
ronment and/or some spin-spin interactions by us-
ing pulses composed only of global SU(2) transfor-
mations, i.e., the same SU(2) operation is applied to
each spin. Our main theoretical results are summa-
rized in Proposition 3 and in Table 6, then applied
to several systems. As explained below, some spin in-
teractions cannot be decoupled using only global ro-
tations; these are identified and listed in Appendix E
for the first nontrivial systems.

6.1 Interaction subspace of multispin systems

Consider an ensemble of N interacting spins (system
S), of spin quantum numbers (ji,...,jn5), coupled
to an environment (bath B). Depending on the in-
teractions we want to decouple, the Hamiltonian H
will include interactions between the system and the
bath, interactions between the spins, or both. The
most general interaction subspace contains all oper-
ators acting on the global Hilbert space associated
with the spin ensemble. It can be written as tensor

products of individual operator subspaces

N N 27k
s - o) -@ () )

k=1 k=1 \L,=0

J1 2jN N
— Sy ( @(Lk)>
Jk
k=1

L1=0 Ln=0

> L
@ (@)
L \k=1
(21)
with L = (L4, ..., Ly) a vector-index. The possible
interaction operators of Zg can be grouped into K-
body terms (with K = 0,..., N!%) according to the
number of zero components in each index L of the
direct sum in Eq. (21). Fig. 6 depicts a graphical
representation of this decomposition. Note that 1-
body terms correspond to 1-local Hamiltonians and
0-body terms to operators proportional to the global
identity. Thus,

N
Is = @Ko (22)
K=0

with

N
Ibeody _ @ <® r@](fk)) (23)
IL|=K

k=1

and |L| equal to the number of nonzero components
of L. For each L, the corresponding subspace decom-

poses entirely into irreps @g’a) C B(Hs) as follows

N

Rz = @ 2. (24)

k=1 (L,a)

where L € {Emin,imin +1,... 7I~,r,1£,m}, with Lyax =
Zgzl L and imin the minimum angular momentum
that can be obtained according to the angular mo-
menta coupling rules [67,73]. Different subspaces with
the same value of L may appear, hence the use of the
superscript « to distinguish them. The irrep decom-
position for each L with K-body terms is independent
and none of them contains the global identity, except
for L =0 (K =0). For better understanding, we be-
gin by analyzing a few examples of this tensor prod-
uct decomposition before we continue with the general
theory of decoupling groups for multispin systems.

6.1.1 Arbitrary interactions in a pair of spins

Consider a system of two interacting spins j; and js.
The 0-body and 1-body terms written in the notations
of Egs. (22)—(24) read

15When K > 2, we call the K-body terms also K-body in-
teractions.
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Figure 6: Visual representation of the decomposition of the interaction subspace of a multispin system into smaller subspaces,
facilitating the study of the SU(2) symmetries. The number of non-zero elements in L, denoted |L|, corresponds to the order

K of the many-body expansion (22)—(23).

0-body term

L=(0,00 - "% = 20" = 2V ©

J2

(25)
1-body term
L=(0,0) » 2 =2 028,
L=(0,) » % =2" o5, (26)

T1-body _ (‘%)J(’il) ® @55)) ® (@5?) ® (@j(iz))

with l1,l5 # 0. On the other hand, the two-body
interactions are labeled by L = (I,12). Its respective
irrep decomposition reads

2-body term
li+l2 e
L=(l,b) » 2= @ 25 (@
L=[l1—1s]

where the explicit expression of @’EJL) in terms of
the operators belonging to %;il) and %’j(.i?) are given
in Appendix E. It is also essential to note that the
r.h.s. of the last equation may have O-irreps for [y = o
which do not correspond to the global identity oper-
ator. Instead, they correspond to other SU(2) invari-
ant subspaces whose operators cannot be averaged to
zero by global SU(2) operations. In particular, they
are insensitive to the DD sequences studied in this
work. We list a set of conditions for the interaction
Hamiltonian not to have such an isotropic component
in Appendix E. We call these conditions anisotropy
conditions. The simplest example of an SU(2) in-
variant operator other than the identity arises when
l1 = 1ls = 1 and is given by the isotropic interaction
term

Isotropic interaction

JH-J? e TPy, (28)
where J! (resp. J?) is the angular momentum opera-
tor acting on the first (resp. second) spin.

6.1.2 Tripartite spin-1/2 system

Here, the system has (j1, jo, j3) = (%, %, %) spins, and

the irreps in their individual operator space can have
L = 0,1 for any k. The K-body terms for K < 3
are essentially the same as those listed in Egs. (25)-
(27) with an additional tensor product with a O-irrep
subspace. For example, the 1-body term associated
with L = (0,0, 13) is equal to 93](-?) ®93J(-S) ®93](-ig). On
the other hand, the K = 3-body term L = (1,1,1) is
obtained by applying the triangular rule for addition
of angular momentum (see Fig. 6) to give

3-body term

2
3—body _ g5(1) ) (1) _ ) (1)
N =B 0 B, © B = (@93( >®,%’j3
I’=0

=3P 0B 0 B o B & B © B © BY

ll

0 '=1

3 2
0) ® (@ @él,a)) (@ @g,a)) @@S)
a=1

a=1

=2

?
== I

(29)

where the isotropic interaction operator that spans
the irrep %io) is given by (see Appendix E)

JH(I2x J%). (30)

6.2 Decoupling groups for multispin systems

We now have the tools needed to study the decou-
pling groups of an ensemble of N spins (j1,...,jn)
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interacting with each other and with a bath. For a
generic system Hamiltonian H, we can first compute
its Schmidt decomposition with respect to the bipar-
tition of the spin ensemble and the bath (1). The
corresponding system operators will be the elements
that span the interaction subspace Zg, which can be
grouped in K-body terms as in Eq. (22). The SU(2)-
irrep decomposition of each subspace is calculated by
applying tensor products and irrep decompositions re-
cursively, as done in the examples of Subsection 6.1.
The interaction subspace associated to the K-body
terms is contained in a direct sum of irreps

TK—body  yK—body _ @ @ %(i,a)’ (31)
|LI=K (L,&)

where now the Lj components of L run from zero
to LF . with LK < 24, the minimum value of Ly
to guarantee the inclusion ZX—Pody C VK=body  Cpyp-
cially, the largest irreps involved in the decomposition
has dimension Lyay equal to the sum of the K largest
Lk ’s. This leads to the observation that the set of
point groups of V cannot exceed that of the single
spin system of effective spin jef = Lmax /2, or more

precisely
F(VE-bodv) ¢ ]_-(B(H(jeff)))_ (32)

In particular, a symmetry inaccessible for the space
of operators of the effective spin jeg will be inaccessi-
ble for VE=Pody “and thus will be a decoupling group
for ZK—=P°dY " according to Proposition 1. All this re-
mains valid as long as ZX =Py fylfills the anisotropy
conditions.

The general results described above, based on
Eq. (31), are formulated as follows:

Proposition 3. Consider an ensemble of N spins
of quantum numbers (j1,...,Jn) and a Hamiltonian
of K-body terms such that its interaction subspace
TK=P0dy contains no 0-irreps (isotropic components)
except the global identity. Any group that is mot a
subgroup of Fiax (B(’HUEH(K)))), where jog(K) is half
the sum of the K largest LX . ’s, is then a decoupling
group for TH—body,

Corollary 3. Under the same conditions as in
Proposition 3, any point group that is not a sub-
group of an element of Fax (B(’Hjeff)), where jog =
max®_ jex(k), is a decoupling group for Is.

The smallest decoupling groups for K-body terms
where the interaction subspace of each constituent has
the same LY = L., are listed in Table 6a for dif-
ferent values of K and L.. The smallest decou-
pling groups for two-body interactions are listed in
Table 6b for different pairs (L% .., L2,,,). A case of-
ten encountered in applications is that of systems with
multilinear interactions (see Subsection 6.3). K-body
multilinear interactions are defined as interactions be-

tween K spins which can be expressed as a sum of K

Lmax K
1 2 3 4 5 >6
1 Db, T O I I -
2 T I - - - -
3 o - - - - -
(b) K =2

Ll L12nax

T 2 3 4 >5

1 T O I I -

2 I 1 - -

3 - — —

4 _ —

Table 6: (a) Decoupling groups for an ensemble of spins
of quantum numbers (j1,...,j~) with K-body interactions
satisfying ZX—Pod C @‘L‘:K ®(E,&) ALY where each
Ly, runs from zero to Lmax. The first column coincides with
the decoupling groups of a single spin presented in Table 4.
(b) Decoupling groups for two-body interactions and for dif-
ferent values of Luayx, Li.. < LZ... In both cases, we
assume that the anisotropy conditions are fulfilled, so that
the Hamiltonian does not contain isotropic components.

tensor products between the angular momentum op-
erators of each spin, i.e., L¥ = 1 for any spin jj
in Eq. (31). For instance, the most general 2-body
multilinear interaction between two spins j; and js is
H =3, 3hd,J; ®J3. In this case, the anisotropy
conditions for the K-body terms of multilinear inter-
actions can be fully characterized with the help of
the isotropic tensors [74]. We do this in Appendix E
for K < 4, but the results can be easily extended to
K < 8 by using the results of Ref. [74]. The corol-
lary 3 is simplified for Hamiltonians with only multi-
linear terms:

Corollary 4. Consider an ensemble of N spins with
quantum numbers (ji,...,jn) and a Hamiltonian
with at most K-body multilinear terms, such that its
interaction subspace contains as only 0-irrep the global
identity. Then, any group that is not a subgroup of an
element of Fax (B(’H(jeff))), where jog = K/2, is a
decoupling group for Zg.

6.3 Applications

We present in Fig. 7 a list of examples of K-body in-
teractions that may appear in multispin systems and
can be decoupled by Platonic sequences. Proposi-
tion 3 allows us to obtain decoupling groups for cer-
tain multispin systems with K-body terms, which we
present in Table 6a. For example, we find that the
group T (resp. O) is a decoupling group for any spin
ensemble with only two-body (resp. two- and three-
body) multilinear interaction terms, provided that the
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System Decoupling
K . .
interactions sequence
1 On-site disorder [75] EDD
Antisymmetric exchange,
2 Dipole-Dipole [75,76] TEDD
3 Neargst—nelghbour 3-body OEDD
interaction [77]

Table 7: Examples of typical K-body interactions in spin sys-
tems and the respective platonic DD sequences to decouple
them.

Hamiltonian satisfies the anisotropy conditions. For
two-body and three-body interactions, this means en-
suring that the Hamiltonian has no isotropic com-
ponents given by (28) and (30), respectively. Thus,
the anisotropy conditions for the most general Hamil-
tonian with multilinear two- and three-body interac-
tions, written as

— p2-body
=Y e )
i<j a,p (33)
ik .
+ 3 N T e e gk,
1<j<k o,p,\
= H3—body
are
Two-body anisotropy conditions:
> hI0ap =0, Vi#j (34)
o,

Three-body anisotropy conditions:

Y hdsneapn =0, ViFjEk#i (35)

a,B,A

To illustrate the decoupling properties of Platonic
sequences on multispin systems, we again compute
the average distance D, this time for an ensemble
of four spin-1/2 with interaction Hamiltonian of the
form (33), for the free evolution and with the appli-
cation of the OEDD and TEDD sequences. Figure 7
shows the distance in the (73,7A) parameter space,
where 8 and A are defined as

B — ||H27b0dy||, A= |‘H37b0dy||' (36)

The tensors h*/ and h*/* appearing in the Hamilto-
nian (33) are randomly generated, while ensuring that
they satisfy the anisotropy conditions (34) and (35).
The decoupling properties of the T and O groups for
multiqubit interactions can be read in Fig. 7 by the
slope of D as a function of 78 for 7TA < 1, and as a

1072
10"
10°°
1078
10—1(1

ol

BWuwoDD []TEDD [EOEDD

Figure 7: Average distance D between the identity propa-
gator and the noisy propagator in the (78,7A) parameter
space for an ensemble of four interacting spin-1/2 with two
and three-body interactions, for the free evolution (blue) and
the TEDD (pink) and OEDD (purple) sequences. Averages
were performed on 1000 randomly generated Hamiltonian
satisfying the anisotropy conditions (34) and (35).

function of T7A for 78 <« 1. The TEDD and OEDD se-
quences both provide first-order decoupling for dom-
inating two-body multilinear interactions (A < ),
while the OEDD sequence is the only one to also pro-
vide first-order decoupling for dominating three-body
multilinear interactions (A > (). Numerical calcu-
lations (data not shown) confirm that first-order de-
coupling is not achieved when the conditions (35) are
not satisfied. Table 6a also shows that no decoupling
group (consisting only of global rotations) exists for
interactions involving simultaneously 6 or more bod-
ies in an ensemble of interacting qubits.

On the other hand, Table 6b shows the decoupling
groups for two-body interactions of a composite sys-
tem. Without loss of generality, we can assume a
bipartite system. As an example, we consider a qubit-
qutrit system, which is equivalent to a two spin system
with j = 1/2 and 1. Its most general Hamiltonian can
be expanded as

1 2 Ly Lo
H= Z Z Z Z wf%/flff/\?szLlMl ®TL2M2

L1=0Ls=0M=—L1 Ma=—1Lo
(37)

where the tensors w12 should satisfy the hermiticity
conditions

Wiy, = ()M (wll ) (38)
The SU(2) isotropic component of (37) is necessarily
of the form (see Appendix E)

1

DMy @Ti-m
M; = (39)

o Jqubit . Jqutrit

2—body
Hisotropic

The anisotropy condition on the Hamiltonian will
therefore be equivalent to the condition (34). Defin-
ing I" (resp. 8) as the supremum operator norm of the
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Figure 8: Same as in Fig. 7 in the (7T, 78) parameter space
for the free evolution (blue) and the OEDD sequence (purple)
for a qubit-qutrit composite spin system.

one-body (resp. two-body) Hamiltonian, we compare
in Fig. 8 the OEDD sequence with the free evolution
in the (7T, 78) parameter space, where 7 is the du-
ration of the free evolution and the pulse sequence.
Once again, we observe the first-order decoupling ob-
tained with the OEDD sequence through the slope of
D as a function of 7I" and 713.

6.4 Comparison with existing schemes
6.4.1 Disorder and dipole-dipole interactions

We have shown that the TEDD sequence has decou-
pling properties for multispin systems with K-body
multilinear terms for K = 1,2. This case encompasses
the well-known scenario of multispin systems with on-
site disorder and dipole-dipole interactions [10,11,78],
with a Hamiltonian given in its most general form
by [76]

H = Hgis + Haa (40)

with

Hgis = 251‘ m,; - J°, (41)
i

Haa =Y Aij (3[ey; - I [ey - 3] = 3°- 37), (42)

1<j

where m; is the unit vector giving the disorder direc-
tion for the ith spin and e;; is the unit vector par-
allel to the line passing through the spins ¢ and j.
The Hamiltonian (40) satisfies the anisotropy condi-
tions’# and includes the case where the rotating wave
approximation does not hold, which occurs in cer-
tain physical scenarios such as zero-field NMR [79].
The TEDD sequence guarantees first order decou-
pling with the bath for any ensemble of N spins with
Hamiltonian (40). Other interactions such as spin-
exchange interactions [10] or J-couplings [76] are de-
coupled by the TEDD sequence, with the exception

14The only multilinear isotropic two-body terms are of the
form Iy o< J* - J7 (see appendix E). By direct calculation, we

obtain that Tr(Hdei . Jj) = 0 for any pair of spins 7 and j.

of their isotropic parts.

Several sequences have been constructed for the
above Hamiltonian under the rotating wave approx-
imation [76], i.e., by considering all the unit vectors
pointing in the same direction, let us say m; = e;; =
z. In this case, the Hamiltonian (40) becomes

H=> 6Ji4+> Ay(3JL0 =3 -3).  (43)

i<j

The sequences built to cancel this Hamiltonian also
typically consist of global rotations. The smallest se-
quence that cancels the disorder term is the two-pulse
CPMG sequence [42]. On the other hand, the small-
est sequence that mitigates the dipole-dipole interac-
tion term is the 6-pulse WAHUHA sequence that was
constructed in the context of NMR spectroscopy [80].
Other slightly longer sequences, such as REV-8 [81]
and Echo+WAHUHA [10], with 8 and 6 pulses re-
spectively, are capable of decoupling the two terms.
More recently, longer sequences have been designed
to improve robustness against various imperfections,
such as finite-duration errors or certain control er-
rors such as flip-angle (systematic over- or under-
rotation) or axis-misspecification errors (systematic
error in the axis of rotation) [53]. For example, the
48-pulses Cory-48 sequence’” [10, 78] offers great ro-
bustness to dipolar interactions during pulses of finite
duration. Another example is the 60-pulse DROID-
60 sequence [10], which is highly robust to disor-
der during the finite-duration pulses, while offering
some robustness to flip-angle errors and dipolar in-
teraction during the finite-duration pulses. Other se-
quences (e.g. 24-pulses yxx24 and 48-pulses yxx48)
presented in Ref. [11] were designed using a deep-
learning algorithm and shown to provide some robust-
ness to dipolar interactions and disorder during pulses
of finite duration, as well as to flip angle errors. In
addition, the DROID60 and yxx24 sequences cancel
some higher-order terms in the Magnus expansion and
therefore outperform the TEDD sequence for the spe-
cific Hamiltonian (43) and when only flip-angle errors
and finite-duration pulses are considered. We present
a comparison of the TEDD, DROID-60 and yxx48 se-
quences in Fig. 11 (upper left plot) of Appendix F in
several regimes of the Hamiltonian parameters (43).
The TEDD sequence, by its Eulerian design, is ro-
bust to all finite-duration errors and to other sys-
tematic control errors, including flip-angle and axis-
misspecification, but also more exotic systematic er-
rors (see Sec. 7). This implies that, with the addition
of non-negligible axis-misspecification errors or dis-
order around the x and y axis, the TEDD sequence
achieves or exceeds the performance of its competi-
tors in a certain regime of disorder and dipole-dipole
parameters. Consequently, the TEDD sequence can

15The Cory-48 sequence has actually 72 pulse intervals as it
includes 24 identity pulses.
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lead to potential applications in systems where the
high-order errors arising from the Magnus expansion
of the model Hamiltonian (43) are less important than
the uncorrected, first-order errors. We compare the
TEDD and other sequences under this scenario in Ap-
pendix F.

A straightforward method to increase the decou-
pling order and robustness of a sequence while keep-
ing the unparalleled versatility is through concate-
nation [82, 83] and reflection symmetry [10]. In
particular, we can construct a new 48-pulse time-
antisymmetric sequence by applying a TEDD se-
quence followed by its inverse’®, which we denote
(TEDD)(TEDD)', or simply TT'. This new sequence
achieves second-order decoupling over its entire cor-
rectable subspace, increasing its robustness properties
as well. In the finite pulse regime, TT' outperforms
both DROID-60 and yxx24 for the Hamiltonian (43)
if the amplitude of the unwanted Hamiltonian is suffi-
ciently small (see Appendix F). The addition of small
perturbations such as axis-misspecification errors fur-
ther extends the parameter regime for which TT' per-
forms better than state-of-the-art sequences.

6.4.2 Cross-Kerr Hamiltonian

There are, however, multiqudit systems for which the
Platonic sequences cannot achieve decoupling from
the bath, partly due to the anisotropy conditions. For
example, in transmon qudits, a common interaction
between a pair of qudits is described by the Cross-
Kerr Hamiltonian [41,84],

d—1
Hex = 3 au lif) {ij] (44)

ij=1

where Q5 = Wi +Woo —Wio — Woj and w;j is the transi-
tion frequency between the ith and jth energy levels.
This interaction generalizes the Ising interaction be-
tween coupled qubits Higing = Z” A;jolol which
does not satisfy the anisotropy conditions. For the
decoupling of two-qudit interactions, we refer to Ta-
ble 6b where we find that this is only possible (using
Platonic sequences) for qubits and qutrits using the
Tetrahedron and Icosahedral sequence, respectively.
Furthermore, applying the Platonic sequence to this
Hamiltonian leads to a residual term that survives the

16Meaning that the sequence is run in the opposite direction,
where each rotation is replaced by its inverse rotation. This
ensures that the Hamiltonian in the toggling frame is time-
symmetric, in which case all even-order terms of the Magnus
expansion are equal to zero.

symmetrization, given by

d—1
HER o Y - Tr (I Hek] I
L=0

22 (45)
—=]
2v3 !

1
+ —— (411 — 2(ov19 + a91) + oo I
6\/5( 11 (a12 21) 22) 12

1
X 5(0411 + a1z + a1 + )y +

where the isotropic operators I, are defined in Ap-
pendix E (Eq. (91)). In particular, I, is proportional
to global identity, and I; oc J' - J2. Consequently,
Platonic sequences, as well as any sequence composed
solely of global rotation pulses, cannot decouple HZy'
Other strategies must then be used to mitigate Cross-
Kerr interactions, such as the DD sequences presented
in Ref. [41], which requires individual addressing of
each qudit. Similarly, the Ising interaction between a
pair of qubits is not totally suppressed by the TEDD
sequence, and the remaining term will be proportional

to ol - o2,

7 Robustness to control errors and fi-
nite pulse duration errors

So far, we have considered infinitely short and strong
DD pulses, without imperfections due to control er-
rors. However, in a realistic setting, the pulses take
some time to implement (a time during which deco-
herence occurs) and may not be perfect; consequently,
the resulting decoupling may also not be perfect. We
therefore carry out a robustness analysis of the Pla-
tonic sequences in this section.

Consider a dynamical decoupling sequence designed
from a certain group G (of correctable subspace Cg)
with certain generators { Py}, where each pulse P €
{P\} has a certain finite duration 7p € {7p, }. As-
sume, without loss of generality, that there is no free
evolution between the pulses i.e., once a pulse is com-
pleted, the next one starts’”. During the implemen-
tation of each pulse, three Hamiltonians contribute
to the dynamics, namely (i) the ideal pulse Hamilto-
nian Hp(t) € B(Hs), (ii) the pulse error Hamiltonian
Hg*(t) € B(Hs), and (iii) the decoherence Hamilto-
nian Hgp = Y, Sa ® B, € B(Hsp), from which the
interaction subspace Zg is usually defined. The pulse
error and decoherence Hamiltonians will cause the
pulse to slightly deviate from the intended unitary;
this deviation can be quantified by an EPO ®p by
moving to the toggling frame with respect to Hp(t).

17Since no assumptions are made about the shape of the
pulses, we can always add a free evolution time by simply turn-
ing off the control Hamiltonian for a certain period of time.
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The EPO is defined by the following equation
e~ = Texp{ —i / {Z PH(#)S,P(t) ® B,
0 «

+ PT()HE (1) P(t) ® 113} dt},

(46)
where P(t) is the propagator associated with Hp(t),
with P(rp) = P, and T is the time-ordering operator.
The exact form of the EPO can be formally calculated
by performing a Magnus expansion; when both the
decoherence and the pulse errors are small enough, it
is well approximated by its first-order contribution,
i.e.,

Op = (DEI:l)] = ZF(P,TP)[SOL] ® Bq,
+F(P,TP)[H§3H] ®1p, (47)

where we define the function F(p . .[]

B(Hs) as

: B('Hs) —

Feanlsl= [ PlOSOPO@ )

A key result of Ref. [4] is that if we choose an Eule-
rian sequence and if the errors HE"(¢) are systematic,
i.e., the same error Hamiltonian H$"(t) occurs each
time Hp(t) is turned on, the first-order EPO of the

total sequence is given by

(p][all]DD = Z{ZHQ |:F(P)\,TP>\)[SOL]:| ® Ba

A «

+1lg [F(pwpk) [ng]} ® ]13}, (49)

and Pypp ~ <I>1[31]]3D if decoherence is small enough.
We can now define the subspace Zp, as the subspace
spanned by the pulse error Hamiltonian at different
times,

Ip, = span(Hp!(t)Vt) (50)

and define for the pulse X an extended interaction sub-
space Zg @ Zp, which includes both decoherence and
pulse errors. By linearity of (48), F(p, -,)[Zs ® Zp,] is
also a subspace. Consequently, first-order decoupling
is still achieved if, for all generators Py, we have

F(pk_’,r)\)[zs @IPA] CCg. (51)

Let us now consider the specific case of the Platonic
sequences which are, by construction, Eulerian, and
where the generators are simply global rotations. A
decoupling Platonic sequence must be chosen accord-
ing to Proposition 3 such that

Is V= 25 Ccq. (52)
(L,a)

First of all, as global rotations do not couple different
irreps, it follows that

Zs®Ip, CCg = F(P)\,T)\)(IS ®Zp,) CCs VA (53)

Therefore, Platonic sequences are intrinsically robust
to finite pulse duration errors.

It is also clear that Platonic sequences are robust to
systematic errors satisfying Zp, C V' VA. In particu-
lar, they are all robust to flip-angle errors, defined as
over- or under-rotation, and axis specification errors,
where a target rotation about an axis n is misim-
plemented about an axis n’ = /1 —en + /en, [53],
because both types of errors are linear with respect to
the spin operators and thus belong to the L = 1-irrep,
which is in the correctable subspace of the three Pla-
tonic groups. This observation makes the sequences
robust to disorder induced by the pulses, where the
amplitude of the control field implementing the pulses
is not perfectly homogeneous across the spin ensem-
ble, leading to all spins being rotated at slightly dif-
ferent rates. Each Platonic sequence is also robust to
systematic pulse errors which are quadratic with re-
spect to the spin operators, as the L = 2-irrep also
belongs to the correctable subspace of each group (ex-
cept the Do group). Moreover, if the Platonic se-
quence is the universal decoupling strategy for a quan-
tum system, then robustness to arbitrary and system-
atic pulse errors is guaranteed.

8 Dynamically corrected gates

While dynamical decoupling is commonly used to ex-
tend the lifetime of an idle qudit, a prescription for
designing pulse sequences which mitigate decoherence
while performing a non-trivial operation was intro-
duced in Ref. [54]. In this section, we discuss the
potential application of the framework presented in
Secs. 5 and 6 for the design of such pulse sequences.

8.1 General theory

Consider a spin ensemble that interacts with an envi-
ronment through an interaction Hamiltonian Hgp =
Za Sa ® B, such that the interaction subspace satis-
fies

Is CV = 25, (54)

(L,a)

and suppose we want to implement a control protocol
described by the propagator

Us(t) = Texp{—i/ot Hu(t/)dt’}7 Us(ra) = Us,

(55)
which implements the unitary Ug in a finite time 7,
on the system of interest. During the implementa-
tion of the protocol, decoherence occurs and the ac-
tual propagator deviates slightly from the ideal uni-
tary due to finite duration errors. This deviation can
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again be quantified through an EPO ®,,, as defined in
Eq. (46), which is well approximated (if decoherence
is small enough) by [54]

b~ ol = YR S0 B G6)

with the operation F(y - )[-] as defined in Eq. (48).

To reduce this deviation, we can use the formalism
presented in Refs. [54,57,85] and construct a so-called
dynamically corrected gate (DCG). To this end, we
first need to construct a balanced pair (1y(t), U*(t)),
defined as a pair of pulses acting on the system and
satisfying the three conditions below,

Z F(ﬂu,ﬁ])

(ii) ]lU(TI[) =1g,
(iii) U*(7ux) = Us.

®BQ*ZF(U*,TH*)[S ] Bom

(57)
In other words, we need to find two pulses with identi-
cal EPOs, such that one implements the identity while
the other implements the target unitary Ug. Once
such a pair is constructed’?, a DCG can be designed
using the following four-step procedure:

1. Pick a decoupling group G and draw its Cayley
graph

2. On each vertex, add the identity edge 1y
3. Find an Eulerian path ending in an identity edge
4. Swap this last edge with the corresponding U*

The resulting sequence then implements the target
unitary Ug while the first-order EPO of the DCG
reads

®hbe = Phbp + Y g (Fur[Sal) ® Ba (58)

where @E]]DD is simply the first-order error phase of
the usual Eulerian path, as defined in Eq. (49), and
satisfies @E]]DD x 1g ® B if the interaction subspace
belongs to the correctable subspace of G, i.e., Tg C
Cg. The remaining condition for the DCG to provide
first-order decoupling is then

Fwe rTs] € Cg. (59)

When the propagator U*(t) is solely composed of
global rotations, we have that

IsCV =P #LIB = Fpe . [Ts] C V.
(L)
(60)

18 A simple prescription to construct a balanced pair is pre-
sented in Refs. [57,85].

Consequently, the same Platonic sequence that was
used to mitigate decoherence can also be used to con-
struct a DCG. However, when U*(t) is not a global ro-
tation at all times, this is no longer true as F (g« ++)[]
may couple different irreps. In this case, a universal
decoupling group, if it exists, must be used to con-
struct the DCG. The results mentioned above can be
formulated as follows:

Proposition 4. Consider an ensemble of N inter-

acting spins with quantum numbers (ji,...,jn) such
that its interaction subspace satisfies
Is V= z" (61)

(L)

and contains no 0-irreps (isotropic components) ex-
cept the global identity. Then, any group not con-
tained as a subgroup of Fiax (B("H(jeﬁ))), where jog =
Zgzljk, can be used to construct a DCG. If the
intended gate consists solely of global rotations, any
group which is a decoupling group for Is can be used
to construct a DCG.

We should point out, however, that when the in-
tended gate is not a global rotation, the subspace
F(« r,.)[Zs] may overlap with rotation-invariant sub-
spaces even though Zg does not. When constructing
a DCG for a multispin system, we should then ensure
that the balanced pair is designed in such a way this
does not happen.

8.2 Applications

For a single spin-j system with an interaction sub-
space Zg C @f:‘l" AL we refer again to Table 4
to choose the appropriate decoupling group. In par-
ticular, we find that no Platonic group can be used to
construct a DCG for an arbitrary quantum gate for
j > 3 because there is no universal decoupling group
composed only of rotations in this case. This limits
the use of Platonic DCG to protect operations outside
of SU(2) in high-dimensional qudits [23,29,70].

In the case of a set of identical spin-j with up to
K-body interactions, we now refer to Proposition 3
and its corollaries to find the appropriate decoupling
group. From Proposition 4 and looking at Table 6a,
we find that no Platonic group can be used to con-
struct a DCG for an arbitrary quantum gate in an
ensemble of qubits (resp. qutrits) if the ensemble con-
tains more than five (resp. two) subsystems.

However, the T group is sufficient to construct a
DCG which performs an entangling gate between a
pair of qubits. As mentioned above, one should how-
ever make sure that the balanced pair’s EPO still re-
spects the relevant anisotropy conditions. For exam-
ple, for a pair of interacting qubits with the coupling
Hamiltonian H € B(’H(I/Q))®B(H(1/2)) and on which
we wish to perform an entangling gate, the propagator
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U*(t) must satisfy the following condition

Tr

/T* (U*(t) HU*(t) " -J2dt1 =0
0

& Tr H/ Ut(t)Jt. 32 (U*(t))Tdt] =0. (62)
0

A sufficient condition, provided that H itself sat-
isfies the anisotropy conditions, is that U*(¢) com-
mutes with J' . J2 at all times. This is the case,
for example, for a propagator of the form U*(t) =
exp{—ix(t)J} ® J2} for any axis p.

Finally, for a pair of spins with different quantum
numbers {j1,j2}, we refer to Table 6b. In particu-
lar, the point group O can be used to construct an
arbitrary DCG for a qubit-qutrit pair. For example,
one could use this formalism to perform an entan-
gling gate protected from finite-duration errors that
transfers quantum information between the electron
qubit and the nitrogen nucleus qutrit in an NV cen-
ter, where the nuclear spin can be used as a quantum
memory and the electronic spin for quantum compu-
tation [86,87].

9 Conclusions

In this work, we have presented and studied
three novel dynamical decoupling sequences (TEDD,
OEDD and IEDD), called Platonic sequences, which
are inspired by the three exceptional point groups de-
scribing the symmetries of the tetrahedron, octahe-
dron and icosahedron. The information required for
their construction can be found in Table 5. They are
generated from only two specific global SU(2) rota-
tions, so there is no need for individual subsystem con-
trol. Platonic sequences are distinguished not only by
their decoupling capabilities but also by their struc-
tural simplicity and elegance, stemming from their
construction as Fulerian cycles on Cayley graphs of
exceptional point groups (see Fig. 10). This construc-
tion underpins their inherent robustness to systematic
pulse errors, finite duration effects, and other pertur-
bations, which further enhances their practical appli-
cability, making them highly relevant to a wide range
of quantum systems. They exhibit remarkable decou-
pling properties for single- and multispin systems, as
we summarized below.

For single-qudit systems, Proposition 2 and Table 4
summarize our results, highlighting decoupling groups
that cancel out different types of system-bath inter-
action that can perturb the system. A key result is
the identification of at least one Platonic DD sequence
that is universal for individual qudits with a number
of levels d < 7, or equivalently, for individual spin-j
with spin quantum number j < 3. Although Platonic
sequences are longer than other known sequences for
single qudits [41,43], we have showed that they can be

advantageous in certain cases, such as when the SU(2)
pulses are native to the quantum platform [70, 72|
or when the interaction subspace involves only low-
dimensional irreps [29]. Furthermore, the number of
pulses of each Platonic sequence can be reduced by
a factor of two by selecting a Hamiltonian path?? on
the Cayley graph, instead of an Eulerian, resulting in
a sequence shorter but less robust.

Similarly, Platonic sequences decouple several types
of interaction in multispin systems when the Hamil-
tonian does not contain isotropic components (see
Proposition 3 and Table 6). Because they use global
pulses, they are completely independent of the num-
ber of spins in the system, unlike the sequences con-
structed in Refs. [8, 44, 47] (resp. Ref. [45]) whose
lengths grow linearly (resp. quadratically) with the
number of subsystems. In particular, we found Pla-
tonic sequences that decouple up to five-body, non-
isotropic, multilinear interactions in an ensemble of
N spins. Isotropic terms cannot be canceled by se-
quences based solely on global rotations. Exploit-
ing improper rotations (e.g. reflections and inversion)
to mitigate pseudoscalar isotropic term such as the
three-body terms (30) could be an avenue for future
work.

The simplest Platonic sequence is the TEDD se-
quence, which has remarkable decoupling properties
and requires a reasonable number of pulses to be im-
plemented. This makes it a versatile sequence with
many potential applications in quantum information
processing. Firstly, the TEDD sequence can decou-
ple linear and quadratic interactions in spin oper-
ators, leading to potential applications in quantum
computation using large spins [29,70,72], where these
errors are dominant. It is also a universal decou-
pling sequence for a single qutrit, which appears nat-
urally in NV centers [86-88]. In addition, it de-
couples any linear one-body term and bilinear two-
body interaction that is not isotropic (40), such as
disorder, dipole-dipole interactions and anisotropic
spin exchange, among others [10,49, 89]. These in-
teraction Hamiltonians appear in several physical
scenarios and quantum technologies, such as NMR
spectroscopy [21, 78, 80, 81], quantum sensing [90],
and quantum computation using circular Rydberg
atoms [91]. As discussed in Sec. 6.4, the robustness
and versatility of TEDD surpass those of state-of-the-
art sequences [10, 11,49, 78] relevant in many-body
spin systems. Furthermore, a simple optimization
procedure can be carried out to improve the decou-
pling and robustness properties of the Platonic se-
quence to compete with advanced DD sequences such
as DROID-60 [10] and yxx24 [11]. For example, the
time-antisymmetric variant of TEDD constructed by
reflection symmetry, which we denote by TTT, already
outperforms them in certain parameter regime.

19 A Hamiltonian path is a cyclic path that visits each vertex
exactly once.
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To arrive at our findings, we had to generalize the
Majorana representation of Hermitian operators to
non-Hermitian operators, which allowed us to study
the possible point groups of bounded operators act-
ing on a finite-dimensional Hilbert space. This may
be useful beyond the main focus of this work, for ex-
ample in the study of quantum correlations, where
extremal quantum states [92,93] and extremal quan-
tum gates [94] for spin systems have a high degree of
rotational symmetry.

Overall, the results presented in this study con-
tribute to the expansion of the frontiers of dynamical
decoupling and Hamiltonian engineering by provid-
ing novel sequences with both theoretical and prac-
tical advantages. Platonic sequences offer a promis-
ing avenue for future research and applications, e.g.,
in quantum computing, particularly in environments
where robustness to errors is crucial. Their appeal
also lies in the fact that they are compatible with
more advanced dynamical decoupling strategies, such
as dynamically corrected gates [54,57], as discussed
in Sec. 8, but also concatenated dynamical decou-
pling [82,83].
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A Exceptional point groups and their
generators

Consider a group G and a subset of elements I' =
{a,b,...} € G. I'is called a generating set, and its el-
ements are called generators, if each element of G can
be uniquely expressed as a product of elements of I'.
Furthermore, the group generated by I' admits a pre-
sentation in terms of its generators and a set of defin-
ing relations [63,96]. A defining relation is a sequence
of generators that implements the identity. For exam-
ple, we write G = <a, b‘aQ, b2, ab> the group generated
by the generators {a,b} satisfying a®> = > =ab = FE
where FE is the identity element. Each proper excep-
tional group associated with the Platonic solids has
two generators, and a presentation of these is given
by [96]

T= <a, bla?, b3, (ab)2> ,
O ={(a,b|a*, b, (ab)?), (63)
I= <a, b|a57 b3, (ab)2> )

Other  presentations of the groups are
{a,bla®,b%, (ab)*) where k = 3,4,5 for T, O
and I, respectively [96].

A.1 Tetrahedral group T

The tetrahedral point group consists of 12 transfor-
mations T = {F,8C3,3C2} where we use the nota-
tion defined in Section 3. The C3 rotations are per-
formed around an axis passing through the vertices
(or the barycentre of the faces) of the tetrahedron, and
the Cy rotations are performed around axes passing
through the midpoints of two complementary edges
(those without common vertices). We write below the
twelve explicit rotations sorted in each class in terms
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of the axis-angle notation (n,

V2 2 1
ng = (Oa Oa 1)7 l’lit = <3,i §7§ 5
2v2 1 \/5 1
112( ,0,— 3>7 n3< 370’\/§>7

3

6). Setting

2w 27 2w
803 = { (in(b 3> ) <ini‘:7 3> ) (:l:l’lg, 3> }7

3C, z{(n&ﬂ):(niﬂ) }

The presentation (63) of T can be obtained with the
generators

a= (no,Q;T), b= (nf, 2;) (64)

The whole group is thus given by E and

8C5 ={a,a }U{a ]bkaj}k 12

o j=0,1,2 (65)
30y = {a_Jba]H}j:o 1,2

A.2  Octahedral group O

The octahedral point group (equivalent to the point
group of a cube) has 24 elements. It is made up as
follows O = {E,8C3,6C5,6C4,3Co(= C%)}. The
octahedron can be oriented such that its vertices are
in the Cartesian axes

(£1,0,0), (0,4£1,0), (0,0,+1). (66)

The generators of its point group can be taken as

a:(no,g), b= (;3(1,1,1),2;). (67)

The rotations 6 Cy and 3Cy are the 27n/4 rotations
about the axes of symmetry passing through the ver-
tices of the octahedron. They are spanned by the
operations

Unltan

}j,kzo,m : (68)

The 8 C5 rotations are the 27n/3 rotations about an
axis passing through the faces of the octahedron, gen-

erated by
{a kaaj} k=1,2 - (69)

Finally, the 6 Cy (27/2 = 71') rotations are about an
axis passing through the edges of the octahedron, and
can be generated by

{bijakJrlba*kbj}j:o,l’g . (70)
k

=0,

A.3 Icosahedral group |

The last exceptional proper point group is I =
{E,12C5,12C2,20 C5,15Cy} with 60 elements and
associated to the proper symmetries of the icosahe-
dron or the dodecahedron. A possible orientation of
the icosahedron corresponds to the following 12 non-
normalised vertices [97]

(£1,£6,0), (0,£1,£¢), (£¢,0,+£1), (71)
where ¢ = @ is the golden ratio. Ome type of

generators for the presentation (63) of I is given by

() - (523)

The rotations 12C5 and 12C2 are the symmetries
associated to 27n/5 rotations about an axis passing
through the vertices of the icosahedron with elements

{ak}k 1U{akba3b a }] 1,2,3,4 - (73)

k=0,1,2,3,4

The 20 C3 rotations are the rotations about an axis
passing through the barycentre of the faces, and they
are generated by

{ajA_(l_l)bkA(l_l)a_j} k12 (74)

§=0,1,2,3,4

with A = bab—'. Lastly, the symmetries associated to

rotations about an axis passing through the midpoint

of the edges of the icosahedron are generated by
{a**ba=" a* Xa™*, a*Ya

)

7k}k:0,1,2,3,4, (75)
with

X =b"tab?, Y = (a 'ba) ' X (a tba). (76)

B Cayley graphs and Eulerian cycles

We call the Cayley graph (or diagram) of G with re-
spect to I', G(G,T), the graph constructed by assign-
ing a vertex to each element of G and linking pairs of
vertices by directed, colored edges, where each color
represents a generator. An edge departing from x
and heading to y has the color of the generator g iff
y = gx. On such a graph, each vertex has |I'| ingoing
and departing edges, where |T'| is the cardinality of T
(the number of generators). This implies that there
exists an Eulerian cycle®” on such graph [63]. Fur-
thermore, in some cases a Hamiltonian cycle?! could

20An Eulerian cycle is a closed loop that uses each edge of
the graph exactly once.

21 A Hamiltonian cycle is a closed loop that visits each node
of the graph exactly once.
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also exist [98]. In the Cayley graph representation,
the defining relations are identified by closed loops.

A simple prescription for constructing a Cayley
graph of the group G based on its generating set and
defining relations is presented in Ref. [63]. The basic
idea is to start with a single vertex and expand the
graph by noting that at each vertex, two properties
must be satisfied : (i) there must be exactly |I'| outgo-
ing and incoming edges, one of each color, and (ii) ev-
ery defining relation must be satisfied. So we add the
vertices one by one, and each time a vertex is added,
we add the edges by closing the loops corresponding
to the different defining relations. The procedure is
illustrated in Fig. 9 for T = <a, b|a3, b3, (ab)2>. Each
presentation (63) of the exceptional point groups has
an elegant three-dimensional Cayley graph represen-
tation (see Fig. 10) with Eulerian cycles that can eas-
ily be found using Hierholzer’s algorithm [99]); such
cycles for the groups T, O and I are, for example,
given by

TEDD = abaababbbaababbbaababbaa

7
= aba?bab®a?bab®a?bab?b?, (77)

OEDD = abaaabbbabaabbbaababbaaa
ababbbabaabbaaaababbbabb
= aba’b*aba’babab*a*bab®
aba’b?a*bab®ab?,

IEDD = baaabbaabaaaaabbaaab
abbbabaabbaabbabbabb
abbbaaaababbbaaababb
baaababbbaababbaabba
abbaabbbabbbaababbba
ababbbaababbbabaaaaa (79)

=ba*b?a®ba’b?a®bab®aba®
b2a?bab’ab’abdatbab’a’
bab?a®bab®a*bab®a*b*a’
b2a?b3abda’bab®a’bab o’
bab*aba’®.

where the generators for each group are summarized
below (see also Table 5)

o Jo= (o5 (80)
b=((2./2.3).%)
a=((0,0,1),2r)

0 — - (13(1,1,14),2;) o

I — a:( ;+2(O’_1’¢)’2;> (82)

with ¢ = @ We specify in Egs. (77)—(79) the full
sequence for each group as well as a (slightly) more
compact and intelligible formulation.

C Majorana representation of pure

spin states

The Majorana or stellar representation for pure spin-
j states [51,100] maps each element [)) € H) of the
Hilbert space HY) of dimension 2j + 1 to N = 2j
points on the sphere S2. This representation contains
all the information about the state after removing
its normalization and the global phase factor. Ma-
jorana [51] introduced this representation via a poly-
nomial constructed from the expansion of the state in
the J. eigenbasis, [¢)) = 327 _ Ay [j,m) and given
by

pulz) = i(—l)f‘-m (.23' )Amwm. (83)

—m
m=—j J

The complex roots of the polynomial are comple-
mented by as many roots at the infinity as are needed
to be 2 in number. This set of roots {Ck}ijzl is then
mapped to a collection of points on the sphere via
stereographic projection from the South Pole, poeti-
cally referred to as a constellation €, of |¢). Specif-
ically, each root ¢ = tan(f/2)e’® is projected onto a
point (star) on the sphere with polar and azimuthal
angles (0, ¢).

In contrast to the Majorana representation for Her-
mitian operators, the point group of a pure state |))
can be obtained simply by analyzing this standard
Majorana constellation where there is no distinction
(coloring) among the stars. As an example, the Ma-~
jorana representation of the spin-2 pure state

1

[¥) 7

has constellation equal to the tetrahedron. Conse-
quently, the point group of |¢) is equal to the tetra-
hedral group T.

(|2,2> + \/§|2,—1>). (84)

D Correspondence between constella-
tion colouring and a Hermitian operator

Following Ref. [61], we present here how to associate
an equivalence class to a Hermitian operator H = hyp, -
T, € Z1L) with constellation €z. More precisely, we
want to associate an equivalence class [€1] of colorings
of €7, with the unit vector EL = hy/hy. First, we
denote by +ny, the stars of €. Each coloring c of €,
can be now defined by an L-tuple of these points as
follows

C = {'71n1»'72n2a-~~77L1'1L}7 (85)
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with v, = +£1. The two equivalence classes, denoted
by [€F], are now defined as??

E{C’H%:il}. (86)
k=1

On the other hand, each tuple ¢t € [fo] defines a

unique spin-L pure state as [61]
Wi = No (5.4, L M| (19) @ Al),  (87)
with [¢) = 32, Am |7,

jorana constellation defined by c*
sponding antipodal state

m) an (L/2) spinor with Ma-
, |¢*) the corre-

6%) =D (1)L, [G,m), (88)

m

Ny a positive factor that guarantees the normalization
ofﬁ% = (hfL7 cey hjL[_L)7 and |4, j, L, M) the common
eigenvectors of the total angular momentum operators
J2 and J, where J, = J! + J? with a = z,y,2. It
turns out that ﬁ% depends only on the equivalence
class of c¢* [61]. Thus, we have uniquely specified
hE to each equivalence class [€1], the two differing
only by a sign ht = —ﬁz [61]. With the vectors hL,
we can now uniquely associate a class [€ ] to any
operator H € 2L with uncolored constellation €.
The corresponding class [€1] of an operator H, with
associated vector hy, is [€]] (vesp. [€[]) if hy = A}
(resp. hy = fLZ)

E Rotation-invariant component of a
Hamiltonian

Applying global rotations on an ensemble of interact-
ing subsystems will leave a part of the Hamiltonian in-
variant called the rotation-invariant or isotropic com-
ponent of the Hamiltonian. In order to identify them,
we first determine how the total Hamiltonian trans-
forms under rotation and find the conditions for the
Hamiltonian to be invariant under these transforma-
tions. This approach is similar to that of Ref. [48],
where the authors identified SU(d)-invariant compo-
nents in the interaction Hamiltonian of a pair of qu-
dits.

Here we describe how to obtain the rotation-
invariant part of a generic Hamiltonian for the special
cases of only multilinear interaction terms between
the constituents of a N-spin system and for any two-
body interactions.

22The choice of signs for £ny, is not uniquely defined and is
associated with the labelling of the equivalence classes. This is
analogous to a gauge freedom to spemfy the classes [€1]. Once
+n;, has been chosen, the classes [@ | are uniquely defined.

E.1 Arbitrary two-body interactions

Consider now a two-body interaction Hamiltonian be-
tween two spins of quantum numbers j; < jo. The
most general Hamiltonian belongs to (see Sec. 6)

He @%g(fl) ® ‘@3(2[/2) _ @@(@EL’ (89)
Ly,

with L = (L1, L) and where L runs from 0 to 27
and Ly, from |L1 — La| to L1 + L. As we explained in
Sec. 6, the anisotropy conditions are related to the 0-
irrep subspaces which only appear for L; = Ly. There
are therefore 2j; + 1 different rotation-invariant sub-
spaces in @(L) ® %’(L for L =0,...,2j;. Their ex-
act expresblons can be calculated using the theory of
addition of angular momentum [67]; the spin-0 state
formed from two spin-L states is given by

L

Z C2%, g, |L, M) ® | L, Ms)
My, Mae=—L

m Z ML, M) ®|L,~M), (90)

where CP% pa, = (15 M0y, n, /V20+1 s
a Clebsch-Gordan coefficient. We now replace the
states |L, M) with multipolar tensor operators 17, ;.
The resulting Hermitian operators, denoted as

— )—M

= ——Trm T, 91
M:Z_L 5L 11 LM L—-M (91)

are SU(2) invariant because they will transform as
the corresponding spin-0 state. All I are linearly
independent and I is proportional to the identity op-
erator. Thus, a Hamiltonian free of rotation invari-
ant components except the identity must fulfill 2j;
anisotropy conditions given by

Te(ILH)=0, L=1,...,2j. (92)
For the case of a multispin system with more than
two parties, H must satisfy the same conditions for
any pair of constituents.

E.2 Multilinear interactions between NN spins

We consider an ensemble of IV spins of quantum num-
bers { jk}ivzl with an interaction Hamiltonian H with
fixed K-body terms multilinear in the spin opera-
tors. By simplicity, let us start by considering the
case K = N. Since we are only interested in mul-
tilinear interactions, the Hamiltonian belongs to the
following interaction subspace

N
HeZs=Q)Ih with ZEC 2  (93)
k=1
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Linearly independent Most general Anisotropy
Rank . . . . . . "
isotropic tensors isotropic Hamiltonian condition
2 (51‘]' )\J1°J2 Tr[h]zO
3 €ijk AJL. (J2 X JS) Eijk €ijkhijk =0
030kt )\(J1 -J2) (J3 -J4) Zij hiij; =0,
4 Sit6jk + I I (IT2) | XD hiji =0,
5ik5jt + v (Jl . J3> (J2 . J4) and Zij hijji =0

Table 8: List of linearly independent isotropic tensors (in Cartesian coordinates) of dimension three and rank 2, 3 and 4, and
the corresponding most general multilinear isotropic Hamiltonian and anisotropy conditions on the interaction tensor (95).

where 55;? = span({Ja, }ay=z,y,2), With J,, are the
corresponding (25 + 1) X (2j; + 1) matrices repre-
senting the angular momentum operators. The in-
teraction Hamiltonian can be decomposed in the or-
thonormal operator basis {% ®,1€V=1 Jou, } where I' =
R 7j’“(j*’+1§(2j’“+1) is a normalization factor?®; we
define the interaction tensor h as the rank-N tensor
Ray,....ay resulting from the folllowing decomposition

1 N
H:\/—N;hagjak, (94)

or . N
he = 7 Tr [H ?2 Ja,c} , (95)

where a« = (ai,...,an). Suppose that we ap-
ply an identical rotation R on each subspace via its
corresponding irrep through the Wigner-D matrices
DUr)(R) = DU and set G = ®LV=1 DUr) . The in-
teraction tensor transforms as follows

N
~ 1
ho = —=Tr GTHG®JM]
VT k=1
1 N . 4 N
=T Zhﬂ Tr <® D(]k)TJBkD(Jk)> ® Jak]
B k=1 k=1

=

Tr {D(jk)TJﬁkD(jk)Jak}-

M=

> hs
B

k

1

(96)
Since a SU(2) operation D acts on the spin operator
J with its corresponding physical three-dimensional
rotation matrix O(R) = O € SO(3),

3
DU g, DUr) = Z Oprar s (97)
Br=1

we can write
- 1 N
fa =5 > s [] (Z O, Tr[Ja, Jak]>. (98)
B8 k=1 \ A

23The basis is orthonormal with respect to the trace norm.

Using the relation

Tr [JAk Jak] =

(7 + 1)(27, + 1
Ik ;)),( Ik )5/\kak’ (99)

we find
~ N
e = th,(H oak5k>. (100)
B k=1

A tensor that transforms under rotations according
to the previous equation is called a Cartesian ten-
sor of rank N and dimension three [101]. Thus, the
rotation-invariant component of an interaction Hamil-
tonian is equivalent to the component of its Cartesian
tensor that is invariant under rotations, i.e., under
any change of coordinates. Rotationally invariant ten-
sors are called isotropic tensors and are formed by a
sum of products of Kronecker deltas and Levi-Civita
symbols [101-103]. For ranks up to 8, Ref. [74] lists
a complete set of linearly independent isotropic ten-
sors. For two-, three- and four-body interactions, we
list in Table 8 these independent isotropic tensors, the
most general isotropic Hamiltonian and necessary and
sufficient conditions for a given interaction tensor to
have no isotropic component, which we call anisotropy
conditions.

In the case where we are interested in a K < N
interaction between N spins, the isotropic tensors,
and therefore the anisotropy conditions, are equiva-
lent to those obtained in K interactions between K
spins. The only difference is that the isotropic ten-
sors must be multiplied by N — K identity operators.
The anisotropy conditions for the K-body terms of K
spins define (I]g) anisotropy conditions for the K-body
terms of N spins, each of which is associated with the
choice of K spins interacting among the N spins.

F  Comparison of the TEDD sequence
with state-of-the-art sequences

In this Appendix, we briefly compare the TEDD se-
quence and its time-antisymmetric variant TT! with
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the DROID-60 and yxx24 sequences [10,11]. We con-
sider the Hamiltonian (43) for a system of N = 3 in-
teracting spin-1/2, where we define § = ||Hyg;s| and
A = ||Haqll as the two parameters describing the
strength of the disorder and dipolar Hamiltonian re-
spectively. We consider the finite-pulse regime where
each sequence is applied without any waiting time be-
tween the pulses. Each rotation pulse is implemented
in a time 7, = 6/x, where 6 is the angle of rota-
tion and x the amplitude of the pulse. Sequences
are compared by calculating the average distance D
between the identity and the noisy evolution for a
wide range of parameters in the (6/x, A/x) parame-
ter space, for a sample of 30 randomly generated fre-
quencies {0;} and {A;}. We add axis-misspecification
errors by faultily implementing each rotation axis as
n.,,, = 1—2&,/n+eamn! + eayn?, where n
is the target rotation axis associated to the pulse,
{n,n! n%} forms a set of three orthogonal axes
and e€4p; corresponds to the amplitude of the axis-
misspecification errors.

The results for e4ps = 0 (top left panel in Fig. 11)
show that TEDD is greatly outperformed in the ab-
sence of perturbation as DROID-60 and yxx24 both
cancel some high-order terms while being robust to
first-order to finite-duration errors. The antisymmet-
ric TT! sequence (top right panel in Fig. 11), on
the other hand, outperforms both state-of-the-art se-
quences for small enough decoherence rates, as it de-
couples both Hamiltonian to second order even in the
finite-pulse regime.

The results for e4pr > 0 (center and bottom pan-
els in Fig. 11) show that TEDD starts to match the
performance of its competitors in a regime where
the amplitude of the axis-misspecification errors €as
becomes non-negligible compared to d/x and A/y.
Moreover, the addition of axis-misspecifcation errors
further extends the region in the parameter space
where TTT outperforms both DROID-60 and yxx24.

In conclusion, due to the versatility and robust-
ness of the TEDD sequence, small perturbations are
enough to significantly reduce the gap between the
performance of the state-of-the-art sequences and
our Platonic sequences. Furthermore, with a simple
time-reflection symmetry, we have constructed a vari-
ant of TEDD (denoted TT') that outperforms both
DROID-60 and yxx24 in certain parameter regimes.
The addition of a small pulse imperfection (€4 =
10~%) is enough to significantly extend the parameter
regime in which TT' performs best.
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Figure 9: Construction process of the Cayley graph of G = <a, b|a3, b3, (ab)2>. Each loop corresponds to a defining relation
and is added one by one until every vertex has the right number of outgoing and incoming edges. Edges of color red (resp.

purple) refer to the generator a (resp. b).

Figure 10: Three-dimensional representation of the Cayley graph of the groups (left) T = <a,b|a3,b3,(ab)2>, (middle)
0= <a,b|a4,b3, (ab)2> and (right) I = <a,b|a5,b3, (ab)2>. The generator a (resp. b) is represented by a green (resp. red)
arrow. Each colored surface corresponds to a loop generated by one of the defining relations.
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Figure 11: Distance between the identity and the noisy propagator, for a system of 3 interacting spin-1/2 of Hamiltonian (43)
subjected to different DD sequences. The dimensionless number 6/x (resp. A/x) corresponds to the ratio between the
amplitude of the disorder (resp. dipolar) Hamiltonian and the Hamiltonian implementing the rotation pulses. NoDD corresponds
to a free evolution of a total duration equal to that of the shortest sequence (yxx24).
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