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Abstract We introduce CURDIS, a template for algorithms to discretize arcs of regular curves by incrementally producing 

a list of support pixels covering the arc. In this template, algorithms proceed by finding the tangent quadrant at each point of 

the arc and determining which side the curve exits the pixel according to a tailored criterion. These two elements can be 

adapted for any type of curve, leading to algorithms dedicated to the shape of specific curves. While the calculation of the 

tangent quadrant for various curves, such as lines, conics, or cubics, is simple, it is more complex to analyze how pixels are 

traversed by the curve. In the case of conic arcs, we found a criterion for determining the pixel exit side. This leads us to 

present a new algorithm, called CURDIS-C, specific to the discretization of conics, for which we provide all the details. 

Surprisingly, the criterion for conics requires between one and three sign tests and four additions per pixel, making the 

algorithm efficient for resource-constrained systems and feasible for fixed-point or integer arithmetic implementations. Our 

algorithm also perfectly handles the pathological cases where the conic intersects a pixel twice or changes quadrants multiple 

times within this pixel, achieving this generality at the cost of potentially computing up to two square roots per arc. We 

illustrate the use of CURDIS for the discretization of different curves, such as ellipses, hyperbolas, and parabolas, even when 

they degenerate into lines or corners. 
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1 Introduction 

A common problem in computer graphics and computer vision is drawing portions of geometric curves (line segments, 

ellipse arcs, Bézier or spline curves, for instance), which are continuous by nature, on a discrete image. In practice, images 

are represented by a matrix of pixel values and drawing a curve boils down to assigning the values of the pixels through 

which the curve in question passes. This assignment requires (1) to discretize the curve; that is, to find the discrete curve 

support or domain, which is a subset of pixels close to the curve in a certain way (to be defined), and (2) to choose a curve 

function that assigns a value to the corresponding support pixels. 

In the literature, the words discretization, rasterization, and drawing are sometimes used interchangeably. In the following, 

we consider that drawing a curve means discretizing it and then choosing a curve function which assigns a value to the 

support pixels. 
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When we would like to draw a curve for visualization purposes, that is, to create an image of a curve, it often happens 

that the choice of the curve function is implicit. Indeed, we simply compute the curve support (we discretize the curve) and 

set the color of the obtained support pixels as requested by the user. This is obviously equivalent to a constant curve function. 

However, it is well known that constant curve functions often produce pixelated, and therefore unnatural, images. A possible 

solution to this problem is to use an anti-aliased drawing in which the curve function assigns a value to support pixels that 

depends on the distance between the curve and the center of that pixel. 

From another side, in computer vision, curve drawing may be involved in some typical applications such as detecting 

features or analyzing a discrete image along a path that is a geometric curve, or determining how a given geometric curve 

fits the contours of an object. In this case, one way to proceed is to start by detecting edge elements, also called edgels, which 

are represented by their location (pixel) in the image and by the local image orientation (image gradient) at these pixels. 

Subsequently, the image processing algorithm discretizes the curve of interest and compares its orientation at the support 

pixels with the orientation of the closest image edgel. In this application, to assist the image processing operation, we chose 

a curve function that assigns the orientation of the curve normal to the support pixels. 

The choice of the curve function is thus highly application dependent and, in this work, we will only consider the problem 

of curve discretization, which is the first step of a curve drawing process. 

 

Outline. The purpose of this paper is twofold. First, we present CURDIS, an algorithmic template for the discretization 

of curves that is independent of the type of curve being discretized. Second, we describe how to instantiate this template for 

conics by providing implementation details specific to this type of curve. In Section 2, we review previous works on curve 

discretization. In particular, we discuss the various ways to define a curve support and select one of them. This section also 

introduces our conventions for mathematical expressions, image coordinate systems, and pixel grid representations. 

Section 3 details the principles of our algorithmic template and provides all necessary details for implementing the 

algorithms. In Section 4 and Appendix A, we describe the mathematical representation of conics and conic arcs that we use. 

In Section 5, we present the algorithm named CURDIS-C for discretizing conics (ellipse, circle, parabola, hyperbola, 

quadratic Bézier, or conic splines) by incrementally covering them with pixels. Finally, Section 6 discusses the strengths and 

limitations of CURDIS, and concludes the paper. 

 

2 Problem description and related work 

In an image, the curve support is a subset of pixels that are close to the curve according to a specified criterion. Conceptually, 

discretizing a curve involves two main steps: (1) sampling the curve, and (2) quantizing the sampled points. The sampling 

step reduces the curve to a finite list of points on the curve, and quantization replaces each of these sampled point with the 

center of the nearest grid pixel. 

There are different methods for sampling a curve. Sampling points can be distributed, uniformly or non-uniformly, along 

the curve, similar to one-dimensional signal sampling, and thus independently of the pixel grid. In this case, as described in 

[6], the curve is replaced by a polygonal approximation, that can be obtained either by sampling the parameter of the curve 

(when represented with parametric equations) or by iterative subdivision. Efficient methods for drawing ellipse arcs using 

this approach are described in [5], [18]. The challenge lies in choosing the appropriate sampling step: it should be small 

enough to avoid gaps in the curve but large enough to minimize duplicate pixels. 
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Alternatively, sampling points can be chosen as intersections of the curve either with grid lines passing through pixel 

centers or with pixel boundary lines. Algorithms implementing this approach do not necessarily specify explicitly sampling 

points; instead, they directly provide a list of support pixels (quantized points). These algorithms incrementally construct the 

list by adding pixels one by one as the point moves along the curve, with the corresponding pixel shifting on the grid toward 

one of its neighbors. This type of approach is often referred to as incremental and is well-suited for traversing a curve in a 

discrete image. 

 

2.1 Curve support 

An incremental method begins by defining which pixels should belong to the discrete support of the curve and then 

implements an algorithm to achieve this. Defining the curve support is not as simple as it seems. In [7], Freeman proposes 

two techniques to decide which neighboring pixel to include in the curve support. 

 

Grid-intersect quantization. The first technique is called grid-intersect quantization. According to this technique, we 

look for the intersection points of the curve with grid lines passing through the pixel centers. When the tangent to the curve 

arc is more horizontal than vertical, we calculate the intersections of the arc with the vertical grid lines, and vice versa. 

Figure 1a illustrates this technique for discretizing a line segment. The segment is more horizontal than vertical, and we 

consider its intersections with vertical grid lines displayed as dotted red lines. The intersection points (the red point) define 

the pixels (colored green) used to quantize the curve. Bresenham’s algorithms and their variants [2], [3], [14] are examples 

of this approach. As shown in Figure 1a, it is possible to obtain a series of pixels that may not completely cover the curve. 

 

  

(a) Grid-intersect. (b) Square-box. 

Figure 1  Two approaches to quantize a line segment. 

 

Square-box quantization. The second technique is square-box quantization, illustrated in Figure 1b for a line segment. 

The square-box discretization technique selects all the pixels crossed by the curve, in contrast to the grid-intersect approach. 

Conceptually, we start from the pixel containing the starting point A; this pixel initiates the list of support pixels. Then, we 
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travel the curve, and whenever we cross a horizontal or vertical pixel boundary line, we enter a new pixel, which is then 

added to the list of support pixels. This process continues until endpoint B is reached. Note that square-box discretization 

can be considered a variant of grid-intersect discretization, in which only one pixel index changes at a time. 

 

Comparison of quantization techniques. The curve support provided by grid-intersect quantization contains fewer 

pixels than that obtained by square-box quantization. This can be either an advantage or a disadvantage, depending on the 

application. Moreover, the square-box technique updates pixels through horizontal or vertical movement, which may be 

easier (or not) to implement than the diagonal and side movements of the grid-intersect technique. Furthermore, the square-

box technique involves determining the quadrant of the tangent only, whereas the grid-intersect technique likely requires 

distinguishing between tangent octants. 

In practice, the choice between these two methods is determined by the underlying application. When drawing curves for 

visualization purposes, it may be unnecessary to have all the pixels covering the curve, making grid-intersect quantization a 

suitable choice. However, anti-aliased drawing and certain computer vision applications may benefit from a curve support 

that fully covers the curve in the image. 

Our work will focus on incremental curve discretization algorithms where the curve support fully covers the curve and is 

obtained using the square-box quantization technique. 

 

2.2 Related work 

As explained, while traveling the curve, incremental implementations have to decide which pixels to add to the curve support. 

In theory, this decision is based on curve intersections with lines, depending on the chosen quantization technique. However, 

in practice, authors deduce information about the position of these intersection points from the value of an error function, 

also known as residue, at pixel grid midpoints, pixels centers or pixel corners. To the best of our knowledge, this error 

function is always a type of algebraic distance based on the implicit algebraic equation satisfied by the Cartesian coordinates 

of the curve points. 

Bresenham [3] was the first to propose discretizing lines with a linear error function representing the equation of the line. 

In a subsequent paper [2], he used the quadratic function defining circles for discretizing them. He established that this 

approach was equivalent to the midpoint method introduced in [8], and that both provided the best fit. Later, Van Aken [17] 

compared Bresenham’s extended algorithm for axis-aligned ellipses (referred to as the two-point method) with a midpoint 

method for ellipses, which Kappel [9] further enhanced. In all these methods, the error function is based on the equation of 

the ellipse. DaSilva [4] extended previous approaches to ellipses in general position and managed pathological cases of very 

thin ellipses. 

Furthermore, Pitteway [14] used the same principle for conics; the function defining the equation of the conic served as 

the error function. However, he later showed in [15] that his algorithm did not work in certain cases, such as when the conic 

rotates rapidly and its tangent orientation changes multiple times across the same pixel. Pratt [16] improved Pitteway’s 

method and Banissi [1] extended the algorithm to manage general conics, even thin hyperbolas. Zingl [19] proposed to 

extend this approach to curves of higher degree and described implementations for curves up to degree 3. However, his 

algorithm (like Pitteway’s algorithm [14]) is only applicable to curves that do not fold or rotate rapidly on themselves. 

All the algorithms discussed implement incremental grid-intersect quantization techniques. They may be modified to 
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obtain square-box discretization algorithms for lines, circles, or axis-aligned ellipses. However, to the best of our 

knowledge, CURDIS is the first general algorithmic template for incremental square-box discretization of conics or general 

curves. 

 

2.3 Algorithmic principles of discretization solutions 

In the literature, solutions to curve discretization problems are based on two types of conceptual elements. The first group 

of elements includes all algorithmic aspects of the solution that are reasonably independent of the type of curve to be 

discretized. The second group encompasses all the equations specific to the curve that are necessary for the concrete 

implementation of the conceptual algorithm described by the elements of the first group. Most of the time, authors do not 

separate these aspects and present solutions where algorithmic and mathematical elements are intermixed. 

One of our objectives is to clearly separate the algorithm, independent of the curve, from the mathematical part, specific 

to the curve, in order to present an algorithmic template useful for the largest possible class of curves. This template, called 

CURDIS, will use various existing algorithmic principles encountered in applications of incremental curve discretization. 

Like many authors, we assume that a pixel on the curve is known and define a criterion to decide the next pixel to add to 

the curve support. The idea is to construct the curve support incrementally, starting from the beginning of the arc and then 

moving from one pixel to the next until the end of the arc. 

The criterion for deciding the next pixel to add to the support is systematically based on an error function that represents 

a sort of distance to the curve. This illustrates the mix between algorithmic and mathematical aspects. Conversely, the 

CURDIS template recognizes that this criterion is specific to the curve and does not impose using the error function as the 

sole method for deciding the next pixel to include. While the error function can certainly be part of the criterion, it is probably 

not the only one (except for straight lines). 

Moreover, another widely used concept in literature is to consider the direction of the tangent to the curve, processing 

only the neighboring pixels located in this direction. Specifically, knowing the quadrant or octant of this tangent restricts the 

tests to just two or three neighbors. CURDIS, which implements a square-box quantization technique, only needs to compute 

the tangent quadrant. In contrast, grid-intersect quantization techniques, common in most existing algorithms, often require 

octant information. 

In addition, in the literature, the separation of the problem based on the tangent’s orientation is sometimes presented as an 

implementation trick to accelerate calculations. We believe that this separation is more conceptual and necessary for the 

generality of the CURDIS strategy. 

Except in the case of straight lines, the quadrant or octant of the tangent generally varies along the curve arc. There are 

two known strategies to address this variation: (1) Frequently, authors verify that the tangent quadrant/octant remains 

unchanged in the newly added pixel and, if a change is detected, they adapt their algorithm accordingly (see [1], [4]). (2) 

Some authors detect, in advance, the points where the tangent to the curve changes quadrant or octant and divide the curve 

into segments with constant orientation (see [12], [19]). 

Conceptually, these two strategies are not very different. Both assume that the curve can be divided into sub-arcs with 

constant quadrants or octants. In Section 3, we present our algorithm that follows the second strategy. 

We note that dividing the curve into sub-arcs with a constant tangent quadrant, and thus knowing the last pixel of each 

sub-arc, allows us to simplify the criterion for deciding the next pixel to add to the support when nearing the end of the sub-
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arc. 

The CURDIS template builds on many existing ideas prevalent in the curve discretization domain. Its originality lies 

somewhat in the arrangement of ideas, in the emphasis on the generality of the solution, and especially in the use of the last 

row and column information of the sub-arc to simplify the criterion. 

 

2.4 Notations 

Mathematical notations. In the following, we will use: 

sans  serif font for geometric entities (the point P, the line d, the conic f, etc.), 

𝑖𝑡𝑎𝑙𝑖𝑐 font for projective or homogeneous quantities (the projective coordinate 𝑋, the line coefficient 𝑢, 

etc.), 

Roman font for Cartesian or non-homogeneous quantities (the Cartesian coordinate X, the ellipse major 

semi-axes a, etc.), 

𝐛𝐨𝐥𝐝  𝐫𝐨𝐦𝐚𝐧 fonts for vectors of point Cartesian coordinates (such as 𝐗), 

𝒃𝒐𝒍𝒅  𝒊𝒕𝒂𝒍𝒊𝒄 fonts for vectors of point projective coordinates (such as 𝑿) or homogeneous coefficients of lines 

(such as 𝒖). 

To save space, we will denote column vector as a list separated by semicolons. For instance, the vector (
𝑎
𝑏
𝑐
) will also be 

noted (𝑎; 𝑏; 𝑐). 

Concerning the row vectors, it is often necessary to add extra space between the components to clearly separate them in 

more complex expressions. When no confusion is possible, we will represent them as comma-separated lists. For instance, 

the row vector (𝑎 𝑏 𝑐) will be noted (𝑎, 𝑏, 𝑐). 

 

Continuous domain. We restrict our attention to a finite (rectangular) domain of the plane of width W and height H. 

We assume that the arc of curve is completely included in this domain. We choose the top-left corner of the image domain 

as the origin of the reference frame (not the center of the top-left pixel), with the X axis directed from left to right, and the 

Y axis directed from top to bottom (see Figures 1a and 1b). We consider that the rectangular domain is open to the right and 

the bottom. It means, that we always have 0 ≤ X < W and 0 ≤ Y < H. 

Because the Y axis is directed downward, we work in a reversed axes system, and the positive (trigonometric) rotation 

direction is clockwise (not counterclockwise). The quadrants are numbered accordingly, as depicted in Figure 2a. The 

quadrants are semi-open intervals; they contain their minimum value, but not their maximum value (the first quadrant is 

defined by the interval [0,
𝜋

2
[, for instance). 

 

Grid of pixels. We cover this domain with a grid or matrix of pixels, with 𝑛 rows and 𝑚 columns. Moreover, we 

consider square pixels with a unit width and height, so that H = 𝑛 and W = 𝑚. 

When a point S (represented by 𝐒 = (X; Y)) belongs to the pixel 𝑝𝑖𝑗, its integer indexes (𝑖, 𝑗) are given by 𝑗 = ⌊X⌋ and 

𝑖 = ⌊Y⌋, where ⌊𝑥⌋ is the floor function (the largest integer less than or equal to 𝑥). 

The point Pij located at the center of the pixel 𝑝𝑖𝑗 has Cartesian coordinates 𝐏𝑖𝑗 = (𝑗 + 0.5; 𝑖 + 0.5). 
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3 Description of CURDIS: An algorithmic template for incremental curve discretization 

As outlined earlier, there exist several ways to discretize a curve. In this paper, we consider only the square-box quantization 

technique. Therefore, we define the discrete support of a curve as the list of all the pixels crossed by the curve. 

In the following, we present CURDIS, an algorithmic template for curve discretization according to the square-box 

technique to provide a list of connected pixels going from one end of the arc to the other and containing all the pixels crossed 

by the curve. In Section 5, we will apply it to define and implement an algorithm specific to the discretization of arcs of 

conics. 

 

3.1 Curve description 

We consider an arc of a curve s defined by its parametric equations in Cartesian coordinates as follows  

 𝐒(𝑡) = (X𝑆(𝑡); Y𝑆(𝑡))    with  𝑡 ∈ [𝑎, 𝑏],  (1) 

and X𝑆(𝑡), Y𝑆(𝑡) ∈ 𝐶1([𝑎, 𝑏]). The first point of the arc is represented by 𝐀 = 𝐒(𝑡 = 𝑎) and the last point by 𝐁 = 𝐒(𝑡 = 𝑏). 

There is no cusp or gap in the curve. In addition, we also hypothesize that the curve has no multiple points, therefore 𝐒(𝑡) =

𝐒(𝑡′) only if 𝑡 = 𝑡′ in the interval [𝑎, 𝑏]. The tangent vector 𝐓(𝑡) = 𝑑𝐒(𝑡)/𝑑𝑡 is thus well defined for all points and 

changes continuously from 𝐀 to 𝐁. 

If we eliminate 𝑡 from the the parametric equations (X = X𝑆(𝑡) and Y = Y𝑆(𝑡)), we may theoretically obtain a relation 

(let say 𝛾(𝐗) = 0) between the Cartesian coordinates of points belonging to the curve. A curve may also be defined 

implicitly by this relation. In this representation, the normal to the curve is given by ∇𝛾(𝐗) = (𝜕𝛾/𝜕X; 𝜕𝛾/𝜕Y). The tangent 

vector is obtained by rotating this normal by an angle of ±
𝜋

2
, depending on the normal direction and the direction of travel 

along the curve. 

We define the pixel containing the curve point 𝐒(𝑡)  as 𝑝(𝑡) = 𝑝𝑖(𝑡)𝑗(𝑡) , where 𝑖(𝑡) = ⌊Y𝑆(𝑡)⌋ ∈ {0,⋯ , 𝑛 − 1}  and 

𝑗(𝑡) = ⌊X𝑆(𝑡)⌋ ∈ {0,⋯ ,𝑚 − 1} are respectively the row and column indexes in the pixel matrix. 

 

3.2 Curve partition into constant tangent quadrant sub-arc 

We begin by analyzing the quadrant 𝑞(𝑡) of the orientation of the tangent vector to the curve. Formally, we define it as the 

quadrant of the angle between the tangent vector and the X-axis. This function 𝑞(𝑡) is piecewise constant, defined on [𝑎, 𝑏], 

and takes its values in the discrete set {1,2,3,4}. 

Next, we divide the interval [𝑎, 𝑏] into 𝐾  sub-intervals for which the quadrant function 𝑞(𝑡) is constant. For this 

purpose, we define; 

1. {𝑡0 = 𝑎, 𝑡1,⋯ , 𝑡𝐾 = 𝑏} (with 𝑎 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝐾 = 𝑏) as the increasing sequence of parameter values 𝑡 where 

the quadrant changes (or where the curve arc begins or ends), as well as  

2. {𝐒0 = 𝐀,⋯ , 𝐒𝑘 = 𝐒(𝑡𝑘) = (X𝑘; Y𝑘),⋯ , 𝐒𝐾 = 𝐁}  as the corresponding sequence of quadrant change points (or 

where the curve arc begins or ends), and also  

3. {𝑞0, 𝑞1,⋯ , 𝑞𝐾−1} (with 𝑞𝑘 ∈ {1,2,3,4} and 𝑘 ∈ {0,⋯ ,𝐾 − 1}}) as the sequence of values of the quadrant function 

𝑞(𝑡) on the successive intervals ]𝑡𝑘, 𝑡𝑘+1[ of the parameter 𝑡.  

An illustration of this partition process into sub-arcs is given in Figure 2a. 
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(a) Curve partition in constant tangent quadrant sub-arcs. (b) Sub-arcs discretization. 

Figure 2  Discretization of a curve split in segment with constant tangent quadrant. 𝑺𝒌  are points where the tangent is either 

horizontal or vertical. 𝒒𝒌 are the sub-arcs tangent quadrant. 

 

Since the curve is 𝐶1 (continuous, and its tangent vector is also continuous), the quadrant can only change when one of 

its components becomes zero; that is, when the tangent vector becomes horizontal or vertical. This condition is necessary 

but not sufficient, as at certain inflection points where the curvature of the arc changes sign, the tangent may have a zero 

component without a change in its quadrant. Therefore, we define the values 𝑡𝑘 of the parameter as those where the tangent 

vector is horizontal or vertical, and which are not inflection points. 

Algorithm 1 summarizes discussions of Subections 3.1 and 3.2. 

 

Algorithm 1 CURDIS: Partition of curves into constant tangent quadrant sub-arcs. 

Parametric representation Implicit representation  

𝐒(𝑡) with 𝑡 ∈ [𝑎, 𝑏], and 

𝐒(𝑎) = 𝐀, 𝐒(𝑏) = 𝐁 

𝛾(𝐗) = 0, and 

𝛾(𝐀) = 0, 𝛾(𝐁) = 0 
Curve arc from point A to B 

𝐓(𝑡) = 𝑑𝐒(𝑡)/𝑑𝑡 𝐓 ⊥ ∇𝛾(𝐗) Tangent vector to the curve 

𝑑X𝑆(𝑡)/𝑑𝑡 = 0 → Vertical tangent 

𝑑Y𝑆(𝑡)/𝑑𝑡 = 0 → Horizontal tangent 

𝜕𝛾/𝜕Y = 0 → Vertical tangent 

𝜕𝛾/𝜕X = 0 → Horizontal tangent 

One of the tangent components is zero 

and not an inflection point 

{𝐒0 = 𝐀𝑟 ,⋯ , 𝐒𝑘 ,⋯ , 𝐒𝐾 = 𝐁} 

List of tangent quadrant change points 

(or where the curve arc begins or 

ends). 

{𝑞0, 𝑞1,⋯ , 𝑞𝐾−1} with 𝑞𝑘 ∈ {1,2,3,4} and 𝑘 ∈ {0,⋯ ,𝐾 − 1} 
List of values taken by the tangent 

quadrant between these change points. 

 

3.3 Quadrant change point discretization 

The tangent quadrant change pixels are defined as those containing 𝐒𝑘 points (where the quadrant changes or the curve arc 

starts or ends). They are denoted by 𝑝𝑘 = (𝑖𝑘, 𝑗𝑘) = 𝑝𝑖𝑥𝑒𝑙(𝐒𝑘) = 𝑝𝑖𝑥𝑒𝑙(X𝑘 , Y𝑘). 
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Usually, we calculate the row and column indexes of this pixel in the grid respectively with the formulas 𝑖𝑘 = ⌊Y𝑘⌋ and 

𝑗𝑘 = ⌊X𝑘⌋. However, this can pose a problem. 

Indeed, when 𝑞𝑘−1 = 1 and 𝑞𝑘 = 2 or vice versa, the orientation of the tangent vector at 𝑡 = 𝑡𝑘 is vertical, and around 

point 𝐒𝑘, the curve approaches the vertical line X = X𝑘 from the left, touches it (tangentially at point 𝐒𝑘) without crossing 

it, and then moves away while remaining on the left side of this line. If X𝑘 is exactly an integer (meaning the line X = X𝑘 

is a vertical boundary of pixels in the grid), then the curve touches a pixel boundary without entering it. In this case, if we 

discretize point 𝐒𝑘 by taking 𝑗𝑘 = ⌊X𝑘⌋, we obtain a pixel 𝑝𝑘 that the curve does not traverse; it simply touches it. This 

situation can be problematic later on, and in this case, we choose to discretize the column with the formula 𝑗𝑘 = ⌊X𝑘⌋ − 1. 

Similarly, when 𝑞𝑘−1 = 2 and 𝑞𝑘 = 3 or vice versa, the orientation of the tangent vector at 𝑡 = 𝑡𝑘 is horizontal, and 

around point 𝐒𝑘, the curve approaches the horizontal line Y = Y𝑘 from above, touches it (tangentially at point 𝐒𝑘) without 

crossing it, and then moves away while remaining above this line. In this case, when Y𝑘 is exactly an integer, we choose to 

discretize the row of pixel 𝑝𝑘 with the formula 𝑖𝑘 = ⌊Y𝑘⌋ − 1 instead of 𝑖𝑘 = ⌊Y𝑘⌋. 

Algorithm 2 presents the pixel function that takes one quadrant change point as argument and returns the corresponding 

discretized pixel. 

 

Algorithm 2 CURDIS: Discretization of quadrant change points. 

for 𝑘 ∈ {0,⋯ , 𝐾}: 

𝑝𝑘 ← 𝑝𝑖𝑥𝑒𝑙(𝐒𝑘)  

Discretization of tangent quadrant change 

points, using the pixel function defined 

below. 

function 𝑝𝑖𝑥𝑒𝑙(𝐒𝑘) → 𝑝𝑘:  

𝑖𝑘 ← ⌊Y𝑘⌋, 𝑗𝑘 ← ⌊X𝑘⌋ 
Initialize the pixel of the tangent quadrant 

change points with the floor function. 

if 𝑞𝑘−1  , 𝑞𝑘 ∈ {1,2}, X𝑘 ∈ ℤ, and X𝑆(𝑡) ≤ X𝑘 around 𝐒𝑘: 

𝑗𝑘 ← 𝑗𝑘 − 1  

If the curve touches a pixel from the left 

without entering it, adapt the column index 

if 𝑞𝑘−1  , 𝑞𝑘 ∈ {2,3}, Y𝑘 ∈ ℤ, and Y𝑆(𝑡) ≤ Y𝑘 around 𝐒𝑘: 

𝑖𝑘 ← 𝑖𝑘 − 1  

If the curve touches a pixel from the top 

without entering it, adapt the row index 

return 𝑝𝑘(𝑖𝑘 , 𝑗𝑘) Return the computed pixel 

 

3.4 Sub-arc support 

It is entirely possible for two or more consecutive pixels in the list {𝑝𝑘} to be identical. This occurs when the curve changes 

quadrants multiple times within the same pixel. In this scenario, for all indices 𝑘 such that 𝑝𝑘 = 𝑝𝑘+1, we can choose to 

remove the redundant element 𝑘 + 1 from the lists {𝑡𝑘} , {𝑞𝑘}, {𝐒𝑘}, {𝐏𝑘} and {𝑝𝑘}. If the lists completely collapse, 

resulting in 𝐾 = 0 and only one pixel remains, then the arc is entirely covered by this pixel and the problem is solved. 

Otherwise, we have 𝐾 ≥ 1, and the conditions 𝑝𝑘 ≠ 𝑝𝑘+1 and 𝑞𝑘 ≠ 𝑞𝑘+1 hold for the remaining pixel and quadrant lists. 

However, this duplicate removal operation may also be performed later. In such cases, it is the responsibility of the sub-

arc discretization process to account for the fact that two consecutive quadrant change points may fall within the same pixel. 

Subsection 3.5 describes a sub-arc discretization process that follows this approach, thus not requiring that quadrant change 
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pixels be different. 

Each sub-arc sk (defined by 𝐒(𝑡) with 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1] in parametric representation) has a starting point 𝐒𝑘, and an ending 

point 𝐒𝑘+1. The result of the discretization of this sub-arc is a list of pixels starting at 𝑝𝑘 and ending just before 𝑝𝑘+1. In 

fact, we decide to include the pixel 𝑝𝑘+1 in the curve support of sk+1 instead of sk. An illustration is provided in Figure 2b. 

There is an exception to this rule for the last pixel 𝑝𝐾, which is added to the curve support of the last sub-arc sK−1. 

If we have previously removed the redundant quadrant change pixels or when 𝑝𝑘 ≠ 𝑝𝑘+1, the sub-arc support may not be 

empty (it contains at least the starting pixel 𝑝𝑘 of the sub-arc). Otherwise, when 𝑝𝑘 = 𝑝𝑘+1, the sub-arc support is empty, 

and we begin processing the next sub-arc. 

If the sub-arc support is not empty, all its pixels are crossed by the curve and, except possibly for the first pixel 𝑝𝑘, the 

quadrant of the curve’s tangent vector is constant across these pixels; it is equal to 𝑞𝑘. 

 

3.5 Sub-arc discretization 

We consider that we have computed the quadrant change points and divided the arc into sub-arcs. We are now discretizing 

the sub-arc sk, assuming 𝑞𝑘 = 4. The process for other quadrants is similar. 

Initially, we know the starting point 𝐒𝑘 of this sub-arc and the corresponding pixel 𝑝𝑘 = 𝑝𝑖𝑥𝑒𝑙(𝐒𝑘). We also know its 

final point 𝐒𝑘+1 and the corresponding pixel 𝑝𝑘+1 = 𝑝𝑖𝑥𝑒𝑙(𝐒𝑘+1), which is not part of the sub-arc support. 

We initialize a working pixel 𝑝 with the first sub-arc pixel 𝑝𝑘 and build the curve support step by step. At each step, we 

first check that the working pixel 𝑝 is not the last pixel 𝑝𝑘+1. If it is not, we add it to the curve support and start looking for 

the next pixel to add. 

With our assumptions, we know that the tangent is oriented to the top and to the right (since the tangent is in the fourth 

quadrant). Therefore, the curve entered the pixel from the bottom or left side and must exit the pixel from its top or right 

side. 

If the working pixel has reached the last row (the uppermost in our case) of the sub-arc, then the next pixel to add cannot 

be the top neighbor; it must be the right neighbor. Similarly, if the working pixel has reached the last column (the rightmost 

in our case) of the sub-arc, then the next pixel to add cannot be the right neighbor; it must be the top neighbor. 

When the working pixel has reached neither the last row nor the last column, we need another method, referred to as an 

exit criterion, to determine the pixel exit side. This exit criterion, tailored to the specific curve to discretize, may not be 

defined within the generic CURDIS template, and our method can only be used if we manage to design and implement it 

efficiently. Based on this exit criterion, we determine which of the neighboring pixels is the next working pixel. 

When the working pixel 𝑝  reaches the first pixel 𝑝𝑘+1  of the next sub-arc (or 𝑝𝐾 , the endpoint 𝐁  pixel), the 

discretization of sub-arc sk is complete, and we proceed to discretize the next sub-arc, if any. 

In Algorithm 3, the step displayed greenish, specific to CURDIS, will prove to be important in instantiation of CURDIS 

for conic arc discretization, as explained in Section 5. 
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Algorithm 3 CURDIS: Algorithmic template for discretizing constant tangent quadrant sub-arcs of curves. 

𝑝 ← 𝑝𝑘 ⇔ 𝑖 ← 𝑖𝑘, 𝑗 ← 𝑗𝑘, 

𝑆𝑢𝑝𝑝𝑜𝑟𝑡𝑘 ← [  ]  

 

We initialize the current working pixel 𝑝 with the starting pixel of the sub-arc 

and the curve support of this sub-arc with an empty list. 

 

while 𝑖 > 𝑖𝑘+1 or 𝑗 < 𝑗𝑘+1: Whenever the starting pixel of the next sub-arc has not been reached: 

Add 𝑝 to 𝑆𝑢𝑝𝑝𝑜𝑟𝑡𝑘 We add the current working pixel to the curve support. 

if 𝑖 = 𝑖𝑘+1: 

𝑗 ← 𝑗 + 1  

If the working pixel row is equal to the last sub-arc pixel row, then the right 

neighbor is the only possible one. 

else if 𝑗 = 𝑗𝑘+1: 

𝑖 ← 𝑖 − 1  

If the working pixel column is equal to the last sub-arc pixel column, then the 

top neighbor is the only possible one. 

else: 

(𝑖, 𝑗) ← 𝐸𝑥𝑖𝑡𝐶𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛  

Otherwise, a curve-specific exit criterion determines the side effectively crossed 

by the curve and which neighboring pixel to choose. 

 

3.6 How to instantiate the CURDIS template? 

In conclusion, CURDIS is based on two functions that have to be calculated, in order to implement the discretization of a 

given curve: 

1. A function to compute the quadrant of the tangent vector at each point of the curve and identify the points where 

this quadrant changes. Most of the time, these points are located where one of the tangent components is zero (and 

not an inflection point), making the tangent either horizontal or vertical.  

2. An exit criterion to compute through which side the arc of the curve exits a pixel (knowing the tangent quadrant of 

the curve on this pixel).  

In the following, we will present an instantiation of CURDIS for arc of conics. 

 

3.7 Computation or detection of quadrant change points 

As explained in Subsection 2.3, the quadrant change points 𝐒𝑘 = 𝐒(𝑡𝑘) may be either (1) computed in advance, before 

starting to follow the curve and to add pixels in the curve support, or (2) detected on the fly, during the pixel marching 

process. 

The choice between these two strategies is algorithmic. Indeed, conceptually, in both cases, we consider that the curve is 

such that it is possible to divide it into subarcs with constant quadrant. 

Algorithm 3 presents a version of CURDIS where we compute in advance the quadrant change points 𝐒𝑘. However, we 

may notice that it is not necessary to have their exact location, it is enough to know that they exist and are located in some 

pixels 𝑝𝑘 = 𝑝(𝑡𝑘). Furthermore, the only thing we really need for this algorithm to work, is a way to ensure that the row 

and column of new support pixels have not reached yet the last row and column of the current sub-arc. 

Indeed, whenever we are able to define a row criterion (or column criterion) to determine if we have reached or not the 

last row (or column) of the sub-arc, the previous algorithm can be adapted to detect the quadrant change points (and divide 

the arc) on the fly, instead of computing them in advance. We will not investigate this possibility further in this paper, as our 

discretization algorithm for conic arcs computes the quadrant change points in advance. 
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4 Representation of conics and arcs of conic 

There exist various ways to define conics or arcs of conic and most applications have a natural format for describing and 

manipulating them. These may be geometric parameters (such as center, orientation, and semi-axes) or an algebraic 

representation of the curve (Cartesian or parametric equations). When drawing or discretization algorithms have to interface 

with other processing algorithms, it may be necessary to convert the data and switch from one representation of the curve 

arc to another. This conversion step is not free in terms of computing time, and, ideally, it should be considered when 

comparing the complexity and calculation times of several algorithms. 

This discussion is beyond the scope of this paper, and we choose to represent conics by their implicit algebraic equation, 

as described in Subsection 4.1, and arcs of conics by conic splines, as detailed in Subsection 4.6 and Appendix A. This 

mathematical representation will enable us to compute their tangent vector as well as the points where this tangent changes 

quadrant. 

Moreover, the exit criterion required for CURDIS-C instantiation of Algorithm 3 will be defined in Section 5 using the 

conic equation expressed in a Cartesian coordinate system translated to one of the corners of the working pixel (see 

Subsections 4.2 and 4.3). Additionally, in this algorithm, each time we move from one working pixel to the next, we also 

update the conic equation (see Subsection 4.4). 

 

4.1 Conic equation in arbitrary coordinate system 

A conic f will thus be defined by the set of the points P whose Cartesian coordinates 𝐗 = (X; Y) verify a second degree 

equation (see [10]) whose the most general form is given by 

 𝑓(𝐗) = 𝑎X2 + 2𝑏′′XY + 𝑎′Y2 + 2𝑏′X + 2𝑏Y + 𝑎′′ = 0 . (2) 

In projective coordinates, this equation may be expressed in matrix form 𝑓(𝑿) = 𝑿𝑇𝐟𝑿 = 0, where 𝑿 = (𝑋; 𝑌; 𝑍) is a 

vector of projective point coordinates and the matrix of the conic homogeneous coefficients is defined by 

 𝐟 = (
𝑎 𝑏′′ 𝑏′

𝑏′′ 𝑎′ 𝑏
𝑏′ 𝑏 𝑎′′

) . (3) 

We notice that a conic is defined by 6 homogeneous algebraic coefficients or by 5 independent parameters. 

 

4.2 Conic equation in translated coordinate system 

In Section 5, we will define mathematically the exit criterion for the discretization algorithm of arc of conics. This criterion 

is mainly based on the analysis of the intersection of the conic with some horizontal and vertical lines crossing at some point 

𝐙 = (X𝑍; Y𝑍). 

In order to simplify the analysis of these intersection points, we translate the origin of the axis system to point 𝐙 (and we 

possibly reverse the orientation of the new axes). The coordinate transform formulas are  

 {
X = X𝑍 + 𝑠𝑥𝑥
Y = Y𝑍 + 𝑠𝑦𝑦 , (4) 

where 𝑥 and 𝑦 are the coordinates of a point relatively to the new reference frame and 𝑠𝑥 , 𝑠𝑦 = ±1 are parameters allowing 

axis orientation reversal, if needed. 

After this change of variables, the algebraic equation of the conic (2) becomes 

 𝐹𝑍(𝑥, 𝑦) = 𝐹𝑍 + 𝐷𝑍𝑥 + 𝐸𝑍𝑦 + 𝐴𝑥2 + 𝐵𝑥𝑦 + 𝐶𝑦2 = 0 ,  (5) 
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where 

 

𝐴 = 𝑎 ,   𝐶 = 𝑎′     and     𝐵 = 2𝑠𝑥𝑠𝑦𝑏
′′ ,

𝐷𝑍 = 2𝑠𝑥(𝑎X𝑍 + 𝑏′′Y𝑍 + 𝑏′)     and     𝐸𝑍 = 2𝑠𝑦(𝑏
′′X𝑍 + 𝑎′Y𝑍 + 𝑏) ,

𝐹𝑍 = 𝑎X𝑍
2 + 2𝑏′′X𝑍Y𝑍 + 𝑎′Y𝑍

2 + 2𝑏′X𝑍 + 2𝑏Y𝑍 + 𝑎′′ .

 (6) 

We notice that 𝐴, 𝐵 and 𝐶 are independent of the point 𝐙, 𝐷𝑍 and 𝐸𝑍 are linear functions of 𝐙 and 𝐹𝑍 is equal to the 

value 𝑓(𝐙) of the conic function in the original coordinate system (Equation (2)). As usual, 𝐹𝑍 = 𝑓(𝐙) = 𝐹𝑍(0,0) is 

considered as a signed algebraic distance between the point 𝐙 and the conic. In the following, when no ambiguity is possible, 

we remove the subscript 𝑍 and use the notations 𝐷, 𝐸, and 𝐹. 

 

4.3 Conic equation in pixel corner coordinate system 

More specifically, we are interested in analyzing the intersection of the conic with the horizontal and vertical pixel boundary 

lines that intersect at a given pixel corner. The corner and the boundary lines of interest depend on the quadrant of the tangent 

to the curve in the current pixel. 

We now consider the specific case of an arc of conic whose tangent is in quadrant 4. The other cases can be analyzed 

similarly. Since the tangent is in the fourth quadrant, the curve entered into the pixel by the bottom or the left side and must 

exit the pixel by its top or right side. 

We denote the row and column index of the current pixel as 𝑖 and 𝑗 respectively. Therefore, the tangent to the curve is 

in the direction of the top right corner of the current pixel, whose Cartesian coordinates are 𝐙𝑖𝑗
(𝑞=4)

= (𝑗 + 1; 𝑖). The pixel 

boundary lines of interest for quadrant 4 are the horizontal line Y = 𝑖 and the vertical line X = 𝑗 + 1. We thus translate the 

origin of the axis system to the corner 𝐙𝑖𝑗
(4)

 and we orient the new axes in such a way that the coordinates of points inside 

the (𝑖, 𝑗) pixel are positive. Therefore, in the case of quadrant 4, we must reverse the 𝑥 axis direction and we have 𝑠𝑥 =

−1 and 𝑠𝑦 = +1 in Equation (4). The coordinate transform formulas are X = 𝑗 + 1 − 𝑥 and Y = 𝑖 + 𝑦. 

 

4.4 Updating of conic coefficients 

In the course of Algorithm 3, described in Subsection 3.5, we move from the current pixel to one of its neighbors. When we 

arrive at a new pixel, we have to consider a new top right corner point and we update the translated equation (5) accordingly. 

But, the first step is to compute the conic equation in the translated frame of a corner of point A. If the tangent is oriented 

in quadrant 4, this is the top-right corner 𝐙𝐴
(4)

 and, using Equation (4), we obtain the initial values of 𝐷, 𝐸 and 𝐹. We recall 

that 𝐴, 𝐵, and 𝐶 are constant (excepted for the sign of 𝐵, that may vary when quadrant changes). 

In the subsequent steps, we move either horizontally or vertically by one pixel only. If we move horizontally to the right, 

point ordinates do not change but new abscissas are incremented. The transform formulas (4) are 𝑥 = −1 + 𝑥′ and 𝑦 =

0 + 𝑦′ and Equation (5) becomes  

 𝐹𝑍′(𝑥′, 𝑦′) = 𝐹𝑍 − 𝐷𝑍 + 𝐴 + (𝐷𝑍 − 2𝐴)𝑥′ + (𝐸𝑍 − 𝐵)𝑦′ + 𝐴𝑥′2 + 𝐵𝑥′𝑦′ + 𝐶𝑦′2 = 0 . (7) 

Therefore, we update the variables with 𝐷𝑍′ = 𝐷𝑍 − 2𝐴, 𝐸𝑍′ = 𝐸𝑍 − 𝐵 and 𝐹𝑍′ = 𝐹𝑍 − 𝐷𝑍 + 𝐴. Likewise, if we move 

vertically upwards, the transform formulas (4) are 𝑥 = 𝑥′ and 𝑦 = −1 + 𝑦′ and we update the variables with 𝐷𝑍′ = 𝐷𝑍 −

𝐵, 𝐸𝑍′ = 𝐸𝑍 − 2𝐶 and 𝐹𝑍′ = 𝐹𝑍 − 𝐸𝑍 + 𝐶. 

These updating equations may be expressed simply as described in Table 1, where 𝐷′′ and 𝐸′′ are intermediate variables. 
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 Horizontal Vertical  

 𝐷′′ = 𝐷 − 𝐴
𝐹′ = 𝐹 − 𝐷′′

𝐷′ = 𝐷′′ − 𝐴
𝐸′ = 𝐸 − 𝐵

 

𝐸′′ = 𝐸 − 𝐶
𝐹′ = 𝐹 − 𝐸′′

𝐸′ = 𝐸′′ − 𝐶
𝐷′ = 𝐷 − 𝐵

 

 

Table 1 Update formulas for error function 𝑭, and coefficients 𝑫 and 𝑬, when moving from one pixel to the next. 𝑫′′ and 𝑬′′ are 

intermediate variables. For diagonal moves, both formulas (horizontal and vertical) need to be applied. 

 

4.5 Tangent to the conic 

To apply our framework described in Section 3 to the arc of conics, we need to compute the quadrant of their tangent. This 

is simple because there are no inflection points, and the curvature has the same direction at all points (the arc rotates in the 

same direction everywhere). Therefore, the quadrant may only change at points where the tangent is vertical or horizontal, 

which is easy to compute. The only drawback of these formulas is requiring the calculation of up to two square roots per arc 

of conics (because a conic is quadratic in X and Y). 

So, given the quadrant of the tangents at point A and B and the direction of travel of the arc, we know which quadrant 

changing points should be computed and in which order we will meet them. For instance, if the tangent at A is in the fourth 

quadrant and the tangent at B is in the second quadrant, then we know that the tangent of a point traveling the arc in the 

positive direction of rotation will be in quadrant 4 at the beginning, then it will first change to quadrant 1 and then to 

quadrant 2. In this case we have to compute the uppermost point of the arc, with a horizontal tangent (between quadrant 4 

and 1) and the rightmost point of the arc, with a vertical tangent (between quadrant 1 and 2). 

 

4.6 Arc of conics 

An arc of a conic is somewhat different from a whole conic. In addition to the conic itself, the two endpoints of the arc must 

also be specified. Theoretically, a point on a conic can be specified by a single parameter, such as a curvilinear abscissa, and 

an arc of a conic is thus fully described by 7 independent parameters: 5 for the conic and 2 for the arc endpoints. Such a 

representation is rarely used in practice. 

In Appendix A, we detail our mathematical representation of arcs of conics, based on conic splines and pencils of conics. 

Here, we summarize the aspects of this representation that will be used in the next section to describe the exit criterion for 

the discretization of arcs of conics. 

We consider that arcs of conics are described by their two endpoints, A and B, the tangent lines at these endpoints, and a 

third point on the arc between the two endpoints (see Appendix A). 

Ellipses and parabolas divide the plane into two domains: one convex (inside the conic) and the other concave (outside 

the conic). Hyperbolas divide the plane into three domains: two convex (considered the interior of the conic) and one concave 

(outside the conic). Because the endpoints A and B must define an arc, they are on the same branch of the conic, and their 

midpoint, M, is always inside the conic (in a convex domain). 

We also assume that we always traverse the arc of conics in the positive direction of rotation. If this is not the case, we 

simply swap the endpoints of the arc. Therefore, the curvature of the conic (its interior) is directed to the right when traveling 
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along the curve from A to B. 

Additionally, with the assumptions described in Appendix A, the error function 𝐹(𝑥, 𝑦) in Equation (5) is positive inside 

the conic, negative outside, and zero on the conic. 

 

5 CURDIS-C: An algorithm for conic discretization 

In this section, we present CURDIS-C, a particular implementation of CURDIS applied to conic arcs. 

According to our framework, CURDIS-C requires (1) a function computing the quadrant of the tangent vector (and the 

points where this quadrant changes), and (2) an exit criterion determining through which side the arc of the conic exits a 

pixel. 

We now discuss the details for calculating the exit criterion. For that, we consider the specific case of an arc of conic 

whose tangent is in quadrant 4. The other cases can be analyzed similarly. 

We assume that we have reached neither the last row nor the last column of the arc. This means that the traversed conic 

arc will necessarily cross the vertical line containing the right side of the pixel as well as the horizontal line containing the 

top side of the pixel. The question is, obviously, in what order! 

Therefore, we should study 3 cases: (1) the curve crosses the vertical line first, making the next pixel the right neighbor 

(see Figure 3a), (2) the curve crosses the horizontal line first, making the next pixel the top neighbor (see Figure 3b), (3) the 

curve passes through the top-right corner, crossing both lines simultaneously, making the next pixel the top-right diagonal 

neighbor (see Figure 3c). 

 

   

(a) The arc first crosses the vertical axis 

and enters the right neighbor. 

(b) The arc first crosses the horizontal 

axis and enters the top neighbor. 

(c) The arc passes through the top right 

corner and enters the top right neighbor. 

Figure 3  The three possibilities for conic arcs, with tangent in quadrant 𝟒, to exit a pixel. 

 

In Figure 3, we assume that the coordinate system has been translated to the top-right corner of the working pixel, as 

described in Section 4. The conic arc we are discretizing intersects the 𝑥 axis at (𝛿′, 0) and 𝑦 axis at (0, 𝜖′). Both points 

belong to the same branch of the conic. As the tangent is in quadrant 4, the curvature of this branch is directed downward 

and to the right, since we choose to traverse the arc in the positive direction of rotation (see Subsection 4.6). 

As explained in Section 2, when addressing similar problems, authors compare the sign of the algebraic distance function 

𝐹 computed at appropriate points near the curve (typically the corner 𝐙). We recall that the error function 𝐹 is positive 
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inside the conic, negative outside, and zero on the conic (see Subsection 4.6 and Appendix A). However, this error function 

does not represent the algebraic distance to the arc of interest but rather to the conic as a whole. Consequently, if the conic 

is (1) a highly flattened ellipse or parabola, (2) a very sharp branch of a hyperbola, or (3) a hyperbola that is very flat and 

close to its asymptotes, it is possible to encounter pixels that are very close to two distinct arcs of the curve or even pixels 

that are crossed twice by the conic. We illustrate some of these scenarios in Figure 4. 

 

   

(a) Scenario 𝑯𝟑𝟒, 𝑯𝟒𝟒, or 𝑯𝟓𝟒. (b) Scenario 𝑯𝟑𝟑. (c) Scenario 𝑯𝟏𝟏. 

   

(d) Scenario 𝑽𝟑𝟑, 𝑽𝟑𝟒 or 𝑽𝟑𝟓. (e) Scenario 𝑽𝟒𝟑, 𝑽𝟒𝟒, or 𝑽𝟒𝟓. (f) Scenario 𝑽𝟏𝟏. 

Figure 4  Six possible scenarios where a pixel is crossed by a conic with a tangent in quadrant 4. The discretized conic arc, passing 

through intersection points 𝜹′ and 𝝐′, is in bright green. The other branch of the conic is in dark green. 𝜹′′ and 𝝐′′ are the second 

intersection points with the axes (see Subsection 5.2). 𝜹  and 𝝐  are midpoints of 𝜹′ − 𝜹′′ , and  𝝐′ − 𝝐′′  respectively (see 

Subsection 5.3). Sub-figures are described by scenario codes explained in Subsection 5.1. 

 

In such cases, the value of the error function 𝐹 is insufficient for a comprehensive analysis of the arc’s behavior. In fact, 

the value and sign of 𝐹 depend on the relative position of 𝐙, the top-right corner of the pixel, with respect to the intersection 

points of the conic with the 𝑥 and 𝑦 axes. Our exit criterion for discretizing conic arcs is based on a detailed analysis of 

these intersection points. 

We recall that, if a line intersects a conic at a real point, it will also intersect this conic at a second real point (possibly at 

infinity). The case where this second point coincides with the first is not relevant; indeed, if the horizontal or vertical axes 

were tangent to the conic, we would have reached the last row or the last column of the arc. 

In Figure 4, we also display second intersection points of the conic with the 𝑥 and 𝑦 axes. The conic, containing the arc 
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we are discretizing, intersects a second time 𝑥 axis at (𝛿′′, 0) and 𝑦 axis at (0, 𝜖′′). We will discuss in Subsection 5.2 the 

information that can be extracted from these second intersection points. 

Furthermore, in Subsection 5.3, we introduce (𝛿, 0) the midpoint of (𝛿′, 0) and (𝛿′′, 0), the conic intersection points 

with the 𝑥 axis. Similarly, we introduce (0, 𝜖) the midpoint of (0, 𝜖′) and (0, 𝜖′′), the conic intersection points with the 𝑦 

axis. These midpoints are also displayed in Figure 4. Then, we analyze midpoint positions with respect to the conic thank to 

the sign of the algebraic distances 𝐹𝛿 = 𝐹(𝛿, 0) and 𝐹𝜖 = 𝐹(0, 𝜖), which are also illustrated in Figure 4. 

This analysis of conic intersections with both axes enable us to define our exit criterion in Subsection 5.5. 

 

5.1 Pixel traversed by conic arcs: Possible scenarios 

We analyze the possible positions of the second intersection points 𝛿′′ and 𝜖′′ of the conic with the 𝑥 and 𝑦 axes. 

 

   

(a) The conic exits through the right side. (b) The conic exits through the top side. (c) The conic exits through the corner. 

Figure 5  Five possible positions for the second intersection points of the conic with both axes. Sub-figures display these positions 

for the three possible exit sides (with tangent in quadrant 𝟒). The positions are described by blue numbers for 𝜹′′ and by red 

numbers for 𝝐′′. Number 𝟐, at the corner, is colored magenta because it represents the position 𝟐 for both 𝜹′′ and 𝝐′′ 

 

As illustrated in Figure 5, there are 5 possible positions for second intersection points 𝛿′′ and 𝜖′′: 

Position 1 lies between the corner 𝐙 and the first intersection point. In this case, we have 0 < |𝜖′′| < |𝜖′| and 0 <

|𝛿′′| < |𝛿′|. Moreover, the second intersection points 𝛿′′ and 𝜖′′ have the same sign as their corresponding first 

intersection point 𝛿′ and 𝜖′. This position is not possible when 𝛿′ = 𝜖′ = 0 (the conic exits through the pixel top 

right corner). Therefore, there is no position 1 in Figure 5c. When the arc exits the pixel through the right side 

(Figure 5a), this corresponds to 𝛿′ < 𝛿′′ < 0 and 0 < 𝜖′′ < 𝜖′. When the arc exits the pixel through the top side 

(Figure 5b), this corresponds to 0 < 𝛿′′ < 𝛿′ and 𝜖′ < 𝜖′′ < 0. 

Position 2 is exactly at the corner, and we have 𝜖′′ = 0 and 𝛿′′ = 0. This position is not possible when 𝛿′ = 𝜖′ = 0 (the 

conic exits through the pixel top right corner). Therefore, there is no position 2 in Figure 5c. 

Position 3 is exterior to the conic arc, and we have 𝜖′′ < min(0, 𝜖′) and 𝛿′′ > max(0, 𝛿′). When the arc exits the pixel 

through the right side (Figure 5a) or the top right corner (Figure 5c), this corresponds to 𝛿′′ > 0 and 𝜖′′ < 0. When 

the arc exits the pixel through the top side (Figure 5b), this corresponds to 𝛿′′ > 𝛿′ and 𝜖′′ < 𝜖′. 

Position 4 is interior to the conic arc, and we have 𝜖′′ > max(0, 𝜖′) and 𝛿′′ < min(0, 𝛿′). When the arc exits the pixel 
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through the right side (Figure 5a), this corresponds to 𝛿′′ < 𝛿′ and 𝜖′′ > 𝜖′. When the arc exits the pixel through 

the top side (Figure 5b) or the top right corner (Figure 5c), this corresponds to 𝛿′′ < 0 and 𝜖′′ > 0. 

Position 5 is at infinity, and we have 𝜖′′ → ∞ and 𝛿′′ → ∞. 

Therefore, when a conic exits through the right side of a pixel, there are 25 theoretical combined scenarios (5 possibilities 

for both 𝛿′′ and 𝜖′′). Fortunately, not all combinations are possible, reducing the number to 11. Similarly, when the arc 

exits through the top side, there are also 25  theoretical combinations, which again reduce to 11  possible scenarios. 

Additionally, when the arc exits the pixel through the top-right corner, there are 9 theoretical scenarios, all of which are 

possible. In total, there are 31 possible scenarios for a conic to cross a pixel. We will detail these scenarios in Subsection 5.5. 

In the following discussion, we will refer to scenarios using a three character code. The first character in the code indicates 

the exit side (𝐻 for horizontal, 𝑉 for vertical, and 𝐷 for diagonal). The second and third characters are numbers between 1 

and 5, indicating the position of the second intersection point respectively with the 𝑥 and 𝑦 axis. 

 

5.2 Intersection points of the conic with translated axes 

We recall that we express the conic equation in a frame translated to the top right corner of the current pixel (see 

Subsection 4.3). The equation of the conic is thus 𝐹 + 𝐷𝑥 + 𝐸𝑦 + 𝐴𝑥2 + 𝐵𝑥𝑦 + 𝐶𝑦2 = 0  (see Equation (5)). In this 

translated frame, the conic intersects the horizontal top boundary line of the pixel (the 𝑥 axis of equation 𝑦 = 0) at points 

with abscissas 𝛿′ and 𝛿′′, which are solutions of 

 𝐹 + 𝐷𝑥 + 𝐴𝑥2 = 0 . (8) 

Similarly, the conic intersects the vertical right boundary line of the pixel (the 𝑦 axis of equation 𝑥 = 0) at points with 

ordinates 𝜖′ and 𝜖′′, which are solutions of 

 𝐹 + 𝐸𝑦 + 𝐶𝑦2 = 0  .  (9) 

As previously explained, the conic arc we are discretizing intersects the 𝑥 axis at (𝛿′, 0) and 𝑦 axis at (0, 𝜖′). Therefore, 

these points belong to the same branch of the conic. However, we have no information about the branch to which the second 

intersection points (𝛿′′, 0) and (0, 𝜖′′) belong. With our assumptions (curvature directed to the right and downward), 

(𝛿′′, 0) belongs to the same branch as (𝛿′, 0) if and only if 𝛿′′ is to the right of 𝛿′ (𝛿′′ < 𝛿′). Similarly, (0, 𝜖′′) belongs 

to the same branch as (0, 𝜖′) if and only if 𝜖′′ is below 𝜖′ (𝜖′′ > 𝜖′). 

Note that computing the roots of these equations is not always sufficient to solve our problem. When these roots are close 

to each other, we may not be able to determine which one belongs to the arc of the curve we are discretizing and which one 

belongs to another part of the conic. 

Nevertheless, these equations provide important information. Indeed, Equations (8) and (9) have two real and distinct 

solutions because the conic always crosses the lines 𝑦 = 0 and 𝑥 = 0 twice. The discriminants of these equations must be 

strictly positive, meaning that 

 𝐷2 − 4𝐴𝐹 > 0     and     𝐸2 − 4𝐶𝐹 > 0 . (10) 

Additionally, the sign of the trinomials 𝐹 + 𝐷𝑥 + 𝐴𝑥2  and 𝐹 + 𝐸𝑦 + 𝐶𝑦2  is always the sign of 𝐴  and 𝐶  (the 

coefficients of the second-degree terms) excepted when the variable (𝑥 or 𝑦) lies between the two roots. 

The top-right corner of the pixel (𝐙) lies on the vertical line (with abscissa 𝑥 = 0). Therefore, if sign(𝐹) = sign(𝐴), the 

two intersection points of the conic with the horizontal line are on the same side as the corner. Conversely, if sign(𝐹) ≠
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sign(𝐴), the corner lies between the two intersection points. 

Similarly, the top-right corner of the pixel (𝐙) also lies on the horizontal line (with ordinate 𝑦 = 0). Therefore, if 

sign(𝐹) = sign(𝐶), the two intersection points of the conic with the vertical line are on the same side as the corner. 

Conversely, if sign(𝐹) ≠ sign(𝐶), the corner lies between the two intersection points. 

 

5.3 Midpoint of the intersection points 

Obviously, it is not recommended to explicitly compute the solutions of Equations (8) and (9), as this would require 

calculating two square roots. However, it is easy to obtain the midpoints of the intersection points, which will be used in our 

exit criterion. 

If 𝐴 ≠ 0, the midpoint of the two intersection points of the conic with the horizontal line 𝑦 = 0 has an abscissa 

 𝛿 =
1

2
(𝛿′ + 𝛿′′) = −

𝐷

2𝐴
      and      sign(𝛿) = −sign(𝐷)sign(𝐴) .  (11) 

The value of the trinomial at the midpoint (𝛿; 0) is 

 𝐹𝛿 = 𝐹 + 𝐷𝛿 + 𝐴𝛿2 = −
𝐷2−4𝐴𝐹

4𝐴
     and     sign(𝐹𝛿) = −sign(𝐴) .  (12) 

Similarly, if 𝐶 ≠ 0, the midpoint of the two intersection points of the conic with the vertical line 𝑥 = 0 has an ordinate 

 𝜖 =
1

2
(𝜖′ + 𝜖′′) = −

𝐸

2𝐶
     and     sign(𝜖) = −sign(𝐸)sign(𝐶) .  (13) 

The value of the trinomial at the midpoint (0; 𝜖) is  

 𝐹𝜖 = 𝐹 + 𝐸𝜖 + 𝐶𝜖2 = −
𝐸2−4𝐶𝐹

4𝐶
     and     sign(𝐹𝜖) = −sign(𝐶) . (14) 

In addition, we recall that the error functions (𝐹𝛿 and 𝐹𝜖) are positive inside the conic, negative outside, and zero on the 

conic (see Subsection 4.6). 

 

5.4 Horizontal and vertical asymptotes (𝑨 = 𝟎 and 𝑪 = 𝟎) 

When 𝐴 = 0, the point at infinity of the 𝑥 axis (with projective coordinate (1; 0; 0)) belongs to the conic described by 

Equation (5). We know that 𝐷 ≠ 0 because 𝐷2 = 𝐷2 − 4𝐴𝐹 > 0 and the finite intersection point is 𝛿′ = −
𝐹

𝐷
. The conic 

may be a hyperbola with a horizontal asymptote or a parabola with a horizontal axis. 

Likewise, when 𝐶 = 0, the point at infinity of the 𝑦 axis (with projective coordinate (0; 1; 0)) belongs to the conic 

described by Equation (5). We know that 𝐸 ≠ 0 because 𝐸2 = 𝐸2 − 4𝐶𝐹 > 0 and the finite intersection point is 𝜖′ = −
𝐹

𝐸
. 

The conic may be a parabola with a vertical axis or a hyperbola with a vertical asymptote. 

 

5.5 Exit criterion 

In Subsection 5.1, we showed that there are 31 possible scenarios for a conic to cross a pixel. In this section, we will first 

analyze one of these scenarios, in order to illustrate how results from Subsections 5.2, 5.3, and  5.4 can be used to determine 

the sign of coefficients 𝐴, 𝐶, 𝐷, 𝐸, and 𝐹 for this scenario. Then we will present tables showing the signs of 𝐴, 𝐶, 𝐷, 𝐸, 

and 𝐹 for all possible scenarios. Finally, we will deduce our exit criterion from these tables. 

Let us consider Figure 4c, where the conic arc is in quadrant 4 and exits the pixel through the right side (𝜖′ > 0 and 𝛿′ <

0). In this scenario, we assume that the second intersection points 𝜖′′ and 𝛿′′ both lie between the corner and the first 

intersection point (position 1, see Subsection 5.1). Therefore, we have 0 < 𝜖′′ < 𝜖′ and 𝛿′ < 𝛿′′ < 0. The character code 
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of this scenario is 𝐻11. 

Because the second intersection points are not at infinity, we know that 𝐴  , 𝐶 ≠ 0. Moreover, the corner is interior to the 

conic and does not lie in the intervals ]𝛿′, 𝛿′′[ and ]𝜖′′, 𝜖′[. From the discussion in Subsection 5.2, we deduce that 𝐹 > 0, 

sign(𝐴) = sign(𝐹) = +1, and sign(𝐶) = sign(𝐹) = +1. 

Furthermore, the midpoints 𝜖 and 𝛿 have the same sign as the corresponding intersection points; 𝜖 > 0 and 𝛿 < 0. 

From the discussion in Subsection 5.3 and since 𝐴, 𝐶 > 0 , we deduce that sign(𝐷) = −sign(𝐴)sign(𝛿) = +1  and 

sign(𝐸) = −sign(𝐶)sign(𝜖) = −1. 

Finally, in this scenario, we have 𝐴 > 0, 𝐶 > 0, 𝐷 > 0, 𝐸 < 0, and 𝐹 > 0. 

We conduct a similar analysis for all 31 scenarios and present the results in Table 2 and Table 3. 

Table 2 contains all situations where either 𝐴 or 𝐶, or both are zero. As previously explained, this occurs when the conic 

is either (1) a parabola with a horizontal or vertical axis, or (2) a hyperbola with a horizontal or vertical asymptote. 

Remarkably, we notice that, despite the diversity of situations, the error function 𝐹 is sufficient to determine the exit side. 

 

 Code Exit 𝜹′′ 𝝐′′ 𝑭 𝑨 𝑪 𝑫 𝑬 Figure  

𝐻53 Right → ∞ < 0 − 0 + ? ?  

𝐻54 Right → ∞ > 𝜖′ − 0 − ? + 4a 

𝐻35 Right > 0 → ∞ − + 0 ? ?  

𝐻45 Right < 𝛿′ → ∞ − + 0 + ?  

𝐻55 Right → ∞ → ∞ − 0 0 ? ?  

𝑉53 Top → ∞ < 𝜖′ + 0 + ? ?  

𝑉54 Top → ∞ > 0 + 0 − ? ?  

𝑉35 Top > 𝛿′ → ∞ + + 0 − ? 4d 

𝑉45 Top < 0 → ∞ + − 0 ? ? 4e 

𝑉55 Top → ∞ → ∞ + 0 0 ? ?  

𝐷53 Corner → ∞ < 0 0 0 + ? +  

𝐷54 Corner → ∞ > 0 0 0 − ? +  

𝐷35 Corner > 0 → ∞ 0 + 0 − ?  

𝐷45 Corner < 0 → ∞ 0 − 0 − ?  

𝐷55 Corner → ∞ → ∞ 0 0 0 ? ?  

Table 2 Possible scenarios for a conic arc (with tangent in quadrant 𝟒 and 𝑨 = 𝟎 or 𝑪 = 𝟎) to intersect a pixel. Question marks 

indicate elements whose values are unknown and not used by the algorithm. 

 

Table 3 contains the other situations where neither 𝐴 nor 𝐶 is zero. In this table, we separate the cases depending on the 

sign of 𝐴 or 𝐶, which are known in advance and do not change over the course of the algorithm. Therefore, in a practical 

situation, we first test these signs and only consider the 3 or 5 possible cases. When 𝐴 and 𝐶 have not the same sign, that 

is ( 𝐴 > 0 and 𝐶 < 0) or ( 𝐴 < 0 and 𝐶 > 0), the sign of the error function 𝐹 is sufficient to determine the exit side. 

Otherwise, we need to consider the sign of 𝐹 and 𝐷 (or 𝐸 ) to determine the exit side. 
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 Code Exit 𝜹′′ 𝝐′′ 𝑭 𝑨 𝑪 𝑫 𝑬 Figure  

𝐻11 Right ∈ ]𝛿′, 0[ ∈ ]0, 𝜖′[ + + + + − 4c 

𝐻33 Right > 0 < 0 − + + ? ? 4b 

𝑉33 Top > 𝛿′ < 𝜖′ + + + − + 4d 

𝐻22 Right = 0 = 0 0 + + + −  

𝐷33 Corner > 0 < 0 0 + + − +  

𝐻34 Right > 0 > 𝜖′ − + − ? + 4a 

𝑉34 Top > 𝛿′ > 0 + + − − ? 4d 

𝐷34 Corner > 0 > 0 0 + − − +  

𝐻43 Right < 𝛿′ < 0 − − + − ?  

𝑉43 Top < 0 < 𝜖′ + − + ? + 4e 

𝐷43 Corner < 0 < 0 0 − + − +  

𝐻44 Right < 𝛿′ > 𝜖′ − − − − + 4a 

𝑉11 Top ∈ ]0, 𝛿′[ ∈ ]𝜖′, 0[ − − − + − 4f 

𝑉44 Top < 0 > 0 + − − ? ? 4e 

𝑉22 Top = 0 = 0 0 − − + −  

𝐷44 Corner < 0 > 0 0 − − − +  

Table 3 Possible scenarios for a conic arc (with tangent in quadrant 𝟒 and 𝑨 ≠ 𝟎 and 𝑪 ≠ 𝟎) to intersect a pixel. Question marks 

indicate elements whose values are unknown and not used by the algorithm. 

 

Finally, Algorithm 4 describes the exit criterion for determining through which side the conic arc exits a pixel. It requires 

at most 3 sign tests and 2 comparison tests to verify that we have not reached the last row or column of the current sub-arc. 

 

Algorithm 4 Computation of the pixel exit side of an arc of conic whose tangent is in the fourth quadrant. 

  If ( 𝐴 = 0 or 𝐶 = 0) or ( 𝐴 > 0 and 𝐶 < 0) or ( 𝐴 < 0 and 𝐶 > 0)  

  if 𝐹 < 0:  Exit → Right   

  else if 𝐹 > 0:  Exit → Top   

  else:  Exit → Corner   

 
 If ( 𝐴 > 0 and 𝐶 > 0) If ( 𝐴 < 0 and 𝐶 < 0)  

 if 𝐹 < 0:  Exit → Right if 𝐹 > 0:  Exit → Top  

 else if 𝐹 > 0:   else if 𝐹 < 0:    

     if 𝐷 > 0:  Exit → Right     if 𝐷 < 0:  Exit → Right  

     else:  Exit → Top     else:  Exit → Top  

 else:   else:    

     if 𝐷 > 0:  Exit → Right     if 𝐷 > 0:  Exit → Top  

     else:  Exit → Corner     else:  Exit → Corner  

 
 

5.6 Results 

CURDIS-C can discretize all kinds of conic arcs, from ellipses (Figure 6a) to hyperbolas (Figure 6b), or parabolas, which 

are the quadratic Bézier curves (Figure 7a), and obviously circles (Figure 7b). The algorithm perfectly handles extreme cases 
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such as ellipses that are very flat, or even reduced to a segment (Figure 8a), or hyperbolas that are very sharp, or even 

reduced to a corner (Figure 8b). 

In Figures 6, 7, and 8, the color of the support pixels indicates the direction of the tangent to the conic. This information 

is naturally provided by the algorithm using the translated conic coefficients 𝐷 and 𝐸. Additionally, all support pixels 

display a red point at their center and a black point at the corner in the direction of the tangent quadrant. 

 

 

 

(a) (b) 

Figure 6  (a) Ellipse arc and (b) Hyperbola arc discretization. 

 

 

 

(a) (b) 

Figure 7  (a) Quadratic Bézier curve (Parabola) and (b) Circle arc discretization. 
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(a) (b) 

Figure 8  (a) Segment (extremely flat ellipse) and (b) Corner (extremely sharp hyperbola) discretization. 

 

6 Discussion and conclusions 

We propose CURDIS a framework for discretizing arcs of regular curves (at least 𝐶1) that incrementally produces a list of 

pixels that completely cover the arc of the curve (according to our definition of discretization). Implementing CURDIS 

requires two elements: (1) a way to calculate the quadrant of the direction of the tangent to the curve at any point on the arc, 

and (2) a criterion to decide through which side the curve exits the crossed pixels. Calculating the quadrant of the tangent is 

straightforward for a whole range of interesting curves in practice, such as lines, conics, or cubics. However, analyzing how 

the curve traverses the pixels (and thus how it enters and exits them) is a more complex problem. This complexity increases 

as the class of curve arcs considered becomes broader. In this case, there is a greater chance of encountering a wide variety 

of possible curve behaviors. 

In this paper, we provide a criterion for determining the exit side of a pixel for conics, which constitute the general class 

of algebraic curves of degree 2. This criterion requires, for each pixel, testing the sign of a maximum of 3 quantities (the 

minimum being 1). In addition, the general algorithm requires comparing 2 quantities (the pixel row and column indices) 

to their limit values for each pixel. Furthermore, the variables needed to calculate these quantities to be tested are easily 

obtained incrementally based on their values at the previous pixel. Updating these variables requires only 4 additions, which 

allows the algorithm to be fast and ubiquitous. It may even be possible to consider an implementation in fixed-point or 

integer arithmetic if necessary. 

A difficulty of the algorithm lies in the need to know the points of the conic arc where the tangent is perfectly horizontal 

or vertical. Thus, there are between zero and four points to obtain. This is not very complicated, but it still requires 

calculating, at most, two square roots. If one wants to avoid this calculation, it is necessary to add one or more tests at each 

pixel to verify that the tangent has not changed quadrant. Therefore, there is an application tradeoff between the difficulty 

(and time) of calculating the two square roots and the additional cost of the quadrant change test. 

Complete pixel coverage is the definition we have chosen for discretization (the square-box approach). However, this is 

not necessarily the most used, at least for curve drawing. One may wonder about extending our methodology to the grid-

intersect discretization case, and at least two approaches can be considered. 

For example, instead of testing how the curve exits the pixel, one has to test how it crosses the vertical grid lines if the 

tangent is predominantly horizontal, and vice versa. The grid lines are those that pass through the centers of the pixels. In 
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this solution, it is likely that one will also have to detect the points of the curve where the orientation of the tangent changes 

octant. The arc will then need to be subdivided based on changes in octants rather than quadrants. 

Another way to proceed without calculating octant changes, is to apply our algorithm as is but skipping some pixels, for 

example if the absolute value of the error function F is small (less than a threshold to be defined). In this case, one can 

consider that the curve passes through the corner of the pixel and one then chooses the diagonal pixel as the next pixel. The 

same kind of approach can be applied by testing if the exit point of the curve is close to the corner of the pixel, in which case 

we move to the diagonal pixel. 

It is interesting to note that our method provides (at the cost of 4 additional additions per pixel) the error function and the 

tangent vector at the center of each pixel. This information is very useful, respectively, for anti-aliased drawing and image 

processing along a conic arc. 

Finally, in theory, we can obviously consider extending our algorithm in 𝑛 dimensions. In this case, it is a matter of 

finding the list of voxels (in 𝑛 dimensions) that completely cover a curve. The calculation of quadrant change points must 

be replaced by the calculation of points where one of the 𝑛 components of the tangent vector passes through 0. We will 

also need to find a criterion to decide through which of the 𝑛 faces (or hyper-faces) the curve exits the voxel! 
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Appendix A Conic splines and pencil of conics 

In many applications, arcs of conics are naturally described by their two endpoints A and B, the tangent lines a and b at 

these endpoints, and a third point on the arc between the two endpoints (see Figure 9). We can define the tangent lines at the 

endpoints by their direction vectors T⃗⃗ A  and T⃗⃗ B , or alternatively by their direction coefficients G⃗⃗  and H⃗⃗ , which are 

respectively orthogonal to T⃗⃗ A and T⃗⃗ B. If we denote P as the intersection point of tangents a and b, we see that the points 

A, P, and B are the 3 support points of a conic spline or a quadratic Bézier curve (arc of a parabola). 

Therefore, we choose to represent arcs of conics as conic splines, as described in [11], [13], [16]. In this framework, we 

construct a conic by ensuring that (1) it passes through two known points A and B (which also define the arc endpoints), 

and (2) the tangent to the conic at these points is orthogonal to two known vectors G⃗⃗  and H⃗⃗ . This representation is especially 

useful when we need to follow an arc of a conic in an image and compare the direction of the conic’s normal with the 

orientation (image gradients) of nearby image edgels. 

However, these 4 pieces of information (A, B, G⃗⃗ , and H⃗⃗ ) are not sufficient (5 parameters are necessary to define a conic), 

and there exists an infinity of conics satisfying these four conditions. This set or family of conics depends on 1 parameter; 

it is the pencil of bitangent conics passing through A and B orthogonally to G⃗⃗  and H⃗⃗ . In Figure 9, the bluish curves are 

examples of hyperbolas in the pencil, the greenish curves are examples of ellipses in the pencil, and the red curve is the 

(unique) parabola of the pencil. 

We describe different ways to specify a particular conic in the pencil in the next sections. 
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A.1 Scalar and cross products 

We use the following algebraic notations. The scalar product of two vectors 𝐏 and 𝐐 (representing the 2D Cartesian 

coordinates of some points P and Q), is denoted by 

 𝜆P
Q

= X𝑃X𝑄 + Y𝑃Y𝑄 ,  (15) 

and a kind of cross product reduced to one dimension by 

 𝜇P
Q

= X𝑃Y𝑄 − X𝑄Y𝑃 .  (16) 

Likewise, if 𝐏, 𝐐, 𝐑, and 𝐒 are the Cartesian coordinates of four points, then we note 𝐏𝐐 = 𝐐 − 𝐏 and 𝐑𝐒 = 𝐒 − 𝐑 

the free vectors joining respectively 𝐏 to 𝐐, and 𝐑 to 𝐒. We then define 

 
𝜆PQ
RS = X𝑃𝑄X𝑅𝑆 + Y𝑃𝑄Y𝑅𝑆 ,

𝜇PQ
RS = X𝑃𝑄Y𝑅𝑆 − X𝑅𝑆Y𝑃𝑄 .

 (17) 

 

A.2 The pencil equation and the △ 𝐏𝐀𝐁 triangle 

In this section, and the following, we extensively use the scalar and cross product notations (respectively lambda 𝜆 and mu 

𝜇) introduced in Section A.1. 

 

 

Figure 9  The image points 𝐀, 𝐁, and the associated direction coefficient vectors of the tangents 𝐆⃗⃗ , 𝐇⃗⃗ , may represents 

contour elements (edgels) in the image. Compatible conics belong to a pencil of bitangent conics. The conics are tangent to 

the lines 𝐚 and 𝐛. The line 𝐝 passing through the midpoint 𝐌 (of 𝐀, 𝐁) and the intersection point 𝐏 (of the tangents 𝐚, 

𝐛) is a diameter of all the conics in the pencil. 

 

We first describe the elements of Figure 9: 

• M is the midpoint of A and B, and K⃗⃗  is defined as the vector 
1

2
AB⃗⃗⃗⃗  ⃗. 

• 𝜇K
MX = X𝐾(Y − Y𝑀) − Y𝐾(X − X𝑀) = 0 is the equation of line k, joining the points A and B. 

• 𝜆G
AX = G⃗⃗ ⋅ AX⃗⃗⃗⃗  ⃗ = X𝐺(X − X𝐴) + Y𝐺(Y − Y𝐴) = 0 is the equation of the tangent a passing through the point A and 
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orthogonal to the direction G⃗⃗ . 

• 𝜆H
BX = H⃗⃗ ⋅ BX⃗⃗⃗⃗  ⃗ = X𝐻(X − X𝐵) + Y𝐻(Y − Y𝐵) = 0 is the equation of the tangent b passing through the point B and 

orthogonal to the direction H⃗⃗ . 

• P is the intersection point of the two tangents a and b. It is also the pole of the line k for all conics in the pencil. 

When 𝜇G
H = 0, the tangents are parallel, and the pole P is a point at infinity. 

• The vector D⃗⃗  is parallel to the line MP. When the tangents are not parallel (𝜇G
H ≠ 0), we have 𝐃 = 𝜇G

H𝐌𝐏. When 

𝜇G
H > 0, this vector D⃗⃗  is oriented in the same direction than the vector MP⃗⃗⃗⃗⃗⃗  and oriented in the inverse direction 

otherwise. 

The general form of the implicit algebraic equation of a conic is given by Equation (2). It is possible to obtain its 

coefficients in terms of the endpoint coordinates A and B and the tangent direction coefficients G⃗⃗  and H⃗⃗  by identifying it 

with the general equation of a conic in the pencil (see [10] for instance). Therefore, we have 

 𝑓(𝐗) = 2𝜆G
AX𝜆H

BX +
𝜅

𝜇K
D 𝜇K

MX2
= 0 ,  (18) 

where 𝜅 is a parameter that defines which conic of the pencil is effectively represented by the equation. It is one way to 

provide the missing piece of information that allows us to define completely one and only one specific conic of the pencil 

when A, B, G⃗⃗ , and H⃗⃗  are given. It is the parameter of this family of conics. We call it the index of the conic in the pencil. 

In the pencil, the conic is an ellipse when 𝜅 > 𝜇G
H2

, which tends to the double line k when 𝜅 → +∞. It is a parabola 

when 𝜅 = 𝜇G
H2

, and a hyperbola when 𝜅 < 𝜇G
H2

. The conic is the pair of tangents ab when 𝜅 = 0. 

 

A.3 Conditions on endpoints, tangents and traversing direction 

We first note that ellipses and parabolas divide the plane into two domains: one convex (inside the conic) and the other 

concave (outside the conic). Hyperbolas divide the plane into three domains: two convex (considered the interior of the 

conic) and one concave (outside the conic). Because the points A and B must define an arc, they are on the same branch of 

the conic, and the point M is always inside the conic (in a convex domain). 

In the following, we will use the abbreviation 𝜅′ = 𝜅/𝜇K
D, and the pencil equation becomes 𝑓(𝐗) = 2𝜆G

AX𝜆H
BX + 𝜅′𝜇K

MX2
=

0. For this equation to effectively represent a conic, certain hypotheses on the data A, B, G⃗⃗ , H⃗⃗ , and 𝜅 are necessary: 

1. We always assume that the endpoints A and B are distinct, and the normal direction G⃗⃗  and H⃗⃗  are not null; that is 

 A ≠ B  ,   G⃗⃗ ≠ 0⃗  ,      and     H⃗⃗ ≠ 0⃗   .  (19) 

2. In addition, it is not possible to build a pencil of conics from a pair of points when the point P is on the line k (the 

△ PAB triangle is flat). Therefore, we assume that the lines a and b are different. This implies that the point B 

(resp. A) do not belong to a (resp. b), and that the direction coefficients G⃗⃗  and H⃗⃗  are not orthogonal to k. In 

mathematical terms, 

 𝜆G
K ≠ 0     and     𝜆H

K ≠ 0 .  (20) 

3. Strictly negative values of 𝜅 correspond to hyperbolas whose branches are not on the same side of the tangents as 

the midpoint M. Therefore, there is no arc joining A to B on these conics, and, in the following, we always consider 

 𝜅 ≥ 0 .  (21) 
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4. We also consider that G⃗⃗  and H⃗⃗  are both directed either toward the interior or toward the exterior of the conic. If 

this is not the case, we simply change the sign of their components. For instance, in Figure 9, they are both oriented 

toward the interior of the conic. Mathematically, this is equivalent to imposing that 𝜆G
K and 𝜆H

K  do not have the 

same sign, and we should have 

 𝜇K
D = 2𝜆G

K𝜆H
K < 0 .  (22) 

5. Finally, we assume that we always traverse the arc of conics in the positive direction of rotation. If this is not the 

case, we simply swap the endpoints of the arc. Therefore, the curvature of the conic (its interior) is directed to the 

right when traveling along the curve from A to B. This direction of rotation is determined by sign(𝜇G
H). When 

Condition (22) is satisfied, the arc is oriented in the positive direction when 

 𝜇G
H > 0 .  (23) 

In addition, with our assumptions, the function 𝑓(𝐗) in Equation ((18)) is positive inside the conic. Indeed, the midpoint 

𝐌 is always inside the conic and we can verify that 

 𝑓(𝐌) = 2𝜆G
AM𝜆H

BM + 𝜅′𝜇K
MM2

= 2𝜆G
K(−𝜆H

K) = −𝜇K
D > 0 .  (24) 

 

A.4 Pixel corner equation 

We define an arc of conic with A, B, G⃗⃗ , H⃗⃗ , and 𝜅, and we assume that Conditions (19), (20), (21), (22), and (23) are 

satisfied. The pencil equation (18) is expressed in an arbitrary frame and corresponds to Equation (2). We translate the frame 

to point Z (and possibly reverse axes) with formulas X = X𝑍 + 𝑠𝑥𝑥 and Y = Y𝑍 + 𝑠𝑦𝑦 (see Equation (4)). By identification 

with Equation (5) (𝐹 + 𝐷𝑥 + 𝐸𝑦 + 𝐴𝑥2 + 𝐵𝑥𝑦 + 𝐶𝑦2 = 0), we obtain the coefficients 

 

𝐴 = 2X𝐺X𝐻 + 𝜅′Y𝐾
2  ,

𝐵 = 2𝑠𝑥𝑠𝑦(X𝐻Y𝐺 + X𝐺Y𝐻 − 𝜅′X𝐾Y𝐾),

𝐶 = 2Y𝐺Y𝐻 + 𝜅′X𝐾
2 ,

𝐷(𝐙) = 2𝑠𝑥(𝜆H
BZX𝐺 + 𝜆G

AZX𝐻 − 𝜅′𝜇K
MZY𝐾)  ,

𝐸(𝐙) = 2𝑠𝑦(𝜆H
BZY𝐺 + 𝜆G

AZY𝐻 + 𝜅′𝜇K
MZX𝐾)  ,

𝐹(𝐙) = 2𝜆G
AZ𝜆H

BZ + 𝜅′𝜇K
MZ2

  .

 (25) 

 

A.5 Third point of an arc of conic in the pencil 

However, choosing a value for the index 𝜅 is not always straightforward in practice. Therefore, we instead use an equivalent 

parameter: the abscissa 𝜉𝐸 of the intersection point of the conic with the line MP. This line is always the diameter of the 

conic, whose direction is conjugate to that of the secant k (line AB). E is the intersection point of this diameter with the 

traveled arc of conic AEB. The tangent at this point E is parallel to the secant k, and it is also the point on the arc farthest 

from the line k. 

We express the abscissa 𝜉𝐸 by taking M as the origin and MP⃗⃗⃗⃗⃗⃗  as the positive direction, if P is not at infinity (otherwise, 

the direction of the abscissas is arbitrarily chosen). In practice, this abscissa can be expressed in pixel units, or as a pixel 

distance from the secant, or by taking the length of segment MP as the unit. 

First, let us consider that E is located inside the △ PAB triangle. When E is at the midpoint between M and P, the conic 

is a parabola. When it is closer to M, the conic is an ellipse, and when it is closer to P, the conic is a hyperbola. When E is 
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exactly at M, the conic is the double line k, and when it is at P, the conic is the pair of lines ab. If the point E is outside 

the segment MP on the M side, the conic arc is necessarily an arc of ellipse, and it is also the larger of the two arcs 

connecting A and B on this ellipse. The point E may not lie outside the segment MP on the P side because in that case, 

we would not be able to construct an arc AEB. 

Thus, the choice of abscissa 𝜉𝐸 instead of index 𝜅 to specify the conic in the pencil also allows determining, in the case 

of ellipses, which of the two possible arcs is of interest. Indeed, index 𝜅 is not sufficient for this purpose. It would then be 

necessary to add another piece of information or to impose traveling along the arc necessarily in the positive direction and 

ask the user to provide points A and B in the appropriate order to process the chosen arc.  


