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Abstract Atto pulses allow controlling the charge migration and the spatio-
temporal beating of the electronic density on a purely electronic time scale by
tailoring the parameters of the pump pulse to excite specific electronic coherences.
As the nuclei begin to move, the electronic and nuclear motions are entangled
and the engineered electronic coherences can be usefully exploited for steering
the vibronic density to specific products through the network of non adiabatic
interactions. Three recent examples for which we demonstrate such a control by
fully quantum dynamical computations are discussed. Two diatomic molecules,
LiH and Nj excited by a 2 fs deep UV pulse and the ultrafast structural Jahn-
Teller rearrangement in CH,+. The entanglement between electronic and nuclear
degrees of freedom arises from the optical excitation and from non adiabatic
coupling induced by the nuclear motion. We provide insight of the coherence control
mechanism by analyzing the time evolution of the entanglement using a singular
valued decomposition (SVD) of the matricized wave function.
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1 Introduction

Recently, short optical atto (as) and few femtosecond (fs) pulses have provided new
insights into ultrafast dynamics and charge migration in molecular systems and in
solids [1-10].

The novel feature brought by such short pulses is that they lead to an initial
state that is a superposition of the different electronic states that fall within the
broad pulse energy bandwidth. By tuning the pulse parameters, one can engineer
electronic coherences between selected electronic states and control the charge
migration and the spatio-temporal beating of the electronic density on a purely
electronic time scale [11-13]. As the nuclei begin to move, the electronic and
nuclear motions become entangled and the engineered electronic coherences can
be usefully exploited for steering the vibronic density through the network of non
adiabatic interactions to specific products [14—16].

Entanglement arises when the wave function of two subsystems cannot be
written as a single product of separable terms depending each of the coordinates
of one of them [17, 18]. It is an important property of multipartite systems that
plays an essential role in quantum information and quantum communication [19].
Entanglement also plays an important role in quantum dynamics. Non adiabatic
interactions between electronic states driven by nuclear motion and the breakdown
of the Born and Oppenheimer approximation have been long recognized as a source
of electron-nuclei correlation leading to the entanglement of the vibronic wave
function [20-25]. One can entangle vibrational modes in a polyatomic molecule,
[26] or scattering channels in chemical reactions [27, 28]. Attopulse pump probe
schemes were used recently to probe the entanglement between the cation and the
leaving photoelectron, in the molecular ion H,™ [29, 30] and in atoms [31].

Here, we focus on the entanglement of electrons and nuclei brought by exciting
molecules to a superposition of several electronic states with short optical pulses and
on the special role of the entanglement for the control of the ensuing non adiabatic
quantum dynamics leading to the products [32, 33]. We analyze the time evolution of
the entanglement between nuclear and electronic degrees of freedom using singular
value decomposition (SVD) of the wave function rewritten as a matrix and known
as matricizing [34]. Three cases are investigated: the quantum dynamics on coupled
electronic states of two diatomic molecules, LiH and N», photoexcited by short UV
2 fs pulses and the multi-dimensional quantum dynamics of the Jahn Teller ultrafast
structural rearrangement of the molecular cation CH4 ™ upon strong field ionization
of the neutral [35].
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2 Quantification of the Time Evolution of Electron-Nuclei
Entanglement in Molecules

The entanglement of the wave function of a multipartite system can be quantified
using its Schmidt rank [17, 18]. The Schmidt rank is the minimum number of
separable product terms necessary to describe the wave function. When the wave
function can be described as a single product of separable terms, the system is not
entangled and its Schmidt rank is equal to 1. When more than one term is necessary,
the wave function is entangled and its Schmidt rank is larger than 1.

2.1 Quantum Vibronic Dynamics in Coupled Electronic States

In the quantum dynamical simulations reported below, we expand the wave function
in a double sum of products of a nuclear wave function and an electronic state. The
basis of nuclear wave functions is taken to be a set of N, door functions localized at
equally spaced grid points, |g,), along the nuclear coordinate. The electronic wave
function is described in the basis of a band of N, adiabatic states, |e;). At the end
of the broad in energy exciting pulse, the wave function is a superposition separable
products, |g,)|e;i), the Born Huang expansion

Ng Ne

(WD) =YY cailt) Iga) lei) (1)

n=1i=1

The complex coefficients, c,;(f), are obtained by solving the time-dependent
Schrddinger equation:

T = H(r) 2
1 d[c = C

where ¢ is the vector of the Ng.N, coefficients c,;(¢). H() is the matrix of the
molecular Hamiltonian in the separable basis {|g,)|e;)}:

1 1
Hm',mj @) = _ETni,ijij + Vni,njsnmaij - E(t)llni,mj(snm - (leni,mjsmﬂ'pmi,nj)
(3)

where n,m are the index of the grid points and i,j the index of the electronic states.
The first two terms on the rhs are the kinetic and potential energies of the nuclei. The
interaction with the time-dependent electric field of the short pulse is described in
the dipole approximation (third term). E(7) is the time profile of the electric field
defined from the derivative of the vector potential confined in a short Gaussian
envelope:



86 M. Blavier et al.

7 25
a b
6
20
£35 =
>
2 =
> 4 - 15
&5 Z B3
5 —
= 13 o
&8 - 5 10
2
| GS i
0 0
0 5 10 15 20 I 15 2 . 25 1.5
R(A) R(A)

Fig. 1 (a) Potential energy curves of the 7 lowest X adiabatic states of the LiH molecule included
in the computations [36]. (b) Potential energy curves of the 4 lowest electronic adiabatic states of
Nj included in the computation [37]. The Franck-Condon (FC) region is indicated in shaded blue
and the energy band width, AE, of the short pulse in shaded yellow
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The last term in Eq. (3) describes the non adiabatic interactions driven by the nuclear
motion. The last two term terms in Eq. (3) are the source of entanglement between
electrons and nuclei as the dynamics unfolds. The excitation by the short pulse
inherently entangles electron and nuclei because it promotes the ground vibrational
state of the ground electronic state (GS) to a superposition of several excited
electronic states (Fig.1).

As we show below, as long as all the wave packets on each excited electronic state
remain localized in the Franck-Condon (FC) region, the wave function (Eq. (1)) is
separable and the Schmidt rank is equal to 1. When the nuclei begin to move, the
wave packets on each electronic state experience a different gradient which leads
to the entanglement of the wave function, even in the absence of non adiabatic
coupling.

2.2 S Schmidt Rank and Compaction by Singular Value
Decomposition of the Matricized Wave Function

To analyze the time evolution of the entanglement, at each time step, we matricize
the Ng.N, amplitude vector, ¢(t), into Ny X N, rectangular matrix C(#), followed by
a Singular Value Decomposition (SVD) [32, 33]. Since typicallyN, > N,, the matrix
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C(?) has at most N, singular values [38] and the matrix C(#) can be written as a sum
of at most N, separable terms:

Ne
Ct) =Y om(®) lum) ().

vl ) ) )

The wave function will therefore have a maximum Schmidt rank equal to N,.

In Eq. (5), |um(t))are the N, left eigenvectors of the matrix C(7), |v;,(¢)) are its
right eigenvectors and o ,,(¢) are the singular values. The singular values are real
and the singular vectors are complex. The vectors |u,,(7)) are the nuclear singular
vectors, they have components on the grid basis function only. The vectors |v,, (1))
are the electronic singular vectors. They have components on the electronic states
only.

Ng

m (£)) =Y ttam (t) |gn) 6)
n=1
Ne
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Using Egs. (6) and (7), the Born-Huang amplitudes of Eq. (1) are a sum of N,
separable terms:

Ne
Cni (1) = D O (Ot (1)}, (1) ®)

m=1
From Egq. (8), one sees that the normalization of the wave function is given by:

Ne

Trip@] =) o) =1 ©)

m=1

The exact expression given by Eq.(5) already provides a significant compaction of
the wave function in at most N, terms compared to the N, . Nyterms of the Born-
Hunag expansion Eq. (1):

Ne
W) =Y o) ) (). 0]} ) (10)
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A further compaction can be obtained by ordering the singular values o,,(f) by
decreasing values and retaining the Npj, terms that provide an approximation of
the wave function up to a certain threshold (for example of the normalization):

Nmin

W) =D o lu) ©). [0}, ) (), Nin < Ne an

WhenNyi, is smaller thanN,, Tr[p(f)] < 1. How well the value of Tr[p(¢)]
approaches unity can be used for estimating Npjp.

3 Dynamical Evolution of the Entanglement
and of the Singular Components

We begin by comparing the time evolution of the Schmidt rank and of the
entanglement in two diatomics: LiH and N», excited by short & 2 fs UV pulses.
We show in Fig.2 the dynamics of the populations in the electronic states of
the LiH molecule computed by solving the time-dependent Schrodinger equation
for the Hamiltonian given by Eq. (3) for 7 coupled X electronic states, see Ref.
[36] for curves of the transition dipoles and NAC couplings. The vibrational ground
state (GS) is excited with a short UV pulse polarized towards the H atom along
the molecular axis, so as to selectively access the X, X4 states. The pulse has
a carrier frequency of 5.5 eV and a Gaussian envelope with a Full Width at
Half Maximum (FWHM) of 2 fs which corresponds to an energy bandwidth of

Population

40 60 80 100
time(fs) time(fs)

Fig. 2 (a) Dynamics of the populations of the adiabatic states in the LiH molecule, full lines
NACon and dashed lines NACoff. The dynamics of the two computations is nearly identfical during
the pulse. (b) singular values,o ,,(f), computed by SVD after matricization of the wave function at
each time step. Full lines NACon, dashed lines NACoff
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1.84 eV. Two computations are carried out, one that includes the NAC term in the
Hamiltonian (NACon, full lines) and one that does not (NACoff, dashed lines). The
two computations differ significantly by the amount of population in the X3 state,
which is not significantly populated in the NACoff computation and is populated
transiently in the NACon ones. In the NACoff computations, the populations in the
electronic states are stationary after the pulse. By comparing the two curves, one
see that towards the end of the pulse, non adiabatic interactions bring population
to X3 which is much less optically active than ¥, and X4 for a polarization of the
pulse towards the H atom. Already during and right after the pulse, there is extensive
population exchange between these three states induced by NAC. After 50 fs, the
populations are almost stationary as the wave packets proceed to dissociation on
these three electronic states.

The time evolution of the singular values, ¢ ,,(f), obtained by SVD after the
matricization of the wave function at each time step, are plotted in Fig. 2b for the
two computations. During the first half of the pulse, the wave function remains
separable and is described by a single term for both computations. The onset of
nuclear motion is accompanied by the rise of a second component, that describes
the exit of the wave packets of the FC region. In the NACoff computations, the time
evolution of the entanglement is solely controlled by the superposition of electronic
states built by the short pulse and the gradient differences between the electronic
states accessed at the excitation step. As long the gradients on each potential curve
remain similar, a second principal component suffices for describing the dynamics.
In the NACon one, the second and third components rise earlier, as amplitude is
transferred to the X3 state by the NAC at the exit of the FC region. In LiH, we
therefore observe an increase of the Schmidt rank (and of entanglement) as the
nuclear motion sets in, at the exit of the FC region, in the first 50 fs of the dynamics.
The increase is driven by the differences in the gradients of the potential curves of
the states excited by the pulse and by the non adiabatic interactions, and primarily
affects the o,(), 03(f) and o4(f) singular values plotted in Fig. 2b. On the other
hand, in the NACoff computation, the increase is only driven by the difference of
the gradient of the poettnial energy cures of these three states, with the result that
in the first 50 fs of the dynamics, the increase of the entanglement is slower in the
NACoff computation. Asymptotically, there is essentially no difference in the degree
of entanglement between the NACon and the NACoff computation since the NAC
is very small asymptotically.

Further insights are given by analyzing the components of the nuclear and
electronic singular vectors on the grid and on the adiabatic electronic states
respectively. Heatmaps of the components of the first four nuclear singular vectors
are plotted in Fig. 3 for the NACon and the NACoff computations. The components
of the electronic singular vectors are plotted in Fig. 4. The first nuclear singular
vector is localized in the FC region (Fig. 3a). It corresponds to the largest singular
value since 67% of the population remains in the GS after the pulse. Accordingly,
the electronic singular vector is localized on the GS except during the first half of the
pulse, when all the wave packets on the excited electronic states are still localized
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Fig. 3 Heatmaps of the localization of the first four nuclear singular vectors for the NACon
computation (left) and the NACoff computation (middle). The weights at each grid point are
multiplied by the principal values 6,%! (t). The difference between the unweighted nuclear singular
vectors is shown in the right column to illustrate the role of the non adiabatic interactions
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Fig. 4 Weights of the electronic singular vectors of the four largest principal components on the
adiabatic electronic states. Full lines: NACon, dashes: NACoff. The weights |v;,|? are multiplied
by the principal values 6,%! (t). Note the decrease by a more than an order of magnitude for m = 4,
that localises on X3 at long times in the NACon computation

in the FC region (Fig. 4a). Then, the electronic singular vector is also localized
on the two most active electronic states, ¥4 and ¥,. The second principal value,
o2(t), begins to rise in the second half of the pulse (Fig. 2b). Right after the pulse,
the second electronic singular vector, v,, has weights on several adiabatic states
both in the NACon and in the NACoff computations. The effect of the ¥4 — X3
and ¥, — ¥3 non adiabatic interactions is clearly seen in the weights of the three
electronic singular vectors, v, v3, v4 on the adiabatic electronic states, Fig. 4b, c,
d respectively. In the NACon computation, v», v3, v4 have a significant component
on X3 which is much smaller in the NACoff one. After the NAC region, beyond
50 fs, the second electronic singular vector, v, localizes on ¥4 and the third one,
v3, on ;. In the NACon computation, at long times the fourth electronic singular
vector, v4, localizes on X3 (not shown) while its localizes on X5 in the NACoff
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one. As discussed above, below 50 fs, the nuclear vectors are localized on several
electronic states coupled by the NAC interactions while at longer times, they reflect
the gradient of the potential energy curve on which the singular component is
localized. This is clearly seen in the last column of Fig. 3 where we show the
difference between the nuclear singular vectors computed for the NACon (first
column) and the NACoff (second column).

In the case of the N, molecule, the short UV pulse has an excitation wavelength
of 13.6 eV and a duration o of 1.32 fs (FWHM of 1.18 eV) so as to selectively
excite the two lowest X, states (the lowest Rydberg state and the valence state,
see Fig. 1b) below their dissociation asymptote. Unlike in LiH, the motion of the
excited wave packet is bound and the lowest Rydberg state and the valence state are
strongly coupled by NAC at the exit of the FC region. The population dynamics is
plotted in Fig. 5a. The pulse builds a superposition of the lowest Rydberg state and
the valence state. Right at the exit of the FC region, almost all the population of
the Rydberg state is transferred to the shallow valence state. The Rydberg state is
periodically repopulated each time the valence wave packet revisits the NAC region
and comes back to the FC region, every 40 fs. Compared to the LiH case discussed
above, this periodic evolution of the population in the two states leads to a rather
different time evolution of the entanglement and of the Schmidt rank. The time
evolution of the singular values a,%, (#) is plotted in Fig.5b. Because of the strong
non adiabatic interactions and of the very different gradients of the potential of the
Rydberg and the shallow valence state, three singular values are needed to describe
the wave function at all times. Their time evolution is non monotonic and reflects
the periodic motion of the wave packet on the valence state. Each time the wave

1
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Fig. 5 (a) Dynamics of the populations in N, excited to the lowest Rydberg and valence states
by a 2 fs UV pulse. (b) singular values, o,,(¢), computed by SVD after matricization of the wave
function at each time step
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Fig. 6 Heatmaps of the nuclear singular vectors of the three largest principal components in Np
(panels a, c, d). Corresponding composition of the electronic singular vectors on the adiabatic
electronic states (panels b, d, f). The weights of the singular vectors are multiplied by a,fl (1)

packet on the valence state revisits the FC region there is a non monotonic variation
of the o1(f), o2(t) and o3(¢) singular values: o ((f) and o3(f) increase and o,(f)
decreases. This non monotonic change is due to the fact that a larger fraction of
the wave packet is localized in the FC region and therefore can be described by the
first and third singular component. Indeed, the nuclear singular vector, U1, of the
largest principal component is localized in the FC region as in LiH, Fig. 6a. But
unlike in LiH, the first electronic singular vector, v, has components on the valence
and Rydberg states each time the wave packet revisits the NAC region (Fig. 6b).
This periodic motion is reflected in the value of the largest singular value which
rises when the wave packet passes through the NAC region (Fig. 5b). The second
electronic singular vector, v, is mainly localized on the valence state except in the
NAC region where it has components on the Rydberg state (Fig. 6d). Accordingly,
the localization on the second nuclear singular vector, U2, extends in at large R
values which correspond to the shallow potential of the valence state (Fig. 6¢). The
third principal component is localized on the Rydberg state and has a very low
weight except in the NAC region where its nuclear and electronic singular vectors
acquire a weight on the valence state (Fig. 6e, f).

In both LiH and N; (Fig.2b and Fig.4b respectively), one can see that in the
regions of non adiabatic interaction, the singular values go through an avoided
crossing as a function of time.
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4 Extending to More than One Nuclear Degree of Freedom:
Ultrafats Dynamics of the Jahn-Teller Effect in the
Methane Cation

Upon sudden ionization of the neutral, the methane cation undergoes an ultrafast
structural rearrangement triggered by the Jahn-Teller effect. This ultrafast vibronic
dynamics has been probed by attosecond High Harmonic Spectroscopy (HHS) by
Marangos et al. [39, 40] who reported a strong isotope effect, larger than what is
expected classically from the ratio of the reduced masses. Dynamical computations
provided insights on the role of the non-adiabatic interactions between the three
electronic states of the cation, Do, D; and D3 involved [35, 41-44]. We have shown
[35, 44] using fully quantum dynamics on three coupled electronic states (Do, D1,
D») and two nuclear coordinates (qi, q2) that electronic coherences involving the
D, state are instrumental to yield the unusually strong isotope, whether the sudden
ionization results from photoionization by a XUV pulse [44] or from strong field
ionization as in HHS [35].

We report here on preliminary results analyzing the time evolution of the
entanglement between electron and nuclear in the ultrafast dynamics of the methane
cation driven by strong field ionization (SFI) of the neutral. Details of the computa-
tions can be found in Ref. [35]. A sketch of the 2-dimensional potential of the three
states is plotted in Fig. 7a. For two nuclear coordinates and three electronic states,
there are N. Ny1. N ~ 80,000 separable product terms (|g41)|g42)e;) in the Born
Huang expansion of the wave function (Eq. (1)). Since we have three subsystems,
we recast the vector of the amplitudes into a 3-dimensional tensor C which we
decomposed by High Order SVD [45].

Ngl1 Ng2 Ne

Citi =Y DY orstUjs Wiy Vi (12)

s=1 t=1 r=1

where the indices j and k correspond to the grid points along g1 and g2 respectively
and 7 is the index of the three electronic states. o . are the (complex) values of the
core tensor of the HOSV Decomposition [45]. Ujs and Wy, are the nuclear singular
vectors along the gl and g2 coordinate respectively and V;, the electronic singular
vector. We show in Fig7b the dynamics of the populations in the three states of
the cation Do, D1 and D3, induced by sudden ionization with a strong IR field (2
10'* W/cm?2), as described in Ref. [35]. Compared to LiH and N, we obtain a
massive compaction of the wave function when applying SVD to the wave function
written as a tensor. The number of terms in Eq. (12) needed to recover 99% of the
trace of the density matrix, Tr[p(?)], is plotted in Fig. 7c. From 10 fs on, ~2000
terms suffice, compared to 80,000 separable terms in the Born-Huang expansion.
The degree of compaction is even larger at short times, in the first few fs. The
localization of the wave function at each grid point (g1, ¢g2) on the three electronic
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Fig. 7 (a) A schematic view of the 2 dimensional potentials of the three electronic states of the
cation that are reached by string field ionization [35] (b) the time evolution of the populations on
the three electronic states of the cation resulting from a sudden ionization process with a strong
field of 2 10 4 W/cm?. (c¢) The number of singular terms in the HOSVD expansion needed to
recover 99% of the trace of the density matrix for the first 50 fs of the dynamics. The inset shows
the values of the elements of the core tensor for the first two fs

states is plotted in the top row of Fig. 8 at 0.85 fs. In the bottom row, we show the
recovered localization on the grid obtained from the 193 separable terms necessary
for accounting for 99% of the trace. One can see that the main patterns of the
localization of the wave function on the three electronic states are well captured.
The same is true at 1.7 fs (Fig. 9) for which 366 terms are needed. Work is in
progress on the physical interpretation of the most important separable terms and
on the analysis of the entanglement.

5 Conclusion

The matricization of the wave function vector followed by SVD provides an efficient
way to follow the time evolution of the Schmidt rank of the wave function and of
the entanglement between electronic and nuclei as a function of time. The SVD
decomposition leads to a significant compaction of the matricized wave function in
terms of a minimum number of separable products of an electronic and nuclear
singular vector weighted by singular values arranged in decreasing order. This
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Fig. 8 Top row: Localization of the wave function on the (¢/, ¢2) grid for the three electronic
states Dg(a), D(b) and Dy(c) at 0.85 fs, computed by solving the time-dependent Schrodinger
equation. Bottom. Recovered localization using 193 separable terms in the HOSVD expansion for
Do(d), Di(e) and Dx(f)

minimum number of terms corresponds to the Schmidt rank and is significantly
smaller than the number of terms of the Born-Huang expansion. The weights of
the nuclear and electronic singular vectors on the nuclear and electronic basis sets
provide further insights on the physical meaning of the singular components. This
analysis can be extended to several nuclear degrees of freedom by HOSVD.

We show that exciting molecules by ultrashort atto and few fs pulses inherently
entangles the vibronic wave function because the initial state is a superposition
of the several electronic states that fall within the broad energy bandwidth of
the pulse. This is unlike excitation with longer pulses where a single electronic
state is populated. The entanglement is driven by the nuclear motion. The main
contribution to entanglement is the difference in the gradient of the potentials of the
different electronic states accessed by the optical pulse. It is therefore possible to
control the initial degree of entanglement by exciting specific electronic states using
the parameters of the pulse: Its bandwidth, its polarization, its carrier frequency
and the carrier-envelope phase for few cycle pulses. The initial entanglement that
is controlled by the pulse parameters is further modulated by the non adiabatic
interactions which are also driven by nuclear motion. As shown in the case of LiH,
these can bring electronic states that were not optically excited in the vibronic wave
packet, leading to an increase of the initial entanglement.
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Fig. 9 Top row: Localization of the wave function on the (¢!, g2) grid for the three electronic
states Dg(a), D(b) and Dy(c) at 1.7 fs, computed by solving the time-dependent Schrodinger
equation as described in Ref. [35] Bottom. Recovered localization using 366 separable terms in
the HOSVD expansion for Dy(d), D (e) and D»(f)

The compaction of the wave function as a sum of a small number of separable
terms opens the way for efficient propagation schemes for the singular states, in
connection with recent work based on product matrix states [46—48].
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