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Abstract This paper presents an arbitrary Lagrangian-Eulerian (ALE) formulation for a qua-
sistatic cable finite element. The objective is to propose a theoretical framework for the derivation
of the ALE equilibrium equations of the cable starting from a continuous formulation and the
principle of virtual work. The model aims to be simple, as only axial strains are considered. The
advantages of using an ALE formulation are also shown through several numerical examples. In
the case of a distributed loading, the ALE setting yields an energy-optimal mesh. In some cases,
the problem can be nonconvex and a regularization of the equations is proposed to ensure the
convergence of the Newton solver to one of the solutions. A cable-pulley system is also investi-
gated without and with friction. In the latter case, the results are validated with an analytical
formula for the evolution of the tension force in the cable. Finally, a multibody model of a soft
finger is proposed in which the coupling of a system of rigid bodies with the cable model is
enforced through kinematic constraints.

Keywords Arbitrary Lagrangian-Eulerian formulation - multibody systems - cable - cable-
pulley systems - finite element method

1 Introduction

Cables are part of many engineering applications, such as suspended bridges or power lines. For
this reason, cable modeling has been investigated for more than a century. In these two examples,
due to the sag and length of the cables, vibrations need to be considered. In this context, one of
the first investigations on the dynamics of cable was made by Rohrs [39], who determined the
resonance frequencies for an inextensible cable. More than a century later, Irvine and Caughey
[211122] unified all the previous developments made on cables with experimental validation. Wu
et al. [44] then extended Irvine’s theory to account for the presence of hybrid vibration modes
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(modes that are neither symmetric nor antisymmetric). All these authors considered a linear
response of the cable. Nonetheless, nonlinear formulations have also been proposed, notably with
the work of Hagedorn and Schéfer [I5], who coupled Ritz-Galerkin and perturbation methods.
Rega can be cited for his work on the comparison between several cable models [36] and a cable-
oriented review [37]. Lacarbonara and Pacitti [25], along with Arena et al. [I] then studied a
collection of important modeling aspects of cables with a specific attention paid to the bending
stiffness, the torsional stiffness, and the noncompressibility of the cable. Research on the topic is
still going on to this day [3].

Nevertheless, cables are not only structures attached at both ends to withstand a traction
force. They can move, slide and even make contact and interact with other components of a
multibody system. It is namely the case in reeving systems, deployable space structures or even
in soft robotics. In such contexts, particularly when the system is operating in steady-state or
at slow speed, vibrations are no longer the main concern, and elastic bar or elastic beam models
can be used in a quasistatic setting.

A popular way of dealing with slender structures in multibody systems is to follow a nonlinear
finite element method (FEM). However, in applications where the cable enters contact with a
mechanical component, for instance in reeving systems where the cable is in contact with pulleys,
there is a need for a fine discretization of the cable to accurately describe the frictional contact
interactions. Nevertheless, it should be noted that this fine discretization is only needed in some
key regions, i.e., along the pulley in this case. Unfortunately, because the cable is moving along
the pulley with time, it is often necessary to work with smaller elements than needed along
the whole cable length. In order to circumvent this difficulty, a popular option is to use an
arbitrary Lagrangian-Eulerian (ALE) formulation. ALE formulations are widely used in fluid
mechanics, see for instance [7], for example in fluid-structure problems, where the flow can be
analyzed using an Eulerian viewpoint, whereas the structure deformation is analyzed using a
Lagrangian viewpoint [24]. In the cable-pulley system, this approach permits one to fix the mesh
to nonmaterial points of the cable, e.g., along a pulley span, and to account for a flow of material
through each element of the mesh. The aim of this paper is to develop a quasistatic ALE cable
formulation for the numerical simulation of such multibody systems.

For mechanical systems, the ALE equations can be derived starting from a continuous formu-
lation, either by writing the balance of mass and momentum on a nonmaterial control volume [20]
or by using variational principles, as proposed in [34]. In such frameworks, the nodes of the fi-
nite element mesh can have Lagrangian and Eulerian motions simultaneously. In [2123], an ALE
formulation based on a continuous variational framework is proposed in which the integrals are
written on a referential domain. The authors highlight the fact that both the numerical solution
and the mesh configuration then achieve a minimum of the potential energy. In other words, an
optimal mesh is obtained with respect to the applied loading. In [29|45], a similar formulation
named the “r-adaptive finite element method” is presented. In this case, the method leads to an
optimal mesh and is also applied in fracture mechanics where the mesh adaptation permits one to
follows the crack propagation. Another early and fundamental contribution to ALE formulations
in fracture mechanics can be found in [27]. The possible redundancy and singularities of the ALE
equations are investigated in [2L29], and specific regularization procedures are proposed to tackle
this problem.

Several authors particularize the continuous approach to 1D structures, such as beams [32}[35].
In [40], several approaches to model sliding beams, i.e., beams that undergo a large translational
motion with a superimposed flexible deformation, were compared. A formulation based on a
variational principle was developed in [19] for the modeling of sliding beams in which the integrals
are written on a referential domain. The large vibrations of axially moving beams or strings
were treated using an ALE approach in [4I]. A mathematical model for dry friction in a cable-
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pulley system is proposed in [31] using an Eulerian description. In [I3], an Eulerian description
is adopted to investigate a complex belt-pulley system. In [I6], an ALE formulation for sliding
beams is developed with a special emphasis on the configurational forces arising from the material
flow. In this case, the equations were obtained using Reynold’s transport theorem. This model
was then used for the modeling of flexible multibody systems in [I7]. In all these papers on ALE
methods for 1D structures, no mention is made about the need for a regularization procedure to
fix redundancy and singularity issues.

Another approach to derive the ALE equations for multibody systems is to start from the
discretized form of the equations of motion and distinguish nodes with a purely Lagrangian
description and nodes with a purely Eulerian description, thereby requiring specific ALE element
formulations. This distinction eliminates the redundancy and singularity problems and thus the
need for a regularization, but restricts the simulation to systems where no mesh optimality is
sought. In [I8], an ALE-ANCF element is developed for the modeling of a sliding joint. In [§],
another ALE-ANCF approach for a beam element is developed to model reeving systems. In [9],
similar reeving systems are studied using ALE elements based on a modal description of the
deformation. In [33], an ALE element is developed to represent the part of the cable in contact
with the pulley. Deployable space structures such as antennas are investigated in [I1] using an
ALE approach to model the cable-pulley-actuated system. An ALE cable-like model is developed
in [I4] for the modeling of muscle-tendon units in musculoskeletal systems.

In this paper, we propose to adapt the framework developed in [23] to model cables as uni-
dimensional elements with a uniform distribution of axial strains in the cross section. Another
contribution is to enable the simulation of multibody systems by the introduction of constraints.
The formulation starts from a continuous form in which the integrals are written on the ref-
erential domain, inducing a consistent description of the problem in terms of the quasistatic
spatial and material equilibria. As in [2], optimal meshes can be obtained, which offers interest-
ing perspectives in multibody applications. In this quasistatic formulation, the redundancy and
singularity problems are inherent to the ALE equations. To counteract this problem, a regular-
ization technique, different from the one proposed in [2] or in [29], is presented. The optimal-mesh
behavior, the possibility to model multibody systems with constraints and the effectiveness of
the regularization will be studied through diversified examples.

The rest of the paper is organized as follows. In Section [2] the general ALE framework
is first proposed along with the definition of the different quantities and domains of interest.
After introducing kinematic assumptions, the continuous ALE equilibrium equations are derived
for the proposed cable element. In Section [3] the discretization of the equilibrium equations
is performed and the constraint vector is introduced in order to generalize the formulation to
multibody systems. Due to the redundant nature of the quasistatic formulation, a regularization
of the problem is also proposed. In Section [4] numerical examples are exposed, such as a cable-
pulley system, a cable-actuated soft finger and a simpler demonstrative example. In Section
a brief discussion is conducted. Finally, in Section [6 conclusions are drawn and perspectives are
considered.

2 Continuous ALE formulation
2.1 General ALE concept in 3D
The motion of particles is usually observed based on either a Lagrangian description or an

Eulerian description. For any three-dimensional structure, one can define the material domain,
denoted By, and the spatial domain, denoted B;. In a purely Lagrangian description, a mapping
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FiGa. 1 — The referential domain enables us to decompose the total motion into a material and a
spatial contribution. The three domains are interconnected by mappings, deformation gradients
and Jacobians.

from the material domain to the spatial domain can be defined. This mapping tracks an arbitrary
material particle on the structure with material coordinates s € R? to its spatial location x € R?
and is written as x = ¢(s,t). In a purely Eulerian description, the inverse mapping is involved,
which tracks the flow of material through fixed spatial locations and can in turn be written as
s = ®(x,t).

In an ALE approach, the motion is analyzed with both descriptions simultaneously, so that the
total motion can be decomposed into a Lagrangian contribution and an Eulerian contribution. In
order to make this decomposition, a third domain, called the referential domain and denoted B, is
defined. In general, the referential domain does not correspond to the material nor to the spatial
domain. The equations of motion are expressed in this domain and represent the contributions of
the Lagrangian part of the motion, which will be called the spatial motion, and the Eulerian part
of the motion, which will be called the material motion. The purpose of this referential domain
is thus to obtain two sets of equations to analyze the two distinct contributions to the motion
separately.

The material motion is represented by a mapping from the referential domain to the material
domain

= 3(&.t) (1)

The associated tangent map must be understood as a deformation gradient and is defined as

= §d /O€, with the corresponding Jacobian j = detf. The inverse map from the material
domaln to the referential domain, the associated deformation gradient and Jacobian can be
trivially expressed as @ = ®~ 1, F = 0/0s = f ! and J = det F = j~1. On the other hand, the
mapping from the referential domam to the spatial domain, i.e., the spatial motion, is expressed
as

= 8_0(5, t) (2)

The associated tangent map must also be understood as a deformation gradient and is defined
as F = 0¢p/0€, with the corresponding Jacobian J = det F. The inverse map from the spatial
domain to the referential domain, the associated deformation gradient and Jacobian can again
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F1G. 2 — Cable model before and after deformation.

be trivially expressed as ® = @1, f = 8@/3){ =F 'andj=detf=J""L Figuregraphically
shows the connections between the different mappings, deformation gradients and Jacobians
defined above. It can also be noted that the direct link between the material and the spatial

domain is obtained through the composition of the mappings and tangent mappings previously
defined:

p=pod ' = (3)
@:i’o¢_l = ! (4)
F=FF=f'=ff (5)
J=JJ=j"=jj (6)

In a continuous context, & € R3 can be understood as the set of points of interest of the
structure. A more tangible meaning of this variable can be appreciated when thinking about a
discretized formulation, which will be further investigated in Section [3} it describes the mesh.
In that case, the spatial motion describes the motion of the mesh, whereas the material motion
describes the flow of material through the mesh.

2.2 Cable kinematics

According to Fig. [2] in the reference undeformed configuration, the cable, of undeformed length
Ly, is assumed to be aligned with the base vector €p1 and to have a uniform cross section. In this
paper, the notation & denotes a vector as a geometrical object and the bold notation represents
its components expressed in a specific basis. For example, e; = [1 0 O]T, ey, = [0 1 O]T and
e; = [O 0 1]T are the components of the geometric vectors €p1, €o2, €o3 in their own basis. The
centerline is a straight line that starts at the origin O of the coordinate system, so that it is
described by the set of particles with material coordinates sje; for s; € Ly = [0, Lg]. At a given
point s = s1 along the centerline, an arbitrary particle located at point R on the cross section is
defined by its material position with respect to the frame {O, €o1, €02, €03}

XOR = S = sej + s2€eo + S3es (7)

which implies that the cross section is orthogonal to the centerline.
The motion from the reference to the deformed configuration is such that the cable can freely
translate, rotate and deform. After motion, the cable has a length L;, and the particle initially
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in O has moved to point A. As can be seen in Fig. 2| the centerline particle is now located at
point C with position xpc. Assuming that the cross section remains undeformed, the considered
arbitrary particle on the cross section has moved from point R to point P with the spatial
position

X =Xop(s, 52,53, t) = X0c(s,t) + Roc(s,t) xcp(s2, s3) (8)

where xop(s2,83) = sgey + szes is the position of P expressed in the cross-sectional frame
{C, ec1,€c2,€c3} and Roc is the rotation matrix which represents the relative orientation be-
tween the frames {O, €01, €02, €03} and {C, €1, €ca, €cs}. The above expression represents the
mapping ¢ from the material to the spatial domain.

The Green-Lagrange strain tensor, E, is defined using the deformation gradient F from the
material to the spatial domain as

1
E=_(F'F-1I 9
L ETE ) )
Using Eq. , F is expressed as

Ox 0x 0Ox 0xoc  ORoc
F'= |95 055 053] — 10
|:88 882 883:| l: 0s + Os Xcp Roc e Roces ( )

Let us introduce the curvilinear abscissa z* € [0, L;]. The axial gradient is then defined as
F = 9z*/0s. From the definition of the curvilinear abscissa, we have

Oxoc
0s

|

and, exploiting the fact that Roc e is the unit vector in the direction of dxp¢/ds,

Oxoc
0s

=F ROC (31 (12)
In a cable model, the structure is considered slender, so that xcp is small. The following
kinematic approximation is thus considered for the evaluation of the strain energy:

0x _ Oxoc | ORoc o A Oxoc
ds  Os 0s P s

(13)

which means that the deformation gradient is assumed to be purely axial and uniformly dis-
tributed in the cross section. From Egs. and , we obtain

ox
F=|= 14
s (1)
and from Egs. and
F = ROC [Fel €9 63] (15)
The Green-Lagrange strain tensor is obtained as
1
3 (F2—1)00
E= 0 00 (16)

0 00
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F1G. 3 — Referential domain for the cable.

It can be noted that only the axial strain e = % (F 2 — 1) is relevant to the problem. The Green-
Lagrange strain tensor is thus only governed by the material coordinate s and the curvilinear
coordinate x*.

In general, the referential domain is described by & = [f & fg]T. In this case, because only
an axial material flow is considered without any transverse flow, one has s(§) # &, & = s2 and
&3 = s3 so that the only component of interest is £&. The referential domain is depicted in Fig.

From these considerations, Fig. [I]is simplified to Fig.[d} The material domain L is represented
by the centerline coordinate s, the spatial domain L; is represented by the curvilinear abscissa
x* of point P in the deformed configuration, and the referential domain L is represented by the
scalar quantity &, understood as points of interest (or mesh nodes) lying on the centerline. The
deformation gradients F, F, f are all represented by scalar quantities F' = dz*/ds, F = 0x* /0¢
and f: 0s/0¢ that actually coincide with the Jacobians

J—F—ng — =gt (17)
__ e _
~:f:f*1 (19)

Let the reader note that Eq. (] still holds in this context. Indeed, one has

H (%)

=P (21)

as 0s/0¢ is a scalar quantity. Equations and will be extensively used throughout this
paper in the calculus of variations, in order to express the deformation gradients with quantities
defined on the referential domain.

In this paper, even though the Jacobians and the deformation gradients are equal, both no-
tations will be kept. Notably, the deformation gradient will be used when a deformation measure
is implied, whereas the Jacobian will be used when a change of domain or multiplicative factor
is involved.

ax
9¢

=f'F (20)

and, similarly,

2.3 Equilibrium condition

In the quasistatic case, the equilibrium equation can be obtained from the virtual work principle
that states that the variation

W =0 (22)
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F1G. 4 — Material, spatial and referential domains with their mapping, deformation gradients
and Jacobians in the case of a cable modeled as a unidimensional structure with a uniform
distribution of strain in the cross section.

for all compatible virtual displacements, where W is the total potential energy YW = Wint f)pext,
The extension to the dynamic case can be obtained using Hamilton’s principle. Defining V' as the
energy density per unit volume and under the assumption of a unidimensional structure with a
uniform distribution of strains and material properties in the cross section, the virtual work can

be rewritten as
5 (A/ VdL) —0 (23)
c

where A is the cross-sectional area that is supposed to be constant along the cable span and dL
is the length differential on the referential domain. The variation is expressed in the referential
domain £ and should be understood as a total variation, including the contribution of two distinct
terms

0(e) = dx(e) + ds(e) (24)
The equilibrium condition can then be written, according to the principle of virtual work, as

The term 0y (e) corresponds to the variation with respect to x keeping s fixed, i.e., it captures
Lagrangian contributions resulting from the spatial motion. The term J,(e) corresponds to the
variation with respect to s keeping x fixed, i.e., it captures Eulerian contributions resulting from
the material motion.

Although the previously defined energy density V is expressed in the referential domain, it
can also be defined in the material domain as Vy, or in the spatial domain as V;. To do so, it can
be noted that, independently of the integration domain, the total potential energy of the cable
should be the same:

WZA/VCZL:A VodLg = A VedLy (26)
L Lo Ly

Using the previously defined Jacobians and relying on Fig. [4 the length differentials on the
different domains are linked through the relation

dL = j7'dLo = J'dL, (27)
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As a consequence, using Egs. and , the energy densities in the different domains are
related through the Jacobians as

V=3V =JV (28)

2.4 Internal potential energy

Using the results of Section and under the assumption of a linear stress-strain relation, the
internal energy density for the cable expressed on the material domain is given as

1

Vlnt
2

—E¢? (29)

where F is Young’s modulus.

For the spatial motion contribution, the variation of the internal enerAgy is expressed keeping
s fixed, with the implication that dx f = 5xj = 0, so that 0, F = 6, F f~1. This variation will
describe the spatial motion at fixed material coordinates.

The variation is written as

S (V™) = A / S VML

— A/ ]th

:EA/aéxsjdL
c
ox\ ' ox~
=FA | 6 (=) e=jtdL 30
/. (%) o’ (30)
since
ox
F_
Ox Ox 85
10xT ox
=== & | = 31
o (%) (1)

Equation represents the first set of equilibrium equations.

For the material-motion contribution, the variation of the internal energy is expressed keeping
x fixed, with the implication that 6,F = 6,J = 0, so that §,f = d,f F~'. This variation will
describe the material motion at fixed spatial coordinates.

The variation is written as

Ss (W) = A / S VML
L

:A/Lé (i) ar

= %EA/ﬁ <5Sf52 + 2}55&) dL

- 1EA/ (5sfs2 n 2}5FF55]7’1) dL
2 L

1 ~
:§EA/£58f(52—2F2s)dL (32)
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Equation gives the second set of equilibrium equations.

In order to solve the equilibrium equations and , a popular option is to work with
an iterative scheme such as a Newton scheme, so that the equilibrium equations need to be
linearized. As two mappings are present, the linearizations must be alternately computed with
respect to one variable while keeping the other fixed, hence

Ad(e) = Axdx(e) + Axds(e) + Asdx(e) + Asds(e) (33)
The linearizations are written as

. ox\ 7T ox oxT ox

Agbs WY = EA | 6, | = Ty == Agx—
oV =B . (6&) (I o o ! ) < (39
AJ (W) = EA / 5 f (e F3+ F°) J7Y A fdL (35)

c
; oxT ox
Ax(;s int § 2\ T—-2 dL
V™) = =BA [ 6.6+ F) 5 T ATy (36)
0 _

Ay (W) = EA/ < ) a)g( (c+ F?) 2 A fdL (37)

where it can be seen from Egs. and that the tangent stiffness matrix will be symmetric.

2.5 External loading

The contribution of external loading can be added to the equilibrium equations. In what follows,
both cases of distributed loading and punctual loading will be successively studied.

First, a distributed loading with an external work density of the form V' = —xTbg is
considered, where by is the vector of external forces per unit length expressed in the inertial
frame. It is first assumed that bg could explicitly depend on the material coordinate s. Similarly
as in the previous sections, the virtual work done by the external forces is expressed as

SOVeRty — / Ve dr (38)

One should be careful that x = (&) is evaluated on the referential domain and has therefore
no explicit dependence on the material coordinate s. In this section, the representation of the
virtual displacements as dx@ and 0;P is kept, instead of dxx and dss, to highlight the fact that
they capture virtual spatial and material displacements with respect to the referential domain.

The virtual work for the spatial motion is obtained as

) =~ [ 5pTbojaL (39)
L
and the virtual work for the material motion as
~ ~ . 0be . ~
Ss(Wet) = —/ (5Sj xT'b, +ij053§5) dL (40)
L 0s
Equation represents so-called material or configurational forces, which have already been

studied e.g., by Eshelby [T0,28][30]. The second term in the integral takes into account the fact
that the loading by depends on s and could be distributed on a portion of the material domain
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only. In the special case where the external force is uniformly distributed over the cable, bg is
independent of s, so that Eq. becomes:

S(Wot) = — /£ 5sf x"bgdL (41)

Secondly, in the case where a load is punctually applied at a location £* € [0, L], one has
SOV) = W) = —507 Je- to (42)

where t( is the vector of external punctual loads applied at point £*. This means that the point
of application of the load is fixed at the position £* in the referential domain, and that both
spatial and material motions may occur at that position. The total variation of ¢ = @ o ¢ should
thus be taken into account using Eq.

dp = dxp + 05

o i o
and using the mapping identity
P(@) =1 (44)
&8P+ 6d=0 (45)
Equation is rewritten as
5 (W) = —=0x@" e+ to (46)
and
5 (W) = 6,®|¢x a(;f toj ! (47)

It should be noted that the contribution of Eq. is zero if the spatial motion is prevented
at point £*, as dx¢|¢» will become zero. This is notably the case when the force is applied at a
fixed spatial location. On the other hand, the contribution in Eq. becomes zero if no flow is
allowed at point £*, e.g., if the force is always applied at the same material particle. This is also
particularly the case at the extremities of the cable, where the no-flow boundary conditions will
enforce 0;P|g = 0P|, = 0.

Unfortunately, the gradient 9x/0¢ and the Jacobian j in Eq. are discontinuous at point
&* due to the punctual nature of the applied loading so that this equation cannot be used as
such. This problem was investigated in detail in [I9], where it is demonstrated that the gradient
and the Jacobian should actually be replaced by the arithmetic mean of their two values across
the discontinuity.
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§a= =1L
¢80
SA, XA S5, X SB, XB

F1G. 5 — Cable element. The variables s and x are interpolated between the nodal values s4 and
sp and x4 and xpg, respectively, with linear shape functions of &.

3 Finite element discretization

A finite element with two nodes A and B and linear shape functions is proposed in the following,
as depicted in Fig. [f] Initially, the reference domain is equal to the material domain, so that
€a =54 =0and £g = sp = L, where L is the undeformed length of the cable. However, after
motion, s4 is not necessarily equal to {4 and sp is not necessarily equal to g, as a flow of
material can arise between the elements. The nodal value of the unknown mappings s = ¢ and
x = ¢ will be denoted using the following vectors

.0 = 240 (1)

ax(t) = [0 (19)

xp(t)

and the vector of coordinates of the element is simply

at = |40 (50)

ax(t)

Over the element, the values of the maps can be approximated using linear shape functions

B(&,1) = NL (&) qu(t) (51)

and
@ (6,1) = Nu(€) ax(t) (52)

with
No(€) = [Ni(€) Na(9)] (53)

and

Ni(§) O 0 Ny(§) 0 0
N.(&)=| 0 Ni(§ 0 0 No(§) O (54)
0 0 Ni(§) 0 0 Na(&)

where Ny = (1 —¢)/L and Ny = £/L are functions of £ € [0, L].
The derivatives of the mappings are defined as
0 -
— = f=B,qs 55
o f=Bsaq, (55)
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and
op Ox
(975 = 375 = Bx qx (56)
with
ON7 ON,
B,=|— —/—
=% % 57
and
8N1 aNZ
E o %
B. — g v
x 0 o€ aO 0 a¢ 8JOV (58)
1 2
0 0 7€ 0 0 875
where ON;/0¢ = —1/L and ON2/0§ =1/L
Since B, and By are constant, one has
6sf: Bs 6sqs (59)
and
ox
o (55) = Beiean (60)

3.1 Internal force vector
Using the previously defined quantities, in its discretized form, Eq. becomes

S (Wnh) :EAaxq,{/Bngqu (Bsq,) 'dL (61)
L

with e = 3 (F?2 —1) and F = |Bxax| (Bsqs) . For linear shape functions, the integration
over the element length L is trivial:

Sx(W™) = EALdxql BL e By ax (Bsq,) " (62)
For the material motion contribution, Eq. becomes
; 1
S (W) = 5EA 5sqr / (e? —2F%¢)dL (63)
L

Again, with the use of linear shape functions, the integration over the length L of the current
element is trivial:

5. = S BALS.GT (& ~2F7¢) o0
We obtain
S (V) 4 5,00 = 6qT £ (65)
with
Fint _ BAL %BST (8 -2F) | [ Eie } (66)
Bl Bxax (Bsqs) ' fopatial
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3.2 External force vector

For a uniformly distributed external loading over the material domain, the discretization of

Eqgs. and is written as

Sx (W) = / 5xaI NI by B, q,dL (67)
and
S (W) = / 5sqr BT g NT by dL (68)
For an external punctual loading at £*, the discretization of Eqgs. and yields
Sx(W) = —bxaqy Ny (€T t (69)
and
5, 0V) = d,af Ny(¢")" af B to (Bya,) | (70)

where N (£*) and N (£*) are the shape functions evaluated at £* and where qIBI and (B;qs)
are the arithmetic means between their values before and after £*. In this specific case, the vector
of external forces becomes

INT . T L ex
Foxt — N, (g*)T ‘ﬁNz to (Bsqs) [ fn;ajct :| (71)
—Nx (5*)T to fheli))(dtldl

3.3 Discretized equilibrium equations

The modeling of multibody systems often involves constraints. In the present ALE formulation,
constraints can be applied to the material coordinates, for instance, to impose the zero-flow
boundary conditions, or to the spatial coordinates, e.g. to enforce a fixed position, a bilateral
link between the cable mesh and a rigid body or a driven motion for one or several nodes of
the mesh in space. It should be noted that it is perfectly possible to enforce constraints on both
the material and spatial coordinates of the same node, for example, a node with a prescribed
kinematic motion through which no flow of material can occur. Moreover, the formulation of the
cable could be coupled to any multibody system involving its own constraints, e.g., to model
rigid links or joints. The vector of constraints can thus be noted as

sl = [ )| <o )
The equilibrium of the system in the quasistatic case is then written as
fint + fext + GT)\ =0
g(a)=0 (73)

where G is the constraint gradient with respect to the generalized coordinates q.
The residue can be defined from the equilibrium equations as

int ext
fnn fmat + Gmat Amﬂt Tmat
_ int ext . — .
r= (f spatial + fbpd.tl&l + Gspatlal)‘Spatlal = [Tspatial (74)
g(a) Tg

where we define Guat and Ggpatial @s the constraint gradients Ogmat/0ds and O0gspatial/O00x,
respectively.



A quasistatic ALE cable formulation for multibody systems applications 15

3.4 Regularization of the problem

In a purely Lagrangian setting i.e., when no flow of material is allowed through the nodes, the
spatial solution x will be the one that minimizes the potential energy for the chosen values of
the material coordinates s of the mesh. This means that, around a stable solution, a purely
Lagrangian description leads to a positive-definite tangent stiffness matrix of the internal and
external forces, which ensures the convergence of the Newton solver.

However, if the no-flow constraint is relaxed, as it is the case in an ALE formulation, the
equations are obtained from the variation of the potential energy with respect to the two vari-
ables s and x. Consequently, the solution will be such that the material and spatial coordinates
represent a stationary point of the potential energy. If the problem is convex, the mesh is called
"energy optimal" [2]. This property will be studied in a numerical example in the following section.
Nevertheless, when the material flow with respect to the mesh is also allowed, several problems
can arise, as identified in [29]. First, the uniqueness of the solution is not guaranteed. Indeed,
there might be several node configurations for the same spatial solution with the same potential
energy, for instance, when the strain field is uniform along the whole cable span. The discretized
energy is thus insensitive to the material position of the nodes on the cable so that there exists
an infinity of solutions that satisfy the minimum-energy condition. Secondly, at an undeformed
configuration, the tangent stiffness matrix is singular and thus not positive-definite. Finally, even
in the unconstrained case, the tangent stiffness matrix can have negative eigenvalues, indicating
a nonconvexity of the problem. Local convexity is usually recovered in the neighborhood of the
solution. In [2], dynamic constraints are introduced to eliminate the material coordinates having
a zero residual at each iteration. Although this method solves the case where the tangent stiff-
ness matrix is singular, it does not necessarily improve the convexity of the problem. In [29], a
regularization technique is applied to the whole material problem.

In this paper, this regularization is modified as follows. At each load step n, two regularized
subproblems are solved consecutively.

— In the first subproblem, a constant term is added to the material part of the residual as

n*

Tiat = ryrlrllat + 20‘((1?* - qgil) (75)

so that the material part of the tangent stiffness S,,.; takes the expression

S =8, +2al (76)

mat

where « is a positive constant whose role is to force this part of the tangent stiffness to be
positive-definite. This resolves the nonconvexity of the problem and the Newton solver will
converge to a solution q™*. However, it can be noted that the term 2a(q™* — q?~!) can be
nonnegligible, so that the obtained solution q™* is not a solution of the unregularized problem.
— The second subproblem is formulated to solve the previously identified issue. In our expe-
rience, the configuration q"™* is sufficiently close to the unregularized solution so that the
unregularized tangent stiffness of the internal and external forces does not have any negative
eigenvalue. However, the uniqueness of the solution is still not guaranteed, implying that some
lines of the tangent stiffness can be dependent. At each iteration, the dependent lines of the
tangent stiffness matrix are identified through its QR decomposition, and the rank deficiency
of the resulting permutation matrix is examined. Since the decomposition is performed on the
entire tangent stiffness matrix, some dependent lines may correspond to spatial coordinates,
while others may correspond to material coordinates. To obtain a unique set of dependent
lines that correspond exclusively to material coordinates, the dependent lines associated with
spatial coordinates are swapped with their material counterparts, as each spatial coordinate



16 Olivier Devigne et al.

g s=0.0 s =50 s =10.0
g 0
o
8
_1 L L L L L L
0 2 4 6 8 10 12
x1 [mm)]
(a) Initial position.
1 T T T T T T
=)
é 0 s = 0.0 s =4.0 s = 10.0
)
_1 L L L L L L
0 2 4 6 8 10 12
x1 [mm)]

(b) Final position.

F1G. 6 — Material flow through the fixed middle node due to the bar translation.

has a unique corresponding material coordinate. In this way, the selection of dependent lines
is such that it only includes indices of material coordinates. In the second subproblem, the
regularization is then applied exclusively to the corresponding components of the material
part of the residual as

(1233

[ n nx
rmat, dependent *— rrnaut7 dependent + 2a(qs,dependent - qs,dependent) (77)

The material part of the tangent stiffness is modified accordingly

Nk _Qn
mat,dependent Smat,dependent +2al (78)

The Newton solver starts from the initial guess q"* and converges to the final solution q™ of
the load step n. It should be noted that this regularization does not alter the solution, as was
the case for the first subproblem. Indeed, the regularization term 20(q¢ gependent — 9% dependent)
only acts on the dependent solution components and can be seen as a kind of quasistatic
damping. Among the nonunique solutions of the unregularized problem, it penalizes the ones
departing from q%cpendent SO that the final solution satisfies qf jependent = A dependent-

4 Numerical results
4.1 Bar with simple material flow

In order to illustrate the formulation, a simple example is first studied. It consists in the qua-
sistatic rigid-body motion of a 3-node 10-mm-long bar in the axial direction. The same displace-
ment of 1 mm is imposed on both end nodes in a single step. A no-flow boundary condition is
imposed on the material coordinate at the two extremities. The middle node is completely fixed
in space. These conditions are all imposed through the constraint vector g. The material is al-
lowed to flow through the middle node, as its material coordinate is left unconstrained. The aim
is to check that the observed material flow is consistent with the imposed translation of the bar.
No regularization of the problem is needed in this context as there is only one free coordinate.
As can be seen in Fig. [6] in the final configuration, the material coordinate of the particle at the
middle node has been shifted by 1 mm, which agrees with the amplitude of the translation.
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Fia. 7 — The solution for the axially uniformly loaded cable is an optimal mesh regardless of the
initial middle-node position.

4.2 Clamped-clamped cable under constant axial distributed loading

This example is inspired by [2] and is intended to show the possibility to apply a distributed
load on the cable and the mesh-optimality property mentioned in Section [3:4] A cable, with
material properties £ = 1 GPa, cross-sectional area A = 7 mm? and a length L = 10 mm, is
clamped at both extremities and a uniform axial distributed loading by = 100000 N/m is applied
on the cable span. The cable is divided into two elements, so that only the middle node, with
initial coordinates s = 5 mm and x; = 5 mm, is free to move both spatially and materially.
At the undeformed configuration, the tangent stiffness matrix is singular. In this context, the
proposed regularization is applied with o = 100. With 40 load steps, the average number of
Newton iterations for the first and second regularized subproblems is 2.13 and 1.5, respectively.

For this particular example, the 1D equations that need to be solved are two scalar equations
for the two unknown axial coordinates of the middle node B denoted sp and xzp

1. (3 -
EA((F24—F{1)+F12—F22>+1)0M:O

1N o5y (79)
§EA(F137F§’+F2*F1)*5072 =0

where the material and spatial coordinates of the clamped nodes s4, s¢, T4 and z¢ are fixed to
their initial values and where

_ ITp —TA F2:$c—$3 (80)
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F1c. 8 — Displacement u as a function of the material position s for the axially uniformly loaded
clamped-clamped cable for several numbers of ALE elements. The reference solution is obtained
from a purely Lagrangian simulation with 800 elements.

The results are presented in Fig. [7} It is observed that the middle node moves towards the
right while the material flow is directed to the left, such that its final coordinates are s = 5.41 mm
and x; = 5.81 mm.

In Fig. [8] this result can be compared to a reference solution of the displacement field u
as a function of the material coordinate s obtained with a finely discretized mesh in a purely
Lagrangian setting. It is remarkable that the material position obtained in the previous simulation
coincides with the material coordinates for which the displacement u reaches its maximum. By
increasing the number of ALE elements, it can also be seen in Fig. [§that the exact displacement
field is approached with few elements. This illustrates the fact that the mesh becomes optimal
energy-wise. One can confirm the energy optimality by plotting the potential energy W = Wiy +
Wext as a function of the material position of the middle node in a purely Lagrangian setting
with two elements, see Fig.[0] It can be appreciated that the minimum of the potential energy is
achieved when the position of the middle node is chosen as s = 5.41 mm, which is the solution
given by the ALE simulation. It can also be checked that the same solution is recovered by the
ALE formulation regardless of the initial middle-node position, e.g., when the initial position of
the middle node is changed to s = 2 mm and z; = 2 mm as shown in Fig. [7]

4.3 Cable-pulley system
4.8.1 Frictionless cable

In this example, a cable-pulley system will be studied. The aim is to model the system when
sufficient tension is assumed in the cable, so that closed contact is achieved between the cable
and the pulley without any gap. It is considered that the contact region of the cable on the pulley
is known a priori. In such cases, as previously mentioned, the drawback of a purely Lagrangian
formulation for a cable-pulley system is that the discretization of the cable should be fine enough
over the whole length to represent the contact and friction between the pulley and the cable
during the sliding motion of the cable. In contrast, an ALE formulation may only require small
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F1G. 9 — Potential energy W as a function of the material position s of the middle-node for the
axially uniformly loaded clamped-clamped cable in a purely Lagrangian setting with two finite
elements. A minimum is reached for s = 5.41 mm.
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Fia. 10 — ALE discretization of the cable in a cable-pulley system.

elements in the contact zone between the cable and the pulley while the rest of the cable is
modeled using coarser elements, as depicted in Fig. For the nodes in the contact zone, a flow
of material is thus observed.

The numerical simulation consists in a planar and frictionless cable-pulley system where the
pulley center is fixed, the rotation of the pulley is blocked and an imposed displacement is
applied to the end nodes of the cable in several steps. In order to show the possibility to take
into account the elasticity of the cable, a larger displacement is imposed at one of the two ends:
Az 4,1 = 10 mm at the top extremity in the positive z-direction and Axy 1 = 20 mm at the
bottom extremity in the negative x;-direction, whereas their motion in the x9- and z3-directions
is not allowed. Again, a no-flow boundary condition is applied at the two extremities. All the
nodes in contact with the pulley are constrained to keep their spatial position. In this case, there
is no need for generalized coordinates to represent the pulley, as its rotation is blocked. The node
M, located between the end of the cable and the pulley, initially at sy; = 256.9, is not allowed
to move in the xo- and x3-directions but is unconstrained in the x;-direction. In this example,
the cable has an initial length L = 306.9 mm, a Young’s modulus F = 3 GPa, a cross-sectional
area A = 7.069 mm?, and the pulley has a radius R = 50 mm. The regularization parameter o
has been set to 1. The results are presented in Fig. [I1]

It can be observed in Fig. that the spatially constrained nodes see a flow of material
through them, as expected. Indeed, the material value s decreases with time, indicating that the
nodes do not follow the same material particle during the simulation. On the other hand, the end
nodes always follow the material particles located at s = 0 and s = L, because of the imposed
boundary conditions. Finally, it can be noted that node M keeps a fixed material position at
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F1G. 11 — Simulation of the cable-pulley system with imposed displacements on both ends.

s = 256.9 mm during the whole simulation. As mentioned in Section [3.4] the solution for the
material coordinate of this node is not unique because there is a constant strain in the last two
elements. This can be seen in Fig. [I2| representing the strain as a function of s. This means that
each value of s between s = 175.4 mm and sy = L is a solution to this nonconvex minimization
problem. In other words, the solution is independent of the material coordinate of this node. As
previously mentioned, with the help of the proposed regularization, the Newton solver forces
this node to converge to its initial material coordinate among all the possible solutions. The
average number of Newton iterations for the first regularized subproblem is 4, and 1 for the
second subproblem, with 20 load steps.

4.8.2 Introducing friction

In order to take into account the friction between the cable and the pulley, a friction law can be
applied to each node in contact with the pulley. Relying on Fig. these nodes are all the nodes
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Fi1G. 12 — Evolution of the axial strain as a function of the material coordinate s.

from B to K. At first, a slip-only friction law of Coulomb type is considered as follows
T =uN (81)

where N is the normal component of the reaction force of the cable on the pulley, which will be
called the normal contact force and T is the tangential component of this reaction force, which
will be called the friction force. p is the kinetic friction coefficient. Considering that p is known,
the friction force to apply to every node on the pulley can be evaluated thanks to Eq. if the
normal contact force is known. In the present case, because nodes B to K are constrained to
the pulley, the term Gg;)atialASPatial in Eq. represents the vector of reaction forces for each
of these node. For node i, let us denote this force as R;. The normal component of the contact
force N; for each node ¢ is found by projecting the reaction force R,; in the normal direction n;

Ni=R;n; (82)

The friction force is then computed using Eq. by replacing ty with 7" computed through
Eq. and is applied to each node ¢ in the tangential direction to the pulley. This friction force
is thus computed as a pseudopunctual load acting on the material coordinates.

After running the simulation, the results can be validated by comparison with an analytical
result. Indeed, according to the theory of belts and pulleys [6], the tension forces in the two
branches of the (massless) cable are related through

Fl HOth

2 <e (83)
where F is the tension force in the tight branch, F5 is the tension in the slack branch, and ayy
is the theoretical angle of wrap of the cable on the pulley. The equality corresponds to the case
where the slip limit is reached in the whole contact zone.

In order to reproduce this last case, a traction force is applied to the cable such that the
displacement of the end node is nonzero but negligible. In this scenario, it can be considered that
the slip threshold has just been reached, so that the ratio of tension forces should be exactly
described by an exponential law. In the simulation, the traction force on node IV is F' = 1000 N,
the Young’s modulus of the cable is E = 210 GPa, its cross-sectional area is A = 7.854 mm?,
and the coefficient of friction is chosen as p = 0.3. There are n = 20 elements on the pulley from
B to K. The length of the cable, the radius of the pulley and the regularization parameter are
left unchanged compared to the previous simulation.
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F1G. 13 — Evolution of the tension force in the cable for an angle of wrap acorr = 7 — % rad
and p = 0.3.

As nodes B and K are tangent to the pulley, no contact force develops between the cable and
the pulley at these locations. This means that the friction force only departs from 0 for nodes
B+1 to K — 1. In the model, we thus consider that the first and last elements on the pulley are
only in contact for half of their length. The angle of wrap considered in Eq. is thus corrected
as

Olth 7T
Qcorr = Oith — % — m— — (84)
n n

where n is the number of elements on the pulley.

In Fig. [I3] the evolution of the tension force in the cable is shown. It can be observed that
it approaches the exponential law in Eq. with acorr = 7 — 7/20 rad in a staircase pattern,
as the strain is constant in each element. Also, the global tension ratio Fy/F, exactly satisfies
Eq. with acorr-

In the simulation, the number of elements n = 20 is finite, so that acery < ayn = 7, leading to
an underestimation of the tension ratio and thus to an overestimation of the tension force in the
slack branch. However, the theoretical ratio should be reached for an infinite number of elements
on the pulley as

. . U
lim ceorr = lim 7 — — = aypy (85)
n— 00 n—oo n

This property is illustrated in Fig. where an order-1 convergence to the theoretical ratio e#™
is observed when the number of elements on the pulley increases.

With 40 load steps, the average number of Newton iterations for the first regularized subprob-
lem is 8.525. The second problem is not solved in this case because the cable motion is negligible
at the slip limit.
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Fi1G. 14 — Evolution of the tension ratio as a function of the number of elements on the pulley.

4.4 Soft finger

Soft robots are robots made of soft materials, e.g., silicone or plastic. They exhibit various
advantages. For instance, soft grippers grant flexibility to the tasks to be accomplished. Making
use of adequate force and torque sensors, the same programming sequence can be used for the
grasping of objects of different sizes and shapes, as can be encountered in the food industry [42]
43]. The actuation of soft robots may rely on different techniques, and cable-driven actuation
is one of them. In the case of cable-actuated soft robots, the robot structure can either be
entirely soft or composed of several relatively rigid sections connected together, as in the trunk
considered in [4]. This is also notably the case for a soft finger composed of bulky phalanges
with thin junctions, where a cable attached to the distal phalange can be used to control the
bending of the finger, as shown in Fig. Even though the whole finger is made of soft material,
deformations will mainly occur at the junctions between the phalanges due to the reduction in
section. This kind of design has already been studied in the soft-robot community, for instance,
a software toolkit for the modeling, simulation and control of soft robots is proposed in [5], a
complete gripper made of three fingers is developed in [26], a self-healing material is used for the
making of a finger in [38], and a soft finger actuated by three cables has been developed in [12].
The quasistatic simulation of a soft finger is thus studied in this section. The two phalanges
are represented by rigid bodies, and their connection is modeled using a revolute joint with a
torsional stiffness, simulating the local resistance of the junction to bending. The first phalange
is fixed on a support. A punctual external force F' is applied at the end of the cable while the
other end is attached to the distal phalange. Although the proposed multibody model will not
be able to catch the compliance of the phalanges, the main goal of the simulation is to show the
interest of an ALE approach to model the interaction between the finger and the cable. Indeed,
Fig. illustrates the system under study and shows the position of the contact points between
the phalanges and the cable inside its cavity. One observes that the positions of these points on
the phalange are known a priori and that the rest of the cable is contact free, provided that the
cable is under tension, so that the problem fits well to an ALE description.

Nodes are placed where contact and friction are supposed to happen. In Fig. these
correspond to nodes B and C'. Their spatial position is constrained to follow the motion of the
finger and a flow of material can occur. Nodes A and D are also chosen to be constrained to
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Fi1G. 16 — Soft-finger model actuated by a cable.

follow the motion of the phalanges. On the other hand, node E, and any node that would be
located between nodes D and E can follow the material particles, as shown in Fig. The
force F' = 1000 N is applied in several load steps. The cable has an initial length L = 25 cm, a
Young’s modulus E = 3 GPa, and a cross-sectional area A = 7.069 mm?. The torsional stiffness
of the joint is equal to £ = 40 N m. The regularization parameter o has been set to 1. The results
are presented in Fig. For the same reason as in Section the node located between D
and E at s = 20 cm keeps a fixed material position with the help of the regularization but any
other material position between s = 12.05 cm and s = 25 cm for this node would be a valid
solution to the problem. The flow of material is observed, as expected, at the contact points on
the phalanges.

In terms of average number of Newton iterations, with 20 load steps, the first regularized
subproblem converges in 4 iterations, whereas the second regularized subproblem converges in 1
iteration.

5 Discussion

This paper has presented a general ALE cable formulation with the following features.
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1. Tt is possible to deal with nodes that are not considered Lagrangian or Eulerian a priori. In
this case, the ALE solver establishes the solution to both the material and spatial equilibrium
equations, such that the final mesh is optimal in an energetic sense. This property was illus-
trated in the clamped-clamped cable example by computing the energy for different material
positions of the middle node in a Lagrangian setting.

2. When such material and spatial freedom is given at some nodes, the tangent stiffness matrix
can become singular in several cases. First, as shown in the cable-pulley example, the set of
equations may be redundant if the strain is uniform in adjacent elements and the solution
is then not uniquely defined. Secondly, as shown in the clamped-clamped cable example, the
tangent stiffness is locally singular at the undeformed configuration. A novel regularization
procedure was proposed to build an algorithm converging to one of the solutions in all these
cases.

3. Constraints can be taken into account to model driven motions or to represent interactions
with other mechanical components of a multibody system. This capability was illustrated in
the cable-pulley and in the cable-actuated soft-finger examples.

For the clamped-clamped cable example, the results are similar to those presented in [2]
although a different material law is considered. In our formulation, the regularization was essential
as the tangent stiffness matrix is singular at the undeformed configuration. In [2], this issue
was not solved using a regularization but using a so-called dynamic constraint strategy. Our
regularization is closer to the method proposed by [29] with the difference that our method is
based on a sequence of two subproblems solved using a standard Newton scheme whereas the
method in [29] was based on a single problem solved using a line-search scheme and a Cholesky
factorization. Also, the formulation of constraints was not addressed in [2] nor in [29].

Several ALE cable formulations were developed in the multibody community and were com-
bined with the description of constraints [8|[I8]. However, in these papers, the description of each
node is a priori specified either as Lagrangian or Eulerian. As a consequence, the tangent stiffness
matrix is not exposed to the aforementioned singularity issues and no regularization technique
is needed. Our example includes an unconstrained node M that might undergo both material
and spatial motions, thereby demonstrating the generality of our approach and the effectiveness
of the proposed regularization, leading to an optimal mesh at convergence. In [I7], a general
dynamic framework is proposed with no a priori condition on the motion of the nodes. However,
this paper does not address singularity issues, nor regularization techniques. It might be that the
singularity issues are specific to quasistatic models.

Finally, the paper has shown that a cable-actuated soft finger can be modeled as a multibody
system based on the proposed ALE formulation. This contrasts with usual approaches considered
in the robotics community such as in [5], where a 3D mesh of the entire structure is used. A
multibody model offers the advantage of a more concise model based on a limited number of
nodes and coordinates in order to capture the interactions between the cable actuation and the
finger motion.

6 Conclusion

In this paper, the arbitrary Lagrangian-Eulerian quasistatic formulation of a cable element in
a multibody framework was revisited. Unlike many other ALE formulations in the multibody
community, it starts from the continuous form of the equilibrium and uses the principle of
virtual work before introducing the finite element discretization. This development may thus
help to clarify the link between the continuum mechanics literature and the multibody dynamics
literature for a simple cable. The resulting unidimensional cable finite element with a uniform
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distribution of strains in the cross section was tested on elementary examples and was successfully
used for the modeling of two multibody systems: a cable-pulley system and a cable-actuated soft
finger.

As is known in the continuum mechanics literature and as illustrated in the clamped-clamped
cable example, the configuration of the mesh resulting from the ALE simulation is energy optimal.
This means that the mesh will find the material position yielding a global minimum of the
potential energy in the cable. The advantage of such energy-optimal meshes is that they capture
the displacement field better than a uniform mesh. Indeed, the reference displacement field
obtained with a purely Lagrangian simulation and 800 elements is well approximated with only
a few ALE elements.

The formulation is general and can be extended to the modeling of the interactions between
cables and multibody systems. Constraints can be used to represent driven motions or connections
between the components of the system. In the cable-pulley example, a frictionless simulation was
performed for a cable subjected to an imposed displacement of both ends while keeping the nodes
on the pulley spatially fixed thanks to constraints. It was shown that a flow of material occurs on
the pulley, capturing the motion of the cable around the pulley. Then, a simple sliding friction
model was considered. The normal contact force was retrieved from the Lagrange multiplier
appearing in the equilibrium equations, which permits us to evaluate the tangential friction force
according to Coulomb’s law. The simulation was performed by imposing a traction force at the
end of the cable so that the slip limit was reached. A comparison with the analytical result for
the evolution of the tension force in the cable, which follows an exponential decrease, confirmed
the validity of the proposed ALE formulation for cable-pulley systems.

Finally, the advantages of the formulation were also shown in the case of a cable-actuated
soft finger, where contact and friction may also be considered between the cable and the finger
cavity. This example demonstrated the possibility to directly couple the ALE cable formulation
with normal multibody elements such as rigid bodies, representing the phalanges, and other
constraints such as the revolute joint with a torsional stiffness located between the two phalanges.
A frictionless model was considered in this paper. However, the same sliding friction model as
for the pulley could be applied without further consideration.

In all those cases, a singularity of the tangent stiffness matrix, a nonconvexity of the problem
and/or a nonuniqueness of the solution might arise. To overcome these issues, a regularization of
the problem has been proposed by first solving a completely regularized subproblem, and then
solving a partially regularized problem that only restrains the dependent material coordinates.
In the considered examples, this second subproblem converges in less than two iterations on
average, so that the computational overhead of the two-step procedure remains small and ensures
the convergence of the solver to one of the possible solutions of the unregularized problem.

As perspectives, the present formulation could be adapted to more sophisticated elements,
such as beam elements. This will permit study of other cases where the bending stiffness is non-
negligible and to observe the mesh-optimality property under other types of loading. In a later
step, the friction model should also be revisited. Although sliding friction was proposed in this pa-
per for the cable-pulley example, this model can only be used under quite restrictive assumptions.
A more general friction model could be explored to capture the stick-slip transition phenomenon
and represent situations where the cable effectively drives the pulley. Finally, cables are often
assumed to be unable to support compressive loads. The introduction of a noncompressibility
condition might also be considered in a future generalization of the model.
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