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A locally bounded function f belongs to A%(xp) (with a > 0 and
xo € R") if there exist a constant C and a polynomial Py, of
degree less than « such that

(%) = P (X)] < Clx = 0],

in a neighborhood of xp.
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A locally bounded function f belongs to A%(xp) (with a > 0 and
xo € R") if there exist a constant C and a polynomial Py, of
degree less than « such that

(%) = P (X)] < Clx = 0],

in a neighborhood of xp.

The Holder exponent of f at xg is defined as

hoo(x0) = sup{ax > 0: f € A%(xp)}.
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A locally bounded function f belongs to A%(xp) (with a > 0 and
xo € R") if there exist a constant C and a polynomial Py, of
degree less than « such that

(%) = P (X)] < Clx = 0],

in a neighborhood of xp.

The Holder exponent of f at xg is defined as

hoo(x0) = sup{ax > 0: f € A%(xp)}.

The multifractal spectrum of f is defined as

Doo(h) = dimy{xo € R : hyo(x0) = h}.
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Under some general assumptions, there exist a function ¢ and
29 — 1 functions (¥());<; 4, called wavelets, such that

{o(x — k) ke 29} U {pDN(x —k):1<i<29 kezjeN}

form an orthogonal basis of L?(R).
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Under some general assumptions, there exist a function ¢ and
29 — 1 functions (¥());<; 4, called wavelets, such that

{o(x — k) ke 29} U {pDN(x —k):1<i<29 kezjeN}

form an orthogonal basis of L?(R).

Any function f € L?(R?) can be decomposed as follows,

)= Golx—K)+>. 5 3 ud@ix - k),

kezd JEN kezd 1<i<2d

where

and
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Let )\J(',)( denote the dyadic cube zj’ﬁ + 2% + [0, Th)d and set

a=c0n = )
Al ik
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Let )\J(',)( denote the dyadic cube zj’ﬁ + 2% + [0, Th)d and set
_ _ 0
=60 =Gk
The notation A; will stand for the set of dyadic cubes ) of RY with

side length 27/
and the unique dyadic cube from A; containing the point xp € RY
will be denoted A;(xo).

S. Nicolay Functional spaces defined via Boyd functions



)9 and set

+[0, 5t

k
2J

+

A; containing the point xo € RY

).

)
Jk

1
1
The notation A; will stand for the set of dyadic cubes ) of RY with

C/\(_,'
side length 27/

Let )\(:,)( denote the dyadic cube 21-'
and the unique dyadic cube from

will be denoted A;(xo).

9

Seale

Functional spaces defined via Boyd functions

S. Nicolay



Given a dyadic cube A € A;, the wavelet leader of A is defined by

d5° = sup [ey .
ANCA

Given xg € R, we set

d(0) = sup
)\G3)\j(X0)

where 3\ denotes the set of the 39 dyadic cubes adjacent to \.
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Proposition (Jaffard, Meyer)
If f belongs to A"(xp) then

(2"d*(x0)); € £ (1)

Conversely, if (1) is satisfied for a function f € Bgoyoo for some
n > 0 then f belongs to A"~¢(xo) for any e € (0, h).
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Proposition (Jaffard, Meyer)
If f belongs to A"(xp) then

(2"d*(x0)); € £ (1)

Conversely, if (1) is satisfied for a function f € BY,  for some
n > 0 then f belongs to A"¢(xo) for any € € (0, h).

Meyer gave an example of function f € B,  satisfying (1) such
that £ & A"(x).
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Proposition (Jaffard, Meyer)

If f belongs to A"(xp) then
(27d*(x0)); € £ (1)

Conversely, if (1) is satisfied for a function f € BY,  for some
n > 0 then f belongs to A"¢(xo) for any € € (0, h).

Meyer gave an example of function f € B,  satisfying (1) such
that £ & A"(x).

Nevertheless, the previous result gives a characterization of the
Holder exponent.
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If we set 1
n(q) = liminf T log,(277 ) (d3°)),

j—o0
)\E/\j

a multifractal formalism is given by

D (h) = ir;f{d —n(q) + hg}.
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If we set 1
n(q) = liminf T log,(277 ) (d3°)),

j—o0
)\E/\j

a multifractal formalism is given by

D (h) = ir;f{d —n(q) + hg}.

The only result valid in the general case is the following inequality
in BL o« :
Doo(h) < inf{d —1(q) + hq}.
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The context

Admissible sequences and Boyd functions

@ Generalized Besov spaces

Spaces of pointwise smoothness

Multifractal analysis

@ Applications
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Goal: To generalize functional spaces involving “dyadic sequences”
of order s, (2);.
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Goal: To generalize functional spaces involving “dyadic sequences”
of order s, (2);.

A sequence o = (0})jen, of positive real numbers is called
admissible if there exists a positive constant C such that

C_laj <oj41 < Coj,

for any j € Np.

S. Nicolay Functional spaces defined via Boyd functions



Goal: To generalize functional spaces involving “dyadic sequences”
of order s, (2);.

A sequence o = (0})jen, of positive real numbers is called
admissible if there exists a positive constant C such that

C_laj <oj41 < Coj,
for any j € Np.

We set
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Goal: To generalize functional spaces involving “dyadic sequences”
of order s, (2);.

A sequence o = (0})jen, of positive real numbers is called
admissible if there exists a positive constant C such that

C_laj <oj41 < Coj,

for any j € Np.

We set
. Oj+k _ Oj+k
g; = inf Itk and oj = sup L,
keNo Ok keNo Tk
log, o; lo
: 20 _ _ g, 0
s(o) =lim——=  and  3(0) = lim —2-
J J J J
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Given € > 0, there exists C > 0 s.t., for any j, k,

C1E0)-) < 5. < Ttk < g < € sl ),
o<
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Given € > 0, there exists C > 0 s.t., for any J, k,

CLPE0) < o < Tk < g < i),
o< Tk <

If ¢ satisfy
G
S—)O P(s)

for any t > 0, then for o; = 2%¢)(2/), we have s(0) =35(0) = s.
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Given € > 0, there exists C > 0 s.t., for any j, k,

C10i(s(0)~9) < 5. < Titk < 7 < C 2i(5(0)+e).
%S 5o S

Forjo=0, j1 =1, jon = 2j2n-1 — jox—2, Jont1 = 227, & > 0,

o 1:{ gj iszn §j§j2n+1
I+ 0;2% i jopt1 < J < Jjant2

is such that s(o) =0, 5(c) = 1 and for all € > 0, o; < C2J€ for
some C.
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A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and
= ¢(st)

M=o

< 00
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A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and

— o\ o(st)
AL = b5y <
. log ¢(t) - . log ¢(t)
b(¢) = th—% log t and b(9) = tlw log t
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It is well known that there is a connection between Boyd functions
and admissible sequences. Many authors illustrate this link with
the following example

0J

o(t) = T %02y o; ifte [, 2H)
7 o0 if t € (0,1)
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It is well known that there is a connection between Boyd functions
and admissible sequences. Many authors illustrate this link with
the following example

0J

o(t) = T %02y o; ifte [, 2H)
7 o0 if t € (0,1)

The Boyd indices are not preserved with this construction.Even
with o; = 29, we have b(¢) < s(o) = s.
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Proposition (Lamby, N.)

For oj = ¢(2/) and ; = 1/¢(277), we have

b(¢) = min{s(0),s(y)}  and  b(¢) = max{s(c),s(7)}.
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Proposition (Lamby, N.)

For oj = ¢(2/) and ; = 1/¢(277), we have

b(¢) = min{s(0),s(y)}  and  b(¢) = max{s(c),s(7)}.

An exemple of function preserving the Boyd indices:

« :{ 70j+12]._0-j(t—2j)+0j if t € [, 2/+1)
1/6(1/t) if t €(0,1)
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Proposition (Lamby, N.)

If o is s.t. either s(0) > 0 or 5(0) < 0, then there exists a C*>
Boyd function ¢ such that

oo e 18O 1)

t>0 o(t) — t>g o(t)

and with the same indices as those of o.

< 00
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The context

Admissible sequences and Boyd functions

o Generalized Besov spaces

Spaces of pointwise smoothness

Multifractal analysis

@ Applications
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Let v be an admissible sequence s.t. 7, > 1 and p € D(R) be a
positive function s.t. p(t) =1 for |t| < 1, p is decreasing for t > 0
and supp(p) C {t e R: |t| < 2}. Given J € N, set

SO_’,'Y’J = p(fyj‘_1| : ‘) forj S {Oa ceey JkO - 1}7

7J - - H
907 = P(Vj 1| )= P(Vj_le0| ) forj > Jko

and
AV = F ) FF).

The generalized Besov space Bpg is defined by

,J
By ={f €5 fllegg = (el &) Fllw)y |, < oo
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Let A}f(x) = f(x + h) — f(x) and AT (x) = AFATF().
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Let A}f(x) = f(x + h) — f(x) and AT (x) = AFATF().

Proposition (Moura)

Let p,q € [1,00], o and 7y be such that v, > 1 and
0 < s(0)s(y)~* < n (n€N), we have

Bya ={f €LP:(0; sup [Apfllrr)j€L?}.
|hl<y

For oj = 2% and ~; = 2, we have Byj = Bj .
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Proposition (Loosveldt, N.)

Let p,q € [1,00], o and ~y be such that v, > 1 and
k< s(o)s(y) "t <3(0)s(y) "t < n.
If f € Bp,g then f € WX and for all |o| < k,

(v o; sup ATTEe); € 49, 2)
Ih\<7

which means that D*f € B) 4 Joloy
Conversely, if f € W satlsfles (2) for |a| = k, then f € Bpg.
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Proposition (Loosveldt, N.)

Let p,q € [1,00], o and v be such that 7, > 1 and

n<s(0)s(7) " <5(o)s(7) "t < n+1.
TFAE:
° f € Bg:g’
o f e Wy and for all he R? and a.e. x € RY, we have
L

flx+h)= > D + Ro(x, h) -,

|a|<n

where (Uj'yjfn SUP|h|§7j*1 [Ra(-, h)|1r); € £9;

@ Given a net of RY made of cubes of diagonal v~ 1, there exists
&r st
o the trace of g, in each cube is a polynomial of degree < n,
o one has (0j||f — gr,r); € €.
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Given a function ¢ defined on R? and € # 0, we set

de = le|o(-/e).

Proposition (Loosveldt, N.)

Let p,q € [1,00], o and 7 be such that y, > 1 and s(o) > 0. We
have

Brg={felP:3p€Dst (olf x¢ 1 —flluw); € £9}.
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Given a function ¢ defined on R? and € # 0, we set

de = le|o(-/e).

Proposition (Loosveldt, N.)

Let p,q € [1,00], o and 7y be such that 7, > 1 and s(o) > 0. We
have

Bg:g ={felP:3¢p € Dst. (gf * ¢'Yfl — flw); € €9}

Proposition (Merucci/Loosveldt, N.)

Let p, g € [1,00], o and 7 be such that 7, > 1and
k<s(o) <s(y) " <5(0) <s(v) <.

We have

2 e k I
Bpg = W, Wolg".

V,
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Let p,g € [1,00], f € L] _and xg € RY: f belongs to T3 4(x0)
whenever

j s(o)]+1
(O-J.de/P sup HAJ_S( )+ f||LP(Bh(X0,2_f)))j VAR
|h <2

where Bp(xo,r) = {x : [x,x + ([S(0)] + 1)h] C B(xo,r)}.
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Let p,g € [1,00], f € L and xo € RY; f belongs to TJ(xo)
whenever

(0722977 sup || AL g 00y € 49,
|h|<2-i

where By(xo, r) = {x : [x,x + ([S(0)] + 1)h] C B(xo, r)}.

Proposition (Loosveldt, N.)

Let p,g € [1,00], f €L, x0 € RY and o be such that
0 < [35(0)] <5(0). f belongs to T, ,(xo) iff there exists a unique
polynomial Py, of degree at most L (J)J such that

(0727P||F — Pl 1o(B(xp,2-7))i € £9-
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Let p,g € [1,00], f € Lf_ and xo € RY; f belongs to TJ(xo)
whenever

(Uj2jd/p sup HAJLE(U)HIfHLP(B,,(XO,rf)))j €4,
[h|<2-

where By(xo, r) = {x : [x,x + ([S(0)] + 1)h] C B(xo,r)}.

For p= g = o0 and 0; = 2", we have T7 ,(x0) = A"(x).
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Given a dyadic cube A € Aj, the p-wavelet leader of A (p € [1, o0])
is defined by

df = sup( Z 2U=0)d/p|c, [yPY/P.,
I'20 xen, e

Given xp € R, we set

dJP(xo): sup df,
/\E3)\j(X0)

where 3\ denotes the set of the 3¢ dyadic cubes adjacent to \.
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Let p,g € [1,00], f € L] _and xg € RY and o be s.t. 274d/Pg 1
tends to 0 as j tends to oo; f belongs to quJog(xo) whenever

de/paj 3o+
] su A, ’ f x0,2=)))J S £q7
|0g2(2—Jd/PJj_1) |h|§5ﬂ' I j HLP(B,,( 0,2 J)))JZJ

for some J € N.
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Proposition (Loosveldt, N.)
If f belongs to TJ ,(xo0) then

(0jdf (x0)); € £°.

Conversely, for f € LI o X0 € R? and o s.t. 2 Jd/”a tends to 0
as j tends to 0o and gy > 279/P, if f belongs to Xp,q(xo) for some
n > 0, then

(0jdf (x0)); € £°.

implies f € T .. (x0).
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Let E be a complete metric vector space; a Borel set B of E is
Haar-null if there exists a compactly-supported probability measure
o such that u(B + x) =0, for every x € E. A subset of E is
Haar-null if it is contained in a Haar-null Borel set; the
complement of a Haar-null set is a prevalent set is a prevalent set.
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Let E be a complete metric vector space; a Borel set B of E is
Haar-null if there exists a compactly-supported probability measure
o such that u(B + x) =0, for every x € E. A subset of E is
Haar-null if it is contained in a Haar-null Borel set; the
complement of a Haar-null set is a prevalent set is a prevalent set.

o If E is finite-dimensional, B is Haar-null if and only if
L(B)=0;

e if E is infinite-dimensional, the compact sets of E are
Haar-null;

@ a translated of a Haar-null set is Haar-null;

@ a prevalent set is dense in E;

@ the intersection of a countable collection of prevalent sets is

prevalent.
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Proposition (Loosveldt, N.)

In many cases, the condition
(0jdf (x0)); € £°.

implies f € qulog(xo), but, from the prevalent point of view,
almost every such function f does not belong to T ,(x0)-
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Corollary (Loosveldt, N.)

From the prevalent point of view, a.e. f € B « (n > 0) satisfying
(2"d° () €
belongs to /\(Z)g(Xo) \ A"(x0), where

Neg(x0) = {f € Lig. : [(x) = Py (x)] < Clx — x0" log |x — xo| *

in a nbh of xg for some polynomial P,, of degree < h}.

v
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Corollary (Loosveldt, N.)

From the prevalent point of view, a.e. f € B « (n > 0) satisfying
(2"d° () €
belongs to /\(Z)g(Xo) \ A"(x0), where

Neg(x0) = {f € Lig. : [(x) = Py (x)] < Clx — x0" log |x — xo| *

in a nbh of xg for some polynomial P,, of degree < h}.

v

Therefore, “the logarithmic correction is prevalent”.
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g __ ag
Let 77 = TJ .. One can

e introduce the space t; and study the properties of these
spaces (completeness, density, embedding,...);

@ give a generalization of Whitney's extension theorem and
study the Bessel operator;

@ investigate the estimations that can be made if the derivatives
belong to the spaces T;,’ and tg;

@ study the action of the convolution integral operator on T/
and show how these spaces can be utilized to examine the
regularity of the solutions of an elliptic partial differential
equation.
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Let p € [1,00]; if, given h > —d/p, oM is an admissible sequence,
the family of admissible sequences h — (N is p-decreasing if it
satisfies s(o(M) > —d/p, ggh) > 279/P for any h > —d/p and if
—d/p < h < K implies

o(h) o)
Tp (XO) c Tp (XO)

We will always assume that () is p-decreasing.
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Let p € [1,00]; if, given h > —d/p, oM is an admissible sequence,
the family of admissible sequences h — (N is p-decreasing if it
satisfies s(o(M) > —d/p, ggh) > 279/P for any h > —d/p and if
—d/p < h < K implies

o(h) o)
Tp (XO) c Tp (XO)

We will always assume that () is p-decreasing.

For example, we can take a}h) = 2/M)(2)), with

P(t) = /| log [log t~1|.

For ¢ = 1, we have Tg(h)(xo) = T,f(xo).
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Given p € [1,00] and a family of admissible sequences () , the
generalized p-Holder exponent associated to f € Lf;c and o() at xg
is defined by

o (h)
hp(x0) = sup{h > —d/p: f € TZ" (x0)}-
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Given p € [1,00] and a family of admissible sequences () , the
generalized p-Holder exponent associated to f € Lf;c and o() at xg
is defined by

o (h)
hp(x0) = sup{h > —d/p: f € TZ" (x0)}-

Given p € [1,00], a family of admissible sequences () and a
function f € Lf;c, we set

Dp(h) = dimy{xo € RY : hy(x0) = h}.
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Proposition (Loosveldt, N.)

Given p € [1, 0], if (a(h))h>_d/p is a decreasing family of
admissible sequences s.t. h < h" implies aj(h) € o(a}h/)) and

5(c(M) <35(c(M), then, from the prevalence point of view, almost
every function in Tg(h)(xo) is such that hy(xo) = h.
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Proposition (Loosveldt, N.)

Given p € [1,00], if (a(h))h>_d/p is a decreasing family of
admissible sequences s.t. h < h’ implies aj(h) € o(a}h/)) and
5(c(M) <35(c(M), then, from the prevalence point of view, almost
every function in Tg(h)(xo) is such that hy(xo) = h.

Corollary (Loosveldt, N.)

Given p € [1,00] and h > —d/p, from the prevalence point of
view, almost every function f in T/(xo) satisfies hy(xp) = h.
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Proposition (Loosveldt, N.)

Given p € [1,00], if (a(h))h>,d/p is a decreasing family of
admissible sequences s.t. h < h" implies O'J(h) € o(a}h/)) and
5(a(M) < 5(c(M), then, from the prevalence point of view, almost
every function in Tg(h)(xo) is such that hy(xg) = h.

In particular, we have

Corollary (Hunt)

Given h > 0, from the prevalence point of view, almost every
function f in A"(xg) = T/ (x0) satisfies hoo(x0) = h.
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An admissible sequence v and a family of admissible sequences o ()
are compatible for p, r,s € [1, 0] if

° s(y) >0,
o s(1)—d/r>—d/p,
e the function ¢ defined (—d/p, o) by

()
((h) = 5(7)

is non-decreasing, continuous and such that

{h>—d/p:((h) < —d/r} #0.
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Proposition (Loosveldt, N.)

Let p,r,s € [1,00], v be an admissible sequence and o() be a
family of admissible sequences compatible with . From the
prevalence point of view, for almost every f € B/, the function
D, is defined on | = [¢~1(—d/r),¢"1(0)] and

Dp(h) = d + r¢(h),

for any h € I.

S. Nicolay Functional spaces defined via Boyd functions



@ The context

Admissible sequences and Boyd functions

Generalized Besov spaces

Spaces of pointwise smoothness

Multifractal analysis

@ Applications

S. Nicolay Functional spaces defined via Boyd functions



The sample path B = {By}xcr of a Brownian does not belong to
AY2(R) and for a.e. xg € R,

[Bx, — Bx| < Clxo — x|"2w(|x — xa),

with w(h) = /| log|log h—1||.
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The Weierstral3 function

=1
W(x) = Z 5 €0 0s(2% x)
Jj=0

does belong to A/2(R).
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The Weierstral3 function

=1
W(x) = §27 s(2% xmr)
j=0

does belong to A/2(R).

The uniform WeierstraB function of parameters (a, b) is the
classical WeierstraB function coupled with a random phase.
More precisely, this process is defined by

+o0
= Z a" cos((b"x + Up)7),
n=0

where 0 < a < 1 < b with ab > 1 and where each U, is chosen

independently with respect to the uniform probability measure on
[0,1].
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A realization of a BM vs a realization of a WeierstraBB process

(for W (right), we set a = 0.8 and b = 1.6).

S. Nicolay Functional spaces defined via Boyd functions



The picture...

0.05 ; ; ; ;
0.04 t é 1
€
0.03 | T 1
0.02 + T 4
i —
0.01 4
. — . . .
A" A7 A% A%

S. Nicolay Functional spaces defined via Boyd functions



0.02

0.01

The spaces...

.
[No correction : w(h) = 1}
/\”Z A1 A2 A3
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0.01

=
EW(h) = /| log|log h‘lH}
1 . ‘
/\1/2 A2 o3
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0.03 1
— =il
EW(h) = |log|log|h IIJ
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The error...
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The boxplot...
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The Brownian motion vs the uniform WeierstraB function.

For 20 simulations of a BM, we get
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The Brownian motion vs the uniform WeierstraB function.

For 20 simulations of W/, we get
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The Brjuno (BptoHO) function is an arithmetic Z-periodic function
defined on irrational numbers as follows:

(o]
_ 1
B:R\Q—R xr—)E ozg-~~oz,,,1|oga—,

n=0 n

where «g is the fractional part of x, and «a,1 is the fractional part
of 1/ap.
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The Brjuno (BptoHO) function is an arithmetic Z-periodic function
defined on irrational numbers as follows:

o0
- 1
BR\@—)R X = E ao--~an,1|0ga—,

n=0 n

where «y is the fractional part of x, and «ap1 is the fractional part
of 1/ap.

Yoccoz took the nearest integer instead the integer part for the
definition of B.
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The Brjuno (BPIoHO) function is an arithmetic Z-periodic function
defined on irrational numbers as follows:

o
- 1
B:R — R ng ag---ap_1log —,
\Q rar 0 n—1 gan

where «g is the fractional part of x, and «a,1 is the fractional part
of 1/ap.

Yoccoz took the nearest integer instead the integer part for the
definition of B.

These functions are of Bounded Mean Oscillation.
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The Brjuno (BPIoHO) function is an arithmetic Z-periodic function
defined on irrational numbers as follows:

o
_ 1
B:R\Q—R ng ao---an_lloga—,

n=0 n

where «g is the fractional part of x, and a1 is the fractional part
of 1/ap,.
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Proposition (Jaffard, Martin/Lamby, Martin, N.)

Concerning the Brjno functions, for p € [1,00), we have

hP(XO) = 1/T(X0)7

where 7(xg) is the irrationality exponent of xg and

for h € [0,1/2].
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