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In mathematics, a g-deformation of a concept (which can be a theorem, a
function, an equality, etc.) is a generalisation of the latter involving a new pa-
rameter ¢, and that gives back the original object when letting ¢ tend towards 1.
In the more specific case of a counting function f, a g-analogue f, of this function
corresponds to a polynomial in ¢ with non-negative integer coefficients which,
when evaluated at ¢ = 1, gives the value of the original function f. Gaussian
binomial coefficients are a well-known example of such a deformation: given two
integers n > k > 0, we define
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In particular, limg_,q (Z)q = (Z)

On the other side, binomial coefficients of finite words are well-studied objects
in combinatorics on words. Recall that, given two words u,v € A*, where A is
an alphabet (i.e., a finite set of letters), the binomial coefficient (¥) counts the
number of occurrences of v as a scattered subword of u. In other words,

u . .

where |v| denotes the length of v. For a reference on binomial coefficients of
words, see [4].

With these two notions in mind, we defined a g-analogue of binomial coef-
ficients of words [§]. We were, among others, inspired by the work of Morier-
Genoud and Ovsienko on g-deformed rational and real numbers [6l/7].

1 Definitions and first results
Definition 1. We recursively define the g-deformation (:)q — an element of N[q]
— of the binomial coefficients on A* x A* as follows. For all words u,v € A*

and letters a,b € A:

(et (oo (9)-(2) o),
), v/, vb p vb 4 v/,

where 64 15 the Kronecker delta on the letters of A.

This generalises the Pascal-like formula satisfied by classical binomial coefficients

of words:
ua U U .
(vb) = (vb) + 0ab (v)’ Vu,v € A*,a,b € A. (1)



‘We note that the polynomial (Z)q evaluated at 1 gives back the usual binomial

coefficient (:f), this follows immediately from and the definition above. Also,
considering those g-deformed coefficients on a unary alphabet, we recover the
Gaussian binomial coefficients.

The following theorem gives a combinatorial interpretation of this g-analogue.

Theorem 1 ([8]). Let u be a word over A, k >0, and a1,...,ar € A. Then

u k .
— e 1‘ui|_
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UQ,UL 5., Uk EAT
U=UQAT Uk —1Ak Uk
In other words, each occurrence of v as a subword of u contributes to (’;)q with a
term ¢ where « is the sum, over all letters of v, of the number of letters at the
right of them and not being part of that specific occurrence of the subword v.

) = gL

Indeed, we have to consider all factorisations of abbab of the form ugauy bus:

FEzample 1. Taking u = abbab and v = ab, we get (

(u1,uz) |(e,bab) (b,ab) (bba,e) (e, ¢)

This result implies, for instance, that the constant term (Z)q‘qzo equals 1 if
and only if v is a suffix of u; otherwise, it equals 0. Similarly, the degree of (z) is

less than or equal to |v|(Ju| — |v|) and the coefficient of the monomial ¢!*/(1#I=IvD
is 1 if and only if v is a prefix of u; otherwise, it equals 0. We thus have more
information with (L‘)q than with (z), as shown by the following result.

Proposition 1 ([8]). Let u € A* and 1 < k < |u|. The sequence ((Z)q)xeAk
uniquely determines the word u.

Of course, many properties of the classical binomial coefficient of words can be
generalised to our ¢-deformation. For instance, we have the following g-analogues
of the Chu-Vandermonde identity and the sums of binomial coefficients over
words of a given length.

Proposition 2 ([8]). For all words x,y,u € A*, we have
Y — ual (gl —lual) ((F ) (Y
<u) = 3 gmlthen (P (V)
q U=u1us 1 q 2 q
ur,uz€A"

Proposition 3 ([8]). Let u,v € A* be words and n > 1 be an integer. We have

2 QL) e 2 () e (i),

where on the right-hand sides we have Gaussian binomial coefficients of integers.



An interesting application of these g-deformations occurs in a generalisation
of a celebrated theorem of Eilenberg, also credited to Schiitzenberger [3]. It
provides a characterisation of p-group languages using binomial coefficients of
words. More precisely, a language is a p-group language if and only if it is a
Boolean combination of languages of the form

Lyyp = {u € A" (f:) =r (mod p)} ,

where p is a prime, 0 < r < p—1is an integer and v € A*. Recall that a p-group
language is a language recognised by a p-group, i.e. there exist a finite p-group
M, a subset S C M and a morphism p such that L = p=1(S).

Theorem 2 ([8]). Let p be a prime and M = a(q — 1)¢ with d > 1 an integer
and a non-zero a € ¥, =Z /pZ. A language is a p-group language if and only if
it is a Boolean combination of languages of the form

Lymon = {u € A" (Z) =R (mod zm)} ;
q

where v € A* and R € Fp[q| is a polynomial of degree less than deg(9N).

2 @-Parikh matrices

When talking about binomial coefficients of words, one often thinks about Parikh
matrices [B]. Given a finite word u € {1,...,k}*, it is an upper triangular matrix
M (u) of size (k+ 1) x (k + 1) whose elements are binomial coefficients of the
form (z‘(i+1f)-~-j , 1 <4 < j < k. In particular, the second diagonal corresponds to
the Parikh vector of u. Serbanuta has generalised Parikh matrices to matrices
induced by a word z = 21 - - - 2, [I1]. These matrices have size (|z|+1) x (|z]+1)
and they contain elements of the form (ZVLZH"lij), 1 < i < j < |z|. Taking
z =12---k leads back to the definition of classical Parikh matrices.

It is therefore natural to suggest a g-deformation of those Parikh matrices.
Already introduced by Egecioglu and Ibarra [II2], we propose here a definition
that matches our g-analogue of binomial coefficients of words [9].

Definition 2. Let z = z,---zp be a word and A be the alphabet of z, i.e., the
set of letters occurring in z. Ford € A and j > 0, we let Mg ; denote the upper
triangular matriz having 1°s on the diagonal and the only non-zero elements
above the diagonal are (Mg j)iiq1 = ¢ for all i such that z; = d. We now
define the map

P, A* — (N[q])(\2\+1)X(\ZI+1)7 UpUg—1 - UL U > My k- Mg 0-

For a word u, we say that P,(u) is the g-Parikh matrix of u induced by z.
In particular, given a word z and u € A* (with A the alphabet of z), the
matrix P, (u) gathers g-deformed binomial coefficients of the form (}}) , where

v is a factor of z, up to multiplication by a power of gq. Furthermore, this also
provides another way of computing g-binomial coefficients of words.



Theorem 3 ([9]). Let z be a word of length ¢ > 1 whose alphabet is A. Let
u € A*. The corresponding (¢ + 1) x (£ + 1) q-Parikh matriz is such that

* (Py(w))i; =0, foralll<j<i</tl+1,
* (Py(u)ii=1, foralll <i<{+1.
x forre{l,...,0}, and alll < i < Ll—r+1, (P.(u))iitr = qS(Til)(z»z. )
i 2it+1 itr—1/g
where s(n) = Y 1| i.
FEzample 2. Take back the words of Example [I| that is u = abbab and z = ab,
we have

1 +qd"+¢"+¢*+q (), (o),
P.(u)= (0 1 ¢+ +1 =101 ()
0 0 1 1

In particular, (Z)q = % =+ +¢+1.
As a consequence of this result, we can also mention the following:

Theorem 4 ([9]). The g-binomial (“:)q, with n € N, can be expressed as

1 m 1— qckn|u\
PE(EEY ; Rila) 97— gl

where m and ¢y, are positive integers and Ry are rational functions whose de-
nominators only have factors of the form (1—q'1*!) for some integer t. Moreover,
these quantities ¢, and Ry, can be effectively computed. In particular, the sequence
((“:)q)nzo converges in N[[q]] to the formal power series sy,,(q) expressed by the
rational function

1 T 1

Corollary 1 ([9]). The sequence of q-binomials ((“:)q)nzo satisfies a linear
recurrence relation with polynomial coefficients. In particular, the sequence of
binomials ((“Z ))nzo satisfies a linear recurrence relation with constant coeffi-
cients.

This generalises Salomaa’s result [I0], which we can recover by taking ¢ = 1.

FEzxzample 3. The sequence (((abbg)n) ) converges to the series
@ 9/ n>0
G20 + P+ 28+ +2¢  +4¢ 2+ 2413 +2¢1° + 4415 +2¢ 43¢0 +6¢%0+- - - |
3
_ q
T (a-1)2(¢24+1)% (¢t D)
then notice that the sequence also satisfies the relation

which corresponds to the rational function R(q) One can

Prts = (14" +¢®)pnr2 — (¢ + ¢ + ¢")pns1 + ¢"2pa,

so that the integer sequence (((ab;g)n)) satisfies
n>0

Pn+3 = 3pn+2 - 3pn+1 + Pn-
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