Received: Added at production Revised: Added at production Accepted: Added at production

DOI: xxx/xxxx

ARTICLE TYPE

An Optimization Algorithm for Customer Topological Paths
Identification in Electrical Distribution Networks

LEERSCHOOL Adrien*? DUCHESNE

WEHENKEL Thomas® |

VASSALLO Maurizio*? |
GERARD Simon® |

| BAHMANYAR Alireza® |

Laurine? | ERNST Damien!?

!Department of Electrical Engineering and
Computer Science, University of Liége,
Belgium

Abstract

Accurate identification of network topologies in electrical distribution networks is critical for

2ntelligent Systems Solutions, Haulogy, effective grid management and planning. However, this task is challenging due to the limited
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and often inaccurate data available to distribution system operators (DSOs), such as incorrect
geographic information system (GIS) records and insufficient coverage of advanced metering in-
frastructure (AMI). This paper proposes a novel integer linear programming (ILP) optimization
framework for identifying customer topological paths using only static data, including GIS informa-
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tion and customer-to-transformer connections. The proposed approach is demonstrated on both
an academic and a real-world distribution network, showing its ability to handle data inaccuracies.
. . Results indicate that the proposed method provides a robust and practical solution for DSOs to de-
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velop accurate digital twins and improve grid visibility, even in the absence of AMI data. This work

offers a valuable tool for the digitalization of power distribution systems.
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DSOs frequently rely on incomplete or inaccurate geographic informa-

1 | INTRODUCTION

tion system (GIS) data, which may contain errors derived from out-

Power distribution networks are the infrastructure responsible for deliv-
ering electricity from the transmission system to individual consumers.
As distribution networks grow in complexity and scale, driven by factors
such as the accommodation of new customers and the increased inte-
gration of distributed energy resources (DERs), the need for improved
network planning and operation strategies becomes essential. A signifi-
cant challenge in this context is identifying the specific routes electricity
takes to reach customers, a task referred to as topological path identifi-
cation (TPI). Accurate knowledge of network topologies and customer
paths is often unavailable to distribution system operators (DSOs) due
to incomplete, outdated, or erroneous data records.

Solving the TPI problem provides DSOs with a clear knowledge of
the connectivity between customers and medium-voltage/low-voltage
(MV/LV) substations. However, accurately identifying customer topo-

logical paths remains a challenging task due to several factors. Firstly,
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dated recordings or limitations in GPS technologies®. Secondly, while
advanced metering infrastructure (AMI) devices are increasing the inte-
gration in power systems, many European countries still lack compre-
hensive AMI coverage?, limiting the feasibility of measurement-based
methods. Finally, scalability poses a significant obstacle; as networks
grow in size and complexity, traditional approaches often fail to provide
efficient and scalable solutions.

Despite these challenges, the accurate identification of customer topo-
logical paths is fundamental to numerous applications in modern power
systems. It serves as a foundation for building network digital twins,
enabling DSOs to perform advanced simulations and analyses without

risking disruptions to the physical infrastructure.

1.1 | Literature review

In power distribution networks, various methodologies have been
proposed to address the network topology identification or the TPI

problem specifically. These methods can be characterized into two main
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categories: techniques that only rely on static data, such as GIS data of
the elements in the network, and methods that also rely on AMI data,
such as smart meter recordings. Static data-based methods generally
focus on establishing relationships and connections between elements.
Relevant studies include: 2888488101112 For example, in® and the au-
thors identify the network topology of different networks using publicly
available geographical data and connecting the elements based on their
distances. In2, topology identification is performed using Euclidean dis-
tances and a breadth-first search algorithm to identify clusters, followed
by refinement through connecting nodes to their most probable lines.
The paper? presents a kd-tree algorithm for identifying clusters of ele-
ments, followed by connecting the elements within each cluster based
on a predefined distance. In%, the authors present a new procedure to
exploit graph theory and data structure properties to efficiently detect
and correct errors in models of radial secondary systems. The paper®
uses knowledge graphs to represent the existing relationships among
elements in LV distribution networks. The knowledge graphs are then
used to identify the correct network topology.

The main advantage of these methods is that they operate without rely-
ing on AMI measurements, making them suitable for DSOs with limited
advanced infrastructure. However, their major limitation is that GIS data
can be incomplete, inaccurate, or missing for certain areas of the net-
works.

Dynamic data-based solutions rely on AMI measurements from the net-
work. Relevant studies include 131413161418192021,222324 For example,
inLS the authors use line current sensor measurements and a mixed-
integer linear programming (MILP) optimization algorithm to identify
the topology of a power distribution network in California. The authors
in24 introduce an iterative methodology for reconstructing network
topology and cable parameters of LV three-phase networks with limited
smart meter coverage. In%3, the authors present a method for topol-
ogy identification using a combination of knowledge graphs and graph
neural networks constructed based on remote signaling and teleme-
try data. The authors in the paper® propose a similar approach using
mixed-integer quadratic programming (MIQP) to identify the topology
of power distribution networks using smart sensor recordings. While
AMlI-based methods can estimate topology and line parameters (e.g.,
impedance), they often require extensive sensor coverage, limiting their
applicability in networks with incomplete AMI deployment. This lim-
itation restricts their applicability in networks with incomplete AMI
coverage, as evidenced by some studies using limited smart meter

data 2\’:,25,26'

1.2 | Paper contribution

This paper presents an optimization algorithm to assist DSOs in ad-
dressing the TPl problem using only the available static data. Our
methodology relies exclusively on GIS data of network elements and
customer connections to MV/LV transformers, making it particularly
suitable for networks where GIS data is incomplete or inaccurate and

AMI coverage is limited. The problem is formulated as an integer linear

programming (ILP) optimization algorithm. The objective function of the
optimization problem focuses on maximizing the number of customers
connected to the correct MV/LV transformer, while some constraints
ensure that the solution satisfies the DSO'’s expectations. The proposed
methodology effectively addresses data inaccuracies and incomplete-
ness.

Moreover, a repository with the code of the proposed methodology
is released. The repository is publicly available at the following link:
nttps:/github.com/TPlproblem/OptimalTPI.

1.3 | Paper organization

The rest of the paper is organized as follows: Section E presents the
definition of the power network elements considered in this work.
Section E defines the concept of topological paths. The problem state-
ment is presented in Section H. Section F defines the methodology
used to solve the problem. The methodology is applied to an academic
example in Section E and a real Belgian power distribution network in
Section B Section E concludes the paper and outlines directions for

future work.

2 | POWERDISTRIBUTION MODELING

The following notation and definitions are consistent with those intro-
duced in our previous paper24. Power distribution networks typically
encompass a wide range of elements. The set of elements £ is defined
as:

E= {el, very €l eny e‘g|} (1)

where |£| represents the total number of elements in the set £ and a

single element is denoted as e, with k € {1, ..., |€]}.

Each element can have some attributes, such as its type and coordinates.

The set of all element attributes A is defined as follows:
A={ay, .., aq} (2)
A single element e € £ is defined as a set of attributes. Formally:
e={edy, .., ey, .., €]} 3

where the dot notation is used to access the attributes of the element
e, and a, represents, for example, the type of the element e, its coordi-

nates, or other relevant properties.

Each element within the network can be categorized based on its type
attribute, serving as a characteristic that distinguishes it from other el-

ements. The set of types, denoted as T, includes all the possible types
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associated with the elements in &:
T= {t1, ..y t|T|}~ (4)

Among the typical types, there may be customer connection elements,
MV/LV transformer substations.
Given an element e € &, its type, t € T, is accessed as follows:

t = e.type. (5)

21 | Network topological functions

The Subset() function is used to identify all elements of a specific type.
This function takes two input parameters: the element set, £, and a type
t € 7. Formally:

Subset(&,t) = fe € £ |e.type = t}. (6)
In particular, three useful subsets are defined:

C: represents the set of customers in the network, C =
Subset (&, customer).

T: represents the set of terminal elements, generally T =
Subset (&, transformer). Note that the terminal element can vary
depending on the context. For example, in this paper, we consider
the terminal element to be the feeder junction where the feeder
starts in the MV/LV substation, but it could also be extended to the
high-voltage/MV substation or any other element in the network.
The methodology is designed to be flexible.

R: represents the set of all elements, excluding customers and termi-

nal elements,R =& -C-T.

The Dist() function takes two elements ey, en € £ as input, and it out-
puts a scalar value, d, representing the distance between them. The

Dist() function is defined as follows:
d = Dist(ex, em) = ||ex.coor, em.coor||2 (7)

where || o ||2 represents the Euclidean distance and where ey.coor and
em.coor give the coordinates of the element e, and, e, respectively.

The Connections() function identifies all elements in the set £ that can
be connected to a given element, e € &, considering some specific
conditions. The conditions for connectivity can depend on the DSOs’ re-
quirements such as distance between the elements, the element types,
and so on.

Therefore, the Connections() function takes three inputs: £, e and some

conditions, returning a subset K C £. Formally:

K = Connections(&, e, conditions) = (8)

{em € & |em can be directly connect to e if the conditions hold}.

3 | TOPOLOGICAL PATHS

This section serves as the foundation for understanding the concepts of
hypothetical, real, and estimated paths within the context of this work.

3.1 | Paths

A customer topological path is represented as an ordered list of ele-

ments:

P = (P1, P2, wr Pks -oor Plpl-1+ Plo|) 9)

where p is a generic path, p; represents the initial element in the path,
which is a customer; py represents the k-th element in the path, and p)
represents the terminal element, generally an MV/LV transformer.
Therefore, p; € C, and py € Rwithk € {2, ..., |p| - 1} and pj,; € T.

3.2 | Hypothetical paths

Hypothetical paths refer to routes where only the initial elements (the
customers) are known, while the connections between intermediate el-
ements up to the terminal point are unknown. These paths represent
potential ways that electricity might follow to supply a customer.

The set of hypothetical paths, denoted as H. Each hypothetical path,
h € H, represents a possible supply route for a customer. The number
of hypothetical paths, given the set of elements &, is finite, and it is given
by:

IRl
Ml =lc|- > ®P 1| (10)
k=1
where "P,, is the permutation formula, which calculates the number of
ways to arrange k items from a set of n items ("Pm = (n’_"‘—r'n),>

3.3 | Real paths

The set of all real paths, denoted as P, is a subset of the hypothetical
path set H. Each path p € P represents the actual sequence of network
elements that connect a customer to an MV/LV transformer.

In distribution power networks, as generally radial, the number of real
paths is equal to the number of customers, since one customer is sup-
plied by only one MV/LV transformer at any given moment. Therefore,
the following condition holds |P| = |C|, where C represents the set of

elements of type customers.

34 | Estimated paths
The estimated paths, denoted by P, form a subset of the hypothetical
paths, 7. This set of estimated paths, P, is an approximation to the set

of real paths within the network, P.
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(b) Hypothetical paths.

(d) Estimated paths.

FIGURE 1 Visualization of the different sets of paths.

The set P holds the property that the number of estimated paths in
the set is equal to the number of customers considered in the network.
Therefore, the following condition holds |P| = |P| = [c].

3.5 | Paths visualization

Figure fll illustrates a simplified network, highlighting hypothetical, real,
and estimated paths.

As shown in Fig. [ld the data about network elements are often incom-
plete, making it difficult to accurately identify the customer paths.
Figure @ shows some of the hypothetical paths. In the absence of prior
information, any path could potentially represent the real one.

This highlights the challenge that, with limited information, only limited
conclusions can be drawn about whether a hypothetical path corre-
sponds to its real one. Many hypothetical paths for each customer may
be available.

Figures [id and [Ld illustrate the real and estimated paths for each
customer, respectively. Each customer is associated with exactly one
real path and one estimated path, both of which are subsets of the
hypothetical path set. Therefore: P C H and P C H.

Figure E presents a Venn diagram illustrating the relationships among
the path sets. The set of hypothetical paths, #, encompasses all other
sets, representing all possible paths within the network. Notably, the

sets of real paths, P, and estimated paths, P, overlap to a certain degree,

I
l'-- ...l
.

.

FIGURE 2 Representation of the different sets and their relation-
ships.

highlighting similarities and discrepancies between the estimation and
ground truth. The overlap between P and P, indicates that some esti-
mated paths match the real ones while some others do not. For example,
the paths p; and p; for customer ey, match perfectly. However, data in-
accuracies can result in discrepancies, for example, the estimated path
po deviates from the real path p for the customer es.

4 | PROBLEM STATEMENT

Generally, DSOs possess different types of information, which we repre-
sent formally as the set Z. This data can include, for example, files about
the GIS data of the network elements, customers’ information like an-
nual power consumption, network configuration rules explaining how
the elements are connected, and more.

The goal of the DSOs is, given all the raw information available to them,
to estimate the customer topological paths that are as close as possible
to the real paths. Denoting the set of real paths as the set P and the
set of estimated paths as P, the objective is to identify two sets to be

as close as possible and in the best case equal resulting in equal sets,
_ PPl _

[P U P|
Therefore, the problem is to identify a methodology, 9t(), that, starting

which corresponds to a Jaccard index of 1: J(75, P)

from the set of raw information, Z can identify the best approximation
of the real paths . Formally:

(11)

5 | METHODOLOGY

This section provides a detailed description of the sequential proce-
dure of the proposed methodology, (), which aims to detect customer
topological paths in electrical distribution networks. Figure E illustrates

the methodology graphically.
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m() Transformation
B. functions N
adjustments
Raw Transform raw Hypothetical Topological Diagnostic Solution
. " information into yP paths 9
information — well-defined > paths > estimation (acceptable Ye: to the
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FIGURE 3 Flowchart of the steps proposed by our methodology,
(), to identify the customer topological paths in electrical distribution
networks.

51 | Raw information listing

Raw information refers to available information or data that comes
from various sources. The set of raw information is listed as follows:
Z = {i, ...
raw information.

y ks e iz}, With ik (k € {1, ..., |Z]}) denoting a single piece of

For this paper, we use only static data, and in particular, the data needed
is the GIS coordinates of the different elements in the network, their
type, and the feeder terminal junction to which each customer is con-
nected. Generally, this kind of information is available to the DSOs, even
if it may be incomplete and/or inaccurate.

Formally, the data needed for this paper is:

® The set of elements, &.

® The set of attributes, A, contains at least the coordinates of the el-
ements, the types, and the feeder terminal junction to which each
customer is connected.

® The set of types 7, with 7 containing at least customer, line,

junction, and transformer.

Therefore, e.coor, e.type must be known for all the elements, e € £, and

c.junction is known for all the customers, ¢ € C.

5.2 I
adjustments

Transformation functions

Transformation functions are responsible for transforming the available
raw information into clear knowledge that is relevant within the spe-
cific context of a power network. The set of transformation functions
is denoted as follows: 7 = {f1, ..., fm, .., iz}, with f (m € {1, ..., |F]})
denoting a single transformation function.

Mathematically, the transformation functions take one piece of raw

information as input and return the transformed information as output.

5.3 | Well-defined information

The well-defined information forms the basis for providing a structured
foundation to identify customer paths that are as close as possible to

reality. The set of well-defined information is denoted as follows: Z' =
L A ifz/\}* with iy, (n € {1, ..., |Z’[}) denoting a single piece of well-
defined information. Each element in the set Z’ is the result of applying

a transformation function on a piece of raw information, i.e., i}, = fm(ik)-

54 | Hypothetical paths generation

Given the set of well-defined information, Z’, the set of hypothetical
path compatible with the set Z’, denoted as HI/, is constructed. Each
piece of information in Z’ allows to reduce the size of the hypothetical
path set HZ'.

The idea is that the more data is available, the closer to reality the paths

inside the set HZ  are.

5.5 | Topological paths estimation

After generating the hypothetical paths compatible with the well-
defined information, HZ', the next step of the methodology is to
identify the paths in the set HZ' that are an approximation of the real
paths in the actual network, therefore identifying the set of estimated
paths P.

While various methods can solve the TPI problem, we present an
ILP approach designed to find the solution P and to meet the DSO

requirements.

55.1 | Matrices generation

The following sections describe the main components of our ILP formu-

lation, including the matrices and the optimization problem.

® Hypothetical paths matrix:
The set of hypothetical paths, HZ' can be equivalently interpreted as
a binary matrix with as many rows as IHI'I and as many columns as
[cl + IRl + 7.
Therefore, the hypothetical paths matrix, denoted as H, can be writ-

ten as follows:

1 C2 g 1 12 rg t1 t2 tn|
hy lbfi””oﬁ;1176””11167””0‘:
he | 11 0 011 0 010 1 0!

l X X ‘

RN i i 18 I
= | \‘ \‘ |
[0 0 -~ 000000 - 1

| X X ‘

| \‘ \‘ o

I h Y 2!

| Y h !

Ppz\10 0 -~ 170 1 - 011 0 - 0

Each row hy in the matrix H represents a hypothetical path com-

patible with the well-defined information. A value of 1 or 0 in this
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row indicates whether the corresponding element,e € CURUT, 1 x |[HT').
is present (1) or not (0) in path hy. A single element of the matrix is
accessed as Hy ) where m represents the row (k € {1, .., IHT' ) b he - b h\HI’I (16)
and m represents the column (m € {1, ..., |C| + [R| + |TI}). B ( .1 - 0

For clarity, we divide the H matrix into three sub-matrices:

- The H¢ matrix, denoted as customers’ elements matrix, indicates
the presence of a customer ¢ € Cin any path,h € HZ' . Therefore,
the Hc matrix has dimension [HZ'| x [c].

Since one and only one customer can be present in one path, the

following condition must be satisfied:

Il

Z H¢ (mk) = 1,
k

- The Hy matrix, denoted as the remaining elements matrix, indi-

vm e {1, ., 1T |k (13)

cates the presence of elements r € R in the paths, h € HT'
Therefore, the Hy matrix has dimension [H#Z'| x |R|.
No particular condition is imposed on the matrix Hg.

- The Hr matrix, referred to as the terminal elements matrix, indi-
cates the presence of a terminal node, t € T, in the paths, h € HT .
Therefore, the Hr matrix has dimension [HZ'| x |T|.

Since one and only one terminal element can be present in one

path, the following condition must be satisfied:

IT]

D Himi =1,
P

® Terminal association matrix:

vm e {1, ., 1T |k (14)

We define a binary matrix, referred to as the terminal association ma-
trix, denoted as Ty, which indicates the association of elementsr € R
to a specific terminal element t € T.

The Ty matrix has dimension |T| x |R| and can be represented as

follows:
rera2 - Im Mrj-1 g
tp 0 1 --- 0 --- 0 0
t2|1 0 --- O .- 1 0
Te = (15)
tk] O O 1 0 0
tg\O O - 0 .-~ 0 1

where 0 and 1 represent respectively whether an elementr € R is
assigned to a terminal element t € T or not.

® Estimated paths matrix:
The solution of the TPI problem, the set P, can also be conceptualized
as a binary matrix that represents the hypothetical paths estimated
to be the real paths. This path matrix, denoted as P, has dimension

where 0 and 1 represent whether the path h, € HZT' is an estimated

optimal path or not.

5.5.2 | ILP optimization problem

The ILP formulation aims to identify the subset of hypothetical paths
that best approximates the real network topology. The optimization

problem is presented in Eqs. f[73-fL71.

M G
max w3 Py =D > Ta(mn
PT k m n
)

s.t. Z Ha (m.k) - Pm) - Hr (m ) <
k

((Tax HT) -HT)

(17a)

(nm)
(17b)
(PxHo) <1 vk € {1, ... [c]} (17¢)
)
I7]
> Tawm <1 vm € {1, ... IRl}, (17d)
k
P € (0,1} VkE, w T, (176)
Te(mn) €10,1} vme L, ., T}, vne{L, .., R}
(17f)

The decision variables are:

. f"(k> € {0,1}, indicating whether the hypothetical path k &
{1, ..., [HZ |} is selected as part of the estimated set P.
® Ta(mn) € {0, 1}, representing the assignment of an element n €

{1, ..., |R]} to a terminal element m € {1, ..., |T|}.
The components of the ILP formulation are interpreted as follows:

® Objective function (Eq. ). The objective function is designed to
achieve two competing goals. First, it aims to maximize the number
of customers correctly connected to their terminal with Z;"I/ ﬁ(k).
Second, it aims to penalize overly complex solutions that assign net-
work elements to feeders without necessity (minimize the number
of elements with value 1 in the matrix Tg). The weighting factor w
controls the trade-off between maximizing customer connectivity
and minimizing redundant assignments.

® Path validity constraint (Eq. ). This constraint verifies the valid-
ity of the paths by enforcing consistency among the elements of
each selected path. It ensures that, for every estimated path h € P,

all intermediate elements e € h are assigned to the same terminal

vm e L, ., [HT ), vn e (1, ..., |Tl}
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element t € T. In simple terms, it ensures that all intermediate el-
ements belonging to a path are consistently assigned to the same
feeder (terminal element).

® Unique customer-path constraint (Eq. ). Each customer c € ¢
can be associated with at most one selected path in P. This prevents
a customer from being linked to multiple estimated paths.

e Unique element-terminal constraint (Eq. ). This guarantees that
each element r € R is associated with at most one specific termi-
nal element t € T. Therefore, this constraint is designed to prevent
the same elements from being associated with multiple terminal
elements.

® Binary constraints (Egs. -). These ensure that the decision
variables P and Ty take only binary values, enforcing the discrete

nature of the problem.

Overall, the ILP formulation identifies the set of estimated paths P that
maximizes customer-transformer consistency while preserving feeder
exclusivity. This formulation provides a scalable and interpretable frame-

work for the TPI problem in LV networks.

5.6 | Diagnostic function

The set of estimated paths, P, is validated with a Diagnostic() function.
This abstract function can be customized to implement various valida-
tion criteria and methodologies, serving as a critical tool for assessing
the quality of the obtained solution. The Diagnostic() function evaluates
the found paths by checking any possible discrepancies from reality.

If inconsistencies are detected, the corresponding transformation func-
tions can be adjusted to correct the identified issues. The methodology
is then re-executed with the updated transformations until satisfactory

results are achieved.

5.7 | Solution of the TPI problem

If no discrepancies are identified or the DSO considers the solution
acceptable, the set P is regarded as the final solution to the TPI

problem.

6 | ACADEMIC EXAMPLE

To illustrate the methodology used to solve the TPl problem, an aca-
demic example of a power distribution network with a limited number
of elements is considered.

6.1 | Raw information

We assume the set of raw information available to the DSO, denoted as

7, is provided by some pieces of information:

i1: Documents containing the DSQO’s list of elements, their coordinates,
and their types. However, some elements may be missing, and some
coordinates may be inaccurate.

ia: MV/LV transformer cabin manuals provide instructions on cabin
setup. This includes details about the organization of connection
boards and how feeder lines connect to specific terminal elements
or feeder terminal junctions on these boards.

iz: Customers’ information about which feeder terminal junction in the
MV/LV transformer they are connected to.

ig: DSQ's general practice is to reduce energy losses by minimizing the
total path length of each customer.

i5: Information that LV networks are operated radially.

6.2 | Transformation functions

The set F enumerates the transformation functions. Given that there

are five pieces of raw information, the number of transformation func-
tions is also five (|F| = |Z| = 5).

6.3 | Well-defined information

The set of well-defined information is given by:

1 = f1(i1): Set of elements, &, and their attributes, .4 are known.

%, = f2(i2): The elements of two types junction and transformer are di-
rectly connected with no intermediate element. Since each feeder
terminal junction has a known associated transformer, we can sim-
plify the path identification problem. Instead of needing to track the
path from the customer to the transformer, we only need to con-
sider the path from the customer to the MV/LV transformer of the
feeder junction terminal.

ig = f3(i3): For each element of type customer, e € &, its attribute
junction, c.junction, where it is connected to is known.

i), = f4(i1): An element can be connected to another only if its distance
is less than a given distance D. Moreover, the total length of a path
must not exceed a maximum length L.

it = f5(is): Since the network has a radial structure and does not have

loops, each element can only appear once in each path.

The set of elements known to the DSO is given by:

& =fe, .., e1s} (18)
The set of attributes, A, is given by:
A = {type, coordinate, junction}. (19)

The set of types, T, is given by: customer (elements e; to eg), line (e7 to
e12), junction (e13 to e1) and transformer (e17 and e1g) as shown in Fig.

ad
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customer. e MV/LV
\. h[lle €, €, Lransfljrmcr €4
e R S o e ® ¢, ¢y @
3
B] —610_ @ 69-
c
Cia n— e
_e. = Y 16
e €6 feeder
5 terminal junction

(a) Representation of the academic test network.

___B—

(b) Visualization of customer-to-feeder terminal junction assignments, where matching colors
indicate elements supposed to be connected together.

(d) Final network configuration after customer path identification.

FIGURE 4

in the academic network considered.

Illustration of the process of identifying customer paths

6.4 | Hypothetical paths compatible with
the well-defined information

The first two pieces of information are used to generate an initial set of
hypothetical paths, H '1/2, containing all the paths from a customer to a
terminal junction. Figure @ illustrates the customer-to-feeder terminal
junction colors, where matching colors indicate elements that are sup-
posed to be connected to the same terminal junction. Therefore, the size
of the set of hypothetical paths, compatible with the first two pieces of

the well-defined information, i} and i}, is calculated using Eq. @:

[Hi1i2| = 61607. (20)

The calculation is performed with the set of elements consid-
ered &, the customer set C = Subset(&,customer), the terminal
points set T =

R = & - C- T - Subset(&, transformer).

Subset (&, junction) and the remaining elements set

Each remaining piece of well-defined information is used to exclude the
paths in H1i2 that are not compatible with the well-defined informa-
tion. Fig. E highlights some of the hypothetical paths for customer es
that satisfy the distance and connectivity constraints defined by i} and
i,. Therefore, considering all the remaining information, i}, to if, the total
number of hypothetical paths compatible with the well-defined informa-
tion is I’HI/ |. For example, Fig. @ shows some of the hypothetical paths
for customer e3 that satisfy the distance and connectivity constraints
defined by i, and i.

Detailed information about the elements in each hypothetical path can
be found in the online repository (see Section @).

6.5 | Results paths estimation

The matrices Hc¢, Hg, Hr, Pand T are used in the optimization problem
as shown in Egs. -.

In particular, the matrices Hc, Hr and Hr are used as the parameters of
the ILP problem, while P and Tz are the decision variables and repre-
sent a proposed solution to the optimization problem.

The matrix P contains the estimated paths, which are considered as
approximations of the real paths; while the matrix Ty represents which

elements belong to each feeder terminal junction.

The estimated optimal paths for this academic network are:

hi1 ha hs hy hs he h7 hg hg hio

P:(l 0000011 1 1) (21)
The matrix Ty is given by:
e7 es €9 ejp €11 €12
ei3/0 0 O O 1 1
T, = eisl 1 1 0 O 1 1 (22)
e;s|] 0 0 1 O 0o 0
eig N0 0 O 0 0 0

6.6 | Results explanation

We will now examine the results obtained from applying the optimiza-
tion method to the academic example. This analysis will clarify the
meaning and role of each component in Eqs. [[73-A71.

6.6.1 | Maximization term

The maximization term, Eq. , contains two operations:
o N
® Maximizing estimated paths: the first term, ZLH ' P<k), focuses on

maximizing the number of estimated optimal paths, therefore paths

whose have a value of 1.
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the

SIS R, (m,n)» introduces a penalty term related to the terminal

® Penalty for unnecessary assignments: second term,
association matrix. This term discourages assigning elements to a

feeder terminal junction when unnecessary.

The value of w is important to determine the relative importance of find-
ing more valid paths over minimizing the number of elements assigned
to the path. A larger value of w encourages the optimization to find more
valid paths, while a smaller value puts more emphasis on minimizing the
elements used.

In this case, w is set to 10.

6.6.2 | Validity path constraint
The left-hand side of the constraint term in Eq. is calculated in three
operations:

(i) ZL“‘ H (e, k)- This operation counts the number of elements present
in each hypothetical path, h € HT . The resulting matrix, of dimen-
sions |7—[I/| X 1, is presented in transposed form for space efficiency
as follows:

h1 ha hs hy hs hg h7 hg hg hig

(1222332121)- (23)

(i) The result, Eq. @ is multiplied element-wise by P. This operation
assures the verification of the constraint only for the estimated op-
timal paths. The resulting matrix, still of dimensions IHI/I X 1, is

transposed and presented as follows:

hi1 ha hs hy hs hg h7 hg hg hig

(1000002121)- (24)

(iii) Finally, the result, Eq. @ is multiplied by the matrix HT . The result
of this operation still has dimensions IHI/I x |T| and the transposed

form is shown as follows:

hi1 ha hs hy hs hg h7 hg hg hig

ot

e;3/0 0 0 0 0 0 0 0 2 1
eaf 10 00 00 2 00 0 (25)
e;s{ 00 00000 10 0
el g\0 0 0 0 0 0 0 0 0 O

The element-wise multiplication of matrices in Eq. @ and HT can
be formally represented using diagonal matrix multiplication, ensur-
ing dimensional consistency between the operands. Let A C RM*1
denote the column vector obtained from Eq. Zl] andletB=HT C
RM*N with M, N € Nt. The resulting matrix C C RM*N js computed
as:

C = diag(A) - B, (26)

where diag(A) is a diagonal matrix whose diagonal entries corre-
spond to the elements of A.

Therefore, the resulting matrix in Eq. 29 has dimensions IHIII x |T].

Similarly, the right-hand side of the constraint term in Eq. is calcu-

lated in two operations:

(i) The matrix multiplication of Ty and Hy . This operation calculates
the number of elements that are present at the same time in a feeder
terminal junctiont € Tand ina pathh € HT' . The resulting matrix
has dimensions |T| x IHI/I and is given as follows:

hi ha hz hs hs he h7 hs hg hig
e;3/0 0 1 0 0O 1 0 O 2 1
e[ 1 1 11 21 2 0 0 0 (27)
e;s] 0O O OOO O O 1 0 O
e;gN0O O O O O 0O O O O O

For example, considering the value at position (e 4, h7) of the matrix
in Eq. B7. The value is 2 since the same elements e7 and eg are at the
same time assigned to the feeder terminal junction e14 (second row
of the junction association matrix in Eq. @) and are present in the
path h; (hypothet'ical path h7 composed by the elements: hy = (es,
e7, es, €14)).

(ii) Similarly, for the left-hand side, the result of Eq. B7 is multiplied by
the matrix Hr. This assures that the comparison on both sides of the
inequality is performed only on the elements that are assigned to
the same feeder terminal junction. The result of this operation has

. . / .
dimensions |T| x |HZ'| and is expressed as follows:

hi ha hs hy hs hs hr hg hg hig
e;3/0 0 0 0O O O O O 2 1
el 100000 200 0 (28)
eis|] O O OOO O O 1 0 O
e;ig N0 O 0O O O OO O O O

Finally, by comparing Eq. @ and Eq. , the condition Eq. @ < Eq.
is verified for each corresponding value of the matrices.

In general, the constraint Eq. assures that all the elements of an
estimated path belong to the same feeder terminal junction. This is
guaranteed when the number of elements in each estimated path is
less than or equal to the total number of elements in the corresponding

feeder terminal junction.
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6.6.3 | Unique estimated path for cus-
tomer constraint
The constraint in Eq. L7 is given as follows:
R €1 €2 €3 €4 €s €g
(PXHC):(I 00111 1) (29)
(ﬁch) <1, vk el ., [cll.  (30)
0)

Equation @ is a matrix of dimensions 1 x |C| and in this academic
example, all the values are 1 except for e whose value is 0 since no
path was identified for that customer.

6.64 | Elements assigned to a unique
feeder terminal junction constraint

The constraint in Eq. is given as follows:

Il €7 €g €9 eip €11 €12

;TR(K'):<1 11 0 1 1)’

Tl

> Tewm < 1,
P

(31)

vm e {1, .., R[}. (32)
Equation B is a matrix of dimensions 1 x || and in this academic
example, all the values are 1 except for e;g whose value is 0 since the
element ey is not used by any path. Therefore, it is not assigned to any
feeder terminal junction.

A possible explanation for why e is not used is that it is a redundant
element in the dataset, or that the optimization algorithm may have
chosen that alternative paths provide a better solution.

6.7 | Diagnostic function

The proposed solution, the matrices P and Ty are then evaluated using
the Diagnostic() function to detect any possible issues.

For example, the solution proposed does not find the paths for each cus-
tomer, since it is not possible to find a path for customer es given the
data available to the DSO. This issue is reported to the DSO, who can
perform some further analysis on the case and understand why no path
was found.

A possible reason is an error in the data, and in reality, the customer
belongs to another feeder terminal junction; otherwise, there is a miss-
ing line in the DSO data. In such a particular case, a possible solution
could be to assign another feeder terminal junction to the customer,

depending on the (k-)closest customer(s).

7 | BELGIAN NETWORK

We apply our methodology to a real Belgian LV network characterized
by incomplete GIS data and missing customer connections to the net-
work. For this use case, we assume that the set of raw information, Z,
the transformation functions, F, and the well-defined information, Z/,

are the same as those described in the academic example in Section B.

For this real case, the set of elements known to the Belgian DSO is given
by:

& ={ei, ..., e1089}- (33)
The set of attributes, A, is given by:
A = {type, coordinate, junction}. (34)

The number of elements for the different types is given in Table , given

below:

TABLE 1 Distribution network element counts

Subsets Number of elements
Subset (&, customer) 526
Subset(&, line) 441
Subset (&, junction) 96
Subset (&, transformer) 26

7.1 | Hypothetical paths compatible with
the well-defined information

The total number of hypothetical paths in the set H is generally deter-
mined using Eq. . Following the methodology 9t(), the hypothetical
paths not compatible with the well-defined information are excluded,
keeping only those compatible with each piece of information, obtain-
ing the set 7'

For the real Belgian network considered, given the large number of
elements in the network, it is impractical to explicitly represent the set
H as a set of all the possible hypothetical paths.

For this reason, to efficiently identify the hypothetical paths that are
compatible with the well-defined information, we develop a strategy
to construct the set HZ', or an approximation of it, without relying on
the explicit enumeration of the set H. The strategy is to use an A*()
pathfinding algorithm®2€, The advantage of the A*() algorithm is to
use a heuristic search approach to explore the possible hypothetical
path space efficiently and to identify the hypothetical paths without
exhaustively examining all possibilities. The implementation of the A*()
function is available on the online repository (see Section @). Below,
we present the general concept.
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The A*() function takes as input the set of network elements &, the set
of customers C for whom we want to identify hypothetical paths, the
maximum number of hypothetical paths N and some specific conditions
(for example the maximum connection distance D and the maximum
length path L as specified by the well-defined information i}). For each
customer, ¢ € C, the A*() function explores its possible connections,
using the function in Eq. E up to its feeder terminal junction, c.junction.
The A*() function then outputs a set of hypothetical paths, #*, that is
consistent with the well-defined information and that approximate the
set HT'.

After the execution of the A*() algorithm, considering a maximum
number of paths for each customer of N = 5, the total number of hypo-
thetical paths is |7-LI,| = 2348. The value of N is selected as a balance
between computational efficiency and the likelihood of identifying an

optimal solution.

7.2 | Matrix generation

The set HZ' is decomposed into the three sub-matrices, He, Hg and Hr,
as explained in Section B.5.1.

These matrices are used as input parameters of the optimization

problem.

The matrices P and Ty are used as output decision variables of the
optimization algorithm.

7.3 | Optimization problem results

After executing the optimization algorithm, a solution is obtained in the
form of matrices P and T.

Displaying the matrices directly might be challenging for visualization
and comprehension. Therefore, we summarize and present the results
in a more comprehensible way.

Therefore, given the matrix, P,itis possible to represent graphically the
connections among the elements of the estimated paths. In particular,
each element of an estimated optimal path is assigned a specific color,
with black reserved for unassigned elements.

The color that is assigned to each element depends on the matrix Ti. In
particular, the same color is assigned to the elements that belong to the
same feeder terminal junction.

Figure E shows a part of the Belgian network considered with three
MV/LV transformers, some lines, and customers. In Fig. E, itis possible
to see the network after the identification of the paths: colors have been
assigned to customers and lines belonging to the same feeder terminal
junction. Dashed lines represent the connections between the elements,

for example, customer-line connections.

(b) After applying the methodology.

FIGURE 5 Part of the real network considered.

7.4 | Diagnostic function

Moreover, a few purple squares are present. These are customers
for whom no path was identified, and these are discovered with the
Diagnostic() function.

Possible reasons for failing to identify a path include incorrect or miss-
ing data for the feeder terminal junction associated with a customer,
or the inability to assign a line to its corresponding feeder terminal
junction.

These issues are reported to the DSO for further investigation.

One of the main challenges in this TPI problem is the absence of a
well-defined ground truth, as no explicit reference data is available. Con-
sequently, quantitative criteria cannot be established for a rigorous
evaluation of algorithmic performance. Instead, assessment must rely
on qualitative evaluation through human interpretation. For example, in
this case, the DSO could access only the schematic images of customer
path,s and a human-in-the-loop process was employed to compare the

identified paths against the schematics to assess their accuracy.
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8 | CONCLUSION

This paper introduces an optimization algorithm aimed at addressing
the topological path identification (TPI) problem in power distribution
networks. By leveraging information provided by distribution system
operators (DSOs), the methodology constructs a set of hypothetical
paths. This set is reduced by excluding the paths not compatible with
the well-defined information. After that, an integer linear programming
(ILP) algorithm identifies the best approximation of the real paths by
selecting the paths that maximize customer connectivity to the cor-
rect medium-voltage/low-voltage (MV/LV) transformer. Our approach
is based only on static data, without the requirements of data coming
from advanced metering infrastructure (AMI) like smart meters. This
makes the methodology more general and applicable to a wide range
of distribution networks, including those in regions with limited techno-
logical infrastructure. Additionally, it minimizes the cost and complexity
associated with collecting and integrating data from dynamic sources.
The effectiveness of the proposed approach has been validated through
demonstrations on both academic examples and real-world networks.
This methodology is fundamental for constructing accurate digital twins
of power distribution networks, ultimately aiding DSOs in network man-
agement and optimization.

Future work will focus on extending the optimisation to backup paths,
integrating AMI data for enhanced accuracy, and improving computa-

tional scalability, as proposed in24.
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