
FAST TRANSONIC CORRECTIONS FOR PANEL METHODS USING
VISCOUS-INVISCID INTERACTION

Adrien Crovato1, Paul Dechamps1, Alex P. Prado2, Pedro H. Cabral2, Vincent E. Terrapon1 &
Grigorios Dimitriadis1

1University of Liège, Liège, Belgium
2Embraer S.A., São José Dos Campos, Brazil

Abstract

This work presents a methodology for quickly computing unsteady aerodynamic loads and flutter in the tran-
sonic regime within the context of preliminary aircraft design. The approach relies on correcting an unsteady
three-dimensional source and doublet panel method using a recently developed transonic correction technique.
The reference steady three-dimensional solutions needed to apply the correction are computed by means of
a novel viscous-inviscid interaction scheme, whereby a steady full potential solver is coupled to the unsteady
integral boundary layer equations through a quasi-simultaneous scheme. The methodology is applied to the
LANN and the AGARD wing test cases. Overall, the present approach is found to improve the prediction of
the aerodynamic pressure loads and of the transonic flutter dip. The main next step consists in integrating the
methodology into an optimization framework in order to calculate flutter constraint quickly.
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1. Introduction
In order to reduce aircraft fuel burn and to improve the reliability of the design process, aerostruc-
tural optimization is nowadays carried out during the preliminary design stage. Because there is a
high degree of freedom during the early design stages and since the aerodynamic modeling is the
main contributor to computational cost, selecting the appropriate numerical method is of paramount
importance in order to obtain results quickly with adequate accuracy. Within this context, unsteady
aerodynamics is usually modeled using the Doublet Lattice Method (DLM) [1, 2], which neglects the
camber, thickness and dihedral of the wing, as well as nonlinear viscous and transonic effects. As
a result, traditional software such as NASTRAN [3] and ZAERO [4], must correct DLM analyses for
transonic flow effects, and sometimes geometry. Alternatively, the Source and Doublet Panel Method
(SDPM) [5, 6, 7, 8, 9] can predict aerodynamic loads on the actual wing geometry. As a consequence,
the SDPM needs to be corrected only for nonlinear flow effects. More specifically, the unsteady pres-
sure loads obtained using the panel method can be corrected using higher-fidelity steady pressure
distributions, embedding viscous and transonic physics [10, 11]. These steady results are typically
obtained by solving the Reynolds-Averaged Navier-Stokes equations [12, 13]. However, such cal-
culations can be complex to set up and too computationally expensive for preliminary design. The
viscous-inviscid interaction method [14, 15, 16, 17], whereby an inviscid flow solution is solved simul-
taneously with the integral boundary layer equations, can be used instead at a lower computational
cost. The goal of this work is to implement and demonstrate such a correction for calculating un-
steady aerodynamic loads and predicting flutter in the transonic flow regime. First, the SDPM will be
used to calculate the unsteady surface pressure loads acting on the LANN wing undergoing a forced
pitching motion. In order to capture transonic effects, the SDPM will be corrected by a recently de-
veloped transonic correction technique [10], whereby the steady pressures have been obtained by a
novel viscous-inviscid interaction method [17]. Then, the SDPM will be coupled to a structural solver
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and a p− k method in order to compute the flutter speed of the AGARD wing at several freestream
Mach numbers. In both cases, the results will be compared against experimental data. Section 2
presents the overall methodology and briefly describes the aeroelastic, structural and aerodynamic
models and methods used in this work. Section 3 demonstrates the results obtained for the aerody-
namic and aeroelastic test cases. Finally, section 4 concludes the present work by highlighting the
main points and suggesting directions for future work.

2. Methodology
Figure 1 shows an overview of the computational framework used to carry out aeroelastic analysis.
The different components are then briefly described in the following section.
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Figure 1 – Overview of the aeroelastic analysis framework.

The process starts by calculating two steady aerodynamic solutions around a given angle of attack α,
at a freestream Mach number M∞ and a Reynolds number Re. The full potential solver DART [18] 1 is
coupled to the boundary layer solver BLASTER [17] 2 through the viscous-inviscid interaction method-
ology. BLASTER uses the density ρe, tangent velocity ue and Mach number Me computed by DART on
the wing surface, and calculates a blowing velocity Ve which is then fed back to DART as a boundary
condition. Once the viscous-inviscid interaction process has converged, the derivative of the surface
pressure coefficient with respect to the angle of attack, cpα

, is computed using finite differences. Flut-
ter is then calculated by coupling the structural solver TACS [19] 3, the panel method SDPM [10] 4 and
the p− k solver PyPk 5. The modal analysis method implemented in TACS [20] is first used to calcu-
late the mode shapes ϕ of the structure and the reduced modal mass and stiffness matrices Mϕ and
Kϕ . The mode shapes are then used as a boundary condition in SDPM in order to calculate the gener-

1https://gitlab.uliege.be/am-dept/dartflo, accessed May 2024.
2https://gitlab.uliege.be/am-dept/blaster, accessed May 2024.
3https://github.com/smdogroup/tacs, accessed May 2024.
4https://gitlab.uliege.be/am-dept/sdpm, accessed May 2024.
5https://gitlab.uliege.be/am-dept/pypk, accessed May 2024.
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alized aerodynamic force matrices Q at several reference reduced frequencies k. These matrices are
corrected using the steady pressure derivatives cpα

in order to model transonic flow nonlinearities.
Finally the structural and aerodynamic matrices are given to PyPk, which implements a collection
of p− k methods [21, 22], and is used to calculate the aeroelastic damping g. Note that, because
the computations are performed by various software using a segregated approach, the data must be
transferred from one solver to another using interpolation. More specifically, radial basis functions
are used to interpolate the data between DART and BLASTER, and between TACS and SDPM.

2.1 Structural modeling
Including the full dynamics of the structure directly in a flutter solution method can be prohibitively
expensive for realistic structures. In order to decrease the computational cost, the structural prob-
lem is expressed in the frequency domain. Assuming harmonic motion, the equation governing the
structural dynamics is cast into the modal equation

(K−ω
2
i M)ϕi = 0, (1)

where M and K are the structural mass and stiffness matrices originating from a finite element dis-
cretization of the structure, and where ωi and ϕi are the natural frequencies and the mode shapes
of the structure. The shift and invert Lanczos frequency analysis method implemented in TACS [20],
a finite element code developed at Georgia Tech, is used to solve equation 1. The reduced modal
mass and stiffness matrices Mϕ and Kϕ are calculated by retaining the first few mode shapes of the
structure as

Mϕ = Φ
T MΦ = I,

Kϕ = Φ
T KΦ = diag(ω2

i ),
(2)

where Φ is a matrix containing the corresponding mode shapes.

2.2 Unsteady aerodynamic modeling
The unsteady compressible Source and Doublet Panel Method implemented in SDPM [10] solves
the linearized potential flow equation scaled for subsonic compressible flow. In order to reduce the
computational cost, the equation is expressed in the frequency domain. After discretizing the surface
of the wing into quadrilateral panels, each holding a constant-strength source and doublet distribution,
Green’s theorem becomes

A(k)µ(k) = B(k)σ(k), (3)

where k is the reduced frequency, σ and µ are the source and doublet strengths, and A and B are
the compressible influence coefficient matrices. The wing surface is modeled as quasi-fixed, i.e. the
wing geometry is constant and the motion of the wing due to rigid or flexible oscillations is taken into
account by imposing the relative attitude and motion between the surface and the fluid as a boundary
condition. The source strength on each panel is evaluated by enforcing zero mass flux normal to the
surface. The doublet strength is then obtained by solving Equation 3. The sources and doublets are
then differentiated on the surface to compute the velocity which is in turn used to calculate the surface
pressure coefficient. The pressure coefficient is then integrated on the surface to obtain the pressure
loads. Finally, the generalized aerodynamic force matrix at reduced frequency k is calculated by
multiplying the z-component of the surface displacement δzi of mode i by the z-component of the
pressure loads of mode j,

Qi j(k) = δzi(k) · cp j(k)⊙nz ⊙Sp, (4)

where cp j, nz, Sp are the vectors containing the unsteady pressure coefficients due to mode j, the
z-component of the unit vectors normal to the wing and the panel surfaces, respectively, and where
⊙ denotes the Hadamard product.
Since the panel method is based on a linear equation, it cannot model the boundary layer and shocks,
which are highly nonlinear. The SDPM is corrected to account for these effects by applying correction
factors to the pressure coefficient calculation [10]. The following equation must be solved to obtain
the correction factors

∇NxDcorrA−1(0)B(0)nz =

√
1−M2

∞

2
cpα

−nx ⊙nz cosβ , (5)
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where Dcorr is the unknown diagonal correction matrix, β is the angle of side slip, ∇Nx is a matrix con-
taining the x-component of the surface gradient operators, cpα

is the vector containing the derivatives
of the steady pressure coefficient with respect to the angle of attack obtained from a reference steady
solution, and where nx contains the x-component of the unit vectors normal to the wing surface on
each panel.

2.3 Steady aerodynamic modeling
The reference steady solutions are obtained by means of viscous-inviscid interaction. The method-
ology couples the inviscid full potential solver DART [18] to the recently developed compressible
pseudo-unsteady boundary layer solver BLASTER [17] using a novel pseudo-unsteady quasi-simultaneous
iterative procedure. This approach capitalizes on the favorable mathematical properties of time-
dependent equations in high-pressure gradient areas, ensuring stability in simulating mildly separated
and transonic flows. This procedure was shown to provide adequate results on wings in transonic
flows at a fraction of the cost of solving the Reynolds-Averaged Navier-Stokes equations and is se-
lected in order to reduce the overall computational cost. DART is first used to solve the full potential
equation

∇ · (ρ∇φ) = 0, (6)

where φ is the velocity potential. The fluid density ρ is given by the isentropic flow relationship,

ρ = ρ∞

[
1+

γ −1
2

M2
∞

(
1−|∇φ |2

)] 1
γ−1

, (7)

where ρ∞ is the freestream density, γ is the heat capacity ratio and M∞ is the freestream Mach number.
A transpiration boundary condition is enforced to solve equation 6, whereby the velocity normal to
the wing surface is prescribed as the blowing velocity. The density ρe, the velocity ue and the Mach
number Me on the wing surface are then transferred to BLASTER, which solves an unsteady integral
form of the boundary layer equations [14]

H
ue

∂θ

∂ t
+

θ

ue

∂H
∂ t

+
θH
u2

e

∂ue

∂ t
=

∂θ

∂ξ
+(2+H −M2

e )
θ

ue

∂ue

∂ξ
−

c f

2
, (8)

1+H(1−H∗)

ue

∂θ

∂ t
+

θ(1−H∗)

ue

∂H
∂ t

+
θ(2−H∗H)

u2
e

∂ue

∂ t

= θ
dH∗

dξ
+(2H∗∗+H∗(1−H))

θ

ue

∂ue

∂ξ
−2cd +H∗ c f

2
,

(9)

where ξ is the curvilinear coordinate along the airfoil surface, θ is the momentum thickness of the
boundary layer, H is the shape factor, c f and cd are the local friction and dissipation coefficients
defined at the wall, and where H∗ and H∗∗ are the kinetic energy and density shape parameters.
Note that the boundary layer equations 8 and 9 are one-dimensional and are solved on strips located
along the span of a three-dimensional wing. When the flow is laminar, the eN method [23, 24] is used
to predict transition. Equations 8 and 9 are solved together with a third equation representing the
unsteady evolution of the amplification ratio N [17]

∂N
∂ t

+
∂N
∂ξ

=

(
dN

dReθ

dReθ

dξ

)
attached

+Aseparated, (10)

where Aseparated modifies the envelope amplification rate in separated flows. When the flow is turbulent,
equations 8 and 9 are solved together with the shear-lag equation [14]

δ

UsueCτ

∂Cτ

∂ t
+

2δ

Usu2
e

∂ue

∂ t
+

δ

Cτ

dCτ

dξ

= 5.6
(

C1/2
τEQ −C1/2

τ

)
+2δ

{
4

3δ ∗

[
c f

2
−
(

Hk −1
6.7Hk

)2
]
− 1

ue

due

dξ

}
,

(11)
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where δ is the boundary layer thickness, δ ∗ is the displacement thickness, Cτ is the shear-stress
coefficient, CτEQ is the equilibrium shear-stress coefficient, Hk is the kinematic shape parameter and Us

is the equivalent normalized wall slip velocity, computed using an empirical correlation. The blowing
velocity Ve can finally be computed as

Ve =
1
ρe

d
dx

(ρeueδ
∗) , (12)

and transferred to DART where it is used as a transpiration boundary condition on the wing surface.

2.4 Flutter solution method
Aeroelastic stability is assessed by caclulating the aeroelastic eigenvalues of the system, which can
be found by solving the flutter equation[

2
u2

∞

c
p2

i Mϕ +Kϕ − 1
2

ρ∞u2
∞Q(k)

]
qi = 0, (13)

where ρ∞ and u∞ are the freestream density and velocity, c is a reference chord length, and pi and qi

are the eigenfrequencies and eigenmodes. The eigenfrequency p is expressed as

p = (g+ i)k, (14)

where k denotes the reduced frequency and g denotes the damping, and where i is the imaginary
unit. Because the eigenfrequency and the generalized aerodynamic force matrix both depend on the
reduced frequency, the flutter problem is implicit and must be solved iteratively. A common approach
to obtain a solution to the flutter equation is to resort to the p− k method [21]. In the present work, a
non-iterative version of the p−k method implemented in PyPk [22] is used instead. The aerodynamic
matrices are first computed for a given set of reference reduced frequencies. The flutter equation is
then solved once for each reduced frequency using the corresponding aerodynamic matrix. The
difference between the imaginary part of the eigenfrequency solutions and the reference reduced
frequencies δi = ℑ(pi)− ki is then computed. Because the imaginary part of the eigenfrequency is
the reduced frequency, a change in the sign of the differences δ1 and δ2 between two consecutive
eigenfrequencies p1 and p2 indicates that a valid solution exists between these two eigenfrequencies.
This solution can then be found by linear interpolation. Once the the imaginary part of the solution
has been interpolated, the real part of the eigenfrequency can also be interpolated and the damping
can be computed as well.

3. Results
3.1 Aerodynamic case: LANN wing
The methodology is applied to calculate the unsteady aerodynamic loads on the LANN wing. The
half-wing has an aspect ratio of 7.9, a taper ratio of 0.4, a leading edge sweep angle of 27.5◦, a
twist of −4.8◦, a root chord of 0.36 m, a half-span of 1 m, and features a transonic airfoil. The
exhaustive definition of the wing is presented in Zwaan [25]. The wing is forced to pitch harmonically
around an axis located at 62.1% of the root chord at a freestream Mach number M∞ = 0.77 and
a Reynolds number Re = 5.22× 106. The angle of attack follows a sinusoidal variation with semi-
amplitude α̃ = 0.125◦ at a frequency 2π ×24 rad/s around a mean pitch value α = 2.6◦. The reduced
frequency based on the half-chord is k = 0.11. The meshes used to simulate the LANN wing in SDPM,
DART and BLASTER are generated using Gmsh [26] 6. For SDPM, the half-wing model is discretized
using 40 quadrilateral panels along the chord and 24 along the span, on both the suction and pressure
sides. For DART and BLASTER, the half-wing model is placed in a box extending 50 chord lengths
away from the body. The inviscid unstructured grid is generated using a cell size of 1% of the local
chord and a growth ratio of 1.1, and contains 1327000 tetrahedral cells. The viscous grid contains
15 spanwise sections, each discretized with 85 points along the chord on the suction and pressure
sides.

6https://gmsh.info, accessed May 2024.
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Figure 2 shows the steady pressure coefficient along the chord of several spanwise sections of the
LANN wing obtained using SDPM, DART/BLASTER (abbr. BLASTER), a Reynolds-Averaged Navier-
Stokes (RANS) solution previously obtained by the authors [10] and experimental data [25]. As
expected, SDPM is not able to capture the shock and predicts a smooth pressure distribution. On the
other hand, the pressure distributions predicted using BLASTER are in good agreement with those
obtained by the RANS calculation and those measured experimentally. Nevertheless, the pressure
increase due to the shock predicted by BLASTER lies slightly downstream of, and is more gradual
than, the corresponding experimental observations. The results were obtained in under 35 minutes on
4 cores of a desktop workstation equipped with an AMD 3700X processor. The BLASTER calculation
is therefore significantly faster than RANS, which required more than 8 hours on 8 cores.
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Figure 2 – Steady pressure coefficient along the chord of several spanwise sections of the LANN
wing obtained using SDPM (blue line) and BLASTER (red line), compared to a RANS solution [10]

(green line) and to the experimental data [25] (black circles and crosses for the suction and pressure
sides, respectively).

Figure 3 compares the derivative of the steady pressure coefficient with respect to the angle of attack
computed using BLASTER to that computed using RANS and to that obtained experimentally. The
derivative is computed using finite differences between the results obtained using BLASTER at 2.59◦

and 2.61◦ angle of attack. Overall, the derivative computed using BLASTER is in good agreement with
both the RANS solution and the experimental measurements, except near the shock location. The
differences in the location of the peak result from the the fact that the shock predicted by BLASTER
does not correspond exactly to that calculated using RANS and to that measured experimentally,
as depicted in figure 2. On the other hand, the peak amplitudes computed by BLASTER seem to

6
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lie closer to the experimental data than those obtained from RANS. Nevertheless, the derivative
calculated using BLASTER is oscillatory around 65% span. Since the solution computed by BLASTER
is not oscillatory, these oscillations may come from the finite difference technique used to compute
the derivative. Resorting to a direct method [27] to calculate the gradient could alleviate this issue.
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Figure 3 – Derivative of the steady pressure coefficient with respect to the angle of attack along the
chord of several spanwise sections of the LANN wing obtained using BLASTER (red line) and

compared to the RANS solution [10] (green line) and to the experimental measurements [25] (black
circles and crosses for the suction and pressure sides, respectively).

Figure 4 shows the unsteady pressure distribution obtained from the uncorrected SDPM and from
SDPM corrected using BLASTER. Figure 4 also compares these results to the solution previously
obtained by the authors by correcting SDPM using the RANS solution and to the experimental mea-
surements. Overall, the correction calculated using BLASTER improves the linear results predicted
by SDPM. More specifically, the corrected pressure coefficients display the effect of a shock, even
though its position and strength do not perfectly match the experimental data. The discrepancies in
the pressure distribution between the computational results and the experimental measurements are
directly related to the discrepancies in the derivative of the pressure, noted in figure 3.

3.2 Aeroelastic case: AGARD wing
The methodology is used to compute the flutter boundary of the AGARD 445.6 wing. The half-wing
has a taper ratio of 0.66, a quarter-chord sweep angle of 45◦, a root chord of 0.59 m, a half-span of
0.76 m, and features a symmetric NACA 65A004 airfoil. Experimental tests were conducted at several
Mach numbers on a flexible weakened wing model made of mahogany and installed in a wind tunnel

7
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Figure 4 – Real and imaginary parts of the unsteady harmonic pressure coefficient along the chord
of several spanwise sections of the LANN wing obtained using SDPM, alone (blue line) and corrected

using BLASTER (red line), compared to the solution obtained by correcting SDPM using the RANS
data [10] (green line) and to the experimental data [25] (black circles and crosses for the suction and

pressure sides, respectively).

at an angle of attack of α = 0◦. The exhaustive definition of the test case is presented in Yates [28].
The wing is modeled as a flat plate made of shell elements in TACS. The longitudinal and transverse
Young’s modulus, the Poisson’s ratio and the shear modulus are set to 3.3 GPa and 416.2 MPa,
0.31 and 439.2 MPa, respectively. The thickness of each element is defined so that it corresponds
to the actual thickness of the NACA 65A004 airfoil. The grid is made of 40 quadrilateral elements
along the chord and 20 along the span. The first four mode shapes and frequencies computed
using TACS are in good agreement with those published by Yates [28]. The generalized aerodynamic
force matrices are computed at four freestream Mach numbers M∞ = [0.5,0.68,0.9,0.96] and at seven
reference reduced frequencies k = [0.01,0.1,0.2,0.3,0.5,0.7,1.0] using SDPM. The mesh is generated
using Gmsh and counts 40 quadrilateral panels along the chord and 20 along the span, on both the
suction and pressure sides of the half-wing model. The flow around the wing is subsonic except at
M∞ = 0.90 and M∞ = 0.96, where it becomes transonic. BLASTER is then used to correct SDPM at
these two Mach numbers. The Reynolds numbers corresponding to these freestream conditions are
Re = 8.16× 105 and Re = 5.96× 105, respectively. The half-wing model is placed in a box extending
50 chord lengths away from the body. The inviscid unstructured grid is generated using a cell size of
1% of the local chord and a growth ratio of 1.1, and counts 624000 tetrahedral cells. The viscous grid
contains 15 spanwise sections, each discretized with 85 points along the chord on the suction and

8
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pressure sides. BLASTER required under 3 minutes on 4 cores to run the calculation.
Figure 5 shows the flutter boundary of the AGARD wing. The flutter index u∗flutter is obtained by
normalizing the airspeed at flutter by the reference chord length c, the first torsion frequency ω2 and
the mass ratio between the air and the wing, µw,

u∗flutter =
2uflutter

cω2
√

µw
. (15)

SDPM underpredicts the flutter index when there is no shock in the flow, even when the flow is tran-
sonic at M∞ = 0.90. However, when there is a shock, SDPM overpredicts the flutter index and fails to
capture the transonic flutter dip properly. When SDPM is corrected using the viscous-inviscid interac-
tion implemented in BLASTER, the abrupt decrease of the flutter index is captured more adequately,
although the magnitude of the difference between the corrected result and the experimental mea-
surement is similar to that between the uncorrected result and the experimental one. This is also the
case when a RANS solution is used to correct the panel method.
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(a) Airspeed index.
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(b) Frequency ratio.

Figure 5 – Flutter airspeed index and frequency ratio of the AGARD wing at several freestream
Mach numbers obtained using SDPM, alone (blue line) and corrected using BLASTER (red line),

compared to the solution obtained by correcting SDPM using the RANS data [10] (green line) and to
experimental data [28] (black circles).

Figure 6 shows the evolution of the frequency and damping of the first four modes of the AGARD
wing at a freestream Mach number M∞ = 0.96 obtained using the corrected and uncorrected SDPM
results. Overall, the correction brought using BLASTER has very little influence on the frequencies.
However, it clearly changes the damping of the first two modes: the damping of the first bending
mode increases while the damping of the first torsion mode decreases, causing flutter to appear at
lower airspeed.

4. Conclusion
This work presented a new methodology for calculating unsteady aerodynamic loads and predicting
flutter in the transonic regime. The approach consists in combining a transonic correction technique
recently developed for the Source and Doublet Panel Method with a novel viscous-inviscid interaction
technique, which couples the steady inviscid full potential equation to the unsteady integral boundary
layer equations through a quasi-simultaneous scheme. The methodology was applied to two test
cases and the results were compared to higher-fidelity data obtained using the RANS equations as
a correction and to experimental data. The first test case was the LANN wing undergoing forced
pitching oscillations. Overall, the pressure coefficients obtained using the present approach were in
reasonable agreement with experimental data and showed an improvement over using the uncor-
rected method while maintaining a low computational cost. The second application was the AGARD
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Figure 6 – Frequency and damping of the AGARD wing as a function of the airspeed at freestream
Mach number M∞ = 0.96 obtained using SDPM, alone (dashed lines) and corrected using BLASTER

(solid lines). The blue, red, yellow and violet lines represent the results obtained for the first bending,
first torsion, second bending and second torsion modes, respectively. The dash-dotted gray line
represent zero-damping and the black circle denotes the flutter speed measured experimentally.

445.6 wing test case. Using the present approach improved the prediction of the transonic flutter
dip phenomenon. Even though the present methodology was found to improve the predictions of the
source and doublet panel method in the transonic regime, some discrepancies with the experimen-
tal and higher-fidelity data were observed. These discrepancies have two sources. Firstly, the shock
predicted by the viscous-inviscid interaction technique may not lie at the same place as that predicted
by higher-fidelity models or that measured experimentally. Consequently, the derivative of the pres-
sure coefficient with respect to the angle of attack will be affected, as well as the corrected unsteady
results. Secondly, because the steady pressure derivative is calculated using finite differences, which
are prone to numerical errors, the corrected results may be oscillatory. Resorting to a direct method to
calculate the gradient may alleviate the issue. Finally, this work showed that the present methodology
can be used to calculate flutter in the transonic regime at a low computational cost. Consequently,
additional future work consists in integrating the present approach into an optimization framework to
enforce flutter constraints.
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