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Abstract

In the context of fundamental flow studies, experimental databases are expected to
provide uncertainty margins on the measured quantities. With the rapid increase
in available computational power and the development of high-resolution fluid sim-
ulation techniques, Direct Numerical Simulation and Large Eddy Simulation are
increasingly used in synergy with experiments to provide a complementary view.
Moreover, they can access statistical moments of the flow variables for the devel-
opment, calibration, and validation of turbulence models. In this context, the
quantification of statistical errors is also essential for numerical studies. Reliable
estimation of these errors poses two challenges. The first challenge is the very large
amount of data: the simulation can provide a large number of quantities of interest
(typically about 180 quantities) over the entire domain (typically 100 million to 10
billion of degrees of freedom per equation). Ideally, one would like to quantify the
error for each quantity at any point in the flow field. However, storing a long-term
sequence of signals from many quantities over the entire domain for a posteriori
evaluation is prohibitively expensive. The second challenge is the short time step
required to resolve turbulent flows with DNS and LES. As a direct consequence,
consecutive samples within the time series are highly correlated. To overcome both
challenges, a novel economical co-processing approach to estimate statistical errors is
proposed, based on a recursive formula and the rolling storage of short-time signals.

Keywords: Statistical Uncertainty, Turbulent Statistics, Time Series, DNS, LES,
Unbiased Estimators
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1 Introduction

Scale-resolving approaches for the simulation of turbulent flows, such as Large Eddy

Simulations (LES) and Direct Numerical Simulations (DNS), are increasingly used

in complement to experiments for the study of fundamental flows. This evolution is

made possible by the rapid growth in available computational resources combined with

improvements in numerical methods. Since computations provide access to all flow vari-

ables and statistical data, they represent excellent opportunities for the improvement

of turbulence models, in particular using Machine Learning and Deep Learning tech-

niques(e.g., (Duraisamy et al, 2019; Brunton et al, 2020)). In contrast to experiments,

DNS results are not often accompanied by a rigorous quantification of the uncertainty

on the statistics (i.e., mean velocity profile, Reynolds stress profiles, turbulent kinetic

energy, lift coefficient, and so on). As pointed out by Fonseca et al (2022), the lack of con-

vergence of statistical fields is a source of error in the Reynolds stress tensor and hence

in the calibration of RANS models. Note that it is common practice in experiments to

report results with uncertainty margins to allow relevant conclusions on the considered

physics. Nevertheless, DNS literature does not systematically report these uncertainties.

In experiments, uncertainty can be classified, according to Favier (2010), into two

categories: measurement and data acquisition errors on the one hand and uncertainty

associated with the statistical data reduction on the other. One could add a third cat-

egory related to the uncertainty of the operating conditions, such as the uniformity of

the flow at inlets, drift of conditions during wind tunnel operations, etc.

A similar categorization can also be applied to simulation errors. Whereas the category

related to statistical errors applies as such, the first category corresponds to uncertain-

ties linked to numerical approximation error, whereas the third would be related to

boundary conditions, in particular concerning potential reflections and local distortions

of the flow. One could cope with the last category by considering the ”imperfections” to

be actually part of the numerical experiment.
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The statistical error also impacts the determination of discretization errors. In the

absence of an actual exact solution, the grid convergence for simulations is usually

assessed using the Richardson extrapolation, which estimates the discretization error

from a sequence of simulations on progressively finer meshes. However, this method is

not directly applicable to DNS because it can not separate discretization errors from

statistical errors; removing the latter would require infinite simulation times.

Therefore, estimating statistical errors is of the highest priority. Fortunately, the evo-

lution of statistical errors over time can be quantified using sampling error estimators.

Then, the accepted statistical uncertainty of the quantity of interest will dictate the

duration of a DNS or LES. However, this estimate is more complicated due to the

high and unknown correlation in the time signal. Moreover, this correlation may vary

significantly in the spatial domain.

Assuming that the data used to compute the statistics are identically, independently

distributed (i.i.d.) samples xi and using the CLT, the sample mean (or also called the

finite time average) x̄n follows a Normal distribution of mean equal to the infinite-time-

average µ and standard deviation

ϵn = σ/
√
n, (1)

where σ is the standard deviation of a single sample, and n is the number of samples.

This expression can be interpreted as a confidence interval, and as n increases the sam-

ple mean (Equation 6) converges to the true mean. However, in most problems, the i.i.d.

assumption does not hold. In numerical experiments, where a continuous-time chaotic

system is simulated, consecutive samples are highly correlated due to the small time

steps required to resolve turbulence structures accurately. Therefore two samples in time

are far from being independent. A first approach would be to take samples far apart

in time to reduce the correlation and treat them as independent (Donzis et al, 2008).

Unfortunately, such a simple approach underestimates the uncertainty if the samples are

not sufficiently separated. Contrarily, if they are taken too far apart, the sampling error
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is overestimated. Lumley and Panofsky (1964) updated this basic estimator (Equation 1)

to account for the integral time scale T . However, the correlation and the integral time

scale are a priori unknown and vary usually over the simulation domain.

The best option is therefore to use all available data and take correlation into account.

A first approach to account for the correlation was proposed by Hoyas and Jiménez

(2008). Since the temporal coherence of turbulence data is unknown a priori, they create

an intermediate coarse-grained time series to evaluate the desired variance. Nonetheless,

such a method is difficult to automate and requires user intervention and interpretation.

A promising approach is to estimate the auto-correlation directly from the data, which

is in itself a challenge. This task of estimating auto-correlation functions has already

been addressed by the weather and climate communities (Trenberth, 1984). In the work

of Alimohammadi and He (2016), the auto-correlation is modeled with an exponential

decay of the form exp (−αf t) where αf is a fitting parameter obtained from the available

data via empirical modeling and t the time. One can also cite the work of Broersen

(2002, 2006), who fitted an autoregressive (AR) model for the auto-correlation function

estimation. In other words, this technique consists of formulating a statistical model of

the random process. Then, the parameters of the mathematical model are adjusted via

a maximum likelihood formulation (Hosking, 1981; Oliver et al, 2014). Beyhaghi et al

(2018) proposed a multiscale method based on an auto-correlation model tuned to fit

the statistic of interest for a range of different timescales. All of these methods adopt

models for the integral length scale or correlation to estimate the sampling error. The

recent work of Rezaeiravesh et al (2023) also modeled the ACF using a convex combina-

tion of exponential functions and provided an in-situ implementation of the developed

estimator in the flow solver Nek5000.

The uncertainty estimation in the statistics of steady-state simulations has also

been addressed using autoregressive moving average (ARMA) and batch means

methods. Although batch means methods are widely used because they are fast,

they are not very accurate in all applications, as they have been shown to pro-

duce biased estimates. Batch means methods can be decomposed in nonoverlapping
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(NOBM) (Conway et al, 1959; Conway, 1963; Schmeiser, 1982) and overlapping

(OBM) (Meketon and Schmeiser, 1984; Law and Kelton, 2000). ARMA mod-

els (Box et al, 2015) offer a comprehensive representation of a (weakly) stationary

stochastic process using two polynomials, one for auto-regression (AR) and the other for

the moving average. Estimation of the full correlation function is required to evaluate the

variance of the sample mean, resulting in a slower approach than, for example, NOBM.

Russo and Luchini (2017) proposed a Batch Means and Batch Correlation (BMBC)

algorithm, inspired by batch means methods for their efficiency and from ARMA for

their accuracy.

To reduce model dependencies, block bootstrap methods (Politis and White, 2004;

Bernardes and Dias, 2010; Boufidi et al, 2020) have been developed. The classical boot-

strap algorithm was initially proposed by Efron (1979). These methods are resampling

algorithms, which allow the computation of any statistics on a given population when

the probability distribution is unknown. They were then extended to account for the

correlation time scale, known as the Moving Block Bootstrap (MBB) method proposed

by Kunsch (1989). Although these methods seem very attractive and give great results

for experimental data, they are too expensive (i.e., they require the storage of all sam-

ples to evaluate the statistics of interest) to be used in a numerical solver where the

bottleneck is memory storage.

The present work is a first step in the development of a statistical uncertainty quan-

tification methodology for first-order statistics (e.g., the mean velocity v or pressure

p) of DNS computations. It focuses on developing unbiased estimators to quantify the

expected deviation from the infinite-time-averaged statistic without any prior knowl-

edge of the statistical process. One of the challenges of practical DNS is the processing

of large data sets, which implies that only a small portion of the time series can be

maintained in memory. Therefore, all statistical quantities need to be computed with

cumulative approaches.
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This work aims to provide reliability bounds to quantify the uncertainty of the statistical

mean and the correlation time scale, which are computed with a cumulative approach,

using only a limited number of samples and without any a priori hypotheses concerning

the data. No probability distribution is inferred from the data to deduce the mean,

variance, and auto-correlation. The assumptions are that the stochastic process is sta-

tionary and ergodic after a certain initial transient. Under those assumptions, multiple

asymptotically unbiased estimators for the variance of the sample mean are developed

and tested on three representative test problems: a generic autoregressive process, the

solutions of the Kuramoto–Sivashinsky equations, and a DNS of the turbulent flow over a

two-dimensional periodic hill, which features a large separation from a curved wall. Com-

pared to existing techniques, our estimators are cumulative, work with short-duration

time signals, account for the correlation, and result in little computational overhead.

The remainder of the paper is structured as follows. Section 2 is dedicated to a com-

plete description of the statistical framework. This section also provides a quick review

of the MBB method. Section 4 enumerates the three estimators for the variance of the

sample mean and discusses the possibilities to accumulate those estimators to work

with a limited number of samples. Section 5 present three representative test cases: the

auto-regressive process, the Kuramoto–Sivashinsky equations, and the DNS of the two-

dimensional periodic hill at Reb = 10,595. Our three estimators are evaluated against

the MBB and the estimator developed by Beyhaghi et al (2018), considered here as the

reference. Section 5.5 addresses the memory bottleneck of the estimators using the exam-

ple of the two-dimensional periodic hill. They are based on the summation of the m first

terms of the auto-correlation function where m is deduced from the integral time scale

T . The idea is to subsample the discrete time series to reduce memory storage while

preserving the accuracy of the estimators.

2 Stochastic processes and time series

In this section, basic concepts are recalled, including the definitions of stationary stochas-

tic processes, time series, and confidence intervals. This section ends with a presentation
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of two reference methods, (i) the Moving Block Bootstrap (MBB) typically used in

experiments (Boufidi, 2021) and (ii) the method developed by Beyhaghi et al (2018).

2.1 Stochastically stationary processes

Stochastic processes

A stochastic or random process is a sequence of random variables. Usually, the sequence

index refers to the time. The variables composing the random process are randomly

distributed according to a system of joint probability distributions. The process is sta-

tistically stationary if the system of joint probability distributions is invariant under

translation. Hereafter are the definitions of the most important characteristics of these

distributions.

• The mean µ defines the level around which x fluctuates and the variance σ2 measures

the spread around this level. The mean corresponds to the expected value of x,

computed as the time average over an infinitely long period T :

µ = E [x] = lim
T→∞

1

T

∫ T

0

x dt . (2)

• The variance is also a constant and is defined as,

σ2 = Var (x) = E
[
(x− µ)2

]
. (3)

• Due to the underlying physical process, there is a correlation between two values of

x at different times, which typically decreases with a delay τ between two samples,

which is quantified through the auto-covariance function γ defined as,

γ(τ) = E [(x(t)− µ) (x(t+ τ)− µ)] . (4)

• The auto-correlation function (ACF) is a dimensionless quantity and is defined

as ρ(τ) = γ(τ)/σ2. According to Pope (2000), this ACF has the following properties:

ρ(0) = 1 and |ρ(τ)| ≤ 1 .
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This ACF is an even function because ρ(−τ) = ρ(τ). If the stochastic process x(t)

is periodic of period T then ρ(τ) is also periodic such that ρ(τ + T ) = ρ(τ). For

processes occurring in turbulent flow (such as those addressed in this paper), the

correlation is expected to decrease as the time lag τ increases. Usually, the ACF

diminishes sufficiently rapidly for the integral,

T =

∫ ∞

0

|ρ(τ)|dτ (5)

to converge. Then T is defined as the integral time scale, which is a characteristic

time scale for the dynamics of measured quantities.

As a consequence, the mean, variance, ACF, . . . of statistically stationary processes are

independent of time.

2.2 Time series, sample mean and variance

The characteristics defined in the previous section are based on the knowledge

of the full evolution of the continuous process. However, due to measurement or

computational resolution, we only have access to time series (i.e., a series of sub-

sequent realizations at discrete time steps). Within this paper, we will consider

equispaced time steps ti = t0 + i · ∆t. In the context of DNS and LES, these subse-

quent realizations are snapshots of pressure, velocity, vorticity, . . . at (multiples of)

the numerical time step ∆t. The individual discrete observations are then denoted

{x(t0), x(t1), . . . , x(ti), . . . x(tn)} = {x0, x1, . . . , xi, . . . , xn}. The goal is to provide unbi-

ased relations between the statistical properties of the series to those of the continuous

process.

The sample mean xn is an estimator of the mean µ of the stochastic process. It is

defined for a time series, containing n observations as

xn =
1

n

n∑
t=1

xt. (6)

8



The sample mean is itself a stochastically distributed quantity. It is an unbiased estimator

because the expected value of xn is the mean µ of the stochastic process itself,

E [xn] =
1

n

n∑
t=1

E [xt] = µ.

Hence the sample mean xn is distributed around the actual mean for any given length

n of the time series. One can show that the variance of the distribution of xn reduces

as n becomes larger, and therefore the sample mean converges to the real mean. The

objective of this paper is to provide an estimate of how close the sample mean is to the

true mean for a given series length n, using confidence intervals, which are introduced

in the next section.

One can then also define the unbiased sample variance in analogy with the variance as:

s2n =
1

n− 1

n∑
t=1

(xt − xn)2 . (7)

The sample variance is also a statistical quantity. Nevertheless, the expected value of the

sample variance is not the variance, but rather

E
[
s2n
]
= σ2 − 2

n− 1

n−1∑
k=1

(
1− k

n

)
γk = σ2

[
1− 2

n− 1

n−1∑
k=1

(
1− k

n

)
ρk

]
(8)

with γk = E [(x(t)− µ)(x(t+ τk)− µ)], the value of the auto-covariance function for a

time delay τk = k∆t, and the associated values of the auto-correlation function ρk =

γk/σ
2. Unlike the sample mean, the sample variance is not a priori distributed around

the continuous variance σ2. Only if the samples are uncorrelated, then ρk = 0 and

E
[
s2n
]
= σ2. However, if the correlation vanishes (i.e.if limk→∞ ρk = 0), we still find

limn→∞ E
[
s2n
]
= limn→∞ s2n = σ2.

2.3 Uncertainty of the sample mean

The variance of the sample mean is a measure of the uncertainty of the estimator. Accord-

ing to textbook definition, Equation 2.5.4 in Wei (2006), the variance of the sample
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mean can be written as,

Var (xn) =
σ2

n

[
1 + 2

n−1∑
k=1

(
1− k

n

)
ρk

]
(9)

where σ2 and ρk are unknown. Assuming that the samples xt are independently iden-

tically distributed (i.i.d), the correlation terms ρk are zero and therefore Equation 8

reduces to

Var (xn) = σ2/n = E
[
s2n
]
/n .

We retrieve Equation 1 described in the work of Beyhaghi et al (2018). The inverse

proportionality with respect to n confirms the intuition that the average becomes more

reliable as the length of the averaged series grows. This estimator can not be used as such

for the time series generated by DNS, since successive time steps are highly correlated.

Note that σ2 can be written as a function of Var (xn) and E
[
s2n
]
,

σ2 =
n− 1

n
E
[
s2n
]
+ Var (xn) . (10)

This last expression will be useful when developing our estimator for the variance of the

sample mean in Section 4.

3 Reference methods

In this section, two types of estimators available in the literature for accessing the statis-

tical uncertainty in the numerical approximation of infinite time-averaged statistics are

presented in detail. The method proposed by Beyhaghi et al (2018) solves an optimiza-

tion problem to fine-tune model parameters, while the Moving Block Bootstrap method

is a resampling algorithm used when the data distribution is unknown. Both approaches

require the full-time series to quantify the uncertainty.
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3.1 Estimator proposed by Beyhaghi et al. [2018]

Concerning the estimation of the averaging error, their method is based on two

fundamental aspects:

• the definition of the shifted sample means ml,l+s from which themean-squared shifted

sample mean m2
s is computed and finally used in the objective function of the

optimization problem;

• an optimization problem dedicated to the fine-tuning of the auto-correlation

function, defined as:

ρ̂(k; θ̂) =

m∑
i=1

Âiτ̂
k
i where θ̂ =

[
Â1, Â2, . . . , Âm, τ̂1, τ̂2, . . . , τ̂m

]
,

with the two following constraints 0 ≤ τ̂i ≤ 1 and
∑m

i=1 Âi = 1. The optimization

problem then writes as,

{θ̂N , σ̂N , µ̂N} = argmin f(θ̂, σ̂, µ̂) =

qN∑
s=1

[
gs(θ̂, σ̂, µ̂)

]2
,

where gs(θ̂, σ̂, µ̂) = µ̂2 + σ̂2

s

[
1 + 2

∑s−1
k=1(1−

k
s )ρ̂(k; θ̂)

]
−m2

s, and qN = ⌊
√
N⌋.

According to their notation, N corresponds to the number of samples composing the time

series, s is the number of samples used to compute the sample mean, and the subscript

l varies between 0 and N − s. Note that no information is given about m, the number

of model parameters θ̂. The model parameters {θ̂, σ̂, µ̂} are tuned to accurately match

the model of the expected squared averaging error (Equation 9), at a range of different

timescales s, based on the available data. Although this method gives good results when

combined with the detection of the initial transient, it cannot be used in the framework

of DNS or LES since the method requires the full-time history. For more information on

their implementation and a detailed description of the various terms, readers can read

the paper by Beyhaghi et al (2018).
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3.2 Moving Block Bootstrap (MBB) method

The Bootstrap method is a resampling algorithm used when the probability distribution

of the data is unknown. It allows to infer any statistics (e.g., mean, variance, . . . ) from

a single time series. The method was originally proposed by Efron (1979) and applied

when samples were independent. The idea behind the Bootstrap method is to generate

B sample series constructed by randomly resampling the original time series. For each

of those B new series, the statistics θi are computed, leading, to the generation of a

population θB for which a mean value µB and a variance σ2
B are deduced.

The method was extended by Kunsch (1989) to preserve correlation in time series,

leading to the Moving Block Bootstrap (MBB) method. Instead of randomly resampling

the original time series, N − c+ 1 random overlapping blocks of size c are chosen. Then

N/c blocks are extracted and randomly concatenated into a new data series x∗b,i having

roughly the same size as the original series. This process, illustrated in Figure 1, is

repeated B times to create a population of the statistic parameters of interest. To work

well, the block length c is based on the integral length scale.

Politis and White (2004) then proposed a methodology to automatically estimate the

optimal block length c. Given X1, . . . , XN observations from a strictly stationary real-

valued sequence having a mean µ = E [Xt] and an auto-correlation sequence R(s) =

E
[
(Xk − µ)(Xt+|s| − µ)

]
, the block size for the circular bootstrap (or the moving block

bootstrap) is the one that minimizes the large-sample MSE(σ2
b,CB):

copt,CB =

[(
2G2

DCB

)1/3

N1/3

]
, (11)

whereDCB = (4/3)g2(0), G =
∑∞

k=−∞ |k|R(k), and g being the spectral density function

defined as, g(w) =
∑∞

s=−∞R(s) cos(ws). Note that both R(s) and µ are unknown. In

their paper, they define two estimators ĝ and Ĝ of g and G, respectively. Those estimators

care based on the flat-top lag window λ(t) that has a trapezoidal shape symmetric around
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zero, i.e.,

λ(t) =


1, 0 ≤ |t| ≤ 0.5

2(1− |t|), 0.5 ≤ |t| ≤ 1

0, otherwise.

(12)

From this definition, they estimate g(w) by ĝ(w) =
∑M

k=−M λ(k/M)R̂(k) cos(wk). Note

that the estimator of the auto-correlation is simply R̂ = N−1
∑N−|k|

i=1 (Xi−XN )(Xi+|k|−

XN ). Similarly, they get the estimate of G by Ĝ =
∑M

k=−M λ(k/M)|k|R̂(k). Finally, the

estimator of the optimal block size is given by,

ĉopt,CB =

( 2Ĝ2

D̂CB

)1/3

N1/3

 . (13)

The parameter M is defined as M = 2m̂ where m̂ is the smallest integer for which

ρ(k) = R(k)/R(0) becomes negligible. A more precise formulation of m̂ is given by Poli-

tis and White (2004). The test of the implicit assumption on the auto-correlation is

described as follows: m̂ is defined as the smallest positive integer such that |ρ̂(m̂+ k)| <

a {log(N)/N}1/2, for k = 1, · · · ,KN , where a > 0 is fixed to a constant and KN is a

positive, non-decreasing integer value function of N . The recommended values are a = 2

and KN = max (5, log(N)1/2).

c

x⋆bi

Fig. 1: Moving Blocks Bootstrap method

To summarize, the Moving Block Bootstrap method works as follows,

1. Identify the smallest m̂ based on the implicit hypothesis test stated above;
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2. Using the value M = 2m̂, compute Ĝ, ĝ, and D̂CB ;

3. Estimate the optimal block length as ĉopt,CB given by Equation 13;

4. Create N − ĉopt,CB + 1 random overlapping blocks of size ĉopt,CB from the original

time series

5. Randomly extract N/ĉopt,CB blocks to create a new data series x⋆i,b;

6. Compute the statistics of interest θi;

7. Repeat points 5 and 6 B times to create a population θB .

4 V ar (xn) estimation from a limited number of

samples

Due to memory storage in ongoing DNS computations, it is impossible to keep the full-

time series, in particular, if we want to verify the variation of the statistical quantities

over the domain. Fortunately, the sample average of a series growing in time can be

computed recursively (Welford, 1962) as

xn =
n− 1

n
xn−1 +

xn
n
. (14)

The sample variance can be rewritten as

s2n =
1

n− 1

n∑
i=1

(xi − xn)2 =
1

n− 1

(
n∑

i=1

x2i − nx2n

)
=

1

n− 1

n∑
i=1

(
x2i − x2n

)

and can therefore be computed cumulatively by either accumulating of the sum of all x2i ,

in a similar way to the sample mean, or recursively as

(n− 1)s2n = (n− 2)s2n−1 + (n− 1)x2n−1 + x2n − nx2n

⇒ s2n =
n− 2

n− 1
s2n−1 +

1

n
(xn − xn−1)

2
.

The last expression can be also found in the work of Welford (1962). Both computations

do not require additional storage. However, the computation of σ2, Var (xn) as well as

T involve the correlation coefficient ρk. Therefore, estimates which can be accumulated
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while retaining only a small subset {xn−m, . . . , xn} in memory, instead of the full-time

series, have to be developed.

In many problems and in the case of turbulent flow, there is a strong correlation between

successive values in the time series. Therefore, an estimate for the correlations ρk is

required. The sum expression in Equation 9 includes correlations up to n− 1 (the total

duration of the time series), and therefore, in theory, one would need to store the entire

time series to compute this sum directly. Unfortunately, to reduce the memory consump-

tion, only a limited amount of the ACF terms can be stored. Because the correlation is

a summable sequence, one may define the minimal set of terms that represent this corre-

lation. In other words, there exists an integer m such that the coefficients {ρk, ∀k ≥ m}

become negligible. The sum can be, therefore, truncated to the m first coefficients,

Var (xn) ≈
σ2

n

[
1 + 2

m∑
k=1

(
1− k

n

)
ρk

]
. (15)

This minimal set (i.e., the number of coefficients) is numerically computed based on an

estimation of the integral length scale T , which in turn requires the autocorrelation func-

tion to be evaluated according to Equation 5. Nonetheless, a large number of coefficients

may have to be stored to estimate T correctly in practical cases. To avoid a prohibitive

storage cost, it is convenient to approximate the autocorrelation function with a Gamma

Exponential Function (GEF), defined as,

GEF(r; l, γ) = exp
[
−
(r
l

)γ]
, (16)

whose parameters l, γ can be found via Non-Linear Least Square Error regression on

a reduced set of terms (e.g., Gauss-Newton). Moreover, at the beginning of the com-

putation, only a few terms are known, and this approximation is, therefore, helpful to

extrapolate the ACF. The GEF is strictly positive, which is not a general assumption for

real ACFs of turbulent quantities. Therefore, other kernels can be used to approximate

the integral time scale depending on the physical problem being addressed. Moreover,
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this approximation problem does not aim to evaluate exactly T , but to get an approx-

imation of it with the least amount of terms possible rk, for k = {1, · · · ,K} to reduce

the memory storage. The constraint optimization problem can be written as,

min
l,γ

K∑
k=0

(GEF(rk; l, γ)− γ̂nk /γ̂0)
2
, subjected to γ > 0 , (17)

where γ̂nk by Equation 19, and K is the number of correlations coefficients used to per-

formed the optimization procedure. This optimisation problem can be solved using the

steepest descent method or the Gauss-Newton method. Once the optimization problem

is solved, the number of coefficients m is determined as the smallest integer for which

the fitted Gamma Exponential function drops below a given threshold:

m = argmin
k
{|GEF(rk; l

⋆, γ⋆)− ϵthr|} , (18)

where the threshold ϵthr is set to 5%. Note that as a co-processing tool, this integral time

scale is evaluated within the DNS simulation code and adapted at each time step.

4.1 Short overview of covariance estimation

Many auto-covariance estimators can be found in the literature. First of all, the classical

autocovariance estimator

γ̂nk =
1

n− 1

n−k∑
t=1

(xt − xn)(xt+k − xn) (19)

which is based on the method of moments, is mentioned in most textbooks on (time)

series analysis, see e.g. Box et al (2016). The denominator is set to n−1 (instead of n−k

in standard expression) to ensure positive definiteness of the sampling autocovariance

matrix (Box et al, 2016; Dürre et al, 2015) at the cost of increased bias. Robust ACF

estimators that remain close to the true underlying ACF, even when outliers are present

in the time series were presented by Ma and Genton (2000) and Dürre et al (2015). Liao

et al (2016) revisited the autocovariance function estimate as a constrained penalized
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regression. Vogelsang and Yang (2016) constructed the estimator as a linear combina-

tion of population autocovariances and they show that it drastically reduces the bias.

Andersen et al (2001) proposed quadratic variations as an estimator for the variance and

covariance that are used for non-synchronous data (Hayashi and Yoshida, 2005).

4.2 V ar (xn) estimator based on classical ACF estimator

The expectation of the classical ACF estimator γ̂nk (see Equation 19) is found to be

E [γ̂nk ] =
1

n− 1
E

[
n−k∑
t=1

(xt − xn)(xt+k − xn)

]

=
1

n− 1
E

[
n−k∑
t=1

[(xt − µ)− (xn − µ)][(xt+k − µ)− (xn − µ)]

]

=
1

n− 1
E

[
n−k∑
t=1

(xt − µ)(xt+k − µ)

]
+

1

n− 1
E

[
n−k∑
t=1

(xn − µ)2
]

− 1

n− 1
E

[
n−k∑
t=1

(xn − µ)(xt+k − µ)

]
− 1

n− 1
E

[
n−k∑
t=1

(xt − µ)(xn − µ)

]

=
n− k
n− 1

γk −
n+ k

n− 1
Var (xn) +

1

n− 1
E

[
(xn − µ)

(
n∑

t=n−k+1

(xt − µ) +
k∑

t=1

(xt − µ)

)]

=
n− k
n− 1

γk −
n+ k

n− 1
Var (xn) +

2k

n− 1
Var (xn)

=
n− k
n− 1

(γk − Var (xn))

To find γk as a function of E [γ̂nk ] and of Var (xn),

γk =
n− 1

n− k
E [γ̂nk ] + Var (xn) .

This expression is injected in Equation 15 to get,

Var (xn) ≈
σ2

n
+

2

n2

m∑
k=1

(n− k)
(n− 1

n− k
E [γ̂nk ] + Var (xn)

)
=
σ2

n
+

2(n− 1)

n2

m∑
k=1

E [γ̂nk ] +
2

n2

(
nm− m(m+ 1)

2

)
Var (xn)

=
σ2

n
+
m(2n−m− 1)

n2
Var (xn) +

2(n− 1)

n2

m∑
k=1

E [γ̂nk ] .
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In this last expression, σ2 is replaced by Equation 10 to obtain,

Var (xn) ≈
1

n

(n− 1

n
E
[
s2n
]
+ Var (xn)

)
+
m(2n−m− 1)

n2
Var (xn) +

2(n− 1)

n2

m∑
k=1

E [γ̂nk ]

=
n− 1

n2
E
[
s2n
]
+
( 1
n
+
m(2n−m− 1)

n2

)
Var (xn) +

2(n− 1)

n2

m∑
k=1

E [γ̂nk ]

=
n− 1

n2
E
[
s2n
]
+
n(2m+ 1)−m(m+ 1)

n2
Var (xn) +

2(n− 1)

n2

m∑
k=1

E [γ̂nk ]

⇒Var (xn)
(
1− n(2m+ 1)−m(m+ 1)

n2

)
≈ n− 1

n2
E
[
s2n
]
+

2(n− 1)

n2

m∑
k=1

E [γ̂nk ] .

Using a direct estimator for the auto-correlation, a first estimator for the variance of the

sample mean, noted as V̂(1)
n , is obtained,

V̂(1)
n = a

(
s2n + 2

m∑
k=1

γ̂nk

)
, (20)

where a = (n− 1)
(
(m− n)2 + (m− n)

)−1
. From this last expression we can write that

E
[
V̂(1)
n

]
= Var (xn), which confirms that the estimator is (asymptotically) unbiased by

construction.

The standard ACF estimator cannot be evaluated with a standard cumulative method.

However, it can be rewritten in three distinct terms to facilitate its evaluation:

(n− 1)γ̂nk =

n−k∑
t=1

xtxt+k︸ ︷︷ ︸
=γ̂n

k,1

−xn
n−k∑
t=1

(xt + xt+k)︸ ︷︷ ︸
=γ̂n

k,2

+(n− k)x2n .

The accumulation is performed on those three terms, with the k previous terms

{xn+1−k, . . . , xn+1}, γ̂n+1
k,1 = γ̂nk,1 + xn+1−kxn+1, and γ̂

n+1
k,2 = γ̂nk,2 + (xn+1−k + xn+1), as

nγ̂n+1
k = γ̂n+1

k,1 + x2n+1γ̂
n+1
k,2 + (n+ 1− k)x2n+1 ,

where xn+1 is given by Equation 14.
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4.3 V ar (xn) estimator based on quadratic variation estimator

For comparison purposes, the quadratic variation estimator, initially proposed by Ander-

sen et al (2001) to construct estimates of daily exchange rate volatility in a financial

context, is also considered with

δ̂nk =
1

n

n−k∑
t=1

(xt − xt+k)
2 . (21)

Similarly to Section 4.2, the expectation of this estimator is computed,

E
[
δ̂nk

]
=

1

n
E

[
n−k∑
t=1

(xt − xt+k)
2

]

=
1

n
E

[
n−k∑
t=1

((xt − µ)− (xt+k − µ))2
]

=
1

n
E

[
n−k∑
t=1

(xt − µ)2
]
− 2

n
E

[
n−k∑
t=1

(xt − µ)(xt+k − µ)

]
+

1

n
E

[
n−k∑
t=1

(xt+k − µ)2
]

= 2

(
1− k

n

)(
σ2 − γk

)
= 2σ2

(
1− k

n

)
(1− ρk) .

This estimator cannot be computed using a standard cumulative method. The following

accumulation process can be set up using the k previous terms {xn+1−k, . . . , xn+1},

δ̂n+1
k =

1

n+ 1

(
nδ̂nk + (xn+1−k − xn+1)

2
)
. (22)

Note that a series of {xn+1−k, . . . , xn+1} terms need to be retained in memory. This

number of terms is limited due to the truncated sum defined in Equation 15. Moreover,

it will be further reduced by undersampling. This technique is discussed in Section 5.5.

Based on this estimator, an expression for the variance of the mean is established. First,

γk is expressed as a function of σ2 and E
[
δ̂nk

]
to get,

2

(
1− k

n

)
γk = 2

(
1− k

n

)
σ2 − E

[
δ̂nk

]
,

19



and this result is injected in Equation 15, to get,

Var (xn) ≈
σ2

n
+

1

n

m∑
k=1

(
2

(
1− k

n

)
σ2 − E

[
δ̂nk

])

=
σ2

n
+

1

n2

m∑
k=1

2(n− k)σ2 − 1

n

m∑
k=1

E
[
δ̂nk

]
=
σ2

n
+

2

n2

(
nm− m(m+ 1)

2

)
σ2 − 1

n

m∑
k=1

E
[
δ̂nk

]
=
n+ 2nm−m(m+ 1)

n2
σ2 − 1

n

m∑
k=1

E
[
δ̂nk

]
=
n2 − (n−m)2 + n−m

n2
σ2 − 1

n

m∑
k=1

E
[
δ̂nk

]
.

In this last expression, σ2 is replaced by Equation 10, to finally obtain,

Var (xn) ≈
n2 − (n−m)2 + n−m

n2

(n− 1

n
E
[
s2n
]
+ Var (xn)

)
− 1

n

m∑
k=1

E
[
δ̂nk

]
(23)

⇒ V̂(2)
n =

1

n(1− a)

(
a(n− 1)s2n −

m∑
k=1

δ̂nk

)
(24)

where a = (n2 − (n−m)2 + n−m)(n2)−1. From this last expression we can write that

E
[
V̂(2)
n

]
= Var (xn), which confirms that the estimator is (asymptotically) unbiased by

construction.

4.4 V ar (xn) estimator based on non-centered classical ACF

estimator

To construct this third estimator, the sample mean is removed from the direct estimator

of the auto-correlation treated in Section 4.2 and a factor of 1/(n− k) is used instead of

1/(n− 1) used in Equation 19. This third estimator is defined as

φ̂n
k =

1

n− k

n−k∑
t=1

xtxt+k. (25)
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This estimator can be rewritten in a cumulative form, using the k previous terms

{xn+1−k, . . . , xn+1},

φ̂n+1
k =

(n− k)φ̂n
k + xn+1−kxn+1

n+ 1− k

Once the number of coefficientsm is known, this third estimator can be evaluated using a

cumulative method. Only the last m terms of the time series need to be kept in memory.

Once again, the expectation of this estimator is evaluated as

E [φ̂n
k ] =

1

n− k
E

[
n−k∑
k=1

xtxt+k

]

=
1

n− k
E

[
n−k∑
k=1

(xt − µ+ µ)(xt+k − µ+ µ)

]

=
1

n− k
E

[
n−k∑
k=1

(xt − µ)(xt+k − µ)

]
+

1

n− k
E

[
n−k∑
k=1

µ2

]

+
1

n− k
E

[
n−k∑
k=1

µ(xt+k − µ)

]
+

1

n− k
E

[
n−k∑
k=1

µ(xt − µ)

]

= γk + µ2.

From above, an expression of the ACF is obtained,

γk = E [φ̂n
k ]− µ2 . (26)

Note that an estimator of the square of the mean is required, since (E[x])2 ̸= E[x2]. The

expectation of the square of the sample mean gives an expression for the estimator,

E
[
x2n
]
= Var (xn) + µ2 ⇒ µ2 = E

[
x2n
]
− Var (xn) . (27)

In Equation 26, µ2 is substituted by the expression reported in Equation 27, and the

result is injected in Equation 15, to get

Var (xn) ≈
σ2

n
+

2

n

m∑
k=1

(
1− k

n

)(
E [φ̂n

k ]− E
[
x2n
]
+ Var (xn)

)
=
σ2

n
+

2

n

m∑
k=1

(
1− k

n

)
E [φ̂n

k ]−
2

n2

(
nm− m(m+ 1)

2

)(
E
[
x2n
]
− Var (xn)

)
.

21



Finally, σ2 is replaced by Equation 10 to get,

Var (xn)
(
1− 1

n

)
≈ n− 1

n2
E
[
s2n
]
+

2

n

m∑
k=1

(
1− k

n

)
E [φ̂n

k ]

− 2nm−m(m+ 1)

n2

(
E
[
x2n
]
− Var (xn)

) (28)

⇒ V̂(3)
n = a

(
(n− 1)s2n + 2

m∑
k=1

(n− k)φ̂n
k + bx2n

)
, (29)

where a = [(n−m)2 − n+m]−1, and b = m(m− 2n+ 1). From this last expression we

can write that E
[
V̂(3)
n

]
= Var (xn), which confirms that the estimator is (asymptotically)

unbiased by construction.

4.5 V ar (xn) estimator based on a smooth approximation of the

ACF

The standard estimator of the ACF, used in Section 4.2, is known to suffer from spurious

oscillations at large time lags, making it difficult to understand at which lag the ACF

goes to zero. For this reason, the truncation m is approximated using an optimization

procedure that aims to fit a smooth estimator of the ACF, i.e., the Gamma-Exponential

Function (Equation 16), on the standard estimator of the ACF. This procedure is sum-

marized by the equations 17 and 18. A fourth estimator V̂(4)
n is derived by replacing, in

Equation 9, σ2 by its estimator s2n and γk by the smooth approximation of the ACF, to

get

V̂(4)
n =

s2n
n

[
1 + 2

n−1∑
k=1

(
1− k

n

)
GEF(rk; l

∗, γ∗)

]
, (30)

This new estimator is not based on the definition of m and therefore the sum over the

correlation coefficients is no more truncated. Compared to the other three estimators,

V̂(4)
n is not asymptotically unbiased by construction. This last estimator is very close to

the technique used in the paper of Rezaeiravesh et al (2023), except that the GEF is

replaced by a convex combination of exponential functions, where three parameters are

required to fit the model to the ACF.
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4.6 Summary

Note that these four estimators for the variance of the sample mean are justified

by the generalization of the Central Limit Theorem, as described in Oliver et al

(2014). Using the four estimators: γ̂k, δ̂k, ψ̂k, and GEF(rk; l, γ) defined respectively by

Equations 19, 21, 25, and 16 combined with the expressions listed in Equations 8 and 9,

estimators V̂(1)
n , V̂(2)

n , and V̂(3)
n for the variance of the sample mean are constructed to

be asymptotically unbiased, while estimator V̂(4)
n is not, but is even lighter in memory

because it only requires the knowledge of two parameters l and γ. Their expressions are

summarized in Table 1. Note that the constant m is evaluated though the optimization

procedure defined in Equation 18. A parallel can be drawn with the definition of the

optimal block length in the MBB method.

Our asymptotically unbiased estimators differ slightly from the one proposed very

recently in Rezaeiravesh et al (2023). In their work, they chose not to truncate the

sum over the ACF coefficients because the standard estimator of the ACF is prone to

non-vanishing oscillations at higher lags. Instead, the authors used a modelled ACF

that is smooth for all lags. In their paper, they went one step further and has already

implemented their estimator in the flow solver, Nek5000. Except for the adjustment of

the ACF, the development of the cumulative approach for mean and variance is similar

to that proposed by in the present paper (see Table 1).
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5 Applications

This section is devoted to the evaluation of our three estimators on three representative

test cases: an auto-regressive process (in Section 5.1), the Kuramoto-Sivashinsky (KS)

equations (in Section 5.2), and the two-dimensional periodic hill at Reb = 10, 595 (in

Section 5.4). For the auto-regressive process, the three estimators will be compared to

the exact evaluation of the confidence interval. Indeed, an analytical expression of ρk

can be computed using the Yule-Walker equations (see e.g.Box et al (2016)) from which

the variance of the sample mean can be exactly evaluated. For the two other test cases,

since analytical expressions of µ, σ2 and ρk are not available, the method developed

by Beyhaghi et al (2018) and the MBB method (presented in Section 3.2) are considered

as the reference to validate our three estimators. Note that in our MBB method, the

MatLab function opt block length REV dec07, implementing the optimal block length

of Politis and White (2004) (found here) has been revisited in Python.

5.1 Autoregressive process

A first validation is performed on an auto-regressive process AR(p), which is a synthetic

model for a stochastic process with known mean, variance and correlation function. It

is constructed by computing a new sample value xi as a finite weighted sum of the p

previous sample values plus a white noise:

xi =

p∑
j=1

αpxi−j + ϵi , (31)

where αj are real coefficients and ϵi is a sample of a white Gaussian noise, i.e.,

ϵi ∼ N
(
0, σ2

ϵ

)
. The resulting system is statistically stationary, with a zero mean, after a

”certain” initial transient, due to the initialization of the first p value of the process. The

coefficients of the auto-covariance function are obtained with the Yule-Walker equations

described in Box et al (2016) (chapter Autoregressive Processes).

An AR(6) process is considered. The same αj coefficients in Beyhaghi et al (2018)

are used: α1 = 3.1378, α2 = −3.9789, α3 = 2.6788, α4 = −1.0401, α5 = 0.2139, α6 =

25

http://public.econ.duke.edu/~ap172/opt_block_length_REV_dec07.txt


−0.0133. The simplest initialization (x−5 = · · · = x0 = 0) has no initial transient.

The optimization process presented in Eq. 17 is sensitive to the number of coefficients K.

Figure 2 shows that the convergence to stable l∗ and g∗ can be slow. In the present case,

the optimal values of l and γ become independent of the number of ACF coefficients for

K ≥ 100. Of course, this threshold depends on the selected test cases. Therefore, an

automatic procedure must be set up. The optimal block length of the MBB method (see

Section 3.2) is used because it provides a block length that should be larger than the

integral length scale. The method also requires an ACF, which is replaced by a smooth

approximation (i.e., the GEF). This method converges in two steps, represented by the

red dots in Figure 2. The different steps are described in Algorithm 1.
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g
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Fig. 2: Evolution of the parameters l and γ of the Gamma Exponential function with
the number of coefficients K; black line indicates the evolution of the parameters while
increasing linearly the number of coefficients K; red points indicates the evolution using
the optimal block length size of the MBB method 3.2

Figure 3 shows the evolution of the value of m (i.e., the size of the truncated sum). Its

value seems to converge as the number of samples in the series increases. Looking at

the correlation on the left, the number of non-negligible coefficients is approximately

60− 80 which is in agreement with the evaluation of m using the procedure 18 that uses

a threshold of 5%.
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Algorithm 1 Optimize the parameters l and γ of the GEF using the optimal block
length described in Section 3.2

1: Knowing γ̂k
2: Initialize l← 20, and γ ← 1
3: Optimize l∗ and γ∗ via Equation 17 with K = 20
4: Compute B⋆ via MBB method (Section 3.2) with GEF(l∗, γ∗)
5: for i = 1, · · · , 10 do
6: Optimize l∗ and γ∗ via Equation 17 with K = B⋆

7: Compute B⋆
new via MBB method (Section 3.2) with GEF(l∗, γ∗)

8: if B⋆ == B⋆
new then

9: Stop, l∗ and γ∗ are obtained
10: else
11: B∗ ← B⋆

new

12: end if
13: end for

Fig. 3: Evolution of m (the size of the truncated sum) as a function of n

Figure 4 shows the evolution of the confidence interval size with increasing realization

length, taken between 27 and 214, on an ensemble of B = 100 distinct time series. Since

B AR(6) processes are generated, we have obtained B confidence intervals for each n

value. Therefore, for each n value, the variance over the confidence intervals is evaluated

to plot the error bar in Figure 4. For a fair comparison, the exact size of the confidence

interval, computed with the analytical expression of µ, σ2, and ρk, is drawn in a red

dotted line. The basic estimator (Equation 1) is also plotted in the insert graph. Note

how this estimator underestimates the true statistical error by neglecting the correlation

between consecutive samples. Our four estimators behave similarly and are asymptot-

ically unbiased. Even estimator 4, which is based on the smooth approximation of the

ACF, is unbiased in this example. For the largest number of samples of 214, the relative
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error with respect to the exact confidence interval is approximately 0.2−0.3%. One can

observe that the MBB method slightly underestimates the exact confidence interval size

with a relative error of 5.2% at n = 214. However, increasing the number of observations

reduces the relative error to only 1%. The estimator of the variance of the sample mean

provided by the MBB method is not biased. It just converges more slowly than our

estimators. The main advantage of the estimator proposed by Beyhaghi et al (2018) lies

in the optimization of the autocorrelation function based on the available data, which

leads to good estimates even for a small n. However, the computation of its estimator

is expensive. Therefore, for Beyhaghi et al (2018)’s estimator, a population of only 30

time series is used instead of 100. We conclude that the four estimators presented in the

present study agree well with Beyhaghi et al (2018)’s at moderate and large n, and they

converge faster than the MBB.
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Fig. 4: Evaluation of the four estimators (see Table 1) and of the MBB method on 100
realizations of an AR(6) process; Beyhaghi et al (2018)’s estimator on 30 realization of the
AR(6) process (magenta diamond dotted line); Ensemble average (plain line), ensemble
variance of the confidence interval size (error bars) and exact evaluation (red dotted line)
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5.2 Synthetic chaotic solutions

The Kuramoto-Sivashinsky (KS) equation, given by Equation 32, is a one-dimensional

fourth-order nonlinear partial differential equation. This equation is originally derived to

model the diffusive-thermal instabilities in a laminar flame front by Kuramoto (1978).

It is the simplest one-dimensional equation that generates space-time chaos. The solu-

tions, presented in Figure 5, contain rich dynamical characteristics. Indeed, on a periodic

domain, a series of bifurcations strongly affects the dynamics, and eventually triggers

the onset of chaotic behavior. This test case is a first step towards the analysis of more

complex turbulent flow cases. Moreover, Beyhaghi et al (2018) examines the same test

case, which allows a better comparison with our estimators.

ut + uux + uxx + uxxxx = 0 for 0 ≤ x/L ≤ 1 , (32)

The equation 32 is closed by imposing periodic boundary conditions at both extremi-

ties of the one-dimensional domain. This periodicity allows the spatial derivatives to be

computed in the Fourier domain. The solutions of this system are therefore computed

using a pseudo-spectral method combined with a fourth-order Runge-Kutta scheme for

the time integration. The initial condition is given by

u(x, 0) = sin
(πx

2

)
+ sin

(
85πx

100

)
+ 0.2ϵ, ϵ ∼ N (0, 1).

The domain size is set to L = 200 with a resolution of Nx = 512. The dimensionless

time step L∆t/σ0 is set to 0.25, where σ0 = Var (u(0, 0)). The statistic of interest is the

spatially averaged energy, defined as

k =
1

L

∫ L

0

u2

2
dx.

A single realization of the stochastic process is available for the present test case. More-

over, there is no analytical expression for µ, σ2, and ρk. The MBB method and the

estimator of Beyhaghi et al (2018) are considered as the references. The number of coeffi-

cientsm is evaluated with Algorithm 1. Figure 6 illustrates the evolution of the confidence
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Fig. 5: (Left) Three-dimensional time-space graph of the solution obtained by solving
the KS equation. (Right) Kinetic energy evolution of the Kuramoto-Sivashinsky equation
with the position of the initial transient.
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Fig. 6: Evaluation of the four estimators (see Table 1), of the MBB method, and of the
estimator proposed by Beyhaghi et al (2018) on the mean kinetic energy measured in a
simulation of the KS model. The basic estimator (Equation 1) is drawn in dark blue with
a coefficient α = 5.5 to make it visible in the graph.

interval size with the number of samples n in the time series. Estimators 1, 2, and 4

present a similar behavior, as they mainly overlap at every sample number n. These three

estimates closely follow Beyhaghi et al (2018)’s estimate, deviating from it by less than

1% at the largest n value. Estimator 3 shows a different behavior, oscillating at lower

values of n.

30



5.3 LES of a turbulent channel flow

The present section addresses a more realistic application, namely the estimation of the

statistical error of flow data obtained by Large Eddy Simulation on a turbulent channel

flow at the friction Reynolds number Reτ of 950. The flow field is computed using the in-

house flow solver Argo-DG (Hillewaert, 2013; Carton de Wiart et al, 2014), developed

at Cenaero. The wrLES turbulent channel flow data are extracted from Argo-DG on

structured probes. This test case is identical to the one described in Boxho et al (2022)

and used to compute space-time correlations.

The present work is performed offline using the same Python scripts developed for the

previous tests and is based on the expressions summarized in Table 1. The near future

goal is to have an online evaluation of these confidence intervals. The main objective is

to obtain confidence interval maps as shown in Figure 8 for various averaged flow fields

(e.g., velocity, pressure gradient, and Reynolds stresses).

One of the main statistics of interest is the mean streamwise velocity profile plotted

along the wall-normal direction. The instantaneous data are extracted from the sim-

ulations by numerical probes located in the near-wall region at y+ = 100. For each

case, the estimators are evaluated over n ∈ [27, 212.5]. Considering a nondimensional

time step ∆t+ = 10−2 and a nondimensional flow time of t+c = 0.314, the period of the

averaging T/tc extends approximately from 12 to 190. Knowing that the z-direction is

homogeneous, an ensemble of 192 time series, equispaced along the z-direction, is used

as new realizations of the stochastic process. The estimators are evaluated for each of

these new realizations and then averaged along the spanwise direction.

As in the previous test case, there is no analytical expression for the mean, variance and

ACF, so the estimators of MBB and Beyhaghi et al (2018) are considered as references.

The number of autocorrelation terms m is again automatically evaluated with the algo-

rithm 1.
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Figure 7 shows the evolution of our four estimators as the number of samples n increases.

The MBB method and Beyhaghi et al (2018)’s estimator are again used as references.

Compared to Sections 5.1 and 5.2, Beyhaghi et al (2018)’s estimator shows a stronger

sensitivity to the number of parameters used to fit the ACF. Therefore, in addition to the

estimator obtained with 20 parameters, shown in magenta, the min/max envelope is also

plotted. This envelope takes the minimum and maximum of the estimators obtained at

each n for [1, 2, 5, 10, 15, 20, 25, 30] parameters. Estimators 1, 2 and 4 evolve similarly as n

increases, and all three tend to lie within the Beyhaghi et al (2018) envelope. Estimator

3 has a slightly different behavior, as we already noticed in Section 5.2. This estimator

oscillates around the other three and seems to be less stable. The MBB estimator is again

smaller than the other estimators, but the gap narrows as more samples are considered.

Fig. 7: Evolution of the four estimators (Table 1); estimator obtained with the MBB
method (cyan line with square markers); Beyhaghi et al (2018)’s estimators obtained with
20 parameters for the fine-tuning of the ACF (magenta diamond dotted line); averaged
over 192 realizations of the instantaneous wall-parallel velocity component taken in the
z-direction. The basic estimator (Equation 1) is drawn in dark blue with a coefficient
α = 4 to make it visible.

5.4 LES of the two-dimensional periodic hill flow

This section deals with the estimation of the statistical error of flow data

obtained by Large Eddy Simulation on the well-known two-dimensional periodic
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hill (Rapp et al, 2010) at the bulk Reynolds number Reb of 10,595. The flow field is also

computed using the in-house flow solver Argo-DG. The wrLES two-dimensional peri-

odic hill data are also extracted from Argo-DG on structured probes. This test case is

identical to the one employed in Boxho et al (2022) to evaluate space-time correlations

to support the development of wall models. In this section, two particular locations (i.e.

near the separation and after the recirculation bubble) on the periodic hill are carefully

analyzed and compared with the two reference methods.

Fig. 8: Map of estimator 1 evaluated on the lower part of the two-dimensional periodic
hill over 36.4 tc and a subsampling of 1:50. The dash line represents the wall-normal
height at which the instantaneous data are extracted (η/h = 0.1). The separation vicinity,
recirculation and recovery regions are represented by ⋆, , and and symbols, respectively.

As for the channel, one of the main statistics of interest is the mean streamwise veloc-

ity profile plotted along the wall-normal direction. Two positions are targeted: points

close to the flow separation (x/h = 0.05) and points located after the reattachment (i.e.,

the recovery region at x/h = 6.0). These locations are presented in Figure 8. The flow

behavior is highly dependent of the positions because the streamwise direction is no more

homogeneous. Therefore, various integral time scales are measured. For each case, the

estimators are evaluated over n ∈ [27, 212.5]. Considering a time step ∆t = 5.10−2 h/ub

and a flow-through time of tc = Lx/ub = 9 h/ub, the period of averaging T/tc extends

approximately from 0.7 to 32, where ub is the bulk velocity, h, the hill height, and Lx,

the domain length in the streamwise direction. Knowing that the z-direction is homo-

geneous, an ensemble of 10 datasets is used for each (ξ, η)-position, equispaced along

the z-direction, as new realizations of the stochastic process. As for the previous test

case, no analytical expression exists for the mean, variance, and ACF. The number of

auto-correlation terms m is evaluated with the algorithm described in 1.
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Estimators evaluated in the separation vicinity at x/h ≃ 0.05

This position is located slightly downstream of the hill crest. At this location, the flow

arrives at a relatively high velocity due to the strong acceleration generated by the

windward slope of the hill. This location is characterized by a very thin boundary layer,

as indicated by the high peak of the streamwise velocity in the near-wall region. This

location is also characterized by a very high near-wall level of the turbulence component

u′u′ generated by intense streamwise fluctuations, which in turn are associated with

rapid and random displacements of the separation over a substantial part of the hill

crest. At this position and at a wall-normal height of η/h ≃ 0.1, the instantaneous

wall-parallel velocity uξ component is extracted.
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Fig. 9: Evolution of the four estimators (Table 1), the estimator obtained with the
MBB method (dotted cyan line), and Beyhaghi et al (2018)’s estimator using 20 param-
eters for the fine-tuning of the ACF; averaged over 10 realizations of the instantaneous
wall-parallel velocity component taken in the z-direction and extracted at (ξ, η)/h =
(0.05, 0.1). The basic estimator 1 is drawn in blue with a coefficient α = 4 to make it
visible.

Figure 9 shows the evolution of four estimators as n increases. Estimators 1, 2, and 4 have

similar behavior and mainly follow Beyhaghi et al (2018)’s estimator. For this location,

as well as for the recovery region, Beyhaghi et al (2018)’s estimator is less sensitive to

the number of parameters used to fit the ACF. Therefore, no envelope is drawn as in
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Section 5.3. Estimator 3 again shows an oscillatory behavior for small n values and

converges to similar predictions as the other three estimators for larger n values. The

MBB estimator is again below our and Beyhaghi et al (2018)’s estimators for this range

of samples. Recall that MBB takes more samples to converge properly (see Section 5.1).

Estimators evaluated after the reattachment at x/h ≃ 6.0

Estimators are computed in the post-reattachment region (see Figure 10), halfway

between the reattachment location and the foot of the next hill. This zone is also called

the recovery region because the flow is characterized by a developing boundary layer

from the reattachment point. Above this boundary layer, the flow consists of a wake

emanating from the separated shear layer. The recovery region is, hence, composed of

various scales and histories that interact with each other. The four estimators are in

agreement with Beyhaghi et al (2018)’s estimator, converging to the same confidence

interval as n increases. Note that for this particular location, estimator 3 is more stable

and does not exhibit any oscillations. Again, the MBB estimator is lower and the gap

with our estimators decreases as n increases. A deviation of 0.6% and 16% is measured

for the Beyhaghi et al (2018) and MBB estimators respectively at the largest n.

103

n

10−2

10−1

√
a
r( x

n)

Estimator MBB
Beyhaghi et al.
Estimator 1
Estimator 2
Estimator 3
Estimator 4
ασ/√n

5 × 103 6 × 103

2 × 10−2

3 × 10−2

Fig. 10: Same caption as Figure 9 but extracted at (ξ, η)/h = (6.0, 0.1).
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5.5 Undersampling strategies applied to the two-dimensional

periodic hill

Each estimator defined in Table 1 contains a truncated sum of the m first terms of the

ACF. The parameter m is an image of the integral length scale T and is computed with

the algorithm 1. However, for some physical processes, this characteristic time scale

can be large, which means that a large number of terms must be stored in memory.

The example of the two-dimensional periodic hill, fully described in Subsection 5.4, is

considered to illustrate the issue. Depending on the location along the lower wall of the

two-dimensional periodic hill, T can vary significantly. In the recirculation zone, large

structures are convected at low speed generating a high integral time scale. Table 2

summarizes the quantities derived from the integral time scale, including the size m of

the truncated sum, for different locations along the periodic hill. It is important to note

that the parameter m is case-dependent (e.g., periodic hill, channel flow, blade, etc.),

location-dependent, varies with the statistical quantity of interest (e.g., velocity field,

Mach number, density, etc.), and depends on the temporal discretization (e.g., implicit,

explicit).

Table 2: Evaluation of the integral time scale at different
locations along the lower wall of the two-dimensional peri-
odic hill measured for the wall-parallel velocity component
uξ at η/h = 0.1

ξ/h l⋆/tc γ⋆ T /tc m
Separation 0.05 0.118 0.673 0.156 ≈ 544

Recirculation bubble 2.50 0.234 0.692 0.299 ≈ 1027
Reattachment 6.00 0.212 0.927 0.220 ≈ 625

The primary objective is to generate statistics of interest and, at the same time, a

confidence interval size map (as shown in Figure 8) through co-processing in a flow solver.

In the case of estimator 2, as defined in Table 1, it is necessary to store m coefficients of

the ACF estimator, m terms of the time series used to accumulate the ACF estimator,

the sample mean and the sample variance. Consequently, a total of 2(m + 1) doubles

should be stored at each interpolation point. To illustrate this, consider the example of
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our flow solver, Argo-DG. A general guideline is to have about 1, 000 elements per parti-

tion. Assuming a third polynomial order (p = 3), the number of degrees of freedom per

partition is 64, 000. The estimator is evaluated not only on the streamwise velocity, but

also on the wall normal and spanwise components of the velocity, and on the Reynolds

stress tensor, which is of great interest to validate the simulation. In total, nine statistics

have to be kept. Assuming that 1,000 correlation coefficients have to be kept in memory

to compute the estimator at each interpolation point, and that the velocity is stored as

a double, the memory requirement to store the estimator for these nine statistics is 8.6

GiB. The direct approach is completely forbidden. However, undersampling can be used

to reduce the memory requirement. The idea is to subsample the time series without

losing the precision of the estimator. This approach also affects the integral time scale

approximation described in equations 17, and 18. Furthermore, as a co-processing tech-

nique, this scale is updated with a dynamic procedure until a converged value is obtained.

This undersampling technique of the time series is tested for the recirculation bubble

(i.e., x/h = 2.50). The number of coefficients selected to fit the l and γ parameters of

the GEF is again automatically set using the procedure described in the algorithm 1. If

the undersampling ratio is not larger than the integral time scale then the ACF is barely

affected by the undersampling procedure. Therefore, the optimization procedure for

finding l∗ and γ∗ leads to similar results because the same part of the ACF is encapsu-

lated in the K coefficients. Regarding m, the optimization procedure leads to 742, 195,

114, and 57 for the sampling ratios of 1:1, 1:3, 1:5, and 1:10, respectively, highlighting

the drastic reduction in the number of terms required to evaluate the estimators.

Figure 11 shows the evolution of the four estimators for different subsampling ratios

against the number of samples n. The n values are scaled for better comparison with the

reference (i.e. 1:1). Except for the smaller n, the estimators are not much affected by

the subsampling. Moreover, for the largest n, the relative error of the 1 : 10 subsampling

compared to the prediction of the confidence interval on the original time series is less

than 1%. Assuming a subsampling of 1 : 10, the memory requirement for the nine statis-

tics of interest is reduced from 11 GiB (i.e. for a set of 1, 000 correlation coefficients)
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to 225 MB (i.e. for a set of 50 correlation coefficients), which represents an acceptable

memory overhead in a large-scale CFD simulation.
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Fig. 11: Prediction of the confidence interval size of the three estimators based on
subsampled time series. Black (blue, green, and yellow) lines represent estimator 1 (2,
3, and 4, respectively). Plain lines ’−’ are estimators computed using the original time
series, dashed ’−−’ (dotted ’:’, and dashdotdotted ’−.’) lines are estimators computed
using a subsampled time series with a ratio of 1:3 (1:5, and 1:10). The estimators are
shifted from each other by 10−2 for better visibility. Note that the black curve is at
zero offset.

5.6 Recommendations

Based on the results obtained on the different test cases, we advise the reader, who

would like to implement our estimators in his favourite flow solver, to choose the second

estimator V̂(2)
n , as it gives similar results as estimator 1, but has a simpler expression

of the accumulation. Although the determination of the parameter m is based on the

standard estimator of the ACF, the expression of the quadratic variation estimator can

be adjusted to mimic the standard estimator of the ACF. Using the expression developed

in the expectation of the quadratic variation estimation in Section 4.3, the following

adjustment expression is obtained,
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γ̂nk ≈ γ̂nk,adjust = s2n −
n

2(n− k)
δ̂nk .

This last expression is an approximation of the standard ACF estimator using the

quadratic variation estimator. Figure 12 shows the standard ACF estimator and the

adjusted expression of the quadratic variation estimator for one realization of the AR

process presented in Section 5.1 where n ≈ 16,000. The two functions overlap well each

other up to k ≈ 3,000, which is also confirmed by the inserted plot showing the RMSE.

Beyond this value of k, the error becomes larger. However, for the AR process, we have

seen that only the first 60-80 terms are employed to evaluate the estimator. For these

coefficients, the agreement between the two ACF estimators is almost perfect. With this

simple adjustment of the quadratic variation estimator, no accumulation of the stan-

dard ACF estimator is needed to fit the parameters l and γ of the GEF and thus to

determine m.
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Fig. 12: The standard ACF estimator (black line) and the adjusted version of the
quadratic variation estimator (blue line); the Root-Mean-Square-Error (RMSE) is plot-
ted in the lower left corner.
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6 Conclusion

Four estimators have been presented in this work for the prediction of the variance of the

sample mean, i.e., to quantify the uncertainty linked to the approximation of infinite-

time-average statistics of statistically stationary ergodic processes. The main goal is to

create asymptotically unbiased estimators that can be computed with a cumulative

approach and a small set of correlation coefficients to reduce the memory storage

in scale-resolving flow solvers.

Our method is based on the mathematical development of the variance of the sample

mean Var (xn), where the sum over the correlation coefficients has been truncated up

to m. This parameter m is an image of the integral time scale T and is determined by

fitting a Gamma-Exponential function using a database composed of a certain number

of ACF coefficients. Under this mathematical framework, our estimators are asymptot-

ically unbiased by construction. As a result, the estimator is easy to implement in a

scale-resolving flow solver as a co-processing tool. The long-term goal is to provide con-

fidence interval maps of all computed statistics for a fair comparison with experimental

data and other high-fidelity simulations.

The four estimators have been tested on four test cases: an auto-regressive process,

the time evolution of the kinetic energy in the Kuramoto-Sivashinsky equation, the

turbulent channel flow at a friction Reynolds number of 950, and the two-dimensional

periodic hill at a bulk Reynolds number of 10,595. They have been compared with the

Moving Block Bootstrap method and the estimator developed in the paper of Beyhaghi

et al (2018), which both require all samples to evaluate the variance of the sample mean,

which is intractable in high-fidelity simulations. For the four test cases, three of our

estimators show similar behavior as the estimator developed by Beyhaghi et al (2018).

Estimators 1, 2 and 4 have shown equivalent results for the three test cases, while

estimator 3 oscillates more in the more realistic test cases (i.e., the turbulent channel

and the periodic hill), and it is quite sensitive to the value of m.
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To address the memory storage issue, a subsampling approach has been successfully

applied to our four estimators. The subsampling of the original time series has a negligi-

ble impact on the precision of the estimators if the subsampling ratio is not greater than

the integral time scale. This subsampling approach allows us to drastically reduce the

memory storage and hence increase the feasibility of our approach for massively parallel

high-fidelity simulations.

As discussed in Section 5.6, estimator 2 is recommended to the readers for implementa-

tion in their favorite flow solver.

The next steps of this work will be devoted to the implementation of estimator 2 (i.e.,

V̂(2)
n ) in a higher-order flow solver according to the cumulative formula given in Table 1.

The notion of the initial transient also needs to be treated with a feasible criterion

since the one proposed by Beyhaghi et al (2018) requires the complete original signal.

The current approach needs to be validated for higher statistical moments, such as the

Reynolds stress u′iu
′
j .
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Université catholique de Louvain

Hosking JR (1981) Fractional differencing. Biometrika 68(1):165–176. https://doi.org/

10.2307/2335817
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