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Analysis and design of rhythmic neuromorphic networks
through dominance and bifurcations

Omar Juarez-Alvarez, Alessio Franci

Abstract— The control of oscillator networks capable of
exhibiting complex rhythmic behaviors is a fundamental
engineering problem motivated by the analysis and design
of a variety of rhythmic biological and artificial systems. This
work aims at introducing new theoretical tools, grounded in
dominance analysis and bifurcation theory, to analyze and
design biological and bio-inspired rhythmic networks. We derive
constructive conditions under which the spectral properties of
the network adjacency matrix fully and explicitly determine
both the emergence of a network rhythm and its detailed profile
(oscillator amplitudes and phases). The derived conditions can
be used for analysis, prediction, and control of the rhythmic
behavior of an existing network or for the design of a rhythmic
network with a desired rhythmic behavior. The modeling
framework under which we develop our theory is motivated
by neuromorphic engineering, which makes our approach
compatible with both the architecture of rhythmic biological
networks and with the technological constraints needed to
design bio-inspired rhythmic networks in compact and energy-
efficient neuromorphic electronics.

Index Terms— Bifurcation theory, Central pattern genera-
tors, Network oscillations, Neuromorphic engineering, Rhythm
control.

[. INTRODUCTION

ETWORK rhythms are omnipresent in biology.

Virtually all the basic biological functions we use
to survive, like breathing, moving, swallowing, chewing,
pumping blood, producing sounds, and alternating between
sleep and wakefulness are rhythmic and to be functional
they require the generation of well-coordinated rhythmic
signals. Single-celled beings like bacteria use similar rhyth-
mic signals to move, duplicate, consume nutrients, and
produce the chemical signals that allow them to interact
with other individuals. Many machines we design also need
the generation of well-coordinated rhythmic signals, for
instance, for the coordination of robotic arms employed in
repeated pick-and-place tasks, or for any kind of moving
robot using walking, crawling, or swimming as a way of
locomotion. In both biological and artificial systems, the
rhythmic signal is distributed across a network of nodes
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(different robotic manipulators, different legs, muscles, etc.)
and the rhythms of different nodes must be coordinated
so that the resulting network rhythm can accomplish
a desired function, like picking and placing pieces in a
well determined temporal order to build an artifact or
swinging different extremities at different times to generate
locomotion.

Biological rhythm-generating networks are particularly
well studied and characterized in groups of neurons known
as central pattern generators (CPGs) [1]-[4]. The rhythmic
behavior of a CPG, described by the amplitudes and phases
with which the electrical activity of each neuron in the CPG
oscillates, determines its functional effects for the organism.
For instance, a CPG in the horse motor system can
produce a rhythm that successively contracts leg muscles
to generate a trot gait but, as needed or as commanded,
can change its rhythm to generate a walk gait [5]; a
CPG in the crab digestive system can produce a rhythm
to generate a motor behavior analogous to chewing but,
depending on environmental and internal conditions, can
change its rhythm to induce a motor behavior analogous
to swallowing [2].

Biological CPGs need to be both modulable (to generate
disparate rhythms) and robust (to cope with the variability
and noise of biological components). It is well known
that modulable and robust rhythms require positive and
negative feedback in well-separated timescales [6], [7].
Neuromorphic engineering aims at implementing biological
neuron functions (including CPGs) into compact and
energy-efficient electronic circuits, and is a promising
technology for low-power autonomous agent and edge
applications [8]. Like their biological counterparts, neu-
romorphic engineering designs also rely on positive and
negative feedback loops in well-separated timescales to
achieve circuits that are both modulable and robust to
electronic microcomponent mismatch and noise [9].

In robotics, the use of CPGs for generating coordinated
gait signals has a long history (see, e.g., [10] and references
therein). Similar strategies have also found applications in
rehabilitation robotics [11]. Motivated by this applications,
some efforts have been made to develop theoretical tools
to design oscillator networks capable of generating desired
rhythmic behaviors. However, to the best of our knowledge,
none of the existing approaches is compatible with neuro-
morphic engineering applications for two main reasons: the
used oscillator model is not compatible with neuromorphic
hardware [12]-[14] and/or the rhythmic signals must be
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endogenously generated and provided to the CPG [11].

In this paper we introduce novel theoretical tools to
analyze and design the rhythmic behavior for neuromorphic
oscillator networks. Our approach is constructive because
the expressions we derive fully characterize the network
rhythm and can easily be verified (for analysis) or imposed
(for design) by studying (for analysis) or manipulating
(for design) the network adjacency matrix. The slow-fast
nature of neuromorphic oscillators is key to ensure that
the spectral properties of the adjacency matrix determine
the geometry of the low-dimensional dominant dynamics
along which the network rhythm emerges through a Hopf
bifurcation.

The paper is organized as follows. Notation and math-
ematical preliminaries are introduced in Section [[Il The
slow-fast neuromorphic oscillator model is introduced in
Section [T} Section [[V] formalizes concepts to describe
network rhythms and uses them to provide insight into the
key objectives, ideas, and results of the paper. Section [V]for-
mulates and discusses the meaning of the main “dominance”
assumption. Section |E[| presents results characterizing
the spectral properties of the network Jacobian in terms
of the network adjacency matrix. Section [VII] builds on
Section [VI] to characterize the leading eigenstructure of the
model Jacobian and thus the network dominant dynamics.
Section [VII]] presents the main results on constructive
control of network rhythms. Section [[X] applies the results
to the design of network rhythms. Conclusions and future
directions are discussed in Section [Xl The most technical
proofs are not included in the main text and can be found
in Appendix [l

Il. MATHEMATICAL PRELIMINARIES

A. Notation and basic definitions

Real N-dimensional vectors are denoted in bold
x,v,(,..., and are defined entry-wise as x =
(r1,22,...,2n5) € RN. On = (0,...,0) € R denotes the

zero vector, 1y = (1,...,1) € RY the all-ones vector, and
ej = (6;5)N_, € RY canonical vectors, where §;; is the
Kronecker delta. Complex numbers are either expressed in
Cartesian form, z = a + ib, with a € R, b € R, or in polar
form, z = pe'?, for p > 0 and § € $!, where $! := R mod 27.
The conjugation of a complex number z = a+ibis Z = a—ib
and its modulus is |z| = v/2Z. Complex vectors z € CN
are represented as z = a + ib, where a,b € RY are
the vector’s real and imaginary parts, respectively. The
conjugate of a complex vector, z = a — ib, is computed
entry-wise. A complex vector z € CV is said to be modulus-
homogeneous if there exists £ > 0 such that |z;| = &, for all
j€{l,...,N}. The entry-wise Hadamard product of two
complex vectors z and y is denoted by z ® y € CV and
defined entry-wise by (z ® y); = z;y;. We define two inner
products: the matricial inner product v'w, for real vectors,
and the complex inner product (v, w) = v'w, for complex
vectors. Two indexed sets U = {u; € CV : j € {1,...,k}}
and V = {v; € CV : j € {1,...,k}} form a biorthogonal
system if for every n € {1,...,k} and m € {1,...,k} it
holds that (W, V) = Opm.

A smooth function S : R — R is said to be a locally odd
sigmoid if its satisfies (a) S(0) =0, (b) Vx € R: S'(x) > 0,
and (c) argmax S’'(z) = 0. If S is at least three times
differentiable, then condition (¢) implies S”(0) = 0 and
S"(0) < 0. In the sequel we assume that S’(0) = 1 and
S"(0) < 0. For simulating purposes we consider S = tanh.
Given a parameterized vector field f(x;p) in R™ which is k
times differentiable, and an ordered set v = {vy,..., v} C
R™, the k-th order directional derivative of f along ~
computed at (x,p) is defined as

0 0
avk)' A,

k =
(d f)w’p(vl,... = atl atk

k
<a: + Z t;vq; p)
i=1

ak
=2 ﬁ@p)(”l)n (V)i

where the last sum is over all the k-th order partial
derivatives of f.

We denote the set of N x N real and complex square
matrices as RV*YN and CV*N | respectively. We denote the
transpose of matrix A as A*. Any N-tuple x is considered as
a N x 1 column matrix, while its transpose ! is considered
to be a 1 x N row matrix. The zero matrix is denoted by
On = (0);; € RM*N and the identity matrix by In =
(6;5) € RVXN_ A matrix A = (aj;) is said to be positive
(non-negative) if all of its entries a;; are positive (non-
negative) for every i, j. We similarly define positive and
non-negative vectors. Given a set of complex numbers
{21,...,2n} we denote D = diag(zy,...,zny) € CV*N as
the diagonal matrix whose entries are given by D;; = 2;0;;.
A switching matriz M is a diagonal matrix whose diagonal
entries are all either 1 or -1. Two matrices A, B are said to
be switching equivalent if there exists a switching matrix
M such that B = M~1AM. Observe that all switching
matrices satisfy M = M~!, so we may write B = MAM
for any two switching equivalent matrices A and B. A
matrix is said to be irreducible if it is not similar to an
upper-triangular matrix. The collection of all eigenvalues or
spectrum of matrix A (also called A-eigenvalues) is denoted
as 0(A) = {u1,...,un} (repeated eigenvalues appear with
their algebraic multiplicity), and we use v € C and w €
C" to represent left and right eigenvectors satisfying v* A =
pvt and Aw = pw, respectively, for some p € o(A). The
spectral radius of matrix A is defined as p(A) = max{|u| :
pea(A)}.

An eigenvalue p € o(A) is said to be simple if its
algebraic multiplicity is equal to one. An element pu* € o(A)
is said to be a leading eigenvalue if it is simple and
Re(p*) = Re(p) for all u € o(A); an element p* € o(A) is
said to be a strictly leading eigenvalue if it is simple and
Re(p*) > Re(p) for all p € o(A)\{p*, 7%}

A left or right eigenvector is a (strictly) leading eigenvec-
tor if it is associated to a (strictly) leading eigenvalue. An
N x N matrix is said to be in-regular if it has the all-ones
vector 1y as a right eigenvector. We order the elements
Ui, ...,y of o(A) decreasingly by their real parts, i.e.,
Re(pj) > Re(wjq1) for all j = 1,...,N — 1. Simple
conjugate eigenvalues are ordered decreasingly by their
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imaginary parts. Real repeated eigenvalues are ordered
arbitrarily as consecutive elements; for repeated non-real
eigenvalues, we write them in conjugate pairs and order
each pair by their imaginary parts. If some real and non-
real eigenvalues have equal real parts, real ones come first
and then the non-real ones ordered by their imaginary
parts. If A has a real strictly leading eigenvalue, then we
denote it as pu; € o(A); if A has a conjugate couple of
non-real strictly leading eigenvalues, then we denote them
as 1 and pg = My, such that Im(pq) > 0.

A 2N-tuple z may be denoted in block-wise notation by
z = (x'|y')!, where  and y are N-tuples. The block-wise

notation for a 2N x 2N matrix M is M = ( CA' g ),

where A, B, C, and D are N x N matrices. Operations

between block-wise defined matrices and vectors are such
that(A B)(x):(Ax—I—ByCB
C|D Y Cx+ Dy )
A weighted and signed digraph, or network, is defined as
a triplet 4 = (V, E, A), where V = {v1,...,ux} is the set
of vertices, E is the set of edges connecting the elements
in V, and A is the weighted adjacency matrix whose entry
Aji, determines the weight and the sign of the connection
from the kth node to the jth node. A digraph is said to
be strongly connected if for any two vertices there exists a
directed path connecting them, which is equivalent to A
being irreducible [15, Theorem 3.2.1]. A weighted digraph
is in-regular if there exists d € R such that the sum of
edge weights into each node is d, which is equivalent to A
having 1y as a right eigenvector.

B. Some useful results

The following theorem (which will be used for bifurca-
tion theoretical computations) follows from methods used
for classic biorthogonality results on the eigenvectors of
matrices A and A" [16, Theorem 7.7].

Theorem 1. Let A be a simple non-real eigenvalue with
right eigenvector w. Then there exists a left eigenvector v
associated to \ such that vtw = 0 and v'w # 0.

Our main results will largely rely on Hopf bifurcation
theory. A Hopf bifurcation describes the emergence of
limit cycles in a parameterized vector field as a (control)
parameter crosses a critical value. The following theorem
(from [17, Theorem 3.4.2], [18, Chapter VIII, Proposition
3.3]) formalizes this idea.

Theorem 2. Suppose that model & = f(x,a), x € RY,
a € R, has an equilibrium point at (xo, ). If the model
Jacobian J at (xo, ap) has a simple pair of pure imaginary
eigenvalues and all other eigenvalues with negative real parts
then there exists a smooth curve of equilibria (x(a), ) such
that (o) = o, and eigenvalues \(a), () which are
pure imaginary at o = g vary smoothly with «. Let v
and w be the left and right eigenvectors of J at (xo,ap),
satisfying v'J = i|\| v and Jw = —i |\ w, X # 0, such
that v'w = 2 and v'w = 0. Let a = BR;(’\) (o, ) and
b= LRe ((v, (B f)zg,00 (w, w,W))). If a > 0 then for o

a)
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Fig. 1. a: Network structure of model . Indices %, j, k denote vertices,
and matrix SA determines the weights with which vertices influence one
another. b: block diagram representation. Vector x is the system output.
Vector y is a lagged version of . The blue dashed box indicates the
linear and local system component. The blocks outside the dashed blue
box are nonlinear and networked.

sufficiently close to ayg, the equilibrium x(«) is stable for
a < ag and unstable for a > op. Furthermore, if b < 0,
then for a > ag, there exists a stable limit cycle solution
lo(t) satisfying maxeer ||zo — la(t)]| = O ((a — ap)'/?).
Conversely, if b > 0, then for o < ay there exists an unstable
limit cycle solution 1, (t) satisfying maxscr ||o — Lo (t)] =
O ((ag — a)¥/?). (The results for a < 0 are omitted for
conciseness as they won’t be used.)

Figure [3|illustrates this theorem for the case a > 0,b < 0.

[1l. A SLOW-FAST NEUROMORPHIC COUPLED
OSCILLATOR MODEL OF RHYTHMOGENESIS

Consider a 2N-dimensional dynamical system

N
tj=—x;—y;+ 5 (a:rj + BZAjkCUk> ) (1a)
k=1
N, (1b)

yj:é‘(xj*yj), jil,

where 0 < € < 1 is a small positive time constant and
S is a locally odd sigmoid. Figure [l shows the network
structure of model (I}) and Figure [1p its block diagram
representation. Observe the distinct nature of variables x;
and y;: while the former is the output of node j that is
transmitted through the network graph, the latter provides
distributed slow negative feedback on ;. As we will see,
the distributed slow negative feedback provided by the y;s
turns nonlinear network interactions mediated by the z;s
into robust and easily controllable network oscillations.

Matrix A € RV is the adjacency matrix for a network
% with vertices V = {1,..., N}. Parameter a > 0 models
the average self-positive feedback, while parameter 5 > 0
tunes the average interaction strength between the nodes.
The choice of introducing network-wide parameters « and
B is tailored to the need of having well-defined tuning dials
(bifurcation parameters) through which one can modulate
the network behavior but observe that the model remains
general.

The form of model is motivated by neuromorphic
engineering applications. The local (node level) and linear
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component of the model (blue dashed box in Figure )
can be realized in standard CMOS analog neuromorphic
circuits [8], [19] using either voltage-mode or current-mode
low-pass filters. The nonlinear and network components
can be realized using either voltage-mode transconductance
amplifiers or current-mode nonlinear circuits. A similar
architecture, but with three timescales, was used to realize
neuromorphic bursting neurons [9].

Model can be represented as z = f(z;«, ), where
vector field f = (fi1,..., fan) : R2Y — R2Y is defined
entry-wise by

N
fi(zio,B) =—z; —zjun+ S <OéZj + BZAjkzk>
k=1
N,

fj+N(z;a7B):€(zj7zj+N)7 ]:17

Since S is a locally odd sigmoid, it follows that x; =
y; =0forall j =1,..., N, or equivalently, zo = (0%|0%)",
is always an equilibrium of model . Evaluating the
Jacobian matrix at this equilibrium readily yields the
following block-wise expression for the 2N x 2N matrix
Jo = Ja,p,4:(0n,0n),

Jo 1= ( (Ot—l)]N-i-ﬁA‘ —1In

SIN ‘ —€IN
IV. CONTROL OF RHYTHMIC NETWORKS: PROBLEM
FORMULATION AND RESULTS OVERVIEW

In this section we introduce the notion of rhythmic
profile as a graphical representation of a network rhythmic
behavior. We then formulate the main control objectives
and informally present the main results.

(2)

A. Rhythmic profiles

We say that a network of coupled oscillators is rhythmic if
its trajectories (at least for some initial conditions) converge
to a limit cycle or, in other words, if asymptotically all of
its nodes exhibit periodic oscillations with the same period
T > 0. The rhythmic profile of the network is then defined
by the amplitudes and phases of the node oscillations.
To formalize these ideas, we first introduce the notion of
oscillating function, a generalization of functions sin(-) and
cos(+).

Definition 1 (Oscillating function). A function r :
R — R is called oscillating if it is T-periodic, with T > 0,
and, moreover, there exist 0 < T, <T such that r(0) =
r(Tyy2) = r(T) = 0, 7(t) > 0 fort € (0,T1/2), r(t) <O
fort € (Ty)2,T), and its range is normalized such that
max{r(t): t € [0,7]} —min{r(¢) : t € [0,T]} = 2.

Definition 2 (Rhythmic network and rhythmic pro-
file). Consider a network & with vertices V.={1,...,N}.
Suppose that the state of each vertex is described by
a state variable x; € R™ and that the network state
X = (zf]---|xl)t evolves according to X = f(X),
where f @ RN" — RN"™ is smooth. Let xj; = (x;);
be the output of node j. We say that the network ¢ is
rhythmic if there exist N oscillating functions r1,...,rn :

a)

s LR RN mGoge)
’ -1
t T Re(pye®) 1
b)
03p Full synchronization 0.3 Proportional synchronization
ﬂ bhaaaabnns
8 0.0 @ 0.0 @
Muwwuum
03— 03—
0.3 Switching synchronization 0.3 Shifting synchronization
/\ AN ppRnRnRRRRARE
Ml ot R
o Wuﬂuﬂ\ﬂ | K LS
,(J_;;M gl
t t
Fig. 2. a): Output of a rhythmic network and its amplitude and phase

relationships geometrically represented through its relative rhythmic
profile in D2. b): Common rhythmic profiles and their prediction. In
each panel, the activity pattern of the nodes in a rhythmic network is
accompanied by the geometrical representation of its relative rhythmic
profile. Black and gray points represent predicted (by our theory) and
observed rhythmic profiles, respectively. See text for details.

R — R, N amplitudes o01,...,0n € R, N phases
@1,--,pN € [0,2m), and an open set U C RN™ such
that the solution X (t) to X = f(X), X(0) = Xo,

‘ = 0 for all

iy
satisfies hmtﬁm/Jlle(t) —ojrj %+ 2('0]>
™

j=1,...,N, whenever Xg € U. The rhythmic profile
of G is the N-tuple (011, ... onei?N) € CV.

We can represent the rhythmic profile of a network on the
complex unitary disc D? = {z € C: |z] < 1} by expressing
all amplitudes and phases relative to the amplitude and
phase of a the oscillator with largest amplitude.

Definition 3 (Relative rhythmic profile). Consider a
rhythmic network & and suppose that o1 > 0 and o1 > 0
for all j # 1. Then the relative rhythmic profile of ¢
is defined as the N-tuple (1, pae’® ... pnelN) € (D?)V,
where p; = Z—i and 0; = ¢; — 1.

The relative rhythmic profile can be represented geomet-
rically as the set {p1e?1, poe'®2, ... pne®} of N points in
the complex unitary disc D2. Figure [2h shows the relative
rhythmic profile of networks with NV = 3 oscillators. In
what follows, when depicting rhythmic profiles, including
in Figure 2b, we will omit real and imaginary axes, and
solely represent the elements of the profile in a circle
representing ID2. The relative rhythmic profile allows for a
concise classification of common rhythmic behaviors.

Definition 4 (Common rhythmic profiles). Let & be
a rhythmic network and (1, p2e®®2, ..., pne®) denote its
relative Thythmic profile. Suppose 1y = --- =rp, i.e., each
node is oscillating with the same periodic wave form but
possibly different amplitude and phases. We say that the

network is (in all points below, j =1,...,N):
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Fig. 3. A Hopf bifurcation triggers the transition from damped to
sustained oscillations in model . Top left: bifurcation diagram of the
Hopf bifurcation. Black continuous (dashed) lines represent branches of
stable (unstable) equilibria. Blue continuous lines represent branches of
stable limit cycles. The loss of stability of the equilibrium point and the
appearance of a stable limit cycle are the hallmark of a supercritical Hopf
bifurcation. Top right: rhythmic profile of an N = 3 network. Bottom:
pre- and post-bifurcation evolution for variables x; in the same network
as the top plots.

o Fully synchronized, if p; =1 and 6; = Omod 27.

o Proportionally synchronized, if ; = 0, mod 2.

e Switching synchronized if p; = 1 and 0; ¢
{0, 7} mod 2.

o Shifting synchronized if p; = 1.

o Phase-locked if the network is rhythmic but none of
the above is verified.

Figure [2] presents the time evolution of the node outputs
and the resulting geometric representations of all the kinds
of rhythmic profiles introduced in Definition [4]

B. Predicted vs observed relative rhythmic profiles

The representations of the relative rhythmic profiles
in Figure 2p, as well as all such representations in the
remainder of the paper, show two types of dots associated
to each elements of the relative rhythmic profile: a black
and a gray one. The black dots represent the predictions
obtained with the techniques and results developed in this
paper, solely using the spectral properties of the network
adjacency matrix. The gray dots represent the measured
relative rhythmic profiles. As one can appreciate, for all
kinds of rhythmic profiles our predictions matches the
observed behavior with very small (often zero) errors.

C. Constructive rhythm control, network structure, and
bifurcations

How network structure determines a rhythmic profile is
a core question of this work. We will see how in networks
of slow-fast coupled oscillators (1) our techniques allows
us not only to precisely analyze (and thus predict) the
emergent rhythmic profile but also to design networks to
exhibit a desired rhythmic profile. There are indeed two
related control problems that we will simultaneously solve:

o Direct problem: Can we successfully predict the activity
pattern of a given rhythmic network by looking at its
adjacency matrix?

o Inverse problem: Can we construct an adjacency
matrix such that a particular rhythmic profile is
attained?

We can solve both problems simultaneously because of
the constructive nature of our methods. We develop
such a constructive methodology by relying on the Hopf
bifurcation theorem, as sketched by Figure [3| To develop
some intuition on the importance of the Hopf bifurcation
for model , let us start by studying the simplest case of
uncoupled oscillators, i.e., let’s set A = Op. In this case,
each node evolves independently according to

&t =—x—y+ S(azx),

(3)

y=elz—y).
The Jacobian matrix of (3 at equilibrium (xq,yo) = (0,0)
. a—1 -1 .
is Jo = . e ) whose eigenvalues are A\; 2 =

—1l—c+ —-1)2—-4
Q € \/(O‘ te—1) 5, from whence it follows

that, Whenever25 € (0,1), subsystem undergoes a
Hopf bifurcation with bifurcation parameter « at a critical
value a* = 1 4 e. Close to bifurcation, the period is
T =2m\/e(1— 5)71.

The case of uncoupled oscillators, although tractable, is
not satisfactory from the engineering perspective because
phase differences will depend on initial conditions and won’t
be robustly maintained in the presence of disturbances.
In this paper we will develop methods to predict (or
design) the emergence of a networked Hopf bifurcation
that will lead to initial condition-independent and robust
rhythmic profiles in a way that is fully determined by
network structure. In particular, we will show how the
leading eigenstructure of the network adjacency matrix
fully determines the emergent rhythmic profile.

D. Slow-fast structure is necessary for constructive rhythmic
control

We finish this section by contrasting the predictability
(and thus controllability) of rhythms achieved in the slow-
fast oscillator network (|1)) with that achieved using common
oscillators models not exhibiting a slow-fast structure. Only
in the former does the leading eigenstructure of the network
adjacency matrix faithfully predict the emergent rhythmic
profile.

The Stuart-Landau oscillator, also known as Andronov-
Hopf oscillator, is a commonly used model in network
oscillation studies [20]-[27]. Its dynamics are defined as
a truncated normal form [17, Equation (3.4.8)] of the
Andronov-Hopf bifurcation [28]. As such, only a few
parameters are needed to determine the appearance and
stability of limit cycles. The most important feature
distinguishing oscillator networks based on the Stuart-
Landau oscillator from our slow-fast oscillator network
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Fig. 4.  Accuracy of rhythmic profile prediction in networks where
self evolution is either slow-fast (SF) or Stuart-Landau (SL). Panel a):
predicted (black dots) and measured (gray dots) rhythmic profiles of
two N = 5 networks with the same adjacency matrix but either SF
or SL dynamics. The SF network case also shows the rhythmic profiles
under disturbances (red dots). Panel b): histogram for the distribution
of the distances between predicted an observed rhythmic profiles in one
hundred randomly generated networks with N = 5 and either SF or
SL dynamics. The networks were built using the algorithm described in
Section |TZ]for random amplitudes and phases.

is the lack of timescale separation between the z and y
variables. Consider a network of Stuart-Landau oscillators

N
jl‘j =RZj —Yj +0’l‘j($§ +y]2) + S <52A3k$k> N (4)

k=1
Y = ; + Ky; + ij(ﬁ + yf)

Parameter 0 € {—1,1} determines the stability of the
network limit cycle, and xk € R is the bifurcation parameter,
which controls the transition from a stable to an unstable
equilibrium point at origin. In virtue of Theorem [2 by
choosing ¢ = —1 and k > 0, we guarantee the existence of
stable limit cycles.

Figure [fh shows an example of a relative rhythmic
profile as predicted by the leading eigenstructure of the
network adjacency matrix (black dots) and as measured
(gray dots) in a network of slow-fast oscillators (1)) (left) and
in a network of Stuart-Landau oscillators (right). Clearly,
only in the former do the predictions match observations.
Furthermore, rhythmic profiles are robust in networks
of slow-fast oscillators, as illustrated by the red dots in
Figure [4h (left), which were measured after having added
small random perturbations to all the weights of the
adjacency matrix.

We further characterized the difference in rhythm pre-
dictability of the slow-fast versus Stuart-Landau coupled
oscillator models by generating one hundred random
networks and by computing the resulting distances between
the predicted and observed rhythmic profiles. Figure [db
summarizes this analysis. It reveals that distances are
heavily centered around small values (good predictability)
for the slow-fast model but around large values (bad
predictability) for the Stuart-Landau model.

V. A FAST DOMINANCE ASSUMPTION

The key ingredients of our approach are the slow-fast
nature of the oscillators and the following assumption.

Assumption 1. The adjacency matriz A in model has
a strictly leading real eigenvalue py > 0 or strictly leading
complex conjugate eigenvalues py, o = iy, Re(py) > 0.

Assumption [I] is key to our approach because it implies
that the linearization at the origin of the fast dynam-
ics ) of model possesses, for suitable o and S,
low-dimensional dominant dynamics [29]. Indeed, if A
has a strictly leading eigenvalue p1, then the Jacobian
J({ = (a—1)In + BA of the fast subsystem, i.e., the upper
left block in , has also a strictly leading eigenvalue
o — 1+ Bu;i. Hence, for « = 1 — Su; the strictly leading
eigenvalue of J/ is purely imaginary, while all non leading
eigenvalues have negative real part. Invoking from [29,
Proposition 1], the linearization of fast dynamics (lh) is
1-dominant, if uq is real, or 2-dominant, if p; is non-real,
with rate ¢ > 0 determined by the largest real part of non-
leading eigenvalues (dominance analysis of the nonlinear
fast dynamics is also possible but more involved and out
of scope here).

Dominance implies that (close to the origin) fast dynam-
ics ) effectively behave as low-dimensional dynamics, in
the sense that they possess an N —1 (1-dominance case) or
N —2 (2-dominance case) dimensional subspace V such that,
if £(0) € V, ||lz(t)|] < Ce=||x(0)||, where C > 1 and ¢ > c.
That is, after a short transient, all persistent dynamical
behaviors of the fast dynamics of model happen in a 1
or 2 dimensional complement # of V, with H®V = RY.
The subspace H is called the dominant subspace and it is
the real eigenspace associated to o — 1+ PBuq, if @ is real,
orto a —1+4 fui, o0 — 1+ By, if gy is not real.

When either « or § are increased and the strictly leading
eigenvalue o — 1 4 [y crosses the imaginary axis, the fast
dynamics become linearly unstable: a bifurcation happens
inside the dominant subspace H, at which intrinsically
nonlinear (but low-dimensional) dynamical behaviors, like
multi-stability or limit cycle oscillations, can emerge.

In the remainder of the paper we will show that the
existence of a fast dominant dynamics is inherited by
the full slow-fast dynamics . Furthermore, the loss of
stability of the dominant dynamics of model necessarily
leads to limit cycle oscillations through a Hopf bifurcation.
The dominant eigenstructure of A fully determines the
critical parameter values at which the bifurcation happens
as well as the rhythmic profile associated to the emerging
limit cycles, thus providing a constructive methodology for
rhythmic network control.

A. Sufficient conditions for fast dominance

A well known sufficient condition for the existence of
a strictly leading real eigenvalue p; = o(A) > 0 with
a positive eigenvector w; is the Perron-Frobenius theo-
rem [30, Theorem 8.4.4]. The Perron-Frobenius theorem,
which applies to matrices with non-negative entries, was
generalized to matrices with mixed-sign entries in [31].
The second generalization stems from the notion of (struc-
turally) balanced networks [32]-[34]. The adjacency matrix
associated to a structurally balanced network possesses a
strictly leading real positive eigenvalue but this eigenvalue
is neither guaranteed to be the spectral radius of the matrix
nor is the corresponding eigenvector guaranteed to be



JUAREZ-ALVAREZ et al.: ANALYSIS AND DESIGN OF RHYTHMIC NEUROMORPHIC NETWORKS THROUGH DOMINANCE AND BIFURCATIONS (JANUARY

2024)

7

positive. A summary of conditions under which a graph is
defined by an adjacency matrix with a strictly leading real
positive eigenvalue can be found in [35, Lemma 2.2]. To the
best of the authors’ knowledge, no general conditions were
ever proved for the existence of a strictly leading complex
conjugate eigenvalue pair.

VI. SOME LINEAR ALGEBRAIC DEFINITIONS AND
RESULTS

We start by showing how spectral properties of Jacobian
matrix Jy in Equation are determined by those of
adjacency matrix A, and vice versa. The technical proofs
of the results in this section are provided in Appendix [I}

A. Spectral relationships between the Jacobian and the
adjacency matrix

We start by deriving formulae to compute the 2N Jy-
eigenvalues in terms of the N A-eigenvalues. We also show
that the Jy-eigenvectors, both left and right, inherit the
structure of corresponding A-eigenvectors.

Lemma 1. p € o(A) if and only if there exists A € o(Jy)
such that

M+(l+e—a—-Bur+e2—a—pBu)=0, (5

or, equivalently,

a5

= (6)

p
Moreover, for any u € o(A), if w, € CV is an associated
right A-eigenvector, then w = (wh|Z5wh)" € CN is

a right Jo-eigenvector associated to \ € o(Jy) satisfying
condition . Conversely, for any A € o(Jp), if w =
(wh|w})" € C*N is the associated right Jo-eigenvector then
necessarily

Aw, = pw,,

(7)

_ _€
Wy = X We

where pi € o(A) satisfies condition ().

Lemma 2. For any pu € o(A), if v, € CV is an associated
left A-eigenvector then v = (vi| Z5vl)" € C*N is a left
Jo-etgenvector associated to A € o(Jy) satisfying condition
[B). Conversely, for any X € o(Jy), if v = (vi|vl)t € C*N

1s the associated left Jo-eigenvector then necessarily

_
Vy = 3\ Va»

(8)

t _ t
va = KUy,

where pu € o(A) satisfies condition ().

B. Further characterization of the spectral properties of the
Jacobian matrix

Given 4 = u +iv € o(A), we denote the two Jy-
eigenvalues associated to p guaranteed by Lemma [I] as
vi(a, B,e) = ®f (a, B,e) + 1% (o, B,¢) and v, (a, B,¢) =
@, (o, B,e) =iV, (a, B,€), where the exact expressions for
real functions @, Ur, @ and ¥, are obtained through
the formulae for the principal roots of complex numbers

and are given by (9), where ¢ = o+ fu — 1 — ¢ and
d = sgn(fv(a + fu—1+¢)). Observe that @, < &

Definition 5 (Associated eigenvalues). Let 1 € o(A)
be an A-eigenvalue. Then for anya € R, 8 € R, ande > 0,
the two Jy-eigenvalues 1/:[(04,[3,6), v, (a,B,¢) are called
the Jo-eigenvalues associated to p.

To simplify the notation, in the sequel we drop the
dependence of functions vF on parameters «, 3, and e.
Recall that the elements pq,...,un of o(A) are ordered
dicreasingly by their real parts (see Section . We use

v; as a shorthand for l/ljfj. The following lemma provides

conjugation relationships between v and V;r.

Lemma 3. Let puj € o(A), forj € {1,...,N}, and v,
1/]‘-Ir denote its associated Jy-eigenvalues as in Definition
Then the following hold for small enough values of € > 0.
a) If pj € R and {l/j_,l/;_} CR, thenv; < 1/;'.
b) If nj € R and {1/]-_,1/7”'} C C\R, then v; :Pj,
c) If pnj € C\R, j < N, then l/j__i_l = ﬁj and vy, =7 .

VII. SLOW-FAST LEADING EIGENSTRUCTURE, DOMINANT
DYNAMICS, AND THEIR PARAMETER SENSITIVITY

In this section we use Assumption [l| to characterize
the leading eigenstructure of Jy, provided knowledge of
the leading eigenstructure of A. In particular, we provide
conditions on «, 3, ¢ under which the Jy-eigenvalues I/fE
associated to a strictly leading real A-eigenvalue p; or
the Jy-eigenvalues uf , uj associated to a strictly leading
complex conjugate A-eigenvalues puq, o = fi; have zero
real part, while all the other Jy-eigenvalues have negative
real part. In other words, we show how the leading
eigenstructure of A and the resulting (linearized) fast
dominant dynamics (see Section map to the leading
eigenstructure of Jy and to a (linearized) 2-dominant
dynamics for the full slow-fast dynamics . Finally, we
characterize how the parameter variations affect the leading
eigenvalues of Jy, which will be instrumental for bifurcation
analysis. Proofs of the technical results in this section are

provided in Appendix [I}

A. Existence of critical parameter values for a real leading
eigenvalue

We start by guaranteeing that for the strictly leading
A-eigenvalue with positive real part p; € o(A) there exists
a smooth relationship between parameters («, 3,¢) such
that the associated Jy-eigenvalues are purely imaginary
complex conjugates.

Lemma 4. Let the strictly leading A-eigenvalue pp be real.
Let also

agi(e) =1+e—Bus. (10)

Then for small enough € > 0, 8 € (0, i), and o = ag1(e),

the associated Jo-eigenvalues v; and 1/1+ are given by
viE = 4i/e(1 - e).

(11)

. + oot
Thus, lim._,q |1/1 | = 0. Moreover, 2 (ap,1(€), B,€) > 0.
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- (9)
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c 1
2 2

2 )

qj}:(a7/378) = %7

v a

Lemma 5. Let the strictly leading A-eigenvalue p1 be real.
Let also
_lte-a

Bai(e) = ——,

1 (12)

Then for small enough values of e 2 0, a € (0,1), and
B = Ba,1(e), the associated Jo-eigenvalues vy and vy are

+
given by (I)). Moreover, %(a,ﬁml(s),s) > 0.

B. Existence of critical parameter values for a non-real
leading eigenvalue

For analogous results in the non-real u; case we rely
on existence results (derived from the implicit function
theorem), and thus we do not arrive at explicit expressions
for ag 1 and Bq,1. Furthermore, in the non-real y; case the
conjugate Jo-eigenvalue to v; is v instead of vy .

Lemma 6. Let the strictly leading A-eigenvalue p; =

u 4 v be non-real with positive real part. Then for small
enough values of € > 0 and 5 € (0, m) there exists a

differentiable function ag 1(€), satisfying ap1(0) =1— Pu
such that, for @ = ag1(e), the associated Jy-eigenvalues
v and vy are given by

Vi, =i (ﬂ; + %\/ﬁ%? +4e(2—a- /D’U)> ;o (13)

and, in particular, lim,_, |1/f2| = BIm(u1). Furthermore,

1—PBRe(pm1) —e < agi(e) <1—PRe(m)+¢e, (14)

as.(e) = 1 — BRe(ur) + O(?), (15)

%
722 (g1 (g), Bre) > 0.

and

Lemma 7. Let the strictly leading A-eigenvalue puy be non-
real with positive real part. Then for small enough values
of e 20 and « € (0,1) there exists a differentiable function

Ban(e) satisfying Pa1(0) = Rlc(_:“l), such that, for § =

Ba(e), v and vy are given by Equation (13). Furthermore

1—a—¢e<Re(u)faile) <l—a+e, (16)

foLiny
323’2 (e, Ba,1(€),€) > 0.

and

\/\/((a+5u15)2B2'u245(204Bu))2+4ﬁ2v2(a+5ul+5)2(a+[‘3u15)2+52v2+45(2a6u)

2

C. Critical value functions

Functions ag; and (4,1 defined in Lemmata @ to
provide parameter values at which the Jacobian Jy has
purely imaginary leading eigenvalues, corresponding to a
Hopf bifurcation of the slow-fast dynamics .

Definition 6. For strictly leading A-eigenvalue py with

positive real part, and 8 € (0, ﬁ), the function ag
defined in Lemmata [f] and[d is cailed the a-critical value

function.

Definition 7. For strictly leading A-eigenvalue py with
positive real part, and « € (0,1), the function Bq1 defined
in Lemmata[5] and[7 is called the [B-critical value function.

D. Preservation of dominance near critical values

We now show that for o = agi(e) or f = Ba,1(€)
dominance of the fast dynamics, as implied by Assumption/[]]
is inherited by the full slow-fast system .

Lemma 8. Let the strictly leading A-eigenvalue 1 be real,
and ag be the a-critical value function as in Definition

@. Then for small enough ¢ > 0, 8 € (O,m), and

a = ag,1(€), the associated Jo-eigenvalues v; and V;—r have
negative real parts, for all j € {2,...,k}.

Lemma 9. Let the strictly leading A-eigenvalue pq be
non-real, and ag be the a-critical value function as in
Definition @ Then for small enough € > 0, 5 € (0, m),
and o = ap,1(€), the associated Jo-eigenvalues vy, vy, vy
and 1/;Ir have negative real parts, for all j € {3,...,k}.

Lemma 10. Let the strictly leading A-eigenvalue uy be real,
and Bq,1 be the B-critical value function as in Definition m
Then for small enough € > 0, o € (0,1), and 5 = Bu1(e),
the associated Jo-eigenvalues v; and V;f have negative real
parts, for all j € {2,...,k}.

Lemma 11. Let the strictly leading A-eigenvalue uy be
non-real, and Pq1 be the [-critical value function as in
Definition @ Then for small enough e >0, a € (0,1), and
B = Ba,1(€), the associated Jo-eigenvalues vy , vy , v; and
1/;r have negative real parts, for all j € {3,...,k}.

VIIl. CONSTRUCTIVE RHYTHMIC NETWORK CONTROL
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A. Controlled rhythmogenesis organized by a Hopf
bifurcation

We now prove that for @« = agi(e) or 8 = Ba1(e)
model undergoes a Hopf bifurcation when a or
is the bifurcation parameter, respectively. We further
characterize the dominant subspace H linearized dynamics
at bifurcation, thus providing a description of the emerging
rhythmic profile through the Center Manifold Theorem [17,
Theorem 3.2.1].

Theorem 3. Consider model . Let Assumption hold,
B € (0, Re(u )) and ag,1 be defined as Definition |6l Then,
for € > 0 sufficiently small, the origin is exponentially
stable for a < a* = ag1(e), exponentially unstable for
a > o, and a Hopf bifurcation happens through bifurcation
parameter « at o = .

Proof. By Lemmata [4 and [6 Jo has a pair of pure
1mag1nary non-real complex elgenvalues Vl (if pq is real) or

Uiy (1f p1 is non-real) satisfying Re(ul )(ag 1(e), B,e) >

at @ = ag1(¢). By Lemmata [§ I and [ all other Jo-
eigenvalues have negative real part. Thus, all the conditions
of the Hopf Bifurcation Theorem [2] are satisfied for the
case a > 0. O

Theorem 4. Consider model . Let Assumption hold,

€ (0,1), and By 1(g) be defined as Deﬁnition@. Then, for
e > 0 sufficiently small, the origin is exponentially stable for
B < 8% = Ba1(e), exponentially unstable for 8 > B*, and
a Hopf bifurcation happens through bifurcation parameter

fatfp=p".

Proof. By Lemmata [5] and [7, Jo has a pair of pure
1mag1nary non-real complex elgenvalues Vl (if pq is real) or

iy (if p11 is non-real) satisfying Re(yl )( ,Ba,i(€),e) >0
at 3 = fBa1. By Lemmata and [[1} all other Jo-
eigenvalues have negative real part. Thus, all the conditions
of the Hopf Bifurcation Theorem [2| are satisfied for the
case a > 0. O

The 2-dominance of the linearized dynamics of model (|1))
close to the Hopf bifurcation (as implied by Lemmas
implies that the 2-dimensional center manifold [17,
Theorem 3.2.1] of the bifurcation is exponentially stable.
Thus, the oscillatory behavior of the linearized dynamics
inside the dominant subspace H characterizes the full
nonlinear relative rhythmic profile emerging at the Hopf
bifurcation (modulo errors of order O ((a — ag1(€))?) or
O ((8 = Ba,(e))?) for a or B as bifurcation parameter).
Observe that H is the generalized eigenspace associated to
the strictly leading complex eigenvalue pair. We state and
prove the following proposition when « is the bifurcation
parameter. The 3 case is analogous.

Proposition 1. Under the same assumptions as Theorem|3,

let a = ap1(e) and let w = (wilw,)", Aw, =z, w, =

ﬁ%wm be a right non-zero eigenvector of Jo for the strictly
61

T associated to the

leading purely complex Jy-eigenvalue v]
strictly leading A-eigenvalue py. Write w, = (o,e™)N_|

and suppose, without loss of generality, that o1 > 0 and o1 >

oj for all j # 1. Then the solution z(t) = (x'(t)|y"(t))"
to the linear system z = Jyz with initial condition z(0) =
c1Re(w) + coxIm(w) satisfies

T, (t) = op(cy cos |1/1 |t+g0n) + ¢o sin }Vl |t+<pn ) (17)

and in particular it corresponds to a relative rhythmic profile
with relative amplitudes p; = Z—Jl and relative phases 0; =

- ¥1.

Proof. Consider complex function {(t) = el as a
solution to the IVP defined by ¢ = Jo¢, ¢(0) = w.
By writing ¢(t) = (£€'(t)|nt(¢))?, it is possible to find
(ot
the analytic entry-wise solutions &,(t) = 0'”67'(|V1 |t+62)
for every n € {1,...,N}. Now write {(t) = Re(¢)(t) +
iIm(¢)(t). Then the solutions to real linear system z = Jyz
are generated by Re(¢)(t) and Im(¢)(¢). By hypothesis we
have z(0) = ciRe(w) + c2Im(w), and therefore z(t) =
c1Re(€)(t) + coIm(¢)(t) for every non-negative time. This
in turn implies x(t) = c1Re(&)(t) + colm(€)(t), from
whence follows. O

It is also easy to see, using w, = jwﬂ, that the slow
negative feedback variable y; oscillates ‘with an amplitude
that is p. times the amplitude of the oscillation of z; and
with a phase difference of ., where p e’ = ﬁ and, in
particular, p. = O(g). '

By the Center Manifold Theorem [17, Theorem 3.2.1],
the limit cycle emerging at the Hopf bifurcation lies on a
two-dimensional manifold that is tangent to the dominant
subspace H and is a small perturbation of one of the
periodic solutions proved in Proposition [I] It follows that
the leading eigenstructure of A fully determines the relative
rhythmic profile of the network rhythm emerging at the

Hopf bifurcation.

B. Stability of rhythmic profiles

In the following theorem we compute the coefficient b in
the normal form of the Hopf bifurcation (see Theorem |2)),
which determines the stability and the parametric region
of existence of the limit cycle emerging at the bifurcation.
The proof of this theorem is technical and is provided in
Appendix [I}

Theorem 5. Under the same assumptions as Theorem[3,
let @ = ag (), v = (vi|v))" be a left non-zero eigenvector
of Jo associated to purely complex Jo-eigenvalue vy, and
w = (wilw,)" be a right non-zero eigenvector of Jo
associated to —vy", such that (see Theorem |1) vltw = 0
and Blw = 2. Then coefficient b in Theorem|d is given by

b:%‘l—uf+ (18)

‘Re ((1 -+ —:
1

&€

) (Vg, W, © Wy @Eﬁ) .

When b < 0 (supercritical Hopf bifurcation), the limit
cycle emerging at the Hopf bifurcation is stable and exists
for « or B close to and above their critical values o* or 8%,
respectively. When b > 0 (subcritical Hopf bifurcation),
the limit cycle emerging at the Hopf bifurcation is unstable
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Fig. 5. Dynamical behaviors close to a supercritical vs a subcritical
Hopf bifurcation. a) Pre-bifurcation (top) and post-bifurcation (bottom)
behaviors for the supercritical case. Pre-bifurcation, all trajectories
exhibit damped oscillations converging to the origin. Post-bifurcation,
all trajectories converges to a stable limit cycle oscillation emerging
at the Hopf bifurcation. b) Pre-bifurcation (top) and post-bifurcation
(bottom) behaviors for the subcritical case. Pre-bifurcation, some
trajectories exhibit damped oscillations converging to the origin while
other trajectories converge toward a stable limit cycle oscillations. The
two kinds of trajectories are separated by the stable manifold of an
unstable limit cycle emerging at the Hopf bifurcation. Post-bifurcation,
all trajectories converge to the stable limit cycle oscillation.

and exists for a or g close to and below their critical values
o™ or B, respectively. In the subcritical case, the unstable
limit cycle is surrounded by a larger amplitude stable limit
cycle that persists past the bifurcation pointﬂ Figure
illustrates the qualitative difference between a supercritical
and a subcritical Hopf bifurcation, as predicted by the sign
of the computed b coefficient.

We were not able to derive general conditions guaran-
teeing a given sign for b. However, the following corollary
(proved in Appendix [I) provides a sufficient condition for
b < 0 and therefore a supercritical Hopf bifurcation.

Corollary 1. If matriz A is such that its strictly leading
right eigenvectors are modulus-homogeneous, and € > 0 is
small enough, then b < 0 and the Hopf bifurcation undergone
by system as proved in Theorems@ and|{| is supercritical.

One important special case of Corollary [1| is when
matrix A is switching equivalent (see Section |[VI)) to
either a positive in-regular or a non-negative in-regular
irreducible matrix P = MAM. As P has a positive
eigenvector 1y associated to a positive eigenvalue d > 0,
then Perron-Frobenius theory [30, Theorem 8.4.4 and
Exercise 8.4.P21] (see also Section[V-A)) implies that d is the
leading eigenvalue, thus A has a leading eigenvalue d and a
leading eigenvector M1, which is modulus-homogeneous.
By applying Corollary |1} we conclude that the rhythmic
profile arising from the bifurcation must be a switching
synchronization profile (see Definition [4) determined by
the signs of M1 and must be stable.

1The proof of this fact goes beyond the scope of this paper and
involves invoking boundedness of the trajectories of model and
computing higher-order derivatives of similar kinds as coefficients a
and b in Theorem @

[X. DESIGNING RHYTHMIC NETWORKS

The results in the previous sections suggest a constructive
way to design rhythmic networks with a desired rhyth-
mic profile. Namely, given desired relative amplitudes
P2, -, pN < p1 = 1 and desired relative phases 05, ..., 0y,
it suffices to find an adjacency matrix A such that w, =
(1, pae®2 ... pne?N) is its right eigenvector associated to
a strictly leading eigenvalue ;. Before discussing simple
ways to achieve this, let us distinguish two important cases:

i) w, € RY, that is, ; € {0,7} mod2r for all j =

2,...,N.
ii) w, ¢ RY, that is, 6; ¢ {0, 7} mod 27 for at least one
J-

In Case i), the strictly leading A-eigenvalue p; is real
and the modulus of the associated strictly leading Jy-
eigenvalues l/li, given by , is O (51/ 2). This implies that
we cannot arbitrarily control the period T' = 27 [vf" ’71 of
the emerging rhythmic profile, which diverges to infinity
as € — 0. However, in practice, given a sufficiently large
timescale separation, that is, a sufficiently small fized ¢,
we can achieve a desired period by suitably scaling the
model vector field, i.e., by suitably speeding up all the
model variables. This problem is absent in Case ii) because
w1 is not real and, using , the modulus of the strictly
leading Jy-eigenvalues fo 5 is approximately SIm(puy) >
04+ 0 (61/ 2). Thus, when the leading eigenstructure of A
is not real, and therefore relative phases of the emerging
rhythm are not constrained to be 0 or m, the emerging
rhythm period is approximately T ~ 27(8Im(pu1))~*, and
thus fully controllable by suitably designing ;.

We illustrate the construction of matrix A on two specific
rhythmic profile control problem: amplitude control, as an
example of Case i), and phase control, as an example of Case
ii). We consider the case in which the network topology is
unconstrained and discuss extensions to the constrained
case in Section [X1

A. Rhythm amplitude control

The goal is to achieve a network rhythm in which oscil-
lations are either in-phase or anti-phase, i.e., 5,--- ,0y €
{0, 7} mod 27, by different desired relative oscillation am-
plitudes pa, . .., pny. With an abuse of terminology, we allow
the amplitude p; to be negative, which is equivalent to
setting §; = 7 (anti-phase oscillation), but still impose
the constraint |p;| < p1 = 1. A simple way to build an
adjacency matrix A leading to such a relative rhythmic
profile is the following:

1) Let w, = (1,p2,...,pN)-

2) Pick py > 0, po,...,uny < p1, and let D =

diag(p1, p2; -« -y PN)-

3) Find an ordered basis B = {w,, ua,...,uyn} of RY

and let Q = (w, ua -+ uy) be the change of variable
from the canonical basis of RN to B.

4) Define A =QDQ'.

The constructed A has p; as its leading eigenvalue, and
w, as a leading eigenvector. Since (w,); = 1, a possibility
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Fig. 6. Examples of controlled rhythmic profiles with matrices built
through the algorithm described in this section. Top: a real leading
eigenvector, with some entries being possibly of opposite signs, results
in in-phase or anti-phase oscillations. Below: a modulus-homogeneous
leading eigenvector where at least one entry is not real leads to a shifting
synchronization behavior.

to build the basis B is to pick u; = e;, which leads to

wo(pr — p2)  p2 ... 0
A= . .. .

wn(p1 —pn) 0 UN

where w; := (w;);. Such an adjacency matrix corresponds
to a star topology, in which the first oscillator drives all
the others. Observe that each oscillator has also a self-loop
with weight ;. The result of this design is illustrated in

Figure [6] top.

B. Rhythm phase control

The goal is to achieve a network rhythm in which
oscillators have the same amplitude, i.e., po = -+ = py =1,
by non-zero desired relative phases 6o,...,0y5. A simple
way to build an adjacency matrix A leading to such a
relative rhythmic profile is the following;:

1) Let w, = (1,e%%,... e ). Observe that, if §; ¢
{0, 7} mod 27 for any j > 1, then w, and w, are
linearly independent.

2) Pick p1 = uy + ivy with u,v3 > 0, po = 71y =
up — v, and p3, ..., 0y € R, pt; < up. Let D =

diag(ﬂl,ﬁl,ﬂg, cee 7ILLN)
3) Find an ordered basis B = {w,,W,,us,...,un}
of CV such that us,...,uy are real, and let Q =

(w, W, uz --- uy) be the change of variable from
the canonical basis of CV to B.

4) Define A = QDQ~!. Note that A is real because D is
the complex Jordan form associated to the complex
basis B and @ is the change of variable that put A
in its complex Jordan form.

Observe that A has a i, ue = [, as strictly leading
eigenvalues with w, and w, as strictly leading eigenvectors.
It easy to see that for 05 ¢ {0,7} mod 27, a possibility
to build the basis B is to pick u; = e;, which leads to
adjacency matrix A=

Im (71, w2) Im(p1)
h;@zf, | Im(l<w2)) 0 ... 0
|ws| 1:11(5);) rInnf(Lllul:)2 0 ... 0
Im((f) —ps)wows) Im((p1—p3)ws) 0
Im(w2) T

Im(w2) H3

Im((p1—pn)wn)
Im(w2) 0

(B, — oy Jwa )
Im(w2)

HUN

where w; := (w,);. Such an adjacency matrix corresponds
to a star topology with a two-node core, in which the
first two oscillators are mutually coupled and drive all the
others. Observe that each oscillator has also a self-loop.
The result of this design is illustrated in Figure [} bottom.

X. DISCUSSION

We introduced new theoretical tools to design the
rhythmic profile of a rhythmic network. Our tools are
constructive and can be used for analysis, control, and
design. Furthermore, they are developed on a model that
is compatible with neuromorphic engineering applications.

Future theoretical development for the extension of the
main results include passing from local to global analysis
and considering more complicated (e.g., higher-dimensional
or with nonlinear slow negative feedback) node dynamics.
Another important theoretical development, related to the
design strategy described in Section [[X] is to consider the
case in which the network is structured, i.e., only some
edges are present and only the weights of those edges can
be tuned to impose a desired leading eigenstructure.

Applications include the hardware realization of
model in neuromorphic electronics and the use of the
resulting tunable rhythmic controller for locomotion in
simple legged robots.
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APPENDIX |
PROOFS OF LEMMATA

Lemma 1. p € o(A) if and only if there exists A\ € o(Jy) such that

N+ (l+e—a—Bur+e2—a-pu) =0, (5)
or, equivalently,
l—a+ A+ =
M = —/8 E+)\ . (6)

Moreover, for any p € o(A), if w, € CV is an associated right A-eigenvector, then w = (wh| Fxw})t € C?N is a right
Jo-eigenvector associated to A € o(Jo) satisfying condition (). Conversely, for any A € o(Jy), if w = (wl |w})" € 2N
is the associated right Jy-eigenvector then necessarily

Aw, = pwy, Wy = X Wa, (7)
where pi € o(A) satisfies condition ().

Proof. Start by observing that A* = —e does not satisfy quadratic condition for € # 0. We first prove that conditions
and @ are equivalent. Indeed,

Bu:l—a+)\+5i)\@ﬁ,u(s—i—)\):()\+1—a)(/\+8)+6(:>6,u)\—|—8ﬁ,u=/\2—|-(1+€—a)/\+6(2—a).

Given p € o(A) and a non-zero right eigenvector w, € CV, consider A € C any complex number satisfying (), or
equivalently (6)). By proposing w = (w| -5 w?)" € C*V it suffices to show that Jow = Aw. Certainly,

e+
0 EIN ‘ —EIN E_%\wx EWy — ng,\wx
(e~ Fx)we =T w, AcxWa '

Conversely, suppose that A € o(Jy) is an eigenvalue with an associated non-zero eigenvector w = (wt|w})" € C* so
that (Jo — Alany)w = Ogy. This translates to

O — (aflf)\)IN+BA‘ —IyN w, \ [ (a—1-Nw, + fAw, —w,
ZN_( eln —(E—l—)\)IN)(wy)_( cw, — (e + Nw, )’

from whence it is seen that A\* = —e is not a right eigenvalue as € # 0. The last equality is equivalent to the system
of vector equations

BAw, = (1 —a+ A+ 57 )ws,

wy = 3 Wa,

so that u = %(1 —a+ A+ F 5 ) must be an eigenvalue for matrix A. Since this has already been seen to be equivalent

to quadratic condition , it concludes the proof. O

Lemma 2. For any pu € o(A), if v, € CV is an associated left A-eigenvector then v = (vl Ejr—l)\'ui)t € C?N s a left
Jo-eigenvector associated to A € o(Jy) satisfying condition (5)). Conversely, for any A € o(Jy), if v = (vi]vy)t € C2N s
the associated left Jy-eigenvector then necessarily

U;A = ,U/Ui, Uy = 5171)\’095, (8)
where pi € o(A) satisfies condition ().

Proof. Given u € o(A) and a non-zero vector v, € CV such that v{ A = pvl, consider A € C\{—¢} any complex

number satisfying (6)). By proposing v = (v Ejrl)\ vi)t € €2V it suffices to show that v'.Jy = Av’. Certainly,

H (oz—l)IN—&—BA‘ —In \ _ (a—l)v;—l—ﬁAv;—Ej)\v; t
z eln ‘ —ely —vl + Vs

NUSE )t + Buo )t_ ( (= B)vt + vt )LA(U; Syt = Ao,

- — € 3 A g+)\vm
( I+ 5+)\)v1 5+)\v$

v'Jy = (v | S5
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Conversely, suppose that A € (Jo) is a left eigenvalue with an associated non-zero eigenvector v = (v |v})" € C*V so
that v'(Jy — Alon) = 055 This translates to

t
0Ly = (v']0!) (a=1-NIy+BA| -~y _ [ (a—1-XNv} + BAv, + vy,
2N x|y ely | —(e+ NIy —v;, — (e + My, ’
from whence it is seen that A* = —e¢ is not an eigenvalue. The last equality is equivalent to the vector equation system

BAv, = (1 —a+ A+ 55)va,

-1
Vy = — a3 Vo

so that u = %(1 —a+ A+ ) must be an eigenvalue for matrix A. This concludes the proof. O

e+
Lemma 3. Let uj € o(A), for j€{1,...,N}, and U l/;r denote its associated Jy-eigenvalues as in Definition @ Then
the following hold for small enough values of € > 0.

a) If pj € R and {l/j_,lj;_} CR, thenv; < Vj_.
b) If nj € R and {l/j_,ljj} C C\R, thenv; = ﬁj.
c) If pj € C\R, j < N, then Vj__,’_l :?j and vy, =7 .

Proof. In the first case we assume that p;, as well as the two distinct solutions of
Mit(l+e—a—Bur+e(2—a—LBu) =0,
are real. This gives straightforward expressions for

V+_a+5u—1—5+\/(a+5u—1—5)2—45(2—0[—5#)
J 9 )
V__a—l—ﬁu—l—e—\/(a+,6’u—1—5)2—45(2—a—,6u)
= .

2

Now observe that v;” < z/f if and only if the discriminant (o + Su —1—¢)? —4e(2 — a — Bu) is non-zero. If a+ Bu = 1,

then the discriminant is reduced to €2 — 4e, which is non-zero for € € (0,4). If a + Bu # 1, then the discriminant is
strictly positive for € = 0, and therefore it is kept strictly positive for small enough values of €, thus completing this
part of the proof. In the second case it suffices to see that, for 1; € R, eigenvalues z/ff =&, £V, as given by @ are
complex numbers with real parts equal to %(a + Bu —1—¢), and with imaginary parts of opposite signs. Finally, let

;= u; +iv; with v; # 0, and by hypothesis p;j 11 = u; — iv;. By conjugating condition , one gets

O:X2+(1+5_0‘_ﬁﬁj)x+5(2_5ﬁj_a:X2+(1+5_a_ﬂﬂj+l)x+5(2_a_BMjJrl)y

which concludes that A; satisfies condition written for 141, where A; is a solution for condition written for ;.
It is straightforward to verify from Equations @D that <I>j' = CID;Q_1 as v; is always squared in them. The sign term d for
\Ilj++1 is given by

sgn(B(vjq1)(a+ Pujrr — 1 —¢)) = sgn(B(—v;)(a+ fu; — 1 —¢)) = —sgn(Bvj(a + fu; — 1 —¢)).

Then it is clear that \Il;'H = —\Ilj', which implies that V;_ and V;TH are conjugates. Equation 7; = v, is similarly
verified, so we conclude the proof. O

Lemma 4. Let the strictly leading A-eigenvalue py be real. Let also

agi(e) =1+e—Bus. (10)

Then for small enough € > 0, § € (0, i), and o = ag1(€), the associated Jo-eigenvalues vy and vy are given by

viE = 4i/e(1 - e). (11)

. +1 H'I’li
Thus, lim._,q |1/1 ’ = 0. Moreover, 1-(ap,1(€), B,€) > 0.

Proof. When evaluating at 8 > 0, € (0,1), o = a1 (€), eigenvalues Vf = as given by @ are reduced to +i4/e(1 — €), so

that v;” and v{” are conjugate non-real numbers whenever € € (0, 1). Discriminant A = (a+Bu; —1—¢)? —4e(2— Bus — )
reduces to —4e(1—¢) < 0at 8> 0, > 0, a = ag(e), so by continuity there must exist an open non-empty subset V' of

+
S (apa(e).Be) =4 >0 O

the parameter space where the real part of v is given by @] = #(a+Bu1—1—¢), and thus

Lemma 5. Let the strictly leading A-eigenvalue py be real. Let also

ﬁa,l(g) = 1—"_:-71_0‘7 (12)
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Then for small enough values of ¢ >0, a € (0,1), and 8 = Ba1(c), the associated Jy-eigenvalues v{ and vi are given
Y ==
by (11)). Moreover, %(a,ﬂa,l(s),s) > 0.

Proof. Take Ba,1(e) = 4 L (1+4¢—a). Proceed as in Lemma and check that %(a,ﬂml(e),e) =EL#£0. O

Lemma 6. Let the strictly leading A-eigenvalue p; = u + iv be non-real with positive real part. Then for small enough

values of € > 0 and B € (0, m) there exists a differentiable function ag 1(e), satisfying ap1(0) =1 — Bu such that,
for oo = ap.i(e), the associated Jy-eigenvalues Vfr and 1/5r are given by
1/1':2 = <B; + = \/52112 +4e(2— o — ﬂu)) , (13)
and, in particular, lim,_g |1/I2‘ = BIm(uy). Furthermore,
1—BRe(m) —e < aga(e) <1—pPRe(ur) +¢, (14)
ag(e) =1 — BRe(u) + O(e?), (15)

+

0%}
7o (@pa(e), B,€) >0

Proof. Take p; = u+ iv. By formulae @[), equation Q)j{ = 0 is equivalent to setting a + Sfu — 1 — € equal to

and

\/((a«#ﬁuflfs)z71321)2745(27&7ﬂu))2+4ﬁ2v2(a+ﬁu71+5)2+(a+3u7175)27['321)2745(27&7611.)

. , (19)
which in turn implies
(a+5u7178)2:\/((a+,(3u—1—5)2—[321;2—48(2—a—ﬂu))2+4,32v2(02¢+Bu—1+8)2+(a+,8u—1—8)2—,6’2v2—45(2—a—Bu) (20)
S (atBu—1—€)2 48202 +4e(2—a—Bu)=/((at+Bu—1—c)2— 202 —4e(2—a—fu)) > +452v (a+ fu—1+e)? (21)
= ((a+Bu—1—e)24+8%v2+4e(2—a—pu))’=((a+pfu—1—¢)?—B%v? —4e(2—a—Pu)) % +45%v? (a+Lu—1+¢)?
& (a+Bu—1-¢)2(B2* +45(2 — a — Bu)) = v*(a+ Pu — 1 +¢)?
& B ((a+Pu—1—e)? —(a+Pu—1+¢e)?) +de(a+Pu—1-¢e)?2—a—pu)=0
gla+pu—1—-¢e)*2—a—pu) - p2%(a+pPu—1)=0
s (a+pu—1-¢)>22—a—pu) - 2% (a+pPu—1)=0 (22)

The resulting polynomial p(a, €) in equivalence is cubic in variable «, which guarantees the existence of a real root
for every € € R. Additionally, observe that

gg(oz e)=(a+pu—1-¢)(5—-3a—2Bu+e¢) - p** = g—g(l—ﬁu,O) = —pB%? £0,

so that the Implicit Function Theorem allows us to find a local ¢! solution (g 1(¢),) defined near point (1 — Bu,0).
Note that when o« = 1 — fu, € = 0, the following expression yields

(a+Bu—1—¢e)?+ %02 +4¢(2 — o — Bu) = 5%0? > 0;

therefore, equations through are actual equivalences along solution (ag1(€),€). It remains to see that critical
value o = ag 1(¢) satisfies @ = 0. To verify this, by once again using the Implicit Function Theorem, derivative a4 (€)
is found to be

dag 1 B % B 2(api(e)+Pu—1—¢)(2—apgi(e) — Bu)
&= _gig(o‘ﬁ’l(g)’ 2 = (oa (@) 1 Bu—T—9)( —Basa(e) — 28ut o) — oo’

thus we get aj ,(0) = 0 and aj,(g) # 0 for small values of ¢ > 0. This in particular implies the quadratic growth
formula (15)). By the definition of derivatives, this implies for small enough values of ¢ that

ag1(e) — 1+ pu
5

and thus, for € > 0, we get bounds for the growth of function ag 1, which bounds (14). These inequalities imply that
term agq(e)+pfu—1—¢is negative for small enough values of £ > 0, so Equation is verified, and thus a = ag1(¢)
satisfies @ = 0. Then for € (0,1), e >0, a =ag1(e) we have vj” = iV}, which by formulae (9], equivalence (21)),
and inequality (14)) reduces to

<1,

\I/f:%—i—Sgn VB2 4 4¢(2 — a — Bu).
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Recall that we take v > 0 in the non-real case. Then having ¥ =0 for 8 € (0,2), e > 0, & = ag,1(¢) would imply
a = 2 — u, which is false for small enough values of ¢ > 0 as ag1(0) =1 — Su, therefore making v;" a pure imaginary,
non-real number. Partially differentiating <I>If with respect to a yields

N ((atBu—1-6)2—p2v2 —de(2—a—fu))(at+Bu—1+e)+26%v2 (a+Bu—1+c)
8(1) ( B )71 1 \/((a-Hsu 1-6)2-B820v2 _4e(2—a—Bu))2+482v2 (a+Bu—1+4¢)2
8 )

+a+Bu—1+e

2 4\/\/((a+ﬁ‘u 1-e)2-B20v2—4e(2—a—Bu))2+4B82v2 (a+Bu—1+e)2+(a+Bu—1—2)2— 202 _4e(2—a—Bu)
2

In order to evaluate the preceding expression at 5 € (0, %), e > 0 and a = ag,(e), from equivalence , the
denominator in the second term reduces to

\/\/((a+ﬁu15)2ﬁ2v246(2a5u))2+452v2(o2c+ﬁu1+s)2+(a+,8u15)252v245(2aﬁu) _ ‘Ot + BU 11— E‘ .

+
This term is non-zero by inequality as its argument is negative. The other square root term in ag;l is similarly
simplified by equivalence (21f). Thus the partial derivative g%(a/j,l(g), B,¢e) yields

14_1 <a5,1(5)—|—,6’u—1+5> ( (aga(e) + Bu—1—¢e)? + %02 )
T+e—api(e)—Bu) \(apa(e) +Pu—1—e)2+ 3202 +4c(2— apa(e) — Bu) )

2 2

Inequality (14 .
is positive as well at 3 € (0,1), e > 0, @ = ag,1(¢). Finally, restrict the domain for agyl( ) so that all of the prev1ous

assumptions (its definition through the Implicit Function Theorem, and its quadratic growth) hold. O

Lemma 7. Let the strictly leading A-eigenvalue 1 be non-real with positive real part. Then for small enough values of
€20 and a € (0,1) there exists a differentiable function By 1(€) satisfying Ba1(0) = ﬁ}f‘), such that, for = fa1(¢),
v and vy are given by Equation (L3)). Furthermore

1—a—e<Re(1)Bai(e) <l —a+e, (16)
oot

and —z*(a, Ba,1(€),€) > 0.

Proof. Proceed analogously as in Lemma @ The coefficient for 4% in the polynomial term in equivalence is
—u(u? + v?), which is non-zero by hypothesis. Then it is possible to find real solutions to for 5. Partially
differentiating the associated polynomial with respect to S now yields

g—g(ﬂ,e) =u(a+Pu—1—¢)(5—3a—38u+e)— 260 (a+ fu—1) — f2uv?,
which implies g—g(%, 0) = (o — 1)v% # 0, so we may use the Implicit Function Theorem to find a % solution to (22)),
denoted f,,1(¢), and satisfying 3,,1(0) = =2. In can be analogously seen that £, ;(0) = 0, therefore guaranteeing
inequality
1

u

’5(1,1(6) - e

for small enough values of € > 0, which in turn implies bounds . As before from this last inequality it follows that
term a + fqa,1(¢) — 1 — ¢ is negative, therefore satisfying o = O Then v{ =iV}, with U] the same expression as in

+
Lemma (6 only now for o € (0,1), € > 0 and 8 = B4,1(¢). Partial derivative agﬁl is given by

((at+Bu—1-6)2 %02 —4c(2—a—Bu)) (u(atBu—1+e)—28v2)+28%uv? (a4 Bu—1+e)+26v

2 2
(adPu—14€)" |\ (atpu—1+e)—2p02
\/((a+ﬁu7175)27132'02746(27a75u))2+462v2(a+/3u71+5)2

_|_

IS
N

\/ \/((a«#ﬂuf175)27ﬂ2v2746(27afﬁu))2+4ﬁ2'uz(a#»ﬁ/u.f1+E)2+(a+ﬁu7175)2fﬁ2v2745(27(171314.)
2

Once again we simplify this expression through equations (20) and (21)), and inequality (16]). This yields
B + 1 (a4 Bu—1—e)2 —p202 —4c(2 — a — Bu))(u(a+ Bu — 1+ ¢) — Bv2) +282uvZ(a+ Bu — 1+ &) + Bv2(a+ Bu —1+e)2
2 2 (14+e—a—Bu)((a+Bu—1—¢)2 48202 £ 4e(2 — a — Bu))

Now observe that

lim ((a + Bai(e)u—1—€)* = Ba(e)’v” — 4e(2 — a = Ba(e)u) (u(o + Bar(e)u — 1+ €) = Bar(e)v?) =

e—0*

(1 — a)3v?

u3

+
which is positive as we imposed « € (0,1). Thus the second addendum in the reduced expression for %(a, Ba(€),€)

N
is positive for small enough values of € > 0, therefore guaranteeing that ag;l is positive as well for « € (0,1), € > 0 and
B = Ba.1(e), which concludes the proof. O



JUAREZ-ALVAREZ et al.: ANALYSIS AND DESIGN OF RHYTHMIC NEUROMORPHIC NETWORKS THROUGH DOMINANCE AND BIFURCATIONS (JANUARY
2024) e

Lemma 8. Let the strictly leading A- ezgem)alue p1 be real, and agq be the a-critical value function as m Deﬁmtwn@
Then for small enough € > 0, 8 € (0, Re(u )), and o = ag1(e), the associated Jy-eigenvalues v; and V have negative
real parts, for all j € {2,...,k}.

Proof. For the sake of simplicity we introduce the following auxiliary definition. Observe that for ¢ = 0 the solutions to
condition are directly computed as a+ S — 1 and 0. To analytically distinguish them, especially at & = 1 — SRe(u),
note that one of them varies linearly on «, and the other one is constant. Thus we define the ¢-Jy-eigenvalue associated
to u;, denoted as g; as the continuous solution to which satisfies %(a, 0) = 0, and the \-Jy-eigenvalue associated
to p;, denoted as A; as the continuous solution to which satisfies %&’\j)(a,O) # 0. A general correspondence
between ¢;, A; and v, Vj+ cannot be ascertained for arbitrary values of «, 3, and ¢.

Denote p; = u; +4v; for j € {1,...,k}. From Lemma {4 we know the explicit definition for the critical value function,
ayu1(e) = 14+e—Bui. By Lemmataand eigenvalues v, and V1+ are conjugate non-real numbers for small enough values
of e >0, & = ag1(e). We split the remaining elements in o(.Jy) into ¢-Jo- and A-Jp-eigenvalues, as previously defined,
Gj(@,0) =0, Aj(a,0) = a+ Bpj — 1. Then, for j € {2,...,k}, it is clear that Re(A;(a1(0),0)) = (1 — Bus) + fu; —1 < 0.
By continuity, this inequality is preserved for small enough values of € > 0, which takes care of the result for roots A;.
Now denote g; in their Cartesian form, ¢; = ¢; + i1;. Then the polynomial in is equivalently written

(0 + i) + (1 + &5 — oy — Buj — iv;) (5 + it);) + £(2 — Buy — ifv; — ),
which after developing yields
— 1/JJ2- +2ip;0; + (1+e —a— Buj)p; + Poj; +e(2 — Pu; — o) +i((1+ € — a — Puj)y; — foje; — Bev;).

The problem of finding the roots for the previously defined quadratic polynomial is equivalent to finding points in the
zero level set of function (F},G;), where

Fia,e,05,%;) = ©F =7 + (14— a— Buy)p; + Bu; + (2 — Bu; — a),
Gjla,e,05,105) = 2005 + (1 4+ € — a — Buj)p; — Pujp; — Pev;.
The Jacobian determinant of function (F}, G;) for subsystem (¢,,,) is readily computed as
‘3(1’]" Gj)
(s> ¥5)

Recall that u; > u; for every j > 2. Then, at solution € = ¢ =9 =0, o = 1 — Bu, and for every j > 2, this determinant
reduces to

(23)

— . - )2 - )2
20— o, 2, +1+2—a—Bu = (2¢; +14+e—a—Pu;)” + (2¢; — Pv;)°.

:’2<pj—|—l+€j—o¢—ﬁuj —2¢j+ﬁvj

o(F;, Gj)
O(jb5)
and therefore, by virtue of the Implicit Function Theorem, variables ¢, and v; can be expressed as ¢! functions

®;(a,¢) and ¥;(a,¢) inside the zero level set for values (o, €) close enough to (1 — Su1,0). Moreover, it is possible to
compute their derivatives with respect to € by

o(®;, ;) O(Fy,Gy) T (O(F,Gy) | OF;,G5) dag,y
Oe Apj ;) Oe O de /)’

where the second term inside the parentheses is given by the Chain Rule as oo = a3,1(€) varies as a function of € > 0.
Evaluating at (1 — Suq,0,0,0) yields

= B%(u1 —uy)? + B*] # 0,

. T, -1 _ . 2 —wi)? 202 —
(2, j)(lfﬂul,o) _ i Bur — Buj + B (u1 — u;)* + v — 0 7
e B2 (ur — u;)? + B3 Bvj =0
(1 —pBp1,0). As @;(r,0) = 0, this implies that Re(s;) < 0 for small
enough values of € > 0 and a = ag1(¢), for every j > 2, thus proving the desired result. O

Lemma 9. Let the strictly leading A-eigenvalue py be non-real, and oz 1 be the a-critical value function as in Definition
. Then for small enough e > 0, 8 € (0, m), and o = ag1(e), the associated Jo-eigenvalues vy, vy, v; and V;_ have
negative real parts, for all j € {3,...,k}.

Proof. Recall that Lemma |3| guarantees that 7, = 1/2 and 1/1 = 1/2 We proceed analogously as in Lemma |8 which
proves the result for associated eigenvalues v; and v * that is, for gj and A, for j € {3,...,k}. Now we have to prove
that ®; = ®, is negative as well. First observe that the expression for U} found in Lemma |§| guarantees that v} is a

A-eigenvalue, therefore making vy a g-eigenvalue, vy (o, 0) = 0 + 0i. When applying the Implicit Function Theorem to
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zero level set-condition for j € {1,2}, at solution (a, ¢, ¢1,11) = (1 — Bu1,0,0,0), the Jacobian determinant is
seen to be
d(F1,Gh)

a((plu 7/11)

since p; = ug + vy € R, so that v; # 0, and 8 > 0. Recall from that aj3;(0) = 0 in the non-real case. Now,
differentiating ®; with respect to € yields

9(®1,¥) | _ 1 (80— ai(0)0+¢1) \ _ ([ -1
Oe (1= fur,0) = B2v? ( bvl —10/1(0)1/)1 ) B ( _/3%1 ) ’

and thus %(1 —u1,0) = —1 <0, from whence the result follows. O

(1= Buy,0) = B2(u1 — u1)* + %03 = 20 £ 0

Theorem 5. Under the same assumptions as Theorem|3, let o = g 1(€), v = (vi|v})" be a left non-zero eigenvector of
Jo associated to purely complex Jo-eigenvalue vy, and w = (wl|w})* be a right non-zero_eigenvector of Jy associated to
—l/i", such that (see Theorem vlw = 0 and v'w = 2. Then coefficient b in Theorem is given by

2
b= |1 - v + ==| 5"(0) (18)

-Re ((1 — Vfr + :ED;) (Vg, Wy @ww(aﬁm)).
1

Proof. By Theorem v can be rescaled to satisfy v'w = 0, D'w = 2 which, by virtue of Equations and , translate

to
€ t _ _ £ =t _
(1 = €2+|V1+2) viw, =0, (1- 5 ) Thw, =2, (24)

Determining b requires knowing the first three directional derivatives of vector field f. Given any direction r = (r;|r§)t7
the first one is given by

N N N N le{1,....N} N je{l,...,N}
Z( ok ¥ B (S Bim) ) o 3 (=) ()

=1 bk (Ox,08).0 =\ 995k (0x.0x0.0

_ EN: —d;1 + BY.S'(0) j€{1,..N} )+ i € Y (g, = (T +Br, \ [ 7y

o ce; =3 —ce; v/ er er
k=1 7 k=1 J z v

_f —ry—7ry+Br; \
o e(ry —ry) '

now we compute the second derivative at directions © = (r}|r} )", s = (s.|s})*, dividing it into four terms according to
the mixed partial differentiation required:

Jje{1,..., N} .
_ 5. Ba ! < N Ba ) _ 5. je{1,..., N}
Zk,m %zm < ik T+ ]kS Zl:l bl (rm)k(sm)m-kzkml 0 ik (ry)k(82)m

OTm
. m\ —€d;
E(Sjk (0n.0x).0 Jk (ONON):0

je{1,...,N}

s BQS/( N pa ) s\ JELN)
+Zk,m86ym< ik & B Lzt i (rz)k(sy)mzk_ma __ %k (wy)k (8y)m

vy,
. m\ " —gs,
0 (On0N),0 ik /oy .0n).0

e {1, N}
B B.BY,. 8" (0) \'© B oy \
= kgm ( O (r2)k(82)m + 0oy = E ov )~ O2n.

k,m

Finally, we compute the third derivative at directions r = (rL|r})", s = (sk|s} )", t = (t.|t;)", which consists of eight
terms in a similar manner of how we have previously proceeded. However, as seen is the second derivative calculations,
any mixed differentiation of the form )

o°f

6‘Tkaym’

as well as high order y;-derivatives are all equal to zero. By means of Clairaut’s theorem, we are therefore only required
to compute the mixed x; term, which reduces to

je{l,....N}
: Be B &7 (SN Bog
Z gxn< ik im (ZZA il l) ) () (52 )om (£2)n

0 (On,0nN),0

(r) (50 )m(E2)n = 57(0) (

k,m,n

B Z < BjkBijjnSm (0> )jG{l ,,,,,
- 0

Br, ® Bs, ® Bt,
(JN '

k,m,n
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Recall that the definition for coefficient b requires us to evaluate at eigenvalues r = s = w and ¢ = w. By remembering
equivalence @ and the fact that B = ag1(¢)In + BA, we observe that

+

Bw, = ag1(e)w, + BAw, = ag1(e)w, + (1 — ag1(e) — vi E_Eyfr Jw, = (1 — vy

5—6111+ )’U}I,

Bw, = ag ()W, + BAW, = ag1(e)wW, + (1 — ap(e) —vi

s—sufr Jw. = (1- V1+ + s—sufr )y,

and therefore,

Bw, ® Bw, ® Bw, . c P waQw, Ow,
< On ) (I =i\ + =y z|)\|)’1_7’|>\|+57i\>\|‘ ( On )

We then substitute the expression for the third directional derivative in the definition for coefficient b. We obtain
2
T (G 5"(0)( (1w, © w0, 0w, 0" )

’ S"(0)Re ((1 v+ Ef”f’) (Vg Wy © Wy O W,) + O) ,

which concludes the proof. O

+ e
R

_ 1 . €
|-+

Corollary 1. If matrixz A is such that its strictly leading right eigenvectors are modulus-homogeneous, and € > 0 is small
enough, then b < 0 and the Hopf bifurcation undergone by system as proved in Theorems @ and 1s supercritical.

Proof. We can rescale vector w, so that |(w;);| =1 for every j € {1,..., N}. This reduces formula (18] to

— 1 {1 _,* €
b—lﬁ‘l v+ p—

" 50 §jm{1—u1 ) () () (w,)5[?)

2 N

1 € €
— + — | (v w
=% ’1—1/1 R— S"(0 E ((1—1/1 +€_V1+> (T2);( w)j)

1 e €
+ " + =t
_16‘1_V1+s—yf S (O)Re((l—yl+€_yr>vxww>

1 e P € (e —vih)?
=_|1—i|X S (0)R: 1—vf L ))
8‘ d H—fs—l/l+ (0) e(( V1+£—u1+> ((5—Vf)2—5

As locally odd sigmoid function S is assumed to satisfy S””(0) < 0 (see Subsection [[I-A)), it is clear that the sign of
coefficient b is opposite to that of the real-part term in the previous expression, whose argument z is given by

€ (e —vih)? )
z=(1-v+ ! : 25
( ! 5—Vfr><(5—1/fr)2—5 (25)
To determine the sign of Re(z)

and non-real case. Recall that in the real case we get the expression |1/1 ’ = /(1 —¢) from Equation (11). Then

e— 2 —iye(l—¢) La—e)=3iy/e(1—¢)
5—i—z (1—5)_(1+€)2(1—6)2—12—5(1—5) ’

and thus Re(z) > 0 for € € (0, 1), therefore b < 0. For the non-real case we directly evaluate at the singular limit,
. . e (e =i ]\)? 0 (0 — iv)?
lim R 1—4|A =R 1-—
et e(( i |+5—i|)\|) <(5—i|)\|)2—5 ¢ T ) \o=i? =0
2
=Re ((1 — i) <”2)> = Re(l —iv) = 1> 0.
—v

This concludes that term z from has positive real part, thus proving that b is negative for small enough values of
€ > 0, therefore making the bifurcation supercritical, which is what we wanted to prove. O

z=(1+¢)
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