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Brownian motion

Gaussian process
A stochastic process {X;}icr on a probability space (2, F,P) is Gaussian if, for all
deN* ty,...,tg€ T, the random vector (Xy,,..., Xy,) is Gaussian.
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Brownian motion

Gaussian process

A stochastic process {X;}icr on a probability space (2, F,P) is Gaussian if, for all
deN* ty,...,tg€ T, the random vector (Xy,,..., Xy,) is Gaussian.

Brownian motion
Any Gaussian process { B;}¢>( satisfying
» By = 0 almost surely;
» stationary increments: for all 0 < s <t, B, — Bs ~ N(0,t — s);
» independent increments: for all de N* and 0 <1 <ty < --- < 1y,
B, — By, ,,...,Bi, — By, are independent.

» for almost every w € (2, the path ¢ — B;(w) is continuous.
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Brownian motion in the Schauder basis
Consider the triangle function

x fo<z < %
Az):=% 1-2 ifi<az<l
0 otherwise.
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Brownian motion in the Schauder basis

Consider the triangle function

x fo<z < %
Az):=% 1-2 ifi<az<l
0 otherwise.

and, forall jeN, ke {0,...,2 — 1}, Ajx(z) = 2792A(2x — k).
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Brownian motion in the Schauder basis

Consider the triangle function

x fo<z < %
Az):=% 1-2 ifi<az<l
0 otherwise.

and, forall jeN, ke {0,...,2 — 1}, Ajx(z) = 2792A(2x — k).
If {e} U {&jr}en refo,..27-1} is a family of i.i.d. A/(0,1) random variables
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Brownian motion in the Schauder basis

Consider the triangle function

x fo<z < %
Az):=% 1-2 ifi<az<l
0 otherwise.

and, forall jeN, ke {0,...,2 — 1}, Ajx(z) = 2792A(2x — k).
If {e} U {ejr}en refo,...,2—1} is a family of i.i.d. A'(0,1) random variables,

+00 27 -1
B = 2 Z €j7kAj7k(t) + et (1)
7=0 k=0 t€[0,1]

is a Brownian motion on [0, 1].
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Two-sided Brownian motion
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Two-sided Brownian motion

Explicit construction
Take {B}};=0 and {B?};>0 two independent Brownian motions on [0, +co[ and define

{Bt}te]R by
Bt1 sit=>0

B; =
"TB2, sit<o.
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Two-sided Brownian motion

Explicit construction

Take {B}};=0 and {B?};>0 two independent Brownian motions on [0, +co[ and define
{Bt}ter by

Bf  sit=0

B%, sit<0.

By mean and covariance

Any centred Gaussian process {By}«cr with almost surely continuous path and
covariance operator

Bt =

1
K :R?> SR : (st)— §(|t| +|s| — |t — s]|)-
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Definition of multiple Wiener-1t6 integral - Step 1

Let {B(t)}+«r be a two-sided Brownian motion.
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Definition of multiple Wiener-1t6 integral - Step 1

Let {B(t)}+«r be a two-sided Brownian motion. If d € N*, we first consider simple

symmetric function of the form

n
F= 2 Gl )@ ®Lp, 1), (2)
J1seenda=1

where, ® stands for the tensor product, a;, ... j, are such that, for all permutation o,

Ao (1), (ja) = Qi1 seeesda and aj, ... j, = 0 as soon as two indices ji,..., jq are equal

and, forall 1 < £ # V' <d, [sj,,15,) 0 [s5,,tj,) = .
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Definition of multiple Wiener-1t6 integral - Step 1

Let {B(t)}+«r be a two-sided Brownian motion. If d € N*, we first consider simple
symmetric function of the form

n
F= 2 Gl )@ ®Lp, 1), (2)
J1y-sdd=1
where, ® stands for the tensor product, a;, ... j, are such that, for all permutation o,
Ao (1), (ja) = Qi1 seeesda and aj, ... j, = 0 as soon as two indices ji,..., jq are equal
and, forall 1 < £ # (' <d, [sj,,t5,) N [sj,,tj,) = &. For such a function f, we define
the d-multiple Wiener-1t5 integral w.r.t {B(t)}:,cr by
n
If(f) = > .., (B(t;) = B(s;,)) x ... (B(t;,) — B(s;,)). (3)

J1sesJa=1
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Definition of multiple Wiener-1t6 integral - Step 1

Let {B(t)}+«r be a two-sided Brownian motion. If d € N*, we first consider simple
symmetric function of the form

n
F= 2 Gl )@ ®Lp, 1), (2)
J1y-sdd=1
where, ® stands for the tensor product, a;, ... j, are such that, for all permutation o,
Ao (1), (ja) = Qi1 seeesda and aj, ... j, = 0 as soon as two indices ji,..., jq are equal
and, forall 1 < £ # (' <d, [sj,,t5,) N [sj,,tj,) = &. For such a function f, we define
the d-multiple Wiener-1t5 integral w.r.t {B(t)}:,cr by
n
If(f) = > .., (B(t;) = B(s;,)) x ... (B(t;,) — B(s;,)). (3)

J1sesJa=1

It is a random variable in L2(Q2).

L. Loosveldt
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Definition of multiple Wiener-1t6 integral - Step 2

For a general symmetric f € L2(R%):
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Definition of multiple Wiener-1t6 integral - Step 2

For a general symmetric f € L?(R%):

» The set of simple symmetric function of the form (2) is dense in the set of
symmetric square integrable function: there exists a sequence (f;); of simple
symmetric function which converges to f in L?(RY);

L. Loosveldt 28 mars 2024
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Definition of multiple Wiener-1t6 integral - Step 2

For a general symmetric f € L?(R%):
» The set of simple symmetric function of the form (2) is dense in the set of
symmetric square integrable function: there exists a sequence (f;); of simple
symmetric function which converges to f in L?(RY);

» (14(f;)); is a Cauchy sequence in L?(12);
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Definition of multiple Wiener-1t6 integral - Step 2

For a general symmetric f € L?(R%):

» The set of simple symmetric function of the form (2) is dense in the set of
symmetric square integrable function: there exists a sequence (f;); of simple
symmetric function which converges to f in L?(RY);

» (14(f;)); is a Cauchy sequence in L?(12);
» Io(f) = limj_ o0 La(f;) (in L2(Q)).

L. Loosveldt 28 mars 2024
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Definition of multiple Wiener-1t6 integral - Step 3

For a general f € L?(R%):
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Definition of multiple Wiener-1t6 integral - Step 3

For a general f € L?(R%):

We use the canonical symmetrization fof f defined, for all (z1,...,24) € R, as:

~ 1
f('rla-'-vl'd) = E Z f(xa(l)a---a'ra(d))' (4)

O'EGd
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Definition of multiple Wiener-1t6 integral - Step 3

For a general f € L?(R%): N
We use the canonical symmetrization f of f defined, for all (z,...

Flxr,. .. zq) = a Z F(@o(1)s - To(a))- (4)

O'EGd

,Xq) € R?, as:
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Important facts

Wiener isometry
If fe L2(R?) and g € L2(R?), we have

E[Ia(f)1a(9)] = {g!<f79> :tiejw(ijs/e .

where (-, -) stands for the canonical scalar product in L?(R%).
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Important facts

Wiener isometry
If f e L2(R?) and g € L*(RY), we have

E [Id(f)ld/(g)] — {d'<fa g> ifd=d

0 otherwise,

where (-, -) stands for the canonical scalar product in L?(R%).

Connection with Hermite polynomials

if f € L2(R) is such that | |12y = 1, then

Hy (Ii(f)) = La(f®),

where Hy is the dth Hermite polynomial Hy(z) = (—1)%e**/2Dde="/2.
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Important facts

Product formula
If fe L2(R™) and g € L?>(R"), we have

In(F)In(g) = ninr! (T) (:f) Intn—2:(f ®r 9), (6)

r=0

<m An, f®,gis the LQ(Rm+"_2T) function defined, for all

where, for all 0 <
€ R™™ 2" through the Lebesgue integral

T
(xlv e axm+n—2r)

(f Qr g)($1, cee 7wm+n—2'r)

= f(xla sy Tm—r, 81, - '7ST)g(xm—r+17 <oy Tm4n—2r;S1, - - '757‘) d81 < .dSr,
RT
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Wiener chaos decomposition

Wiener chaos

For all d € N, the dth Wiener chaos is the closed linear subspace of L?(f2) generated
by the random variables I,(f,), for a function fy € L?(R%).

L. Loosveldt 28 mars 2024
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Wiener chaos decomposition

Wiener chaos

For all d € N, the dth Wiener chaos is the closed linear subspace of L?(f2) generated
by the random variables I,(f,), for a function fy € L?(R%).

Chaos expansion

Every F € L?(f2) can be expanded as
+o0
F=E[F]+ ) Lu(fa)
d=1

for some unique collection of kernels f; e L*(R%).

L. Loosveldt 28 mars 2024
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Quantitative CLT

Central Limit Theorem

Let (Xj),jen+ be a family of independent and identically distributed random variables

of expectation u and variance o2. We have
1
(z 251 Xj) —p
o2
n

where — stands for the convergence in distribution.

7./\/'(0,1)
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Quantitative CLT

Central Limit Theorem

Let (Xj),jen+ be a family of independent and identically distributed random variables
of expectation u and variance o2. We have

(% Z?:l Xj) —H
\/%7

where — stands for the convergence in distribution.

TN(OJ)

Question : How “good” is the approximation provided by the CLT?

L. Loosveldt 28 mars 2024
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Distance between random variables

General form
d4(F,G) = sup{| E[A(F)] — E[h(G)]| : h e A}

for some appropriate class A of Borel-measurable complex valued functions.
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Distance between random variables

General form
d4(F,G) = sup{| E[A(F)] — E[h(G)]| : h e A}

for some appropriate class A of Borel-measurable complex valued functions.

> If A is the set of functions of the form 1(_o - |x...x(—c0,2,], With z € R?, we get the
so-called Kolmogorov distance diol;
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Distance between random variables

General form

dA(F,G) = sup{| E[n(F)] — E[(G)]| : he A}

for some appropriate class A of Borel-measurable complex valued functions.

Example

> If A is the set of functions of the form 1(_o - |x...x(—c0,2,], With z € R?, we get the
so-called Kolmogorov distance diol;

> If A is the set of functions of the form 1, with B Borel set, we get the so-called
total-variation distance dtv;

28 mars 2024
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Distance between random variables

General form

dA(F,G) = sup{| E[n(F)] — E[(G)]| : he A}

for some appropriate class A of Borel-measurable complex valued functions.

> If A is the set of functions of the form 1(_o - |x...x(—c0,2,], With z € R?, we get the
so-called Kolmogorov distance diol;

> If A is the set of functions of the form 1, with B Borel set, we get the so-called
total-variation distance dtv;

> If A is the set of Lipschitz functions with Lipschitz norm less than or equal to 1, we get
the so-called Wasserstein distance dyy.

L. Loosveldt
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Malliavin calculus in a nutshell

Smooth random variables

The set S of random variables of the form
F = f(Il(hl)a cee 7Il(hd))

with d € N*, hy,...,hge L*(R) and f : R? - R a C*®-function with all partial
derivatives having at most polynomial growth.

28 mars 2024
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Malliavin calculus in a nutshell

Smooth random variables

The set S of random variables of the form
F = f(Il(hl)a cee 7Il(hd))

with d € N*, hy,...,hge L*(R) and f : R? - R a C*®-function with all partial
derivatives having at most polynomial growth. This set is dense in L4(f2), for all ¢ > 1.

28 mars 2024
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Malliavin calculus in a nutshell

Malliavin derivative of smooth random variables

L of
Z (9_ (11(h1), - -, I1(hg))h;

L. Loosveldt 28 mars 2024
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Malliavin calculus in a nutshell

Malliavin derivative of smooth random variables

d
Y %(h(hl),---ah(hd))h]’
j=1""7

“Sobolev space”

For all g € [1,0), D4 is the closure of S with respect to the norm
| l1g + F = E[|F|7] + E[| DF| 72 g

One can extend the definition of D to D4,

L. Loosveldt 28 mars 2024
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Quantitative CLT using Stein-Malliavin calculus

Theorem (Nourdin, Peccati, Réveillac - 2010)

Let m > 1 be an integer number and consider a m-dimensional random vector
F = (Fy,...,Fy,). Assume Fj € D' for every j = 1,...m. Let C € M,,(R) be a
symmetric and positive definite matrix and let Z ~ N(0,C). Then

aw(F,2)<C,| 3 E[(Csx — (DF,, D(-L)"1Foe]. ™)
=1

Where we use the notation

4 +00 +l
(~1)" (BLF)+ ) Lalha) ) = 3, STt

QU
—
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Multiresolution analysis

Definition

A multiresolution analysis of the Hilbert space L2(RY) is given by a sequence (Vj)jez

of closed linear subspaces of L?(R?) such that

(a) forall jeZ, V; € Vi1,

(b) Njez V5 = {0} and ez V; is dense in L*(R?);

(c) forall jeZ, V; = {f(2:) : feW}

(d) there exists a scaling function ¢ € V{ such that the sequence (¢¢(- — k)), 5a is
an orthogonal basis of V4.

28 mars 2024
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Approximation strategy
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Approximation strategy
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Approximation strategy

P Y se
9 T ModeTexte (2 Séection par s 4 nstrerun espice A L - L 'y +v QY B F
( Je LA(RY)
’5‘e7£ \l/
2

&36\1-5 g_g
N 3J J s
b= 2,41 2Tgten-b) 37 76 -H)
3 4 d

hez

L. Loosveldt 28 mars 2024



# LIEGE université Wavelet analysis in Lz(]?i‘i)
Mathématique 000

Approximation strategy
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Approximation strategy
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Approximation strategy
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Approximation strategy
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Approximation strategy
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A base for the details spaces

In dimension 1 (Meyer)

There exists a function 1, called mother wavelet, belonging to WO1 and such that, for all j € Z,
the sequence (27/2¢)(27 - —k))ez is an orthonormal basis in W}. Moreover, for all J € Z, the
family

(27201270 — k) : ke Z} U {22Y(Pz —k) : ke Z, j= J}

is a base in L?(IR), called wavelet base.

L. Loosveldt 28 mars 2024
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ooe

A base for the details spaces

In dimension 1 (Meyer)

There exists a function 1, called mother wavelet, belonging to WO1 and such that, for all j € Z,
the sequence (27/2¢)(27 - —k))ez is an orthonormal basis in W}. Moreover, for all J € Z, the
family

(27201270 — k) : ke Z} U {22Y(Pz —k) : ke Z, j= J}

is a base in L?(IR), called wavelet base.

In dimension d: tensor product

d d
{® ¢J,ke t ke € Z} ] {® ”(/thke : k€ Z, max jg = J}
=1 =1 1<4<d

Ifx

L. Loosveldt 28 mars 2024



%) Wavelet techniques in stochastic analysis

W # LIEGE université W cha velet analysis y
©000000000000000000000

‘ Mathématique

Processes in the dth Wiener chaos

General definition

{La(K(t,®))}=0

where, for all ¢ > 0, the function K(t,) e L?*(R%).

28 mars 2024
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Processes in the dth Wiener chaos

General definition

{La(K(t,®))}=0

where, for all ¢ > 0, the function K(t,) e L?*(R%).

Hermite process

with k€ (3,1).

L. Loosveldt
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Some insights

1. First appeared in non-central limit theorems (Breuer, Dobrushin, Major,...).
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Some insights

1. First appeared in non-central limit theorems (Breuer, Dobrushin, Major,...).

2. For d =1 (resp. d = 2), it corresponds to the Fractional Brownian Motion (resp.
Rosenblatt process).
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Some insights

First appeared in non-central limit theorems (Breuer, Dobrushin, Major,...).

2. For d =1 (resp. d = 2), it corresponds to the Fractional Brownian Motion (resp.
Rosenblatt process).

3. As soon as d = 2, it is a non Gaussian process.
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t analysis in L2 (R?) Wavelet techniques in stochastic analysis

Some insights

First appeared in non-central limit theorems (Breuer, Dobrushin, Major,...).

2. For d =1 (resp. d = 2), it corresponds to the Fractional Brownian Motion (resp.
Rosenblatt process).

3. As soon as d = 2, it is a non Gaussian process.

Enjoyable properties: self-similarity, stationnarity of increments, Holder
regularity, ...

L. Loosveldt 28 mars 2024
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Expansion: a general strategy
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Expansion: a general strategy
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Expansion: a general strategy
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Expansion: a general strategy
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Expansion: a general strategy

2
s

w B ]
®

e (0= Td (K (k)
PA

S ¥
st = Tl K )
f el Jreoteon

of TH+r0
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Expansion: a general strategy
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Expansion: a general strategy

Se7L
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U0 = T4 K Lo X 61 2 Td (K TE0)
Wb, X W gl {3 v

X ()~ (1) = X3 (0
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What we get (for “free”)
For all t > 0 and J € N (fixed)

X(t) = X;(t) + X5 (1)

where ) )
= Z <K(ta .)7 ® ¢J,ke>ld (@ ¢J7k;[>
keZ? =1 =1
and
d d
X7(t) = Z (K (t, ), X) V), ko la (@ q/;jm)
(J.k)e(zh)? (=1 =1

ma. >J
lef[1 :g]] Je

with convergence of the series in L%(Q).
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What we want

Much more !

> more explicit expressions;

» almost sure uniform convergence on compact sets for the series;
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What we want

Much more !

> more explicit expressions;
» almost sure uniform convergence on compact sets for the series;

» rate of convergence:
il
| X = Xlre = 1X7 10

as J — +oo, for all compact interval I < [0, +0).

L. Loosveldt 28 mars 2024
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What we do

The product formula and the connection with Hermite polynomials give

A.Ayache, J.Hamonier, L.L.

T (é q/%ke) = QHW <11 <215/2¢(2J£ . —k‘g)))

where ny is the multiplicity of (j¢, k¢) in (j, k).
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What we do

The product formula and the connection with Hermite polynomials give

A.Ayache, J.Hamonier, L.L

T (é q/%ke) = QHW <11 <2je/2¢(2je . —k‘g)))

where ny is the multiplicity of (j¢, k¢) in (j, k).

while, if we work with the Meyer wavelet basis,

(K(t, ®¢mk@ — 951(1=h1)+-+ja(1—ha) H@Z}h 2‘7[$—kg)d8
= U]

with 1y, a fractional primitive of 1.
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Rate of convergence
Using

» Borel-Cantelli arguments for bounding the random variables;

> the fast decay property of the Meyer wavelet.
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Rate of convergence

Using
» Borel-Cantelli arguments for bounding the random variables;

> the fast decay property of the Meyer wavelet.

Theorem (A.Ayache, J.Hamonier, L.L.)

For any compact interval I < R, there exists an almost surely finite random variable
C' (depending on I) for which one has, almost surely, for each J € N,

d
1X — X5l = 1X55 100 < CJ 727012, (8)

28 mars 2024
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Explicit expression for the approximation process

Theorem (A.Ayache, J.Hamonier, L.L.)

The approximation process can be expressed, for all # € R, , with convergence in L?(Q):

h—
XJ(t) _ 27J(h 1) <J 1_[ (b( 5 — kl) ds) 0'532, (9)
kez? e

(=1
with
1d/2] dm
(h) _ (h 1+ ) (h 1+ ) h—1 1y
Ojk = Z Z H]E €Tk, Sk >’ H GJ,kdln o
m=0 pep® r=1 s=m+1 "

where ef,‘sk = Zp 07p6)11(¢Jp %) is the FARIMA sequence associated to (I1(¢jk))k-
Moreover this series is also almost surely uniformly convergent in ¢ on each compact interval of
R,.
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What for? Numerical simulations !

The simulation process at scale J

Sy(t) = 277D o J ]‘[@ — ke)ds
kejj(t
with
THD = ke (YO = | mac ke — ko] < 27,
where

Dj(t):={keZ:[k277 —277% k277 + 277%] c [0, ]},

L. Loosveldt 28 mars 2024
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Towards numerical simulation

A.Ayache, J.Hamonier, L.L.

For any compact interval I ¢ R, there exists an almost surely finite random variable
C' (depending on I) for which one has, almost surely, for each J € N,

1X = Syl < CTE277(71/2), (10)

L. Loosveldt 28 mars 2024
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Work in progress

d=1 (Fractional Brownian motion)

Simulation FBM

simulation FBM

simulation FBM
3 4 o0
2 -0s
3
' 10
Lo . N
3 3, 2-1s
2 k] 3
20
-
)
5 25
-
o 30
oo 02 o a6 o T ) 02 04 a6 o8 o oo o2 0 o ) 0
Temps

L. Loosveldt
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Work in progress

d=2 (Rosenblatt process)

Rosenblatt simulation with H : 0.600 J: 10.000 2 0.800 eps: 4.000 n: 100,001 Rosenblatt simulation with H : 0.800 J: 10000 a: 0.800 eps: 4.000 n: 100,001

o

28 mars 2024
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Work in progress

World premiere ;-)

L. Loosveldt 28 mars 2024



avelet analysis in L?(R?) Wavelet techniques in stochastic analysis

Wy # LIEGE université

Mathématique 0000000000 0®0000000000

Second application: precise pointwise regularity

The Khinchin law of the iterated logarithm allows to control the behavior of the
Brownian motion B at a given point, in the sense that for every t € R, it holds

Bt+r) =Bl _ )

lim sup =
r—0  +/|r|loglog |r|~1

on an event of probability one.
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Second application: precise pointwise regularity

Almost surely, for almost every t € R,

lim sup Bt +r) — BU)| =2 (11)

r—0 4/|r|loglog |r|~!
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Second application: precise pointwise regularity

Almost surely, for almost every t € R,
|B(t+7”‘)—B(t)| :\/i (11)

lim sup
r—0 4/|r|loglog |r|~!

This contrasts with the uniform Holder condition obtained by Paul Lévy: almost surely,

, |B(t+ ) — B(t)]
limsup sup =2.
=0 tefo1]  +/[r|log[r[~!

one has

L. Loosveldt 28 mars 2024
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Second application: precise pointwise regularity

Almost surely, for almost every t € R,
B(t+r)— B(t

lim sup =
r—0 4/|r|loglog |r|~!

This contrasts with the uniform Holder condition obtained by Paul Lévy: almost surely,

one has B(: B(:
limsup sup |B(t +7) — B{)| = /2.

=0 tefo1]  +/|r|log[r[~!

There exists exceptional points, called rapid points, where the law of the iterated

logarithm fails.
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Second application: precise pointwise regularity

Almost surely, for almost every t € R,

B(t+7) - B _ g (1)

lim sup =
r—0 4/|r|loglog |r|~!

while

B - B
limsup sup |B(t+7) ®)] =/2.

r—0 tef0,1]  A/|r[log|r|~!

Kahane used the expansion of the Brownian motion in the Faber-Schauder system, to
propose an easy way to study its regularity and irregularity properties.

28 mars 2024
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Second application: precise pointwise regularity

Almost surely, for almost every t € R,

lim sup Bt +r) — BY)] =2 (11)

r—0" 4/|r|loglog r|~*

while

B(t — B(t
lim sup sup Bt +1) ®)] =/2.

=0 teo1] A/ |r|log[r[~!

Kahane used the expansion of the Brownian motion in the Faber-Schauder system, to
propose an easy way to study its regularity and irregularity properties. It allows to
recover the law of the iterated logarithm and the estimation of the modulus of
continuity of the Brownian motion.

L. Loosveldt 28 mars 2024
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Second application: precise pointwise regularity

Almost surely, for almost every t € R,

lim sup Bt +r) — BOI _ V2 (11)

r—0 4/|r|loglog |r|~! -

while

B(t — B(t
limsup sup Bt + 1) ® =2

r=0 tefo,1] A/ |r[log|r[~!

Kahane used the expansion of the Brownian motion in the Faber-Schauder system, to
propose an easy way to study its regularity and irregularity properties. It allows to
recover the law of the iterated logarithm and the estimation of the modulus of
continuity of the Brownian motion. Furthermore, Kahane obtained the existence of a
third category of points, presenting a slower oscillation:

L. Loosveldt 28 mars 2024
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Second application: precise pointwise regularity
Almost surely, for almost every t € R,

Bt +7) = BO| _ 5 1)

lim sup
r—0 4/|r|loglog |r|~!

while B B
t — B(t

limsup sup Bt +7) ®)] =/2.
r—0  tef0,1] A/|r|log|r|~?

and there exist points, called slow points, satisfy the condition

|B(t + 1) — B(1)]

lim sup
r—0 A/ |’l“|

< +00.

28 mars 2024
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Theorem (C. Esser, L.L.)

For all H € (0, 1), there exists an event g of probability 1 satisfying the following assertions
for all w € Qp and every non-empty interval I of R.

> Almost every t € [ is ordinary:

0 < lim sup |Ba(t,w) - Buls w)| < 400.

s—t |t — s|Hq/loglog |t — s|~1

» There exists a dense set of rapid points t € I such that

By(t,w) — B
0<limsup| altw) = Balsw)l

s—t [t —s|Hq/log|t — 5|71

» There exists a dense set of slow points ¢ € I such that

Byt — B
0 < lim sup |Ba(t,w) HH(S’WH < +4o0.
s—t ‘t78|

L. Loosveldt 28 mars 2024
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Theorem (L. Daw, L.L.)

For all H € (%,1) such that Hy + Hy > % there exists an event Q2 of probability 1 satisfying
the following assertions for all w € Qy and every I # (.

> Almost every t € [ is ordinary:

. |RH(tvw) - RH(va”
0<1 < 400.
P = s loglog [t —s| 1

> There exists a dense set of rapid points ¢t € I such that

. |Re(t,w) — RE(s,w)|
0<l < +00.
e logl— s < T

» There exists a dense set of slow points ¢t € I such that

L. Loosveldt 28 mars 2024
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Alternative strategy

Let U be a Daubechies wavelet with compact support in [0, 1] and such that

JR W(x) dz — 0.

L. Loosveldt 28 mars 2024
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Alternative strategy

Let U be a Daubechies wavelet with compact support in [0, 1] and such that

We can compute for all @ > 0 and k € N, the wavelet coefficient

cla, k) = ﬁfR U(x)X (a(x + k))dz. (12)

28 mars 2024
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Alternative strategy

Let U be a Daubechies wavelet with compact support in [0, 1] and such that

We can compute for all @ > 0 and k € N, the wavelet coefficient

cla, k) = ﬁfR U(x)X (a(x + k))dz. (12)

If the process is h-self-similar, for all a > 0, {X (at)};=0 =% a"{X (t)};>0 and thus
cla, k) =@ ah+%c(1,0)

28 mars 2024
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};>0.

L. Loosveldt 28 mars 2024



# LIEGE université Wavelet techniques in stochastic analysis
Mathématique 0000000000000008000000

The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance

> the existence of long-range dependence;
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance
> the existence of long-range dependence;

> the Holder regularity.
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance
> the existence of long-range dependence;
> the Holder regularity.

= Need of statistical estimator.
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance
> the existence of long-range dependence;
> the Holder regularity.

= Need of statistical estimator. Generally speaking, wavelet-based estimators are powerful
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance

> the existence of long-range dependence;
> the Holder regularity.
= Need of statistical estimator. Generally speaking, wavelet-based estimators are powerful:

> great literature is available concerning goodness-of-fit tests for such models;
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance

> the existence of long-range dependence;

> the Holder regularity.

= Need of statistical estimator. Generally speaking, wavelet-based estimators are powerful:

> great literature is available concerning goodness-of-fit tests for such models;

> numerically efficient thanks to the Mallat’s algorithm for computing wavelet coefficients;

28 mars 2024
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance
> the existence of long-range dependence;
> the Holder regularity.

= Need of statistical estimator. Generally speaking, wavelet-based estimators are powerful:

> great literature is available concerning goodness-of-fit tests for such models;

> numerically efficient thanks to the Mallat’s algorithm for computing wavelet coefficients;

> robust estimators

L. Loosveldt
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance
> the existence of long-range dependence;
> the Holder regularity.
= Need of statistical estimator. Generally speaking, wavelet-based estimators are powerful:
> great literature is available concerning goodness-of-fit tests for such models;
> numerically efficient thanks to the Mallat’s algorithm for computing wavelet coefficients;

> robust estimators

Up to now, all wavelet based estimators for the Hurst parameter of Hermite processes failed to
be asymptotically normal.
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The Hurst parameter A

It is the self-similarity exponent : {X (at)};=0 =) a"{X (t)};=0. It rules for instance
> the existence of long-range dependence;
> the Holder regularity.

= Need of statistical estimator. Generally speaking, wavelet-based estimators are powerful:
> great literature is available concerning goodness-of-fit tests for such models;

> numerically efficient thanks to the Mallat’s algorithm for computing wavelet coefficients;

> robust estimators

Up to now, all wavelet based estimators for the Hurst parameter of Hermite processes failed to

be asymptotically normal.Undesirable dependencies between coefficients prevent to prove a
CLT.

L. Loosveldt 28 mars 2024
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Creating independence

Recalling
t d he1_1
K(t,z1,...,2q) —c(h,d)f H(s—xg) 2 ds
0 ¢=1
and writing
d ho1_1
fo(@r, o yg) = c(hyd) [ [(s = 20), T 2
(=1

we get, by Fubini-type argument and using the compact support of the wavelet
y a(z+k)
c(a,k) = Iy \ff DI Lk fudsdz | . (13)
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Creating independence
Let M > 0. We decompose the coefficient c(a, k) as follows
ca, k) = e(a, k, M) + c(a, k, M)

where
o y a(z+k)
cla, k, M) = I <\/&JR‘II(x)]1%1(kM)’a(kH)) Lk fsds dx) (14)
and
R a(z+k)
cla,k, M) = I \/EJR dz¥(z) <]l(—oo,a(k+1))q\(a(k—M),a(k+1))d) Jk fsds | .
a
(15)

28 mars 2024
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Wavelet analysis in L~ (
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‘ Mathemathue

Creating independence
Let M > 0. We decompose the coefficient c(a, k) as follows
ca, k) = e(a, k, M) + c(a, k, M)

where
o y a(z+k)
cla, k, M) = I <\/&JR‘II(x)]1%1(kM)’a(kH)) Lk fsds dx) (14)
and
R a(z+k)
cla,k, M) = I \/EJR dz¥(z) <]l(—oo,a(k+1))q\(a(k—M),a(k+1))d) Jk fsds | .
a
(15)

h—2

Eca, b, M)°] < C(d, )a? 1 (M + 1)

28 mars 2024
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Procedure to define an estimator

1. Choose a scale N and decompose [0,1] in dyadic interval = 2V wavelet coefficients
c(2V, k).
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Procedure to define an estimator

1. Choose a scale N and decompose [0,1] in dyadic interval = 2V wavelet coefficients
c(2V, k).

2. Choose two parameters 0 < v < 3 < 1,
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Procedure to define an estimator

1. Choose a scale N and decompose [0,1] in dyadic interval = 2V wavelet coefficients
c(2V, k).

2. Choose two parameters 0 < v < 3 < 1,
> keep only the coefficients ¢(2V, k2(V°1 for k € Ly = [1,2N_[Nﬂ]] to create
independence.
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Procedure to define an estimator
1. Choose a scale N and decompose [0,1] in dyadic interval = 2V wavelet coefficients
c(2V, k).
2. Choose two parameters 0 < v < 3 < 1,
> keep only the coefficients ¢(2V, k2(V°1 for k € Ly = [1,2N_[Nﬂ]] to create
independence.

> keep only the coefficients c(2V, k2l ) for k€ Ly := Ly 0 [1,20V71] for
convergences purposes.
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Procedure to define an estimator
1. Choose a scale N and decompose [0,1] in dyadic interval = 2V wavelet coefficients
c(2V, k).
2. Choose two parameters 0 < v < 3 < 1,
> keep only the coefficients ¢(2V, k2(V°1 for k € Ly = [1, 2N_[Nﬂ]] to create
independence.

> keep only the coefficients c(2V, k2l ) for k€ Ly := Ly 0 [1,20V71] for
convergences purposes.

But : in ¢(a, k) =@ a"*+3¢(1,0), ¢(1,0) depends on h (and ¥) in a non-trivial-way.
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") Wavelet techniques in stochastic analysis

Procedure to define an estimator
1. Choose a scale N and decompose [0,1] in dyadic interval = 2V wavelet coefficients
c(2V, k).
2. Choose two parameters 0 < v < 3 < 1,
> keep only the coefficients ¢(2V, k2(V°1 for k € Ly = [1, 2N_[Nﬂ]] to create
independence.

> keep only the coefficients c(2V, k2l ) for k€ Ly := Ly 0 [1,20V71] for
convergences purposes.

But : in ¢(a, k) =@ a"*+3¢(1,0), ¢(1,0) depends on h (and ¥) in a non-trivial-way.

3. Choose ¢ and work simultaneously at scale M, 2M,...,qM to perform a log-regression.
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Procedure to define an estimator
1. Choose a scale N and decompose [0,1] in dyadic interval = 2V wavelet coefficients
c(2V, k).
2. Choose two parameters 0 < v < 3 < 1,
> keep only the coefficients ¢(2V, k2IV°1) for k e Ly = [1, 2N_[Nﬂ]] to create
independence.
> keep only the coefficients ¢(2V, k2(N")) for ke Ly, := Ly A [1,2M7]] for
convergences purposes.
But : in ¢(a, k) =D a"*t2¢(1,0), ¢(1,0) depends on h (and ¥) in a non-trivial-way.
3. Choose ¢ and work simultaneously at scale M, 2M,...,qM to perform a log-regression.

In total, we work with the coefficients

1
Ay (6,N) =c (W,eMz[NBJ> . (16)

orlelny 1< M

fi q.
T S 28 mars 2024
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Modified wavelet variation

1

V= —F——
V |£Na’)’| eE;V,'y

(17)

Au(EN?
E[An(¢,N)?]
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Modified wavelet variation

1

V= —F——
V |£N7"/| 56;\1,7

which is actually governs by

Au(tN)?
E [Ay (L, N)?]

1 oN(2H+1) ) 2H+1

1% -
N,M,1 TNl Cy(h) EG;M

(4w’ B [anT0]).  a8)
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Modified wavelet variation

1

Vv = —F/—— Z
V |‘CN7’Y| teLn

which is actually governs by

Au(L,N)?
E [ Ant (0, V7] 11 : (17)

1 oN(2H+1) ) 2H+1

VN =
' VILN ] Cu(h) Ze;V,7

Theorem (L.L., C.A. Tudor)

Let Viv.ar be given by (17). Then the d-dimensional random vector (Vy ar, M =1,...,q)
converges in distribution, as N — o0, to a d-dimensional Gaussian vector N (0, K') with

(4w’ B [anT0]).  a8)

dw (Vs M = 1,...,q), N(0, K)) < G2~ 5

L. Loosveldt 28 mars 2024
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Final steps

1. Approximate the wavelet coefficient Aps(¢, N) by a Riemann sum E);(¢, N) and show
that the CLT still holds for the approximated wavelet variation.

L. Loosveldt 28 mars 2024
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Final steps

1. Approximate the wavelet coefficient Aps(¢, N) by a Riemann sum E);(¢, N) and show
that the CLT still holds for the approximated wavelet variation.

2. Define the computable quantity

1

S'\N,M =T,
“CNKY| le

Z En(¢,N)? (19)

LN,y
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Final steps

1. Approximate the wavelet coefficient Aps(¢, N) by a Riemann sum E);(¢, N) and show
that the CLT still holds for the approximated wavelet variation.

2. Define the computable quantity

~ 1
SNM =

Em(¢,N)? (19)
‘[:Nw

EGL‘,N’W

3. Perform a log-regression of (§N’M7M =1,...,q) to define

a 1 (Z?VI:I log §N7M10g M) — ( -, log §N,M) (X%, log M) 1
N=—z 5 - =
2 (231 (log M)?) — (335,_ log M) 2

L. Loosveldt 28 mars 2024
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Winning strategy!

Theorem (L.L., C.A. Tudor)

The estimator fIN is strongly consistent, i.e.

Hy —> h almost surely. (20)

N—oo

Moreover,

V1Enal(h = Hy) <=9 N (0,0%), (21)

—00

with o2 computable.

L. Loosveldt 28 mars 2024
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