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Brownian motion

Gaussian process

A stochastic process tXtutPT on a probability space pΩ,F ,Pq is Gaussian if, for all
d P N˚, t1, . . . , td P T , the random vector pXt1 , . . . , Xtdq is Gaussian.

Brownian motion

Any Gaussian process tBtutě0 satisfying

§ B0 “ 0 almost surely;

§ stationary increments: for all 0 ď s ă t, Bt ´Bs „ N p0, t´ sq;
§ independent increments: for all d P N˚ and 0 ď t1 ă t2 ă ¨ ¨ ¨ ă td,
Btd ´Btd´1

, . . . , Bt2 ´Bt1 are independent.

§ for almost every ω P Ω, the path t ÞÑ Btpωq is continuous.
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Brownian motion in the Schauder basis
Consider the triangle function

Λpxq :“

$

’

’

&

’

’

%

x if 0 ď x ă 1
2

1´ x if 1
2 ď x ă 1

0 otherwise.

and, for all j P N, k P t0, . . . , 2j ´ 1u, Λj,kpxq “ 2´j{2Λp2jx´ kq.
If tεu Y tεj,kuPN,kPt0,...,2j´1u is a family of i.i.d. N p0, 1q random variables,

$

&

%

Bt :“
`8
ÿ

j“0

2j´1
ÿ

k“0

εj,kΛj,kptq ` εt

,

.

-

tPr0,1s

(1)

is a Brownian motion on r0, 1s.
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Two-sided Brownian motion

Explicit construction

Take tB1
t utě0 and tB2

t utě0 two independent Brownian motions on r0,`8r and define
tBtutPR by

Bt :“

#

B1
t si t ě 0

B2
´t si t ă 0.

By mean and covariance

Any centred Gaussian process tBtutPR with almost surely continuous path and
covariance operator

K : R2 Ñ R : ps, tq ÞÑ
1

2
p|t| ` |s| ´ |t´ s|q.
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Definition of multiple Wiener-Itô integral - Step 1

Let tBptqutPR be a two-sided Brownian motion.

If d P N˚, we first consider simple
symmetric function of the form

f “
n
ÿ

j1,...,jd“1

aj1,...,jd1rsj1 ,tj1 q b ¨ ¨ ¨ b 1rsjd ,tjd q
, (2)

where, b stands for the tensor product, aj1,...,jd are such that, for all permutation σ,
aσpj1q,...,σpjdq “ aj1,...,jd and aj1,...,jd “ 0 as soon as two indices j1, . . . , jd are equal

and, for all 1 ď ` ‰ `1 ď d, rsj` , tj`q X rsj`1 , tj`1 q “ H. For such a function f , we define
the d-multiple Wiener-Itô integral w.r.t tBptqutPR by

Idpfq :“
n
ÿ

j1,...,jd“1

aj1,...,jdpBptj1q ´Bpsj1qq ˆ . . . pBptjdq ´Bpsjdqq. (3)

It is a random variable in L2pΩq.

L. Loosveldt 28 mars 2024
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Definition of multiple Wiener-Itô integral - Step 2

For a general symmetric f P L2pRdq:

§ The set of simple symmetric function of the form (2) is dense in the set of
symmetric square integrable function: there exists a sequence pfjqj of simple
symmetric function which converges to f in L2pRdq;

§ pIdpfjqqj is a Cauchy sequence in L2pΩq;

§ Idpfq :“ limjÑ`8 Idpfjq (in L2pΩq).

L. Loosveldt 28 mars 2024
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Definition of multiple Wiener-Itô integral - Step 3

For a general f P L2pRdq:

We use the canonical symmetrization rf of f defined, for all px1, . . . , xdq P Rd, as:

rfpx1, . . . , xdq :“
1

d!

ÿ

σPSd

fpxσp1q, . . . , xσpdqq. (4)

Idpfq :“ Idp rfq.
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Important facts

Wiener isometry

If f P L2pRdq and g P L2pRd
1

q, we have

E rIdpfqId1pgqs “

#

d!xf, gy if d “ d1

0 otherwise,
(5)

where x¨, ¨y stands for the canonical scalar product in L2pRdq.

Connection with Hermite polynomials

if f P L2pRq is such that }f}L2pRq “ 1, then

Hd pI1pfqq “ Idpf
bdq,

where Hd is the dth Hermite polynomialHdpxq “ p´1qdex
2
{2Dde´x

2
{2.
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Important facts

Product formula

If f P L2pRmq and g P L2pRnq, we have

ImpfqInpgq “
m^n
ÿ

r“0

r!

ˆ

m

r

˙ˆ

n

r

˙

Im`n´2rpf br gq, (6)

where, for all 0 ď r ď m^ n, f br g is the L2pRm`n´2r
q function defined, for all

px1, . . . , xm`n´2rq P Rm`n´2r, through the Lebesgue integral

pf br gqpx1, . . . , xm`n´2rq

:“

ż

Rr
fpx1, . . . , xm´r, s1, . . . , srqgpxm´r`1, . . . , xm`n´2r, s1, . . . , srq ds1 . . . dsr ,
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Wiener chaos decomposition

Wiener chaos

For all d P N, the dth Wiener chaos is the closed linear subspace of L2pΩq generated
by the random variables Idpfdq, for a function fd P L

2pRdq.

Chaos expansion

Every F P L2pΩq can be expanded as

F “ ErF s `
`8
ÿ

d“1

Idpfdq

for some unique collection of kernels fd P L
2pRdq.
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Quantitative CLT

Central Limit Theorem

Let pXjqjPN˚ be a family of independent and identically distributed random variables
of expectation µ and variance σ2. We have

´

1
n

řn
j“1Xj

¯

´ µ
b

σ2

n

ÝÑ
d

N p0, 1q

where ÝÑ
d

stands for the convergence in distribution.

Question : How “good” is the approximation provided by the CLT?
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Distance between random variables

General form

dApF,Gq “ supt|ErhpF qs ´ ErhpGqs| : h P Au

for some appropriate class A of Borel-measurable complex valued functions.

Example

§ If A is the set of functions of the form 1p´8,z1sˆ¨¨¨ˆp´8,zds, with z P Rd, we get the
so-called Kolmogorov distance dKol;

§ If A is the set of functions of the form 1B , with B Borel set, we get the so-called
total-variation distance dTV;

§ If A is the set of Lipschitz functions with Lipschitz norm less than or equal to 1, we get
the so-called Wasserstein distance dW.

L. Loosveldt 28 mars 2024
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Malliavin calculus in a nutshell

Smooth random variables

The set S of random variables of the form

F “ fpI1ph1q, . . . , I1phdqq

with d P N˚, h1, . . . , hd P L
2pRq and f : Rd Ñ R a C8-function with all partial

derivatives having at most polynomial growth.

This set is dense in LqpΩq, for all q ě 1.
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Malliavin derivative of smooth random variables

DF “
d
ÿ

j“1

Bf

Bxj
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Malliavin calculus in a nutshell

Malliavin derivative of smooth random variables

DF “
d
ÿ

j“1

Bf

Bxj
pI1ph1q, . . . , I1phdqqhj

“Sobolev space”

For all q P r1,8q, D1,q is the closure of S with respect to the norm

} ¨ }1,q : F ÞÑ Er|F |qs ` Er}DF }q
L2pRqs.

One can extend the definition of D to D1,q.
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Quantitative CLT using Stein-Malliavin calculus

Theorem (Nourdin, Peccati, Réveillac - 2010)

Let m ě 1 be an integer number and consider a m-dimensional random vector
F “ pF1, ..., Fmq. Assume Fj P D1,4 for every j “ 1, ...m. Let C PMmpRq be a
symmetric and positive definite matrix and let Z „ Np0, Cq. Then

dW pF,Zq ď C

g

f

f

e

m
ÿ

j,k“1

E
”

pCj,k ´ xDFj , Dp´Lq´1Fkyq2
ı

. (7)

Where we use the notation

p´Lq´1

˜

ErF s `
`8
ÿ

d“1

Idpfdq

¸

“

`8
ÿ

d“1

1

d
Idpfdq.

L. Loosveldt 28 mars 2024



Wiener chaos Wavelet analysis in L2pRdq Wavelet techniques in stochastic analysis 15

Multiresolution analysis

Definition

A multiresolution analysis of the Hilbert space L2pRdq is given by a sequence pVjqjPZ
of closed linear subspaces of L2pRdq such that

(a) for all j P Z, Vj Ď Vj`1;

(b)
Ş

jPZ Vj “ t0u and
Ť

jPZ Vj is dense in L2pRdq;
(c) for all j P Z, Vj “ tfp2

j ¨q : f P V0u;

(d) there exists a scaling function φd P V0 such that the sequence pφdp¨ ´ kqqkPZd is
an orthogonal basis of V0.
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A base for the details spaces

In dimension 1 (Meyer)

There exists a function ψ, called mother wavelet, belonging to W 1
0 and such that, for all j P Z,

the sequence p2j{2ψp2j ¨ ´kqqkPZ is an orthonormal basis in W 1
j . Moreover, for all J P Z, the

family
t2J{2φ1p2Jx´ kq : k P Zu Y t2j{2ψp2jx´ kq : k P Z, j ě Ju

is a base in L2pRq, called wavelet base.

In dimension d: tensor product

t

d
â

`“1

φJ,k` : k` P Zu Y t
d
â

`“1

ψj`,k` : k` P Z, max
1ď`ďd

j` ě Ju
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Processes in the dth Wiener chaos

General definition

tIdpKpt, ‚qqutě0

where, for all t ě 0, the function Kpt, ‚q P L2pRdq.

Hermite process

Kpt, x1, . . . , xdq “ cph, dq

ż t

0

d
ź

`“1

ps´ x`q
h´1
d
´ 1

2
` ds

with h P
`

1
2 , 1

˘

.
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Some insights

1. First appeared in non-central limit theorems (Breuer, Dobrushin, Major,...).

2. For d “ 1 (resp. d “ 2), it corresponds to the Fractional Brownian Motion (resp.
Rosenblatt process).

3. As soon as d ě 2, it is a non Gaussian process.

4. Enjoyable properties: self-similarity, stationnarity of increments, Hölder
regularity,...
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Expansion: a general strategy
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What we get (for “free”)

For all t ě 0 and J P N (fixed)

Xptq “ XJptq `X
K
J ptq

where

XJptq “
ÿ

kPZd

xKpt, ‚q,
d
â

`“1

φJ,k`yId

˜

d
â

`“1

φJ,k`

¸

and

XKJ ptq “
ÿ

pj,kqPpZdq2

max
`Prr1,dss

j` ě J

xKpt, ‚q,
d
â

`“1

ψj`,k`yId

˜

d
â

`“1

ψj`,k`

¸

with convergence of the series in L2pΩq.
L. Loosveldt 28 mars 2024
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What we want

Much more !

§ more explicit expressions;

§ almost sure uniform convergence on compact sets for the series;

§ rate of convergence:
}X ´XJ}I,8 “ }X

K
J }I,8

as J Ñ `8, for all compact interval I Ă r0,`8q.
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What we do
The product formula and the connection with Hermite polynomials give

A.Ayache, J.Hamonier, L.L.

Id

˜

d
â

`“1

ψj`,k`

¸

“

p
ź

`“1

Hn`

´

I1

´

2j`{2ψp2j` ¨ ´k`q
¯¯

where n` is the multiplicity of pj`, k`q in pj,kq.

while, if we work with the Meyer wavelet basis,

xKpt, ‚q,
d
â

`“1

ψj`,k`y “ 2j1p1´h1q`¨¨¨`jdp1´hdq
ż t

0

d
ź

`“1

ψhp2
j`s´ k`q ds

with ψh a fractional primitive of ψ.

L. Loosveldt 28 mars 2024



Wiener chaos Wavelet analysis in L2pRdq Wavelet techniques in stochastic analysis 23

What we do
The product formula and the connection with Hermite polynomials give

A.Ayache, J.Hamonier, L.L.

Id

˜

d
â

`“1

ψj`,k`

¸

“

p
ź

`“1

Hn`

´

I1

´

2j`{2ψp2j` ¨ ´k`q
¯¯

where n` is the multiplicity of pj`, k`q in pj,kq.

while, if we work with the Meyer wavelet basis,

xKpt, ‚q,
d
â

`“1

ψj`,k`y “ 2j1p1´h1q`¨¨¨`jdp1´hdq
ż t

0

d
ź

`“1

ψhp2
j`s´ k`q ds

with ψh a fractional primitive of ψ.
L. Loosveldt 28 mars 2024



Wiener chaos Wavelet analysis in L2pRdq Wavelet techniques in stochastic analysis 24

Rate of convergence

Using

§ Borel-Cantelli arguments for bounding the random variables;

§ the fast decay property of the Meyer wavelet.

Theorem (A.Ayache, J.Hamonier, L.L.)

For any compact interval I Ă R`, there exists an almost surely finite random variable
C (depending on I) for which one has, almost surely, for each J P N,

}X ´XJ}I,8 “ }X
pd,Kq
h,J }I,8 ď CJ

d
2 2´Jph´1{2q. (8)
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Explicit expression for the approximation process

Theorem (A.Ayache, J.Hamonier, L.L.)

The approximation process can be expressed, for all t P R`, with convergence in L2pΩq:

XJptq “ 2´Jph´1q
ÿ

kPZd

˜

ż t

0

d
ź

`“1

Φ
p
h´1
d ` 1

2 q

∆ p2Js´ k`q ds

¸

σ
phq
J,k , (9)

with

σ
phq
J,k “

td{2u
ÿ

m“0

p´1qm
ÿ

PPPpdqm

m
ź

r“1

Erεp
h´1
d ` 1

2 q

J,klr
ε
p
h´1
d ` 1

2 q

J,kl1r
s

d´m
ź

s“m`1

ε
p
h´1
d ` 1

2 q

J,kl2r
.

where ε
pδq
J,k :“

ř`8

p“0 γ
pδq
p I1pφJ,p´kq is the FARIMA sequence associated to pI1pφJ,kqqk.

Moreover this series is also almost surely uniformly convergent in t on each compact interval of
R`.
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What for? Numerical simulations !

The simulation process at scale J

SJptq “ 2´Jph´1q
ÿ

kPJ 1
J ptq

σ
phq
J,k

ż

R

d
ź

`“1

Φ
ph´1

d
` 1

2
q

∆ ps´ k`q ds

with
J 1
J ptq :“ tk P pD1

Jptqq
d : max

`,`1Prr1,dss
|k` ´ k`1 | ď 2εJu,

where
D1
j ptq :“ tk P Z : rk2´j ´ 2´ja, k2´j ` 2´jas Ď r0, tsu,
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Towards numerical simulation

A.Ayache, J.Hamonier, L.L.

For any compact interval I Ă R`, there exists an almost surely finite random variable
C (depending on I) for which one has, almost surely, for each J P N,

}X ´ SJ}I,8 ď CJ
d
2 2´Jph´1{2q. (10)
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Work in progress

d=1 (Fractional Brownian motion)

h “ 0, 2 h “ 0, 5 h “ 0, 8
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Work in progress

d=2 (Rosenblatt process)

h “ 0, 6 h “ 0, 8
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Work in progress

d=3

World premiere ;-)
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Second application: precise pointwise regularity

The Khinchin law of the iterated logarithm allows to control the behavior of the
Brownian motion B at a given point, in the sense that for every t P R, it holds

lim sup
rÑ0

|Bpt` rq ´Bptq|
a

|r| log log |r|´1
“
?

2 (11)

on an event of probability one.
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This contrasts with the uniform Hölder condition obtained by Paul Lévy: almost surely,
one has

lim sup
rÑ0

sup
tPr0,1s
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?

2.
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This contrasts with the uniform Hölder condition obtained by Paul Lévy: almost surely,
one has

lim sup
rÑ0

sup
tPr0,1s

|Bpt` rq ´Bptq|
a

|r| log |r|´1
“
?

2.

There exists exceptional points, called rapid points, where the law of the iterated
logarithm fails.
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Kahane used the expansion of the Brownian motion in the Faber-Schauder system, to
propose an easy way to study its regularity and irregularity properties.
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Kahane used the expansion of the Brownian motion in the Faber-Schauder system, to
propose an easy way to study its regularity and irregularity properties. It allows to
recover the law of the iterated logarithm and the estimation of the modulus of
continuity of the Brownian motion. Furthermore, Kahane obtained the existence of a
third category of points, presenting a slower oscillation:
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Second application: precise pointwise regularity
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and there exist points, called slow points, satisfy the condition

lim sup
rÑ0

|Bpt` rq ´Bptq|
a

|r|
ă `8.
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Theorem (C. Esser, L.L.)

For all H P p0, 1q, there exists an event ΩH of probability 1 satisfying the following assertions
for all ω P ΩH and every non-empty interval I of R.

§ Almost every t P I is ordinary :

0 ă lim sup
sÑt

|BHpt, ωq ´BHps, ωq|

|t´ s|H
a

log log |t´ s|´1
ă `8.

§ There exists a dense set of rapid points t P I such that

0 ă lim sup
sÑt

|BHpt, ωq ´BHps, ωq|

|t´ s|H
a

log |t´ s|´1
ă `8.

§ There exists a dense set of slow points t P I such that

0 ă lim sup
sÑt

|BHpt, ωq ´BHps, ωq|

|t´ s|H
ă `8.
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Theorem (L. Daw, L.L.)

For all H P p 1
2 , 1q such that H1 `H2 ą

3
2 , there exists an event ΩH of probability 1 satisfying

the following assertions for all ω P ΩH and every I ‰ H.

§ Almost every t P I is ordinary :

0 ă lim sup
sÑt

|RHpt, ωq ´RHps, ωq|

|t´ s|H log log |t´ s|´1
ă `8.

§ There exists a dense set of rapid points t P I such that

0 ă lim sup
sÑt

|RHpt, ωq ´RHps, ωq|

|t´ s|H log |t´ s|´1
ă `8.

§ There exists a dense set of slow points t P I such that

lim sup
sÑt

|RHpt, ωq ´RHps, ωq|

|t´ s|H
ă `8.
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Alternative strategy

Let Ψ be a Daubechies wavelet with compact support in r0, 1s and such that

ż

R
Ψpxq dx “ 0.

We can compute for all a ą 0 and k P N, the wavelet coefficient

cpa, kq “
?
a

ż

R
ΨpxqXpapx` kqqdx. (12)

If the process is h-self-similar, for all a ą 0, tXpatqutě0 “
pfddq ahtXptqutě0 and thus

cpa, kq “pdq ah`
1
2 cp1, 0q
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The Hurst parameter h

It is the self-similarity exponent : tXpatqutě0 “
pfddq ahtXptqutě0.

It rules for instance

§ the existence of long-range dependence;

§ the Hölder regularity.

ñ Need of statistical estimator. Generally speaking, wavelet-based estimators are powerful:

§ great literature is available concerning goodness-of-fit tests for such models;

§ numerically efficient thanks to the Mallat’s algorithm for computing wavelet coefficients;

§ robust estimators

Up to now, all wavelet based estimators for the Hurst parameter of Hermite processes failed to

be asymptotically normal.Undesirable dependencies between coefficients prevent to prove a

CLT.
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§ numerically efficient thanks to the Mallat’s algorithm for computing wavelet coefficients;

§ robust estimators

Up to now, all wavelet based estimators for the Hurst parameter of Hermite processes failed to

be asymptotically normal.Undesirable dependencies between coefficients prevent to prove a

CLT.
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Creating independence

Recalling

Kpt, x1, . . . , xdq “ cph, dq

ż t

0

d
ź

`“1

ps´ x`q
h´1
d
´ 1

2
` ds

and writing

fspx1, ..., yqq “ cph, dq
d
ź

`“1

ps´ x`q
h´1
d
´ 1

2
`

we get, by Fubini-type argument and using the compact support of the wavelet

cpa, kq “ Id

˜

?
a

ż

R
Ψpxq1bd

p´8,apk`1qq

ż apx`kq

ak
fsds dx

¸

. (13)
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Creating independence

Let M ą 0. We decompose the coefficient cpa, kq as follows

cpa, kq “ Čcpa, k,Mq ` ­cpa, k,Mq

where

Čcpa, k,Mq “ Id

˜

?
a

ż

R
Ψpxq1bd

papk´Mq,apk`1qq

ż apx`kq

ak
fsds dx

¸

(14)

and

­cpa, k,Mq “ Id

˜

?
a

ż

R
dxΨpxq

´

1p´8,apk`1qqqzpapk´Mq,apk`1qqd

¯

ż apx`kq

ak
fsds

¸

.

(15)

E
”

­cpa, k,Mq
2ı

ď Cpd, hqa2h`1pM ` 1q
2h´2

d .
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Procedure to define an estimator

1. Choose a scale N and decompose r0, 1s in dyadic interval ñ 2N wavelet coefficients
cp2N , kq.

2. Choose two parameters 0 ă γ ă β ă 1,

§ keep only the coefficients cp2N , k2rN
β
sq for k P LN :“

”

1, 2N´rN
β
s

ı

to create

independence.
§ keep only the coefficients cp2N , k2rN

β
sq for k P LN,γ :“ LN X

“

1, 2rN
γ
s
‰

for
convergences purposes.

But : in cpa, kq “pdq ah`
1
2 cp1, 0q, cp1, 0q depends on h (and Ψ) in a non-trivial-way.

3. Choose q and work simultaneously at scale M , 2M ,...,qM to perform a log-regression.

In total, we work with the coefficients

AM p`,Nq “ c

ˆ

1

M2N
, `M2rN

β
s

˙

. (16)

for ` P LN,γ , 1 ďM ď q.
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Modified wavelet variation

VN,M “
1

a

|LN,γ |

ÿ

`PLN,γ

«

AM p`,Nq
2

E
“

AM p`,Nq2
‰ ´ 1

ff

. (17)

which is actually governs by

VN,M,1 “
1

a

|LN,γ |
2Np2H`1qM2H`1

CΨphq

ÿ

`PLN,γ

ˆ

ČAM p`,Nq
2
´ E

”

ČAM p`,Nq
2ı
˙

, (18)

Theorem (L.L., C.A. Tudor)

Let VN,M be given by (17). Then the d-dimensional random vector pVN,M ,M “ 1, . . . , qq
converges in distribution, as N Ñ 8, to a d-dimensional Gaussian vector Np0,Kq with

dW ppVN,M ,M “ 1, ..., qq, Np0,Kqq ď C2´
rNγ s

2 .
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Final steps

1. Approximate the wavelet coefficient AM p`,Nq by a Riemann sum EM p`,Nq and show
that the CLT still holds for the approximated wavelet variation.

2. Define the computable quantity

pSN,M “
1

|LN,γ |
ÿ

`PLN,γ

EM p`,Nq
2 (19)

3. Perform a log-regression of ppSN,M ,M “ 1, ..., qq to define

pHN “ ´
1

2

´

řq
M“1 log pSN,M logM

¯

´

´

řq
M“1 log pSN,M

¯

p
řq
M“1 logMq

p
řq
M“1plogMq2q ´ p

řq
M“1 logMq

2 ´
1

2
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Winning strategy!

Theorem (L.L., C.A. Tudor)

The estimator pHN is strongly consistent, i.e.

pHN ÝÑ
NÑ8

h almost surely. (20)

Moreover,

b

|LN,γ |ph´ pHN q ÝÑ
pdq

NÑ8
Np0, σ2q, (21)

with σ2 computable.

L. Loosveldt 28 mars 2024
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