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Abstract

In combinatorics on words, the well-studied factor complexity func-
tion px of a sequence x over a finite alphabet counts, for any nonneg-
ative integer n, the number of distinct length-n factors of x. In this
paper, we introduce the refiection complezity function ry to enumer-
ate the factors occurring in a sequence x, up to reversing the order of
symbols in a word. We introduce and prove results on ry regarding its
growth properties and relationship with other complexity functions.
We prove that if x is k-automatic, then ry is computably k-regular,
and we use the software Walnut to evaluate the reflection complex-
ity of automatic sequences, such as the Thue—Morse sequence. We
prove a Morse—-Hedlund-type result characterizing eventually periodic
sequences in terms of their reflection complexity, and we deduce a
characterization of Sturmian sequences. Furthermore, we investigate
the reflection complexity of episturmian, (s + 1)-dimensional billiard,
and Rote sequences. There are still many unanswered questions about
this measure.
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1 Introduction

The discipline of combinatorics on words continues to be burgeoning as a
relatively new and interdisciplinary area of mathematics. In this regard, the
significance of combinatorics on words within disciplines such as theoretical
computer science leads us to explore variants and generalizations of funda-
mental objects and constructions involved within the field. If x is an infinite
sequence over a finite alphabet (see Section for precise definitions), nat-
ural problems that arise in the combinatorial study of x and in the context



of computer science-based problems concern the behavior of factors of x.
Writing N = {1,2,...} and Ny = {0, 1,...}, we are led to consider the factor
complezity function pyx: Ng — N which maps n > 0 to the number of distinct
factors of x of length n. (The term factor refers to any contiguous block
occurring in Xx.)

Variations on this definition can be considered as a measure of how
“complicated” a sequence is. For example, the abelian complezity func-
tion of x counts the number of factors of x of a given length and up to
permutation of symbols, so that two factors v = wu(1)u(2)---u(m) and
v = v()v(2)---v(n) are abelian equivalent if m = n and if there exists
a bijection o: {1,2,...,m} — {1,2,...,m} such that u(1)u(2)---u(m) =
v(o(1))v(o(2))---v(o(m)). Similarly, the cyclic complexity function cx in-
troduced in 2017 [29] is equal to the number of length-n factors of x, up to
equivalence under cyclic permutations. The abelian and cyclic complexity
functions lead us to introduce a reflection complexity function on sequences
via an invariant property involving permutations of symbols, by analogy with
the abelian and cyclic complexity functions.

In addition to the factor, abelian, and cyclic complexity functions indi-
cated above, there have been many different complexity functions on se-
quences that have been previously introduced. In this regard, we high-
light the following “complexities”: additive complexity [9], arithmetical com-
plexity [12], gapped binomial complexity [77], k-abelian complexity [55], k-
binomial complexity [76], Kolmogorov complexity [56], Lempel-Ziv complex-
ity [58], Lie complexity [I7], linear complexity (see the survey by Niederre-
iter [69]), maximal pattern complexity [54], maximum order complexity [44],
(initial) (non-)repetitive complexity [25 [65], opacity complexity [§], open
and closed complexity [71], palindrome complexity [4], periodicity complex-
ity [64], privileged complexity [73], relational factor complexity [32], span
and leftmost complexity [30], string attractor profile complexity (implicitly
defined in [81]; also see [30]), and window complexity [3T]. Also see the ref-
erences in the surveys in [I], 46, 47, 48]. The complexity function ry defined
below does not seem to have been previously studied, but may be thought of
as natural in terms of its relationships with automatic sequences such as the
Thue-Morse sequence. To begin with, we require the equivalence relation ~,
defined below.

Definition 1. Let m,n be nonnegative integers. Given a finite word u =
w(D)u(2) - - u(m), its reversal is the word uf* = u(m)u(m — 1) ---u(1), that



is, uf'(i) = u(m +1—1i) for all i € {1,...,m}. A palindrome is a word that
is equal to its reversal. Two finite words u and v are reflectively equivalent
if u = v or u = v®. We denote this equivalence relation by u ~, v.

Example 2. Over the alphabet {a,b,...,z}, the English word reward is
reflectively equivalent to drawer, while deed, kayak, and level are palin-
dromes.

Definition 3. Let x be a sequence. The reflection complexity function
rx: Ng — N of x maps every n > 0 to the number of distinct length-n
factors of x, up to equivalence by ~,.

Example 4. Let
t =011010011001011010010110011010011 - - - (1)

denote the Thue-Morse sequence, where the nth term in forn > 1 is
defined as the number of ones, modulo 2, in the base-2 expansion of n. The
initial terms of the integer sequence (r¢(n)),>o are such that

(re(n))nso = 1,2,3,4,6,6,10,10,13,12,16,16,20,20,22, ... (2)

We see that ry(2) = 3, for example, since there are 3 length-2 factors of t, up
to reflection complexity, i.e., the factors 00 and 11 and one member of the
equivalence class {01, 10}, with respect to ~,..

The integer sequence in is not currently included in the On-Line
Encyclopedia of Integer Sequences [85], which suggests that our notion of
“reflection complexity” is new. See also the work of Krawchuk and Ram-
persad in [57], which introduced the notion of cyclic/reversal complexity for
sequences. The evaluation of reflection complexity functions is closely re-
lated to the work of Rampersad and Shallit [74], who investigated sequences
x such that all sufficiently long factors w have the property that that w’ is
not a factor of x. Also, the evaluation of reflection complexities for sequences
is related to the enumeration of palindromes contained in sequences; see, for
example, Fici and Zamboni [49].

This paper is organized as follows. In Section [1.1] we introduce the no-
tation and definitions needed for the paper. In Section [2| we give general
results on the reflection complexity. In particular, we investigate growth
properties and relationships with other complexity functions. In Sections 3]
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[], and [5], respectively, we investigate reflection complexities for eventually pe-
riodic sequences, Sturmian sequences and generalizations, and reversal-closed
and rich sequences. Next, in Section [6] we focus on classical automatic se-
quences and, with the use of Walnut, we prove that the reflection complexity
function for automatic sequences is a regular sequence. We also study the re-
flection complexity for famous automatic sequences such as the Thue-Morse
sequence. Finally, some further research directions are considered in Section

[

1.1 Preliminaries

Generalities. For a general reference on words, we cite [59]. An alphabet
is a finite set of elements called letters. A word on an alphabet A is a finite
sequence of letters from A. The length of a word, denoted between vertical
bars, is the number of its letters (counting multiplicities). The empty word
is the only 0-length word, denoted as €. For all n > 0, we let A" denote the
set of all length-n words over A. We let A* denote the set of words over A,
including the empty word and equipped with the concatenation operation. In
order to distinguish finite words and infinite sequences, we write the latter in
bold. Except for complexity functions, we start indexing words and sequences
at 1. A factor of a word or a sequence is any of its (finite and contiguous)
subblocks. A prefix (resp., suffix) is any starting (resp., ending) factor. Given
a word w, its nth term is written w(n) for 1 <n < |w|. The factor starting
at position n and ending at position m with 1 < m < n < |w| is written
wlm..n]. A factor u of a word w over A is right (resp., left) special if ua and
ub (resp., au and bu) are factors of w for some distinct letters a,b € A. We
extend these notations to (finite) words as well. A sequence x is reversal-
closed if, for any factor w of x, the word w’ is also a factor of x. A sequence
x is eventually periodic if there exist finite words u, v, with v nonempty, such
that x = uv® where v*¥ = vvv--- denotes the infinite concatenation of the
word v. A sequence that is not eventually periodic is said to be aperiodic. A
sequence is said to be recurrent if every factor occurs infinitely many times;
it is uniformly recurrent if each factor occurs with bounded gaps, i.e., for
all factors w, there is some length m = m(w) such that w occurs in every
length-m block.

Morphisms. Let A and B be finite alphabets. A morphism f: A* — B* is
a map satisfying f(uv) = f(u)f(v) for all u,v € A*. In particular, f(e) = ¢,



and f is entirely determined by the images of the letters in A. For an integer
k > 2, a morphism is k-uniform if it maps each letter to a length-k word. A
1-uniform morphism is called a coding. A sequence x is morphic if there exist
a morphism f: A* — A* a coding g: A* — B*, and a letter a € A such that
x = g(f“(a)), where f“(a) = lim, o f"(a). We let E: {0,1}* — {0,1}* be
the exchange morphism defined by F(0) = 1 and E(1) = 0. We naturally
extend F on sequences.

Numeration systems. Let U = (U(n)),>o be an increasing sequence of
integers with U(0) = 1. Any integer n can be decomposed, not necessarily
uniquely, as n = >'_, ¢(i) U(i) with non-negative integer coefficients (7).
The word c(t) - - - ¢(0) € N* is a U-representation of n. If this representation
is computed greedily, then for all j < ¢t we have > 7_ c(i)U(i) < U(j + 1)
and repy(n) = ¢(t) - - - ¢(0) is said to be the greedy U-representation of n. By
convention, the greedy representation of 0 is the empty word €, and the greedy
representation of n > 0 starts with a non-zero digit. For any ¢;---¢y € N*,
we let valy(c(t)---c(0)) denote the integer Si_,c(i) U(i). A sequence U
satisfying all the above conditions defines a positional numeration system.

Automatic and regular sequences. For the case of integer base numera-
tion systems, a classical reference on automatic sequences is [7], while [75, [82]
treat the case of more exotic numeration systems.

Let U = (U(n))n>o be an positional numeration system. A sequence x
is U-automatic if there exists a deterministic finite automaton with output
(DFAO) A such that, for all n > 0, the nth term x(n) of x is given by the
output A(repy(n)) of A. In particular, if U is the sequence of consecutive
powers of an integer k > 2, then x is said to be k-automatic.

It is known that a sequence is k-automatic if and only if it is the image,
under a coding, of a fixed point of a k-uniform morphism [7].

A generalization of automatic sequences to infinite alphabets is the fol-
lowing [7, [75,82]. Let U = (U(n))n>o0 be an positional numeration system. A
sequence x is U-regular if there exist a column vector A\, a row vector v and
matrix-valued morphism g such that x(n) = Au(rep;(n))y. Such a system
of matrices forms a linear representation of x.

Another definition of k-regular sequences is the following one [7]. Con-
sider a sequence x and an integer k > 2. The k-kernel of x is the set of
subsequences of the form (x(k°n + 7)),>0 where r € {1,2,...,k°}. Equiv-
alently, a sequence is k-regular if the Z-module generated by its k-kernel is
finitely generated. A sequence is then k-automatic if and only if its k-kernel



is finite [7].

Sturmian sequences. A sequence x is Sturmian if its factor complexity
function satisfies px(n) = n + 1 (see, e.g., [7, [60]). Sturmian sequences have
minimal factor complexity among all non-eventually periodic sequences, as
proved by Morse and Hedlund [66].

Theorem 5 ([66]). Let x be a sequence and let ¢ be the number of distinct
letters occurring in x. The following properties are equivalent.

(a) The sequence x is eventually periodic.

(b) We have px(n) = px(n+ 1) for some n > 0.
(c) We have px(n) <n+{€—1 for somen > 1.
(d) The factor complexity px is bounded.

Remark 6. This theorem implies in particular that py(n) is either bounded
or it satisfies px(n) > n + ¢ for all n. Thus the minimal factor complexity
among all non-eventually periodic sequences is px(n) = n + 1 for all n, i.e.,
the complexity of Sturmian sequences. Actually there is another “growth
gap” for px. Recall that a sequence x is called quasi-Sturmian if there exists
a constant C' such that, for n large enough, one has py(n) =n+ C (see [28];
also see [34]). It is known that if x is neither eventually periodic nor quasi-
Sturmian, then px(n) — n tends to infinity (this result is due to Coven [37,
Lemma 1.3]; the first author [3, Theorem 3, p. 23] attributed the result to J.
Cassaigne, because he first learned it from him). Thus we have:

(a) either px(n) is bounded, which happens if and only if x is eventually
periodic;

(b) or else px(n) = n + C for some constant C' and all n large enough,
which means that x is quasi-Sturmian;

(c) or else px(n) — n tends to infinity.

One more point (once explained to the first author by J. Berstel) is that if
px(n) = n+ 1 for n large enough, then px(n) = n+ 1 for all n. Namely, let
no be the least integer n for which px(n) = n + 1, and suppose that ng > 1.
Hence px(ng — 1) # ng. The sequence x cannot be eventually periodic, since
its factor complexity is not bounded. Thus, one has px(n) > n + 1 for all
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n. Hence, in particular, px(ng — 1) > ng. Thus px(ng — 1) > ng. Since py is
non-decreasing, we have that ng < px(no — 1) < px(ng) = ng + 1. This gives
px(ng — 1) = ng + 1 = px(ng), which is impossible since x is not eventually
periodic. In other words, in the second item above, if C' = 1, then x is
Sturmian.

2 General results

Given a sequence x, we can decompose its factor complexity function p, and
its reflection complexity function ry by using the following functions:

(a) The number Unry(n) of “unreflected” length-n factors w of x such that

w’ is not a factor of x;

(b) The number Refx(n) of “reflected” length-n factors w of x such that

w!t is also a factor of x; and

(¢) The number Paly(n) of length-n palindrome factors w of x (i.e., the
palindrome complezity function of x, see [4]).

In particular, we have

px(n) = Unry(n) + fliefx(n), .
r«(n) = Unrx(n) + §(Refx(n) — Paly(n)) + Palx(n).

Example 7. Let f = 01101010 -- denote the Fibonacci sequence, which
is the fixed point of 0 — 01,1 +— 0. Its length-5 factors are u; = 01001,
uy = 10010, us = 00101, uy = 01010, us = 10100, and ug = 00100. Observe
that wuy is an unreflected factor (Type 1 above), wuq,us, us, us are reflected
(Type 2), and ug is a palindrome (Types 2 and 3). We obtain r¢(6) =
1+3(5-1)+1=4.

There is a rich interplay among the complexity functions Unry, Refy,
Px, Tx, and Paly, which motivates the study of the combinations of these
functions indicated in Equalities . This is illustrated below.

Lemma 8. For a sequence x and for alln > 1, we have
1
puln) = rx(n) = 5 (Ref(n) — Paly(n))
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and
2r¢(n) — px(n) = Unrx(n) + Paly(n).

Proof. Immediate from Equalities . O
This lemma implies the following bounds on the ratio g.

Theorem 9. For any sequence x and for all n > 0, we have

1

=px(n) <

(1) < 5(px(n) + Paly(n)) < ru(n) < puln).

2
Furthermore, the equality cases are as follows.

(a) We have r<(n) = px(n) if and only if every reflected length-n factor of
X is a palindrome.

(b) We have r«(n) = 5(px(n) + Palg(n)) if and only if x has no unreflected
length-n factors. In particular, if the sequence X is reversal-closed, we
have ry = %(px + Paly).

(¢c) We have r«(n) = $px(n) if and only if x has no palindrome of length
n and each of its length-n factors is reflected.

Proof. The inequalities and the equality cases are immediate consequences
of Lemma [§ O

Remark 10. It is known that if a sequence x is reversal-closed, then x is
recurrent: it suffices to adapt the proof of [40, Proposition 1, p. 176], as
indicated in [22]. Also note that if a sequence x is uniformly recurrent and
contains infinitely many distinct palindromes, then x is reversal-closed [15]
Theorem 3.2].

One can say more for uniformly recurrent sequences. The following di-
chotomy holds.

Theorem 11. Let x be a uniformly recurrent sequence. Then either it is
reversal-closed, or else it has no long reflected factors (which implies that x
has no long palindromes). In other words,

(a) either px = Refy, which implies the equality r = %(Px + Paly);



(b) or else there exists ng such that px(n) = Unrx(n) for all n > ngy, which
implies r<(n) = px(n) for all n > ny.

Proof. If x is reversal-closed, then r = 1(px + Paly) from Theorem @(b)
above. Now suppose that x has an unreflected factor w. Since x is uniformly
recurrent, any long enough factor of x contains w as a factor, which implies
that this long factor itself is unreflected. This exactly says that Refy(n) =0
for n large enough (and in particular Palg(n) = 0 for n large enough). This
implies from Equalities that, for n large enough, px(n) = Unry(n), and
80 x(n) = px(n). O

Now we exhibit sequences with particular behaviors of their reflection
complexity.

Example 12. It is possible to construct an aperiodic automatic sequence x
such that r(n) = px(n) and Paly(n) > 0 for all n. An example of such a
sequence is given by a fixed point of the morphism 0 — 01, 1 — 23, 2 +— 45,
3 23,4+ 44, and 5 — 44. This sequence has no reflected factors except
palindromes, and there is exactly one palindrome of each length > 1.

Example 13. Consider the sequence x on {0, 1} whose nth prefix x,, is given
recursively as follows: ¢ = 01 and z,,; = 2,012% for all n > 0. See [19,
Section 3] or [15, Example 3.1]. The sequence x is uniformly recurrent,
reversal-closed, and 2-automatic and accepted by a DFAO of 6 states (see,
e.g., [6]), and contains only a finite number of palindromes. Furthermore, for

1
all sufficiently large n, we have ry(n) = §px(n).

Example 14. It is also possible to construct an aperiodic automatic sequence
where the only palindromes are of length 1, but there are reflected factors
of each length > 1. In this regard, we let g, be the prefix of length 2" — 2
of (012)¥. Then an example of an automatic sequence satisfying the desired
properties is

3914595 6393545957 639545956+,

where [74, Theorem 1] is required (observe that we intertwine the sequences
(3456)~ and g1gfgsgk - -+ to build our sequence).

Example 15. There is an automatic sequence x over the alphabet {0, 1}
such that Refy(n) = Q(n) and such that Unry(n) = Q(n). Namely, consider
the image under the coding 0,1,2 — 0 and 3,4 — 1 of the fixed point,
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starting with 0, of the morphism 0 — 01, 1 — 23, 2 — 32, 3 — 42, and
4 — 43.

Example 16. We also provide a construction of an automatic sequence x
such that r(n + 1) < r¢(n) for all odd n > 3. In particular, let x denote
the sequence given by applying the coding a,b,d — 1 and ¢ — 0 to the fixed
point, starting with a, of the morphism defined by a — ab, b — cd, ¢ — cd,
and d — bb. This gives us sequence [85, A039982] in the OEIS. Computing
the reflection complexity of x (e.g., using Walnut) gives that

re(n) =
(n) n—1, for even n > 4.

{n—l— 1, foroddn > 1;
Actually we even have, for this sequence x, that ry(n+1) = rx(n) —1 for all
odd n > 3.

With extra hypotheses on a sequence x, we can give more precise results
in comparing the respective growths of reflection and factor complexities. We
will need Theorem [17]below. Note that Part (b) of this theorem was originally
stated for uniformly recurrent sequences: see [14, Theorem 1.2]. However,
its proof only requires the sequences to be recurrent (see [15, p. 449] and
also [23, Footnote, p. 493]). Furthermore we have seen that a reversal-closed
sequence must be recurrent (see Remark [L0). Thus we can state the theorem
as follows (also see Theorem .

Theorem 17.

(a) Let x be a uniformly recurrent sequence. If x is not closed under
reversal, then Pal(n) = 0 for n large enough (actually one even has
Refy(n) = 0 for n large enough).

(b) Let x be a reversal-closed sequence. For all n > 0, we have

Paly(n + 1) + Paly(n) < px(n + 1) — px(n) + 2.

Remark 18. There exist sequences that are uniformly recurrent, reversal-
closed, and have no long palindromes (see [19]; also see Example [13| above).

We deduce the following theorem from Theorem
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Theorem 19. Let x be a reversal-closed sequence. For all n > 0, we have

1 1
5Px(n) S () < Spx(n+1) + 1.
Proof. Using Theorem[J|(a) and (b), Remark [10]and Theorem [17|(b), we have
1

(px(n) + px(n +1) = px(n) +2)

DN | —

5ox() < 1) = 5 (px(n) + Paly(n) <

for all n > 0. Thus

1 1
5Px(n) () < Spx(n+1) +1

for all n > 0, as desired. O

On the other hand, we can use a result of [4] to obtain the following
theorem.

Theorem 20. Let x be a non-eventually periodic and reversal-closed se-
quence. For all n > 1, we have

n

Sxln) < i) < o) + S (04 5]).

Proof. Given a non-eventually periodic sequence x, we have from [4, Theo-
rem 12] the inequality

Pal, (n) < 171—6;),{ <n + {%J)

for all n > 1. The statement follows from this and Theorem[J[a) and (b). O

Corollary 21. Let x be a non-eventually periodic and reversal-closed se-

quence. If its factor complexity satisfies px(n + 1) ~ px(n) or p;x(_(in)) = o(n),
then .
() ~ Spul)

when n tends to infinity. In particular, this equivalence holds if x is non-
eventually periodic, reversal-closed and morphic.
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Proof. Let x be a non-eventually periodic and reversal-closed sequence. If
px(n + 1) ~ px(n), then, from Theorem , we obtain that r«(n) ~ 3px(n)

when n tends to infinity. Now, if pp ’;((277:)) = o(n), we obtain, from Theorems

and [20] and using the fact that py is non-decreasing,

() < ru(n) < Speln) + px(20) = Zpeln) + opx(n)),
n 2
which is enough.
Now suppose that, in addition, the sequence x is morphic. We know
that either py(n) = O(n?) or px(n) = O(n®?) (see [41]). In the first case,
then 2<% is bounded, and hence o(n). If px(n) = O(n?/2), since x is not

px(n)
eventually periodic (hence py(n) > n + 1), we have

px(n) = n+1 -

o(n).

This finishes the proof. n

The upper bound in Theorem [20| raises questions as to growth properties
of the function 7y more generally, apart from the case where the set of factors
of x satisfies the hypotheses of Theorem [20] This leads us toward the growth
property in Theorem [22] below.

Theorem 22. Let x be a sequence. Then rx(n) < ry(n+2) for alln > 0.

Proof. The result is clear for n = 0, so assume n > 0 in what follows. Let ¢ be
a letter not in the alphabet of x, and define y = ¢x. Then ry(n) = ry(n)+1
for all n > 0, since y has exactly one additional factor for each length n > 1;
namely, the prefix of length n. Thus, it suffices to prove the claim for y
instead of x.

With each length-n factor w of y associate a set S, of length-(n + 2)
factors of y, as follows: If w is the length-n prefix of y, then S, := {w'},
where w’ is the prefix of length n + 2 of y. We call such a factor exceptional.
Otherwise, define S,, := {z € Fac(y) : z = awb for some letters a,b}. Note
that the sets S, over all length-n factors of y, are pairwise disjoint, and
cover all the length-(n + 2) factors of y.

For a factor w of y, define [w]; = 1 if w is a palindrome, and 0 otherwise.
Similarly, [w], = 1 if w® is not a factor of y and 0 otherwise. Finally, define
[w]3 = 1if w? is also a factor of y but w is not a palindrome, and 0 otherwise.

12



Notice that these three cases are disjoint and subsume all possibilities for
factors of y (also recall the decomposition at the beginning of the section).
We can extend this notation to sets by defining [S]; = > _qlw]; for i €
{1,2,3}. Define [w] = [w]; + [w]z + [w]3/2 and similarly for [S]. From
Equalities , we know that

lw|=n
weEFac(y)

while
ry(n+2)= > [S.].
|w|=n
weFac(y)
Therefore, to show the desired inequality ry(n) < ry(n + 2), it suffices to
show that [w] < [S,] for all length-n factors w of y.

Suppose w is exceptional. Recall that w starts with ¢, which appears
nowhere else in y. Then [w]; = [w]; = 0, but [w]y = 1. And S,, = {wab}, so
[Swl1 = [Sw|s = 0, but [S,]2 = 1. Therefore [w] < [S,].

Now suppose w is not exceptional. There are three cases to consider.

Case 1: If [w]; = 1, then w is a palindrome. Consider a factor awb € S,,,.
If it is a palindrome, then [awb]; = 1, so [w]| < [awbd]. If awbd is not a
palindrome, then awb # (awb)® = bwfa = bwa. Thus a # b. If bwa is
not a factor of y, then [awb]y = 1, so [w] < [awd]. If bwa is a factor of y,
then bwa € S, and [awb|s + [bwa]s = 2, so in all cases [w] < [awb]. Thus
[w] < [Su].

Case 2: If [w]y = 1, then w® is not a factor of y. Consider a factor
awb € S,,. Then (awb)® = bw'a, so (awb)’ cannot be a factor of y either.
Hence [awb]y = 1, [w] < [awb], and hence [w] < [S,].

Case 3: If [w]; = 1, then w? is a factor of y, but w is not a palindrome.
Consider a factor awb € S,,. If awb is a palindrome, then awb = (awb)? =
bw'a, so w? would be a palindrome, a contradiction. So awb is not a palin-
drome and [awb]; = 0. If (awb)? = bw®a is a factor of y, then [awb]; = 1, so
[w] < [awb]. If (awb)® is not a factor of y, then [awb], = 1, so [w] < [awb].
Thus [w] < [Sy)-

This completes the proof. O
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Remark 23. Another formulation of Theorem 22| above is that the sequence
(rx(n + 1) 4+ rx(n))n>o is non-decreasing.

Numerical experiments concerning the growth of the reflection complexity
have led us to formulate Conjectures below. We leave these conjectures
as open problems.

Conjecture 24. Let x be a sequence. Then rx(n) = rx(n+2) for some n if
and only if x is eventually periodic.

Note that one direction is true. We have even more: namely, if the
sequence x is eventually periodic, then ry(n) = r¢(n + 2), for all n large
enough (see Theorem [32| below).

Conjecture 25. Let x be a sequence. Then rx(n) — 1 < ry(n + 1) for all
n > 0.

Note that we can have equality for infinitely many values of n—see Ex-

ample [16] above.

Conjecture 26. Let x be a sequence of at most linear factor complexity.
Then r«(n + 1) — r«(n) is bounded for all n > 0. Hence, in particular, if x
is (generalized) automatic, so is (rx(n + 1) — r<(n))n>o0-

It can be shown that Conjecture holds for the Thue-Morse, period-
doubling, Golay—Shapiro, second-bit, paperfolding, Stewart choral, Baum-
Sweet, Chacon, and Mephisto-Waltz sequences. (Also see Corollary )

Conjecture 27. Let x be a sequence. If the limat lim,, ;"X—EZ; exists, then

it 1s either equal to % or to 1.

Actually we prove below weaker forms of Conjectures and for
reversal-closed sequences, and weaker forms of Conjectures [24] and [25] for
sequences without long palindromes. Also we can prove that Conjecture
holds for primitive morphic sequence.

Theorem 28. Let x be a reversal-closed sequence. Then, for all n > 0, we
have r(n) — 1 < ry(n + 1). If, in addition, x has at most linear factor
complezity, then ry(n + 1) — rx(n) is bounded.
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Proof. Let x be a reversal-closed sequence. By Remark [I0} x is recurrent.
Thus, putting together Theorems [17[(b) and [9(b) gives, for all n > 0,

2(rx(n+1) —rx(n)) = px(n + 1) + Paly(n + 1) — px(n) — Palg(n).  (4)

Equality implies 2(rx(n + 1) — rx(n)) > Paly(n + 1) — 2, hence we
obtain ry(n + 1) — r¢(n) > —1 as desired.
If, in addition, the factor complexity of x is at most linear, then Equal-

ity gives
2lrx(n 4+ 1) = r(n)| < |px(n+ 1) — px(n)| + Paly(n + 1) + Paly(n).

But |px(n + 1) — px(n)| is bounded (see [27]) and Paly is also bounded (see
[4, Theorem 12] or use Theorem [L7|(b) above). O

Theorem 29. Let ng > 0 be an integer and let x be a sequence with no
palindrome of length > ng. Then (r«(n)),>0 is eventually non-decreasing:
r«(n) < ry(n+1) for n > ng. Furthermore, if rx(n + 2) = r«(n) for some
n > ng, then the sequence x s eventually periodic.

Proof. By combining the assumption and the second equality of Lemma [§]
we have that

r(n) = & (px(n) + Unry(n)) (5)

for n > ng. Since both (px(n))n>o and (Unrx(n)),>o are non-decreasing, we
see that (rx(n))n>n, is non-decreasing, which gives that r(n) < ry(n + 1)
for n > ng. This shows the first part of the statement. For the second part,
if we have r¢(n +2) = ry(n) for some n > ng, then Equality ({5)) implies that
px(n +2) + Unry(n + 2) = px(n) + Unrx(n). Hence

px(n+2) + Unry(n +2) = px(n+ 1) + Unrg(n + 1) = px(n) + Unry(n).

Hence px(n + 1) = px(n), which implies that x is eventually periodic from
Theorem [3], as desired. O

Actually, Theorems [T1], 28] and [29] imply the following corollary.

Corollary 30. Conjectures |25 and[2 hold if x is uniformly recurrent.
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Proof. Let x be a uniformly recurrent sequence. Then, from Theorem 11}, we
have that x is either reversal-closed and py, = Refy, so that ry = %(px—{—Palx),
or else that there exists ng such that px(n) = Unrx(n) for all n > ng, which
implies 7« (n) = px(n) for all n > ny.

In the first case, the claim is proved by using Theorem [28 and that, if,
in addition, x is automatic, then both sequences (px(n + 1) — px(n)),>o and
(Palg(n))n>0 are automatic (see [26, Theorem 4.3] and [26, Theorem 4.8] re-
spectively). Hence the sequence (Paly(n+ 1) —Paly(n)),>0 is also automatic.
The proofs extend easily to generalized automatic sequences.

In the second case, inspired by the proof of Theorem 29 we note that
there is an integer ng such that ry(n) = px(n) = Unrg(n) for all n > ny. But
Unry is clearly non-decreasing, which gives the property of Conjecture 25 If,
in addition, x has at most linear complexity, we know that pyx(n+ 1) — px(n)
is bounded (see [27]), hence r¢(n+ 1) — r«(n) is bounded for n large enough,
hence for all n. The (generalized) automatic property is proved by using, as
above, that (px(n 4+ 1) — px(n))n>0 is (generalized) automatic. O

In the same vein, Theorem[I1] and Corollary [21]imply the following corol-
lary.

Corollary 31. Conjecture holds for non-eventually periodic primitive
morphic sequences.

Proof. Let x be a primitive morphic sequence. We know that x is uniformly
recurrent. Thus, from Theorem x is either reversal-closed, or else it has
no long palindromes. If x is reversal-closed, then, by Corollary [21] we have
rx(n) ~ Zpx(n). Otherwise, x has no long palindromes, then, still from
Theorem [11] we have that rx(n) = px(n) for n large enough. O

3 Eventually periodic sequences

We can characterize eventually periodic sequences (i.e., sequences that are
periodic from some index on) in terms of their reflection complexity.

Theorem 32. A sequence x is eventually periodic if and only if both se-
quences (T(2n))n>0 and (rx(2n 4+ 1)),>0 are eventually constant.

Proof. From Theorem [22] both sequences (rx(2n))n,>0 and (rx(2n + 1)),>0
are non-decreasing. Also, from the inequality $px(n) < rx(n) < px(n) in
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Theorem [0} and the fact that the sequence (px(n))n>o is non-decreasing, we
have that either the three integer sequences (rx(2n)),>0, (7x(2n + 1)),>o0,
and (px(n))n>o are all bounded, or else none of them is. Furthermore, we
know that (px(n))n>o0 is bounded if and only if the sequence x is eventually
periodic (Theorem [5(d) above). Hence, we have two cases depending on the
periodicity of x.

(a) If x is eventually periodic, then (px(n)),>o is bounded, so (7x(2n)),>0
and (ryx(2n + 1)),>0 are eventually constant.

(b) If x is not eventually periodic, its factor complexity is not bounded:
thus both sequences (rx(2n)),>0 and (rx(2n + 1)),>0 tend to infinity.

This ends the proof. m

Remark 33. If x is eventually periodic, the eventual values of (ry(2n))n>0
and (rx(2n+1)),>0 can be either equal or distinct, as seen from the examples
of the sequences (01)“ and (011)“.

Remark 34. Theorem [35] Corollary 36| and Remark [38 below give more pre-
cise results for the growth of the reflection complexity of eventually periodic
and non-eventually periodic sequences.

4 Sturmian sequences and generalizations

In this section, we study Sturmian sequences as well as some generalizations.

4.1 Sturmian sequences

First we state the following result, which notably characterizes Sturmian
sequences in terms of their reflection complexity.

Theorem 35. Let x be a non-eventually periodic sequence on a finite alpha-
bet.

(a) For alln > 1, we have r(n) > 1+ [ % ];

(b) We have rx(n) =1+ "] if and only if x is Sturmian.
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Proof. For each integer n > 1, let S,, be the permutation group on n elements.
Let 0,, be the permutation defined by

(1 2 ... n—1 n

= \n -1 ... 2 1
and G,, be the subgroup of S,, generated by o, i.e., the group {o,,id, }. The
number of distinct orbits of {1,2,...,n} under G, is equal to n/2 if n is

even, and to (n + 1)/2 if n is odd, which can be written |(n + 1)/2] in both
cases. Thus, applying [33, Theorem 1] proves the first item of the theorem
and the implication = of the second item.

To prove the last assertion, suppose that x is a Sturmian sequence. We
know that any Sturmian sequence is reversal-closed (see [43, Theorem 4, p.
77], where reversals are called mirror images). Furthermore, it is proved
in [43] Theorem 5, p. 77] that a sequence is Sturmian if and only if it has
one palindrome of all even lengths and two palindromes of all odd lengths.
Now, from Theorem [9(b) we have that

n+2 __ n+1 : .
= =14 "], ifn even;

re(n) = %(px(n) + Paly(n)) = {n_+3 =142, ifn odd.

This ends the proof. O

With regard to the above referenced work of Charlier et al. [33]; also see
the related and recent work by Luchinin and Puzynina [61].

The following is an analog of the Morse-Hedlund theorem (which is re-
called in Theorem [5{ above).

Corollary 36. A sequence x is eventually periodic if and only if there exists
n > 1 such that re(n) < |22 |. Furthermore both sequences (r«(2n)), and
(rx(2n + 1)), are then eventually constant.

Proof. Let x be a sequence. Contraposing Property (a) of Theorem we
obtain that if r¢(n) < ["THJ for some n, then x must be eventually periodic.
Conversely, if x is eventually periodic, it has a bounded number of factors,
hence there exists some integer n for which the inequality of the statement
is true. The last assertion is Theorem [B2 above. O
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Remark 37. Actually, it is possible to prove the first part of the proof of
Corollary without using Theorem in the case where the integer n is
even. Namely, Theorem [0 implies that px(n)/2 < rx(n) for all n. So that, if
rx(no) < [ 25| for some ng, then px(ng) < 2|22 | = ng if ng is even. Then
we apply the Morse-Hedlund theorem (Theorem .

Remark 38. As in Remark [6] there is another “growth gap”. Namely, an
easy consequence of Theorem [J] above is that, for any sequence x that is
neither eventually periodic, nor quasi-Sturmian, one has ry(n) — § — +o0
when n — +oc (recall the definition of quasi-Sturmian in Remark [6} and
use the fact that, for a sequence x that is neither eventually periodic nor
quasi-Sturmian, one has that px(n) —n — 400). So that we can have the
following possibilities for a sequence x:

(a) rx(n) is bounded, which happens if and only if x is eventually peri-
odic. Then both sequences (rx(2n)), and (rx(2n + 1)), are eventually
constant;

(b) rx(n) =14 %] for all n, which happens if and only if x is Sturmian.
Note that ry(n) — § > % for any non-eventually periodic sequence, and
that r«(n) — 2 € {1, 2} for any Sturmian sequence;

(c) r<(n)—3% is bounded, and x is not Sturmian. This implies that py(n)—n
is bounded (use Theorem @[), hence that x is quasi-Sturmian;

(d) r«(n) — % is not bounded and x is quasi-Sturmian.

(e) rx(n)—7% tends to infinity. This is the case where x is neither eventually
periodic nor quasi-Sturmian.

Note that both behaviors ry(n) — § bounded (Item (c)) or r«(n) — § not
bounded (Item (d)) are possible for quasi-Sturmian sequences. Namely, if
we start from the binary Fibonacci sequence f (fixed point of the morphism
0 — 01, 1 — 0), and apply two particular morphisms, then (using Walnut),
we have for the corresponding quasi-Sturmian sequences:

(a) the image of f under the morphism 0 — 0101, 1 — 1111 is reversal
closed and has arbitrarily long palindromes; its reflection complexity is

given by r(n) — 2 = 2 for n > 7 odd and r(n) — % = 3 for n > 8 even;
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the 1mage o under the morphism 0 — , 1 — 1S not

b) the i f £ under th hism 0 01101, 1 10100 i
reversal-closed, and has no large palindrome; its complexity has the
property that r(n) =n + 9 for n > 11.

It is also worth noting that in [38, p. 133], it is indicated that, for any
Sturmian sequence x with values in {0, 1}, the image of x by the morphism
f defined by f(0) = 011001, f(1) = 001011 is a quasi-Sturmian sequence
without long palindromes (the authors call such a sequence a non-palindromic
sequence, using the terminology of [53]). More precise results on the reflection
complexity of quasi-Sturmian sequences are given in the next subsection.

4.2 Quasi-Sturmian sequences

Recall that any quasi-Sturmian sequence x can be written as x = uf(z),
where u is any word on any alphabet, z is a (necessarily binary) Sturmian
sequence, and f an aperiodic morphism from {0,1} to any alphabet (see
[28, 37, [72]). We state the following theorem.

Theorem 39. Let x = yf(z) be a quasi-Sturmian sequence, where y is any
word, z is a Sturmian sequence, and f is an aperiodic morphism from {0,1}
to any alphabet. Then

(a) either f(z) is reversal-closed and ry = 5 + O(1);

(b) or else f(z) is not reversal-closed and r = n + O(1).

Proof. First we note that, clearly, rx = r¢,)(n) + O(1), hence it suffices to
prove both statements for 7y, instead of ry. Then we note that z and hence
f(z) are both uniformly recurrent. Thus we can apply Theorem [11|to f(z).
We now consider two cases.

(a) If f(z) is reversal-closed, then, 7,y = 3(ps(z) + Palg,)). Since f(z) is
reversal-closed and quasi-Sturmian, we have from Theorem [17|(b) that
Palf(,) < 3. Hence 744,y (n) = 1pp(z)(n) + O(1) as desired.

(b) If f(z) is not reversal-closed, then, 7t (n) = ppe(n) for n large
enough. By assumption, we have py,)(n) = n + C for some constant
C and for n large enough, so we have 7, (n) = n + O(1) as desired.

This ends the proof. n

Remark 40. One can compare the first part of Theorem above with
Corollary
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4.3 Episturmian sequences

Among several generalizations of Sturmian sequences, episturmian sequences
have in particular the property—sometimes even taken as part of their defini-
tion—to be reversal-closed. Furthermore, their palindrome complexity has
been studied. See the survey [50]; also see the survey [I8]. We develop here
for these sequences a theorem similar to Theorem |35 above.

Definition 41. Let A be a finite alphabet with cardinality /. A sequence x
over A is episturmian if it is reversal-closed and has at most one left special
factor of each length. An episturmian sequence x is (-strict if it has exactly
one left special factor of each length and for which every left special factor u
of x has ¢ distinct left extensions in x.

We compute the reflection complexity of episturmian sequences as follows.
(Recall that the factor complexity of an ¢-strict episturmian sequence is given
by px(n) = (¢ —1)n+1.)

Theorem 42. Let x be an (-strict episturmian sequence. Then, for alln > 0,

re(n) = (£ — 1) V;lJJrl.

Proof. Let x be an f-strict episturmian sequence. The case n = 0 is true.
Assume that n > 1. Then by [42, Theorem 7], we have px(n) = (¢ —1)n+ 1.

We also know that
Paly (n) — 1, %f n %s even;
¢, if n is odd.

Using these together with Theorem [Jf(b), we deduce the desired result. [

Example 43. For the Tribonacci sequence tr, which is the fixed point of the
morphism 0 — 01,1+ 02,2 — 0, we have r¢(n) =2|(n+1)/2| + 1 for all
n > 0.

4.4 Billiard sequences on a hypercube

Since one interpretation of Sturmian sequences is the binary coding of ir-
rational trajectories on a square billiard table, one can turn to irrational
trajectories on a hypercube. The following result can be found in [16]: the
first item is in [16, Corollary 1.6] and the second is the main theorem of
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that paper (which proves a conjecture due to Tamura; note the unexpected
symmetry between s and n, where (s+1) is the dimension of the hypercube).

Theorem 44 ([10]). Let x be an irrational billiard sequence on an (s + 1)-
dimensional hypercube.

(a) The sequence x is reversal-closed.

(b) The factor complexity of x is given by

min(s,n)
S n
= |
puln) #(3) ()
k=0

Remark 45. Note that, if x is an irrational billiard sequence on an (s + 1)-
dimensional hypercube, the previous result implies that px(n) = ©(n*). In
particular for s+ 1 = 2, we obtain px(n) = n+ 1 (which gives back Sturmian
sequences), and for s+ 1 = 3, we obtain py(n) = n* +mn + 1, which had been
conjectured by Rauzy and proved in [10].

Corollary 46. Let x be an irrational billiard sequence on an hypercube of
dimension (s + 1). Then its reflection complexity has the property that

( ) 1 min (s,n) N s n
Tx\N B £ . k‘ k

when n tends to infinity. In particular, ry(n) = O(n®) when n tends to
infinity.
Proof. Use Theorem [44] above with Corollary 21} O

4.5 Complementation-symmetric Rote sequences

So-called complementation-symmetric Rote sequences, which were defined
and studied in [78], are related to Sturmian sequences as stated below in
Theorem In this section, after recalling their definition, we study their
reflection complexity.

Definition 47. Let x be a binary sequence. Then x is called a Rote sequence
if its factor complexity satisfies px(n) = 2n for all n > 1. The sequence x is
said to be complementation-symmetric if its set of factors is closed under the
exchange morphism, i.e., if w is a factor of x, so is E(w).
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We consider the mapping A: {0, 1}t — {0, 1}* defined as follows: A(a) =
aforalla € {0,1} and forn > 1, A(v(0)v(1)---v(n)) = w(0) u(l) - - - u(n—1)
with u(i) = (v(i+1)—wv(i)) mod 2 for alli € {0,...,n—1}. There is a natural
extension of A to sequences: if x = (2(n)),>¢ is a binary sequence, then A(x)
is the sequence whose nth letter is defined by (z(n + 1) — z(n)) mod 2 for
all n > 0. Observe that A(x) is the sequence of first differences of x, taken
modulo 2.

Theorem 48 ([78]). A binary sequence x is a complementation-symmetric
Rote sequence if and only if A(x) is Sturmian.

In fact, with each Sturmian sequence s, there are two associated complem-
entation-symmetric Rote sequences x and x’ with x’ = E(x). The factors in
s and its corresponding Rote sequences are closely related as shown below.

Proposition 49 ([78]; also see [62, Proposition 2] or [63, Lemma 2.7]). Let
s be a Sturmian sequence and let x be the complementation-symmetric Rote
sequence such that s = A(x). Then u is a factor of s if and only if both words
v,v" such that u = A(v) = A(V') are factors of x. Furthermore, for every
n >0, x occurs at position n in s if and only if v or v’ occurs at position n
in X.

Lemma 50. A complementation-symmetric Rote sequence is reversal-closed.

Proof. Let x be a complementation-symmetric Rote sequence. Let s be the
Sturmian sequence corresponding to x, i.e., s = A(x) given by Theorem .
Consider a factor v of x. Write u = A(v). Since s is reversal-closed, the
word v is also a factor of s. Let w and w’ be the binary words such that
uf' = A(w) = A(w') and w' = E(w). By Proposition 49} both w and w' are
factors of x. Now observe that we have either v = w or v = w’. This ends
the proof. n

We compute the reflection complexity of Rote sequences as follows.

Theorem 51. Let x be a complementation-symmetric Rote sequence. Then
its reflection complexity satisfies rx(n) =n+ 1 for all n > 0.

Proof. Let x be a complementation-symmetric Rote sequence. We clearly
have 7¢(0) = 1. Now, for n > 1, [4, Theorem 8] states that Paly(n) = 2. We
finish the proof using Lemma [50] and Theorems [9|(b). O
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5 Reversal-closed and rich sequences

Proposition 52. Let x be a reversal-closed sequence. Then we have ry(n +
1)+ rx(n) < px(n+1)+1 for alln > 0.

Proof. It is enough to combine Remark [10]and Theorems[17(b) and [9(b). O

Rich sequences have several equivalent definitions. It is known that a
word w contain at most |w|+ 1 many palindromic factors [42]. A sequence is
called rich if each factor contains the maximal number of palindromic factors.

Theorem 53. Let x be a reversal-closed sequence. Then x is rich if and
only if re(n+ 1) +rx(n) = px(n+ 1)+ 1 for all n > 0.

Proof. From [24, Theorem 1.1], the sequence x is rich if and only if the
inequality in Theorem [I7|(b) is an equality. The result then follows from
Theorem [9(b). O

Those among binary quasi-Sturmian sequences that are coding of rota-
tions are rich, see [20, Thm. 19].

Corollary 54. Let x be a binary reversal-closed quasi-Sturmian sequence.
There ezists a constant C' such that r<(n + 1) + rx(n) = n+ C for n large
enough.

Proof. Let C' be a constant such that pg(n) = n+ C’ for n large enough. It
is enough to choose C' = C" + 2. H

Using Theorem [9f(b) and [80, Cor. 2.27 and 2.29], it is possible to bound
the reflection complexity of rich sequences as follows.

Proposition 55. Let x be a rich sequence over an alphabet of q letters and

wm’tel5 = Suss sy Lhen rx(n) < %5(2¢°n)° 2" (14 ng®(2¢°n)°'#") for all
n > 1.

Other sequences have a reflection complexity satisfying the equality of
Theorem [53] For instance, it is the case of complementation—symmetric se-
quences, sequences canonically associated with some specific Parry numbers,
and sequences coding particular interval exchange transformations. For more
details, see [14], Section 3].
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6 Automatic sequences

In this section, we study the reflection complexity of automatic sequences.
First, in a positional numeration system U having an adder, we show that if
a sequence is U-automatic, then its reflection complexity is a U-regular se-
quence. Furthermore we show how to effectively compute a linear representa-
tion for the sequence, making use of the free software Walnut [68] 83]. Next,
we explore the reflection complexity of some famous automatic sequences,
namely the Thue-Morse, the period-doubling, generalized paperfolding, gen-
eralized Golay-Shapiro, and the Baum-Sweet sequences.

6.1 Reflection complexity is computably regular

We now show that the reflection complexity of any automatic sequence is
regular.

Theorem 56. Let U = (U(n))n>0 be a positional numeration system such
that there is an adder, i.e., addition is recognizable by an automaton reading
U-representations, and let x be a U-automatic sequence. Then (rx(n))n>o is
a U-reqular sequence. Furthermore, a linear representation for (r«(n))n>o is
computable from the DFAO for x.

Proof. Here is a sketch of the proof before we give the details: We create
a first-order logical formula asserting that the factor x[i..i +n — 1] is the
first occurrence of this factor, or its reversal. Then the number of such i is
precisely the reflection complexity at n. From this, we can create a linear
representation for the number of such i.

Now some more details. We define the following logical formulas:

FAcTOREQ(i,7,n) :=Vt (t <n) = x[i +t] = x[j + ]

FACTORREVEQ(i,j,n) ==Vt (t <n) = x[i+t] =x[(j +n) — (t+1)]

(6)
REFCOMP(i,n) :=Vj (j <i) = ((-FacTOREQ(7, j,n))
A (= FAcTORREVEQ(Z, j, n))).

Now we use the fundamental result on Biichi arithmetic to translate each
of these formulas to their corresponding automata accepting the base-k rep-
resentation of those pairs (i,n) making the formula true. Next, we use a

basic result to convert the automaton for REFCOMP to the corresponding
linear representation computing the reflection complexity. O
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Once we have a linear representation for the reflection complexity, we
can easily compute it for a given n. Furthermore, we can compare it to a
guessed formula, provided that this formula can also be expressed as a linear
representation (see [83]). In the next section we carry this out in detail for a
number of famous sequences.

6.2 The Thue—-Morse and period-doubling sequences

We can compute a linear representation for the reflection complexity r¢(n)
of the 2-automatic Thue-Morse sequence, using the same approach as in the
preceding section. Here we use the following Walnut code:

def factoreq_tm "At (t<n) => T[i+t]=T[j+t]"::
def factorreveq_tm "At (t<n) => T[i+t]=T[(j+n)-(t+1)]"::
def rc_tm n "Aj (j<i) => (("$factoreq_tm(i,j,n))

& ("$factorreveq_tm(i,j,n)))"::

This generates a linear representation of rank 66, which can be minimized to
the following.

T
v=[100000000], w=[12346 6 10 10 13|
330 000 0 0 00 033 0000 000
00 3300 0 0 00 00 03300 000
00 0033 0 0 00 00 00033 000
1 00 000 0 33 00 1 oo 0000 0330
M(O):— 00 000 0 0 033][, N(l):— 0 0-24 0 039 —6 618
33 | 00-26 0 023 10-1036 33 |0 0-40 0 043 —101030
00-5733 0 6 —6 651 0 0—783333 3—3623642
00—793333—5—-28 2851 0 0—863333 5—383848
00—72 033 18 —18 1854 0 0—72 0 051 —181854

(7)

Recall that Brlek [21], de Luca and Varricchio [39], and Avgustinovich [11]

independently gave a simple recurrence for the number of length-n factors of

t, namely pt(2n) = pe(n) + pe(n+ 1) and pe(2n + 1) = 2p¢(n + 1) for n > 2.
As it turns out, there is a simple relationship between 7y and py.

Theorem 57. Let t be the Thue—Morse sequence.
(a) For alln >0, we have r¢(2n + 1) = pg(n + 1).

(b) For alln > 2, we have

(20) pr(n+1)+1, ifIm>0with3-4m 1+ 1< n<4m;
re(2n) =
‘ pe(n+1), otherwise.
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(c) There is an automaton of 14 states computing the first difference r¢(n+

1) — r¢(n).

Proof. We prove each item separately.

(a)

Above in Equalities (7)) we computed a linear representation for r¢(n).
From this linear representation we can easily compute one for r¢(2n+1)
merely by replacing w with p(1)w. (Indeed, base-2 representations of
integers 2n + 1 all end with 1.)

Next, we can compute a linear representation for py(n + 1) using the
following Walnut command.

def sc_tm_offset n "Aj (j<i) => “$factoreq_tm(i,j,n+1)":

This creates a linear representation of rank 6.

Finally, we use a block matrix construction to compute a linear repre-
sentation for the difference 7¢(2n + 1) — pg(n + 1) and minimize it; the
result is the 0 representation. This computation gives a rigorous proof
of item (a).

This identity can be proven in a similar way. We form the linear rep-
resentation for

re(2n) — pe(n+1) — [Fm: 3-4™7 1 +1 < n < 4™,

where the last term uses the Iverson bracket. We then minimize the
result and obtain the 0 representation.

We can compute a linear representation for the first difference r¢(n +
1) — r¢(n), and then use the “semigroup trick” [83], §4.11] to prove that
the difference is bounded and find the automaton for it. It is displayed
in Figure [1}
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Figure 1: Automaton computing r¢(n+1) —r¢(n) where t is the Thue-Morse
sequence.

These computations rigorously prove the three items of the claim. O]

The period-doubling sequence (d(n)),>o is a natural companion of the
Thue-Morse sequence. Recall that t is the fixed point, starting with 0, of
the morphism defined by 0 — 01 and 1 + 10. We similarly define p as the
fixed point of the morphism 0 — 01 and 1 — 00. This gives us that p is
2-automatic as well. By defining d(n) as the highest power of 2, modulo 2,
dividing n + 1, the sequence p can be equivalently defined as the sequence
(d(n))n>0. The close relationship between t and p is captured by the identity
pp(n) = W for all n. We may devise a close analogue of Theorem (57| for
the reflection complexity of p, again with the use of Walnut. Explicitly, it
can be shown that: For all n > 0, we have rp(2n + 1) = pp(n) + 1, and, for
all n > 2, we have

ro(2n) = pp(n+1)—1, if Im >0 with 32" <p < 2mH —1;
’ pp(n+1) =2, otherwise,

and we may similarly devise an analogue of part (c¢) of Theorem . Observe

that 5 .
lim inf M =— and limsup M = -,
n—oo n n—00 n 6

and similarly for the reflection complexity of t.
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6.3 The generalized paperfolding sequences

A paperfolding sequence pg is a binary sequence pipops--- specified by a
sequence of binary unfolding instructions fofifs---, as the limit of the se-
quences Py, f, f,-., defined as follows:

p:. =¢ and Pyyf, = Plosi Jir1 E(pﬁ,,,fi) for all s > 0

where F is the exchange morphism. For example, if £ = 000---, we get the
simplest paperfolding sequence

p = 0010011000110110001001110011011 - - - .

Note that a paperfolding sequence is 2-automatc if and only if the sequence
of unfolding instructions is eventually periodic [7, Theorem 6.5.4].

Allouche [2], and later, Baake [I3] proved that no paperfolding sequence
contains a palindrome of length > 13. In fact, even more is true as shown
below.

Proposition 58. No paperfolding sequence contains a reflected factor of
length > 13.

Proof. 1Tt suffices to show that no paperfolding sequence contains a reflected
factor of length 14. For if this holds, but there is a longer reflected factor z,
we could write # = yz where |y| = 14. Then zf = 2%y so y would be a
reflected factor of length 14, a contradiction.

Now, by a known result on the appearance function of paperfolding se-
quences [83] Theorem 12.2.1], we know that every length-14 factor of a pa-
perfolding sequence pg appears in a prefix of length 109, which is in turn
specified by the first 7 unfolding instructions. We can then simply examine
each of the 56 length-14 factors of these 128 (finite) words and verify that no
factor is reflected. O

We can now prove the following result.
Theorem 59. Let pg be a paperfolding sequence. Then
(a) For all n > 13, we have r¢(n) = pe(n) = 4n.

(b) The reflection complexity of every paperfolding sequence is the same,
and takes the values 2,3,6,7,12,15,22,24,32,36,42,46 for1 <n < 12.
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Proof. We prove each item separately.

(a) For n > 14, the result follows from combining the results of Allouche [2]
and Proposition For n = 13, we can verify the claim by explicit
enumeration.

(b) The result for n > 13 follows from (a). For n < 13 the result can
be verified by enumeration of all length-109 prefixes of paperfolding
sequences specified by instructions of length 7.

This ends the proof. O

6.4 The generalized Golay—Shapiro sequences

A generalized Golay—Shapiro sequence g is defined by taking the running
sum, modulo 2, of a paperfolding sequence pg. The famous Golay—Shapiro
sequence (also called the Rudin-Shapiro sequence) [51], [52] [79, 84] corre-
sponds to the case of unfolding instructions 0(01)* [4, Def. 6]. Note that the
2-automaticity of a generalized Golay—Shapiro sequence follows from that of
its corresponding generalized paperfolding sequence.

We can prove the analogue of Proposition [58]

Proposition 60. No generalized Golay—Shapiro sequence contains a reflected
factor of length > 14.

Proof. As above, it suffices to show that no Golay—Shapiro sequence contains
a reflected factor of length 15.

Now, by a known result on the recurrence function of generalized Golay—
Shapiro sequences [5, Proposition 4.1], we know that every length-15 factor
of a paperfolding sequence pg appears in a prefix of length 2408, which is
in turn specified by the first 12 unfolding instructions. We can then simply
examine each of the 60 length-15 factors of these 4096 (finite) words and
verify that no factor is reflected. O]

We can now prove the following result.
Theorem 61. Let g be a generalized Golay—Shapiro sequence.

(a) For alln > 15, we have rg(n) = pg(n) = 8n — 8.
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(b) The reflection complezity of every generalized Golay—Shapiro sequence
15 the same, and takes the values 2, 3, 6, 10, 14, 22, 30, 42, 48, 62, 72,
83, 92, 103 for 1 < n < 14.

Proof. We prove each item separately.

(a) For n > 15, the result follows from combining the results of Allouche
and Bousquet-Melou [5] and Proposition

(b) The result for n > 15 follows from (a). For n < 15 the result can
be verified by enumeration of all length-2408 prefixes of paperfolding
sequences specified by instructions of length 12.

This ends the proof. m

6.5 The Baum—Sweet sequence
Let the Baum—Sweet sequence
b =1101100101001001100100000100100101001001 - - -

be defined by b(0) = 1 and for n > 1, b(n) is 1 if the base-2 expansion of
n contains no block of successive zeros of odd length and 0 otherwise. It is
2-automatic as well. The factor complexity function for b is such that

(pp(n))n>o = 1,2,4,7,13,17,21, 27,33, 38, 45,52, 59, 65, 70, . ... (8)
and the reflection complexity function for b starts with
(rp(n))n>0 = 1,2,3,5,8,11, 13,17, 21, 25, 30, 35, 40, 46, 50, 56, . . . . 9)

We can again compute a linear representation for ry,(n) using the following
Walnut code:

def factoreq_bs "At (t<n) => BS[i+t]=BS[j+t]"::
def factorreveq_bs "At (t<n) => BS[i+t]=BS[(j+n)-(t+1)]1"::
def rc_bs n "Aj (j<i) => (("$factoreq_bs(i,j,n))

& (“$factorreveq_bs(i,j,n)))"::

This gives us a linear representation of rank 90. From this linear representa-
tion, a computation proves the following result.

Corollary 62. Let b be the Baum-Sweet sequence. Then the first difference
of the sequence mp(n) is 2-automatic, over the alphabet {1,2, ..., 8}.
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7 Further directions

We conclude the paper by considering some further research directions to
pursue in relation to reflection complexities of sequences and by raising some
open problems.

We encourage further explorations of the evaluation of r, for sequences
x for which properties of Paly and/or py are known, especially if Walnut
cannot be used directly in the investigation of ry. For example, by letting
the Chacon sequence ¢ be the fixed point of the morphism 0 — 0010 and
1+ 1, it is known that Pal.(n) = 0 for all n > 13. Also, its factor complexity
satisfies pe(n) = 2n — 1 for n > 2 [45]. We have

(re(n))nso = 1,2,2,4,4,6,7,10,11, 14,16, 20, 23, 25,27, 29, 31,33, . ...

This sequence is not automatic in a given so-called addable numeration sys-
tem (where there is an adder). Therefore, we cannot use Walnut, in this case.
However, an inductive argument can be applied to prove that r.(n) = p.(n)
for all n > 13.

Question 63. To what extent can the reflection complexity be used to dis-
criminate between different families of sequences, by analogy with our char-
acterizations of Sturmian and eventually periodic sequences?

The complexity function Unry defined above may be of interest in its own
right, as is the case with the “reflection-free” complexity function enumer-
ating factors such that the reversal of every sufficiently large factor is not a
factor.

Question 64. How can Theorem |57| be generalized with the use of standard
generalizations of the Thue-Morse sequence?

For example, if we let
t3 = 011212201220200112202001200 - - -

denote the generalized Thue-Morse sequence for which the nth term t3(n)
is equal to the number of 1’s, modulo 3, in the base-2 expansion of n, it can
be shown that r¢3(n) = pis(n) for all n > 3, and it appears that a similar
property holds for the cases given by taking the number of 1’s modulo ¢ > 4.

Question 65. What is the reflection complexity of the Thue-Morse sequence
over polynomial extractions, with regard to the work of Yossi Moshe [67]?
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Question 66. How could the upper bound in Theorem [20| be improved? If
r«(n) is of the form Q(n), then how could this be improved?

Question 67. How does the reflection complexity compare with other com-
plexity functions, as in the complexity functions listed in Section

This leads us to ask about the respective growths of the complexities
listed in Section [I], in particular for morphic sequences. In this direction,
recall that the factor complexity of a morphic sequence is either ©(1), ©(n),
O(nloglogn), ©(nlogn) or ©(n?), see [70] (more details can be found, e.g., in
[35]; also see [41]). As an illustration with a result that has not been already
cited above, a comparison between growths for the factor complexity and the
Lempel-Ziv complexity can be found in [36]. We end with an easy result for
the growth of the reflection complexity in the case of morphic sequences.

Proposition 68. The reflection complexity of a morphic sequence is either

O(1), ©(n), ©(nloglogn), O(nlogn) or O(n?).

Proof. Use the inequalities in Theorem [0; for any sequence x and for all
n >0, we have 2py(n) < rx(n) < px(n). O
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