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Second order homogenisation for cellular and metamaterials

: : : Macro-scale BVP
First vs. second order homogenisation

— First order homogenisation Fy, Py
* Does not prevent spurious localisation
* No material length-scale Meso-scale BVP
resolution

— Second-order homogenisation

» High order strain Gy and stress Qy at

macro-scale First order homogenisation
* Material length scale related to the RVE Macro-scale BVP

length

Fv, Gm = Fy ® Vo Py, Qu

) Meso-scale BVP

' resolution

Issue for metamaterial: RVE Iength 1S Second order homogenisation
larger than unit cell because of patterning

change
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Second order homogenisation for cellular and metamaterials

Macro-scale BVP

« Account for patterning change

— Micromorphic approach*

* Constrains change of patterning modes
. Meso-scale BVP.

resolution

* Developed in elasticity

Micromorphic approach

— Enhanced second-order
Macro-scale BVP

homogenisation
* Remove cell size dependency using a Fp, Gy = Fy Q@ Vom L

body-force

Meso-scale BVI—;

* Arises from asymptotic homogenization -
resolution

in linear elasticity**

 How to account for finite strain, elasto-

plasticity etc...? 0Fy, b /
oy

v . . M
*0. Roko$, M. Ameen, R. Peerlings, M. Geers, J. Mech. Phys. Solids 123 (2019) Body—force enhanced second
A **V. Monchiet, N. Auffray, J. Yvonnet, Mech. Mater. 143 (2020)

v/ J. Yvonnet, N. Auffray, V. Monchiet, Int. J. Solids Struct. 191-192 (2020)
% 3-7 June 2024 ECCOMAS 2024 3

order homogenisation




Second order homogenisation for cellular and metamaterials

« Second order homogenisation with body force enhancement

— Consider an equivalent homogeneous volume element

«  Cauchy homogenous Second order continuum
A A
FM(O)' GM FM (X)F GM

A mo 'QO

g :
; = |
X
v
Fin(X1m), Py (X 1m) Py (X), Qu(X)

» Development of the (no-longer) homogeneous field

Fu() =Ry @ + Gy X | P = Pu() + 5| 16y X
M
Gy = Fy(0) ® Voum QuX) = Qm(0) + 63:: Gy - X

apP
BM(X)M + aF_M |0: GM: I1=0
M

A
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Second order homogenisation for cellular and metamaterials

« Second order homogenisation with body force enhancement

— Consider an equivalent homogeneous volume element

» The equivalence of energy (Hill-Mandel condition) with introduction of body forces b, (X,):

A

A
F\(0),Gy

m
v

Fin(Xm), Py (X1n)

Y. =

A

y
Fyi(X){ Gy f [P..: 6F,, — by, - 5uy,]dQ
Qmo
‘QO
—/
0 g (PM:SFM-I_QM 5GM_
X Qo BM . SuM)d.Q

Py (X), Qu(X)

FnXm) =Fy+ Gy - X +wXn) ® Vo

A 7
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Second order homogenisation for cellular and metamaterials

Second order homogenisation with body force enhancement

— Consider an equivalent homogeneous volume element

» The equivalence of energy (Hill-Mandel condition) with introduction of body forces b, (X,):

A A

4 y
Fm(0),|Gm Fy(X){Gu f [Pp: 6Fy — by, - Suy,]dQ
A Qo Q, Qmo
\ 7
| > >
0 ﬁ 0 f (PM:SFM-I_QM 5GM_
m X Qo BM . SuM)d.Q
\ 4
Fm (Xm): Pm (Xm) PM (X): QM(X)

FnXm) =Fy+ Gy - X +wXn) ® Vo

 |s satisfied by the following introduction of micro-scale body forces and homogenised stresses

Py = PM(O) :Vij (Pm_bm ®Xm) dQ

0 JQmo

Qu = Qu(0) =5 fo [P ® X + (P @ Xp) "1 dQ+5- [ by ® Xy @ X d2—

mo

1 P (0) 0P (0) T
_([ aD:M :GM']M+( 61;/"[M :GM']M) ]_BM ®]M)

2V,

oP,, OF
b,,dQ = f =0

B, dQ = f aPM-G . 1dQ = j ( .G )-Idﬂ
0 0, 0F 0, \0Fy 0Fy )’

Q
| mo
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Second order homogenisation for cellular and metamaterials

Macro-scale BVP

« Meso-scale problem

— Micro-scale weak form Fop, Gy = Fy @ Vo Lo

j P:(6bw®V,) — by -éwdQ =0
Q

mo

Meso-scale BVP
resolution

.
— Introduction of body forces b, (X,,): oFy Om

%% pplied strain

Instantaneous tangen Strain concentration tensor

— Approximation

pn+tl = — 0P, ""'1. aﬁ n.Gn+1 I
m OF, \oFy/) "M |
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Second order homogenisation for cellular and metamaterials

« Remove boundary effect

— Linear elasticity

— With the presented approach, the body forces are not uniform

by, [MPa - mm™]
-0.27 -0.16 -0.04

GMXW = 0.4 /mm

3
Q.

A bp,[MPa - mm™1] b, [MPa - mm~] bm,[MPa - mm™]
£ \V -0.19 0.0 0.19 -1.03 -0.68 -0.33 -0.23 0. 0.23
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Second order homogenisation for cellular and metamaterials

« Remove boundary effect
— Linear elasticity

— Comparison with uniform body force*

9]
— Study of the higher-order operator: 1L=62—M
M
0.61 —_A— No body force = El
F— .
0.4 0011
J0.2 :
0.01 ——— Results in reference=*
00, = . a —=— Present model
1 2 3 1 2 3 4
N [-]
0 0O "'O0og Qron
0g ooofNe 000
oo olNe e oo
0

*J. Yvonnet, N. Auffray, V. Monchiet, Int. J. Solids Struct. 191-192 (2020)

A
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Second order homogenisation for cellular and metamaterials

« Remove boundary effect

— Linear elasticity

— RVE with 4 x 4 unit cells, [,=1,0 mm

0Qm PG — 9Pm

— Study of the higher-order operators: L = P = 36

v

A

==
o o
Lo

| e
9
w

1074

| e
o
&

Effective coefficients

107°

—7: PR PG

- O [Li111111

_8_ O’
107 — — ———rr S *J. Yvonnet, N. Auffray, V. Monchiet,
103 1072 1071 109 Int. J. Solids Struct. 191-192 (2020)
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Second order homogenisation for cellular and metamaterials{ X

« Convergence toward DNS ?

— Linear elasticity: Beam bending

—— DNS
- 4x10 elements, No body force
=== 2x5 elements
0.061 ——— 3x8 elements
=== 4x10 elements

0.08

force f[N]
o
o
B

0.001

0.00 025 050 075 100 125 1.50
displacement [mm]

F F F F F F ’ F o 02 : E:‘lso elements, No body force 7
r r F F F ’ 0.201 === 2x5 elements )
P = = = e
P P = p = p
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091, Gy, = 0.02 /mm, GM,y, = 0.01 /mm

Fyv

e

Second order homogenisation for cellular and metamaterials

Importance of body-force distribution o
—— 50 steps R
0.124 _ ——- 100 steps
— 0.101 —-— 200 steps L
£ 008, - - a00steps | 100 steps -
. e B . N LV 800 steps
© 4
< 0.06- Y
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: 0.04 0.2 0.1
J [ |
7 0.02 400 steps
0.001 — 4
—0.02- bm_x[MPa/mm]
0.000 0.002 0.004 0.006 0.008 0.010 0 !
Gz [mm~1]
— S0 steps 100 steps
0.10- - 100 steps
—_ | —-— 200 steps
E , - - - 400 steps
0051 BLN. 800 step
© /
s
= 0.00- _
3 :
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" =0.05 __%Pu N 400 steps -0.015 0
m oF + M- . - -
M N
—0.10+ ~.
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Second order homogenisation for cellular and metamaterials

* Multiscale simulation on honeycomb structures 4.0 2048 % oo o g8
3.51 2.8 1 . .
— Effect of RVE size disappears 3.04
when considering body forces £ 2]
= 2.01
/k § _ —— DNS
. 1.5 o 1x1-RVE, no body force
1.0+ O 2x2-RVE, no body force
0.5 o 1x1-RVE, present method
ar o 2x2-RVE, present method
Direct simulation Body-force enhanced ", 0.0+ : : : . ; ; ;
0 1 2 3 4 5 6 7

second-order AJH [%]
homogenisation

J B

-~

Body-force enhanced

IGLIIT] second-order

0 0.2 L 0
[ —— homogenisation —
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Second order homogenisation for cellular and metamaterials

. . . 3 2 MMBMWCDAAWCDMM&DI
e Multiscale simulation on metastructures 30. L, 1 © a0 4
i . i 0.050 (555 0.060 0.065 0.070 0.075
— Local instability under compression 251
. i il & 201 DNS
6x14 holes _> local instability ¢ o No body force, 2x2 ele.
o ) ) ) 2 151 A No body force, 4x4 ele.
— Limit of first-order homogenisation = *  No body force, 4x6 ele.
o Present meth., 2x2 ele.
10 A Present meth., 4x4 ele.
«#  Present meth,, 4x6 ele.
5 o  1lst-order meth., 2x2 ele.
; i i ] A 1st-order meth., 4x4 ele.
Direct simulation Body-force enhanced #  lst-order meth., 4x6 ele.
second-order 0 : : : : : : :
o 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
homogenisation AJH [-]
% 1 Y ' )
A V3 V2 \) '
ANBNRNY '
|
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Second order homogenisation for cellular and metamaterials

35
. . . | i
 Multiscale simulation on metastructures 30l Jpoom.ef &° ES
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. S qc
— RVE size effect = 15
10+ DNS
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Multiscale simulation on metastructures

— Compression samples of different sizes

* 6x34 holes _> global instability
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Conclusions

« Effect of RVE size largely reduced

« Applicable to
— Finite strain formulation
— Elasto-plasticity
— Local instabilities
— Global instabilities

 More on

— L. Wu, S. M. Mustafa, J. Segurado, and L. Noels. « Second-order computational
homogenisation enhanced with non-uniform body forces for non-linear cellular
materials and metamaterials. » Computer Methods in Applied Mechanics and
Engineering, 407 (2023): 115931, doi: 10.1016/j.cma.2023.115931
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