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Engineering magnetic domain wall energies in BiFeO3 via epitaxial strain:
A route to assess skyrmionic stabilities in multiferroics from first principles
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Epitaxial strain has emerged as a powerful tool to tune magnetic and ferroelectric properties in functional
materials such as in multiferroic perovskite oxides. Here, we use first-principles calculations to explore the
evolution of magnetic interactions in the antiferromagnetic (AFM) multiferroic BiFeO3 (BFO), one of the most
promising multiferroics for future technology. The epitaxial strain in BFO(001) oriented film is varied between
εxx,yy ∈ [−2%, +2%]. We find that both strengths of the exchange interaction and Dzyaloshinskii-Moriya inter-
action decrease linearly from compressive to tensile strain whereas the uniaxial magnetocrystalline anisotropy
follows a parabolic behavior which lifts the energy degeneracy of the (111) easy plane of bulk BFO. From the
trends of the magnetic interactions we can explain the destruction of cycloidal order in compressive strain as
observed in experiments due to the increasing anisotropy energy. For tensile strain, we predict that the ground
state remains unchanged as a function of strain. By using the domain wall energy, we envision the region where
isolated chiral magnetic textures might occur as a function of strain, i.e., where the collinear AFM and the spin
spiral energies are equal. This transition between −1.5 and −0.5% of strain should allow topologically stable
magnetic states such as antiferromagnetic skyrmions and/or merons to occur. Hence, our paper should trigger
experimental and theoretical investigations in this range of strain.

DOI: 10.1103/PhysRevB.109.184431

I. INTRODUCTION

For over a decade, topologically stable magnetic structures,
such as domain walls (DWs) and skyrmions, have been stud-
ied extensively based on their theoretical prediction in the
early 1990’s [1,2] and their first experimental observation 20
years later [3,4]. Their potential in low-power high-density
information storage, and spintronic applications as well as
their unique stability, resistance to external magnetic fields,
and efficient dynamics make them a fascinating area of study
[5–8]. The formation and control of these skyrmions have
primarily been explored in ferromagnetic materials, but their
antiferromagnetic counterparts are predicted to exceed their
potential [9–12]. While the stabilization of skyrmions in fer-
romagnets can be achieved, e.g., by the application of external
magnetic fields [13–18], antiferromagnets are unaffected by
those. Therefore, the stabilization of chiral magnetic textures
in antiferromagnets remains a challenge and depends on the
precise control of magnetic interactions.

Epitaxial strain allows for precise modification of a mate-
rial’s lattice structure through heteroepitaxial growth and has
emerged as a powerful tool to engineer magnetic properties
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in materials. For example, it offers the means to tailor crystal
symmetries [19,20], magnetic anisotropies, and exchange in-
teractions and even to control the magnetic ground state of a
material [21]. In this way, skyrmions could be stabilized in fer-
romagnetic (FM) systems [22–25]. Such a technique can pave
the way to the stabilization and control of magnetic structures
such as skyrmions in antiferromagnets. Strain engineering has
already been used in multiferroic oxides, where several ferroic
orders, such as the polarization and the magnetization, can be
tuned [26–29]. More interestingly, their coupling, called the
magnetoelectric coupling, is affected by strain. Since they do
not only possess a magnetoelastic but also a magnetoelectric
and piezoelectric coupling, the magnetism can be tuned in
various ways. To that end, one of the most promising multi-
ferroic materials is BiFeO3 (BFO) where ferroelectricity and
antiferromagnetism can coexist far beyond room temperature
[30–34].

Besides being extensively studied in the bulk, the inter-
est in strained BFO has also risen up due to the variety of
noncollinear states that it can host. Bulk BFO has an anti-
ferromagnetic (AFM) spin spiral ground state—the so-called
type-I cycloid of 62-nm pitch [35,36]. This spin spiral can be
destroyed via biaxial strain when BFO thin film is grown on
various substrates [21,37–40] or by uniaxial strain [28] which
suggests a high magnetoelastic response. This response can
affect all magnetic interactions in BFO, e.g., the magnetic
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exchange, the anisotropy, and the Dzyaloshinskii-Moriya in-
teraction (DMI), the ratios of which have yet to be quantified
via density functional theory (DFT). A region of particular im-
portance is the transition between collinear and noncollinear
magnetic ground states as a function of strain because more
complex isolated magnetic textures, such as skyrmions, anti-
skyrmions, and merons/antimerons, can form.

In this paper, we explore the different magnetic interac-
tions of BiFeO3 under the influence of biaxial strain based
on DFT. Varying the nominal strain εxx,yy ∈ [−2%,+2%]
from compression to elongation, we determine the magnetic
exchange interaction, Dzyaloshinskii-Moriya interaction, and
anisotropy energy. We study the influence of epitaxial strain
on the magnetism in the Cc phase of BFO to identify the
region of strain, where the transition from noncollinear to
collinear order takes place. We find that both exchange and
DMI decrease linearly with strain whereas the anisotropy fol-
lows a parabolic behavior, preferring the [112] direction for
compressive strain and the [110] direction for tensile strain.
Following the ratios of magnetic interactions, we conclude
that with compressive strain, collinear G-type antiferromag-
netic order is enhanced due to an increase of the anisotropy
and magnetic exchange over the DMI. In the tensile regime,
the results are ambiguous. From our calculations, we expect
that the spin spiral ground state of the bulk R3c phase in
BFO is preserved; however, since the energies are extremely
close, small distortions or impurities can also favor collinear
order. At last we analyze the evolution of the domain wall
energy to locate the region of strain where chiral noncollinear
magnetic textures such as antiferromagnetic skyrmions and/or
merons could be stabilized in BiFeO3. We identify the tran-
sition between a noncollinear and a collinear ground state
in BFO in between −1.5 and −0.5% of compressive strain
where such states should occur. The presented paper should
therefore trigger experimental and theoretical investigations
in that range of strain.

This paper is structured as follows: In Sec. II, we describe
our procedure for the DFT calculations. In Sec. III, the results
of the DFT calculations are presented, which are discussed in
Sec. IV. A conclusive statement is given in Sec. V.

II. METHODS

A. Structural relaxation

We have relaxed all strained structures of BiFeO3 using
the ABINIT package [41,42] and the projector augmented wave
method [43]. Therefore, strain ε = a′−aBFO

aBFO
is applied from −2

to 2% for the in-plane axes of the Cc phase of BFO. Here, a′
is the varied in-plane lattice constant and aBFO denotes the
BFO bulk lattice constant of the R3c phase. Note that the
Cc phase is imposed at ε = 0% with the lattice constant of
R3c BFO. While ε is varied from compressive strain of −2%
to tensile strain of +2%, the other structural parameters are
relaxed [indicated by blurred colors of the atoms and bonds;
see sketch in Fig. 1(a)].

We have used a
√

2 × √
2 × 2 unit cell hosting 20 atoms.

The magnetic configuration is chosen as the collinear G-type
antiferromagnetic order. We have converged the forces on
each atom down to 1 × 10−5 hartree/bohr. The exchange and
correlation functional is treated with local spin density ap-

strain εxy (%)
0 1-1-2 2m

on
oc

lin
ic

 a
ng

le
 (d

eg
)

90

89.75

89.5

89.25

89 -10

-9

O
xy

ge
n 

O
ct

ah
ed

ra
l t

ilt
ω

 (d
eg

)-8

strain εxy (%)
0 1-1-2 2

10la
tti

ce
 c

on
st

an
t o

f
√2

×√
2×

2 
un

it 
ce

ll
(b

oh
r)

11
12

13
14
15

1575

1600

1625

Vo
lu

m
e 

of
 √

2×
√2

×2
un

it 
ce

ll 
(b

oh
r3 )

1650

monoclinic
angle

ωc

ωa

ωb

c axis

a axis b axis

Volume

(a)

(c)

(b)

Bi

O

Fe

[110]

[110]

[001]

biaxial strain ± εxy

structural
relaxation

a
b

FIG. 1. Structural properties of strained BiFeO3. (a) Sketch of
strained Cc BFO in cubic representation: Biaxial strain ε is applied
in the xy plane with an angle of 90◦ between the a and b axis,
whereupon the other parameters (c axis, monoclinic angle, and all
atomic positions) are relaxed—indicated by blurred colors (for more
details, see text). (b) Relaxed lattice constant (a, b, and c axes,
squares on left ordinate) vs value of strain. Right ordinate: Unit cell
volume (blue filled circles). Note that the relaxation has been done
in a

√
2 × √

2 × 2 unit cell—the values are presented within this
notation. (c) Left ordinate: Monoclinic angle of the c axis (black
squares) and components of the oxygen octahedral tilts ωi around
the i axis (red circles for the second ordinate). Note that due to the
imposed Cc phase at 0% strain, the tilt angles around the three axes
are not exactly on top of each other due to shear strain in the xy plane.

proximation +U (LSDA + U ), with a Hubbard U = 4.0 eV
parameter and J = 0.4 eV on the Fe atoms, which are typical
values for first-principles calculations on BFO [33,44,45]. The
wave functions are expanded with a plane-wave basis set using
a kinetic energy cutoff of Ecut = 30 hartree. By using a k-point
mesh for the structural relaxation of 8 × 8 × 6, we obtain a
magnetic moment of the Fe atoms of |mFe| = 4.0 μB for all
relaxed structures. The results of the relaxation are presented
in Figs. 1(b) and 1(c) and are in accordance with previous
studies [19,20]. Note that due to the relaxation of all structural
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properties, it is not possible to link every single structural
contribution to the change of every magnetic interaction sep-
arately.

B. Determination of magnetic interactions

We use the relaxed structures as described above to
determine the magnetic interactions, such as the Heisenberg
exchange interaction, the DMI, and the uniaxial anisotropy
energy for each value of strain. The first two interactions
are determined by calculating energy dispersions of flat
homogeneous spin spiral states without (for the exchange)
and with (for the DMI) spin-orbit coupling (SOC). For both
interactions, we apply the pseudocubic approximation to
compare the results we have obtained for the relaxed R3c
structure [45,46].

Spin spirals are the general solution of the Heisenberg
model on a periodic lattice and can be characterized by the
spin spiral vector q. This vector determines the propagation
direction of the spin spiral as well as the canting angle be-
tween two neighboring spins. A magnetic moment Mi at an
atom position ri is given by

Mi = M(cos(q · ri ), sin(q · ri ), 0) (1)

where M is the magnitude of the magnetic moment.
The energy dispersions E (q) are obtained applying the

full-potential linearized augmented plane-wave approach
[47–49], as implemented in the FLEUR code [50]. For all
these calculations, we have used the LSDA+U [51] with a
Hubbard U = 4.0 eV parameter and J = 0.4 eV on the Fe
atoms. Muffin-tin radii were set to 2.80, 2.29, and 1.29 bohrs
for Bi, Fe, and O atoms, respectively, and a large plane-wave
cutoff kmax of 4.6 bohr−1. These parameters result in a mag-
netic moment of Fe, M = 4.0 μB for all phases in agreement
with experiments [36]. Calculations along the full paths of
the Brillouin zone (BZ) without SOC have been performed
self-consistently using the generalized Bloch theorem [52]
and a k-point mesh of 10 × 10 × 10. To accurately determine
the energies around the magnetic ground state (R points of
the BZ) at |q| → R, the magnetic force theorem [53,54] has
been applied using a dense k-point set of 64 000 k points
(i.e., 40 × 40 × 40). The energy dispersion without SOC is
interpreted using the Heisenberg exchange interaction. For
the energy contribution due to SOC, �ESOC, we add SOC
in first-order perturbation theory [55,56] for every previously
calculated point. The resulting curve has been interpreted with
the Dzyaloshinskii-Moriya interaction [57,58].

We determine the Heisenberg exchange interaction con-
stants Ji j beyond nearest neighbors by mapping the Heisen-
berg Hamiltonian

Hex = −
∑
i, j

Ji j (mi · m j ) (2)

onto the energy dispersion E (q) of flat spin spiral states ne-
glecting SOC where mi, j = Mi, j/Mi, j denotes the renormalized
magnetic moment. We include seven neighbors for the ex-
change interaction using the pseudocubic approximation for
all values of strain. To simplify our model, we approximate
the curvature of the combined exchange interactions J1,...,7 at
q → R, |q| ∈ [R, R − 0.1] with an effective nearest-neighbor
exchange interaction Jeff. Jeff hence describes the same energy

dispersion around the ground state as the energy dispersion
that is described by J1,...,7. More information on this approach
can be found in the Appendix and in Refs. [45,46].

For the DMI, we use the calculated data of the energy con-
tribution due to SOC �ESOC. Therefore, we use the converse
spin-current (SC) model [46,59,60]

HSC = −
∑
i, j

Ci j (u × ei j ) · (mi × m j ) (3)

where Ci j determines the strength of the DMI, u is the unit
vector along the polarization direction that we fix in the [111]
direction, and ei j is the unit vector between magnetic sites
i and j [61]. We include three neighbors for the SC DMI in
pseudocubic approximation. For the effective DMI, Ceff, we
linearly map Eq. (3) to the SOC contribution at q → R.

We also have calculated the magnetocrystalline anisotropy
energy (MAE) in BiFeO3. For that, we have assumed the
collinear G-type AFM states for each structure. The cal-
culations have been done including SOC and a fixed spin
quantization axis in the different directions . We have used
20 × 20 × 20 k-point mesh in the whole Brillouin zone and
applied the second quantization with the force theorem [53] to
determine the energy differences between the hard axis ([111]
axis) and other directions as shown in the results. For the
description of the domain wall energy, we will use an effective
anisotropy Keff that is the lowest energy of the respective
direction with strain.

This method for calculating magnetic interaction in BFO
has also been described in detail in Refs. [45,46].

C. Error estimation

In the following, we will analyze small energy differences
that qualitatively affect the ground state of BiFeO3. Especially
for the DFT calculations, we reach the limit of accuracy
below ≈0.1 meV. It is impossible to estimate the error in
DFT calculations itself stemming mostly from the exchange
correlation functional simply because the amount of necessary
calculations for that is beyond the scope of any DFT study
that is not addressed to that specific problem. Hence, the
absolute values in our calculations may vary depending on
the functional, and we can only conclude on the trends. The
LSDA+U approximation with the functional of Ref. [51] has
been used previously in Refs. [45,46].

For the effective magnetic interactions including a fitting
procedure in the first step, namely the exchange and the DMI,
we will address the error based on the error of the fits. For the
DMI, the DFT data at q → R is perfectly linear and the value
Ceff is determined with a negligible error of less than 0.01%.
The values for the exchange interactions Ji on the other hand
are fitted with an error �Ji. This error affects our estimate on
Jeff because it describes this energy dispersion curve within
q → R. Since the energy is the sum for all Ji, we apply the
sum rule to estimate the error on Jeff as

�Jeff = 1

6

√√√√ 7∑
i=1

(�Ji )2Ni (4)

where Ni are the number of neighbors in the ith shell, which
for J1 there are six neighbors in the cubic lattice. The fraction

184431-3



MEYER, XU, BELLAICHE, AND DUPÉ PHYSICAL REVIEW B 109, 184431 (2024)

FIG. 2. Trend of magnetic interactions in BiFeO3 under biaxial strain. (a) Magnetic Heisenberg exchange interaction parameters J1...7

from pseudocubic approximation for different values of strain. Note that the nearest-neighbor exchange J1 is dominant and the effective
nearest-neighbor exchange Jeff matches the curvature of an energy dispersion at q → R. The error on Jeff is stemming from �Ji as described
in the text. (b) Evaluated spin-current driven Dzyaloshinskii-Moriya interaction (C1...3 for the first three nearest neighbors and in effective
nearest-neighbor approximation Ceff). (c) Energy differences for uniaxial anisotropy calculations of different magnetization directions with
respect to the [111] direction—the inset shows a sketch with all directions in pseudocubic approximation. Note that in the absence of strain,
magnetization directions within the (111) plane are energetically degenerate. In all graphs, dashed lines serve as guide to the eye; bold solid
lines Jeff(ε), Ceff(ε), and K[uvw](ε) are linear fits for Jeff and Ceff and quadratic fits for the preferred anisotropy directions respectively.

1/6 in front of the square root accounts for the number of the
nearest neighbors.

Using multiplication or division, we will use the error
estimate according to

�Q = |Q|
√(

�Jeff

Jeff

)2

= |Q|�Jeff

Jeff
(5)

where Q is the quantity we determine.

III. RESULTS

Figure 2 shows the trends of magnetic interactions in
BiFeO3 (BFO) under the application of biaxial strain.

A. Exchange interaction

For all applied values of strain, the nearest-neighbor
Heisenberg exchange interaction J1 [black points in Fig. 2(a)]
contains the dominant exchange contribution and prefers
collinear antiferromagnetic order. Its strength decreases lin-
early about 10% from −28 meV/Fe atom at ε = −2% to
−26 meV/Fe atom at ε = +2%. The second largest contribu-

tion stems from the second neighbor J2 ≈ −1.5 meV/Fe atom
(light green squares). Its strength does not vary drastically
with strain, but it leads to exchange frustration with strain as
the ratio J2/J1 increases. The largest variation can be seen for
the third neighbor exchange interaction J3 [blue triangles in
Fig. 2(a)]. For compressive strain, it prefers FM alignment,
whereas for tensile strain it prefers AFM alignment. It linearly
decreases from J3(ε = −2%) = 1 meV/Fe atom to J3(ε =
+2%) = −1 meV/Fe atom. Neighbors beyond the third shell
in the system hold a minor contribution (|J4,5,6,7|/|J1| � 0.03)
and do not change significantly with strain. Even though J5

undergoes a sign change it only appears as a slight correction
in our method.

To simplify the model, we evaluate the effective nearest-
neighbor exchange Jeff as shown in black circles of Fig. 2(a).
It reduces its strength linearly with strain (from ≈ −20 to ≈
−15 meV/Fe atom), with a rate of �Jeff(ε) = 1.33 meV/Fe atom

%strain .
That means that starting from BFO with no strain, collinear or-
der is preferred by the exchange interaction with compressive
strain, whereas it is weakened with tensile strain. This trend
is in agreement with Ref. [62], where the authors also find a
linear trend in the largest exchange contribution in our range
of strain [63].
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From Fig. 2(a) it is evident that Jeff deviates from J1. The
ratio F = Jeff/J1 is a good indicator for exchange frustration
in magnetic systems [64], where F ≈ 1 describes a slightly
exchange frustrated system and ratios for 0 < F << 1 indi-
cate a strongly frustrated system. For BFO, F decreases with
strain from F (ε = −2%) = 0.75 to F (ε = +2%) = 0.60.
That means that a slight exchange frustration is induced from
compressive to tensile strain. Note that for F ≈ 0.2 [65] and
0.3 [64], ferromagnetic skyrmions in the absence of magnetic
field have been observed and predicted, respectively. These
ratios are much smaller than in BiFeO3 and, hence, magnetic
skyrmions driven by exchange frustration are not expected
to occur in BFO. In order to be stabilized, skyrmions and
other topological magnetic structures rely on the interplay of
magnetic exchange, DMI, and anisotropy.

B. Dzyaloshinskii-Moriya interaction

We investigate the behavior of the DMI under strain in
Fig. 2(b). As we have shown for bulk BFO [46], we have
used the converse spin-current model [59,60] to describe our
DFT results for the DMI [Eq. (3)]. C1 (black points) is de-
creasing almost linearly from compressive to tensile strain,
and the variation of C2 (green squares) and C3 (blue triangles)
is rather small; however, they have opposite signs at almost
the same magnitude for each value of strain. Effectively,
the DMI (black circles) decreases with strain from Ceff =
0.33 meV/Fe atom at ε = −2% to Ceff = 0.25 meV/Fe atom
at ε = +2%. This is a change rate of about �Ceff(ε) =
−0.02 meV/Fe atom

%strain . That means that compared to R3c BFO,
the DMI increases with compression preferring noncollinear
order and weakens with tensile strain which lowers the energy
for noncollinear order. This is opposite to the trend of the
exchange interaction, hence it is important to compare their
ratios.

C. Magnetocrystalline anisotropy

As third magnetic interaction, we focus on the magne-
tocrystalline anisotropy [Fig. 2(c)]. We determine the energy
of different crystallographic directions with respect to the hard
[111] axis. In Ref. [46], we have shown that in R3c bulk
BFO, the magnetocrystalline anisotropy energy is lowest and
degenerate within the full (111) plane. Here, in the absence of
strain (ε = 0%), we see the same phenomenon: The calculated
directions [110] (black points), [112] (light green squares),
101 (purple pentagons), and [121] (orange upside-down tri-
angles) have the same energy at −0.07 meV/Fe atom (note
that a tiny deviation is caused by the imposed Cc phase at
0% of strain). The [100] and the [001] directions (dark green
rhombus and lighter green x, respectively) are slightly higher
in energy.

Applying strain changes this behavior and the energy de-
generacy of the different directions is lifted. For tensile strain
ε > 0, the [110] direction is almost constant in energy while
the other directions become unfavorable, most of all the [112]
direction. For compressive strain, the effect is reversed. The
[110] direction gains the least energy, whereas the [112]
direction becomes the preferred magnetization direction by
the anisotropy. The value increases from −0.07 meV/Fe atom
without strain by 40% to −0.1 meV/Fe atom at ε = −2%. We

focus on the two directions with lowest energies, [112] and
[110]. The behavior of their energies with respect to applied
strain differs qualitatively from those of the exchange and
DMI of Figs. 2(a) and 2(b). Here, we can apply a quadratic
fit to describe the trend of the anisotropy with strain K[uvw](ε).
Following the trend for the two interactions, for larger com-
pressive strains, the [110] direction will be lower in energy
than the [112] direction—in accordance with DFT calcula-
tions of Ref. [66] where the authors also find an easy (111)
plane for 0% of strain and the [110] easy axis for large
compression. However, in the low strain regime, our results
slightly differ.

With respect to the R3c phase of BFO, compression leads
to an increased MAE, which favors the collinear order of the
G-type AFM state. For tensile strain, the MAE remains similar
to that of bulk BFO, so a change of the magnetic ground
state is not expected from the MAE. In the following, we
will discuss the magnetic ground states we derive from our
calculations, compare them to current experimental results,
and show which regime of strain could stabilize potential
topological magnetic structures.

IV. DISCUSSION

For over a decade, the different magnetic textures in
strained BiFeO3 have been intensively investigated in exper-
iments. However, while several studies show a destruction of
the cycloidal order with large compressive strain of BFO on
SrTiO3 substrates (estimated strain of −1.5% < ε < −0.5%
depending on the thickness of BFO) [21,37–40,67,68], others
report the persistence of cycloidal order in the same system
[69,70]. For tensile strain, the literature is not equivalently
vast, but the destruction of the cycloid with large tensile strain
has also been observed [21,70]. There, the amount of applied
strain to stabilize collinear order differs by ≈1%. These results
show that the magnetic ground state in strained BFO is very
sensitive to the thickness and growth conditions. Different
cycloids, such as the type-I and type-II cycloids in [110] and
[112] directions, respectively, as well as the collinear G-type
AFM states are extremely close in energy. Hence, small distor-
tions have a large impact on the magnetic ground state. As we
will show in the following, this behavior is in agreement with
our calculations because different magnetic states are within
energy ranges down to 10 µeV/atom.

In general, the magnetic ground state is driven by the
interplay between the magnetic exchange J , the DMI C, and
the anisotropy K . For example, when K is large as compared
to J and C a collinear FM or AFM ground state is favored
depending on the sign of J . When C is large, a noncollinear
ground state is favored since the DMI favors 90◦ spin spirals.
The ratio between the different contributions is therefore im-
portant. We compare these in Fig. 3. In Fig. 3(a), the ratio
of |Jeff|/|Ceff| is shown in gray (squares show the ratios of
DFT determined magnetic interactions—the bold line is the
ratio of the fitted interactions with strain). Increasing the ratios
means that collinear order is enhanced, and decreasing ratios
destabilize collinear magnetic ground states.

Applying compressive strain, the exchange interaction
slightly increases with respect to the DMI—collinear G-type
AFM order is more favorable than in the absence of strain.
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FIG. 3. Interplay between the magnetic interactions for different
values of strain. (a) Ratio of magnetic exchange Jeff with respect to
the Dzyaloshinskii-Moriya interaction Ceff. Note that the large error
estimate stems solely from the small error �Jeff. The squares show
the values determined from DFT whereas the solid line shows the
ratio Jeff(ε)/Ceff(ε) from the fits of Figs. 2(a) and 2(b). (b) Ratio
between anisotropy energy Keff and Ceff. The circles show the val-
ues determined from DFT whereas the solid line shows the ratio
Keff(ε)/Ceff(ε) from the fits of Figs. 2(b) and 2(c), where Keff denotes
the direction of lowest energy. (c) Domain wall energy EDW [Eq. (6)]
as a function of applied strain. The blue points are derived from the
DFT values and the blue solid line shows the trend from the fits of
Jeff(ε), Ceff(ε), and Keff(ε). The red point shows the determined value
for the R3c phase of BFO according to Ref. [45] where the red line
denotes the trend which is renormalized to that point.

With tensile strain, the ratio lowers—hence, noncollinear or-
der gains energy.

The anisotropy [Fig. 3(b)] increases for compressive strain
from about 24% to almost 29% of the DMI due to the increas-
ing preference of the [112] direction shown in Fig. 2(c). This
enhances the stability of collinear order with a quantization
axis along [112]. With tensile strain, the preferred magne-
tization direction changes to [110] with a constant value of
the anisotropy. As the DMI decreases, the ratio K/C increases
and will also stabilize collinear magnetic order. Note that
the increase of anisotropy with respect to DMI starting from
0% of strain differs for compressive and tensile strain—e.g.,
a ratio of 0.26 is reached at ≈ +1.5% within the tensile
regime, but at around ≈ −0.75% in the compressive regime.

Due to both increasing J/C and K/C with compression, we
expect collinear order to be favored even in low strain regimes
compared to the R3c bulk BFO phase. For tensile strain, the
conclusion is not that unambiguous: while the exchange loses
energy with respect to the DMI, the anisotropy gains energy.
The magnetic behavior crucially depends on both trends. In
Fig. 2, the effective exchange and DMI depend linearly on
the nominal strain, but the anisotropy can be described with a
quadratic behavior.

To quantify where isolated chiral magnetic textures may
be stable, we have used the domain wall energy, defined as
[71–73]

EDW(ε) = 4

a2(ε)

√
Jeff(ε) · Keff(ε) − 2π

a2(ε)
Ceff(ε), (6)

with a(ε) being the pseudocubic lattice constant for each
value of strain, taken from the diagonal [111] direction to
address the changes in the c axis due to relaxation. We also
renormalized a into the [110] direction to account for the
known type-I cycloid. As compared to other quantities such
as the isolated skyrmion energies or vortex energies, the DW
energy is independent of the size of the magnetic textures and
therefore does not require the expensive spin dynamics energy
minimization in a magnetic supercell of at least 100 × 100 nm
[74]. The DW energy is directly quantifying the energy cost
or gain of noncollinear textures based on the effective ex-
change, the anisotropy, and the DMI. Furthermore, a domain
wall can be approximated as half of a cycloid, where for
positive values of energy, collinear magnetic order is preferred
and for negative values of EDW, a spin spiral ground state is
expected [75].

In Fig. 3(c), the DW energy with respect to the applied
strain is shown. For all values of strain, the DWs are higher
in energy than the collinear state (blue points with error bars);
however, the energies are extremely small (below 0.1 meV
[76]). As described above, compressing BFO prefers collinear
order, i.e., an increased DW energy. For tensile strain, the
energy differences are almost zero, meaning that we predict
a similar ground state compared to the magnetic state at 0%
strain. The trend coincides with experimental observations:
For compressive strain, the collinear G-type AFM state is
preferred, driven by the large increase of anisotropy in the
[112] direction and the increase in exchange with respect to
the DMI. This result is robust against small errors within our
calculated interactions. For tensile strain, our results show the
same difficulties as for experimental observations: The ener-
gies of the states are so close that with slightly differing strains
the magnetic ground state can differ (see Refs. [21,70]). This
is indicated by the error bars from our calculations.

As a reference point in red, we plot the estimated DW
energy from Ref. [45], where we investigated the R3c phase
of BFO and slightly adapted the DFT parameters to obtain
a spin cycloid with a pitch of ≈62 nm. With these pa-
rameters (corresponding to Ceff = 0.66 meV/Fe atom, Keff =
0.069 meV/Fe atom, and Jeff = −11.78 meV/Fe atom), the
DW energy is slightly negative (−0.017 meV/Å). Following
our estimated trend for the magnetic interactions by renormal-
izing the DW energy from fits (red curve), we can expect a
collinear G-type AFM from ≈ −1.5% of compressive strain
and a cycloidal ground state for low compressive strains. In
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between these regimes, at compressive strain −1.5 < εxx,yy <

−0.5%, we expect the transition between noncollinear and
collinear order for BFO. This is the region where topologi-
cally stable magnetic structures could be stabilized in BFO.
Depending on the direction of the polarization and the pres-
ence of an external electric field, different topological textures
may be stabilized in the region (skyrmions, merons, vortices).
However, their stabilization mechanisms and their investiga-
tion is out of the scope of the present paper.

V. CONCLUSION

We have investigated the evolution of magnetic interactions
in BiFeO3 under biaxial strain between −2 < εxx,yy < +2%
using first-principles calculations. Going from compressive
to tensile strain, both exchange and Dzyaloshinskii-Moriya
interaction decrease linearly whereas the uniaxial anisotropy
prefers a [112] magnetization direction for the calculated
range of compressive strain and a [110] axis for tensile strain.
Comparing the ratios of the three interactions, collinear G-
type antiferromagnetic order in BiFeO3 is strengthened for
compressive strain due to a large increase of anisotropy by
about 40% in accordance with experimental observations. For
tensile strain our results show a similar magnetic ground state
as for bulk BFO, where for a slight change in the ratios, also
the collinear ground state can be favored. At the transition
between the cycloid and the collinear AFM state for medium
compressive strain more complex magnetic structures such as
skyrmions or merons might occur, which is why we believe
this regime to be interesting for further investigation.
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FIG. 4. Energy dispersions E (q) without spin-orbit coupling of
homogeneous, flat spin spiral states for Cc BiFeO3 for different
amounts of strain with respect to the G-type AFM structure energy
E (R). Shown are the results along the high-symmetry directions
of the pseudocubic first Brillouin zone as shown in the inset. The
points are spin spiral energies computed from DFT and the lines are
obtained by mapping the Heisenberg exchange Hamiltonian beyond
nearest neighbors (J1,...,7) to the DFT data. Note that Jeff holds the
same curvature as J1,...,7 at the energy dispersion on the left, where
|q| → R.

APPENDIX: CALCULATED AND FITTED
ENERGY DISPERSIONS

As described in the methods section above, we have
calculated energy dispersions without and with spin-orbit
coupling from DFT to determine the exchange interaction and
Dzyaloshinskii-Moriya interaction, respectively. In Fig. 4, the
results without SOC are presented. The resulting values for
the exchange are shown in Fig. 2(a). The energy contribution
due to SOC on the calculated points along the [110] direction
of Fig. 4 are presented in Fig. 5. The results are mapped to

FIG. 5. Energy contribution due to spin-orbit coupling �ESOC to
the energy dispersion of spin spirals calculated in the [110] direction
of Fig. 4. Shown are the total contributions for each value of strain.
The points show the DFT results, whereas the lines represent the
fitting of the DMI to determine the contributions C1,2,3 of Eq. (3).
For Ceff, the linear contribution at |q| → R is fitted. The error on the
fits here is too small to be visible.
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Eq. (3) to evaluate the strength of the DMI. The values are
displayed in Fig. 2(b), where Ceff is the fit at the linear region,

|q| → R. Note that the error on the DMI fit is too small to be
visualized in Fig. 2(b).
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