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Motivation – a bit of history
Let tBpt , ¨qutPR denote the standard two-sided Brownian motion on a
probability space pΩ,F ,Pq. The Khinchin law of the iterated logarithm allows
to control the behavior of B at a given point, in the sense that for every t P R,
it holds

lim sup
rÑ0

|Bpt ` rq ´ Bptq|
a

|r | log log |r |´1
“

?
2 (1)

on an event of probability one.
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This contrasts with the uniform Hölder condition obtained by Paul Lévy:
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lim sup
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sup
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“

?
2.

There exists exceptional points, called rapid points, where the law of the
iterated logarithm fails.
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2.

Kahane used the expansion of the Brownian motion in the well-chosen
Faber-Schauder system, to propose an easy way to study its regularity and
irregularity properties.
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while
lim sup
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sup
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|Bpt ` rq ´ Bptq|
a

|r | log |r |´1
“

?
2.

Kahane used the expansion of the Brownian motion in the well-chosen
Faber-Schauder system, to propose an easy way to study its regularity and
irregularity properties. It allows to recover the law of the iterated logarithm
and the estimation of the modulus of continuity of the Brownian motion.
Furthermore, Kahane obtained the existence of a third category of points,
presenting a slower oscillation:
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Motivation – a bit of history
Almost surely, for almost every t P R,

lim sup
rÑ0

|Bpt ` rq ´ Bptq|
a

|r | log log |r |´1
“

?
2 (1)

while
lim sup

rÑ0
sup

tPr0,1s

|Bpt ` rq ´ Bptq|
a

|r | log |r |´1
“

?
2.

and there exist points, called slow points, satisfy the condition

lim sup
rÑ0

|Bpt ` rq ´ Bptq|
a

|r |
ă `8.
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Fractional Brownian Motion

C. Esser & L.L. (2022)
For all H P p0, 1q, there exists an event ΩH of probability 1 satisfying the following
assertions for all ω P ΩH and every non-empty interval I of R.

‚ Almost every t P I is ordinary:

0 ă lim sup
sÑt

|BH pt , ωq ´ BH ps, ωq|

|t ´ s|H
a

log log |t ´ s|´1
ă `8.

‚ There exists a dense set of rapid points t P I such that

0 ă lim sup
sÑt

|BH pt , ωq ´ BH ps, ωq|

|t ´ s|H
a

log |t ´ s|´1
ă `8.

‚ There exists a dense set of slow points t P I such that

0 ă lim sup
sÑt

|BH pt , ωq ´ BH ps, ωq|

|t ´ s|H
ă `8.
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Does this feature depend from the Gaussianity
of the process?
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Does this feature depend from the Gaussianity
of the process?
The Rosenblatt process
‚ belongs to the class of Hermite processes

X
pdq

H pt , ¨q :“
1

ΓpH ´ 1{2qd

ż 1

Rd

˜

ż t

0

d
ź

p“1

ps ´ xpq
H´3{2
` ds

¸

dBpx1q . . . dBpxd q

(2)
with 1 ´ 1

2d ă H ă 1.
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Wavelet-type expansion
We consider the generalized Rosenblatt process RH1,H2pt , ¨q given by

1

Γ
`

H1 ´ 1
2

˘

Γ
`

H2 ´ 1
2

˘

ż 1

R2

ż t

0
ps ´ x1q

H1´ 3
2

` ps ´ x2q
H2´ 3

2
` ds dBpx1qdBpx2q

where H1,H2 P p12 , 1q are such that H1 ` H2 ą 3
2 .
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Observations:
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2 ψp2j1x1 ´ k1qψp2j2x2 ´ k2q : pj1, j2, k1, k2q P Z4u

is an orthonormal basis in L2pR2q.
‚ for all H p1{2, 1q
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ż

R
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is well-defined as the antiderivative of order H ´ 1{2 of ψ. 4/11
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Wavelet-type expansion
We consider the generalized Rosenblatt process RH1,H2pt , ¨q given by

1

Γ
`

H1 ´ 1
2

˘

Γ
`

H2 ´ 1
2

˘

ż 1

R2

ż t

0
ps ´ x1q

H1´ 3
2

` ps ´ x2q
H2´ 3

2
` ds dBpx1qdBpx2q

Ayache & Esmili (2020)
Letψ be theMeyer wavelet and I be any compact interval ofR`. Almost surely,
the random series

ÿ

pj1,j2,k1,k2qPZ4

2j1p1´H1q`j2p1´H2qεk1,k2j1,j2

ż t

0
ψH1p2j1x ´ k1qψH2p2j2x ´ k2q dx (3)

converges uniformly to RH1,H2 on the interval I .
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Objective
We want to find functions (moduli of continuity) θo , θr and θsl and an event Ω1

on probability 1 such that, for all ω P Ω1 and for every non-empty interval I of
R

‚ for almost every t P I

0 ă lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

θop|t ´ s|q
ă 8

‚ for a dense set of t P I

0 ă lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

θr p|t ´ s|q
ă 8

‚ for a dense set of t P I

0 ă lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

θsl p|t ´ s|q
ă 8
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Methods
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It suffices to show that there exists C ą 0 such that

|RH1,H2pt , ωq ´ RH1,H2ps, ωq| ď C θp|t ´ s|q.

One can write RH1,H2pt , ωq ´ RH1,H2ps, ωq as the series

ÿ
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f px qΨp2j x ´ kq dx

˙

looooooooooooooooomooooooooooooooooon

cj ,k

Ψp2j ¨ ´kq,

is the expansion of the function f using a compactly supported wavelet Ψ. ,
Ψp2j ¨ ´kq has its support in a multiple of the dyadic interval

λ “ rk2´j , pk ` 1q2´j q
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Methods

0 ă lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

θp|t ´ s|q
ă 8

f “
ÿ

jPZ

ÿ

λPΛj

cλΨλ,

Definition
The wavelet leader of scale j at the point x0 is the quantity

dj px0q “ max
λP3λj px0q

sup
λ1Ďλ

|cλ1 |.

6/11



Methods

0 ă lim sup
sÑt
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ă 8

f “
ÿ

jPZ

ÿ

λPΛj

cλΨλ,

For all j ,
|dj ptq| ď C sup

sPBpt ,R2´j q

|f ptq ´ f psq|

where R is computed from the support of the wavelet and C is a positive
constant only depending on the wavelet.
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θp2´j q

˙

ñ

ˆ

0 ă lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

θp|t ´ s|q

˙

!! We can not use the wavelet TYPE series

ÿ

pj1,j2,k1,k2qPZ4

2j1p1´H1q`j2p1´H2qεk1,k2j1,j2

ż t

0
ψH1p2j1x ´ k1qψH2p2j2x ´ k2q dx
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Estimation of the wavelet coefficients
Let Ψ be a wavelet with compact support included in r´N ,N s, we have

cj ,k “ CH1,H2

ż 1

A

ż N

´N
Ψpx q

ż x`k

2j

k

2j

fH1,H2ps, x1, x2q ds dx dBpx1q dBpx2q

where A :“
‰

´8, k`N
2j

‰2, CH1,H2 :“ 1
ΓpH1´ 1

2qΓpH2´ 1
2q

and for s, x1, x2 P R

fH1,H2ps, x1, x2q “ ps ´ x1q
H1´3{2
` ps ´ x2q

H2´3{2
`
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cj ,k “ CH1,H2

ż 1

A

ż N

´N
Ψpx q

ż x`k

2j

k

2j

fH1,H2ps, x1, x2q ds dx dBpx1q dBpx2q

Given an integer M ě 0, cj ,k can be written as following

cj ,k “ Ącj ,k
M

` }cj ,k
M

where

Ącj ,k
M

“ cH1,H2

ż 1

λM
j ,k

ż N

´N
Ψpx q

ż x`k

2j

k

2j

fH1,H2ps, x1, x2q ds dx dBpx1q dBpx2q (4)

with

λMj ,k :“

ȷ

k ´ NM

2j
,
k ` N

2j

ȷ2

. 7/11
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Estimation of the wavelet coefficients
Let Ψ be a wavelet with compact support included in r´N ,N s, we have

cj ,k “ CH1,H2

ż 1

A

ż N

´N
Ψpx q

ż x`k

2j

k

2j

fH1,H2ps, x1, x2q ds dx dBpx1q dBpx2q

L. Daw & L.L. (2022)
There exist three strictly positive deterministic constants CΨ,H1,H2 , C 1

Ψ,H1,H2

and C ˚
Ψ,H1,H2

such that for all pj , kq P N ˆ Z and M ě 2 one has

CΨ,H1,H22
´j pH1`H2´1q ď

∥∥∥Ącj ,k
M
∥∥∥
L2pΩq

ď C 1
Ψ,H1,H2

2´j pH1`H2´1q

and ∥∥∥}cj ,k
M
∥∥∥
L2pΩq

ď C ˚
Ψ,H1,H2

2´j pH1`H2´1qMmaxtH1,H2u´1
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Results

Janson (1997)
Let us fix n P N.

There exists a strictly positive universal deterministic constant
‹

C such that,
for every random variable X belonging to the Wiener chaos of order n and for
each real number y ě 2, one has

Pp|X | ě y}X }L2pΩqq ď expp´
‹

Cy2{nq.

If X is a random variable belonging to the Wiener chaos of order n , there exist
a, b, y0 ą 0 such that, for all y ě y0,

expp´ay2{nq ď Pp|X | ě yq ď expp´by2{nq.
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Results

L. Daw & L.L. (2022)
For allH1,H2 P p 1

2 , 1q such thatH1`H2 ą 3
2 , there exists an eventΩH1,H2

of probability
1 satisfying the following assertions for all ω P ΩH1,H2

and every I ‰ H.

‚ Almost every t P I is ordinary:

0 ă lim sup
sÑt

|RH1,H2
pt , ωq ´ RH1,H2

ps, ωq|

|t ´ s|H1`H2´1 log log |t ´ s|´1
ă `8.

‚ There exists a dense set of rapid points t P I such that

0 ă lim sup
sÑt

|RH1,H2
pt , ωq ´ RH1,H2

ps, ωq|

|t ´ s|H1`H2´1 log |t ´ s|´1
ă `8.

‚ There exists a dense set of slow points t P I such that

lim sup
sÑt

|RH1,H2
pt , ωq ´ RH1,H2
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Rapid points
First we write RH1,H2pt , ωq ´ RH1,H2ps, ωq as the series

ÿ

pj1,j2,k1,k2qPZ4

2j1p1´H1q`j2p1´H2qεk1,k2j1,j2
pωq

ż t

s
ψH1p2j1x ´ k1qψH2p2j2x ´ k2q dx
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2j1p1´H1q`j2p1´H2qεk1,k2j1,j2
pωq

ż t

s
ψH1p2j1x ´ k1qψH2p2j2x ´ k2q dx

If n is such that 2´n´1 ă |t ´ s| ď 2´n , we split the sums over j1 and j2
according to the regions
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Rapid points
First we write RH1,H2pt , ωq ´ RH1,H2ps, ωq as the series

ÿ

pj1,j2,k1,k2qPZ4

2j1p1´H1q`j2p1´H2qεk1,k2j1,j2
pωq

ż t

s
ψH1p2j1x ´ k1qψH2p2j2x ´ k2q dx

Ayache & Esmili (2020)
There exist an event Ω˚ of probability 1 and a positive random variable C1 with
finite moment of any order, such that, for all ω P Ω˚ and for each pj1, j2, k1, k2q P

Z4,
|εk1,k2j1,j2

pωq| ď C1pωq
a

logp3 ` |j1| ` |k1|q
a

logp3 ` |j2| ` |k2|q. (4)
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Rapid points
First we write RH1,H2pt , ωq ´ RH1,H2ps, ωq as the series

ÿ

pj1,j2,k1,k2qPZ4

2j1p1´H1q`j2p1´H2qεk1,k2j1,j2
pωq

ż t

s
ψH1p2j1x ´ k1qψH2p2j2x ´ k2q dx

L. Daw & L.L. (2022)
There exists an event Ωrap of probability 1 such that for all ω P Ωrap there exists
CRpωq ą 0 such that, for all t , s P p0, 1q, we have

|RH1,H2pt , ωq ´ RH1,H2ps, ωq| ď CRpωq|t ´ s|H1`H2´1 log |t ´ s|´1. (4)
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There exists a deterministic constantC ą 0 such that for allM there isΩ2 Ă Ω
with probability 1 such that for all ω P Ω2 there exist t P p0, 1q such that

lim sup
jÑ`8

ˇ

ˇ

ˇ
Ćcλj ptq

M
pωq

ˇ

ˇ

ˇ

j2´j pH1`H2´1q
ě C .
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Rapid points

L. Daw & L.L. (2022)
There exists an event Ωrap of probability 1 such that for all ω P Ωrap there exists
CRpωq ą 0 such that, for all t , s P p0, 1q, we have
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There exists Ω˚

2 Ă Ω with probability 1 such that, for all ω P Ω˚
2 , there exist

t P p0, 1q such that

lim sup
jÑ`8

dj pt , ωq

2´j pH1`H2´1qj
ą 0.

Almost surely, there is t P p0, 1q such that

0 ă lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

|t ´ s|H1`H2´1 log |t ´ s|´1
ă `8.
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Ordinary points
Fix t P p0, 1q, there exists Ω˚

t , an event of probability 1, and Ct ,1, a positive
random variable with finite moment of any order, such that, for all ω P Ω˚

t and
for each pj1, j2, k1, k2q P Z4, one has

|εk1,k2j1,j2
pωq| ď Ct ,1pωq

b

logp3 ` |j1| ` |k1 ´ kj1ptq|q

b

logp3 ` |j2| ` |k2 ´ kj2ptq|q.

(5)
where kj ptq is the unique integer such that t P rkj ptq2

´j , pkj ptq ` 1q2´j q.
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logp3 ` |j2| ` |k2 ´ kj2ptq|q.

(5)
where kj ptq is the unique integer such that t P rkj ptq2

´j , pkj ptq ` 1q2´j q. For
all s P p0, 1q and ω P Ω˚

t we have

|RH1,H2pt , ωq ´ RH1,H2ps, ωq| ď Ctpωq|t ´ s|H1`H2´1 log | log |t ´ s|´1|.
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Ordinary points

L. Daw & L.L. (2022)
There exists an event Ωord of probability 1 such that for all ω P Ωord, for almost
every t P p0, 1q,

lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

|t ´ s|H1`H2´1 log | log |t ´ s|´1|
ă `8.

10/11



Ordinary points

L. Daw & L.L. (2022)
There exists an event Ωord of probability 1 such that for all ω P Ωord, for almost
every t P p0, 1q,

lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

|t ´ s|H1`H2´1 log | log |t ´ s|´1|
ă `8.

L. Daw & L.L. (2022)
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1 Ă Ω with probability 1 such that for all ω P Ω˚
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Ordinary points
Almost surely, for almost every t P p0, 1q such that

0 ă lim sup
sÑt
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ă `8.
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Slow points
The finiteness of the limit

lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

|t ´ s|H1`H2´1

is more tricky.
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is more tricky. It needs a selection within the dyadic subintervals of p0, 1q. The
idea is that a dyadic interval is “killed” if some associate random variables are
big, which happens with a low probability.
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|t ´ s|H1`H2´1

is more tricky. It needs a selection within the dyadic subintervals of p0, 1q. The
idea is that a dyadic interval is “killed” if some associate random variables are
big, which happens with a low probability. The proof is a combination of

‚ Cantor Theorem,
‚ Borel-Cantelli Lemma
‚ Tchebycheff’s inequality
‚ . . .
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Slow points

L. Daw & L.L. (2022)
There exists an event Ωslo of probability 1 such that for all ω P Ωslo there exist
t P p0, 1q such that

lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

|t ´ s|H1`H2´1
ă `8.
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Slow points

L. Daw & L.L. (2022)
There exists an event Ωslo of probability 1 such that for all ω P Ωslo there exist
t P p0, 1q such that

lim sup
sÑt

|RH1,H2pt , ωq ´ RH1,H2ps, ωq|

|t ´ s|H1`H2´1
ă `8.

The positiveness of the limit is still open, the difficulty being within the fact
that it seems difficult to find optimal bounds both for rcλ

M and qcλ
M .
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