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Let B denote the standard Brownian motion on R. The Khinchin law of the
iterated logarithm allows to control the behavior of B at a given point, in the
sense that for every ¢ € R, it holds

: |B(t+71) - B(1)]
lim sup =

r=0  +/|r|loglog |r|™!

on an event of probability one.
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for every ¢ € R, it holds

lim sup B+ - BOI V2
r—0  4/|r|loglog |r|~!

on an event of probability one.
This contrasts with the uniform Holder condition obtained by Paul Lévy:
almost surely, one has

. |B(t+r)—B(%)]
limsup sup =

r—0  te[0,1] || log |r|~1
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Results of Kahane about Brownian motion mni.ln
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for every ¢ € R, it holds

limsup |B(t il T) _ B(t)l = \/5

r=0  +/|r|loglog |r|™!

on an event of probability one.
This contrasts with the uniform Holder condition obtained by Paul Lévy:
almost surely, one has

. |B(t+r)—B(%)]
limsup sup =

r—0  te[0,1] || log |r|~1

There exists exceptional points, called fast points, where the law of the
iterated logarithm fails.
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Results of Kahane about Brownian motion mni.ln
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for every ¢ € R, it holds

lim sup B+ - BOI V2
r—0  4/|r|loglog |r|~!

on an event of probability one.
almost surely, one has

B -B
limsup sup Bii+7) ()l =2

r—0 te[0,1] |7|log |r|~t

Kahane used the expansion of the Brownian motion in the well-chosen
Faber-Schauder system, to propose an easy way to study its regularity and
irregularity properties.
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and the estimation of the modulus of continuity of the Brownian motion.
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for every ¢ € R, it holds
. |B(t+71) - B(1)]
lim sup =

r—=0 4/|r|loglog |r|~!

on an event of probability one.
almost surely, one has

V2

limsup sup Bli+r) = B =2
r—0  te[0,1]  +/|r|log|r|?

Kahane used the expansion of the Brownian motion in the well-chosen
Faber-Schauder system, to propose an easy way to study its regularity and
irregularity properties. It allows to recover the law of the iterated logarithm
and the estimation of the modulus of continuity of the Brownian motion.
Furthermore, Kahane obtained the existence of a third category of points,
presenting a slower oscillation:
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for every ¢ € R, it holds

V2

: |B(t+71) - B(1)]
lim sup =

r=0  +/|r|loglog |r|™!

on an event of probability one.
almost surely, one has

. |B(t+ 1) - B(1)]
limsup sup =

r—0 te[0,1] |r|log |r|~t

there exist points, called slow points, satisfy the condition

B(t - B(t
lilrnsup| (t+7) (1] < 400
r—0 |7’|
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z ifo<z<i

Alz)=% 1-=z if%Sx<1

0 otherwise

Let e and (&;.1);en,0<k<2/—1 beiid N (0, 1) random variables, for all ¢ € [0, 1]
set

+o0 27—

B(t) = Z Z gj 2PNt — k) + £t

7=0 k=0

B ={B(t) : t €]0,1]} is a Brownian motion on [0, 1].
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1 ifo<z<i

Y(z)=9 -1 iff<z<l1

0 otherwise

is the Haar wavelet.
Let e and (&;.1);en 0<k <21 e iid N (0, 1) random variables, for all ¢ € [0, 1],

set ,
+o0 27-1

B(t) = Z Z g 12PNt - k) + st

§=0 k=0
B ={B(t) : t €[0,1]} is a Brownian motion on [0, 1].
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Under some general assumptions, there exist two functions ¢ and , called
wavelets, which generate two orthonormal bases of L?(R).Namely

{6(- =k hez U (2 -—k):j eN, ke Z}

and ‘
(W(2 - —k):j€Z,keZ}
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Under some general assumptions, there exist two functions ¢ and , called
wavelets, which generate two orthonormal bases of L?(R).
Any function f € L?(R) can be decomposed as follows,

= Z Crp(- — k) + Z Z Cj,kll/(Qj c—k) = Z Z Cj,kl//(Qj —k)

kEeZ JENkeZ JEZ keZ

where

Cjk = 27 /Rf(:c)a,l/(ij — k) dx

and

Ch = /R F@)ota k) da.




Wavelets ini.lu

UNIVERSITE DU
LUXEMBOURG

Under some general assumptions, there exist two functions ¢ and , called
wavelets, which generate two orthonormal bases of L?(R).

'/R:,b(a:)d:c =0.
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Under some general assumptions, there exist two functions ¢ and , called
wavelets, which generate two orthonormal bases of L?(R).

‘/R:,b(:v)d:c =0.

® ¢ and y belong to the Schwartz class S(R).
® ¢ and y are compactly supported.
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One can also work with biorthogonal wavelets bases : a couple of two two
Riesz wavelet bases of L?(R) generated respectively by ¢ and ¢ and such that

2i/297'/2 / W@ = k(2 x — k) de = 8 5k
R

In that case, any function f € L?(R) can be decomposed as

F=2" (2 ~k)

J€Z kez

where

cjr=2 /Rf(a;){i(zjx - k)dz.



Wavelets expansion of Fractional Brownian mni.ln

Motion

Y. Meyer - F. Sellan - M. S. Taqqu (1999)
If y is a Lemarié-Meyer wavelet (in the Schwartz class), any fractional Brownian
motion By, of Hurst index & € (0, 1) can be written as

Bu(t)= > > 27M¢; (2t — k) + R(1) (2)

JeNkeZ

where R is a smooth process, (& ;)jen,zez iS @ sequence of independent
N (0, 1) random variables, and v, is a fractional primitive of .. Note that such
a function leads to a biorthogonal wavelet basis.




Systematic study of gaussian wavelet series il
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We consider any function of the form

fo= DD &2 (20 - k)

jeN kezZ

where (& 1.)(;,k) enxz denote a sequence of independent N (0, 1) random
variables and where y is any compactly supported or smooth wavelet.
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We consider any function of the form

fo= DD &2 (20 - k) (3)

jeN kezZ

We will study the precise pointwise regularity of f;, with the help of different
moduli of continuity: an increasing function w : R* — R* satisfying w(0) =0
and for which there is C' > 0 such that w(2z) < Cw(x) for all z € R*.



Systematic study of gaussian wavelet series il

UNIVERSITE DU
LUXEMBOURG

We consider any function of the form

fo= DD &2 (20 - k) (3)

jeN kezZ

w : R — R* satisfying w(0) = 0 and for which there is C' > 0 such that
w(2z) < Cw(z) forall z € R*. Wavelet characterizations of regularity require
the following additional regularity property for moduli of continuity:

Zsz(z—ﬂ') < 02N w(27)

j=J

g (4)
Z 2(N+1)jw(2—j) < C2(N+1)Jw(2—J)

j=—00
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We consider any function of the form

Jn = Z ij,kQ_hjtb(?j -—k)

jeN kez
e the modulus of continuity w, of the rapid points is defined by
oM () = |2"Vog |1
¢ the modulus of continuity w, of the ordinary points is defined by
wi () = |o]"Vloglog a]
¢ the modulus of continuity w, of the slow points is defined by

h
M (z) = ||,
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We want to bound |f(s) — f(¢)] for (s, t) € (0,1), by the mean of one of the
three moduli of continuity.
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We want to bound |f(s) — f(¢)] for (s, t) € (0,1), by the mean of one of the
three moduli of continuity.In each situation we use the same strategy:

1. Forall j, we set

fog = Y & k27 (2 - —k)

keZ
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three moduli of continuity.In each situation we use the same strategy:
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fog = Y & k27 (2 - —k)

keZ
Almost surely, f; ; is differentiable, we work on this event of probability 1.
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We want to bound |f(s) — f(¢)] for (s, t) € (0,1), by the mean of one of the
three moduli of continuity.In each situation we use the same strategy:

1. Forall j, we set

fog = Y & k27 (2 - —k)

keZ
Almost surely, f; ; is differentiable, we work on this event of probability 1.
2. Letv e Nbesuchthat2™ < |t —s| < 27v*L
3. Forallj < v, use mean value theorem to get = € (s, t) such that
g (8) = fug ()] < 1t = sI1Dfi 3 ()] < 201 — 51 3 1&; 4lly (202 = b))

keZ
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We want to bound |f(s) — f(¢)] for (s, t) € (0,1), by the mean of one of the
three moduli of continuity.In each situation we use the same strategy:

1. Forall j, we set
fog = Y & k27 (2 - —k)
keZ
Almost surely, f; ; is differentiable, we work on this event of probability 1.
2. Letv e Nbesuchthat2™ < |t —s| < 27v*L

3. Forallj < v, use mean value theorem to get = € (s, t) such that

g (8) = g (] < 1t = sl| D g (@)] < 207911 = 5 3 1 1 (2 — )|

keZ

4. Forall j > v, we bound separately |f, ;(¢)| and |f,; (s)].
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A. Ayache - M.S. Taqqu (2003)
There are an event Q* of probability 1 and a positive random variable C; of finite
moment of every order such that, for all w € Q* and (5, k) € Z?, the inequality

&),k (w)| < Ca(w)log(3 + 5] + |k])
holds.
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C. Esser — L.L. (2021)
Almost surely, there exists a constant C; > 0 such that, forall ¢, s € (0,1) we

have
Ifa(s) = fu(®)] < Cilt — s|"log |t — s
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C. Esser - L.L. (2021)
Almost surely, there exists a constant C; > 0 such that, forall ¢, s € (0,1) we

have
If2(5) = f(®)] < Cilt — s|"log |t — s|~L.

Idea of the proof : we use the fast decay of the Wavelet to reduce to bound
terms of the form

Z \/log(3+j+|k|)+ Z Vlog(3 + 7 + |k|)

(1+ |2z - k? (1+]2z - k|)

k| <27+1 |k |>2+1




Ordinary points il

UNIVERSITE DU
LUXEMBOURG

If j € Ng, and ¢ € (0, 1), we denote by £;(¢) the unique positive integer in
{0,...,27 — 1} such that t € [k; ()27, (k;(t) + 1)277).

Using a reindexation of N x Z, almost surely, there are an event Q; of
probability 1 and a positive random variable C; of finite moment of every
order such that, for all w € Q* and (5, k) e Nx Z,

1641 < Ciyflog(3 +5 + [k — (1)),
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C. Esser - L.L. (2021)
Almost surely, for almost every ¢ € (0, 1),

" fn(8) = fn(t)]

1m sup <
s—t |t — s|P/loglog |t — 5|1

+00.
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C. Esser — L.L. (2021)
Almost surely, for almost every ¢ € (0, 1),

1fn(s) = fn (D

lim sup < 400,

s—t |t — s|P/loglog |t — 5|1

Idea of the proof: fix ¢, on Q}, we reduce to bound terms of the form

5y VoG +7 +TF =K (DD | 3y VIog(B+] +1k = & (D))
(1+|2z — k|)* (1+27 — k|)*

kEKjt(n) k¢K;(TL)

where
K;(n) ={keZ: |k-Fk(t)| <n}

for some n well chosen. Conclusion by Fubini Theorem.
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C. Esser - L.L. (2021)
Almost surely, there exists ¢ € (0, 1) such that

Jimn sup Un(s) = O _
s—t |$|h‘
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m such that L < b, u fixed (for now)

At distance 0, is the realisation of the associated g.r.v. between u and 2u?
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m such that L < b, u fixed (for now)

At distance 2" is the realisation of the associated g.r.v. between 21 and
2l+1#?
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m such that L < b, u fixed (for now)

If we answer NO at each step, we keep the dyadic interval
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m such that L < b, u fixed (for now)

If we answer YES at one step
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m such that L < b, u fixed (for now)

If we answer YES at one step, we kill the dyadic interval
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m such that L < b, u fixed (for now)

We denote by F* the union of remaining intervals at step j, we want to show
that, almost surely, there exists u € N such that

P (w) = ﬂF’“‘ 0

which is equivalent to the fact that, for all J € N,

Sty (@) =) F!

jsJ

is non-empty.
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m such that L < b, u fixed (for now)
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m such that L < b, u fixed (for now)

We denote by N*(w) the number of subintervals of SI’;W ,» We want to show
that ’

P vt =) =1.
uoJ
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m such that L < b, u fixed (for now)

If N' = N, deciding wether erasing a given interval because of an interval at
distance between 2™ and 2(*+1) is a Bernoulli trial of parameter

() =P(2'u < €] < 2% p).
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m such that L < b, u fixed (for now)

If N' = N, deciding wether erasing a given interval because of an interval at
distance between 2!y and 2+ i is a Bernoulli trial of parameter

pi(p) = P24 < &) < 21 p).

By Tchebycheff's inequality applied on B(2N, p;(u)) laws, this will remove at
most

2N 2™+ 1) (i () + Wpi() (1 = pi(u)))
intervals with probability greater than 1 — N1,
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m such that L < b, u fixed (for now)

If N/' = N, deciding wether erasing a given interval because of an interval at
distance between 2™ and 2™ (#1 is a Bernoulli trial of parameter
pu(p) =P(2'p < |&] < 2% p).

By Tchebycheff’s inequality applied on B(2N, p;(u)) laws, this will remove at
most

2N (pi(p) + INpi () (1 = pi(p)))
intervals with probability greater than 1 — N~!. In total, we remove at most

2N 32+ 1) (pr(w) + Wi () (1= ()
=0

intervals with probability greater than 1 - N1
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m such that L < h, u great enough.

3 -
P(NJ, 2 5NJINJ = N) 2 1-N !
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m such that L < h, u great enough.

B(NY, = (5)7) 2 BN, 2 SN9 A (VY = (D))

= Z P(NY,, > NJ|N” N)P(N¥ = N)
N=(3)/

Z (1- NHR(NY = N)

N2(3 )J

> (1-(3 >J> Z P(NY = N)

N=(3)7

= (1- )W = (5)).
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m such that L < h, u great enough.

Forall J > J;

BV 2 1) 2 BV = (5))

3 / 2.
> (N, = (5)™) (ﬂ(l - (5)0).

Jj=J
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m such that L < h, u great enough.

Forall J > J;

J
3 2.
H < J1 _ (2
BN} 2 1) 2 (5) )(]_la (3) >).
Jj=J1
Forall ¢ > 0, as
+0o 2 ]
. A
J}ggw]—[a (37 =1
Jj=h
one can choose J; such that

ﬁ(1—(§)ﬂ')>1—s.

j=n
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m such that L < h, u great enough.

Forall € > 0, J; great enough and J > .J;
3 / P e P
H 2\J1 _ (2 _(ZV _
BV 2 1) 2 (3) >(j|:J|1<1 (3) >) j|:J|1<1 () >1-e.

By increasing u if necessary, we can choose to remove the intervals [0,277]

and [1 - 2771, 1] from SI‘;W I if necessary, and assume

3
MNﬁz(?h)>1—a
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m such that L < h, u great enough.

Forall J > J; Forall & > 0, J; great enough and J > J;

J +00
BV 2 1) 2 ()7 (ﬂ(l - <§)ﬂ‘>) [[a-Gr>1-e

Jj=J1 Jj=h

and if u is large enough
3.7
P(N) > (5) H>1-¢

and thus

B( () (N = 1) 2 BOVE = ()™ (H(l - <§)f>) > (1-e)2,

JeNg Jj=J1
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m such that L < h, u great enough.

In total, we showed that, forall 0 < & < %

Pl (v =1) > (1-2)%

pneN JeNg
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C. Esser — L.L. (2021)
Almost surely, there exists ¢ € (0, 1) such that

lim sup M < 400,
s—t |z|"

Idea of the proof :




Slow points il

UNIVERSITE DU
LUXEMBOURG

C. Esser — L.L. (2021)
Almost surely, there exists ¢ € (0, 1) such that

lim sup M < 400,
s—t |z|"

Idea of the proof :
AXt)={0<k <2 : [k(t) - k| <1}
and, forall1 <
Aty ={0 <k <27 : 2™ < |l (1) — k| < 2™,
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C. Esser — L.L. (2021)
Almost surely, there exists ¢ € (0, 1) such that

s F2(8) = o]
p
s>t |$|h

Idea of the proof :
AXt)={0<k <2 : [k(t) - k| <1}
and, forall1 <
Aty ={0 <k <27 : 2™ < |l (1) — k| < 2™,

Z > |fgk||(3+|2] 7

1=0 keAl(t)
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C. Esser — L.L. (2021)
1. If y € S(R) and w is a modulus of continuity such that

Jimn sup |fn(s) = fn(2)] ‘o
s—t w(ls - tl)

then

lim sup 0]
J—+00 (1)(2_])

2. If y is compactly supported then, for all j,

lej il < C sup  |fa(2) = fu(D)]
reB(t,R277)

where R is computed from the support of the wavelet and C'is a positive
deterministic constant.
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C. Esser - L.L. (2021)
1. Almost surely, for every ¢ € R, one has

lim sup [ 5, ()| = 2732y/x.

J—+00

2. Almost surely, for almost every ¢ € R, one has

€55 (1)
limsupj—Jm > 0.

jo+eo y/log g

3. Almost surely, for every non-empty open interval I of R, thereis t € I

such that ¢ |
. j k(1)
hmsup{]—J.} > 0.
\/_

J—+00 ]




Slow, ordinary and rapid points for Gaussian mni.ln
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C. Esser — L.L. (2021)

Let I denote any non-empty interval of R. AImost surely, the random wavelets
series fj satisfies the following property:

1. For almost every ¢ € I,

i sup PO = HOL @
s=t Wi (|s - t))

and if w is a modulus of continuity such that w = o(wf)h)), then

()=S0l _, ©

lim sup
s—t w(|s —t)

Such points are called ordinary points.
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Wavelets Series

C. Esser - L.L. (2021)

Let I denote any non-empty interval of R. AlImost surely, the random wavelets
series f, satisfies the following property:

2. There exists t € I such that

: fn(s) = fa (DI
R T ?

and if w is a modulus of continuity such that w = o(w,ﬁh)), then

a(8) =SB _, )

E)

lim sup
s—t w(|s —t])

Such points are called rapid points.
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C. Esser — L.L. (2021)

Let I denote any non-empty interval of R. Almost surely, the random wavelets
series f;, satisfies the following property:

3. There exists ¢ € I such that

lim sup W < +00, (4)
s—t Wy

and if w is a modulus of continuity such that w = o(w™), then

: fn(s) = f(®)] _
e R ©

Such points are called slow points.
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If @ € (0,1), a function f belongs to Holder space of order a on [0, 1],
C?([0,1]) if, there exists a constant C' > 0 such that, forall s, ¢ € [0, 1],

If () = f(DI < Cls — 1|7
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If @ € (0,1), a function f belongs to Holder space of order a on [0, 1],
C?([0,1]) if, there exists a constant C' > 0 such that, forall s, ¢ € [0, 1],

lf(s) = f(®)] < Cls —t*.
If @ < B then C([0,1]) € C'([0, 1]).
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If @ € (0,1), a function f belongs to Holder space of order a on [0, 1],
C?([0,1]) if, there exists a constant C' > 0 such that, forall s, ¢ € [0, 1],

If(s) = f(D)] < Cls — |
If o < gthen CB([0,1]) € C?([0,1]). We set

c/t = (1) ¢ ([0,1]).

a<h

Remark: f, € "\ C"([0,1]).
Remark: C/"" is a Fréchet space.
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1. The notion of prevalence which supplies an extension of the notion of
“almost everywhere” (for the Lebesgue measure) in infinite dimensional
spaces. In fact, in a metric infinite dimensional vector space, no measure
is both o-finite and translation invariant.However, the notion of
prevalence is a natural extension of the notion of “almost everywhere”
which is translation invariant.

2. Inthe sense supplied by the Baire category theorem. Let us recall that a
subset A of a Baire space X is of first category (or meagre) if it is
included in a countable union of closed sets of X with empty interior.
The complement of a set of first category is Baire-residual; it contains a
countable union of dense open sets of X.




Genericity of slow points

Let0 < h <1andt € [0,1], afunction f belongs to the pointwise Holder
space of order h at t, C*(¢) if there exists R > 0 and C' > 0 such that, for all
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IF(t) = f(s)] < Clt = s|".

UNIVERSITE DU
LUXEMBOURG




Genericity of slow points il

UNIVERSITE DU
LUXEMBOURG

Let0 < h <1andt € [0,1], afunction f belongs to the pointwise Holder
space of order h at t, C*(¢) if there exists R > 0 and C' > 0 such that, for all
s € B(t, R),

IF(t) = f(s)] < Clt = s|".

C. Esser - L.L. (2021)
Let & > 0. The set of functions f such that f ¢ C"(t) for every t € [0,1] is
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Let0 < h <1andt € [0,1], afunction f belongs to the pointwise Holder
space of order h at t, C*(¢) if there exists R > 0 and C' > 0 such that, for all
s € B(t, R),

IF(t) = f(s)] < Clt = s|".

C. Esser - L.L. (2021)
Let & > 0. The set of functions f such that f ¢ C"(t) for every t € [0,1] is
prevalentin /.

C. Esser — L.L. (2021)
Let & > 0. The set of functions f such that f ¢ C"(t) for every t € [0,1] is
Baire-residual in C"".
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If h < h’, C"(t) C C"(t) so one can define the pointwise Hélder of a locally
bounded function f at ¢ by

hy(t) =sup{h >0 : f e C"(t)}.

When the function ¢ — hy(t) is not constant we say that f is multifractal.
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C
|H(z) - H(y)| < —2—
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Daoudi - Lévy Véhel - Meyer (2011)
If H is the Holder function of a continuous function then there exists (P;);
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We consider a compact set K ¢ (0,1) and a function H : R — K, we will
assume that H satisfies a regularity condition slightly stronger than
continuity: there exits Cy > 0 such that for all z, y with |z — y| < 1, we have

C
|H(z) - H(y)| < ——2—
| log |z — y]|

(6)

Daoudi - Lévy Véhel - Meyer (2011)
If H is the Holder function of a continuous function then there exists (P;);
sequence of polynomials such that

H(t) =lim infj_mx, Pj(t)

I DPjlleo < j

If 3C > 0s.t, forall ¢, |H(t) — Pj(t)| < Cj~', we have log-regularity condition.
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With such a function, we define the multifractal random wavelets serie

fu= D D &2 DIy (20 ),

jeNkeZ
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C. Esser — L.L. (2021)

Let I denote any non-empty interval of R. If H : R — K satisfies the log-
regularity condition, almost surely, the multifractal random wavelets series fi
satisfies the following property:

1. For almost every ¢ € I,

: fz(s) — fu (1]
lllil_S);lp m < 400 (7)

and if w is a modulus of continuity such that w = o(wE,H(t))), then

: fu (8) = fu(®)] _
TP T @
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C. Esser - L.L. (2021)
Let 7 denote any non-empty interval of R. If H : R — K satisfies the log-

regularity condition, almost surely, the multifractal random wavelets series fy
satisfies the following property:

2. There exists ¢ € I such that

limsupw < +00,
=t ([t s))

)

and if w is a modulus of continuity such that w = o(w!"), then

Ufn(9) = (] _ ©®)

lim sup
s—t w(|s —t])
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C. Esser - L.L. (2021)
Let I denote any non-empty interval of R. If H : R — K satisfies the log-
regularity condition, almost surely, the multifractal random wavelets series fy
satisfies the following property:
3. There exists t € I such that

|fz(s) — fu (1] @)

lim SUp ———— 77— < +®
s>t (,_)gH(t))

and if w is a modulus of continuity such that w = o(w'# ), then

() = fu Bl _ -

lim sup
s—t w(ls - tl)
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This log regularity condition comes from the fact that, in the proof, we need to
deal with terms of the form

|H(t) — H(k277)]

where k277 is a dyadic number close to t.
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The (generalized) fractional Rosenblatt motion is a real-valued non-Gaussian
self-similar process with stationnary increments which belongs to the second
order Wiener chaos.

If (Hl, Hg) € (1/2 1) and Hi+Hy > 5 {RH1 HQ(t)}tG]R+ is defined by

Ry, 1, (t) = /2 Ky, 1, (t, 21, 22) dB(x1) dB(22)
R

where, for all (¢, z;, 72) € Rt x R?

1 H1-3/2 Hy=3/2 4
K t = — 1= 2~
Hy, Hy (1, 21, 72) T~ 12T —1/2) /0 (s —a)y (s —a)y
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Ayache - Esmili (2020)

t
2]1(1—H1)232(1—H2)8;?11’}Z2 /0 Ui (22 — k)W, (222 — k) da

(J1.J2.k1.k2) €Z*
where, if, (5, k) € Z?
g =22 /a,b(Qj:v - k) dB(z)

R
is a N(0, 1) random variables and (¢, 1),k is a sequence of independent random vari-
ables and, if j; # jo or ki # ko

ki.ke _ )
Eilo = Ek1€ha.ka

and

kk _ . \2 _
£, = (g5,1)° - 1.
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If nis suchthat2™ ! < |t —s| <27
If ; < nand j» < n, we can use mean value thm and turn to bound

Z b k2wH1 (2]137 - kl)sz(Q‘nLU - kg)

Jl »J2
k1,ko

which easily reduces to what have been done for the FBM.
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If nis suchthat2™ ! < |t —s| <27
If y <nandj >norn<j </ weneedtomake appear some postive
powers of 2772 so that the sum over 5, is finite. We have to bound the sums

S
k1.k ; A
Z Z ity / Vi (2% — k)W, (27 - k) dx
kl €Z k2€Z t
and consider some cases

1. we first deal with the sums over ky < 272t and k; > 2725 which easily
reduce to the FBM situation by bounding the sum of %, directly in the
integral and the sum aver £, after integration.
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If nis suchthat2™ ! < |t —s| <27
If y <nandj >norn<j </ weneedtomake appear some postive
powers of 2772 so that the sum over 5, is finite. We have to bound the sums

S
Z Z Sjll,j; / ‘r//H1 (2j1x - kl)sz(pr - k2) dx
k1eZ kocZ ¢
and consider some cases

1. we first deal with the sums over ky < 272t and k; > 2725 which easily
reduce to the FBM situation by bounding the sum of %, directly in the
integral and the sum aver £, after integration.

2. for 222t < ky < 2725, we write

[ L1
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If nis suchthat2™ ! < |t —s| <27
If y <nandj >norn<j </ weneedtomake appear some postive
powers of 2772 so that the sum over 5, is finite. We have to bound the sums

S
/1 (1=H1) 92 (1-H2) Z Z 821,}22 / Vi (2w — k)Y, (222 - kp) d
k1€Z ko €Z t
and consider some cases
1. we first deal with the sums over &, < 272¢ and k; > 2725 which easily
reduce to the FBM situation by bounding the sum of %, directly in the
integral and the sum aver k, after integration.
2. for 222t < ky < 2725, we write

[l-L-]

3. The integrals f_too and fsm can, again, be reduced to the FBM situation.
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[t remains us to consider

9d1 (1=H1) 9o (1-Ho) Z Z 8;611’,]{;2 /¢,H1(2j1x — k)Y, (2j2:c — k) dz
R

k1€Z 272t <kyp<272 s
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[t remains us to consider

9d1 (1=H1) 9o (1-Ho) Z Z 8;.611”]22 A‘/’fh (leil,‘ — k)W, (23‘21: ~ k) dz
k1 €Z 272t <ky <272 s
but,
k1,k: ; .
Fj11,j22 = Ale (22 = k)Y, (222 — k) dz # 0

ifandonlyif [j; —j2| < 1
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[t remains us to consider
g (I-HgR(-f) 37 " ghile /d’Hl(le:v — k)W, (272 — ky) da
k1€Z 272t <ko <2725 R
but,
JI?J;Q /%”H (22 — k)Y, (222 — k) dz # 0

if and onIy if |71 — j2] < 1 and, in this case, for all L € Ny

o |FiR) < Cp277 (34 [k - 2ky)) 7

. |F’“1 ’“2| < 027 3+ |kt — ko)t

. |F’“1 2| < Cp27 (3 + |2k - ko)) 7E

7.+1
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[t remains us to consider

g (I-HgR(-f) 37 " ghile /¢H1(2j1:v — k)Y, (27 x — k) d
R

k1€Z 272t <kyp<272 s
but,

JI?J? /¢H (2" = k)Wu, (222 — k) do # 0

if and onIy if |71 — j2] < 1 and, in this case, for all L € Ny
o |FiR) < Cp277 (34 [k - 2ky)) 7
. |F’“1 ’“2| < CL27 (3 + |k — ko)t
. |Fj“;ff| < C1279 (3+ |2k — k)75

This very nice fast decay property helps us to reduce the sum over k; < 271¢
and k; > 27 s to the FBM case.




The very last integral!! il

UNIVERSITE DU
LUXEMBOURG

It remains us to bound

9d1 (1=H1) 9ja (1-Ho) Z Z ght kz‘/%l’H1 231.1,‘ kl)WHz(QJQZE ko) dx

) ) ) ) 11 »J2
21 t<k) <2915 2721<kp<272s

with |51 — ja| < 1.
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It remains us to bound
i1 (1— o (1— ki,k
91 (1=H1) 92 (1-Hz) Z Z 311]22/,70}[1(2]133 kl)i,sz(Q]z:E ko) dz
<k <21 s 22t <ky <225

with [j; — 52| < 1.
Therefore, we consider the random variables
@) k@
DIVHASEND VD Yt o
j kD K@) j+1 g g+lg
ED <k <KD g2 <k <K (2

forallj > n, (W, KW (2 K®) e S} (), for A € 31, (t) where

D gD 2 g©
S} = {(k<1>,K<1>,k<2>,K<2>) eZ* . e/l}

20+12 2j+17 97 7 9j
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It remains us to bound
9d1 (1=H1) 9ja (1-Ho) Z Z flljlzzflllHl (2 — kl)WH2(2j25E ko) dx
21t <k <W1s 22t<kp <2725

with |51 — ja| < 1.

(2) g (2)
DTN VD T e
jLak™ KM NN

D <k <KD k2 <k <K(2)

forallj > n, (W, KW 2 K@) ¢ SP(2), for A € 34, (t) where

D g @ g2
SP) = {(k(l),K(l),k(2),K(2)) VAR e/l}

207 2 72w Y
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It remains us to bound
9d1 (1=H1) 9ja (1-Ho) Z Z 511]];2 ‘/l//Hl (2 — kl)WH2(2j25E ko) dx
21t <k <W1s 22t<kp <2725

with |51 — ja| < 1.

2 2

Zk( LK@ _ skl,k2 k1,k2

G LAk g J.3+17 g.5+1
D <k <KD k2 <k <K(2)

forall j > n,(kW, KW (@ K®)e S7(2), for A € 34, (t) where

D g L@ @
S2(A) = {(k“),K(U,k(?),K(?)) VAR e/l}

20 7 21 727+ 25+
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For the rapid points we want an uniform bound so we consider the events

l k2 K2
G Lk KM
A, =4YA1 €A, sup max sup <k(j-n+1)n
janE{o’l’Q}(k(l),K(U,k(?),K(?))eSf(/l) sz@),K@)

j kL) K1)

L2
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For the rapid points we want an uniform bound so we consider the events

l k2 K2
G Lk KM
A, =4YA1 €A, sup max sup <k(j-n+1)n
janE{o’l’Q}(k(l),K(U,k(?),K(?))eSf(/l) sz@),K@)

j kL) K1)

L2

P(4,) < C2" exp(—Kan) Z 24(7-n) exp(—Ka(j -n))

jzn

< 2" exp(-«kC'n)



Regularity property il

UNIVERSITE DU
LUXEMBOURG

For the rapid points we want an uniform bound so we consider the events

l k2 K2
jZk(l),K(U
A, =4YA1 €A, sup max sup <k(j-n+1)n
J'Z"ZE{O’I’Z}(k(l),K(1>,k(2),K(2>)esf(,1) [Zk(2),K(2)

j kL) K1)

By Borel-Cantelli, on an event of probability 1, one can bound the sum over
j = n of our last integrals by

L2

Ch Z 9 (§=Hi=H2) (j_p11)27 8 < Cp2n(I-H=H2) < cof— | HtH21 o0 £ —g]].

j=n
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L. Daw - L.L. (2021)
Almost surely, there exists a constant C; > 0 such that, forall ¢, s € (0,1) we
have

limsup |Rp,, i, () — Ry, m, ()] < Cilt — s+ og |t — 5|72

s—t
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For the ordinary points we fix a ¢t and we only consider the cubes that
contains it so the events

£ k2 K2
jZk(l),K(U

4 k2 K2
jZk(l),K(U

<k(j—n+1)log(n)

Ap(t) = {sup max sup
gzn (012} () k() k@) K@)es! (1 (1)

2
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For the ordinary points we fix a ¢t and we only consider the cubes that
contains it so the events

£ k2 K2
jZk(l),K(U

4 k2 K2
jZk(l),K(U

<k(j—n+1)log(n)

Ap(t) = {sup max sup
gzn (012} () k() k@) K@)es! (1 (1)

2

P(A, (1)) < Cexp(-«C log(n)) Z 240" exp(=k C(j - n))

j=zn

< O’ exp(-«C'log(n))
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For the ordinary points we fix a ¢t and we only consider the cubes that
contains it so the events

¢ k2 K2
jZk(l),K(l)
¢ k2 K2
jzk(l),K(l)

By Borel-Cantelli, on an event of probability 1, one can bound the sum over
j = n of our last integrals by

A, (t) =qsup max sup <k(j—n+1)log(n)

j=n €{0,1,2} (kM KD k@, K®@)es! (1, (1)

2

Gy 9 (5=H1=H2) (j_n11)27% log(n) < Cp2"-H1=H2) o0(n) < c3)t—s|F1+ 7271 log | log |t

i=n

25/26
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L. Daw - L.L. (2021)
Almost surely, for almost every ¢ € (0, 1),
|RH1,H2(8) - RHl,Hz(t)l

lim su < 400,
st P |t — s|H1tH2=1]oglog |t — 5|71
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For the slow points, we want to kill intervals so, in the Kahane procedure, we
also kill a dyadic interval 1 at scale n if it does not satisfy the condition

Vs k2 K2
G Lk KM
sup max sup <(G-n+1pu
j=n €€{0,1,2} (k(l),K(l),k(2),K(2))ESj€(/l) [Zk(Q),K(Z)

g kD K1)

L2
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For the slow points, we want to kill intervals so, in the Kahane procedure, we
also kill a dyadic interval 1 at scale n if it does not satisfy the condition

¢ k2 K2
j kD K1)

¢ k2 K2
jzkm,xm

The probaility of killing an interval because this condition fails is bounded by

<@-n+u

sup max sup
j=n t€{0,1,2} (M, KW, k2, K(2)eSt (1)

L2

C exp(~uC)

so if u is great, we don't kill too much.
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For the slow points, we want to kill intervals so, in the Kahane procedure, we
also kill a dyadic interval 1 at scale n if it does not satisfy the condition

V4 k2 K2
jzk(l),}((l)
Vs k2 K2
jzku),ml)
The probaility of killing an interval because this condition fails is bounded by

C exp(-uC)

so if u is great, we don't kill too much.
On an event of probability 1, one can found a slow point and bound the sum
over j > n of our last integrals by

Gy Y 2GR (j gy 1)278 < GpnITIHR) < gyt — g I,

i=zn

sup <(G-n+1u

s
j=n €€{0,1,2} (kKD k), K®2)es! (1)

L2




Regularity property

L. Daw - L.L. (2021)
Almost surely, there exists ¢ € (0, 1) such that,

|RH1,H2(8) - RH1,H2 (t)l

lim sup

s—t It - S|H1+H2_1

UNIVERSITE DU
LUXEMBOURG
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Now we work with a compactly supported wavelet v, with supportin (=N, N).

Cjk = 27 /lﬁ(2jx — k)Ru, m,(2) dz
R
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Now we work with a compactly supported wavelet v, with supportin (=N, N).

N
z+k k
Gk = [N ¥ (z) (RHl,HQ(T) - RHl’HQ(g) dx
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Now we work with a compactly supported wavelet v, with supportin (=N, N).

z+k

N ’ |
Cjk = OHl,H2/ W (x) (/2 /k . (s— xl)f1_3/2(3 - xz)fz_B/zdsdB(xl)dB(mg) dx
-N R2 JE
1

27

with Cuy, 1, = Fm 7
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Now we work with a compactly supported wavelet v, with supportin (=N, N).

z+k

' N
27 _ _
ik = CHl,Hz/] kw]Q/N Y () (/k (5= m) 1732 (5 — ) 27312 g
Tty 1T oF

27

dzx dB(x1)dB(x2)
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Now we work with a compactly supported wavelet v, with supportin (=N, N).

’ ac+k

b = Gt -/] k+1v]2./ #(a) (-/ (s xl)Hl 3/2(5 2 )H2 3/2d$
oo, 2l - 1

27

dz dB(LIIl)dB(ZEQ)

—_— —

We fix M € N and set ¢; = cM M where, if A; =]E=MM k+N12 gnd

k 2 2
Ag =] — oo, BN 12 \]’“ZLVM,’“;—JN]Z.
= Cy,. HQ/ /_ (x) (/f (s — o) (5 — 1) 2732 45 | dw dB(21)dB ()
and
= Cry 1 / / v (x) ( / m(s—mHl 302 (s — 2) 2732 45| 4w dB(21)dB (3,)
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Now we work with a compactly supported wavelet v, with supportin (=N, N).
The sequence

M
Cjk

lle Iz

b=NM kN k- NM K+ N
is identically distributed and, as soon as ( )N ( , 557) the

associated coefficients are independent.

IeM 12 2 Gy 27 (D

and

Y —j (Hy+Hy-1 Hy,Ha -1
||C%€||L2 < Oz/’/,Hl,ng J(Hi+Ho=1) 5 rmax{H1,Hz}
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