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ABSTRACT
In a number of applications, predicting the maximum displacement, velocity or acceleration amplitude that can be undergone by
a forced nonlinear system is of crucial importance. Existing resonance tracking methods rely on phase resonance or approximate
the response via a single-harmonic Fourier series, which constitutes an approximation in both cases. This work addresses this
problem and proposes a harmonic balance tracking procedure to follow the amplitude extrema of nonlinear frequency responses.
Means to compute the amplitude of multi-harmonic Fourier series and their time derivatives are first outlined. A set of equations
describing the local extrema of the amplitude of a nonlinear frequency response is then derived. The associated terms and
their derivatives can be computed via an alternating frequency-time procedure without resorting to finite differences. The
whole method can be embedded in an efficient predictor-corrector continuation framework to track the evolution of amplitude
resonances with a changing parameter such as the external forcing amplitude. The proposed approach is illustrated on two
examples: a Helmholtz-Duffing oscillator and a doubly clamped von Kàrmàn beam with a nonlinear tuned vibration absorber.
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INTRODUCTION
Nonlinearity is a frequent encounter in structural vibrations. Numerical approaches such as the harmonic balance (HB)
method [1, 2] were developed to simulate the forced periodic responses of nonlinear systems. By coupling this method with a
continuation scheme, it is possible to obtain the nonlinear frequency response (NFR) of the system for a given forcing ampli-
tude.

A feature of interest of the NFR is the maximum amplitude undergone by some degree of freedom (DoF) of the system. While
efficient algorithms exist to compute the amplitude resonances of linear systems (e.g. [3]), this is still an open problem for
nonlinear systems. Procedures that track the extrema of single-harmonic Fourier series were coupled with the HB in [4, 5].
Alternatively, a phase resonance approach was proposed in [6] and shown to be an efficient approach for lightly-damped
structures with well-separated resonance frequencies. However, there does not exist a method able to track the amplitude
extrema of general (multi-harmonic) responses of nonlinear systems in the literature, and this works aims to fill this gap.

The computation of NFRs with the HB method is first reviewed, and means to compute the amplitude of a Fourier series are
outlined. A procedure to track the amplitude extrema of NFRs is then proposed. The method is finally illustrated with two
examples.



NONLINEAR FREQUENCY RESPONSE AND AMPLITUDE
Before deriving the equations characterizing an extremum of amplitude, the HB method is briefly recalled, and means to
compute the amplitude of a Fourier series are outlined.

The harmonic balance method

The periodic solutions of the equations of motion of a nonlinear structure can be computed with the harmonic balance method.
These equations read

Mẍ(t)+Cẋ(t)+Kx(t)+ fnl(x(t), ẋ(t), t) = λ fext(t), (1)

where M, C and K are the structural mass, damping and stiffness matrices, respectively, x is the vector of generalized DoFs,
and fext and fnl are the associated generalized loading vectors related to the external and nonlinear and/or parametric forces,
respectively. λ is a parameter used to describe the amplitude of the external forcing, and an overdot denotes derivation with
respect to time (t).

A truncated Fourier series is assumed for the generalized DoFs as

x(t) = (Q(ωt)⊗ I)z, (2)

where z is the vector of Fourier coefficients, I is the identity matrix, ⊗ denotes the Kronecker product and Q is the vector of
harmonic functions

Q(ωt) =
[

1√
2

sin(ωt) cos(ωt) · · · sin(Nhωt) cos(Nhωt)
]
, (3)

Nh being the number of harmonics considered in the Fourier series. Inserting the ansatz (2) into Equation (1) and using a
Galerkin procedure, one obtains the dynamic equilibrium in the frequency domain,

A(ω)z+b(z,ω) = λbext. (4)

The full developments under this formalism are given in [1]. Equation (4) is typically solved for a fixed value of λ with a
continuation scheme [1, 2].

Amplitude of a Fourier series

We are now interested in a particular DoF u whose Fourier coefficients zu can be obtained from z and ω (if u is obtained by
derivation of the generalized DoFs) given by

u(τ) = Q(τ)zu(z,ω), (5)

where τ = ωt. The amplitude of a Fourier series corresponds to the maximum absolute value of this series and thus occurs at
one of its extrema. A necessary condition for an extremum is

u′(τ) = 0, (6)

where a prime denotes derivation with respect to τ . Since u′(τ) is a trigonometric polynomial, it can be cast into a rational
polynomial in the variable s = eiτ [7] (with i2 =−1). The roots of the numerator of this rational polynomial in s can be found
as the eigenvalues of the companion matrix associated to this ordinary polynomial [7]. The amplitude a of the Fourier series
can eventually be found with the value τmax = arg(s) (where arg(·) is the complex argument) that maximizes the absolute value
of the Fourier series, yielding

a = |Q(τmax)zu(z,ω)|. (7)

The procedure is illustrated with a Helmholtz-Duffing oscillator governed by

ẍ+0.1ẋ+ x+1.6x2 + x3 = λ sin(ωt). (8)

Figure 1 features the NFR amplitude at λ = 0.5 obtained with the outlined semi-analytical procedure. It is also compared with
a procedure where the amplitude is obtained by sampling the Fourier series and selecting the maximum absolute value among
the discrete set of computed values. An advantage of this second approach is that its output can be obtained as a by-product of
an alternating frequency-time (AFT) procedure [8]. The two approaches agree well overall, although the sampling procedure
results in a spurious nonsmooth character of the amplitude, which is not due to aliasing [9] but is rather a discretization error.
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Figure 1: NFR amplitude of a Helmholtz-Duffing oscillator: semi-analytical amplitude ( ), and amplitude computed using a
sampling procedure with 64 ( ), 128 ( ) and 256 ( ) points.

TRACKING PROCEDURE FOR AMPLITUDE EXTREMA
The maximum amplitude featured by an NFR is a quantity of interest but it generally depends on λ . Evaluating it for multiple
values of λ requires computing several NFRs with fixed λ , which can become computationally expensive. Instead of computing
multiple NFRs, the proposed tracking procedure considers λ as a variable and directly computes the locus of extrema. This
section derives the characterizing equations for an extremum of amplitude, and discusses how to obtain their derivatives.

Equations for amplitude extrema

To characterize the amplitude extrema of NFRs, a scalar quantity gp is appended to Equation (4) as

hp =

[
A(ω)z+b(z,ω)−λbext

gp(z,ω)

]
, (9)

and the condition gp = 0 indicates an extremum of amplitude. Mathematically, gp can either be the total derivative of the
amplitude with respect to ω with fixed λ [4] or the singularity of the Jacobian of an extended system [5]. The latter approach is
used herein for its robust character, and is extended to the case of a frequency-dependent amplitude. Following developments
similar to [5], one eventually obtains

gp(z,ω) = 0 ⇔ det(J̃) = det
([

∂h
∂z

∂h
∂ω

∂a
∂z

∂a
∂ω

])
= 0. (10)

gp is not directly equated to the determinant of the Jacobian J̃ in this work because its value and its derivatives would be
computationally expensive to evaluate. It is instead given implicitly as the solution of the bordered system [1, 10][

J̃ p
qH 0

][
w
gp

]
=

[
0
1

]
, (11)

where p and q are arbitrary nontrivial vectors1, and superscript H denotes a Hermitian transpose.

Equations (9)-(11) fully define a nonlinear system whose roots correspond to the extrema of the NFR amplitude. Using λ

as a variable, a branch of solutions that corresponds to a one-parameter family of extrema can be computed using, e.g., a
continuation approach.

1When J̃ is singular, p and q must not lie in its range and the range of its Hermitian transpose, respectively [10], which is generically the case for arbitrary
vectors.



Derivatives

To solve Equation (9), a Newton-Raphson procedure may be used. This requires the derivatives of Equation (9) with respect to
the parameters z, ω and λ . Computing the derivatives of h can efficiently be done using state-of-the-art methods such as the
AFT procedure [1,2,8]. The derivatives of a featured in Equation (10) can be obtained following [11]. However, the derivatives
of the last line are more complicated to compute, because this requires to know the second derivatives of h (since gp is defined
with its first derivatives, cf. Equation (10)). A similar issue is encountered in the bifurcation tracking literature, in which finite
differences are typically used [1]. It is also possible to compute the full third-order tensor of second derivatives [12], but this
procedure is both computationally expensive and memory intensive.

It is however possible to compute these derivatives semi-analytically with an AFT procedure, provided one has access to the
functional form of the nonlinearities and can compute their second derivatives. Using a decomposition of the nonlinear forces
into a sum of scalar contributions, the required derivatives can be computed as matrix products and circumvent the need for
third-order tensors. The full derivations are not given here for brevity but will be available in the journal article associated to
this publication [13].

EXAMPLES
The proposed procedure is illustrated with two examples: a single-DoF Helmholtz-Duffing oscillator, and a clamped-clamped
von Kàrmàn beam.

A Helmholtz-Duffing oscillator

The Helmholtz-Duffing oscillator governed by Equation (8) is considered as a first example. Figure 2 features several NFRs for
forcing levels up to λ = 0.15. The proposed extremum tracking procedure is able to accurately follow the amplitude resonance
associated with the primary resonance of the oscillator. As long as they are strong enough to create a local amplitude maximum,
non-primary amplitude resonances can also be tracked, such as the 2:1 superharmonic resonance featured in Figure 2.
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Figure 2: Set of NFRs of the Helmholtz-Duffing oscillator ( ) and peak loci of the primary ( ) and 2:1 superharmonic ( )
resonances.

A von Kàrmàn beam with a nonlinear tuned vibration absorber

A clamped-clamped von Kàrmàn beam depicted in Figure 3 is considered as a second example. The parameters of the system
are given in Table 1. The beam’s response was simulated using a nonlinear finite element model [14]. 10 elements were used,
thereby yielding a system with 27 DoFs (accounting for the clamped boundary conditions) for the bare beam, plus one for the
absorber. Proportional modal damping of 0.5% was added to the structure for the first two bending modes.
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Figure 3: A clamped-clamped von Kàrmàn beam with a nonlinear tuned vibration absorber.

Table 1: Material and geometrical parameters of the doubly clamped beam.

Young’s modulus (GPa) Density (kg/m3) Length (mm) Width (mm) Thickness (mm) x0 (mm)

210 7800 500 20 1 100

Focusing first on the dynamics of the bare beam, Figure 4a shows that the proposed procedure is again able to accurately track
the amplitude resonance associated with the first mode of the beam. The results were compared to phase resonance tracking,
which also yields a remarkably accurate characterization of the amplitude resonance owing to the light damping present in the
structure [6], as observed in Figure 4b.
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Figure 4: NFRs of the beam ( ), phase resonance ( ) and extremum tracking ( ) (a); relative error of the phase resonance
amplitude aPR with respect to the extremum aET (b).

A nonlinear tuned vibration absorber (NLTVA) [15] was then added to the structure in order to mitigate the vibration amplitude
around the first mode. The position of the absorber was chosen arbitrarily. The mass of the absorber was chosen to be 5%
of that of the structure, and the other parameters were tuned following [16], using the implicit condensation approach [17] to
obtain an effective cubic bending stiffness (including membrane stretching effects). The resulting parameters are gathered in
Table 2.

Table 2: Parameters of the NLTVA.

ma (kg) ca (kg/s) ka (N/m) k3,a (N/m3) xa (mm)

0.0039 0.09 68.3503 1.3764×107 400

The amplitude resonance of the controlled system cannot be accurately characterized by phase resonance. Indeed, Figure 5
shows the phase of the first harmonic is far from being constant and drastically changes between the quasi-linear (λ = 0.03
N) and strongly nonlinear (λ = 0.15 N) regimes of motion. This result is to be expected, given the high modal damping and



closely-spaced resonance frequencies of the controlled structure.

50 100 150 200 250

 (rad/s)

0

2

4

6

8

a
/

 (
m

/N
)

10
-3

(a)

50 100 150 200 250

 (rad/s)

0

/4

/2

3 /4

P
h
a
s
e
 (

ra
d
)

(b)

Figure 5: Normalized NFRs of the controlled beam at λ = 0.03 ( : NFR, ◦: amplitude peaks) and λ = 0.15 ( : NFR, ◦:
amplitude peaks): normalized multi-harmonic amplitude (a), and phase of the first harmonic (b).

The proposed tracking procedure allows once again for an accurate characterization of the peaks, as illustrated in Figure 6.
Similarly to the case of a single-DoF host [15], the NLTVA is able to maintain nearly equal peaks in nonlinear regimes of
motion (and therefore effective vibration mitigation), but an isola eventually merges with the rightmost peak of the controlled
NFR, marking the end of the working range of the absorber. The extremum tracking procedure not only offers a way to assess
the performance of the absorber, but also captures this phenomenon.
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Figure 6: Set of NFRs of the controlled beam ( ) and locus of resonant peaks ( ).

CONCLUSION
A harmonic balance-based extremum tracking procedure was proposed in order to efficiently compute the evolution of ampli-
tude resonances. An approach exploiting a companion matrix was used to compute the amplitude of multi-harmonic Fourier
series. The equations characterizing an amplitude extremum of an NFR were derived, and the associated residuals and their
derivatives can be computed efficiently with bordered systems and an AFT procedure. The proposed approach showed its ac-
curate character with two examples, namely a single-DoF Helmholtz-Duffing oscillator and a clamped-clamped von Kàrmàn
beam with an NLTVA.
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