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Abstract. The First Passage Time (FPT) of a given signal is the time required to reach a
level Xf for the �rst time, when starting from a level X0. For a given set (X0, Xf ), this time
can be obtained by moving along the given signal and clocking the time on when passing
through level X0, then o� when passing through level Xf for the �rst time. For random
signals, the FPT is a random variable. Several samples of the �rst passage time are collected
while moving along the given signal to compute the corresponding statistical moments and
probability density function. The FPT map associates each statistical moment with every
couple (X0, Xf ). A map is constructed for every desired moment. A naive implementation
of the signal processing method to compute the FPT map would require to move along the
signal as many times as the desired pairs (X0, Xf ). Instead, this paper introduces a new and
optimized algorithm to establish the FPT maps of any statistical moment and, optionally, of
the whole probability distribution. This algorithm combines di�erent features to produce a
computationally e�ective and memory-e�cient method. The algorithm estimates the entire
map by iterating only once across the signal. The accuracy of the algorithm has been assessed
with particular cases where theoretical solutions exist as well as for lab data. Furthermore
the algorithm's performance has also been evaluated in terms of computational burden. A
speci�c attention is given to the computation time scaling for the evaluation of an FPT map,
with respect to the signal size.

1. Introduction

Many �elds of engineering are concerned with time varying phenomena. The development
of cells, the spread of diseases, the progressive accumulation of energy in structural systems
are just a few examples of applications where designers need to master the question of the
time required to evolve from a known initial con�guration, and to reach a target (usually
design) con�guration. The shortest time required for this transition is usually referred to the
First Passage Time. It �nds applications in chemistry [1], biology [2], wind engineering [3],
sensor design [4], but also in �nancial applications [5] and the modeling of global warming
[6].
In typical real-life applications the data that scientists are dealing with is corrupted by

noise. It is therefore essential to develop signal processing techniques that are able to re�ect
most of the important features of random signals. Standard signal processing techniques
include statistical estimators such as the average or standard deviation, the spectral den-
sity and autocorrelation [7], �ltering and z-transform [8], envelope extraction [9, 10]. Also
traditional signal processing techniques are associated with either the time domain, either
the frequency domain, or sometimes hybrid time-frequency representations such as wavelet
transforms. In this paper, we suggest to characterize the features of a measurement or syn-
thesized random signal by means of its �rst passage time and present an e�cient algorithm
for this new signal processing technique.
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Figure 1.1. FPT maps from two di�erent approaches

For a given discrete-time signal, the First Passage Time (FPT) is de�ned as the time
required to reach a target level Xf for the �rst time after having started at a given level X0,
see Figure 1.1-a. This concept is discussed in detail in Section 2 but from now on it is possible
to state that, if the signal is a random process, the FPT is a random variable. Accordingly,
it is possible to calculate its mean, its standard deviation and even its Probability Density
Function (PDF). In order to obtain a full picture of the speci�cities of the signal, the FPT
maps of the various statistical moments of the FPT can be represented as a function of X0

and Xf . Examples of maps of averages and standard deviations of FPT are given in [11] and
[12], respectively.
In the literature, there exist mainly two very di�erent contexts where FTPs are considered,

see Figure 1.1-b. The �rst one is a theoretical approach in which the �rst passage times
of some speci�c stochastic processes are studied. In some cases, closed form solutions or
their asymptotic behavior are determined [13]; in others, numerical techniques based on
the solution of the Fokker-Planck-Kolmogorov equation [14] or path integral methods [15]
are used to determine the statistics of the FPT of such classes of processes. An e�cient
way to validate the results obtained with these semi-analytical techniques is to recourse to
Monte Carlo simulations. It consists in generating samples of the considered processes, then
for each sample determine the �rst passage times and proceed to a statistical analysis [16].
In this case it is necessary to have an e�cient algorithm at hand in order to perform this
statistical analysis and validate the theoretical results. Although some authors do validate
their analytical solutions in this manner, there is usually very little information about the
way the statistics of FPT from samples are obtained. The second context is the experimental
one, where signal processing of measured data, acquired in the lab or in real conditions, is
essential to scienti�c research. In this paper, we suggest to consider the FPT map as a new
signal processing technique; it is therefore crucial to have a performant algorithm at hand to
enjoy the possibility of this new tool. The proposed algorithm stands out from the current
practice, e.g. [3], in the sense that the complete map, for various values of initial X0 and
�nal Xf values can be established by processing the signal only once.
The algorithm to determine the �rst passage time, as sketched in Figure 1.1-a, might be

seen as pretty similar to the rain�ow counting algorithm [17, 18] used for cycle-counting in
structural fatigue. However, while in the latter case, it is clear that a drop would just fall
from top to bottom along a signal, in the former case, it is in principle necessary to go back
and forth in the sampled signal since there exist multiple initial times corresponding to the
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initial value X0 and also multiple �nal times corresponding to the �nal value Xf . A simple
extension of the rain�ow counting would therefore actually turn out to be prohibitive.
This paper is organized as follows. The FPT algorithm is described in Section 2. This

algorithm is able to compute various cumulants of the FPT, but also its PDF for any com-
binations (X0, Xf ). In Section 3, the e�ciency of the algorithm is assessed by using three
stochastic signals: an Ornstein-Uhlenbeck process, a Geometric Brownian Motion as well as a
narrowband signal. In Section 4, numerical results obtained with the algorithm are compared
with theoretical ones for the Ornstein-Uhlenbeck process. In Section 5, maps and histograms
of the FPT computed for vibration data collected on a mechanical experimental setup are
compared to those of a numerical model. Conclusions and further work then close this paper.

2. Algorithm

2.1. Generalities. Let Xi, (i = 1, ..., n) a discrete-time signal, which can be seen as a
realization of a random process. We present an algorithm for computing the First Passage
Time maps. These maps represent some selected statistical cumulants of the FPT for various
combinations of the initial and �nal values, X0 and Xf . The �rst two cumulants are the
average �rst passage time (k = 1) and its variance (k = 2). In general, the �rst passage time
maps of the �rst few cumulants k = 1, ..., p are computed. Since the standard error of the
estimators increases with p, it is customary to opt for p = 2. However, it is not forbidden to
use the proposed algorithm for much larger values. The authors have personally applied the
algorithm up to p = 4 for very long time series.
We seek to compute the maps for Nmap values of X0 and Xf which are uniformly spaced

between Lmin and Lmax. These values are set to default at the 10th and the 90th percentiles
of the given signal, as shown in Figure 2.1-a. The Nmap equally spaced and ordered levels
are noted LiL, with iL ∈ {1, 2, ..., Nmap}, L1 = Lmin and LNmap

= Lmax.
Beside cumulants, the proposed algorithm also optionally computes the histogram of the

FPT for the same combinations of X0 and Xf , or less if some data storage needs to be saved.
Indeed, these histograms are recursively computed as explained next by counting the number
of occurrences of �rst passage times in small predetermined bins (b = 1, ..., nbins) which are
allocated at the beginning of the signal processing. These bins can then be aggregated in
order to reach some optimality in the density estimator [19, 20].
For cumulants, each of the FPT maps can therefore be seen as an Nmap × Nmap array

gathering the statistics of the FPT for the di�erent combinations of X0 and Xf , and for
k = 1, · · · , p. The FPT map of the histogram, however, is a Nmap ×Nmap × nbins array.
Since the same crossing levels are used for both X0 and Xf , elements on the main diagonal

of an FPT map are equal to 0 because there X0 = Xf , and it takes no time to reach level
Xf = X0, starting from X0. Also the FPT values above and below this diagonal respectively
correspond to Xf > X0 and Xf < X0. The latter case may be less intuitive but is not
irrelevant (e.g. [16]); it has practical applications in dissipative systems.
A naive implementation would entail iterating through the varying initial and �nal values,

leading to reprocessing of the signal for every new combination of X0 and Xf , and possibly
for every other cumulant of interest. Instead, a new algorithm was developed in order to
e�ciently compute FPT maps of a given signal. The conceptual idea is the same as the algo-
rithm presented in [3], in which the statistics of the FPT are computed for all combinations
of X0 and Xf simultaneously. This algorithm is described by the authors as a variant of the
rain�ow algorithm. By virtually rotating the time signal by 90°, one can visualise a water
droplet falling and its trajectory de�nes the main envelope, which is stored. Subsequently,
a partial envelope can be constructed for every point of the time signal utilising the same
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process until the water droplet meets the path of the main envelope. Once the main envelope
is reached, the partial envelope aligns with it until the end of the time signal. Afterwards,
the FPTs are derived from the computed envelopes.

(a)

(b) (d)(c)

va
lu
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Figure 2.1. General overview of the proposed algorithm: (a) de�nition of
levels, spanning a pre-de�ned value of the minimum and of the maximum, (b)
linear interpolation to compute the crossing time t̂c, (c) storage of t̂c into the
vector tc and FPT calculation (d) storage of FPT into the iLth row of a map
of a raw moment

The proposed algorithm di�ers as the signal is analyzed backward and does not rely on a
variant of the rain�ow algorithm anymore. As a �rst advantage, only the last encountered
time for each level is required to calculate the FPTs so that, in the reverse analysis process,
only those crossing times are temporarily stored. This considerably reduces the memory
storage. Also, the speci�c algorithmic arrangements presented in detail later ensure that the
signal is processed only once, which reduces the CPU time for the signal processing.
For a compact view, three pseudo-codes are provided. The main function of the algorithm

is 1. Algorithms 2 and 3 correspond to the functions isALevelCrossed() and isAnotherLevel-
Crossed() used by FPT_map(). They are related to the detection of crossed levels. These
three functions are described in more detail later in this document.
In essence, the proposed algorithm is based on two di�erent parts operating in cycle over

each time step. The �rst part is the detection of level crossing and the second part is, if a
level has been crossed, the computation of the FPT.
Firstly, the algorithm aims at keeping track of time instants where levels LiL are crossed,

while rewinding the signal. The level crossing detection hinges on two main functions aiming
at e�ciently �nding a crossed level: isALevelCrossed() and isAnotherLevelCrossed(). These
functions require the sign of the slope of the previous and current crossed levels LiL. The
slope is said null if (X0 = Xf ), positive if Xi−1 < Xi and negative instead. The �rst crossed
level LiL is determined based on the last point of the signal. Once the �rst crossed level has
been determined, a pointer is used to move backward through the signal, point by point.
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FPT_map()

Input: ti, Xi, ∀i = 1, ..., N
Output: FPT maps of cumulants and histograms of FPT

Discretisation of X(t) into Nmap equidistant levels L
Determination of the bin width and the number of bins based on the input coef_dt

Initialisation of the last crossed level and its slope based on X(N)
for i← N to 1

Save of the slope for the last crossed level LiL

isALevelCrossed()
while A level is crossed

Storage of the current time t̂c for the corresponding crossed level LiL into tc
FPT← tc − t̂c
Update iLth row of maps of raw moments

Update histograms

isAnotherLevelCrossed()
end

end
Transformation of raw moments into cumulants

Algorithm 1: FPT_map()

The function isALevelCrossed() is always used �rst in order to check if at least one level is
crossed. The e�ciency of this function is based on a fast detection of level crossing, and if
so, which level(s) has(have) been crossed. Thanks to simple if/else statements, the sign of
the current slope and the sign of the slope of the last crossed level, only one level has to be
checked in order to detect if a level is crossed. If the checked level is not crossed then no
other test has to be performed. In the case of a null slope, the algorithm simply checks if the
current level LiL is equal to Xi−1. There might be several level crossings over one time step,
when the gradient of the signal is large. Therefore, the function isAnotherLevelCrossed() is
used. This function is a lighter version of the function isALevelCrossed() which improves the
speed of the algorithm. The function isAnotherLevelCrossed() will be called while it detects a
level crossing after each FPT calculation.
Secondly, when a level is crossed, say level iL, a crossing time t̂c is calculated by linear

interpolation between ti and ti−1,

(2.1) t̂c =
LiL −Xi−1

Xi −Xi−1

(ti − ti−1) + ti−1

to provide a re�ned estimation, see Figure 2.1-b.
This time t̂c is stored at the iL

th entry of a 1xNmap vector tc, possibly replacing information
previously stored at the same location, to indicate that level LiL has been crossed at that
time, see Figure 2.1-c. The vector tc is used to store the last value t̂c for each level LiL.
In addition, a logical vector 1xNmap called Lmet is used to track which level has already
been encountered since the beginning of the signal processing; Lmet(iL) is therefore set to
true. We found this vector useful to be able to take advantage of the vectorial programming
capabilities of the Matlab language [21].
Then, the FPT of all encountered levels is simply the di�erence tc − t̂c.
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isALevelCrossed()

Input: Xi, Xi−1, L, slope_iL, iL, Nmap
Output: iL, slope_iL, crossing, crossing_di�_slope

crossing ← FALSE

crossing_di�_slope ← FALSE

if Xi > Xi−1

if Xi ≥ L1 and Xi−1 ≤ LNmap

if slope_iL is positive

if iL− 1 > 0 and Xi−1 ≤ LiL−1

iL← iL− 1
slope_iL is positive again

crossing← TRUE

end
else

if iL > 0 and Xi−1 ≤ LiL

iL← iL− 1
slope_iL is positive now

crossing ← TRUE

crossing_di�_slope ← TRUE

end
end

end
else if Xi < Xi−1

if Xi ≤ LNmap and Xi−1 ≥ L1

if slope_iL is negative

if iL+ 1 ≤ Nmap and Xi−1 ≥ LiL+1

iL← iL+ 1
slope_iL is negative again

crossing ← TRUE

end
else

if iL ≤ Nmap and Xi−1 ≥ LiL

iL← iL− 1
slope_iL is negative now

crossing ← TRUE

crossing_di�_slope ← TRUE

end
end

end
else

if Xi−1 = LiL

slope_iL is horizontal

crossing ← TRUE

end
end

Algorithm 2: isALevelCrossed()
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isAnotherLevelCrossed()

Input: Xi−1, L, slope_iL, prev_slope_iL, iL, Nmap
Output: iL, crossing

crossing ← FALSE

if slope_iL is positive
if prev_slope_iL is positive

if iL− 1 > 0 and Xi−1 ≤ LiL−1

iL← iL− 1
crossing ← TRUE

end
else

if iL > 0 and Xi−1 ≤ LiL

crossing ← TRUE

end
end

else if slope_iL is negative
if prev_slope_iL is negative

if iL+ 1 ≤ Nmap and Xi−1 ≥ LiL+1

iL← iL+ 1
crossing ← TRUE

end
else

if iL ≤ Nmap and Xi−1 ≥ LiL

crossing ← TRUE

end
end

end
Algorithm 3: isAnotherLevelCrossed()
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These values are samples of the random variables corresponding to the �rst passage times.
The integer powers k = 1, · · · , p of the di�erences tc − t̂c are added to the maps of raw
moments which will be used, ultimately, to compute the cumulants of the �rst passage times,
see Figure 2.1-d.
The cumulants are then updated inside matrices. Di�erent cumulants can also be calcu-

lated by changing the power k. The histograms are also updated. These FPT histograms
are calculated at di�erent locations of a FPT map. The bin width can be determined based
on the chosen accuracy and is a multiple (coef_dt) of the time step. A posteriori, the FPT
histograms can be post processed using di�erent formulas [19, 20] in order to reduce the num-
ber of bins. Before moving the pointer onwards, isAnotherLevelCrossed() checks if another
level L is crossed. If this is the case, the FPT calculation is performed once again until the
function isAnotherLevelCrossed() returns false, i.e that no level crossing has been detected.
Once the pointer has reached the �rst data point in the signal, the processing is complete.
The algorithm returns numerical values of the FPT maps which can then be independently
graphically represented.

2.2. Speci�c features. In order to optimize the algorithm and its performances, several
speci�c features have been used.
The �rst one is taking advantage of the vectorization from Matlab by using the vector

Lmet. This vector is useful to reduce de computational time by avoiding redundant loops.
Moreover, the vectorization of Matlab has also been used in the computation of the FPT
histograms. Indeed by determining all cells of the 3D matrix that need to be updated, the
increment of these cells is performed directly without any explicit loop.
A second feature of the proposed algorithm concerns the windowing of signals with missing

data. If a part of a signal has been corrupted or is missing, the user can discard that part.
Indeed, since the algorithm also returns the occurrences of the �rst passage time, by sending
one fraction of the signal at a time to the algorithm, the user can get the matrices with the
data that is already processed for the cumulants calculation. A simple averaging of these
matrices is possible and allows to concatenate information coming from several fragments of
a corrupted signal with missing pieces.
The last feature concerns the handling of signal with low digitalization or rounded values.

Indeed, in case of low digitalization, there are two major issues : (i) identical consecutive
values resulting in a slope equal to zero and (ii) data values which correspond exactly to a
level LiL. While in a signal with signi�cant digitalization, these two cases are marginal, they
occur much more frequently in case of low digitalization. In order to limit the bias, the �rst
issue is easily solved by taking into account the special case of the null slope in the functions
isALevelCrossed() and isAnotherLevelCrossed() while the second issue required more attention.
In the original version of our algorithm if a data point was equal to a level LiL this point was
taken into account twice. To face this issue it has been decided that the FPT calculation is
skipped if LiL = Xi except for the point X(n), which is the �rst point encountered by the
algorithm. This removes the double counting.
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3. Efficiency of the proposed algorithm

In this section, the e�ciency of the algorithm is discussed.
As a �rst comparison, we were able to re-use the data utilized in [3]. Both algorithms have

processed this data. The algorithm featured in [3] took 2600 seconds to complete its calcu-
lations whereas, the proposed algorithm only required 6 seconds, resulting in a calculation
time 400 times shorter.
As a second comparison, we conducted a parametric study to demonstrate the e�ectiveness

of the proposed algorithm in addressing various aspects of a problem. In this case three types
of signals with very di�erent spectra have been used: an Ornstein-Uhlenbeck (O-U) process,
a Geometric Brownian Motion (GBM) and the displacement response of a single oscillator
(1-DOF) with mechanical properties as per [22] (m =28.138 to, k =22495 kN/m, ξ =4%)
and subjected to narrowband white noise excitation in the range [4; 5] Hz.
The �rst two processes are well-known theoretical stochastic processes. They have been

generated numerically by using the Euler scheme and the de�nition of the Wiener process
[16]. The third sample has been obtained by solving the motion equation of the single degree-
of-freedom oscillator using the Newmark scheme under a loading history sampled from a
narrow banded white noise around the �rst bending mode (4.5 Hz) of the corresponding
specimen. Figure 3.1 shows two samples each of these processes. A close-up view in the
range t ∈ [1000; 1020] s o�ers a better picture of the processes at stake. Also, while the
geometric Brownian motion is an unbounded process, the other two considered processes are
Gaussian, as indicated by the histograms of the sampled time series. A reference case is
obtained by computing the FPT map of samples of these three random processes. They are
sampled at 500 Hz, for a duration of 10 s (i.e. contain 5000 data points) and the FPT map is
established for Nmap×Nmap = 400 values. For the three processes (O-U, GBM and 1-DOF),
the mean execution times, averaged over 150 repetitions, are respectively 0.0175, 0.0105 and
0.0144 seconds. Unlike more traditional processing techniques such as the Fourier transform,
the computational burden associated with the establishment of an FPT map depends on
the speci�c nature of the signal. In particular, the computational time associated with
the geometric Brownian motion is signi�cantly shorter than for the other two processes.
As detailed in the following, this is a consequence of the drift associated with a geometric
Brownian motion.
A parametric study has been carried out in order to determine the in�uence on the runtime

(to compute the whole FPT map) of three major parameters that have been identi�ed as
having a possible in�uence on the quality of the resulting FPT map:

(1) the total length of the signal,
(2) the sampling frequency of the signal,
(3) the number of level discretization Nmap.

The results of this analysis are reported in Figure 3.2 in terms of a wall-clock time, i.e. the
elapsed time as displayed on a chronometer. This measure has been chosen over CPU-time
as the latter is dependent on the number of processing cores utilized. The wall-clock time
is represented for each studied parameter. Moreover, for enhanced analysis of the in�uence
of the di�erent parameters on the total execution time, two distinct times, namely tcal and
tlevel, have been utilized. The time tcal is the time required to calculate FPTs and to store
them into matrices while tlevel is the time needed to detect if one level is crossed. Together,
tcal and tlevel constitute the total execution time. The order of magnitude of the Matlab

time accuracy is roughly 0.1s. The number of repetitions is therefore chosen as 150 in order
to better discriminate between the di�erent cases. Based on the number of measurements
and the time accuracy of Matlab, a threshold value equal to 0.1/

√
150 = 8.10−3s has been
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estimated. Below this value, the estimation of the wall-clock time is inaccurate and the
corresponding zone is colored in light gray because the calculated time may be a�ected by
other CPU tasks, for example. These performance tests have been carried out on a computer
with the following speci�cations: CPU: Intel(R) Core(TM) i7-10510U CPU 2.30GHz, RAM:
16Go 2667MHz.
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Figure 3.1. Generated samples of the three considered stochastic processes:
the Ornstein-Uhlenbeck process, the Geometric Brownian Motion and a nar-
rowband process. Two samples are shown for each process.

In Figure 3.2-a, the in�uence of the signal length is shown. The same sampling frequency is
set at fs = 500 Hz, and the parametric analysis concentrates on the signal size, which ranges
from a total duration T = 0.2 s for n = 102 to T = 2000 s for n = 106 points in the signal.
In the worst case, the wall-clock time grows proportionally to the number of points. The
geometric Brownian motion is the most advantageous case due to the peculiar occurrence
of crossing times of this random process. In Figures 3.2-d, 3.2-g and 3.2-j, tcal and tlevel are
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represented for each process. For the O-U and 1 DDL processes, tcal always exceeds tlevel
in value by at least one order of magnitude. This is not the case for the GBM process for
which tlevel is getting closer to tcal and even becomes larger as the signal size increases. This
deviation from the other two processes can be explained by the exponential global behavior
of the GBM process. Eventually, this process stops trailing through the lower levels after a
certain time. Therefore, for the same number of points, fewer FPTs are calculated for the
GBM process than for the other two processes. As the signal size increases, the algorithm
spends proportionally more time checking if a level is crossed than computing FPTs.
Figure 3.2-b illustrates the in�uence of the sampling frequency. A total duration of T =

10 s is maintained and the sampling frequency is adjusted so that using n = 102 data points
corresponds to a sampling frequency fs = 10 Hz and using n = 106 data points corresponds to
a sampling frequency fs = 100,000 Hz. In Figures 3.2-e and 3.2-h, it can be observed that tlevel
is increasing faster than tcal. Indeed, doubling the sampling frequency fs does not necessarily
double the number of calculated FPTs; in practice, this number usually decreases. However,
the number of data points doubles which results in a larger increment of tcal compared to
tlevel. In Figure 3.2-k, the behavior of tcal is di�erent. At a sampling frequency fs ≈ 100
Hz, tcal is constant, which can be attributed to the numerical scheme. When the time step
is small enough, i.e. the sampling frequency fs is su�ciently high compared to the range
of the narrowband white noise used as an input, the Newmark scheme under the same
loading history will compute identical response signals, corresponding to the same number of
calculated FPTs. Finally, it can be concluded that tcal becomes dominant over tlevel for each
signal in this section beyond a certain high sampling frequency fs.
In Figure 3.2-c, the in�uence of Nmap is shown. The proposed algorithm displays uniform

behavior across all processes: the wall-clock time mainly depends on the number of calculated
FPTs, i.e. is proportional to N2

map. This trend is also observable in Figures 3.2(f), 3.2(i) and
3.2(l) where tcal is at least one order of magnitude higher than tlevel. For the same signal
duration and sampling frequency, the O-U process exhibits more threshold crossings, thereby
contributing to its longer runtime when compared to the 1DOF and GBM processes.
Memory e�ciency is a crucial aspect of this algorithm. Furthermore, this algorithm has

the added bene�t of memory usage only relying on the parameter Nmap and the number of
histograms as well as their bin width. This added perk further legitimises the algorithm's
e�cacy as it requires minimal storage for computing statistical moments of FPT.
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total length (a,d,g,j), of the frequency (b,e,h,k) and of the parameter Nmap
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Motion (g,h,i) and a narrowband process (j,k,l)
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4. Verification

In this section, the algorithm's results are compared with theoretical values to validate
the accuracy of the algorithm. The well-known Ornstein-Uhlenbeck process has been chosen,
which is the solution of the stochastic equation (7.1). Please refer to Appendix A for fur-
ther details. The Appendix also contains information about the average (7.2) and standard
deviation (7.3) of the �rst passage time. The mathematical development of the Probability
Density Function (PDF) has been summarized in the Appendix based on [23]. The numerical
values chosen for the parameters are α = 0 and β = σ = 1, and the stochastic equation is
solved numerically with an Euler-Maruyama scheme [24]. Following the same Monte Carlo
procedure as in the previous section, samples of this O-U process are generated and the maps
of average FPT and standard deviation of FPT are computed. Histograms of the �rst passage
time are also computed for some selected combinations of (X0, Xf ).
The stochastic di�erential equation has been integrated with three di�erent time steps,

corresponding to frequencies 500 Hz, 5000 Hz and 50000 Hz, which allows appreciating the
impact of this simulation parameter on the accuracy of FPT maps. Moreover, several signals
have been used and the results of each signal have been merged in order to encounter at least
106 FPTs for each combination of (X0, Xf ). The chosen number minimises uncertainties on
the FPT statistics. In Figure 4.1-a, the average FPT map is represented. The numerical
results properly match the theoretical results summarized in the Appendix. As expected,
greater sampling frequencies improve accuracy. Figures 4.1-(b,c,d) show absolute errors at
sampling frequencies of 500 Hz, 5000 Hz and 50000 Hz. The Table 1 displays the highest
relative errors for the average FPT at various sampling frequencies. These values are located
near the main diagonal of the map where X0 and Xf are close to each other. They correspond
to very short passage times and are a�ected by the discretization.

Sampling frequency 500 Hz 5000 Hz 50000 Hz

Maximum error on average of FPT 36% 11% 4%
Maximum error on STD of FPT 19% 6% 3%

Table 1. Maximum errors for the average and the STD of FPT for di�erent
sampling frequencies

In Figure 4.2-a, the STD of FPT is represented. The curves overlap signi�cantly, similar to
the average FPT map. In Figures 4.2-(b,c,d), relative errors are plotted for frequencies of 500
Hz, 5000 Hz and 50000 Hz. The maximum values are listed in Table 1. It can be seen that
the maximum relative errors on the map of the STD of FPT are lower than the maximum
errors of the average FPT map for the same frequency. The largest error is still located
near the main diagonal. The error reduces to below 1% when considering combinations of
(X0, Xf ) that satisfy the constraint |X0 −Xf | ≳ 0.2. The algorithm can precisely compute
the FPT cumulants. However, the values around the main diagonal of the map are largely
impacted by the sampling frequency. This limitation is more attributable to the simulation
process rather than the algorithm itself.
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Figure 4.1. (a) Average FPT map, (b,c,d) Error map [in %] of the average
FPT for a frequency of (b) 500Hz, (c) 5000Hz and (d) 50000Hz.
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Figure 4.2. (a) STD of FPT map, (b,c,d) Error map [in %] of the STD of
FPT for a frequency of (b) 500Hz, (c) 5000Hz and (d) 50000Hz.

It has been decided to draw the histograms of the FPT for 9 combinations of (X0, Xf )
located at di�erent places of the FPT map, in order to get a better understanding of the
distribution of the FPT for a given set (X0, Xf ). These empirical PDFs are shown in Figure
4.3 together with the analytical solution, given as a reference. The location of the combination
(X0, Xf ) is indicated by a red square on the pictogram. In Figures 4.3-(c,e,g), corresponding
to combinations located close to the diagonal of the map, the order of magnitude of the
average FPT is the same as the time step or even below. It means that FPTs are over-
estimated due to the large time step resulting in a higher mean value. This explains the
large relative errors computed in that area. By increasing the sampling frequency, the time
step is reduced and for 50000 Hz, the shape of the PDF is well represented. For Figures
4.3-(a,b,d,f,h,i), corresponding to combinations (X0, Xf ) lying out of the main diagonal of
the map, two observations can be made:
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(1) The shape of the PDF matches the theoretical one. However, it can be observed that
the PDF is slightly overestimated for 500 Hz and 5000 Hz for higher FPT values.
This is a well-know issue [25, 26] that directly comes from the frequency choice of
the numerical signal simulation. By using a smaller time step (= a higher sampling
frequency), the probability of obtaining extreme FPT values is reduced. Hence, it
follows that the results obtained using a sampling frequency of 500 and 5000 Hz
slightly overestimate the probability of large FPT values.

(2) The O-U process is symmetrical and therefore, the PDFs of FPT for (X0, Xf ) and
(−X0,−Xf ) are identical. As a result, the maps and PDFs enjoy a central sym-
metry about (X0, Xf ) = (0, 0). The proposed algorithm can adequately model this
symmetrical behavior.
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Figure 4.3. PDFs of FPT: (X0, Xf ) = (a) (−1.84, 1.84), (b) (0.04, 1.84),
(c) (1.76, 1.84), (d) (−1.84, 0.04), (e) (−0.04, 0.04), (f) (1.84,−0.04), (g)
(−1.84,−1.76), (h) (−0.04,−1.84), (i) (1.84,−1.84)
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5. Illustration of the computation of FPT maps for experimental data

In this section, the proposed algorithm has been used in order to compute the FPT maps
and PDFs of velocities measured on a steel strip. The experimental setup is similar to the
one used in [27, 28]. It has been later reproduced in [29] and it is shown in Figure 5.1. The
setup comprises a vertical steel strip and a horizontal shaker located at its bottom end, with
pretension added by attaching a mass. Both ends of the steel strip are clamped. A limited-
band white noise signal has been generated by the shaker. The frequency of this signal is
located in the range of [35;43]Hz in order to contain only the second bending mode frequency
of the strip, which is equal to 39.25Hz. The velocity of the steel strip has been measured
by a laser located at point P. This point corresponds to the antinode of the second bending
mode.

(a) (b)

Figure 5.1. Experimental setup of the steel strip: (a) global view and (b)
front view

In parallel, a twin model has been realised and updated. This model employs 2-D beam
�nite elements because our attention is focused only on �exion modes, especially on the
second bending mode. The model parameters are based on the physical and mechanical
properties of the steel strip and the shaker. The parameters values of the bond between
the shaker and the steel strip as well as the values of the rigidity of the clamped supports
have been adjusted by means of a Bayesian updating technique. Based on measured modal
information (frequencies & mode shapes), the Metropolis-Hasting (MH) algorithm has been
used to determine the distribution and most probable values of model parameters. Then,
starting from the most probable values, a non linear least squares �tting was conducted to
obtain the best suited parameters. This methodology gives a good con�dence in the obtained
values and the accuracy of the updated numerical model. More details can be found in [30].
The frequencies and the Modal Assurance Criterion (MAC) values can be found in Appendix
B. Based on the aforementioned results, it is deemed that the numerical model is an accurate
twin of the experimental setup.
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In Figure 5.2 (a) and (b), the average FPT map and the STD of FPT map are drawn
respectively. The results indicate a good agreement between the statistical moments of FPT
of the numerical model and the experimental setup. However, a slight di�erence appears in
Figure 5.2 (b) around Xf = 0 for large values of |X0| .
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Figure 5.2. Comparison of FPT maps between the experimental and numer-
ical results: (a) Average FPT map and (b) STD of FPT map

In Figure 5.3, nine di�erent combinations of (X0, Xf ) have been selected to plot the cor-
responding FPT histograms. First of all, the measured and simulated signals are both sym-
metrical, which can be seen by comparing Figures 5.3 (a) and (i), Figures 5.3 (b) and (h)
and Figures 5.3 (d) and (f). These histograms tend to be identical. Then, by comparing the
experimental and numerical results, it can be observed that the empirical PDFs are similar,
which supports the fact that the updated numerical model is accurate enough to reproduce
the measured data. However, the di�erence that can be observed in Figure 5.2 (b) can be
explained by comparing the numerical and experimental PDFs of FPT in Figures 5.3 (d) and
(f). Indeed, it can be seen that the experimental PDFs values are roughly higher around
7.10−3s than the numerical PDFs values. It results in lower STDs of FPT for the experimen-
tal results than the numerical results. This observation is also supported by the fact that the
STD of FPT is slightly increasing as |X0| → 0, when Xf ≈ 0, which is shown in Figure 5.2
(b). For Xf ≈ 0, the experimental contour lines are situated to the right of the numerical
ones when X0 < 0 and the opposite when X0 > 0. Consequently, this indicates the slightly
larger STD in the numerical model.
As a summary, the good agreement between the numerical and experimental results shows

the new prospects o�ered by the proposed algorithm to compute FPT statistics and his-
tograms based on a measured signal, which comes either from an experimental setup or from
a numerical model. Moreover, each 1-hour signal contains more than 7 million points, with a
sample frequency of 2048Hz. The proposed algorithm computed all FPT maps in 30 seconds
using the same computer as described in Section 3.
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Figure 5.3. Histograms of FPT for the numerical (plain line) and experi-
mental (dashed line) results: (X0, Xf ) = (a) (−1.59, 1.59), (b) (0.04, 1.59),
(c) (1.52, 1.59), (d) (−1.59, 0.04), (e) (−0.04, 0.04), (f) (1.59,−0.04), (g)
(−1.59,−1.52), (h) (−0.04,−1.59), (i) (1.59,−1.59)

6. Conclusion

We have presented a novel and optimized algorithm to use as a signal processing tool
for discrete-time signals. With the proposed algorithm, a sample of a stochastic signal is
associated with FPT maps. These maps represent statistical information about the FPT of
any order, such as the average and the standard deviation. Moreover, the histograms of the
FPTs can be obtained for di�erent sets of (X0;Xf ).
The performance of the algorithm was initially evaluated by comparing it to the algo-

rithm detailed in [3]. As a result, the proposed algorithm decreased the calculation time by
400. Additionally, a parametric study was conducted, varying three major parameters for
three di�erent stochastic processes: the Ornstein-Uhlenbeck process, the Geometric Brown-
ian Motion and a narrowband process. This algorithm enjoys fast execution times and o�ers
interesting features such as the possibility to estimate the distribution of FPT. The accuracy
of the results has also been studied through the Ornstein-Uhlenbeck process. Moreover, the
proposed algorithm results have been tested by comparing FPT maps and histograms from
an experimental setup and a numerical model. A good agreement has been shown between
the computed FPTs. This comparison enhances the use of this algorithm as it enables the
computation of FPT statistical moments directly from both measured and simulated signals,
rather than relying solely on simulated data.
Concerning further work, recent studies have shown that FPT maps are more a�ected by

slight modi�cations in structural systems than more traditional approaches, such as natural
frequencies [29]. Hence, this algorithm is seen as a promising technique for improving damage
detection strategies [31, 32]. This would be based on comparing FPT maps or PDFs of FPT
in healthy (reference) and damaged (current) states.
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Appendix A

Ornstein-Uhlenbeck process. The Ornstein-Uhlenbeck process is de�ned as

(7.1) dXt = β(α−Xt)dt+ σdWt

where α is a constant drift, β > 0, σ > 0 and Wt is a Wiener process.
The average FPT and STD of FPT values are given in [33]:

(7.2) average FPT (Xf |X0) = t1 (Xf |X0)

(7.3) STD of FPT (Xf |X0) =
√
t2 (Xf |X0)− t21 (Xf |X0)

where

(7.4) t1 (Xf |X0) = θ
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− ϕ1

(
X0

σ
√
θ

)]
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(7.5)

(7.6) ϕ1 (z) = Er� (z) =

∫ z

0

exp(t2)dt

(7.7) ϕ2 (z) =
∞∑
n=0

z2n+3

(n+ 1)! (2n+ 3)

n∑
k=0

1

2k + 1

(7.8) ψ1 (z) =
∞∑
n=0

2n

(n+ 1) (2n+ 1)!!
z2n+2

(7.9) ψ2 (z) =
∞∑
n=0

2nz2n+4

(2n+ 3)!! (n+ 2)

n∑
k=0

1

k + 1

with θ = 1
β
.

The theoretical values for the PDF of FPT are given in [23] by solving the backward
problem. Firstly Equation (7.1) is rewritten as follows:

(7.10) dX̄t̄ = −X̄t̄dt̄+ dWt̄

where t̄ = βt, X̄ =
√
β
σ
(X − α), X̄0 =

√
β
σ
(X0 − α) and X̄f =

√
β
σ
(Xf − α).

The backward equation for the cumulative hitting probability G
(
t̄, X̄0

)
reads
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(7.11) Gt

(
t̄, X̄0

)
= −X̄0GX̄0

(
t̄, X̄0

)
+

1

2
GX̄0X̄0

(
t̄, X̄0

)
with G

(
0, X̄0

)
= 0 and G

(
t̄, X̄f

)
= 1.

Finally, the �rst hitting density is given by g
(
t̄, X̄0

)
= Gt

(
t̄, X̄0

)
.

Appendix B

In Table 2, the experimental frequencies are compared to the numerical frequencies of the
updated twin model. The di�erences between the �rst six bending mode frequencies are
smaller than 1%.

Experimental frequencies [Hz] Numerical frequencies [Hz] Di�erence [%]

1st Bending mode 18.35 18.26 0.52
2nd Bending mode 39.25 39.16 0.24
3rd Bending mode 64.74 65.25 0.79
4th Bending mode 97.30 97.17 0.13
5th Bending mode 133.73 134.21 0.35
6th Bending mode 171.93 171.72 0.12

Table 2. Comparison of experimental and numerical frequencies of the �rst
six bending modes

In Figure 7.1, the MAC values between the numerical and the experimental eigenmodes of
the �rst six bending modes are plotted. A really good agreement can be observed between
the numerical and experimental identi�ed modes because the diagonal values are close to one
while the o�-diagonal values are near zero.

Experimental modes

N
um

er
ic

al
 m

od
es

MAC

0.98

1

1 0

2

0

3

0

4

0

5

0

6

0.022 0.98 0 0 0 0

03 0.01 0.99 0 0 0

04 0 0 0.97 0 0

05 0 0 0.01 0.99 0.02

06 0 0.01 0.03 0.06 1

0.2

0.4

0.6

0.8

0

1

Figure 7.1. MAC values between the numerical and the experimental eigen-
modes of the �rst six bending modes
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