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Outline of the talk

© Statement of the problem

@ Results

@ Symmetric 2-qubit system (Analytical results)
© Applications: Hamiltonian at finite temperatures
@ Symmetric 3-qubit system (Numerical results)

© Conclusions
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Quantum technology

Quantum Technology: The Second Quantum Revolution, Dowling and Milburn (2003)

The goal of quantum technology is to deliver useful devices and processes that

are based on quantum principles: entanglement, quantum superposition, etc.

or: WHAT HAPPENS TO "A” WILL AFFECT *B*
ALICE HAS A CHARLIE HAS A | CHARLIE SENDS ONE TO ALICE...] AND ONE TO BOB,
YELLOW PHOTON.| PAIR OF BLUE WHO STORES IT IN HI
— PHOTONS... ~= CRYSTAL "MEMORY BA
E THAT ARE e ’| & A
=~ P |- [ENTANGLED! \ \4 E ¢ - /" B
' —A— L& —
3 Y | |z 7 | sproron
Maximally {5 &= ol
ALICE AND BOB'S RELATIONSHIP | AS THE BLUE PHOTON ALICE REL‘EIVE \LICE'
entangled pure  |“Sedoasor somwiar. | coumoes wit ervetiowioron, \ T EieNT ATFECTs sous
St A S WEAsnES T eV i3 AN, FARAAY
) [ )| BEAN THiESoRTEs To Bovar - 5 e
N THLEroRTE T
states t) = e
" e sy — ) 4 \xwl///
P & A . +— B
[ T ///|\\\
(Along way.) » ARE ANNIHILATED!)
HOWEVER, BOB CAN'T DETERMINE UNUL ALICE SENDS HIM /AND BOB LEARNS
THAT /O BITS OF INFORM!/
? HIS " OvER AN OPTICAL FIBER 2,
= A PHOTON BLUE TD YELLDW TOoO!|
. HAS =
FIT0 o200, | crangeD - -
¢ A
[ THE END

In most of the cases, the best states to create/enhance a technology are those
which maximize a quantum correlation: entanglement, QFI, anticoherence,
fidelity, etc.
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Optimal quantum states

d
Pure states, H p= Z Aa|Va) (Yol

p = ) (| e=1
Aa 20, Y Aa=1
{1} orthonormal basis

Entanglement is convex under mixture of states

E (Z Aa|¢a><¢a|> <D AaE ([a)(Wal)

which means that the states that maximize a quantum correlation
are pure states. However...
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Pure vs mixed states

Ideal vs Reality

Pure states of a quantum system are ideal scenarios. They face

many experimental challenges
o

@ Open quantum systems (Decoherence) [) =+ p
L e—H/kgT
@ Finite temperatures pP="—"7
@ Marginal densities Pspin = Trspatial (W) (W])
@ Particle loss p=Tri(|[V)(¥])
v
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Maximizing a quantum correlation for a mixed state

Global unitary transformation

d
p=> Melow) (el

k=1

2
My

d
UpUT =~ Ailabi) (9xl

k=1

Maximum entanglement by spectrum

T
o = ()

Global unitary transformations = Group of Schrodinger evolutions
= Set of thermal states
with fixed T and fixed eigenenergies
= Group of unitary gates
of a quantum protocol
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Entanglement (Pure state case)

Not-invariant under global unitary transformations SU(3)

Hy? Global unitary transformation

® V) 2
ps = Mklow) (¢l ,

k=0

2
UspsUg = ZM\WHW )

k=0

Separable state (N=0) U Maximally entangled state (N=1)

(ID+ID)ID>+1>) = 1D+ 11>

Pure state ppure

_ _ _ Ty
M=1,A1=X=0, US??J(3)N(U5ppureU5) =1,

™7 = = =
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Maximum entanglement

Not-invariant under global unitary transformations SU(3)

Hy? Global unitary transformation
2

ps =Y Mklok) (@l ,

k=0

2
UspUL =~ Nelabic) (W ,

k=0

po = UspoU = 31 = / Im)[m){n] (| d2n.

Maximally mixed state pg

=] =] =] 1
)\0 )\1 )\2 /3, USQSHL)/(( N( Uspo US) 0
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Entanglement (Maximally mixed state case)

Not-invariant under global unitary transformations SU(3)

Hy? Global unitary transformation

2
ps = Mklow) (¢l ,

k=0

2
UspsUg = ZM\WHW! )

k=0

e For a generic mixture, (Ao, A1, A2), what is the maximum entanglement of ps
attained in its SU(3)-orbit?

ey N (Uspss)

e Is po the unique state that is symmetric absolutely separable (SAS) over all

its unitary orbit? |

9/24 SNN 2024 Maximum entanglement of symmetric states



Symmetric case
BEC, spin-j systems, multiphotonic systems, etc.

Neutron
\

\ Nucleus o
Proton }
N\

Symmetric states for qubit-qubit systems

11,1) = (I DI 1))
11,00 = Z5 (I D)+ DI1))

11,-1) = =(1 VI 1)
10,0) = L (| 1)] 1) — | 1)| 1)) (Forbidden state)

AE\

V2

SNN 2024 Maximum entanglement of symmetric states



Symmetric bipartite systems

Qubit-qubit system 7-[%92

p—spectrum: (Ao, A1, A2, A3)

T
px N (UpUY)

Qubit-qutrit system Ho ®@ H3

p—spectrum: (/\()7 A1, A2, A3, Mg, /\5)

T
yts N (UpUT)

Symmetric 2-qubit system HJ?
ps—spectrum: (Ao, A1, A2,0)

Usps UL
oz N (UspsUL)

Symmetric 3-qubit system 33
ps—spectrum: (Ao, A1, A2, A3, 0,0)

Usps UL
USQS?L)/(M)N( sPs 5)
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Symmetric 2-qubit system
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Symmetric 2-qubit system

Theorem [ESE, Martin (2023)]

Let ps € B(Hy?) with spectrum Ao > A1 > Xa. It holds that

max N (UspsUL) = max (0,4/22 + (1 = ) = M1 = %o)

UseSU(3)
1
08 Maximally entangled state
 hE X 0 0
06 % ps=| 0 X 0
’ VZ 0 0 )\1
—~ -
04 o
?“é Corollary [ESE, Martin (2023)]
0.2 = s is SAS iff
0 VAL Ve > 1.

v
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Applications

Symmetric qubit-qubit system at finite temperature

Hamiltonian: BEC [Ribeiro, Vidal Mosseri (2007)],
Lipkin-Meshkov-Glick model (1965)

H=gJ; + ’YXJ)% + ’YZJ§ )

with eigenenergies ¢;.

State at finite temperature T

e Beast2—k

Z

A = _ with Z=Tr (aﬁ”) .

,
o Bty VOPUD

S}f(ak) :> U > N(UpUT) =0foranyu?

N(UpU') # 0 for some U?

H
Thermal state
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Maximum entanglement

Spectrum ¢; of H
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Maximum entanglement

Spectrum ¢; of H

For g #0

1 1
{anz ('7x+272_ \/4g2+%2<) 75 ('7x+27z+\/4g2+%2<)}'
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Applications
Symmetric qubit-qubit system at finite temperatures

Condition of SAS states

kBT>61+€2—263
R~ 22

pE Asym &

g=0
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Symmetric 3-qubit system
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Symmetric 3-qubit system

Hy® C Ho ® Hs, numerical results

Maximally entangled states in the

SU(4)-orbit
1
0 S A3 0 0 0
©OgE 0 X O 0
=5 ps = ’
06 & 0 0 X O
= 0 0 0 X\
—
04 &
3
02 =2 )\o;r)\a 0 0 AOEM
0 A1tAo A1—Xo 0
0 ps = 0 A2 At 0
2 2
A3 =1/10 A3 = 3/20 X3 =7/38 P 0 0 Aotz
03 pl . Asym 2 2
0.2 ‘ ‘
A2
0.1
0 01 02 03 04 050 UIH’U‘IHJH)U 01 02 03 04 050 01 02 03 04 05
/\l )\1

Maximum entanglement of symmetric states



Conclusions

Maximum entanglement (negativity) over the unitary orbit for N = 2,3
o Characterization of the SAS states for symmetric 2-qubit system

e Numerical study of the SAS states for symmetric 3-qubit system

Thank you very much for your attention!

-
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Entanglement

(Symmetric) Qubit-qubit system #3?

Maximally entangled state (N=1)

IS I>-+H> 11>

Measurement of qubit A

Casel Case 2

Qubit A I> Qubit A
Qubit B I> Qubit B

I>
1

Qubit B is completely determined

[Correlation between A and B]

Separable state (N=0)

11>+ 14>)

1>+1)

Measurement of qubit A

Casel

Qubit A I>
l
Qubit B [|I>+ |¢>]

Case 2

Qubit A I>

l
e (|[>+[1D)

Qubit B is independent of the result
[No correlation between A and B]
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Entanglement of mixed states

Separable mixed states [Werner (1989)]

p is separable if

p= [ Pn)in) & |n)n] (n]dn.

2
p=> Meldw) (bl

k=0

with P(n) > 0. Otherwise is entangled.

Measure of entanglement

e E(p) =0 if and only if p is separable.

e Invariant under local unitary transformations.

e Other properties...

For qubit-qubit and qubit-qutrit: Negativity [Peres (1996)], [Horodecki et
al (1996)]

The sum of the negative eigenvalues A, of p'A
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Overview of the proof

Maximum entanglement in 132 [Verstraete et al (2001)]

Observation 1 N(p) = -2 Z A = =2(0, Amin) »

Observation 2 min Amin = min ~ min_Tr [pUT(|¢><1/)|)TAU}

Uesu(4) UesSU(4) |yp)eH$?
Observation 3 min  Apin = min  min Tr {pVDVT}
Uesu(4) VeSu(4) agl0,n]
% =\, Djx = oj(a)dj ) = A'B
(ka jOjk » Djk = oj(a) Jk> g]elzr,]{ ag}énﬂ] g,

B an unistochastic matrix, Be U C B.
Observation 4 (Birkhoff's Theorem)

Permutations matrices achieve extremal values of a convex function f(B)

min  Amin = min m|nZ)\TI_|o'
Uesu(4) Mness
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Symmetric 3-qubit system

Hy® C Ho ® Hs, numerical results

Ao

Aq

Set of SAS states in the spectra polytope of symmetric 3-qubit states.
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