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Numeration systems

set of rules to represent (natural) numbers
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Formal definition

NS = an increasing sequence U = (U(n))p>0 of integers with U(0) =1

e U(n) = k" for an integer k > 1

1024 =2 (202 + 11-2044-1
17=1-2240-2240-2240-21+1.2
=2.2240.2240-2141.2

e factorial U(n) = n!

463 =35/ +4- A+ 1.3 4+0-214+1-1140-0!
(unbounded alphabet)

e Zeckendorf/Fibonacci U = 1,2,3,5,8,13,21,...
U0)=1 U1)=2 Um+2) =Un+1)+Un)
20=1-1340-841-540-341-240-1
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Existence & uniqueness

Let U = (U(n))n>0 be a NS.

Euclidean algorithm ~~» n = Zf:() ,U@E) di >0
repy (n) = didi—1 -+ - do

Example: U =1,2,3,5,8,13,21, ...

1347
"8+ 7
+D+2
-3+ 2
<240
-1

20

O NN

Theorem (Fraenkel, 1983)

SO R O~ O

repy(20) = 101010

Existence: Any n > 0 can be written as Zf:o d;U ().
Uniqueness: iff &;U (i) +di—1U(i —1)+---+doU(0) < U(i+1)Vi>0

(greedy condition).

Parry & CoW
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Real bases

e BERy
e zcRNI[0,1] » z = ;r:“f('_/ﬂ_j c; €N
greedy condition: ¢;377 +c¢j 1 B0 4+ < gL V>

e [-expansion: dg(x) = cica---

special case: dg(1)

Example: golden ratio ¢ P?=p+1
=1=0+
~ dy(1) = 110¢

Parry & CoW M. Stipulanti 5



Quasi-greedy [-expansions

dﬁ(l) =ttty ~ (/:,),(:1)

Examples:

ds(1) dj(1)
“finite” case | t1-- -tm_li,LO“’ (t1- tm—1(tm —1))¥
£0
infinite case tito - - - titg - - -
B | ds(1) | d501
golden ratio ¢ ‘ 110% ‘ (10)~
o | 21¢ | 21%

Parry & CoW
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Parry’s 1960 theorem

D ={ds(z) |z €[0,1)} Sg = closure of Dg

Theorem (Parry, 1960)

Let B € R+.
Let s be an infinite sequence over N.

Then
seDg iff oF(s)<dj(1) Vk>0
g

seSp iff oF(s) <dj(1) Vk>0

Purely combinatorial condition: compare s to dj(1) using the lex. order
to check whether 3z € [0,1) s.t. s = dg(x)

Example: golden ratio ¢

| (100) 101001000--- ---11---
<di(1) = (10 | v X

Parry & CoW M. Stipulanti 7



Definition
B € Ryq is a Parry number if dg(1) is ultimately periodic.

Examples: integers, golden ratio ¢, ¢?

Corollary: g € Ryy Parry number
num. lang. = labels of path in

dﬁ(l) =y .tm(th . ..tm+k)w

 Pamy&Cow M. Stipulanti 8



Examples:

B golden ratio ¢ ©?
d5(1) (10)® 21%
0,1 1
"0~ *8\2—/8
40
— 0
ins 11 forbidden

Parry & CoW
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U= (U(n))n>0 B € Rs1
N w R

Let U be a NS.
Let L be the numeration language of U.
Then U is Bertrand if

Yw, w e L <= w0 € L.

Examples: integer bases, Fibonacci/Zeckendorf



Bertrand’s 1989 theorem

recall from Parry’s theorem...

B € R
Sg = {s|of(s) < d5(1) Vk > 0} S ={s|o*(s) <ds(1) Vk > 0}

Theorem (Bertrand, 1989 + Charlier, Cisternino, S., 2022)

Let U = (U(n))n>0 be a NS.
Let L be the numeration language of U.
Then U is Bertrand iff one of the following cases occurs

e Case 1: U(n)=n+1 Yn>0
e Case 2: 38 € Ry s.t. L = Fac(Sg)
o Case 3: 38 € Ryy s.t. L =Fac(Sh)

Parry & CoW M. Stipulanti 11



Theorem (Bertrand, 1989 + Charlier, Cisternino, S., 2022)

Let U = (U(n))n>0 be a NS.
Let L be the numeration language of U.

Then U is Bertrand iff one of the following cases occurs

Casel: U(n) =n+1Vn >0 Case2: 38 € R>y s.t. L =Fac(Sg) Case3: 38 € Ry s.t. L = Fac(SZ_})
In Case 2/Case 3,
e unique (8
o for d%(l) = aijag--- /dﬁ(l) = ajag---
U@) = aU(i — 1) + asU(i —2) + -+ a;U(0) +1 ¥i>0
U(i+1) _

e dominant root: lim; 4 N ON B8

Remarks:
e Case 2 ~» Bertrand, 1989
e New: when dg(1) # dj(1) ~ 2 Bertrand NSs

Parry & CoW M. Stipulanti 12



Canonical and non-canonical Bertrand

Example: g =3

canonical Bertrand NS non-canonical Bertrand NS

ds(l) =2% ds(1) = 30¢

U1(0) =1 U2(0) =1

Ui(n+1)=2U1(n) + - +2U1(0) + 1 | Uz(n+1) = 3Usz(n) + 1

Ui =1,3,9,27,81,243,... U =1,4,13,40,121, 364, ...

Ul(n) =3"

L={c}U{1,2}{0,1,2}* L={0,1,2}*U{0,1,2}*30*
0,1,2 0,1,2 0

-0 -6

Parry & CoW M. Stipulanti 13



Canonical and non-canonical Bertrand

Example: 8 = ¢ golden ratio

canonical Bertrand NS

non-canonical Bertrand NS

a5 (1) = (10

dy(1) = 1107

U1 (0)=1 Ui(1) =2
Ul(n—l— 2) = Ul(n—i— 1) + U1<n)
U;=1,2,3,5,8,13,21,...

Us(0) =1 Ua(1) =2
UQ(TL + 1) = Ug(n) + UQ(TL — 1) +1
Us=1,2,4,7,12,20,33,...

L ={eyU1{0,01}*

0
:
‘\7‘1
—>
0

Parry & CoW

L =1{0,10}*{¢, 1} U{0,10}*110%

0 0

Seob
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Combinatorics on words

e the study of sequences of symbols
words letters

e Lothaire’s books

collective work, different sets of authors

atics and its Applications 9

ICOMBINATORICS
ON WORDS ALGEBRAIC

COMBINATORICS
ON WORDS

M. Lothaire
1983 2002
overview overview

Parry & CoW M. Stipulanti

APPLIED
COMBINATORICS
ON WORDS

2005
applications
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e relatively new area of discrete mathematics

e initiated by the Norwegian mathematician Axel Thue in 1906

(1863-1922)

e some topics of interest

o combinatorial structure of words
o regularities and patterns in words

o important classes/families of words
e.g., balanced, (a)periodic, automatic, regular, Lyndon,

Sturmian, Arnoux-Rauzy, episturmian, de Bruijn
o equations on words

Parry & CoW M. Stipulanti 16



An example

Thue ~ square-free words
e A square is a non-empty word of the form zzx.

Example: in English couscous mur mur
N

e A word is square-free if is does not contain any squares.

Example: word is square-free
repetition is not

Question: are there infinite square-free words?

1 letter | 000--- X
2 letters | 0107 X
4 letters | 0312101213013210123101321--- | (Thue, 1906)
3 letters | 012021012102 - - - (Thue, 1912)

~ squares are avoidable on > 3 letters

Parry & CoW M. Stipulanti
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Application 1: Generalized Pascal’s triangles

Parry & CoW M. Stipulanti
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Pascal’s triangle

P: (m,k) e Nx N () €N

) :

01 2 3 4 5 6 7

0f1t o 0 0 O O 0O

111 1. 0 0 0 0 0O

212 1 0 0 0 0O

m 3113 3 1 0 0 0O

411 4 6 4 1 0 0 O

5/1 5 10 10 5 1 0 0

6/1 6 15 20 15 6 1 O

711 7 21 35 35 21 7 1
Binomial coefficients Pascal’s rule

() mrom (0= (") ()

Parry & CoW M. Stipulanti 19



A specific construction

e Grid: first 2™ rows and columns

of the Pascal’s triangle

()

e Color each square in
o white if (') = 0 mod 2
o black if (7]?) =1 mod 2

e Normalize by a homothety
of ratio 1/2"

~ sequence of compact sets
in [0, 1)

Parry & CoW

2" —1

on

oY

(G

)

N2 [0,27]2

M. Stipulanti 20



The first six elements

Parry & CoW M. Stipulanti 21



The tenth element
0

29

29

Parry & CoW

M. Stipulanti
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Sierpinski’s triangle

5N

Parry & CoW

M. Stipulanti
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A folklore result

The sequence of compact sets for

((m) mod 2)
k 0<m,k<2n

converges to the Sierpinski’s triangle
(w.r.t. the Hausdorff distance).

Definitions:
. of a subset S C R?
e (H(R?),ds) complete space of compact subsets # () of R? with the

dp(S,8") = inf{e € Rog | S C [§']c and S C [S]}

Parry & CoW M. Stipulanti 24



Extension modulo powers of primes

Let p be a prime and s > 0.
The sequence of compact sets corresponding to

m
(&) moav)
k 0<m,k<p"

converges when n tends to infinity (w.r.t. the Hausdorff distance).

Parry & CoW M. Stipulanti 25



Binomial coefficient of finite words

integers ~~ words

Let u,v be finite words.
The binomial coefficient (Z) of u and v is the number of times v occurs
as a subsequence of u (“scattered” subword).

Example: v = 101001 v =101

101001 | 101001
101001 | 101001 | = (90" =6
101001 | 101001

Generalization of binomial coefficients over N:

m times

a™ a---a m
letter a: (k):( ):() Vm,k €N
a a---a k
——

k times

Parry & CoW M. Stipulanti 26



Generalized Pascal’s triangle Py in base 2

Py: (m,k) € Nx N ((200) € N

(o)

=~

D
=
[\
—~

5
~—

—_
es}
[y
—_
—_
e
ja)
—_
—_
—_
o
—_
—_

€
1
10
11
repy(m) 100
101
110
111

e e e el K0}
WNND - NP O-
O = NO OO

W Rk EFHOKHKOOO

[N o NoNoNoNo) o)
O = OO OO O O
—_— 0 00000 o

Rule (not local)

(i) = () +5(3)

Parry & CoW M. Stipulanti 27



Lol
L S OO O O
-
o
— SO OO o —H O
—
—
\k}O SO OO H O O
(1
&
o 9
- O SO +H O O O
—
H O - O~ - M
= —_ O N - N O
Lol — N~ AN AN
W — o = o
2
Ex 09 =2 o
24 = =222 0
) Ll
o=
N—

repy (1m)

the usual Pascal’s triangle

28

M. Stipulanti
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Same construction

e Grid: first 2" rows and columns of Py

e Color each square in

o white if ('*2(1) = 0 mod 2

o black if (rep?((rg))) =1 mod 2

e Normalize by a homothety
of ratio 1/2"

~ sequence of compact sets
in [0,1)?

Parry & CoW

2" —1

2" —1 2
Coe) | G i)
(o) | (o) s 2)
(") (22") ()
N2n 0,272
29

M. Stipulanti



The first six elements

30

M. Stipulanti
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The tenth element

Lines of different slopes: 1,2,4,8,16, ...

Parry & CoW

M. Stipulanti
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The (%) condition

(u,v) satisfies (x) iff u,v # ¢, () =1 mod 2, and (;6) =0=(;)

Example: (101,11) satisfies () (1Y) =1 (%) =0= (")
Completion lemma: (u,v) satisfies (x) = (u0,v0), (ul, v1) satisfy (*)

Example: (101,11) satisfies (%)

|| "u

~ creation of a segment of slope 1

endpoint (%7 %) o (rengll)7 rep22(3101))

Parry & CoW M. Stipulanti 32
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Segments of slope 1

(%) describes lines of slope |
0 v 1
(u,v) satisfying (%)
~ closed segment S, ,
e slope 1
e length 3@
S e origin A, , = (re;#’ reﬁf#)

Definition: compact set C those lines

Ao= |J  Suwc[0,1 2
(u,) \\\\

satisfying (%) N\ N
. \\ A \\\

Parry & CoW M. Stipulanti 33



Modifying the slope

with maps c: (z,y) — (5, %) and h:

Example: (1,1) satisfies (x)
segment St 1

endpoint (%, %)

length g

Parry & CoW

N

(z,y) = (,2y)

N

M. Stipulanti
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Modifying the slope

with maps c¢: (z,y) — (5,%) and h: (z,y) — (z,2y)

0 i 2
Example: (1,1) satisfies (x) i
segment St 1
endpoint (%, %) 3
V2
length 5=
1

Parry & CoW M. Stipulanti
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Modifying the slope

with maps c¢: (z,y) — (5,%) and h: (z,y) — (z,2y)

0 i 2
Example: (1,1) satisfies (x) i
segment St 1
endpoint (%, %) 3
V2
length 5=
1

Parry & CoW M. Stipulanti
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Modifying the slope

with maps c¢: (z,y) — (5,%) and h: (z,y) — (z,2y)

RN T
1
8
Example: (1,1) satisfies (x) i
segment St 1
endpoint (%, %) 3
V2
length 5=
1

Parry & CoW M. Stipulanti
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Modifying the slope

with maps c¢: (z,y) — (5,%) and h: (z,y) — (z,2y)

RN T
1
8

Example: (1,1) satisfies (x) i

segment St 1

endpoint (%, %) 3

V2

length 5=

1

Parry & CoW M. Stipulanti
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Definition: compact set C lines of slopes 1, 2, 22, ..., 2"
c: (2,y) = (3, 4)
h: (z,y) = (z,2y)

Av= | W (A)

0<j<i<n
0 1
T (-An)nz()
RN increasingly nested

= \ ) bounded union

T ‘ N = converges to the compact set

| T htecann Voo -

S:i I L - U An

& n>0

=

(w.r.t. the Hausdorff distance)

Parry & CoW M. Stipulanti 35



Theorem (Leroy, Rigo, S., 2016)

The sequence of compact sets derived from P converges to £
(w.r.t. the Hausdorff distance).

(%) “simple” combinatorial characterization of £

Parry & CoW M. Stipulanti 36



Extension modulo p

previously even/odd coefficients

Theorem (Lucas, 1878)

Let p be a prime number.
m = mgp® + -+ + map + mo _ (M) =
n=ngp* + -+ n1p+ng

Theorem (Leroy, Rigo, S., 2016)

Let p be a prime and 0 < r < p.

For binomial coeff. congruent to r mod p,
the sequence derived from P, converges to
a compact set Ly,

(w.r.t. the Hausdorff distance).

Parry & CoW M. Stipulanti 37



Generalization (S., 2019)

L0

SATISFACTION
THE ROLLING STONES B € Ry1 Parry number

)@ ] E ( U canonical Bertrand NS
= ' %y generalized Pascal’s triangle P in U
; & & compact: first U(n) rows and col. of P

e (') condition
e completion lemma with (+')
e segments of slope 1

e compact set Ao = J (up) Suw

satis.(x")
o c:(z,y) = (5, 5) h:(z,y)— (z,By)
e compact A, = Uogjgign h7(ct(Ap)) C lines of slopes 1, 8, 52, ..., 3"

o (Ap)n>o converges to £ = J,5An (W.r.t. the Hausdorff dist.)
e modulo any prime p

Parry & CoW M. Stipulanti 38



golden ratio ¢ ©

\

By ~ 2.47098 By = 1.38028 B3 ~ 2.80399

dom. root of X% —2X% — x2? 1 dom. root of X% — X3 — 1 dom. root of X% —2x3 —2x2 2

M. Stipulanti 39



Parry & CoW

Application 2: String attractors

M. Stipulanti
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Definition

Definition (Kempa, Prezza, 2018)

Let w = wow;q - - - wy,—1 be a word.
A string attractor of w is a set S C {0,1,...,n — 1} s.t. every factor
x # € of w has an occurrence in w that crosses an element of S.

Example: alfalfa S =1{2,3,4}

length factors covered?
1 a 1 f v
2 al 1f fa v
3 alf 1fa fal v
4 alfa 1fal falf v
5 alfal 1falf falfa v
6 alfalf 1falfa v
7 alfalfa v

no smaller S

Parry & CoW M. Stipulanti 41



Literature

e data Compression (Kempa, Prezza, 2018)

e computational complexity theory
NP-hard problem: find a smallest string attractor of a word

(Kempa, Prezza, 2018)
e combinatorics on words

o

(e]

o

combinatorial properties, some families of infinite words

(Mantaci, Restivo, Romana, Rosone, Sciortino, 2021)

automatic sequences (Schaeffer, Shallit, 2022+) (Gheeraert, Romana, S., 2024+)
Thue-Morse word

(Kutsukake, Matsumoto, Nakashima, Inenaga, Bannai, Takeda, 2020)  (Dolce, 2023)
Sturmian words

(Mantaci, Restivo, Romana, Rosone, Sciortino, 2021)  (Restivo, Romana, Sciortino, 2022)
episturmian words (Dvorakova, 2024)

Tribonacci word and k-bonacci-like words

(Schaeffer, Shallit, 2022) (Gheeraert, Romana, S., 2023)

(Cassaigne, Gheeraert, Restivo, Romana, Sciortino, S., 2024+)

Rote sequences  (Dvorakova, Hendrychova, 2023+)

bi—inﬁnite WOI'dS (Béaur, Gheeraert, Hellouin de Menibus, 2024+)

Parry & CoW M. Stipulanti 42



A way to generate infinite words

A is amap f s.t. f(uv) = f(u)f(v) for all words u,v.
If f(0) = 0z with f"(x) # ¢ Vn, the of fis

f4(0) = lm_f"(0).
Examples:

o f:0 01,110
0 f(0)=01 f2(0)=0110 f3(0)= 01101001 f*(0)=0110100110010110
Thue-Morse word f“(0) = 011010011001011010010110- - -

e f:0—~01,1—0
0 f(0)=01 f2(0)=010 f3(0)=01001 f*(0)= 01001010
Fibonacci word f“(0) = 010010100100101001 - - -

Parry & CoW M. Stipulanti
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Starting point

Question: for x, 3 NS U s.t. s.a. of the prefixes of x may be described
with U?

Example: Fibonacci word f“(0) = 010010100100101001 - - -

n | length-n prefix of f¥(0) | string attractor
1 0 {1}

2 o1 (1,2}

3 010 (1,2}

4 0100 2,3

5 01001 (2,3}

6 010010 (2,3}

7 0100101 (3,5}

11 01001010010 (3,5}

12 010010100100 {5,8}

Fibonacci/Zeckendorf NS

Parry & CoW M. Stipulanti 44



Let k > 2 be an integer and set c=( ¢1 , €2 ,...,Ch—1, Ck ).
S~~~ =~~~ vv

>1 >0 >0 >1
0+ 0011

1+ 0%22

: and x.= fZ(0)
k—2 s 0%—1(k — 1)

k— 1+ Q%

Example: k=2 c¢=(1,1) ~ x. = Fibonacci word



Automaticity

Definition
Let U be a NS.
x = (x(n))p>0 is U-automatic if 3 DFAO A s.t. A: repy(n) ~ x(n).
Example: Thue-Morse x = 0110100110010110---  2-automatic
0 0
n |01 2 3 4 5 '
repo(n) e 1 10 11 100 101 —
x(n) |O1 1 0 1 0 1

Observation (Gheeraert, Romana, S., 2024+)

¢+ ck—2(ck—1 — 1) max. among its conjugates
= 38 simple-Parry s.t. x. is U-automatic in the canonical NS U of g

Examples: ¢ golden ratio canonical NS = Fibonacci/Zeckendorf
ek=2 c¢=(1,1) x. = 0100101001 ---  Fib.-automatic
ek=4 ¢=(1,0,1,1) x.=0120301001--- Fib.-automatic

Parry & CoW M. Stipulanti 46



Hypotheses: ¢g---cp_a(ck—1 — 1) max. among its conjugates
= correspoding simple-Parry § and canonical NS U = (U(n))n>0

_ ~J{U(0),...,U(n)} 0<n<k-1
S =0 S”_{{U(n—k+1),...,U(n)} n>k

Theorem (Gheeraert, Romana, S., 2024+)

eme[U(n),Ly,] = Sp—1U{U(n)} s.a. of x.[0..m)
o m € [{y, Ly) = Sp s.a. of x.[0..m)
U(n) 0<n<k-1
e"z{U(n)+U(n—k+1)—U(n—Ic)—1 n>k

Ly, = length of the longest common prefix between z. and (f. (0))“

Corollary (Gheeraert, Romana, S., 2024+)

size of a smallest s.a. of x.[0..m) € [k, + 1] Vm >
 Parry& Cow M. Stipulanti 47



Conclusion

8 € Ry number
U NS

generalized Pascal’s and Sierpinski’s
triangles to words of U with a combi-
natorial description

string attractors of U-automatic fixed
points in terms of elements of U

Parry & CoW M. Stipulanti 48
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