State complexity of the multiples of the Thue-Morse set
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Let T be the set of nonnegative integers having an even number of occurrences of the digit 1 when
written in base 2:
T = {n € N: |repy(n)|; € 2N}.
This set 7 is called the Thue-Morse set of integers. The first elements of 7 are 0, 3,5,6,9,.... It is 2-
recognizable, which means that there is a finite automaton accepting exactly the binary representations

of the integers in 7.
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Figure 1: The Thue-Morse set is 2-recognizable.

Moreover, the Thue-Morse set T is 2P-recognizable for all p € N> and is not b-recognizable for any
other base b. This is a consequence of the famous theorem of Cobham [3]. The automaton accepting
0*repyy (7)) can be easily deduced from the one shown on Figure 1.

Knowing that the property of being b-recognizable is stable under multiplication by a constant and
under translation, we are interested in caracterizing the state complexity of the sets m7T + r in base
2P depending on the multiple m and the remainder r, which means that we are trying to compute the
number of states of the trim minimal automaton accepting the languages 0*repy, (m7T + 7).

The main result of this work is the following one.

Theorem 1. Let m € N, r € {0,...m — 1} and p € N>;. The state complexity of the language
0*repyy (M7 + 1) is equal to
2% + [ﬂ
p

In order to prove this theorem, we construct consecutive automata and the minimization of the last
automaton obtained is the key of the reasoning.
This work is closely related to the article [1|, which concerns the state complexity of the set mN in base
b for all m,b € Ny. However, the way to prove our results is different. An extended question has also
been considered in [2] by studing the state complexity of the greedy representations of mN, m € N>
for a wide class of linear numeration systems.

if m = k2% where k is an odd integer.
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