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Qubit Model in Mean-Field Limit
Steady states in the limit N → ∞:

For γI + γC > 2|V|:

〈Jx〉 = 〈Jy〉 = 0,
〈Jz〉
Nj = −1.

For γI + γC < 2|V| and γI 6= 0:

〈Jx〉
Nj = sgn(V)〈Jy〉

Nj = ±
√

γI (2|V| − γI − γC)
(2|V| − γC)

〈Jz〉
Nj = − γI

(2|V| − γC)

For γI = 0, γC < 2|V|:
4 center fixed points with 〈Jz〉 = 0.

γI = 2.3V, γC = 0

T. E. Lee et al., PRL 110, 257204 (2013),
T. E. Lee et al., PRA 90, 052109 (2014)
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Dynamics for Multilevel Systems, j = 3/2, γI + γC > 2|V|

L(1)
i = j(i)−

L(2)
i =√
2j ∑j−1

m=−j |m〉 〈m + 1|

γI = 2.3V, γC = 0 γI = 0, γC = 2.3V
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Dynamics for Multilevel Systems, j = 3/2, γI + γC < 2|V|

L(1)
i = j(i)−
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i =√
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Steady States for Multilevel Systems
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Spectrum of the Liouvillian and Symmetry Breaking
Master equation: ρ̇ = L[ρ], dim L =

(N+4j(j+1)
N

)
×

(N+4j(j+1)
N

)
Steady state: L[ρ] = 0

Symmetry breaking:
∆ = |λ1| N→∞→ 0 (eigenvalue λ1 6= 0 closest to 0)
in corresponding symmetry sector
F. Minganti et al., PRA 98, 042118 (2018).
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Steady-State Purity Tr[ρ2]

L(1)
i

L(2)
i
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Steady-State Entanglement: Negativity NA,B[ρ]

Subsystems A, B, partial transpose ρTB with eigenvalues
λ1 ≤ · · · ≤ λn < 0 ≤ λn+1 ≤ · · · NA,B[ρ] =

∑n
i=1 |λi|

L(1)
i

L(2)
i

A =
⌈ N

2
⌉

particles,
B =

⌊ N
2
⌋

particles
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Conclusions

1 Despite same critical point γI + γC = 2|V| as for j = 1
2 :

New critical region, change of J⃗ at transition stronger with j.
2 Spectrum of Liouvillian reveals symmetry breaking.
3 Sharp change of steady-state purity & maximum of its

entanglement negativity at phase transition.
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Supplemental Material: Details on Symmetries of L

Symmetry: Superoperator Π such that [Π, L] = 0.
1 For all π ∈ SN: Ππ : ρ 7→ πρπ†.
2 Π1 : ρ 7→ eiπJzρe−iπJz , with

〈Jx〉Π1[ρ] = Tr(JxΠ1[ρ]) = − 〈Jx〉ρ ,

〈Jy〉Π1[ρ] = − 〈Jy〉ρ ,

〈Jz〉Π1[ρ] = 〈Jz〉ρ .

3 If Li and LC are real operators, Π2 : ρ 7→ eiπJz/2ρ∗e−iπJz/2,
with

〈Jx〉Π2[ρ] = 〈Jy〉ρ ,

〈Jy〉Π2[ρ] = 〈Jx〉ρ ,

〈Jz〉Π2[ρ] = 〈Jz〉ρ .
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Supplemental Material: Details on Spectrum, γC = 0.2
Δ +

1,
+1

0
2
4

Δ +
1,
–1

0
2
4

Δ –
1,
+1

0
1
2

Δ –
1,
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0
2
4
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1.5 2 2.5

1/N
0 0.2
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0
2
4

Δ +
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–1

0
2
4

Δ –
1,
+1

0
1
2

Δ –
1,
–1

0
2
4

γI	/|V|
1.5 2 2.5

1/N
0 0.2

Li = j(i)− Li =
√

2j ∑j−1
m=−j |m〉 〈m + 1|

j = 1
2 , j = 1, j = 3

2 , j = 2
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Supplemental Material: Mean-Field for j = 1/2

Mean-field assumptions for N → ∞:

1
N2 〈{Jα, Jβ}〉 ≈ 2

N2 〈Jα〉 〈Jβ〉 ,

justified by

〈Jα〉
N

N→∞= O(1), 〈[Jα, Jβ]〉
N2

N→∞= O(N−1).

With X := 2 〈Jx〉 /N, Y := 2 〈Jy〉 /N, Z := 2 〈Jz〉 /N get

Ẋ = −2VYZ − γIX + γCXZ,

Ẏ = −2VXZ − γIY + γCYZ,

Ż = 4VXY − 2γI(Z + 1) − γC(X2 + Y2),
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Supplemental Material: Mean-Field for Arbitrary j

S(i)
x;m,n = 1

2N

N∑
i=1

(|m〉i 〈n|i + |n〉i 〈m|i) ,

S(i)
y;m,n = − i

2N

N∑
i=1

(|m〉i 〈n|i − |n〉i 〈m|i) ,

with
〈{Sα;m,n, Sβ;o,p}〉 ≈ 2 〈Sα;m,n〉 〈Sβ;o,p〉 (N → ∞).

Equations of motion:

∂t 〈Sα;µ,ν〉 =i 〈[H, Sα;µ,ν ]〉 + γI
2j

N∑
i=1

⟨
[L†

i , Sα;µ,ν ]Li + L†
i [Sα;µ,ν , Li]

⟩
+ γC

2Nj
⟨
[L†

C, Sα;µ,ν ]LC + L†
C[Sα;µ,ν , LC]

⟩
=V f1(〈Sβ;o,p〉) + γI g(〈Sβ;o,p〉)

+ γC f2(〈Sβ;o,p〉)
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Supplemental Material: Mean-Field Unitary Part

i[H, Sx;m,n] = V
2j

({Jx
N , A y;m,n

+1,+1

}
+

{Jy
N , A x;m,n

−1,+1

})
,

i[H, Sy;m,n] = V
2j

(
−

{Jx
N , A x;m,n

+1,−1

}
+

{Jy
N , A y;m,n

−1,−1

})
,

with

Aj,m : =
√

(j − m)(j + m + 1),

Jx/N =
j−1∑

m=−j
Aj,mSx;m+1,m, Jy/N =

j−1∑
m=−j

Aj,mSy;m+1,m

and

A α;m,n
σ1,σ2 :=Aj,n−1Sα;m,n−1 + σ1Aj,nSα;m,n+1

+ σ2Aj,m−1Sα;n,m−1 + σ1σ2Aj,mSα;n,m+1
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Supplemental Material: Mean-Field Individual Dissipation

1
2

N∑
i=1

[L†
i , Sx;m,n]Li + h.c. = Re [ℓ∗

mℓn] Sx;m+1,n+1 − Im [ℓ∗
mℓn] Sy;m+1,n+1

− |ℓn−1|2 + |ℓm−1|2

2 Sx;m,n,

1
2

N∑
i=1

[L†
i , Sy;m,n]Li + h.c. = Re [ℓ∗

mℓn] Sy;m+1,n+1 + Im [ℓ∗
mℓn] Sx;m+1,n+1

− |ℓn−1|2 + |ℓm−1|2

2 Sy;m,n
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Supplemental Material: Mean-Field Collective Dissipation

1
2N [L†

C, Sx;m,n]LC + h.c. =1
4

j−1∑
o=−j

(
−

{
Ry;m,n,o

+1,+1 + I x;m,n,o
−1,+1 , Sy;o+1,o

}
−

{
Rx;m,n,o

−1,+1 − I y;m,n,o
+1,+1 , Sx;o+1,o

})
1

2N [L†
C, Sy;m,n]LC + h.c. =1

4

j−1∑
o=−j

(
−

{
Ry;m,n,o

−1,−1 + I x;m,n,o
+1,−1 , Sx;o+1,o

}
+

{
Rx;m,n,o

+1,−1 − I y;m,n,o
−1,−1 , Sy;o+1,o

})
with

Rα;m,n,o
σ1,σ2 := Re[ℓ∗

n−1ℓo]Sα;m,n−1 + σ1 Re[ℓ∗
nℓo]Sα;m,n+1

+ σ2 Re[ℓ∗
m−1ℓo]Sα;n,m−1 + σ1σ2 Re[ℓ∗

mℓo]Sα;n,m+1,

I α;m,n,o
σ1,σ2 := Im[ℓ∗

n−1ℓo]Sα;m,n−1 + σ1 Im[ℓ∗
nℓo]Sα;m,n+1

+ σ2 Im[ℓ∗
m−1ℓo]Sα;n,m−1 + σ1σ2 Im[ℓ∗

mℓo]Sα;n,m+1.
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Supplemental Material: Numerical Method

Permutation invariance: πL[ρ]π† = L[πρπ†] for all π ∈ SN

Assume ρ = πρπ† for all π ∈ SN

Write ρ as vector in basis
[n−j,−j, n−j,−j+1, . . . , nj,j]

∼
∑

π∈SN

π|−j〉 〈−j|⊗n−j,−j ⊗ |−j〉 〈−j + 1|⊗n−j,−j+1 ⊗ · · · ⊗ |j〉 〈j|⊗nj,jπ†

Dimension of ρ:
(N+4j(j+1)

N
)

instead of (2j + 1)N × (2j + 1)N

M. Gegg and M. Richter, NJP 18, 043037 (2016)
D. Huybrechts, PhD Thesis (Universiteit Antwerpen, 2021)
V. Sukharnikov et al., PRA 107, 053707 (2023)
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Supplemental Material: Permutation-Invariant Space

di
m

(S
)

1

106

1012

1018

j =1/2
j =1
j =3/2
j =2

j =5/2
j = 3
j →∞

di
m

(S
)/

(2
j+

1)
2N

10−60

10−45

10−30

10−15

1

N2 10 100

S =
{

ρ ∈ C(2j+1)N×(2j+1)N | ∀π ∈ SN : ρ = πρπ†
}

11/11 Lukas Pausch Dissipative Phase Transition in Multilevel LMG Model



Supplemental Material: Proposal for Experiment

ω+1,m

a1

b2

ω2–1,m
a2

a1

b1

ω1–1,m-1

ω1–1,m

Δωg,m–1

Δωg,m

|m–1⟩g

|m–1⟩e
|m⟩e

|m+1⟩e
|m+2⟩e

|m–2⟩e

|m⟩g |m+1⟩g

a1

ω↓,10,m–1

ω↓,20,m

ω↑0,m–1

b1

ω+1,m-1

N atoms with d = 2j + 1 ground states, d + 2 excited states
4 cavity modes a1,2, b1,2, 6(d − 1) driving fields.
Off-resonant driving: effective ground-state transitions
Dissipative cavity dynamics: effective interactions &
dissipation of the atomic ground states

Example: Transition from 5S1/2, F = 2 to 5P3/2, F′ = 3 in 87Rb,
E. Suarez et al., PRA 107, 023714 (2023)
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