SUBSTITUTIONS AND CANTOR REAL NUMERATION SYSTEMS
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ABsTRACT. We consider Cantor real numeration system as a frame in which every non-
negative real number has a positional representation. The system is defined using a
bi-infinite sequence B = (5 )nez of real numbers greater than one. We introduce the set
of B-integers and code the sequence of gaps between consecutive B-integers by a symbolic
sequence in general over the alphabet N. We show that this sequence is S-adic. We focus
on alternate base systems, where the sequence B of bases is periodic, and characterize
alternate bases B in which B-integers can be coded by using a symbolic sequence vg
over a finite alphabet. With these so-called Parry alternate bases we associate some
morphisms and show that vp is a fixed point of their composition. We then provide two
classes of Parry alternate bases B generating sturmian fixed points. The paper generalizes
results of Fabre and Burdik et al. obtained for the Rényi numerations systems, i.e., in
the case when the Cantor base B is a constant sequence.
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1. INTRODUCTION

In the pursuit of a generalization of the famous Cobham’s theorem, Fabre [16] has as-
sociated substitutions with numeration systems with one real base 8 which is a Parry
number. Such substitutions have for their fixed points infinite sequences which are some-
times called Parry words, or k-bonacci-like words. They include the famous Fibonacci
sequence corresponding to the golden ratio numeration system. Although Fabre himself
viewed the substitutions in the context of automata recognizing the language of an asso-
ciated linear numeration system, it can be derived already from Thurston [24] that the
substitutions may serve for generating the set of numbers with integer expansion in base j3,
the so-called S-integers. These numbers were identified as a suitable tool in the description
of mathematical models of quasicrystals [9], since their arithmetic and diffractive proper-
ties generalize the arithmetic and diffractive properties of ordinary integers which give an
underlying structure of periodic crystals. Certain physical properties of materials such as
electron conductivity can be derived from the character of the spectrum of a Schrédinger
operator associated with the model. As identified in the works of Damanik [14, 15|, the
spectrum depends on combinatorial properties of infinite sequences coding distances in
the S-integers, such as the factor complexity, palindromicity, repetition index, etc. Other
physical properties can be derived from their geometric behavior [1, 3, 21].

E-mail: echarlier@uliege.be, celiacisternino@gmail.com, zuzana.masakova@fjfi.cvut.cz and
edita.pelantova@fjfi.cvut.cz
*Corresponding author.



SUBSTITUTIONS AND CANTOR REAL NUMERATION SYSTEMS 2

First studies of combinatorics of Parry sequences date back to the paper of Burdik et
al. [9]. More general results about their factor complexity can be found in [17, 5|. Palin-
dromic complexity is the subject of [2]. Turek in [25] gives a tool to compute abelian
complexity and balances of Parry words. The balance properties have been used for deter-
mining arithmetical features of numeration systems [4]. Recently, Gheeraert et al. [19, 20]
study their string attractors.

Our aim is to generalize the notion of S-integers and corresponding symbolic sequences
to positional numeration systems defined using multiple bases. The so-called Cantor real
numeration system was introduced recently in [12] for representations of numbers in the
interval [0,1). The system is given by a sequence B = (f,),>1 of real bases 3, > 1.
B-expansion of a number x € [0,1) is the lexicographically greatest string (z,)p>1 of
non-negative integers such that z = :2 7 Bﬁﬁ 3 The Rényi numeration system can
be viewed as the special case when the sequence B is constant. The adjective "Cantor
real" added to the name of numeration system is linked to the fact that the idea of using
multiple bases comes already from Cantor [10], who however, required all the bases 3, to
be integers. When the Cantor real base B is a periodic sequence, we speak of alternate
base systems.

In our paper, we first modify the definition of a Cantor real system so that it represents
also positive numbers outside of the unit interval, see Section 3. For that, we consider
a bi-infinite sequence B = (S, )nez. Consequently, in Section 4, we introduce the set of
B-integers and determine the distances between its consecutive elements. The sequence of
distances between consecutive B-integers is coded by an inifnite word. Its properties are
studied in Section 5. For the special case of alternate base systems, we study in Section 6
when the distances between consecutive B-integers take finitely many values. It turns out
that this happens precisely when the base is a Parry alternate base, as defined in [13].
Then the infinite symbolic sequence coding the distances between B-integers is a fixed
point of a primitive substitution. In Section 7, we build an automaton associated with
a Parry alternate base accepting the language of the B-shift and which encodes all the
notions studied in Section 6, namely the possible distances obtained for each shift of the
base as well as every substitution used to construct the primitive substitution mentioned
previously. In order to give intuition on our results from Sections 4 to 7, we refer the
reader to Section 8, where we use a running example in order to illustrate the concepts
under study and the obtained results. This section also contains two smaller examples
in order to illustrate phenomena not seen in the running example. Section 9 presents an
alternative definition of the set of B-integers based on the dynamical point of view. In
Section 10 we describe the bases B which yield a sturmian infinite sequence.

2. COMBINATORICS ON WORDS

An alphabet A is a set of symbols. In this paper we consider both finite and infinite
alphabets, usually A C N. The set of all finite words over the alphabet A, equipped with
the empty word € and the operation of concatenation, is a monoid denoted by .A*.

We consider right-sided infinite words v = agajas - - - € AN with a; € A. Such an infinite
word is purely periodic if it can be written as an infinite concatenation of a single finite
word w € A*. We write v = www - -- = w¥. The infinite word v is eventually periodic if
there exist words w,w € A* such that v = uw".

Given alphabets A, B, we consider endomorphisms o: A* — B* and usually call them
simply morphisms. The action of a morphism can be extended to right-sided infinite
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sequences by

a(a0a1a2 s ) = 0’(&0)0(&1)0(&2) et
A substitution o over A is a morphism o: A* — A* such that there is a letter a € A
with o(a) = aw for w € A*, w # . An infinite sequence v € AN is a fized point of a
substitution o if o(v) = v. It is easy to see that a substitution o has always a fixed point,
namely lim;_,~ 0*(a), where the limit is considered over the product topology.

The incidence matrix of a morphism o: A* — B* is a matrix M, with columns numbered
by the letters of the alphabet A and rows numbered by the letters of B such that for each
pair of letters a € A, b € B the entry M, is equal to the number of occurrences of the
letter b in the image o(a). For two morphisms o: A* — B*,n: B* — C* it holds that
M,z = M,M,. The incidence matrix of a substitution ¢ is a square matrix and we say
that o is primative if M, is primitive, i.e., if M is a positive matrix for some n > 1.

An S-adic expansion of an infinite word w is a sequence ((0p, an))nen, where oy, 0 A% —
A are morphisms and a, are letters belonging to A,,, such that

(2.1) W = ngrfoo 0001+ On—1(an).

We then say that w is an S-adic sequence. For more details about S-adic systems see |7].

3. Two-wAYy CANTOR REAL BASES

In this section, we generalize the framework of [12] in order to be able to represent all non-
negative real numbers. Let B = (8, )ncz be a bi-infinite sequence of real numbers greater
than one and such that :{i% n = +0o and ;fg _n = +00. We call such a sequence
a two-way Cantor real base. For the positional representation of numbers in base B, we
consider two-sided pointed infinite sequences a = (ap)nez = - a2a1a0 * A_1a4_20_3 - .
The associated value map is defined only on those sequences a = (ay)nez in N% for which
there exists some N € Z such that a, = 0 for all n > N. For such a sequence a, we define

N-1 0o
(3.1) valp(a) = Z anBn-1---Po+ Z B n )
n=0 n—1 717" 6—71

provided that the infinite sum defines a convergent series. In this case, we say that a is a
B-representation of the so-obtained non-negative real number valg(a). The sequence a is
usually written as

AN—1""-AQ*Q_10_92 """ if N > 1;
0- O*NaN_laN_g | A 0,

that is, we omit the coefficients a,, for n > max{N, 1}.

For a two-way real Cantor base B = (0, )necz, we write S(B) the two-way real Cantor
base S(B) = (fn+1)nez. Thus, we have

(32) ValB(CLN,1 cerapca—_14-9 - ) = ﬁo . valS(B) (CLN,1 SRR ¢ I ¢ 10 Yo 2 0 A, )
For N € N, we let SV be the N-th iterate of S, i.e., S™(B) = (Bn+N)nez. We extend this
definition to all integers N € Z in a natural fashion simply by setting SY (B) = (BniN)nez-

In general, a non-negative real number x can have more than one B-representation.
Among all of these, we consider the greedy one defined as follows.

First, consider the case where x € [0,1). We use the greedy algorithm defined in the
one-way Cantor base (8_1,(-2,...) as introduced in [12]: first, set 7_; = x, and then, for
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n < —1, iteratively compute a,, = | 5,1y | and r,—1 = Bpry — a,. We define
dp(x) =a—1a_9--- .
In the two-way Cantor real base B, the B-expansion of x € [0, 1) is then denoted by
(x)p =0+dp(x) =0+a_1a_2--- .
Since we have assumed that [} B_,, = +o0c, the series on the right side of (3.1) converges
and valp((z)p) = =.

Next, we consider the case where x > 1. In this case, we will need to use the bases 3,
for n > 0 as well. Let NV > 1 be the minimal integer such that z < By_1---B9. Note
that such an integer exists since we have assumed that Iﬁ% , = +o0o. We compute
the SN(B)—expansion of m If the obtained expansion is O~ay_1any_o---, then the

B-expansion of x is denoted by
(T)g = an_1--ap-a_ia_s - .
In particular, the obtained digits a, belong to the alphabet {0,...,[8,]| — 1} for all n.
Also note that the B-expansion of 1 is always (1)p = 1+ 0%.
Let us collect some properties of the B-expansions. These properties are straightforward
consequences of analogue results in [12] for one-way Cantor real bases.

Lemma 1. Let B = (Bn)nez be a two-way Cantor real base. A sequence (ap)nez over N,
with an, = 0 for sufficiently large positive n, is the B-expansion of some non-negative real
number if and only if we have

k 00
2 : 2 : a_n
anﬂn—l"'/@O‘i‘ W<ﬁkﬂo forallk:ZO

and
1

Bkt

(o)
a—n
> 1.

;ﬂ1-~ﬁn<ﬁl~ for allk > 1

Let us define a total order on the B-representations of non-negative real numbers. Let
a = (an)nez and b = (b,)nez be sequences in NZ, for which there exist some N € Z such
that a, = b, = 0 for all n > N. We say that a is less than or equal to b in the radiz order
if ay_1any_san_3--- is lexicographically less than or equal to by_1by_2bny_3---. In this
case, we write a <;;q b. As usual, we write a <;,q b if a <,,q b and a # b. Note that
the radix order is defined on two-way sequences, whereas the lexicographic order compares
right-sided infinite sequences.

Lemma 2. Let B = (By)nez be a two-way Cantor real base.

(1) For all non-negative real numbers x and y, we have x < y if and only if (x)p <rad

(y)B-
(2) The B-expansion of a non-negative real number is mazimal in the radix order among

all its B-representations.

4. B-INTEGERS

We are interested in the analogue of the set N in the context of Cantor real bases.

Definition 3. Let B = (f,)nez be a two-way Cantor real base. A non-negative real
number z is called a B-integer if its B-expansion is of the form

<$>B:CZN—1"'CL0'OW
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with N € N. Otherwise stated, its B-expansion has only zeros after the radix point. If
an—1 is not zero or = 0, then we say that N is the length of the B-expansion of x. The
set of all B-integers is denoted by Np.

In the case where 3, = § for all n € N, the set of B-integers coincides with the classical
B-integers introduced by Gazeau [18] and widely studied, see for instance [9, 16]. Moreover,
note that Np = N if and only if all products [[!", 5; are integers.

Clearly, the set of B-integers is unbounded. Let us show that it is also a discrete set.

Proposition 4. The set Ng has no accumulation point in R.

Proof. Tt suffices to see that for all n > 0, the set of B-integers that are smaller than
Brn—1- -+ Bo is finite. The B-expansion of any such B-integer is of the form a,,a,,—1 - - - ag+0“
with m < n. Each digit a; being bounded by ;, there are only finitely many B-expansions
having this property. O

In view of this result, there exists an increasing sequence (x)ren such that
(4.1) Ng :{l'k ZkEN}.

In particular, we have zg = 0 and z; = 1, and limg_, 4o, T, = +00.

In the paper [12], the admissible Cantor base expansions were characterized. In order to
be able to exploit the results from [12], we extend the definition of quasi-greedy expansions
of 1 to two-way Cantor real bases. For B = (8, )necz a two-way Cantor real base, we define
the quasi-greedy expansion of 1 as the sequence

ap(1) = lim ds(a)

where the limit is taken with respect to the product topology. The sequence d};(1) contains
infinitely many non-zero digits and it evaluates to 1, meaning that valg(0+dj(1)) = 1.

Theorem 5. [12, Theorem 26] A sequence 0+a_ja_o--- of non-negative integers is the
B-expansion of some number in [0,1) if and only if an—1an—2-+ <iex dgn(B)(l) for all
indices n < 0.

Note that the inequality in the previous theorem is also valid for positive indices n since
for n > 0, the digit a,—1 is zero and the leading digit of d*n(B)(l) is positive.

For a number x > 0, we have

(4.2) (x)p=an—_1--ap*a—ja_g--- if and only if <%>S(B) =ay_1---QA1°Q00_1 """ .
This fact easily follows from the definition of S(B) and the greedy algorithm. Therefore,
Theorem 5 generalizes to the context of two-way Cantor real bases.

Corollary 6. A sequencean_1---ag*a_1a_2 --- of non-negative integers is the B-expansion
of some non-negative real number if and only if ap—16n—2 - <lex d*Sn(B)(l) for all indices
n<N.

In view of these results, we see that we need to compare all shifts of a sequence to the
quasi-greedy expansions of 1 with respect to the corresponding shifted bases S™(B). From
now on, for all n € Z, we write

(43) Z’"(B)(]‘) - dn,ldn,Q .
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Observe that unlike previously, we have increasing indices as we read from left to right.
By results of [12]|, we know that

(4.4) dnp1dn vz -+ Stex dgn—e(p)(1) = dngadng2 -

for all n € Z and all £ € N. Therefore, for all n € Z, the sequence dy, 1dp 2 dpy, « 0¥ is
the B-expansion of a B-integer.

Proposition 7. Let k € N, xy and xi11 be elements of Ng as introduced in (4.1). Write

(xg)B = -+ -aga1ap + 0 and (Try1)p = -~ babiby « 0¥. Define n to be the mazximal index
such that a, # b,. Then

(1) <xk>B - an+2an+1andn,1dn,2 T dn,n * Ow:.

(2) (Tkt1)B = ani2ant1(an +1)0" - 09;

(3) Tpy1 — T = ValB(O y dn,n+1dn,n+2dn,n+3 ce ) <1

Proof. Since 41 is a successor of zy in Np, by Lemma 2, there is no integer sequence of
the form ¢, c,_1 - - ¢+ 0¥ greater than aya,_1 - - - ag+0¥ and smaller than b,b,_1 - - by+0%,
with respect to the radix order, that satisfies the inequalities of Corollary 6. Consequently,
bp---byp = (an + 1)0™. On the other hand, a,_1a,-2---ap+ 0“ must be the greatest
sequence of this form in the radix order satisfying the inequalities of Corollary 6, which is
dp1dp 2+ dpp+ 0¥ thanks to (4.4).
Using (3.2) and the equality valgn(p)(0+dp1dp2---) =1, we get that
Th+1 — Tk = valB(IO" . Ow) — ValB(dmldn,Q cee dn,n . 0w>

=Bp-1---Bo— ValB(dn,ldn,Q T dn,n . 0w>

= valp (dn,l T dn,n . dn,n+1dn,n+2 T ) —valp (dn,ldn,Q ce dn,n . Ow)

= Va13(0 . dn7n+1dn’n+2 s )

Finally, note that adding one to the right-most digit d, , in the greedy representation
dp,1dp 2 - dppn+ 0¥ violates the greedy condition, which means that valg(d, 1dn2-- dpn*
0“)+ 1> Bu_1---Bo, and hence xp1 — xp < 1. O

Definition 8. For every n € N, we define
A, =valp (0 . dn,n+1dn,n+2dn,n+3 cee )

In particular, we have Ay = 1 and A,, <1 for n > 0. The above proposition states that
the distances between consecutive B-integers take values A,, accordingly to the position n
where the B-expansions of these B-integers differ. At specific cases, it may happen that
A, = A, even though n # n'.

Lemma 9. If n,n' € N are such that A, = A,,, then the string dpni1dnnt2dnnts -
coincides with the string dps 4 1dy pryodps pris -
Proof. Tt follows from the equality

dn,n+1dn,n+2 = :c—)l(lgt)’ dB(:U)

which is a simple consequence of (4.2). O
In view of Proposition 7, we encode the distances between consecutive B-integers by an
infinite sequence.

Definition 10. With a two-way Cantor real base B, we associate a sequence wp = (W) keN
over N as follows: for all £ € N, we let w; be the greatest non-negative integer n such that
(xx)p and (xpy1)p differ at index n.
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If the set of distances {xx41 — 2z : kK € N} = {A,, : n € N} between B-integers
is finite, then we can project wp onto a sequence over a finite alphabet and study its
substitutivity. To see the connection of this notion to the Rényi numeration system, we
recall that Fabre [16] assigned to a Parry base  a primitive substitution over a finite
alphabet. This substitution turned out to be the substitution fixing the S-integers defined
by Gazeau [18]. We now present a generalization of these results.

We first show that the infinite sequence wg(p) can be mapped to the infinite sequence
wp by using a substitution over the infinite alphabet N. This will then allow us to prove
that wp is an S-adic sequence.

Definition 11. We define a substitution ¢¥p over the alphabet N as follows:

Yp:n i 0%tiedt(n 4 1),

Proposition 12. We have ¢p(Wg(p)) = WpB-

Proof. Let (zy)ken be the strictly increasing sequence for which Ng = {z}, : k € N} and let
(Zr)ren be the strictly increasing sequence for which Ngpy = {Z) : k € N}. Write wp =
wowq - -+ and Wg(g) = WowWn - where the wy’s and the w;’s are letters in N. Let k € N
and let n = wy. By Proposition 7, we have Ty, — T = Valg(B)(O cdpt1nt1dntint2 - )-
Proposition 7 allows us to write
(Tk)sBy =an-1-+*any1  an  dpy11 - dpgpip - 07

<5f'k+1>S(B) :aN,l---an_i_l(an—f—l) 0 - 0 < Q¥

for some index N > n. By (4.2) the B-expansions of SyZ and BTy are

<BO§;I€>S(B) =aN-1""" Qn dn+1,1' : 'dn+1,n 0-0%
(BoTrs1)spy = an—1---(an+1) 0 - 0  0-0%
In particular, the numbers ByZ; and PByoZri1 belong to Np. Similarly as in the proof of
Proposition 7, Lemma 2 combined with Corollary 6 and (4.4) imply that the B-expansion
of every B-integer laying between Bgxj and SoZiy1 is of the form
aN—1--°- CLndn+1,1 T dnJrl,nb - 0%

where b € {0, ..., dp+1n+1} We have

valgp(an—1 - andny1,1 - dny1,nb+0%) = BoZy + 0.

The letter assigned by Definition 10 to the distance between BgZy + b and BoZr + b+ 1 is
0 for each b € {0,...,dpt1,n+1 — 1}, whereas the letter assigned to the distance between
BoZk + dnt1n+1 and BoTr41 is n+ 1. Since k has been chosen arbitrarily, the sequence wp
is the infinite concatenation of the blocks 1 (n) = ¥ p(wy;) = 0%+1n+1(n + 1) for each k.
Otherwise stated, we have ¢p(Wg(p)) = Wp, as announced. O

From the proof of the previous proposition, we derive the following relation between
distances A,, of consecutive B-integers and distances A,, of consecutive S(B)-integers.
Corollary 13. For all n € N, we have

60An = An—‘,—l + dn+1,n+1-

Proof. With the notation of the proof of Proposition 12, the distances between consecutive
B-integers occurring in the interval [BoZk, SoZx+1] take once the value A, 1 and dp41n+41
times the value Ay = 1. The sum of these gives the length of the interval, namely Bo(Zx41—
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We are now ready to prove that the infinite sequence associated with the B-integers
in Definition 10 is an S-adic sequence. For all m € Z, we will denote the corresponding
substitution ¥ gm gy =: ¥, that is,

(4.5) Y s 1 OFmEntintt (4 1),

Corollary 14. The infinite sequence wp is the S-adic sequence given by the sequence of
substitutions (Vm)men applied on the letter 0, i.e.,

wp = mglilm Yorp1 -+ Pm—1(0).

In particular if the sequence (Vm)men 1s purely periodic with period p > 1, then wp is a
fized point of the substitution g - - - Pp_1.

Proof. For all m € Z, we have dy, 41,1 > 1 since §3,, > 1. Therefore, the image of 0 under
¥, has length at least 2 and hence the length of 1yt); - - - 1,,,—1(0) increases as m grows
to infinity. Moreover, it follows from Proposition 12 that m—1(Wgm(p)) = Wem-1(p)
for all m € Z. Since each wgm(py starts with the letter 0, this implies that for all
m € N, the word ¥gt)1 - - - ¥p,—1(0) is a prefix of wp. Hence the sequence of finite words
(Vo1 -+ Yim—1(0))men converges to the infinite sequence wp. O

In the next section we will examine the properties of the substitutions ),,. For this
purpose, the following statement will be of use.

Proposition 15. For each m € N, the word v - - - ¥y—1(0) contains all letters 0,1,...,m.
Moreover, if M € N is a constant such that for all m € N, the quasi-greedy expansions
dgm(B)(l) do not contain the factor 0M, then for each n € N, the word g ---Vp_1(n)
starts with the letter 0.

Proof. We will show the first statement by induction on m. For m = 0, it is obvious.
For m > 0, we have g ¥m,_1(0) = g - - Pm_2(0911). Since dm1 > 1, the word
o+ Ym—1(0) has 1o - -1m—2(0) as a prefix, and therefore by induction hypothesis, it
contains all letters 0,1,...,m—1. But g ---1,—1(0) also has ¥g - - ,—2(1) as a suffix,
and from (4.5), it is clear that it ends with the letter m.

For the second statement, let M be as in the statement and fix some n € N. Realize
that there exists j € {0,1,..., M — 1} such that dys1n ntj+1 7# 0. Take the smallest such
j. Then for any n € N, ¢pr—;---¥p—1(n) =n+ j. Then

Yo - ﬂ)M—l(n) =g -- QpM_j_l(n + ]) =y -- '¢M—j—2 (OdM+n,n+j+1 (n +5+ 1))
which has the prefix 0. 0
In the following example we illustrate that the assumption concerning boundedness of

the lengths of factors formed only from zeros is necessary for the validity of the second
statement in Proposition 15.

Example 16. We consider the Cantor real base (3, )nez with £, = 2 for n < 0 and for
n > 0, the elements (3, are given recursively by

1
b= 2 Ry

It is easily seen that 8,_18n—2---B_1 =3-2" — 1 for n > 0. The quasi-greedy expansions

of 1 are of the form
. (1) = 1v, for m < 0;
STMB T ) 20m1w, for m > 1.
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According to (4.5), the substitutions v, for m € N are all equal, namely given by
0 — 001;
Ym: {

n—n+1, forn>1.

The infinite word wp is therefore a fixed point of the substitution . Obviously, we have
Yo Ym—1(n) = Yg'(n) = n + m does not contain the digit 0 for any n > 1 and any
m > 0.

5. FAITHFUL REPRESENTATION OF B-INTEGERS

In Definition 10 we introduced the infinite word wg = wowjws - - - over the alphabet N
which codes the sequence of distances between consecutive elements of Ng. The equality
wy = wy implies the equality A, = Ay,,, but not necessarily vice versa. Our aim is to
find a sequence vp that faithfully encodes the sequence of distances.

Definition 17. We say that a sequence vg = vgvivs--- over an alphabet A C N is a
faithful coding of the set Ng of B-integers if for any k, k' € N, it holds that vy = vy if and
only if Ay, = Ay,

To identify letters indexed by 4,j in wp for which A,, = A,,;, we use the projection
morphism 7 defined over the alphabet N as

(n) mp(n'), if A, = A, for some n' < n;
mg(n) =
B n, otherwise.

Obviously, vp := mp(wp) is the faithful coding of B-integers. The letters of v take values
in the alphabet

Ap = mp(N).
Observe that this alphabet always contains the letter 0, but it is not necessarily made of
consecutive integers as the following example shows.
Example 18. Consider the alternate base B = (1, fy) with dj3(1) = 1101* and dE(B)(l) =

21101¢. This happens choosing 3; to be the real root of 93 — 153:3—1— 3z — 1 and By = 3.
Denote by A, distances between consecutive B-integers and by A,, distances in S(B)-
integers. According to Definition 8

Ag=A1, Ay=A3, and A,=A, foreveryn >4
Therefore, the alphabet of vp is Ap = {0,2,4}. On the other hand, since
ﬁo > &1 = 52 and ﬁn = 83 for every n > 3,
the alphabet of vgpy is Agp) = {0,1,3}.
Lemma 19. Let ¢g be the substitution introduced in Definition 11. Then

TBYBTS(B) = TBYB-

Proof. Let (Ap)nen and (Ay)nen be the sequences of distances assigned to Np and Ng gy,
respectively. Let n € N and let n' = mg(p)(n). Then n' <nand A,y = A,. We have to
show that mp¢p(n') = 7 p(n). By Lemma 9 applied to the shifted base S(B), we know
that dy/11 /41 = dnt1,n+1. By Corollary 13, we get that A4 1 = Ap41, which in turns
gives us that mg(n’ + 1) = mp(n + 1). Therefore

B wB(n') = Odn/+1,n’+17rB(n, + 1) = Od"+1’"+17TB(TL + 1) =7RB ¢B(n)

as desired. ]
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Let
QDBI A;(B) — A*B

be the morphism defined as the restriction of w1 to the monoid A*S( B)

Proposition 20. We have ¢p(vg(p)) = VB-

Proof. By the definitions of v and vg(p), Proposition 12 and Lemma 19, we get

vp =7np(wp) = 7TB¢B(WS(B)) = 7TB¢B7T5(B) (WS(B)) = 7TB¢B(VS(B)) = SDB(VS(B))

as announced. O

For m € Z, we let
(5.1) Ay = Agmpy, Tmi=Tempy: NT = AL and g = pgmpy s A — An
Corollary 21. The infinite word v has the S-adic expansion ((¢m,0))men, i.e., we have
v = lim o1 m-1(0).

In particular, if the sequence of morphisms (pm)men @s purely periodic, say with period p,
then vp is a fized point of the substitution @g - - - @p—1.

Proof. We derive from Lemma 19 that for each m > 1, the composition ¢gp1 - @Ym—_1
coincides with the restriction of moyot; -« ¥m—1 to the monoid A},. The result then
follows from Corollary 14. O

Example 22. Consider the Cantor real base from Example 16. The distances A,,, n € N,
from Definition 8 take values Ay = 1 and A,, = valg(0+01¥) for n > 1. The faithful
coding vg = mp(wp) is therefore an infinite word over the alphabet {0,1}. Moreover,
since ¥, = 19 for m € N, we get that vp is a fixed point of the substitution ¢ = mgy,
namely ¢: 0 — 001, 1+ 1. This substitution is not primitive and its fixed point

vp = 0010011001001110010011001001111 - - -

is not uniformly recurrent since it contains arbitrarily long blocks of consecutive 1’s.

In the previous example, we see that there can be only finitely many possible distances
between consecutive B-integers. We show that if this happens for the base B then it also
happens for all its shifts S™(B).

Proposition 23. Suppose that the distances between consecutive B-integers take finitely
many values. Then so do the distances between consecutive S™(B)-integers for all m € 7Z.

Proof. 1t is sufficient to show this for m € {—1,1} (we can then do inductions to the
left and to the right). In view of Lemma 9, it is enough to show that the finiteness
of the set of strings Dy = {dpnt1dnnt2--- : n € N} implies the finiteness of the sets
D_y ={dn-1n+1dn-1n+2---:n € N} and D; = {dp41n+1dnt1nt2--- : n € N}. The set
D_; is clearly finite if Dy is finite since for n > 1, dy,—1 n+1dn—1n42 ... is the first shift of
dp—1ndpn—1n+2 ... € Do. In order to show the finiteness of D1, we need to bound the first
letter of its strings. Using (4.4), we have that dy41,n41 < di,1 for each n > 0, hence there
are only finitely many strings in D; if Dy is finite. U
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6. B-INTEGERS IN ALTERNATE BASES

A two-way Cantor real base B = (8, )nez is called an alternate base if it is periodic, that
is, if there exists a positive integer p such that 8,4, = B, for all n € Z. In this case, we
simply denote B = (8,-1,...,00) and the integer p is called the period of B.

Definition 24. An alternate base B is called Parry if the sequence d; ( B)(l) is eventually
periodic for every i € {0,...,p — 1}.

The above notion allows us to characterize alternate bases B for which the set of B-
integers has a finite number of distances between consecutive elements.

Theorem 25. Let B = (fBp_1,...,00) be an alternate base. Then the set of distances
between consecutive B-integers is finite if and only if the alternate base B is Parry. In
such a case, the infinite word vp faithfully coding the B-integers is a fized point of the
primiative substitution g - - - Qp—1.

Proof. By Proposition 7, we have to show that the set
D = {valg(0+dpnt1dnni2---):n €N}
is finite if and only if B is Parry. For i € {0,...,p — 1} we let
D; ={valp(0+d; n41din+2---) :n €N, n=1imod p}.

Since D = U’Z?:_Ol D;, the set D is finite if and only if D; is finite for every i. We will show
that for every i, the sequence d, ( B)(l) is eventually periodic if and only if D; is finite. Let

us fix i € {0,...,p—1}.
First, suppose that dgi( B)(l) is eventually periodic. Without loss of generality, we
may assume that there exist £ > 0 and m > 1 such that d*i(B)(l) has preperiod #p

and period mp. Then for all n > ¢p such that n = i mod p, we have d; ,11d;jpt2- - =
di nt+mp+1di ntmp+2 - - - Hence, the set D; has at most £ + m elements.

Conversely, suppose that the set D; is finite. Then there exist n,n’ € N such that n < n/,
n =i mod p, n’ =i mod pand A,, = valg(0+di ny1dipnt2---) = valp(0ed; py1di 2+ ) =
A,s. By Lemma 9, we have equality of the strings d; ,,41d; nt2 - - = di pr41di pry2 - - -, which
means that the sequence d; ,41d; 42 - -+ is purely periodic and thus d*si(B)(l) =d;1d;q---
is eventually periodic.

Since B is an alternate base with period p, the sequence of morphisms (¢, )mez defined
in (5.1) is also periodic with period p. Corollary 21 implies that vp is a fixed point of
the substitution ¢ = ¢g - --pp—1 over the finite alphabet Ag. Note that the size of Ay is
precisely the number of possible distances between consecutive B-integers. It remains to be
shown that the substitution ¢ is primitive. Since each (; is just a restriction of ¥; to a finite
alphabet, Proposition 15 implies that for a sufficiently large k the image of ©* (0) contains
all letters occurring in the fixed point of . As B is an alternate base, the assumption of
the second part of Proposition 15 is satisfied as well. It means that for sufficiently large
k the image ¢*(n) of every letter n occurring in the fixed point of ¢ contains 0. In other
words, the first column and the first row of the incidence matrix of the substitution ¢*
are positive. Consequently each entry of the incidence matrix of the substitution ¥ is
positive, i.e., the substitution ¢ is primitive. Il

We conclude this section by proving an important consequence of Theorem 25 about the
uniqueness of the alternate base. We first prove a lemma which is of interest by itself.
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Lemma 26. Let B = (fp—1,...,50) be a Parry alternate base. The Perron—Frobenius
eigenvalue of the incidence matriz of the substitution g ---pp—1 is giwven by the product

Bo - PBp—1 of the bases.

Proof. For each i € {0,...,p — 1}, we denote by A® = (A;, : a € A;) the row vector
(indexed by the letters in 4;) formed by the distances between S%(B)-integers. Note
that all components of the vectors are positive and distinct. The incidence matrix of the
morphism ¢;, which maps the faithful coding of S+1(B)-integers to the faithful coding of
S*(B)-integers, is denoted by M;.
Let us show that the following matrix equalities hold:
(6.1) BATHY = ADNG e {0,1,...,p—1}.
Equivalently, we have to show that for all letter b € A; 1, we have
BiAi—‘rl,b = Z Ai,a(Mi)a,ba 1€ {07 17 Y 1}
acA;

By Corollary 13, we know that

(6.2) Biliv1in = Diny1 + digntint1
for all i € Z and all n € N. Let us consider some fixed i € {0,...,p — 1}. By definition of
@i, one has ;(b) = 0%+s+10t17;(b + 1) for all b € A;. We thus consider two cases.

First, suppose that 7;(b+ 1) = 0. This means that A; ;41 = A;o = 1. In this case, we
get that (M;)op = ditp+1p+1 + 1 and that (M;)ap = 0 for a # 0. By using (6.2), we get

Z Nia(Mi)ap = Dio - (digprip1 + 1) = digpriprr + Dipr1 = Bilig1p.
a€A;

As our second case, suppose that m;(b+1) = ap # 0. Then A;p11 = Ajay, (Mi)op =
ditbi1pt1 and (M;)gp equals 1 if a = ap and equals 0 otherwise. By using (6.2) again, we
get

> Nia(Mi)ap = D0 digpirptt + Diag - 1= digpriprr + Dipsr = Bildis1p.
(zG.Ai
Hence (6.1) is satisfied in both cases, as announced.

From this, we derive
Bo - '-quﬁ(o) =By "BpflA(p) - A(O)MO"'Mpfl-

In other words, the row vector A is a positive (left) eigenvector of the square matrix
My - - - My, corresponding to the eigenvalue g - - - 3,—1. By Theorem 25, the composition
©op1 - Pp—1 is primitive and hence the matrix My --- M,_1 is primitive as well. The
Perron-Frobenius theorem implies that this eigenvalue is precisely the Perron-Frobenius
eigenvalue. O

Theorem 27. Let B = (Bp—1,...,00) be a Parry alternate base. Then no other alternate
base of length p has the same list of quasi-greedy expansions of 1.

Proof. Assume that the list of quasi-greedy expansions d%; (1) for ¢ € {0,...,p — 1}

Si(B)
also gives the list of quasi-greedy expansions of 1 associated with an alternate base C =
(Yp=1:Yp—2, - - -»70)- The list of substitutions associated with an alternate base depends on

the quasi-greedy expansions, but not on the values (; themselves. Therefore, the compo-
sitions of the substitutions associated with B and those associated with C coincide. By
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Lemma 26, we obtain that the products Sy --- 8,1 and v - - - yp—1 are the same. Then by
[13, Proposition 20|, we derive that C = B. O

Let us mention that the question of the uniqueness of an alternate base given a list of
quasi-greedy expansions of 1 remains open in case that the base is not assumed to be a
Parry alternate base.

7. FROM THE POINT OF VIEW OF AUTOMATA THEORY

In this section, we build an automaton Autp associated with a Parry alternate base B
which encodes all the information studied in Sections 5 and 6. Let B be a fixed Parry
alternate base. The set of states is given by

Q={(i,a):i€{0,...,p—1}, a € A;}.
Thus, the number of states is given by | Ag|+- - - +|.Ap_1], which is the sum of the number of
possible distances between consecutive S*(B)-integers. There are p initial states, given by

(2,0) for i € {0,...,p — 1}, and all states are final. The transitions are defined as follows:
for all (i,a) € @, we have one transition of the form

di a,a .
(7.1) (i,a) =2 (i — 1, m_1(a+1))
and d;4q,q+1 transitions of the form
(7.2) (i,a) % (i —1,0), force€{0,...,diraar1 — 1}.

Our aim is to show that this automaton accepts the language of the B-shift, and that the
p substitutions ¢;, for i € {0,...,p—1}, defined in Section 6 can be seen in this automaton.
Recall that in general for a Cantor real base, the B-shift is defined as the closure of the
set of strings Upez{dgn(p)(z) : z € [0,1)}, with respect to the product topology, and its
language is the set all factors occurring in some dgn(py(z) with n € Z and = € [0,1).
For an alternate base, the language of the B-shift is simply the set of factors of the set
{dp(z) :z €10,1)}.

We will show that the automaton described above can be obtained as a projection of
the automaton accepting the language of the B-shift given in [11]. In order to prove that
Autp keeps the same accepted language, we will then prove that this projection is in fact
a conformal morphism of automata; see [23].

In order to do so, we have to give a description of the automaton from [11], but adapted
to the notation of the present framework (in particular, the bases were shifted in the
opposite direction in [11]). This automaton, which we call here Aut’s, is defined as follows.
The base B being Parry, for each ¢ € {0,...,p — 1}, there exist (minimal) integers m;,n;
such that d*si(B)(l) =di1...dim;(dim+1 - dim;4np)”. Note that m; > 0 and n; > 1.

The set of states of Aut'y is then given by

Q ={(i,k):i€{0,....,p—1}, k€ {0,...,m; +n;p—1}}.
The initial states are given by (i,0) for i € {0,...,p — 1}, and all states are final. For all

(i, k) € Q', we have the following transitions:

(7.3) (i, k) T k4 1) if k< m; 4+ nip— 1

(7.4) (6, k) 5 (6 my) if k = m; 4+ nip — 1

(7.5) (i,k) > (i — k —1,0) for each ¢ € {0,...,d; 11 — 1}.
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In general, the set of states Q" of the automaton Auty is larger that the set of states
Q of the automaton Autp. In the following proposition, we show that the former can be
projected on the latter, while keeping the same accepted language.

Proposition 28. The automaton Autp accepts the language of the B-shift.

Proof. We consider the following mapping of the states of Auty to the states of Autp:
h: Q/ — Q7 (Za k) = (Z - kawi—k(k))

(where as usual, i — k is considered modulo p). We claim that this mapping defines a
morphism of automata (see for example [23]), i.e., that

e Initial states are mapped to initial states;
e Final states are mapped to final states;
e For all transitions (¢/, ¢, ¢) of Aut'y, the transition (h(q'), ¢, h(q)) is present in Autp.

The first two items are evident in our case. Let us check that the third item is also satisfied.

Consider a transition in Aut’y starting from a state (i,k) € Q. Let j = i — k and
a = mj(k), so that h(i, k) = (j,a). This means that A, = A;, (where (A;,)nen denotes
the sequence of distances between S7(B)-integers). By Lemma 9, we get the string equality

di ky1di p+2di k2 = djyraar1ditaat2ditaatrs - -
This implies that di,kz—i—l = dj+a,a+1 and Aj—l,k—i—l = Aj—l,a+17 hence also 7Tj_1(k‘ + 1) =
7rj,1(a + 1).

Consider now the three types of transitions of Aut’y separately. For transitions of the
form (7.3), we are good since h(i,k +1) = (j — 1,mj—1(a + 1)). For transitions of the
form (7.5), we are fine too since h(i —k —1,0) = (5 —1,0). Now, assume that we deal with
a transition of the form (7.4). Thus, we have k =m; + n;p — 1 and j — 1 =i — m; mod p.
By definition of m; and n;, we obtain that A;_p,, m;, = Ai—m; mi+nip, hence Aj_q ., =
Aj-1 k1 = Aj-1a+41. This yields h(z,m;) = (j — 1, mj—1(a +1)).

In order to positively assert that the image automaton Autp = h(Aut’y) accepts the
same language as Aut’z, we still have to argue that any transition in Autpg is the image of
a transition in Aut’z; such a morphism of automata is said to be conformal, see |23, Section
3.1.2|. For this, we note that A; , = Aj 4—n,p for all a > mjq + nipqp. Therefore, for all
a € A;, we have a < mjyq+ni+qp. This shows that if (i,a) € @, then (i+a,a) € Q', hence
h(i+a,a) = (i,a). Consider a transition of the form (7.1) in Autp. If a < m;1q+nitep—1
then this transition comes from the transition

di a,a .
(i + a,a) —=% (i +a,a+ 1)
in Aut’B. In the case where a happens to coincide with m;,+n;1.p—1, then the transition
comes from the transition
. di a,a .
(i + a,a) === (i + a,Miyq)
in Aut’y since Tita—mirqa(Mita) = Ti—1(a + 1). Finally, any transition of the form (7.2) in
Autp comes from the transition (i +a,a) = (i — 1,0) in Aut's.

The conclusion follows since we know from [12, 11| that the automaton Aut’y accepts

the language of the B-shift. O

Remark 29. To be a little more precise, let us emphasize that, from the proofs of [12,
Theorem 48] adapted to the automaton Aut’y and of Proposition 28, we actually get that
for every i € {0,...,p — 1}, the language accepted from the state (7,0) in Autp is the set
of all prefixes of the language {dg:(p)(z) : € [0,1)}.
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Let us now show how to find the p substitutions ¢;: A7 ; — Aj from the automaton
Autp. For any i € {0,...,p — 1} and a € A;y;, the image ;(a) can be obtained by
inspecting the automaton Autp as follows. Among all transitions going out of the state
(141, a), pick that with maximal label. If this label is d and the reached state is (i — 1, b),
then ¢;(a) = 0.

To end this section, let us also point out some nice properties of the automaton Autg.
This automaton is invariant under shifts of the base, i.e., one has Autp = Autgp). It is
also strongly connected and p-partite with respect to the state partition {(i,a) : a € A;}
for i € {0,...,p—1}.

8. EXAMPLES

In this section, we illustrate our results on three examples of alternate bases, going from
all the details for the first example to only a few enlightening remarks for the next two.

First, consider the alternate base B = (%, %) It is Parry since dj;(1) = 20(01)*
and dg B)(l) = (10)“. There are two possible distances between consecutive B-integers
since

Ag = valp(0-20(01)) =1

-1+ 13

A, =A1 =valp(0-(01)¥) = G

~ 0.434259 for n # 0.

Thus, the projection 7y is given by

00
o ':
n—1 fornz#0

and the alphabet Ayg = m(N) is {0,1}. In Table 1 are given the B-integers whose B-
expansions have lengths at most 5 up to two decimal digits, (the left part of) their B-
expansions, the corresponding prefixes of the sequence wp and its projection vg = mo(wp)
onto the alphabet Agy. The first B-integers, the B-expansions of which are given in Table 1,

k| xp |{(zp)B |WB | VB | K Tk (xp)B |WB | VB || K Tk (xk)B | WB | VB
0 0 0] 0 0 || 12| 8.03 1100 | O 0 || 24|16.64 | 100001 | 1 1
1 1 1] 1 1 13| 9.03 1101 | 3 1 25| 17.07 | 100010 | O 0
2 11.43 10| O 0 || 14| 9.47 2000 O 0 |26 |18.07 | 100011 | 1 1
3 1243 11 1 1 15| 10.47 2001 | 4 1 27| 18.51 | 100020 | 2 1
4 | 2.86 20 2 1 16 | 10.90 | 10000 | O 0 || 28(18.94 | 100100 | O 0
5 |3.30 100 O 0O ||[17]11.90| 10001 | 1 1 29 1 19.94 | 100101 | 3 1
6 | 4.30 101 | 3 1 181 12.34 | 10010| O 0 || 30|20.38 | 101000 | O 0
71473 1000 O 0 19 113.34 | 10011 1 1 31| 21.38 | 101001 1 1
8 [5.73| 1001 1 1 20| 13.77 | 10020 | 2 1 32 (21.81 101010 O 0
9 |6.17| 1010| O 0 | 21]14.21 10100 | O 0 [ 332281101011 1 1
10| 7.17 | 1011 1 1 22| 15.21 10101 | 5 1 34 | 23.25 | 101020 | 2 1
11]7.60| 1020 | 2 1 || 23] 15.64 | 100000 | O 0 || 3523.68 101100 | O 0

TABLE 1. B-expansions of the first B-integers and the corresponding pre-

fixes of wg and vpg, with respect to the alternate base B = (1+27\/ﬁ’ %)

are represented in Figure 1.
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00 000 00 00 000 0000 00 000 00 00 000 00 00 000 O

0 5 10 15 20 25

FIGURE 1. The first B-integers, with respect to the alternate base B = (H%/ﬁ, 5+%/ﬁ).

Now, we consider the shifted base S(B) = (%, H‘;/ﬁ). Let us denote the k-th S(B)-
integer by Zj and the distance between consecutive S(B)-integers differing in (maximal)

position n by A,,. We get also two possible distances between consecutive S (B)-integers:

A, =Ag=valz(0-(10)) =1 forn #1

-3 ++v13
2

Ay = val(0+0(01)%) = ~ 0.302776.

Thus, the projection 7 is given by

1—1
-
n—0 forn#1

and the alphabet A; = m(N) is {0, 1} again. Table 2 is the analogue of Table 1 for the
shifted base S(B). The first S(B)-integers, the S(B)-expansions of which are given in

k i‘k <3~3k>B Wi | Va k .fk <i‘k>é Wi | Va k i‘k <i‘k>3 Wp | Vi
0 0 el O 0 (|12 9.90 | 1010| 4 0 ||2420.51| 11002 | 1 1
1 1 1] 0 0 | 13| 10.90 | 10000 | O 0 ||25)20.81| 11010| 4 0
2 2 211 1 |14 ]11.90 | 10001 | O 0 || 26]21.81| 20000| O 0
3 1230 10| 2 0 || 15]12.90 | 10002 | 1 1 || 27]2281| 20001 | O 0
4 13.30 100 O 0 || 16| 13.21 | 10010 | 2 0 || 28]23.81| 20002 | 1 1
5 14.30 101 O 0 ||17|14.21| 10100 | O 0 ||29|24.11| 20010 | 5 0
6 |5.30 102 1 1 || 18]12.21 10101 | O 0 | 30 |25.11 | 100000 | O 0
7 15.60 110 | 2 0 (|1916.21 | 10102 | 1 1 | 31]26.11 | 100001 | O 0
8 |6.60 200 3 0 ||20|16.51|10110 | 2 0 || 32|27.11| 100002 | 1 1
9 |7.60| 1000| O 0 | 21|17.51]10200| 3 0 || 33|27.42| 100010 | 2 0
10 | 8.60 | 1001 | O 0 ||22|18.51|11000| O 0 | 34 |28.42 100100 | O 0
1119.60 | 1002 | 1 1 ] 231]19.51|11001| O 0 || 35)29.42| 100101 | O 0

TABLE 2. S(B)-expansions of the first S(B)-integers and the corresponding
prefixes of wg(p) and vg(p), with respect to the alternate base S(B) = B =
(5+\/ﬁ 1+V/13 )

6 2 :

Table 2, are represented in Figure 2.

6 o5 6 6 G G G G DG G G e G GGG e G G 6 e e
0 5 10 15 20 25 30

FIGURE 2. The first S(B)-integers, with respect to the alternate base
S(B) _ (5+%/ﬁ 1+%/ﬁ)_
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We first illustrate Proposition 12, which says that 1p(Wg(p)) = wp. The substitution
Yp is given by 0 — 01, 1+ 2 and n +— 0(n + 1) for all n > 2. Computing a prefix
YB(Ws(p)) = ¥5(001200123001400120012300140015 - - - )
= 01012030101203040101205010120301012030401012050101206 - - -

of Yp(Wg(py), we see that it indeed coincides with a prefix of wp.

Using the projections my and 7, we get the substitutions ¢y and 3, both over the
alphabet {0, 1}, which are given by

0~ 01 0 — 001
Yo and ¢y
1—1 >

Their incidence matrices are given by

10 2 1
M0:<1 1) and M1:<1 0)

The matrix

is the incidence matrix of the substitution

0+~ 01011
8.1 = :
(8.1) ¥ = PoP1 {1 o 0L

This matrix is clearly primitive as it has only positive entries. Computing a prefix
01011-01-01011-01-01-01011-01-01011-01-01011-01-01---
of the fixed point of the substitution pgp1, we see that it indeed corresponds to the prefix
of the infinite word vp coding the distances between B-integers given in Table 1.
Moreover, the characteristic polynomial of MyM; is given by X2 —3X — 1. The eigen-
3+v13 V13 3+13
2 2

values are thus given by and 3_2 . The dominant eigenvalue is
precisely the product 18y as stated in Lemma 26.

, which is

In this example, as we have 2 possible distances between consecutive B-integers, and also
2 possible distances between consecutive S(B)-integers, we get 4 states in the automaton
Autp. This automaton is depicted in Figure 3.

>

w
ot
+
>
w

~—

FIGURE 3. The automaton Autp associated with the base B = (1F

Finally, with this example, we also illustrate the conformal morphism of automata from
Aut'y to Autp described in the proof of Proposition 28. The automaton Aut’; is drawn in
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Figure 4. The mapping h: Q" — @ where Q" = {(0,0), (0, 1), (0,2),(0,3),(1,0),(1,1)} and
Q ={(0,0),(0,1),(1,0), (1,1)} is given by

>

w
ot
-+
>
w

~—

FIGURE 4. The automaton Auty associated with the base B = (1F

Our second example is the alternate base B = (%@, V/5) for which d(1) = 1¢ and
d*s( B)(l) = 2001*. There are two possible distances between consecutive B-integers since

A, =Ag=valp(0:1¥)=1 forn#1
A; = valg(0+001¥) = —2 + /5 ~ 0.236068.

For the shifted base S(B), we get three possible distances between consecutive S(B)-
integers, as

A() = Vals(B)(O-2OOlw) =1

- ~ 2v5
A, = Ay =valgp(0-1%) = \5[ ~ 0.894427 forn #0,2

V5

~ 0.447214.

AQ = valS(B)(O-Olw) =

The corresponding projections 7y and 71 are given by

1—1 00
m { and T (202

— 0 f 1
" orn 7 n—1 forn#0,2

and we get Ay = mo(N) = {0,1} and A; = m(N) = {0,1,2}. The automaton Autp
associated with this alternate base B is depicted in Figure 5.

As a last example, we consider the same alternate base as in Example 18 and construct
the automaton Autp. It has 6 states as there are 3 possible distances between consec-
utive B-integers and also 3 possible distances between consecutive S(B)-integers. The
automaton Autp is depicted in Figure 6.
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FIGURE 5. The automaton Autp associated with the base B = (5+§‘/5, V5).

FIGURE 6. The automaton Autp associated with the base B of Example 18.

9. B-INTEGERS FROM THE DYNAMICAL POINT OF VIEW

In this section, we present an alternative definition of the set of B-integers based on
the dynamical point of view of B-expansions. The results of the previous sections can
then be reinterpreted in terms of this alternative point of view. For § > 1, the 8-
transformation is the map Tg: [0,1) — [0,1), = — fz — |Bz]. In our context of two-
way Cantor real bases B = (f8,)nez, the greedy digits can be obtained by applying the

maps T, as follows. For a real number z € [0,1) with (z)p = 0+a—_1a_2a_1---, the
digits a, with n < 0 are given by a, = |B.Tp,,, T8, - Ts_,(z)|. For a real number
x > 1 with (x)p = ay—1---ap*a_ja_sa_1---, the digits a, with n < N are given by

an = {BnTBnHTﬁnm e TﬁNfl(m)J' Using these notation, the set Np of B-integers

can be defined as
NB == {l‘ S [O, +OO) :dN € N, T < ,60 c ‘ﬁ]\[fl and T,BOTﬂl c ‘T5N71 <180$ﬁ]\/1> = 0}

We now define sequences (A, »)nen, for all m € Z, which will later be interpreted as en-
codings of the distances between consecutive S™(B)-integers. These sequences are defined
recursively as follows. We first set A, o = 1 for all m € Z, and then, we let

Am,n - BmAm—s—l,n—l - ([6mAm+1,n—1—‘ - 1)

for all m,n € Z with n > 1. Clearly, we have A, , € (0,1]. Let us denote the integers in
the previous definition as

Cmn = (BmAm—‘rl,n—ﬂ -1

It is easily seen by using an induction on n that

(9.1) Amn = Bm - Bman—1 — valgm(B) (Cm4n—1,1Cmtn—22" " Cmn * 0%)
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for all m,n € Z with n > 0. This allows us to prove that the integers ¢, , coincide with
the quasi-greedy digits defined in (4.3).

Lemma 30. For all m,n € Z with n > 1, we have ¢y.n = dminn-

Proof. We do an induction on n > 1. For n = 1 and all m € Z, we have ¢, =
[BmAm+10] —1=[Bm]| —1 =dms1,1. Now, let n > 1 and suppose that ¢, = dpmtn’ o/
for all m,n’ € Z with 1 <n’ < n. From (9.1), we know that

Cm+4n—1,1 Cm+n—2,2 Cm,n Am,n

1= - ot + .
Bm+n—1 /8m+n—25m+n—1 Bm e /Bm—l—n—l Bm T Bm—i—n—l

By definition of the quasi-greedy expansion dg,.n ( B)(l), it is not difficult to see that there
exists r € (0, 1] such that

dm—l—n,n r

/8m+n71 * Bm+n726m+nfl * * Bm T Bernfl * /Bm Tt IBm+n71 '
Using the induction hypothesis, we can replace the digits dp,4pnk by Cmqn—kk for each
ke {1,2,...,n—1}. Hence we obtain ¢y, n + A n = dmgnn + 7. Since ¢y and dyynp
are integers, and since both r and A, , belong to (0,1], we get that ¢y, = dpminn as
desired. O

dm—i—n,l dm+n,2

1

Therefore and by using Corollary 13, the sequence (A, »)nen coincide with the sequence
of distances defined in Section 4 with respect to the shifted base S™(B).

For all m € Z, the substitution ¢, := ¥ gm(p) can be rewritten with the notation of this
section as

Y s Mo 06t (n 4 1),

Our aim is now to reobtain the results of Section 4 by the lens of the [3,,-transformations.
This alternative approach, although less intuitive since we understand the link with dis-
tances of consecutive B-integers only afterwards, has the advantage of being shorter in
terms of presentation. Note that here we work with all shifts S™(B) of the base B at once
whereas in Section 4, we only worked with the base B and its first shift S(B).

For all m € Z, the integers ¢y, 1 are greater than 1, hence the images 1, (0) start with
0. Then the limits

W 1= ngrfoo wmwm—&—l T wm—i-n—l(o)

exist. Moreover, we clearly have
(9'2) wm(wm+1) = Wm.

The following proposition shows that the sequences (A, ,)nen encode the distances
between consecutive S™(B)-integers.

Proposition 31. Let m € Z and write Wy, = Wy 0Wm,1Wm2 -+ where the wy, §’s are
letters. Then the set of S™(B)-integers can be computed as

NSm(B) = {AmeWO + -+ Am7wm,k—1 ke N} .
Proof. Tt suffices to show that
Am,wmyo + -+ Am,mec < IBm e ﬁm—i—n—l

and

Ao+ A or + y) _y

Bm Bm+n—1 < /Bm ce ,Bm-‘rn—l
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for all m € Z, all n € N, all & € N such that such that wy,o---wp, is a prefix of
Vm - Ymin-1(0) and all y € [0, Ay 4, ). We proceed by induction on n. For n = 0,
this is trivially true since we must have £ = 0 and A,, o = 1. Now, pick some n > 0 and
suppose that the claim is true up to n — 1. Let m, k, y satisfying the given constraints. In
view of (9.2), we can write

Wm,0 *** Wm,k—1 = wm(wm—&—l,O e merl,Zfl)Ol

with £ € N and @ < ¢y, q 041
By using the definition of the substitution 1, and the values A, ,,, we get that

k—1 /—1 /—1
(9'3> Am,wm,j = Z(Cm,wm+1,j+1 + Amywm+1,j+1) +i=Pm Z Am+1awm+1,j + 0.
j=0 j=0 7=0

Clearly, the word wy,41,0 - - - Wint1,6-1 1s a prefix of ¥y 1+ Ymyn—1(0). Thus, the first
part of the induction hypothesis gives us that

(94) Am+1,wm+1,0 -+ Am+1,wm+1ﬁg < Berl o 'ﬁm+n71-

Let us argue that i + Ay, . < BnAmt1,w,,0,,- Note that wy, i is equal to either 0 or
to w10+ 1. If wy, ), = 0, it should be that ¢ < Cm, 4w — 1 and A, o = 1 whereas if
Wik = W1, + 1, it should be that 7 = Crmwp g1 o+1- 10 both cases, we obtain

(95) /L+ Amzwm,k S Cm71+wm+l,i + Am’wm+l,2+1 = ﬁmAm+1vwm+l,Z'

Now, by combining (9.3), (9.4) and (9.5), we obtain that

k ¢
g Am,wm,j = /Bm § Am+1,wm+1,j - 5mAm+l,wm+1’g +1+ Am,wm,;C < ﬁm te Bm-i—n—l
J=0 Jj=0

which is the first part of our induction claim.
Since y € [0, A, ), We get from (9.5) that Z;—my < Ami1wy,yq,- Hence the second
part of the induction hypothesis tells us that

A771-&-1,111m+1,o et A771-&-17wm+1,1z—1 + l;imy . 14y
Bm

By applying the transformation T, on both sides of the latter equality, and by using (9.3)
again, we obtain that

T T
Bm+1 Brmtn—1 ( ,Bm-i-l ce B’m-‘rn—l

A w 0 o A k-1 y> <Z+y>
T T yrm, sVm,k— —T —
ﬁm ﬁm+n—l < 6 . 5 +n—1 6777, 6 y

which is the second part of our induction claim. O

10. B-INTEGERS AND STURMIAN SEQUENCES

Balanced sequences over a binary alphabet that are not eventually periodic are called
sturmian. Recall that a sequence v = (v, )nen over {a, b} is balanced if for every length n €
N and every ¢, j € N the number of occurrences of the letter a in the words v;v; 11 -« - Vi4n—1
and v;vjy1 -+ vjqin—1 differs at most by 1. Sturmian sequences can be defined by many
equivalent ways, see [22].
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We use the result which characterizes sturmian sequences by their S-adic representation
using morphisms from the so-called special sturmian monoid, i.e., the monoid of binary
morphisms generated by the following morphisms:

10.1) . {0»—>O . {Or—>0 . {0~>10 . {0»—>Ol

1—01 1—10 1—1 1—1

See [22] for details. Every sturmian sequence has an S-adic expansion in the form (2.1),
where ¢, € {D,D,G,G} and the sequence (ay)neny with values in {0,1} may be taken
constant. The monoid generated by the four morphisms is not free and thus the S-adic
expansion of a sturmian need not to be unique. On the other hand, if the sequence (O‘n)neN
contains infinite number of the morphisms D or D and also infinite number of G or G, the
sequence obtained by the S-adic expansion of (0y,)nen is sturmian.

Applying the exchange morphism F : 0 +— 1,1+ 0 to a sturmian sequence with S-adic
expansion (o,)pen yields a sturmian sequence whose S-adic expansion is obtained from
(0n)nen by interchanging G <+ D and G <> D. The morphisms E, G, D, G, D satisfy the
relations GE = ED and GE = ED.

If the S-adic expansion of a sturmian sequence contains only morphisms G and D, we say
that the sturmian sequence is standard. In that case there exists a sequence of positive inte-
gers (¢p)nen such that (op,)nen can be written as GO DG2D - . or DOG DG - -

Note that the faithful coding vg of B-integers starts with the letter 0, and thus its
S-adic expansion cannot be of the latter form.

Proposition 32. For every standard sturmian sequence v over {0,1} with a prefix 0, there
exists a two-way Cantor base B such that v is the faithful coding of the B-integers.

Proof. Let GOD“1G® D% - .. be an S-adic expansion of the standard sturmian sequence v.
Choose arbitrarily the positive integers c_1,c_g2,c_3,.... The two-way sequence (¢p)nez
will be used to define a suitable Cantor real base. Consider the real numbers 3, with
regular continued fraction expansion

Bn = [cn; Cn-1,Cn—2,...] for every n € Z.

This choice implies that 3, satisfy the relation 5, = ¢, + ﬁ Consequently, the quasi-
greedy expansion of 1 is of the form

This ensures that the distances between consecutive elements of Np take two values, namely
Agn = AQ = valB(O . C_1OC_3O c ) =1 and A2n+1 = A1 = V&lB(O . 00_206_40 < ) = ﬁ
for all n € N. By symmetry, we obtain that the distances between consecutive elements
of Ng(py take two values as well. According to Definition 11 and Proposition 20, the
morphism which maps the faithful coding of Ngn+1(p) onto the faithful coding of Ngn(p)
is @p: 0— 0°1 and 1 +— 0. It is easily verified that ¢, = G*E. Since pgp1 - popt1 =
GOEGYE .. .Gt = GOD ... G Dn+1 for all n € N, the standard sturmian word
v has the S-adic expansion (¢, )nen, hence is equal to v by Corollary 21. O

Let us recall here another definition of sturmian sequences using exchange of two inter-
vals. Let @ € (0,1)\ Q, 0 € [0,1). The mapping 7" : [0,1) — [0,1) given by T'(z) = z + «
mod 1 is the exchange of intervals Iy = [0,1 — «), I = [1 — a, 1). The binary sequence
v = vovyve - - - defined by v, = a € {0,1} if T"(p) € I, is the sturmian sequence with slope
«a and intercept p. It is known that a sturmian sequence with the slope « is standard if
and only if the intercept g is equal to a.
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Sturmian sequences with the same slope a have the same language. The value of the
slope can be determined from the S-adic expansion G®DG2D% ... of the standard

sturmian sequence using the continued fraction expansion. We have I?TO‘ = [co; €1, ¢, .. ).

In the following proposition we show that among the faithful codings of B-integers one
can find also non-standard sturmian sequences, i.e., with intercept different from c.

Proposition 33. Let v be a sturmian sequence with intercept o = 0. Then there exists a
two-way Cantor base B such that v is the faithful coding of the B-integers.

Proof. As follows from Section 2.2.2 in [22|, any sturmian sequence v with the intercept
o = 0 has an S-adic expansion in the form G* D1 G2 D% ... where b; € N for every i € N,
with b; > 0 for ¢ > 0.

Since D = DGY = GOD, there exists a sequence of positive integers (¢p)nen such that
(10.2) G DM G2pbs . = (GOTIDY (G D)(GeTD) - - -

Choose arbitrarily the positive integers ¢_1,c_g,c_3,.... The two-way sequence (¢p)nez is
used to define a suitable Cantor real base. We will find B = (3, )nez so that the sequence
satisfies

(10.3) Bp=cn+1—

1
for every n € Z.
anl
This relation will be valid for real numbers 3, given by the backward continued fraction,
where )
Bn=cn+1-—
n n Cn—1 + 1 - Cn—zilfi

Equality (10.3) then implies that the quasi-greedy expansions of 1 is of the form d n(B) (1) =

cn—1(cn—2 —1)(cn—3 —1)(cn—a —1)--- for n € Z. From there, we derive that the distances
in Ngn(p) take two values, namely 1 and 3, — ¢,. According to Definition 11 and Proposi-
tion 20, the morphism which maps the faithful coding of Ngn+1(p) onto the faithful coding

of Ngn(py is ¢ 0= 01 and 1 — 0°»~'1. We can check that ¢, = G»~'D. Therefore
@01 -+ - n equals (GO1D)(GID)--- (G~1D), hence by (10.2) and Corollary 21, the
sturmian sequence v is equal to vp. O

Remark 34. The morphism ¢ given in (8.1) fixes the faithful coding vp in the case
B = (%, %) It is straightforward to check that ¢ = DED? and ¢? = DG>GD>.
Hence v is a sturmian sequence with the S-adic representation (DG2GD?)“. As all four
morphisms from the list (10.1) occur in the S-adic representation of vp, the sturmian
sequence vp does not belong either to the class of standard sturmian sequences or the
class of sturmian sequences with the intercept 0.

11. COMMENTS AND OPEN PROBLEMS

In Theorem 27, we have proved that at most one Parry alternate base can be associated
with a given candidate list of quasi-greedy expansions of 1. It would be interesting to know
whether this result extends to all alternate bases, i.e., that are not necessarily Parry. For
a given list of p sequences that satisfy the inequalities (4.4) we cannot decide whether they
correspond to any alternate base B.

The infinite symbolic sequences associated with S-integers in the context of Rényi nu-
meration systems may have affine factor complexity. The characterization of such cases is
given in [5] using a detailed description of special factors. This allows one to determine
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which Parry sequences are sturmian, or more generally, Arnoux-Rauzy. It turns out that
Arnoux-Rauzy sequences originated from fS-integers are standard. Nevertheless, the set of
standard Arnoux-Rauzy sequences which are coded by fS-integers is very modest. Let us
illustrate it on the example of binary Arnoux-Rauzy sequences, i.e. sturmian sequences.
The slope « of a standard sturmian sequence, coding S-integers is necessarily an algebraic
unit. At the same time, a sturmian sequence is a fixed point of a substitution for every
quadratic slope a with conjugate o/ ¢ (0,1), see Yasutomi [26]. It follows from Propo-
sition 32 that every standard sturmian sequence (after possible interchange 0 <> 1) is a
coding of B-integers for some Cantor real base B.

As Remark 34 demonstrates, Propositions 32 and 33 do not cover all sturmian sequences
that serve as a faithful coding of B-integers. Identification of all sturmian sequences with
the described property remains an open question.

Infinite symbolic sequences vp coding B-integers as defined in this paper represent a
very rich family of infinite sequences. Similarly as we have identified sturmian sequences
among the infinite words v, it would be interesting to find which of those infinite words
v belong to a recently introduced class of dendric sequences [6]. Dendric sequences appear
to be S-adic [8] and generalize two very extensively studied classes of infinite sequences,
namely sequences coding interval exchange transformations and episturmian sequences.
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