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Entanglement

Qubit-qubit system 7—[2\2

Maximally entangled state (N=1)

DYOSIIND

Measurement of qubit A
Casel Case 2

|> |>
s D | 11D

Qubit B is completely determined
[Correlation between A and B]

Separable state (N=0)

11>+ 14>)

1D>+11>)

Measurement of qubit A

Casel

Qubit A I>
l
Qubit B [|I>+ |(l,>]

Case 2

ST
1

Qubit B [|I>+ |<l:>]

Qubit B is independent of the result
[No correlation between A and B]
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Entanglement of mixed states
Separable mixed states [Werner (1989)]

p is separable if

p= / P(ny,ny)|ny)|m)(ny|(ny|dny dny .
HP?

with P(ny, m) > 0. Otherwise is entangled.

Measure of entanglement

e E(p) =0 if and only if p is separable.

e Invariant under local unitary transformations.

e Other properties...

For qubit-qubit and qubit-qutrit: Negativity [Peres (1996)], [Horodecki et

al (1996)]
The sum of the negative eigenvalues A, of p'A
Np)=-23 A,
A <0
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Entanglement

Invariant under local unitary transformations Ua ® Ug € SU(2) ® SU(2)

Maximally entangled state (N=1) Separable state (N=0)
DA+ DA v (11D+ D) v (11D>+ D)
Measurement of qubit A Measurement of qubit A

Casel Case 2 Casel Case 2

aubita  [J AI/P> awita Uy, > auita U, I(I)) QubitA [/, I>
l l l l
Qubit B UB> Qubit B UBICt)> Qubit BUB[|’I>+ Ifl)] Qubit BUB[|I>+ |t>]

Qubit B is completely determined Qubit B is independent of the result
[Correlation between A and B] [No correlation between A and B]
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Entanglement (Pure state case)

Not-invariant under global unitary transformations SU(4)

20? Global unitary transformation
2

’ = ® [b4) ; A
/.|¢2> p_z k|¢k><¢k|7
{ o|é1) k=0
o) ) .
TR UpU' = mek (Wil ,
- k=0
Separable state (N=0) Maximally entangled state (N=1)

(ID>+1ID) (ID>+ D) == DI+ 1>

Pure state ppure

MN=1.A1=X=X3=0, /\/'UL,U_l
0 1 2 3 Ugns%)&) ( Ppure )
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Entanglement (Maximally mixed state case)

Not-invariant under global unitary transformations SU(4)

20? Global unitary transformation
2

( = o |¢a) °
fis,) p =3 Albw) (el
{ o|é1) k=0
\‘f|w1> ® [9ha)
e . UpU" = Z)\kWJk (il
[3) =0
+ 1 1 5 5
Px = Up*U :Z]IZZ ]n1>|n2><n1]<n2|d n1d n.
52@52

Maximally mixed state p.

M=M= I=X=1/4 Up, U =0,
0= =X =A3=1/4, Ug;%)/\f(p ) =

T = = =
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Maximum entanglement in the unitary orbit of p

(0001)

(0100)

Figure taken from [Bengtsson and Zcyzkowski (2017)]

e What is the maximum entanglement of p attained in its SU(4)-orbit?
e Is p, the unique state that is absolutely separable (AS) over all its
unitary orbit?
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Maximum entanglement in the unitary orbit of p

Results for qubit-qubit and qubit-qutrit systems

Qubit-qubit system HS?

p—spectrum: (Ao, A\1, A2, A3)

ut) = 0,v/(Mo—A2)2+ (A1 — A3)%> — A1 — A
Ug?/)&)'/\/(Up ) maX(a\/( 0 2)" + (M 3) 1 3)1
pis AS iff Mg < Ao + 2v/ A1 A3,

Qubit-qutrit system Ho ® H3
p—spectrum: (Ao, A1, A2, A3, Aa, As)

T
oIy (UeUY)
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Statement of the problem

Bosons: BEC, spin-j system, multiphotons systems, etc.

Neutron
I— Nucleus

Proton

New question

For a symmetric qubit-qubit state pg,

e What is the maximum entanglement achievable under a global
unitary transformation Us restricted in the symmetric subspace ?
e What is the spectrum of the symmetric states that remains
separable after any global unitary transformation Ug?
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Symmetric bipartite systems

Qubit-qubit system 7-[%92 Symmetric 2-qubit system HJ?
p—spectrum: (Ao, A1, A2, A3) ps—spectrum: (Ao, A1, A2,0)

N (UpUt ax N (UspsUL)

UesU(a) (UpUT) UseSU(3) SPss
Qubit-qutrit system Ho ® Hs Symmetric 3-qubit system 33
p—spectrum: (Ao, A1, A2, A3, A\g, As) | ps—spectrum: (Ao, A1, A2, A3,0,0)

N (UpUt ax N (UspsUL)

o™ (V) TSy \ 5P
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Symmetric 2-qubit system
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Symmetric 2-qubit system

Theorem [ESE, Martin (2023)]

Let ps € B(’ng) with spectrum Ag > A1 > A, It holds that

L N (UspsUL) = max (o, VA4 (= da) =2 — X))

A2

A Maximally entangled state
0
" ps = 0 >\0 0
S 0 0 X\

| Details in the proof

e Bistochastic matrices B € By1.

Al o (Birkhoff’s theorem) Any
0.0 0.5 L0 bistochastic matrix is a linear
max N (prsU*) combination of permutation
UseSU(3) i
matrices.

Imagen taken from [Denis, Davis, Mann, Martin (2023)]
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Symmetric qubit-qubit system

Main result

max N (Usps U;)

UseSU(3)
T T B
— o o ] o o

0.0 0.5 1.0

N (UspsU})

max
UseSU(3)
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-Asym

A

Symmetric absolutely separable
(SAS) states [Giraud et al (2008)]

Absolutely separable (AS) states
[Zyczkowski (1999)]

N(UpsU) =0 U)=0
i (UpsU") Ug?j@)/\/ (UspsUy)
A(H3?) = {po} d(Asym(H3?)) = 2
A2
Corollary [ESE, Martin (2023)]
Va2 > 1.
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Applications
Symmetric qubit-qubit system at finite temperature

Hamiltonian: BEC [Ribeiro, Vidal Mosseri (2007)],

Lipkin-Meshkov-Glick model (1965)

H=gJ, + ’YXJ)% =+ ’YZJ§ )

with eigenenergies ¢;.

State at finite temperature T

—Beasyo_k
A = % with Z=Tr (aﬁ”) :
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Maximum entanglement

Spectrum ¢; of H

Forg =0
{'YXf'Yz:’YX‘i"Yz} .

ke T =2h

=

= |

~ 1 |
Eé% 0.5 \ﬁ 7_10
5 W e /’f_5

bm 0 iﬁ\\ s ‘ /7 0

5% T . | /‘4 5 fYZ
-
Yz 5 _ 0 10
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Maximum entanglement

Spectrum ¢; of H

For g #0

1 1
{anz ('7x+272_ \/4g2+%2<) 75 ('7x+27z+\/4g2+%2<)}'
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Applications
Symmetric qubit-qubit system at finite temperatures

Condition of SAS states

kg T S €1 + €2 — 2¢3

== = 9
pEAym & = 2In2

g =0, kg T = 2A,

7710

0 , . 70

S0 5 Yz
Yo 0 1010
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Symmetric 3-qubit system
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Symmetric 3-qubit system

Hy® C Ho ® Hs, numerical results

Maximally entangled states in the
SU(4)-orbit

0.8

(1) ns35n
Xeur

0.6

0.4

n»‘"dsn) N

(s

A3 =1/10

0.3 0 [)1 v Asym
‘ A L
)\QM

001 02 0.3 0.4 050 0.1 wmruu,u 01 02 03 04 050 01 02 03 04 05

A1 A1

A3 = 3/20 X3 =7/38

=
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7w 0 0 0
0O n O 0
Ps=1 0o 0o = o0 |[°
0 0 0 m
T1+74 0 0 T1—T4
(2) TRATR TR (2)
ps = 0 P - 0
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Symmetric 3-qubit system

Hy® C Ho ® Hs, numerical results

Ao

Aq

Set of SAS states in the spectra polytope of symmetric 3-qubit states.
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SAS witnesses for symmetric N-qubit states
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SAS witnesses for symmetric N-qubit states

[ESE, Denis, Martin (2023)]

Let p € B(HYN), p € Aym < there exists P(UpUT; n) such that

UpUT:/ P(UpUT; n)|n)®"(n|®" d%n,
52

and
min  P(UpUT;n) >0,
UeSU(N+1)
neS?

SAS-witness W [Bohnet-Waldraff, Giraud, Braun (2017)]

1 1
€ Asym if Tr(p?) < —— |1+ ,
S G N+1< 2<2N+1><2N”>—(N+2>)
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SAS witnesses for symmetric N-qubit states

Non-uniqueness of the P-function [Giraud, Braun, Braun (2008)]

NoL
Pp,n)= > > yimYim(n) + Z Z yimYim(n

L=0 M=—L L=N+1 M=

Po=Tr(pw)(n)) , unique for p P’ arbitrary yim

Proposal

To consider P(p, n) such that
i) They are covariant

P(UpUT, n) = P(D(R)'UpUTD(R), z) = P(VpVT,z).

ii) We built P(UpUT, n) that their explicit expressions depend only on (or
can be approximated) the (unistochastic) bistochastic matrices B € By.1

By =Vif*, By> ZBU—ZB,J_l
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SAS witness W;: A polytope of SAS states

P = Py [Denis, Davis, Mann, Martin (2023)]

Observation 1

in P fom)= min T [ Ve VT}
UeerERIH) o(UpUtim) VGSTJERHI) rlveti(@)
nes?

(ij = Tjdjk ,w )(Z)Jk =A, 5Jk) = BQ};L‘H ABAT,

B a bistochastic matrix, B € By.1 -
Observation 2 (Birkhoff’s Theorem)

Permutations matrices achieve extremal values of a convex function f(B)

min ABAT = min ANAT,

BeBnt1 MNeSy41
peAym if  AATT >0, —IN=K(NE),
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SAS Witness W; for N =2

A2 A2

A1

0.5
f
285N (Usesd)

Polytope of SAS states detected by Wi for N = 2.
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SAS Witness W; for N = 3

Polytope of SAS states detected by Wy for N = 3.
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SAS witness Wh({y.})

Non-uniqueness of the P-function [Giraud, Braun, Braun (2008)]

NoL
= > Z yemYem(n Z Z yimYim(n
L=0 M=

— L=N+1 M=

Po=Tr(pw)(n)) , unique for p P’ arbitrary yim

We add some quadratic SU(2)-covariant terms of p (with j = N/2)

Z Te (p TN Yem(n),

-3y (/QL )Yoy(n),

o=0v=—0

n): Z yLPLa

L>N/2
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SAS witness Wh({y.})

P = Py + P'(p,n)

mi P(UpU';n) > min P ;AB
vediin (UpUTim) > min Pig(yi; AB)
nes? BeBns1

Py is a quadratic function on the entries of B and linear on the {y; }'s
added by P’.

\Prp(yL; AB)

o)

{AB‘B S B;\r+1}

RN+
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SAS witnesses Wh({y.})

SAS witness Wo({y,}): A symmetric 2j = N-qubit state p is SAS if for some values

of {y1}
&l T T z
. gy L .
min Pug(yiiAB) = min f+Z[gLABtL+hL<)\BtL> }/o,
BEBn41 BEBN 1 L=1
1 ynF(N,1) 2 12
F— Tr(p?) — ,
N+1+( 2 ") - N
2L+1 ;i 1 _ N »2iF(2),1)
a=\ g (Gho) b= wF(LOO(L—j) — P,
(Cﬁg—ﬂ CJ'JL'O—le—j" ( )2JC—JJJ)
2j
1- > () if p=0
o=0
o even
F(L p) =

(—1)»+t Z CitoClo_,, fpu#0

o even

The variables h; must be positive, restricting the domain of the free parameters {y, }.
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Example: Wh({y2}) for N = 2

A symmetric 2-qubit state p with spectrum X = (A, A\1, A2) is SAS if

2
2
) _ . T T
min Pis(yiiAB) = min f+ > [gAB] + h (AB]) | >0
BEB3 BeBs L=1

for some y» € Rt and

1 12 1
3 35y2 < r(p ) 3) )

(81,8) = (\@,5\/§> ;o () = %(%@5}’2),

_ (Lo Lo Lo
tt = (Ca1-1,—Co10> Gim1.11) s

Instead of jabbering math, let us see a video.

Tubingen University unitary transformations



SAS witness W5

A ball of SAS states detected by the Wh({y, }) witnesses

in P i AB) > in P iv) > 0.
min L8(yL: AB) i 1e(yL;v) >0
BEBN+1
A function that depends only in the purity of the state Tr(p?).

Moreover, we can maximize the purity attained over the {y, }
variables.

.

\PLp(yL; AB)

-

{)\B‘B € B;\r+1}

RN+1
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SAS witness W5

Ws : A symmetric N-qubit state p is SAS if

2

1 g’
2 < L
Y D § : N F(LO ’
(2 +1)? \{Z1-20(L - j)5ER

where r? = ||p — p0H|2_|S =Tr(p?) — (N +1)7L.
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Orange surface = Bound of S

Dark Brown = S>({y1}) Blue surface = Bound of S
Light Brown = &; [Bohnet-Waldraff, Giraud, Braun
(2017)]

Green = Unwitnessed SAS states by Wi
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SAS witnesses for symmetric N-qubit states

[ESE, Denis, Martin (2024)]

Number of qubits Witness W,
N=2j Witness Ws
) { A(-3,1,3)T >0
< L ~0.01282
3 { A(=6,-1,4,4)7 >0
P2 < 5 ~0.002825
A { A(=10, =5, 1,5,10)7 >0
1o
r? < 2;% ~ 0.0004332
A(=15, —15, -1, 6, 6, 20)7 >0
> 2 < 159 ~0.00009932
I X 76058508 ~ V-

Table: SAS witnesses W, and Wj for a state with eigenspectrum
A= (No,..., An) sorted in descending order A\g = A1 = -+ = Ap.
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Conclusions

Maximum entanglement (negativity) over the unitary orbit for N = 2,3
e Characterization of the SAS states for symmetric 2-qubit system
e Numerical study of the SAS states for symmetric 3-qubit system
SAS witnesses in terms of the spectrum or the purity
of the symmetric N-qubit states

Future work

Thank you very much for your attention!

\_
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Overview of the proof

Maximum entanglement in 132 [Verstraete et al (2001)]

Observation 1 N(p) = -2 Z A = =2(0, Amin) »

Observation 2 min Amin = min ~ min_Tr [pUT(|¢><1/)|)TAU}

Uesu(4) UESU(4) |y)eHE?
Observation 3 min  Apin = min  min Tr {pVDVT}
UeSu(4) VesSu(4) agl0,n]

(ij = Aidjic, Dje = aj(a)d; ) = min min, ATBo,
B an unistochastic matrix, Be U C B.
Observation 4 (Birkhoff's Theorem)

Permutations matrices achieve extremal values of a convex function f(B)

4

min  Amin = min minZ)\TI_Io'.
UeSu(4) nes; « st

Tibingen University unitary transformations



Comparison between the SAS witnesses

= TNS
+ TGHZ
10729 r(Ss)
e (&;)
r 1070
107

2 ) 10 15 20 25

Comparison between the maximal distances of several sets of SAS states.
The black crosses are defined by the furthest away SAS state in the ray
po and the GHZ pure state, with distance rguz. The red line shows the
radius rns = (2V(2V — 1))~1/2 of the largest ball containing only AS
states in the full Hilbert space [Gurvits and Barnum (2002)].
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Comparison between the SAS witnesses

3.0
* T'max (Sl)
T (S;;)
2.5 . Tll;lill (Sl>

Distances rmax(S1) (purple), r¥. (S1) (blue) and r(Ss) (orange), rescaled
by the distance of the witness r(Sp).
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