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The efficiency of a quantum metrology protocol can be significantly diminished by the interaction of the
system with its environment, leading to a loss of purity and, as a result, a mixed state for the probing system. An
example is the measurement of a magnetic field through the rotation of a spin that is subject to decoherence
due to its coupling to a surrounding spin or bosonic bath. In this work we define mixed optimal quantum
rotosensors (OQRs) as mixed spin- j states that achieve maximum sensitivity to estimate infinitesimal rotations,
when the rotation axis is unknown. We study two scenarios, where the probe states saturate the averaged fidelity
or the averaged quantum Cramér-Rao bound, the latter giving the ultimate sensitivity. We find that mixed OQRs
can achieve sensitivity equal to that of pure states and are obtained by mixing states from linear subspaces of
anticoherent states. We present several examples of mixed OQRs and their associated anticoherent subspaces.
We also show that OQRs maximize entanglement in a specific sense, preserving the known relation between
entanglement and optimal rotation sensitivity for pure states, even in the context of mixed states. Our results
highlight the interconnection between quantum metrology of rotations, anticoherence, and entanglement in
mixed spin states.
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I. INTRODUCTION

The development of modern measurement techniques is
closely tied to advances in all fields of science. The unprece-
dented manipulation and control of quantum systems is now
opening up opportunities for quantum-enhanced metrology,
which has become a major field of study. A fundamental
example is the precise detection of rotation, first developed
for inertial navigation and now used to detect minute mag-
netic fields through the spin of particles. The study of the
measurement of a rotation using a quantum system as a probe
reveals the existence of certain states where the estimate can
be improved by quantum effects [1–3]. The main tool for
estimating the sensitivity of the state of a quantum system
is the quantum Cramér-Rao bound (QCRB) [4,5]. When the
axis of rotation is distributed randomly and uniformly over the
sphere, the optimal states are those that maximize sensitivity
averaged over all rotation axes. This corresponds exactly to
the notion of an optimal quantum rotosensor (OQR), which
has been extensively studied for pure spin- j states in recent
years [6–11]. In particular, it was discovered that the OQRs
for infinitesimal rotations are anticoherent (AC), a property of
quantum states first introduced by Zimba [12] and studied in
many works (see, e.g., [13–20]). An anticoherent state is char-
acterized by vanishing of the angular momentum expectation
value [12,13], that is, they are states that “point nowhere.”
In this sense, they are the opposite to spin-coherent states
[12,21].
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Under real conditions, a quantum system interacts with its
environment and its state becomes mixed, i.e., a statistical
mixture of pure states. Several scenarios encompass this sit-
uation such as errors in the preparation of a pure state, loss
of particles from the probe system, decoherence produced by
the interaction with the environment, and systematic errors
[20,22–25], to mention a few. In this framework, it is not clear
that the conditions required for a mixed state to be an OQR are
the same as those defining pure OQRs. While the characteri-
zation of the most sensitive fixed-spectrum mixed states for an
infinitesimal rotation over a known axis, and in general for an
infinitesimal transformation given by any generator of a Lie
algebra, has been resolved in Ref. [26], it remains open for an
unknown axis, i.e., in the above average sense. Additionally,
the authors of Ref. [27] characterized the mixed states with
the best metrological power via the purification of the state.
In the present work we precisely derive conditions for ob-
taining the maximal detection sensitivity for an infinitesimal
rotation about an unknown axis with mixed states. We show
how to write these conditions in terms of anticoherent sub-
spaces, defined as vector spaces of anticoherent states, which
were first introduced and studied by Pereira and Paul-Paddock
[28]. It turns out that these AC subspaces also have applica-
tions in a holonomic quantum computation approach resilient
to rotational noise [29].

It is well established that multipartite entanglement can be
considered as a resource to achieve the ultimate sensitivity
of measurement with quantum states [3,30–36], known as
the Heisenberg limit. In this paper we also explore possi-
ble connections between entanglement and the metrological
power of mixed states. More specifically, we study the relation
between entanglement negativity [37,38] and anticoherence.
For pure states, negativity is a faithful measure of bipartite
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entanglement [38,39] and is maximized for certain AC states
[20]. For mixed states, although negativity is in general only
a witness of entanglement [40,41], we show a similar con-
nection between entanglement and anticoherent mixed states.
For an individual spin j, the notion of entanglement is a
priori meaningless. It becomes meaningful when the spin j
is seen as the result of the addition of N = 2 j spins 1

2 in
a symmetric state. This picture provides insight into other
nonclassical properties of spin states, such as spin squeezing,
which serves as a reference for metrological gains; see, for ex-
ample, Refs. [42–44] for a discussion of this correspondence.

The paper is organized as follows. After reviewing the
basic concepts in Sec. II, we derive the conditions for pure
and mixed states to be OQR in Sec. III. We study the question
of the existence of mixed OQRs for small spin and present
illustrative examples in Secs. IV and V, respectively. The
discussion of the negativity of mixed OQR states is presented
in Sec. VI. We summarize our results in Sec. VII. Appendixes
A–F detail the more technical results.

II. CONCEPTS AND MATHEMATICAL FRAMEWORK

A. Fidelity, quantum Fisher information, and QCRB

Let us first consider a quantum system with a Hilbert space
H( j), acted upon by the (2 j + 1)-dimensional (spin- j) SU(2)
irreducible representation (irrep) (more general systems will
be considered in Sec. III D). The fidelity between a state
|�〉 ∈ H( j) and its image |�R〉 under the rotation R( j)(n, η)
is defined by

F (|�〉, |�R〉) ≡ |〈�|R( j)(n, η)|�〉|2, (1)

with R( j)(n, η) = e−iηJ·n, where the unit vector n =
(nx, ny, nz ) and the angle η ∈ [0, 2π [ are the axis-angle pa-
rameters and J = (Jx, Jy, Jz ) is the vector of su(2) generators
in the spin- j irrep. Our main goal is to find the states that min-
imize this fidelity averaged over all possible axes of rotation,
i.e., the states for which the quantity

F (η, |�〉) ≡ 1

4π

∫
F (|�〉 , R( j)(n, η) |�〉)dn (2)

is minimal, where η � 1. For mixed states ρ and σ in
the Hilbert-Schmidt space of operators B(H( j) ), we use the
Uhlmann-Jozsa fidelity F (ρ, σ ) [45,46], which can be related
to the Bures distance [4]

F (ρ, σ ) = (Tr
√√

ρσ
√

ρ )2. (3)

Like any well-defined fidelity function for mixed states [47],
the Uhlmann-Jozsa fidelity coincides with the fidelity (1)
when the states are pure.

The fidelity F (ρ, ρR) between a state ρ and the infinites-
imally close rotated state ρR = R( j)(n, η)ρR( j)(n, η)† can be
approximated for an infinitesimal angle of rotation η � 1 by
the Taylor expansion.

F (ρ, ρR) = 1 − 1
4 I (n, ρ)η2 + O(η3), (4)

with

I (n, ρ) ≡ −2
∂2F (ρ, ρR)

∂η2

∣∣∣∣
η=0

(5)

the quantum Fisher information (QFI) [4]. This quantity can
also be understood as the distance, according to the Bures
metric, between two infinitesimally close density matrices ρ

and ρR with η � 1.1 Thus, the states that minimize the fi-
delity between themselves and their image under infinitesimal
rotation are those that maximize the QFI. This quantity also
appears in the QCRB [4,24,26] that bounds the minimum
variance Var(η̂) of the estimator η̂ of the parameter η,

M Var[η̂] � 1

I (n, ρ)
, (6)

with M the number of times the measurement is repeated.

B. Multipole operators

The multipole (or polarization) operators TLM , with L =
0, . . . , 2 j and M = −L, . . . , L [52–54], form an orthonor-
mal basis with respect to the Hilbert-Schmidt inner product
Tr(T †

L1M1
TL2M2 ) = δL1L2δM1M2 . Hence, a mixed state ρ ex-

panded in this basis reads

ρ =
2 j∑

L=0

L∑
M=−L

ρLMTLM = ρ0 +
2 j∑

L=1

L∑
M=−L

ρLMTLM, (7)

where ρLM = Tr(ρT †
LM ) and ρ0 = (2 j + 1)−11 is the max-

imally mixed state. Since T †
LM = (−1)MTL,−M [53], the

Hermiticity of the density matrix enforces that ρ∗
LM =

(−1)MρL−M . Additionally, the TLM’s are traceless operators
except for T00 = 1/

√
2 j + 1. The multipole operators can be

constructed as products of the angular momentum operators
J± = Jx ± iJy and Jz (see, e.g., Ref. [53]). For example,

T10 ∝ Jz, T20 ∝ J2 − 3J2
z ,

T1±1 ∝ J±, T2±1 ∝ JzJ± + J±Jz, T2±2 ∝ J2
±.

(8)

More details on multipole operators can be found in
Refs. [52–54].

C. Anticoherent states and subspaces

We begin with the definition of anticoherent states as given
in Ref. [12], extended here to mixed states.

Definition 1. A state ρ ∈ B(H( j) ) is t-anticoherent if
Tr(ρJK

n ) is independent of n for K = 1, 2, . . . , t , where Jn ≡
n · J, with n ∈ R3 a unit vector. For the sake of brevity in this
paper, we use the abbreviation t-AC for t-anticoherent.

The condition of t-anticoherence is equivalent to the van-
ishing of the expectation value of the multipole operators, i.e.,
〈TLM〉 = Tr(ρTLM ) = 0 for L = 1, . . . , t and M = −L, . . . , L
[13]. In particular, the 1-anticoherence condition for pure
states reduces to 〈ψ | Ja |ψ〉 = 0 for a = x, y, z [16]. The
t-anticoherence of a state ρ can be quantified with the func-

1The relationship I = 4dB between the QFI I and the Bures metric
dB has been discussed in several references [4,48,49], including some
discrepancies between these quantities when the rank of the density
matrix changes [50]. An exact correspondence has been proven in
Ref. [51].
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tions2

At (ρ) = t + 1

t

[
1 − Tr

(
ρ2

t

)]
(9)

for integer t and 1 � t � N − 1, where ρt = TrN−t (ρ) is the
reduced density matrix obtained after tracing out N − t spins
1
2 among the N making up the N/2 = j spin. These functions
range from 0, for spin-coherent states, to 1, for t-AC states
[16]. In addition, a state ρ is t-AC if and only if AK (ρ) = 1 for
K = 1, 2, . . . , t [13]. By definition, t-anticoherence implies
t ′-anticoherence for t ′ < t . While for pure states there are no
t-AC states for certain values of t � 2 j [16], one can always
find, at least sufficiently close to the maximally mixed state,
states which are AC to any order t (see Appendix A for a
proof).

The notion of an anticoherent state was generalized in
Ref. [28] to subspaces as follows.

Definition 2. A k-dimensional subspace V of H( j) is t-AC
if any state |ψ〉 ∈ V is t-AC. Such a subspace will be referred
to as ( j, k, t ) AC subspace.

A necessary, but not sufficient, condition for a basis BV =
{|ψm〉}m to span a t-AC subspace V is that its elements
|ψm〉 be t-AC states. Orthonormal bases for the entire Hilbert
space, composed solely of t-AC states, have been studied in
Ref. [17].

There are equivalent characterizations of ( j, k, t ) AC sub-
spaces as specified in the following lemma.

Lemma 1. Let V be a subspace of dimension k of H( j). The
following statements are equivalent.

(a) V is a ( j, k, t ) AC subspace.
(b) A (not necessarily orthogonal) basis BV = {|ψm〉}k

m=1
of V satisfies the conditions〈

ψm1

∣∣ TLM

∣∣ψm2

〉 = 0 (10)

for any m1, m2 = 1, . . . , k; L = 1, . . . , t ; and M =
−L, . . . , L.

(c) Any pair of states |ψ1〉, |ψ2〉 ∈ V satisfies the condi-
tions

〈ψ1| TLM |ψ2〉 = 0 (11)

for any L = 1, . . . , t and M = −L, . . . , L.
In particular, if V is a ( j, k, 1) AC subspace, we have that

〈ψ1| Ja |ψ2〉 = 0 (12)

for any pair of states |ψ1〉, |ψ2〉 ∈ V and a = x, y, z (including
the case where |ψ1〉 = |ψ2〉). One method of searching for AC
subspaces, which is well suited to numerical approaches, is
to define an objective function which takes as arguments k
linearly independent spin- j spinors and which is zero if and
only if these spinors span a ( j, k, t ) AC subspace for some
t . To this end, we first introduce, for integers L and M, the
functions

GLM (BV ) =
k∑

m1�m2

∣∣〈ψm1

∣∣TLM

∣∣ψm2

〉∣∣2, (13)

2The functions (9) define measures of anticoherence for pure states
(see Ref. [16] for more details).

where BV = {|ψm〉}k
m=1 is now assumed to be an orthonormal

basis of some subspace V of dimension k. These functions can
be equivalently rewritten as

GLM (
V ) = Tr(
V TLM
V T †
LM ), (14)

highlighting the fact that they depend only on the projector
onto V ,


V =
∑

|ψm〉∈BV

|ψm〉 〈ψm| . (15)

The non-negative function GLM (
V ) is zero if and only if all
the terms in the sum (13) vanish simultaneously. Therefore,
the objective function

Gt (
V ) =
t∑

L=1

L∑
M=−L

GLM (
V ) (16)

is zero if and only if 〈ψm1 | TLM |ψm2〉 = 0 for any L = 1, . . . , t
and M = −L, . . . , L and any m1, m2 = 1, . . . , k, which cor-
responds to the second equivalent statement of a subspace V
being a ( j, k, t ) AC subspace mentioned in Lemma 1. In this
work, most of the AC subspaces presented in Secs. IV and V
were found by searching for zeros of the objective function
Gt (
V ) by numerical optimization.

D. Negativity of pure AC states

The negativity of a state ρ of a bipartite system AB with
Hilbert space HA ⊗ HB is defined in terms of the eigenvalues
�k of the partial transpose of the state ρTA as [37,38]

NA(ρ) =
∑

k

|�k| − �k

2
. (17)

The Schmidt decomposition of a pure t-AC state for the bi-
partition A|B ≡ t |N − t (where we assume t � N − t without
loss of generality) is given by

|ψt-AC〉 = 1√
t + 1

t+1∑
α=1

∣∣φA
α

〉⊗ ∣∣φB
α

〉
, (18)

with {|φA
α 〉} an orthonormal basis of HA and {|φB

α 〉} an
orthonormal subset of HB. An immediate consequence of
(18) is that the negativity of any pure t-AC state ρψt-AC =
|ψt-AC〉〈ψt-AC| is maximal and equal to [20]

Nt
(
ρψt-AC

) = t

2
. (19)

This maximization of negativity no longer applies to an-
ticoherent mixed states, as shown by the example of the
maximally mixed state ρ0, which is t-AC to any order t but
for which Nt (ρ0) = 0 because ρ0 is fully separable. Con-
sequently, for arbitrary mixed states, there is a priori no
relationship between negativity and anticoherence. However,
in Sec. VI we will uncover a connection between t-AC sub-
spaces and mixed states with maximal negativity over certain
bipartitions.
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III. OPTIMAL QUANTUM ROTOSENSORS
FOR INFINITESIMAL ROTATIONS

A. Definition and characterization

We consider the problem of optimal quantum rotosensors
(OQR) [6,7,9,10] for infinitesimal rotations, i.e., for rotation
angles η � 1. An OQR, as defined in [7], is a state that
minimizes the fidelity, averaged over the rotation axis, which,
for η � 1, is equivalent to maximizing the average QFI [see
Eqs. (4) and (5)]

I (n, ρ) = 1

4π

∫
I (n, ρ)dn. (20)

We will call this type of state OQR with respect to fidelity and
denote it by OQRI . Additionally, an alternative optimization is
considered with respect to the best estimate of η, specifically
the one provided by the QCRB in Eq. (6). States that minimize
the averaged QCRB

M Var[η̂] � I (n, ρ)−1, (21)

i.e., those that minimize the average of the inverse of the QFI
over all axes of rotation, will be called OQR with respect to the
QCRB, denoted by OQRI−1 . The right-hand side of Eq. (21) is
lower bounded by Jensen’s inequality [55]

I (n, ρ)−1 � 1

I (n, ρ)
, (22)

which is tight when the function I (n, ρ) is independent of
the variable of integration n. Therefore, an OQRI−1 needs
to saturate Jensen’s inequality in addition to maximizing
I (n, ρ). Therefore, we have two conditions that characterize
the OQRs:

ρ maximizes I (n, ρ) (23a)

I (n, ρ) is independent of n (23b)

An OQRI satisfies condition (23a), while an OQRI−1 fulfills
both. As we show below, these two conditions naturally lead
to the notion of AC states and subspaces.

Before beginning the study of OQRs for pure and mixed
states, let us comment on the differences between the two
types of OQRs with respect to their associated measurement
protocols. In both cases, an OQR is an optimal state for
estimating an infinitesimal rotation angle when the rotation
axis is unknown and uniformly distributed on the sphere.
However, for an OQRI , we consider a fidelity measurement
protocol (see Ref. [47] for a review) between the initial state
and the rotated state to estimate the rotation angle. On the
other hand, the ultimate estimate of an OQRI−1 is achievable
in principle by optimizing over all positive-operator-valued
measures (POVMs) [3]. There are some explicit derivations
of the optimal POVM in the literature, for the estimation
of a general parameter [3,4,56] and for the multiparametric
estimation of rotations [10,57].

B. Pure spin- j states

For a pure state ρψ ≡ |ψ〉 〈ψ |, the Uhlmann-Jozsa fidelity
(3) reduces to (1) and the QFI (5) is just the variance of the

angular momentum component along n [4],

I (n, ρψ ) = 4
(〈

J2
n

〉− 〈Jn〉2
)
, (24)

with 〈A〉 = 〈ψ |A|ψ〉. The averaged QFI is then equal to

I (n, ρψ ) = 4

3

∑
a=x,y,z

(〈
J2

a

〉− 〈Ja〉2
)

= 4

3
[ j( j + 1) − 〈J〉2], (25)

where we used the identity∫
S2

nanbdn = 4π

3
δab (26)

to evaluate the integral defining the average. Conditions (23a)
and (23b) for a pure state ρψ are fulfilled whenever 〈Jn〉 = 0
and 〈J2

n 〉 = j( j + 1)/3 for any n, that is, when |ψ〉 is a 2-
AC state [8,58]. In this case, the optimal lower bound for the
averaged QCRB reads

Var[η̂] � 3

4M j( j + 1)
, (27)

which is inversely proportional to j( j + 1). This means that
the higher the spin quantum number, the better the optimal
estimate that can be obtained.

C. Mixed spin- j states

We consider now mixed spin- j states ρ ∈ B(H( j) ). Let
{λm, |ψm〉}d

m=1 denote the eigenvalues and the corresponding
eigenvectors of ρ with d = 2 j + 1 the dimension of H( j).
Without loss of generality, we label by m = 1, . . . , k the
eigenvectors with the nonzero eigenvalues, which span the im-
age im(ρ) of ρ, with dim[im(ρ)] = k. When the state ρ is not
full rank (k < d), the states |ψm〉 with m = k + 1, . . . , d span
the kernel of ρ, ker(ρ). The subspaces im(ρ) and ker(ρ) are
orthogonal complementary subspaces in B(H( j) ). We denote
by Pρ and P⊥

ρ the projectors onto im(ρ) and ker(ρ) = im(ρ)⊥,
respectively,

Pρ =
k∑

m=1

|ψm〉 〈ψm| ,

P⊥
ρ = 1 − Pρ =

d∑
m=k+1

|ψm〉 〈ψm| . (28)

The QFI (5), in terms of the Uhlmann-Jozsa fidelity (3), is
now given, for an infinitesimal rotation about the axis n, by
[4,24,26]

I (n, ρ) = 2
d∑

l,m=1

plm|〈ψl |Jn|ψm〉|2, (29)

with

plm =
{

0 if λm = λl = 0
(λm−λl )2

λm+λl
otherwise.

(30)
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TABLE I. Conditions that characterize, for pure and mixed states, the two types of OQRs: with respect to the fidelity (OQRI ) and with
respect to the QCRB (OQRI−1 ). For both pure and mixed OQRI−1 , the averaged QCRB is equal to 3/4M j( j + 1).

OQR Conditions Pure states |ψ〉 Mixed states ρ

OQRI (23a) |ψ〉 is 1-AC im(ρ ) is a 1-AC subspace
OQRI−1 (23a) and (23b) |ψ〉 is 2-AC im(ρ ) is a 1-AC subspace and ρ is 2-AC

We can now rewrite Eq. (29) as

I (n, ρ) = 2
k∑

l,m=1

plm|〈ψl |Jn|ψm〉|2 + 4 Tr(ρJnP⊥
ρ Jn)

= 2
k∑

l,m=1

plm|〈ψl |Jn|ψm〉|2 + 4 Tr
(
ρJ2

n

)

− 2
k∑

l,m=1

(λl + λm)|〈ψl |Jn|ψm〉|2

= 4 Tr
(
ρJ2

n

)− 8
k∑

l,m=1

λlλm

λl + λm
|〈ψl |Jn|ψm〉|2. (31)

It is easy to see from the last equation that I (n, ρ) reduces
to Eq. (24) when the state is pure, i.e., when it has only one
nonzero eigenvalue equal to 1. The QFI for a mixed state (31)
averaged over all directions is then given by

I (n, ρ)

= 4

3

∑
a

(
Tr
(
ρJ2

a

)−
k∑

l,m=1

2λlλm

λl + λm
|〈ψl |Ja|ψm〉|2

)

= 4

3

(
j( j + 1) −

k∑
l,m=1

2λlλm

λl + λm

∑
a

|〈ψl |Ja|ψm〉|2
)

,

(32)

where we have used Eq. (26) to evaluate the integrals. Hence,
the first condition (23a) defining a mixed OQR reduces to
satisfying 〈ψl |Ja|ψm〉 = 0 for a = x, y, z and any pair of states
in im(ρ), which is equivalent to im(ρ) being a 1-AC subspace.
This condition implies that ρ is a 1-AC state, but it is actually
stronger than that. Once condition (23a) is met, condition
(23b) reduces to Tr(ρJ2

n ) being independent of n, i.e., ρ being
a 2-AC state. Remarkably, the mixed states satisfying these
two conditions, which we now call mixed OQRs, are as good
estimators as the pure OQRs because they give the same lower
bounds (27) in both cases, OQRI and OQRI−1 . We can there-
fore conclude that a lower-purity spin state is not necessarily
a worse estimator.

We summarize the conditions we have found for a state to
be either OQRI or OQRI−1 , in Table I, for both the pure and
mixed cases. Condition (23b) can always be fulfilled for any
value of the spin quantum number by sufficiently mixing a
state with the maximally mixed state and thus decreasing its
purity P = Tr(ρ2) (see proof in Appendix A). On the other
hand, the first condition is increasingly difficult to fulfill as
the rank of the state ρ increases. There is therefore a cer-
tain tension between the two conditions. Since im(ρ) is of
dimension equal to the rank k of ρ, condition (23a) will be

harder to meet for highly mixed states. The rank k of a state
is in fact directly related to the minimal purity it can reach,
since Tr(ρ2) =∑k

m=1 λ2
m � 1/k. For a given spin quantum

number j, the maximum dimension kmax of a 1-AC subspace
sets in turn a lower bound on the purity attainable by mixed
OQRs. We have determined the value of kmax by numerically
searching for zeros of the objective function (16) for j � 17

2
(see the discussion in Sec. V and Fig. 2, where we show the
dependence of kmax on j).

D. General spin states

Let us now consider the case of a general finite-
dimensional quantum system on which an action of SU(2) is
defined. A generic state of the system can always be written
as

|�〉 =
jmax∑
j=1

g j∑
α j=1

c( j,α j ) |ϕ( j,α j )〉 ∈ H =
jmax⊕
j=1

g j⊕
α j=1

H( j,α j ), (33)

where the finite dimensionality of the system implies that
there is a maximum spin value jmax. The additional index
α j is introduced to distinguish multiple copies of H( j), the
latter appearing with multiplicity gj in the sum above. In this
general case, the conditions for a state to be an OQR are
exactly the same as in the scenario considered in the preceding
section. In particular, condition (23a) implies that ρ must be a
convex combination of states belonging only to the jmax irreps,
ensuring the maximization of the term in j( j + 1) in Eq. (32).
Consequently, the OQRs are states of the form

|�〉 =
g jmax∑
α=1

cα |ϕα〉 ∈
⊕

α

H( jmax,α) ↪→ H. (34)

When g jmax = 1, the OQRs reduce to the same states as those
found in a single spin- jmax system. This case arises for both
symmetric (bosonic) and antisymmetric (fermionic) qudit sys-
tems [59]. For systems with g jmax > 1, on the other hand,
OQRs can be systematically constructed as convex combina-
tions of OQRs defined within each copy of H( jmax ) separately.
Consequently, all the examples of OQRs given for single-spin
systems can be generalized to any finite-dimensional system.

E. Comparison with the estimation
of a rotation around a fixed axis

If the axis of rotation is fixed and known, the optimal state
must maximize I (n, ρ), where we can take n = ez without
loss of generality. We obtain from Eq. (31) that the maximum
of the QFI for all mixed states of rank k with a fixed spectrum
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λ1 � λ2 � · · · � λk is

max I (ez, ρ) = 4
k∑

l=1

λl

(
j −
⌊

l − 1

2

⌋)2

, (35)

which is achieved when the eigenstates of ρ are given by

|ψl〉 = Nl

(∣∣∣∣ j, j −
⌊

l − 1

2

⌋〉
+ (−1)l−1

∣∣∣∣ j,
⌊

l − 1

2

⌋
− j

〉)
,

(36)
with normalization factors

Nl =
{ 1

2 if j ∈ Z, l = 2 j + 1
1/

√
2 otherwise.

(37)

The latter are also eigenstates of J2
z with eigenvalues hl =

[ j − �(l − 1)/2�]2. The same optimal mixed state can be also
deduced from the results of Ref. [26]. We observe that if the
state has a rank less than or equal to 2, I (ez, ρ) = 4 j2 (see
also [24,26]). However, for mixed states of rank k > 2, it is
inevitable that the QFI decreases and consequently that the
resulting state is less sensitive than the pure optimal state. On
the contrary, as we will show in the following, there are mixed
OQRs of higher ranks with the same QCRB as pure OQRs for
a sufficiently large spin.

IV. MIXED OQRS FOR SMALL SPIN

We present here several examples of mixed OQRs. As in
the case of pure states [7,9,10], the existence of OQRs is
linked to that of AC states. A general approach to identify
mixed OQRs is to find first 1-AC subspaces V which can
be used to construct mixed states satisfying condition (23a),
followed by the search for an appropriate mixture of states
within V that will satisfy condition (23b). Another, more di-
rect approach is to find 2-AC subspaces from which a mixture
of basis states will automatically define a mixed OQR. In both
cases, it is essential to search for and identify AC subspaces.

A. Spin 1

The only 1-AC spin-1 states are given by R(1) |1, 0〉 [14],
where R(1) = R(1)(α, β, γ ) is the rotation matrix in the spin-1
irrep, parametrized by the Euler angles. First, let us search
for a (1,2,1) AC subspace spanned by an orthonormal basis
{|ψ1〉 , |ψ2〉}. The two states |ψa〉 must be obtained from the
state |1, 0〉 by rotations, since they must be 1-AC. Moreover,
since the order of anticoherence is independent of the orienta-
tion of the subspace, we can reorient the basis so that

|ψ1〉 = |1, 0〉 = (0, 1, 0),

|ψ2〉 = R(1)(α, β, γ ) |1, 0〉

=
(

−e−iα sin β√
2

, cos β,
eiα sin β√

2

)
, (38)

where the spinor components refer to the | j, m〉 basis, with
m = j, . . . ,− j. By direct calculation, we obtain 〈ψ2|ψ1〉 =
cos β and 〈ψ2| J+ |ψ1〉 = e−iα sin β, which cannot be made
simultaneously zero. Consequently, there are no (1, k, 1) AC
subspaces with k > 1. On the other hand, the only 2-AC spin-
1 state is the maximally mixed state ρ0 = 1/3. Therefore,

there are only OQRI for pure states, but no OQRI−1 for either
pure or mixed states of spin j = 1.

B. Spin 3
2

As for spin 1, there is only one 1-AC state, up to rota-
tion, given by the Greenberger-Horne-Zeilinger (GHZ) state
|ψGHZ〉 = (1, 0, 0, 1)/

√
2 [14]. We search for a ( 3

2 , 2, 1) AC
subspace spanned by a reoriented orthonormal basis such that

|ψ1〉 = |ψGHZ〉 , |ψ2〉 = R(3/2)(α, β, γ ) |ψ1〉 . (39)

The orthogonality condition 〈ψ2|ψ1〉 = 0 has three solu-
tions: (a) β = 0 and α + γ = (2n1 + 1)π/3, (b) β = π and
α − γ = 2n1π/3, and (c) α = π (2n1 + 2n2 + 1)/6 and γ =
π (2n1 − 2n2 + 1)/6 for some integer numbers n1 and n2.
The three solutions have the same general expression |ψ2〉 =
(a, b, c,−a), with a, b, c ∈ C and a �= 0. By direct calcula-
tion, we get that 〈ψ2| Jz |ψ1〉 �= 0 and we conclude that there
are no ( 3

2 , 2, 1) AC subspaces, and thus no mixed OQRs,
either OQRI or OQRI−1 , in this case.

In order to study the effect on the QCRB of a deviation
from condition (23a) while satisfying condition (23b), let us
consider a family of 2-AC mixed spin-3/2 states in the purity
range 1

4 � Tr(ρ2) � 1
2 , as derived in Appendix B. In particu-

lar, we show there that the 2-AC mixed state with the largest
purity P = 1/2 is the rank-2 state ρ2-AC = (ρψ1 + ρψ2 )/2 with

|ψ1〉 = 1√
2

(1, 0, 1, 0), |ψ2〉 = 1√
2

(0,−1, 0, 1). (40)

As we have already shown above, im(ρ2-AC) does not span a
1-AC subspace.

Despite the absence of OQRI−1 , we can compare the
QCRBs (21) achieved by mixed and pure states, respectively.
We have that

I (n, ρ2-AC)−1︸ ︷︷ ︸
=0.25

� I (n, ρGHZ)−1︸ ︷︷ ︸
≈0.225

� 3

j( j + 1)︸ ︷︷ ︸
=0.2

, (41)

which means that the pure GHZ state is only slightly better
than the 2-AC mixed state with the highest purity P = 1

2 .

C. Spin 2

This is the smallest spin quantum number for which there
is a two-dimensional 1-AC subspace. Such a subspace is
spanned by the orthogonal pure states

|ψ1〉 = 1
2 (1, 0,

√
2 i, 0, 1),

|ψ2〉 = 1
2 (1, 0,−

√
2 i, 0, 1). (42)

Since both states |ψk〉 are 2-AC [15,16], so is any mixture ρ =
λ1 |ψ1〉 〈ψ1| + (1 − λ1) |ψ2〉 〈ψ2|, which therefore defines a
mixed OQR. By varying the eigenvalues of ρ through λ1,
we can obtain mixed OQRs with purity Tr(ρ2) ∈ [ 1

2 , 1]. We
prove in Appendix C that the (2,2,1) AC subspace spanned by
the states (42) is unique up to a rotation. As a result, spin-2
mixed OQRs are all of the above form. For mixed states of
higher rank and smaller purity, the QCRB increases as the
purity decreases. This tendency is exemplified by considering
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FIG. 1. QCRB as a function of the purity P(ρ(ξ )) for the family
of mixed spin-2 states (43). For the whole family, I (n, ρ(ξ ))−1 is
independent of n. States with a purity P � 1

2 are OQRI−1 . For P < 1
2

(gray shaded region), the QCRB increases as the purity decreases,
until it reaches infinity for the minimum purity 0.2 (that of the
maximally mixed state).

the uniparametric family of mixed states

ρ(ξ ) =
{

ξρψ1 + (1 − ξ )ρψ2 , ξ ∈ [ 1
2 , 1
]

( 5ξ−1
3

)(
ρψ1 + ρψ2

)+ ( 1−2ξ

3

)
1, ξ ∈ [ 1

5 , 1
2

]
,

(43)

where the |ψk〉 are given in Eq. (42). For ξ ∈ [ 1
2 , 1], ρ(ξ ) is

an OQR, but not for ξ ∈ [ 1
5 , 1

2 ]. The purity of ρ(ξ ) increases
monotonically with ξ as

P(ρ(ξ )) =
{

1 + 2ξ (ξ − 1), ξ ∈ [ 1
2 , 1
]

1
3 [2ξ (5ξ − 2) + 1], ξ ∈ [ 1

5 , 1
2

]
.

(44)

We also find that the QFI for ρ(ξ ) is independent of n and its
inverse is equal to

I (n, ρ(ξ ))−1 =
{

1
8 , ξ ∈ [ 1

2 , 1
]

3(ξ+1)
16(1−5ξ )2 , ξ ∈ [ 1

5 , 1
2

]
.

(45)

In Fig. 1 we plot I (n, ρ(ξ ))−1 as a function of P(ρ(ξ )). We
see that, for P < 1

2 , the inverse of the QFI starts to increase
until infinity is reached for the maximally mixed state (ξ =
1
5 ). Therefore, the QCRB increases (and thus the metrological
power of the state decreases) as the purity decreases and is
below 1

2 , as claimed above.

V. EXAMPLES OF AC SUBSPACES AND MIXED OQRS

In this section we summarize several of our results on
the existence of 1- and 2-AC subspaces found numerically
based on the objective function (16) and on the possibility
of obtaining a mixed OQR from them. We start with specific

values of ( j, k, t ) and then introduce families of AC subspaces
of an arbitrary spin quantum number.

A. ( j, k, 1) subspaces

We found several nonrotationally equivalent 1-AC sub-
spaces of dimension 2 for j = 5

2 (see Appendix D). A
statistical mixture of two basis states for such subspaces is
1-AC by construction and a candidate for a mixed 2-AC state.
However, we find that none of these mixed states is actually
2-AC, satisfying condition (23b), even though they come very
close for an equally weighted mixture. For example, we get
a maximum of A2 = 63

64 ≈ 0.9843 based on the subspace V1

given in Eq. (D1) and a maximum of A2 = 3
32 (7

√
7 − 8) ≈

0.9863 based on the subspace V2 given in Eq. (D5). The
corresponding states are therefore not mixed OQRs. Although
there are mixed 2-AC states (see Appendix A), we observe
numerically that none of them has im(ρ) forming a 1-AC
subspace. Therefore, there are OQRI ’s for spin 5

2 , but we
could not identify a mixed OQRI−1 .

The first 1-AC subspace V of dimension 3 appears for
j = 3 [see Eq. (D7)]. No pure state |ψ〉 ∈ V is 2-AC. On the
other hand, a statistical mixture of the basis states of V with
appropriate weights can give a ρ which is 2-AC and hence a
mixed OQRI−1 . It should be noted that this is the first example
of a mixed OQRI−1 with no pure OQR in its image im(ρ). We
even found a whole family of such OQRs, given by Eq. (D9).
Finally, we present a ( 9

2 , 4, 1) AC subspace in Eq. (D10).

B. ( j, k, 2) subspaces

The 2-AC subspaces V of dimension k > 1 are particularly
interesting because any convex combination of any orthonor-
mal basis states of V results in a mixed OQRI−1 . We found
the first instance of a 2-AC subspace of dimension 2 for
j = 7

2 [see Eq. (E1)]. For spins j = 4 and 9
2 , no such AC sub-

spaces were found numerically. The next example we found is
for j = 5, again a two-dimensional subspace [see Eq. (E2)].
Based on our numerical results presented in Fig. 2, it is plau-
sible that ( j, 2, 2) subspaces exist for all j > 5. Additionally,
a 2-AC subspace of dimension 3 was first identified for spin 7
[see Eq. (E3)].

C. AC subspaces of arbitrary dimension

Previously, we used the 1- and 2-AC subspaces to create
families of mixed OQRs. Here we take a different approach
and show that one can construct AC subspaces of orders t = 1
and 2 of any dimension k with sufficiently large spin using
techniques similar to those outlined in Ref. [15]. For a spin- j
system with j a half-integer number, the subspace spanned by
the vectors

|ψa〉 = 1√
2

(02a, 1, 02 j−4a−1, 1, 02a), (46)

with a = 0, 1, . . . , � j−1
2 �, is a ( j, k, 1) AC subspace. Here 0n

is a string of n zero components, with the convention that
00 means we do not add any extra zeros. In the case where
j is an integer and 2 j − 3 − 4� j−1

2 � > 0, we can increase
the dimension of the 1-AC subspace by one by including the

022435-7



EDUARDO SERRANO-ENSÁSTIGA et al. PHYSICAL REVIEW A 111, 022435 (2025)

2j

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

k m
a
x

0

1

2

3

4

5

6

7

8(a)

(b)

2j

1 50 100 150 200 250 300 350 400 450 500

k m
ax

0

50

100

150

200

250

t= 1
t= 2
Upper bound t= 1
Upper bound t= 2

Upper bound t= 1
Upper bound t= 2
k1
k2

FIG. 2. (a) Maximum dimension kmax of ( j, k, t ) AC subspaces
(determined numerically) as a function of the spin j for anticoher-
ence orders t = 1 (blue circles) and 2 (pink squares). The dashed
lines indicate the upper bound (52) for t = 1, 2. (b) Upper bound
(52) on kmax for t = 1 and 2 as a function of j over a wide range of
values for j. The dimensions of the ( j, k, t ) AC subspaces defined in
Eqs. (46), (47), and (51) are also shown as solid lines.

additional state

(0 j, 1, 0 j ). (47)

The dimension of these generic 1-AC subspaces, denoted by
k1, is given by

k1 =
{⌊ j−1

2

⌋+ 1 for half-integer j⌊ j−1
2

⌋+ 2 for integer j
(48)

and grows linearly as j/2 (see, e.g., Fig. 2). As an illustration,
we write the vectors spanning the ( j, k1, 1) AC subspaces
for j = 2, 7

2 , 4 in Table II. The zero components in the
states ensure that 〈ψa| T1±1 |ψa′ 〉 ∝ 〈ψa| J± |ψa′ 〉 = 0 for any
pair of states, where we used Eq. (8). On the other hand,
〈ψa| T10 |ψa′ 〉 ∝ 〈ψa| Jz |ψa′ 〉 = 0 because |ψa〉 = (| j, ma〉 +
| j,−ma〉)/

√
2, with ma �= ma′ for a �= a′.

In the same way, it is possible to construct a generic
( j, k2, 2) AC subspace for j � 5 of dimension

k2 = min

(⌊
j − κ − 3

3

⌋
,
κ − 2

3

)
+ 1, (49)

with

κ =
⌈

j −
√

j( j + 1)

3

⌉
, (50)

spanned by the states

|ψa〉 = (03a, αa, 0κ , βa, 02 j−3−2κ−6a, βa, 0κ , αa, 03a), (51)

TABLE II. Some 1-AC subspaces defined in Eqs. (46) and (47)
for spin j = 2, 7

2 , 4. Here 0n denotes a string of n zeros.

Spin j Basis of a ( j, k, 1) AC subspace

2
1√
2
(1, 03, 1)

(02, 1, 02)

7
2

1√
2
(1, 06, 1)

1√
2
(02, 1, 02, 1, 02)

4

1√
2
(1, 07, 1)

1√
2
(02, 1, 03, 1, 02)

(04, 1, 04)

with a = 0, . . . , k2 − 1. Here again, the zero components of
the states guarantee that 〈ψa| Tσμ |ψa′ 〉 = 0 for every σ =
1, 2, any μ �= 0, and any pair of states |ψa〉 and |ψa′ 〉. This
is because the respective Tσμ with μ �= 0 contains one or two
ladder operators (8). In addition, the zero-state components
guarantee that 〈ψa| Tσ0 |ψa′ 〉 = 0 for different states. On the
other hand, 〈ψa| T10 |ψa〉 = 0, with T10 ∝ Jz, is fulfilled by
the property that the coefficients αa and βa are associated
with eigenstates | j,±m〉 whose magnetic quantum number
is opposite. Finally, it is possible to satisfy the equality
〈ψa| T20 |ψa〉 = 0, where T20 ∝ j( j + 1)1 − 3J2

z by choosing
the parameters αa and βa, which we can considered as positive
real numbers, such that 2α2

a + 2β2
a = 1 (normalization of the

state) and

j( j + 1) − 6
[
( j − 3a)2α2

a + ( j − 3a − 1 − κ )2β2
a

] = 0.

Indeed, the above equation always has a solution for the value
of κ defined in Eq. (50). The dimension of the ( j, k2, 2) AC
subspace (51) grows asymptotically as k2 ≈ (

√
3 − 1) j/3

√
3.

Some examples of ( j, k, 2) AC subspaces constructed using
this approach are given in Table III.

In Fig. 2 we show the dimension of the 1- and 2-AC
subspaces given by our construction as a function of the spin
quantum number j. We note that both grow linearly in the
asymptotic limit j � 1. We also plot the largest dimension
kmax of a ( j, k, t ) AC subspace found numerically for t = 1, 2
and j � 17

2 . The value kmax for 1-AC subspaces puts a lower
bound on the purity of optimal OQRs, Tr(ρ2) � 1/kmax. Thus,
the larger kmax is, the more likely it is to find mixed OQRs

TABLE III. Some ( j, k, 2) AC subspaces defined in Eq. (51) for
spin j = 5, 11, 35

2 . Here 0n denotes a string of n zeros.

Spin j Basis of a ( j, k, 2) AC subspace

5 ( 1√
7
, 02,

√
5
14 , 03,

√
5

14 , 02,
1√
7

)

11
1

8
√

3
(
√

19, 05,
√

77, 09,
√

77, 05,
√

19)
1√
6
(03,

√
2, 05, 1, 03, 1, 05,

√
2, 03)

35
2

1
6
√

39
(
√

107, 08,
√

595, 016,
√

595, 08,
√

107)
1

6
√

30
(03,

√
233, 08,

√
307, 010,

√
307, 08,

√
233, 03)

1
6
√

21
(06,

√
305, 08,

√
73, 04,

√
73, 08,

√
305, 06)
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(a) (b)

FIG. 3. Negativity of the states ρ = λ1ρψ1 + (1 − λ1)ρψ2 , con-
structed by mixing the basis states of (a) the ( j, k, t ) = (2, 2, 1)
AC subspace given in Eq. (42) and (b) the ( j, k, t ) = ( 7

2 , 2, 2) AC
subspace given in Eq. (E1), as a function of their purity.

of lower purity. Our numerical results show that Corollary 2
in Ref. [28], stating that the largest 1-AC subspace of spin j
states has dimension � j + 1�, is not tight.

VI. NEGATIVITY AND ANTICOHERENT SUBSPACES

The quantum enhancement in metrological power is gen-
erally attributed to entanglement of a multipartite system or
to other quantum correlations for single-particle systems. In
this section we study the relationship between the negativity
Nt (ρ) of a spin- j mixed OQR ρ, seen as a symmetric state
of N = 2 j qubits, and its AC properties. Despite the classical
character of a mixture of states, we will show that a mixed
state such that im(ρ) is a ( j, k, t ) AC subspace maximizes all
the negativities Nt ′ (ρ) for t ′ � t . In particular, the negativity
of these mixed states with respect to the bipartitions of t ′ and
N − t ′ qubits, denoted by t ′|N − t ′, with t ′ � t is equal to
that of the most entangled pure states (19). Because of the
relevance of this result, we state it as a theorem, the proof of
which appears in Appendix F.

Theorem 1. Let ρ ∈ B(H( j) ) be a mixed state such that
im(ρ) is a ( j, k, t ) AC subspace. Then ρ, seen as a N-qubit
symmetric state, maximizes the negativity with respect to the
bipartition t |N − t with Nt (ρ) = t/2.

An important consequence of (the proof of) Theorem 1 is
an upper bound on the dimension of ( j, k, t ) AC subspaces,
given by

kmax �
⌊

2 j − t + 1

t + 1

⌋
. (52)

In particular, for 1-AC subspaces, it gives a stricter bound
kmax � � j� than the one given in Corollary 2 of Ref. [28].
We plot this upper bound in Fig. 2. On the other hand, we
plot the negativity for some ( j, k, t ) AC subspaces presented
in the preceding section in Fig. 3. We observe the constant
value of the negativity for the bipartitions t |N − t associated
with the anticoherence order of the AC subspaces but not
for the others which decrease when the purity decreases. In
summary, mixed OQRs, which come from 1-AC subspaces,

are maximally entangled states with respect to the negativity
for the bipartition 1|N − 1, despite their variable purity.

VII. CONCLUSION

We have established the necessary conditions, summarized
in Table I, for a mixed spin- j state to be an optimal sensor
of infinitesimal rotations, as prescribed by the fidelity or by
the QCRB averaged over all rotation axes (20) and (21). The
mixed-state scenario introduces the additional condition (23a)
that im(ρ) must be a 1-AC subspace, thus elevating 1-AC
subspaces to the status of essential ingredient in mixed-state
rotation sensing. This has motivated our study of the existence
of t-AC subspaces and in particular the maximum dimension
that 1-AC subspaces can have for a given value of j [which is
displayed in Fig. 2(a)]. This value is important in the light of
our results because it sets a lower bound on the purity of mixed
OQRs. Our detailed study of mixed OQRs for small spins
shows that the first mixed OQR is found for spin j = 2 (see
Sec. IV C). Furthermore, we have presented various examples
of AC subspaces and mixed OQRs, including 2-AC subspaces
that generate a continuous family of mixed OQRs and cases
where the mixed OQRs arise from a mixture of non-OQR
pure states [see Eq. (D9)]. We have shown how to construct
1- and 2-AC subspaces of any dimension for sufficiently high
spin by providing explicit bases for them (see Tables II and
III for selected examples). We proved that the dimension
of these subspaces increases linearly with the spin quantum
number j and we compared it with the maximum dimension
kmax obtained numerically for the same spin [see Fig. 2(b)].
In addition, we provided the upper bound (52) on kmax as
a function of the spin j and the anticoherence order t . The
existence of AC subspaces for large spin quantum numbers
implies that mixed OQRs can be prepared in high-dimensional
quantum systems, such as atomic many-body or multiphoton
systems. Although all of our examples concern single-spin
systems, they can in principle be implemented in any finite-
dimensional system (e.g., multiqudit systems), as explained
in Sec. III D. One of the main conclusions of our work is
that mixed states can achieve the same sensitivity as optimal
pure states. This property can be related to entanglement by
interpreting spin states as symmetric multiqubit states. More
precisely, our Theorem 1 establishes that any state obtained by
mixing pure states from a t-AC subspace, in particular mixed
OQRs, maximizes all negativities for the bipartitions t ′|N − t ′
with t ′ � t . Therefore, mixed spin- j OQRs not only have
genuine multipartite entanglement, as was already known to
be necessary for pure states to be OQRs [33–35], but they are
also maximally entangled states with respect to the negativity
for the bipartition 1|N − 1 among all symmetric states.

In this work we have focused on the search for optimal
states for metrological tasks aimed at measuring rotations
with respect to fidelity or the QCRB. The OQR with respect
to fidelity, OQRI , is conceived in relation to a fidelity mea-
surement protocol [47]. On the other hand, for an OQR with
respect to the QCRB, OQRI−1 , one has to find a measurement
protocol capable of achieving the ultimate sensitivity. An op-
timal choice of measurements for the estimation of a single
parameter, whether from pure or mixed states, can be found
by using the expression of the QFI in terms of the symmet-
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ric logarithmic derivative [3,4]. The saturation of the QCRB
has been studied for pure spinlike two-mode photonic states
[10,57], where a projection-valued measure for estimating the
axis and angle of a rotation has been found. An interesting
follow-up to this work would be the implementation of an
optimal measurement scheme for mixed spin states.
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APPENDIX A: EXISTENCE OF MIXED ANTICOHERENT
STATES TO ANY ORDER

We prove here the existence of mixed AC states of any
order t other than the maximally mixed state. More gener-
ally, we prove the existence of mixed states with Tr(ρTσμ) =
0 for any subset of indices σ ∈ I ⊂ {1, . . . , 2 j} and μ =
−σ, . . . , σ . We start with the maximally mixed state ρ0 =
1/(2 j + 1) and a mixture

ρ = ρ0 + εA, (A1)

with an operator A such that

A =
2 j∑

L=1
L/∈I

L∑
M=−L

ALMTLM, (A2)

with arbitrary coefficients ALM making A Hermitian. The
state ρ is Hermitian, with trace Tr(ρ) = 1, and positive for
a sufficiently small ε > 0. In fact, if we denote by λmin the
lowest (and therefore potentially negative) eigenvalue of A,
then ρ is a valid state for ε � [(2 j + 1)|λmin|]−1. In particular,
considering I = {1, 2, . . . , t}, the state defined above is t-AC.

APPENDIX B: 2-AC SPIN- 3
2 MIXED STATES

Let us characterize the set of 2-AC spin- 3
2 mixed states. By

definition, they have an expansion in the multipole operator
basis of the form

ρ = 1
41 +

3∑
M=−3

ρ3MT3M . (B1)

We can reduce the number of ρ3M variables by a global
rotation rendering ρ33 = 0 and ρ32 ∈ R. Moreover, by the
Hermiticity of the state, we also get ρ3,−3 = 0 and ρ32 ∈ R.
We now perform the change of variables

ρ30 = wc0, ρ31 = −ρ∗
3−1 = wc1eiφ,

ρ32 = ρ3−2 = wc2

(B2)

so that

ρ = 1
4 + w[c0T30 + c1(eiφT31 − e−iφT3−1)

+ c2(T32 + T3−2)], (B3)

with c2
0 + 2c2

1 + 2c2
2 = 1 and where all the new variables

(w, c0, c1, c2, φ) are real. Finally, the eigenvalues of ρ,

λ±± = 1

4
± w

2

√
1 ± 2

5

√
X , (B4)

must be non-negative, where

X = 2c2
1

[− 2
√

30c2c0 cos(2φ) + 8c2
0 + 15c2

2

]
+ 21c4

1 + 4c2
0

(
c2

0 + 10c2
2

)
. (B5)

This is guaranteed if the lowest eigenvalue λ−+ is non-

negative, which is fulfilled for w �
√

5/2
√

5 + 2
√

X . In
particular, if we are interested in the 2-AC state with the
highest purity Tr(ρ2) = 1

4 + w2, we must maximize the vari-
able w for valid states, i.e., for states with λ−+ � 0. To
fulfill this, we minimize the factor of the variable w in λ−+,√

1 + 2
5

√
X , achieved for X = 0. The minimum is given by

(c0, c1, c2, φ) = (0, 0, 1√
2
, 0) and the corresponding state has

doubly degenerated eigenvalues λ±± = 1
4 ± w

2 . Then we can
take w = 1

2 , leading to the state

ρ = 1
2 (|ψ1〉 〈ψ1| + |ψ2〉 〈ψ2|), (B6)

with eigenvectors (40) and purity Tr(ρ2) = 1
2 .

APPENDIX C: UNIQUENESS OF THE (2,2,1) AC SUBSPACE

In this Appendix we prove that, up to a rotation, the (2,2,1)
AC subspace V spanned by the states (42) is unique. We begin
by considering a generic (2,2,1) AC subspace V with basis
states {|ψ1〉 , |ψ2〉}. By definition, the |ψk〉 states are 1-AC.
We then rotate the subspace to Ṽ , now with basis states |ψ̃k〉 =
R |ψk〉, such that |ψ̃1〉 has the form of a generic spin-2 1-AC
state (as given in Ref. [15])

|ψ̃1〉 = 1√
2 + |μ|2

(1, 0, μ, 0, 1), (C1)

where μ ∈ C. The unnormalized vectors Ja |ψ̃1〉 for a = x, y, z
read

Jx |ψ̃1〉 ∝
(

1 +
√

3

2
μ

)
(0, 1, 0, 1, 0),

Jy |ψ̃1〉 ∝
(

1 −
√

3

2
μ

)
(0, 1, 0,−1, 0), (C2)

Jz |ψ̃1〉 ∝ (1, 0, 0, 0,−1).

We see that for μ �= ±
√

2
3 , the set

BṼ = {|ψ̃1〉 , Jx |ψ̃1〉 , Jy |ψ̃1〉 , Jz |ψ̃1〉} (C3)

consists of four orthogonal vectors. Its orthogonal comple-
ment B⊥

Ṽ
has dimension 1 and, by direct calculation, can be

seen to be generated by the state

1√
4 + 2|μ|2

(μ∗, 0,−2, 0, μ∗). (C4)

The latter state must be equal to |ψ̃2〉 = R |ψ2〉 because Ṽ is a
1-AC subspace and must obey the condition (12). Explicit cal-
culation of the states |ψ̃k〉 shows that Ṽ is the same subspace

022435-10



QUANTUM METROLOGY OF ROTATIONS WITH MIXED … PHYSICAL REVIEW A 111, 022435 (2025)

as that spanned by the states (42) whatever the value of μ. In
the special case μ = ±

√
2
3 , these states are, up to a rotation,

equal to the |2, 0〉 state [15]. We can then study this case by
starting with |ψ̃1〉 = (0, 0, 1, 0, 0). Generating the set BṼ in
the same way, which now contains three vectors, we obtain
that |ψ̃2〉 ∈ B⊥

Ṽ
must have the form

|ψ̃2〉 ∝ (a, 0, 0, 0, b), (C5)

with a, b ∈ C. However, since |ψ̃2〉 must be 1-AC, we must
have that b = aeiφ . Consequently, Ṽ is spanned by the states

(0, 0, 1, 0, 0),
1√
2

(e−iφ/2, 0, 0, 0, eiφ/2), (C6)

which, after a rotation by −φ/2 about the z axis, is the sub-
space spanned by the states

(0, 0, 1, 0, 0),
1√
2

(1, 0, 0, 0, 1). (C7)

Again, this AC subspace is equivalent to the subspace spanned
by the states (42).

APPENDIX D: EXAMPLES OF 1-AC SUBSPACES

1. ( 5
2 , 2, 1) AC subspaces

There are several inequivalent ( 5
2 , 2, 1) AC subspaces. The

first example is the space V1 spanned by the states

|ψ1〉 = 1√
8

(
√

3, 0, 0, 0,
√

5, 0),

|ψ2〉 = 1√
8

(0,−
√

5, 0, 0, 0,
√

3). (D1)

The candidates for mixed OQRs are given by a mixture of
states forming a generic basis of V1,

ρ = λ1 |ψ̃1〉 〈ψ̃1| + λ2 |ψ̃2〉 〈ψ̃2| , (D2)

with λ1 + λ2 = 1 and

|ψ̃1〉 = cos

(
θ

2

)
|ψ1〉 + sin

(
θ

2

)
eiφ |ψ2〉 ,

|ψ̃2〉 = sin

(
θ

2

)
|ψ1〉 − cos

(
θ

2

)
eiφ |ψ2〉 , (D3)

where θ and φ are real parameters. The function A2(ρ) for
these mixtures is calculated to be

A2(ρ) = 9
128 [(λ1 − λ2)2 cos(2θ ) + 4λ1λ2 + 13]. (D4)

Its maximum value A2 = 63
64 ≈ 0.984 375 is reached for λ1 =

λ2 = 1
2 and any θ and φ values, or for θ = 0 and any weights

λ1 and λ2 and phase φ. The corresponding mixed states are
almost 2-AC, but never fulfill condition (23b). Hence, they
are not mixed OQRI−1 .

The second example of a ( 5
2 , 2, 1) AC subspace is the

vector space V2 spanned by the states

|ψ1〉 = 1
4 (0, α, 0,−β, 0, γ ),

|ψ2〉 = 1
4 (γ , 0, β, 0, α, 0), (D5)

with α =
√

20 − 5
√

7, β =
√

10
√

7 − 20, and γ =√
16 − 5

√
7. Again, we search for a 2-AC state ρ in the

form of a convex combination of basis states of a generic
basis of V2. We find that the maximum of A2(ρ) is equal to

A2 = 3
32 (7

√
7 − 8) ≈ 0.9863, (D6)

achieved for the equally weighted mixture (λ1 = λ2 = 1
2 ),

irrespective of the basis of V2. Once again, maxA2(ρ) �= 1
and the corresponding state is not 2-AC and is therefore not a
mixed OQR.

Although there are mixed 2-AC states (see Appendix A),
we observe numerically that none of them has an image im(ρ)
forming a 1-AC subspace and consequently we have strong
evidence that there are no OQRs of spin 5

2 with respect to the
QCRB (see also Fig. 2).

2. (3,3,1) AC subspace

The first three-dimensional 1-AC subspace V appears for
j = 3 and is spanned by the states

|ψ1〉 =
√

2

5
|3, 3〉 +

√
3

5
|3,−2〉,

|ψ2〉 = −
√

3

5
|3, 2〉 +

√
2

5
|3,−3〉, (D7)

|ψ3〉 = |3, 0〉.
The measure of 2-anticoherence A2 of a general coherent
superposition |ψ〉 = a|ψ1〉 + b|ψ2〉 + c|ψ3〉, with a, b, c ∈ C
and |a|2 + |b|2 + |c|2 = 1, is given by

A2(ρψ ) = 3
25 {8 − 4|a|2|b|2 − |c|4 + 4 Re[ab(c∗)2]}. (D8)

The maximum of A2(ρψ ) under the normalization constraint
is equal to 24

25 .3 Hence, no pure state |ψ〉 ∈ V is 2-AC. On
the other hand, the statistical mixture of the states given in
Eq. (D7) with weights λk yields a ρ with A2(ρ) = 3(2 −
λ3)(4 + 3λ3)/25. This then shows that for λ3 = 1

3 , ρ is 2-AC
and therefore a mixed OQR. This family of OQRI−1 , explicitly
given by

ρ = λ1ρψ1 + ( 2
3 − λ1

)
ρψ2 + 1

3ρψ3 , (D9)

with λ1 ∈ [0, 2
3 ], is an example of mixed OQRs without any

pure OQR in their image im(ρ).

3. ( 9
2 , 4, 1) AC subspace

The first four-dimensional 1-AC subspace V appears for
j = 9

2 and is spanned by the states

|ψ1〉 =

⎛
⎜⎝0, 0, 0,

√
5
2

2
, 0, 0, 0,−

√
3
2

2
, 0, 0

⎞
⎟⎠,

|ψ2〉 =

⎛
⎜⎝0, 0,−

√
3
2

2
, 0, 0, 0,−

√
5
2

2
, 0, 0, 0

⎞
⎟⎠,

3The maximum is achieved, e.g., for a = b = 1
2 and c = 1/

√
2.
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|ψ3〉 =

⎛
⎜⎝1

4

√
11

2
eiζ , 0, 0, 0,

√
3

4
, 0, 0, 0,

√
15
2

4
, 0

⎞
⎟⎠,

|ψ4〉 =

⎛
⎜⎝0,

√
15
2

4
, 0, 0, 0,−

√
3

4
, 0, 0, 0,

1

4

√
11

2
eiζ

⎞
⎟⎠ (D10)

with ζ = tan−1(2
√

7
5 ).

APPENDIX E: EXAMPLES OF 2-AC SUBSPACES

In this Appendix we give some examples of 2-AC sub-
spaces for small- j values.

1. ( 7
2 , 2, 2) AC subspace

The first instance of a 2-AC subspace is found for j = 7
2 .

An example is the space spanned by the states

|ψ1〉 =
√

3

10

∣∣∣∣72 ,
7

2

〉
+
√

7

10

∣∣∣∣72 ,−3

2

〉
,

|ψ2〉 =
√

7

10

∣∣∣∣72 ,
3

2

〉
−
√

3

10

∣∣∣∣72 ,−7

2

〉
. (E1)

2. (5,2,2) AC subspace

For spins larger than j = 7
2 , we did not find numerically

other ( j, 2, 2) AC subspaces up to the value j = 5. One ex-
ample is the space spanned by the states

|ψ1〉 =
√

2

7
|5, 5〉 +

√
5

7
|5,−2〉,

|ψ2〉 = −
√

5

7
|5, 2〉 +

√
2

7
|5,−5〉. (E2)

3. (7,3,2) AC subspace

A 2-AC subspace of dimension 3 is first found for spin 7
and is spanned by the states

|ψ1〉 = (0, 0, a, 0, 0, b, 0, 0, c, 0, 0, d, 0, 0, e),

|ψ2〉 = (e, 0, 0, d, 0, 0, c, 0, 0, b, 0, 0, a, 0, 0),

|ψ3〉 = (0, f , 0, 0, g, 0, 0, h, 0, 0, g, 0, 0, f , 0),

(E3)

with

a ≈ −0.092 987 894 7 + i0.601 479 992 1,

b ≈ 0.723 971 906 8 + i0.118 409 059 0,

c ≈ 0.328 559 393 8 − i0.179 926 760 6,

d ≈ −0.045 557 846 8 − i0.448 012 450 8,

e ≈ 0.523 719 968 6 + i0.090 214 696 5,

f ≈ 0.691 507 916 6 + i0.088 034 326 0,

g ≈ −0.008 383 324 9 + i0.769 421 688 9,

h ≈ −0.139 686 119 9 − i0.519 335 636 5. (E4)

APPENDIX F: MAXIMAL NEGATIVITY
OF MIXED STATES

Before proving Theorem 1, let us examine the properties of
an orthonormal basis BV = {|ψi〉}k

i=1 associated with a ( j, k, t )
AC subspace V with t � j. Since each state |ψi〉 is t-AC, its
Schmidt decomposition for the bipartition A|B ≡ t |N − t is
given by (see Sec. II D)

|ψm〉 = 1√
t + 1

t+1∑
α=1

∣∣φA
α

〉∣∣φB
mα

〉
, (F1)

where we are free to choose the common basis {|φA
α 〉} of HA

for each state |ψm〉, using the nonuniqueness of the singular-
value decomposition on the degenerated Schmidt eigenvalues
[60]. Here all the Schmidt numbers are degenerated and con-
sequently we can choose the basis of HA for each state |ψm〉.
We now establish a consequence of the anticoherence property
of a subspace V over the states |φB

mα〉 in the decomposition
(F1).

Lemma F1. Let V be a ( j, k, t ) AC subspace, with an
orthonormal basis BV = {|ψm〉}k

m=1 where each state has a
Schmidt decomposition in the bipartition t |N − t , H( j) ⊂
HA ⊗ HB = H( t

2 ) ⊗ H( j−t/2), given by

|ψm〉 = 1√
t + 1

t+1∑
α=1

∣∣φA
α

〉∣∣φB
mα

〉
. (F2)

Then the set {|φB
mα〉}m,α is orthonormal〈

φB
mα

∣∣φB
nβ

〉 = δmnδαβ. (F3)

Proof. The Schmidt decomposition of each state |ψm〉 im-
plies that each subset {|φB

mα〉}t+1
α=1 is orthonormal 〈φB

mα|φB
mβ〉 =

δαβ . Now, due to the fact that V is a ( j, k, t ) AC subspace,
each state defined by a linear combination of two states of BV ,

c1 |ψm〉 + c2 |ψn〉 = 1√
t + 1

t+1∑
α=1

∣∣φA
α

〉(
c1

∣∣φB
mα

〉+ c2

∣∣φB
nα

〉)
,

(F4)
is t-AC, and then it has a fully degenerated Schmidt decom-
position. This implies that the states c1 |φB

mα〉 + c2 |φB
nα〉 must

be orthogonal,(
c∗

1

〈
φB

mβ

∣∣+ c∗
2

〈
φB

nβ

∣∣)(c1

∣∣φB
mα

〉+ c2

∣∣φB
nα

〉) = δαβ (F5)

for any values of c1 and c2. In particular, we can choose the
pair c1 = 1/

√
2 and c2 = 1/

√
2 and the pair c1 = 1/

√
2 and

c2 = i/
√

2 to arrive at〈
φB

nβ

∣∣φB
mα

〉 = ±〈φB
mβ

∣∣φB
nα

〉
. (F6)

Consequently, 〈φB
nβ |φB

mα〉 = 0 for any m and n, which con-
cludes the proof. �

As an example, take the (2,2,1) AC subspace spanned by
the states

|ψ1〉 = 1√
3

(|2, 2〉 +
√

2 |2,−1〉),

|ψ2〉 = 1√
3

(
√

2 |2, 1〉 − |2,−2〉),

(F7)

which is equivalent to the subspace defined in Eq. (42) up to
a global rotation. Without loss of generality, we can take the
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basis for the Schmidt decomposition in the partition 1|3 of
the subsystem HA as |φA

m〉 = | 1
2 ,± 1

2 〉. The Schmidt decompo-
sition of the states is |ψm〉 = (|φA

+〉 |φB
m+〉 + |φA

−〉 |φB
m−〉)/

√
2,

with

∣∣φB
1+
〉 = √

2
∣∣ 3

2
3
2

〉+ ∣∣ 3
2 ,− 3

2

〉
√

3
,
∣∣φB

1−
〉 = ∣∣∣∣32 ,−1

2

〉
,

∣∣φB
2+
〉 = ∣∣∣∣32 ,

1

2

〉
,
∣∣φB

2−
〉 = ∣∣ 3

2 , 3
2

〉− √
2
∣∣ 3

2 − 3
2

〉
√

3
, (F8)

where we observe that the four spin- 3
2 states {|φB

mα〉}m,α are
indeed orthonormal.

By Lemma F1, the existence of a ( j, k, t ) AC subspace
implies the existence of an orthonormal set of k(t + 1) states
in HB = H( j−t/2). Then the dimension of H( j−t/2) implies
the inequality k(t + 1) � dim(HB) = 2 j − t + 1. We can use
this inequality to obtain the upper bound on the maximal
dimension of a ( j, k, t ) AC subspace given in Eq. (52).

Now let us prove Theorem 1 following an argument similar
to that used for pure states in [20,61].

Proof of Theorem 1. Let us consider a mixed state ρ =∑k
m=1 λm |ψk〉 〈ψk| where im(ρ) is a ( j, k, t ) AC subspace V .

The state ρ, seen as a symmetric N-qubit state of a bipartite
system t |N − t , reads

ρ = 1

t + 1

k∑
m=1

t+1∑
α,β=1

λm

∣∣φA
α

〉∣∣φB
mα

〉〈
φA

β

∣∣〈φB
mβ

∣∣, (F9)

where {|φA
α 〉}α is an orthonormal basis of HA by definition

of the Schmidt decomposition and C = {|φB
mα〉}m,α is an or-

thonormal set (from Lemma F1) with k(t + 1) elements. The
partial transpose state ρTB reads

ρTB = 1

t + 1

k∑
m=1

t+1∑
α,β=1

λm

∣∣φA
α

〉 ∣∣φB∗
mβ

〉 〈
φA

β

∣∣ 〈φB∗
mα

∣∣ , (F10)

where the asterisk means complex conjugation. The (t +
1)(2 j − t + 1) eigenvectors of ρTB are divided in four types:
(t + 1)k eigenvectors |xmα〉 ≡ |φA

α 〉 |φB∗
mα〉 for α = 1, . . . , t +

1, m = 1, . . . , k, and eigenvalues λk/(t + 1); two sets of t (t +
1)k/2 eigenvectors given by

|y±
α,β,m〉 ≡ 1√

2

( ∣∣φA
α

〉 ∣∣φB∗
mβ

〉± ∣∣φA
β

〉∣∣φB∗
mα

〉)
(F11)

for α < β with α, β = 1, . . . , t + 1 and m = 1, . . . , k, with
eigenvalues ±λm/(t + 1); and in the case that C⊥ is not empty,
it has dimension h = 2 j − k(t + 1) − t + 1 with a basis la-
beled by |ϕB

m〉 with m = 1, . . . , h. Then there exist h(t + 1)
eigenvectors of ρTB , |zαm〉 = |φA

α 〉 |ϕB∗
m 〉 with eigenvalues equal

to zero.
We note that the only negative eigenvalues come from the

eigenvectors |y−
α,β,m〉. The negativity of ρ is thus equal to

Nt (ρ) =
k∑

m=1

t+1∑
α,β=1
α<β

λm

t + 1
= t

2
, (F12)

i.e., equal to the negativity (19) of a pure t-AC state, which is
maximal among symmetric states. �
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