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Abstract
The total variance of a spin state is defined as the average of the variances of spin projection
measurements along three orthogonal axes.We show that this quantity also gives the squared
rotational speed of the state in projective space, averaged over all rotation axes.We compute the
addition law, under system composition, for this quantity andfind that, in the case of separable states,
it is of simple pythagorean form. In the presence of entanglement, wefind that the composite state
‘rotates faster than its parts’, thus unveiling a kinematical origin for the correlation of total variance
with entanglement.We analyze a similar definition for the acceleration of a state under rotations, for
both pure andmixed states, and probe numerically its relationwith awide array of entanglement
relatedmeasures.

1. Introduction

Quantumentanglement has been the focus of intense activity, both experimental and theoretical, for several
decades now. This is due to its intrinsic appeal as the epitome of quantum counterintuitiveness aswell as its
relevance in quantum technology applications [1–3]. Central to its very definition, is the division of a physical
system in subsystems—subsequent to that, quantifying entanglement, and related concepts, is a surprisingly
multifaceted affair, that becomes increasingly convoluted as the number of subsystems considered grows.

Among the plethora of availablemeasures of entanglement (see, e.g., [4]), one that stands out is Klyachko’s
‘total variance’ [5].When applied to spin states (which is the case we focus on here) it averages the variance of
spin projectionmeasurements over three orthogonal axes (see (21) for the exact formula). In the author’s words
‘KItmeasures the total level of quantum fluctuations of the systemK’. There aremany instances where this
quantity appears naturally, for example, it is easily shown that a spin state is coherent (inmany respects ‘most
classical’) if and only if itminimizes total variance [6]. This is a desirable property for an entanglementmeasure,
since coherent states, viewed as symmetrized states of spin-1/2 subsystems, are separable. At the other extreme,
1-anticoherent spin states [7], which have vanishing spin expectation value,maximize total variance, in accord
with their (informal) status as the ‘most quantum’ states. Thus, Klyachko’s proposal passes some basic
consistency checks, but a lingering question is ‘what has spin variance to dowith entanglement?’—this is the
starting point of the present work.

Other authors before us have focused their attention to total variance, finding, e.g., an intriguing relation
between its critical sets and SLOCCclasses [8], a result that furthermotivated us to understand the definition at
an intuitive level.What we found can be summarized as follows:
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• The total variance of a state is its average squared speed (in projective space, using the Fubini-Studymetric)
under rotations.

• In a composite system, entangled states attain higher speeds, on average, than separable ones when rotated.

• ‘Addition laws’ for the average squared rotational speed, and similar quantities, involving higher order time
derivatives, provide a kinematical point of view on entanglement that is worth exploring.

Guided by these initialfindings, we came upwith a ‘speed excess’measure of entanglement: if |v|2 denotes the
average squared rotational speed of a bipartite state, and |v1|

2, |v2|
2 the analogous quantity for its subsystems,

then the extent towhich the separable state pythagorean addition law |v|2= |v1|
2+ |v2|

2 is violated can be taken
as ameasure of entanglement. Following further this line of reasoning, we looked for an addition law of average
squared rotational acceleration.We found that, in the separable case, the subsystems contribute to the
acceleration of the bipartite state not only through their own acceleration, but also through their speed. For
entangled states, where the reduced states of the subsystems aremixed, the problembecamemore complicated,
as the Fubini-Studymetric got replaced by the Buresmetric.We resorted to numericalmethods in order to
explore correlations of these kinematical quantities with several other physically relevantmeasures.

Entanglement has been related to ‘speed of evolution’ before, starting with the study of energy-time
uncertainty relations [9], the subsequent realization that energy uncertainty relates to speed of evolution [10],
followed by inquiries into themaximumattainable speed [11–14], and the role of entanglement in achieving it
[15, 16]. Our present contribution complements the above by focusing on the average rotational speed, giving its
precise quantitative relationwith entanglement, in the formof an addition law, and generalizing these concepts
to higher covariant derivatives of the curve traced in quantum state space.

The structure of the paper is as follows: in section 2we provide some standard backgroundmaterial. In
section 3we interpret the total variance of a state as average squared rotational speed and generalize the concept
formixed states. In section 4we introduce the total average squared acceleration of a pure state and give general
expressions for it for any spin. Section 5 derives the acceleration addition law for pure separable states and then
treats themixed state case. In section 6we present an extensive collection of plots exploring the correlation
among the newly defined quantities andwell known relatedmeasures like linear and vonNeumann entropy,
concurrence, negativity, etc. Some final remarks appear in section 7.

2.Mathematical preliminaries

2.1. The projective space 
Weuse the notation and conventions in [17], whichwe briefly review here. Quantum states of a spin-s system are
represented by a vector (ket) ∣  n 1yñ Î º + , with n= 2s. States that differ by (complex) rescaling are in a
certain physical sense equivalent, there is therefore a natural projectionΠ to the equivalence class [ ] Pny Î ,

∣ ( ) [ ] ( ) ( ) P z z: , , , , , , , 1n n T n0 1 1y y y y yP  ñ = ¼ = ¼

with z i= ψ i/ψ0, together with their complex conjugates z̄ wi iº , serving as coordinates in theU0 chart, where
ψ0≠ 0—wewill denote them collectively by zA, withA ranging over { ¯ ¯}n n1, , , 1, ,¼ ¼ . Pn, in its turn,may be
embedded into ( )n 1+u as theU(n+ 1)-adjoint orbit of the densitymatrix ρ0= diag(1, 0,K,0) (see, e.g., [18]),
the latter living naturally in the unitary Lie algebra ( )n 1+u (in itsHermitian version preferred by physicists),

↪ ( ) [ ] ∣ ∣
∣

( )
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟


 

P n

w w
z z w z w

z z w z w

: 1 ,

1

, 2n

n

n

n n n n

1

1

1 1 1 1

1

j y r
y y
y y

+ =
ñá

á ñ
= D

¼
¼

¼

y
-u

with z w1 i
n i i

1D º + å = .We abbreviate the image of Pn underj by ( ) n 1Ì +u . Thus,  is the locus of
(n+ 1)-dimensional complexmatrices ρ satisfying

( )† , Tr 1, . 32r r r r r= = =

WeuseGreek indices, ranging from0 to n, for the components of vectors and densitymatrices, and slightly
abuse that notationwriting (zμ)= (1, z1,K,z n), so that, e.g.,

( )z w . 41r = Dmn m n-

The coordinate basis in the tangent space Tr is given by ρA≡∂ρ/∂zA, which are notHermitianmatrices. Real
tangent vectors v are constrained to satisfy ¯v va a= , with ¯va denoting the component of v along wa¶ ,

¯ ¯
¯v v v v va

z
a

w
a

a
a

aa a= ¶ + ¶ º ¶ + ¶ . Tangent vectors to , like the above v, are (n+ 1)-dimensional complex
matrices satisfying the infinitesimal versions of (3),

2
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( )†v v v v v v, Tr 0, . 5r r= = + =

The natural (Fubini-Study (FS))metric on  is ( )v v vv, Tr1

2
á ¢ñ = ¢ . In the above coordinate basis, the FSmetric

and its inverse have components

( ) ( ) ( )¯
¯g z w g z w

1

2
, 2 , 6ab b

a b a ab
b

a a b2 d d= D D - = D +-

with ¯ ¯g gba ab= (i.e., gAB is symmetric), and ¯¯ ¯g gba ab= (i.e., ( )¯gab is Hermitian). Similar statements holding true
for the inversemetric. TheChristoffel symbols are found to be

( ) ( ) ( )¯
¯ ¯ ¯

¯g g w w z z, , 7ab
c cr

a br b
c a

a
c b

ab
c

b
c a

a
c b1 1d d d dG = ¶ = -D + G = -D +- -

with allmixed components vanishing, while the non-zero Riemann tensor components are

( ) ( )¯ ¯ ¯ ¯ ¯ ¯R g g g g
1

2
. 8abcd ab cd ad cb= +

Given a curve ρt in , its velocity vt tr= is tangent to  at ρt, but its second time derivative is, in general not. The
acceleration of ρt, whichwe define as the covariant time derivative of vt, using the Levi-Civita connection of the
FSmetric, can be obtained from ẗr by projecting it onto T

tr (see [17] for details)

̈ ̈ ˜ ˜ ̈ ( )a v , 9t t t t t t t t t tr r r r r r r=  = = +

where ˜ It tr rº - (inwhat followswe often omit writing the subindex t).

2.2.Hilbert-Schmidt space and the Buresmetric
2.2.1. Horizontality in theHilbert-Schmidt space
TheHilbert-Schmidt space ( )  of aHilbert space is the (alsoHilbert) space of linear operators acting on
, equippedwith theHermitian inner product ( )†A B A B, Tr1

2
á ñ = . The latter gives rise to the metric

( ) ( ) ( )† †g A B A B BA,
1

2
Tr . 10= +

There is a natural projection  P: *p  (where* denotes the subset of invertible operators, and P the
positive cone, i.e., the space of positive (and, hence,Hermitian) operators), given by

( ) ( ) ( )† † †  A AA A AA AA, , 11*p p= = +

whereπ* denotes the corresponding pushforward. The unitary group acts from the right on ,A◃U= AU
and the orbit ofA under this action is the fiber ofπ, i.e., the locus of operators that share the same projection. The
vectors tangent to thefiber are declared to be vertical—aHermitianmatrixH gives rise to a vertical vector field
Hé(A)≡− iAH. Tangent vectorsV that are perpendicular to all vertical vectors are declared horizontal,

( ) ( )g V H V, 0 for all Hermitian H horizontal. 12= 

Unpacking the previous expressionwe get

( ) ( ) [ ( )] ( )† † † †g V H iVHA iV AH H A V V A, 0 Tr 0 Tr 0, 13=  - =  - =

which, being true for all HermitianH, implies thatA†V= V†A, that is,A†V= F isHermitian. Solving forV gives

( ) ( ) ( )† †V A F A FA A GA, 141 1 1= = =- - -

where ( )†G A FA1 1= - - is alsoHermitian. Thus, horizontality of V TA *Î impliesV=GA, withGHermitian
—it is easily seen that the converse is also true. Given a curveP= π(A) in the space of positive operators, withA
horizontal (i.e., with its tangent vector A horizontal), we get

( )P GP PG. 15= +

More details can be consulted in [19] and references therein, see also [1].

2.2.2. The Buresmetric
We restrict the previous discussion to operatorsA on the sphere S defined by ( )†AATr 1= . The image of S under
π gives the space of densitymatrices ρ, where the Buresmetric is defined 5. The tangent spaceTAS consists of all
vectorsV orthogonal toA,

( ) ( ) ( )† †VA V A g V ATr 0 , 0. 16+ =  =

5
There is a set ofmeasure zero of singular operators, i.e., operators without full rank in theHilbert-Schmidt space. Over this set, the Bures

metric can also be defined (see, for instance, [20]). Throughout this work, we only use either non-singular density operators or density
operators defined frompure states (rank-1)where the Buresmetric reduces to the Fubini-Studymetric.

3
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Given a vector V TA *Î , its component orthogonal toTAS is

( ) ( )† †V V AV VA A
1

2
Tr , 17= - +^

so that, given a curveA ä S, its intrinsic acceleration a can be computed by projecting Ä ontoTA(S),

̈ ( ̈ ̈ ) ( )† †a A AA AA A
1

2
Tr . 18= - +

Finally, the Buresmetric is defined by ( ) ( )   g g A A, ,1 2 1 2r r = , whereAi are horizontal lifts of ρi. It follows
that

( ) ( )

( )

( )

( ( ))

( ) ( )

† †

† †

† †

   

   

 

 



g g A A

A A A A

A G A A G A

G A A A A

G

, ,

1

2
Tr

1

2
Tr

1

2
Tr

1

2
Tr , 19

1 2 1 2

1 2 2 1

1 1 2 2 1 1

1 2 1 1 2

1 2

r r

r

=

= +

= +

= +

=

where G A A1 1 1= , andA1(0)= A2(0)= A, ρ1(0)= ρ2(0)= ρ, i.e., both curvesAi emanate fromA, and similarly
for ρi. Alternatively,

( ) ( ( )) ( ( )) ( ) g G G G G G G G,
1

2
Tr

1

2
Tr . 201 2 1 2 2 1 2 2 1r r r r r= + = +

3. Total variance, entanglement, and speed excess

3.1. Themany facets of total variance
3.1.1. Total variance as ameasure of quantum fluctuations
Given a Lie groupG⊂U(n)which acts on , and a linear basis {eA,A= 1,K,k} of the corresponding Lie algebra

( )nÌg u , orthonormal w.r.t. an adg-invariantmetric, the total g-variance of ∣ ∣ r y y= ñá Î (with |ψ〉 in) is
defined in [5] (see also [6]) as

( ) ∣ ∣ ∣ ∣ ( ) T T , 21
A

k

A A
1

2 2år y y y y= á ñ - á ñ
=

g

whereTA is thematrix representing the action of eA on. The obvious physical interpretation of this quantity is
as ameasure of ‘Kthe total level of quantumfluctuations of the system in state |ψ〉’ [5]. In the case ofG= SU(2)
and  P s2= , the first term in the r.h.s. of (21) gives the SU(2)Casimir operator in the spin-s representation, so
that

( ) ( ) ∣ ∣ ( )( ) s s S1 , 22
A

A2
1

3
2år y y= + - á ñ

=
su

implying that the total variance isminimized by coherent states, andmaximized by anticoherent ones (the latter
defined by the vanishing of the spin expectation value 〈ψ|S|ψ〉 [7]). An additional, less than obvious, physical
interpretation of ( )( ) 2 rsu is also put forth in [5]: considering a spin-s state as amultipartite symmetric state of 2s
spin-1/2 subsystems, the suggestion ismade that its total ( )2su -variance be considered as ameasure of its
entanglement. The idea has been further explored in [8], where the critical sets of ( ) 2su are used to classify all
SLOCC classes ofmultipartite pure states. For the case of spin-s pure states, viewed as totally symmetric states of
2s qubits, we derive in appendix A amonotonic relation between total variance and entropy of entanglement,
showing that the former can be considered ameasure of the latter (seemore details in section 6).

3.1.2. Total variance as ameasure of rotational speed
Wepropose here an alternative characterization of the total variance, that, in turn, suggests an explanation of its
relationwith entanglement.When a spin-s system is rotated in physical space, around an axisn, the velocity of its
quantum state in  is6

6
The rotation is generated by theHamiltonianH = n · S, giving for the densitymatrix ρt = e− itHρ0e

itH, so that its derivative, at t = 0, is
given by (23).

4
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[ · ] ( )v i n S, , 23n r= -

withmodulus squared

∣ ∣

([ · ][ · ])

∣( · ) ∣ ∣ · ∣ ( )

v v

n S n S

n S n S

1

2
Tr

1

2
Tr , ,

. 24

n n
2 2

2 2

r r

y y y y

=

=-

= á ñ - á ñ

Averaging over the rotation axis (with n n d 3
S i j ij2ò dW = )wefind

∣ ∣ ( ) ( ) ( )( ) v
1

3

1

3
, 25Sn

2
22 r rá ñ = ºsu

i.e., the total variance is proportional to the square of the rotational speed of the state, averaged over the rotation
axis (fromnowon, we simplify the notation by dropping the ( )2su index). As has been shown in [21] (see the
discussion at the beginning of sectionVof that reference), rather than averaging over the direction ofn, onemay
consider instead afixed rotation axis, but workwith amixed state containing all possible reorientations of an
initial spin state—this setup provides an operational definition of the averaging process used above.

This geometric interpretation of the total variance suggests an obvious generalization tomixed states. The
velocity vn acquired by such a state ρwhen rotated aroundn is still given by (23), but itsmodulus squared |vn|

2

entails now the Buresmetric [1]. Averaging |vn|
2 overn gives, by definition, the total variance of themixed state ρ

—we give an example of an explicit calculation below.

3.1.3. Total variance as ameasure of entanglement: speed excess
Aiming at connecting total variance to entanglement, we ask nowwhat is the addition law for the square of the
rotational speed of a composite quantum system, given the square of the (rotational) speeds of its subsystems?
For a curve of pure separable states, ρ(t)= ρ1(t)⊗ ρ2(t), onefinds easily

∣ ∣ ∣ ∣ ∣ ∣ ( )v v v , 262
1

2
2

2= +

where v r= , v1 1r= , v2 2r= , ∣ ∣v v1 2 Tr2 2= , etc.—this result is valid for an arbitrary (separable) time
evolution, i.e., it is not tied to rotations. Having said that, we emphasize that, in the discussion that follows, all
time evolution considered is due to a rotation around afixed axis. Anticipating that the presence of entanglement
will complicate things, in the formof additional, entanglement-dependent terms, in the r.h.s. of (26), we define
the (squared) speed excess F(ρ) of a pure bipartite state ρ as follows

( ) ∣ ∣ ∣ ∣ ∣ ∣ ( )F v v v , 272
1

2
2

2r = - -

where now Tr1 2r r= , Tr2 1r r= are the reduced densitymatrices, corresponding, in general, tomixed states,
and themoduli |vi|

2 are computed, asmentioned above, with the Buresmetric. F(ρ) is defined formixed states
similarly, with all three terms computed using the Buresmetric. Note that F(ρ) depends on the rotation axisn—
we get rid of this dependence later on by averaging over all axes.While the separable-state addition law (26)
implies that the speed of a composite system is entirely due to the speed of its parts, themore general addition
law in (27) implies that, in general, entanglement also contributes to the speed of the composite system, leaving
open the possibility e.g., that the lattermaymove evenwhen its parts are ‘at rest’. Consider, for example, the
bipartite spin-1/2 symmetric state |Ψt〉withMajorana constellation (see appendix B for an explanation of this
parametrization of the pure spin quantum states) given by two antipodal stars on the equator, rotating around
the z-axis with unit angular velocity, expressed in the (|++〉, |+− 〉, |−+ 〉, |−− 〉)-basis,

∣ ( ) ( )e
1

2
1, 0, 0, . 28t

i t2Yñ = -

This composite state certainly has nonzero speed in projective space (essentially the spin-1 state space P2)—
one easily computes that ∣ ∣ ∣ ∣∣v 12 2r= =Yñ . On the other hand, the reduced densitymatrices are those of the
maximallymixed state, with vanishing speeds, |v1|

2= |v2|
2= 0. Thus, in this case, the entire speed of the

composite state is due to entanglement, and ( )∣F 1
t

r =Yñ .
Specifying (27) to the case of symmetric states of two spin-1/2 systems, where the reduced densitymatrices

are equal among themselves, ρ1= ρ2, we get

( ) ∣ ∣ ∣ ∣ ( )F v v2 , 292
1

2r = -

with

( · ) ( ) ∣ ∣ ( ) ( ) ( )I x y z v v g v v v vr r
1

2
, , , , , , Tr , 30AB A B A A1 1 1 1

2
1 1 1 1 1sr r r s= + = = = =

and the Buresmetric being given by (see themetric in (9.50) of [1], which should be pulled back onto the unit-
trace submanifold)

5
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When the time evolution of ρ is due to rotation aroundn, we get (comparewith (23))

[ · ( ) ] [ · ] ( )v
i

I I v
i

n n
2

, ,
2

, , 32n n1 1s s sr r= - Ä + Ä = -

fromwhichwe can calculate Fn(ρ)= |vn|
2− 2|v1 n|

2. Averaging this overnwefinally get the total (rotational)
speed excess

( ) ( )
∣ ∣ ∣ ∣ ( )

 F

v v2 . 33
S

S S

n

n n
2

1
2

2

2 2

r rº á ñ
= á ñ - á ñ

On the other hand, a straightforward calculation, starting from the definition (33), and using (30), (31), and
(32), shows that

( ) ( ) ( ) ( ∣ ∣ ∣ ∣ )
∣ ∣ ∣ ∣ ∣ ∣ (∣ ∣ ∣ ∣ ∣ ∣ )

( )

   v v

v v v v v v

3 2

2

2. 34

S Sn n

x y z x y z

1 2
2

1
2

2 2 2
1

2
1

2
1

2

2 2r r r+ + = á ñ + á ñ

= + + + + +
=

Atfirst, thismight look like a counterintuitive result (at least it did to the authors): it says that the bigger the total
variance of the composite state ρ is, the smaller the total variances of the states of the subsystems have to be, and
vice versa. Amoment’s thought though reveals that this result exactly encodes, in a precise quantitativemanner,
the fact that total variance is ameasure of entanglement—weproceed to explain this statement in some detail:
we start with expressing the Buresmetric in spherical polar coordinates (r, θ,f), where it acquires a diagonal
form,

( ) ( )⎛
⎝

⎞
⎠

g
r

r r
1

4
diag

1

1
, , sin , 35polar

1 2
2 2 2r q=

-

where r x y z2 2 2= + + , z rcos q = . Note that this differs from the euclideanmetric
( )r rdiag 1, , sin 42 2 2 q , which is the tracemetric (24), only in the radial direction. But SU(2) transformations of

ρ result in rotations of r, the corresponding velocity having no radial component. Thus, the speed, due to
rotations, of the reduced state ρ1, calculatedwith the Buresmetric, is just the euclidean speed of the tip of r. After
averaging over all rotation axes, the result only depends on the length r of the vector. Therefore, the higher the
total variance of the bipartite state ρ is, the smaller r has to be (because of (34)), themoremixed the reduced state
ρ1 is, and, hence, themore entangled ρ turns out to be.

Having clarified this point, we return to our calculation of the total speed excess. Using (34), together
with (25), (33), we arrive at

( ) ( ( ) ) ( ) 2

3
1 , 36r r= -

in otherwords, total speed excess and total variance are functions on the symmetric subspace of the 2-qubit state
space (i.e., on the spin-1 projective space P2) that are related by a simple affine transformation. The total speed
excess isminimumon the coherent states (equal to zero) andmaximumon the anticoherent ones (equal to 2/3).

3.2. Total variance formixed states
We inquire about the extension of the total variance concept to bipartitemixed states. Restricting our analysis, as
in the pure state case above, to the symmetric sector of a two-qubit system, a general densitymatrix can be
parametrized as follows

· ( )I t tn
1

4

1

4

1

8
, 37

A
AA AA

B A
AB AB

1

3

1

3

å år S= + + S + S
= > =

where

( ) ( )I I, , , , , 38A A A AB A B B A1 2 3 s s s s s sS = S S S S = Ä + Ä S = Ä + Ä

with appropriate conditions onn, tAB guaranteeing non-negative eigenvalues for ρ (see, e.g., [22]). Note that for
vanishingn, tAB all eigenvalues of ρ are equal to 1/4, sowe can be sure that for sufficiently small values of these
parameters all eigenvalues of ρwill be positive. Themodulus squared, according to the Buresmetric, of a tangent
vectorX at ρ is given by
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∣ ∣ ( ) ( ) ( )X g X X GX,
1

2
Tr , 39B

2
B= =r

where theHermitianmatrixG is uniquely determined (for positive ρ) by the relationX= ρG+Gρ.We now
map an n× nmatrixA to an n2-dimensional vector ∣ ( )A A A A, , , nn

T
11 12ñ = ¼ —it is easily checked that, in this

notation, (A⊗ BT)|C〉= |ACB〉 (where ( )A B A BT
ij rs ir sj,Ä = ), so that the above relation forG becomes

∣ ∣ ( )X R G R I I, . 40Tr rñ = ñ º Ä + Ä

It is easily seen that the eigenvalues ofR are {λα+ λβ}, where {λα} are those of ρ, so thatR is invertible if ρ is
positive, and (40) gives |G〉= R−1|X〉, resulting in

( )

∣ ∣ ( )

g X X G X

R X X

X R X

,
1

2

1

2

1

2
, 41

ij

n

ij ji

ijrs

n

ij rs rs ji

B
1

1
,
1

1

å

å

=

=

= á ñ

r
=

=

-

-

where 〈X|= |X〉† andX†=Xwasused.Themainobstruction inusing (41) is the inversionofR—even for the very
modest caseof abipartite spin-1/2 system,R is ofdimension16, and its inverse is, in general, difficult to compute.The
only casewehavemanaged to invertRbybrute force iswhen tij= 0 in (37)—the correspondingmetric is

( )⎜ ⎟⎛
⎝

⎞
⎠

g
r

r

r

r

r
diag

2

1 16
,

2

1 4
,

2 sin

1 4
, 42B 2

2

2

2 2

2

q
=

- - -

in the coordinate (r, θ,f)-basis inwhich ( )rn sin cos , sin sin , cosq f q f q= . Since rotations transform the
components ofn and the tijʼs separately, wemay use (42) to compute the total variance of ρ. Under a rotation, ρ
transforms according to ρ→ (U⊗U)ρ(U†⊗U†), withU ä SU(2), so that the fundamental vector field ŜA,
corresponding to ( )S 2A Î su , is ˆ [ ]S i ,A A r= - S . The total variance of themixed state (37), with all six tAB equal
to zero, is found to be

( ) ∣ ˆ ∣

( )

 S

r

r

4

1 4
. 43

t
A

An, 0
1

3

B
2

2

2

ij år =

=
-

=
=

On the other hand, the reduced state is

· ( )I nTr
1

2
, 441 2 sr r= = +

with total variance ( ) r21
2r = , so that the speed excess comes out equal to

( ) ( ) ( ) ( )   r

r
2

16

1 4
. 45t tn n, 0 , 0 1

4

2ij ijr r r= - =
-

= =

Wemay, alternatively, taken= 0 in (37), keeping all six tABʼs as parameters. The inverse of the resultingR takes
too long to compute by brute force inMathematica, sowe have to resort tomore elaboratemethods that can be
found in the literature [23–25]. Following the notation in [25], and specifying it to the case at hand, we define the
characteristic polynomial of ρ,

( ) ( ) ( )I k k k kdet , 464
1

3
2

2
3 4c l l r l l l l= - º + + + +

and thematrices

( )
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

K

k k k k

N

k k k
k k

k

0 1 0 0
0 0 1 0
0 0 0 1 ,

1
1 0

1 0 0
1 0 0 0

, 47

4 3 2 1

3 2 1

2 1

1

=

- - - -

= - - -

-

in terms of which the followingmatrixA is defined

( ) ( )A K N . 48T 1c= - - -

Proposition 2 in [25] implies, in our notation, that

( ) ( )R A , 49
i j

ij
i T j1

, 1

4
1 1å r r= Ä-

=

- -
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giving for the Buresmetric

( ) ∣ ( ) ∣

( ) ( )

g X X A X X

A X X

,
1

2

1

2
Tr . 50

i j
ij

i T j

i j
ij

i j

B
, 1

4
1 1

, 1

4
1 1

å

å

r r

r r

= á Ä ñ

=

=

- -

=

- -

Using this formulawefind that

( )

( ) ( ) 

51

k tk t t k t k tk t k t

k k t t

256 96 2 48 6 288 64 14 240 30 36

64 64 4 8 12
,t tn n0, 0,

2
2

3
4 2

2
3

3 2
2

2

3 2
2AB ABr r= =

- + - - - + - + + + -
+ + + -

= =

where the ki are defined in (46), t≡ t11+ t22+ t33, and thefirst equality is due to the fact that the corresponding
reduced state ρ1 is themaximallymixed one, so that its total variance vanishes.We have also been able to
compute the total variance for the state ρ in (37)with bothn and tABnonvanishing, but the corresponding
expressions are too long to quote here.

4. The total acceleration of a curve in 

Given a curve ρt in , parametrized by time, its velocity is (dropping the subscript t) v r= , while its acceleration
is ̈ ˜ ˜ ̈a rrr rrr= + (see, e.g., [17]). In the case where the time evolution of ρ is generated by aHamiltonianH via
Schrödinger’s equation, [ ] i H ,r r= - , it can be shown that [17]

∣ ∣ ∣ ∣ ( )v h h a h h h h h h h, 4 8 4 , 522
2 1

2 2
4 3 1 2

2
2 1

2
1
4= - = - - + -

where ( )h HTrm
mr= , and the FSmetric is being used, so that, e.g., ∣ ∣ ( )v Tr 22 2r= , etc.

The quantity |a|2 is a function on  that depends on theHamiltonian H Î u chosen for the time evolution
of the system, |a|2= |a(ρ,H)|2.Motivated by the analysis in section 3.1.2, we specify now theHamiltonian to be
an element of ( ) ( )n2 1Ì +su u ,Hn= n · S(s), corresponding to rotating the state around the axisn. By
averaging the squaredmodulus of the resulting acceleration over all rotation axes, we obtain the total (rotational)
acceleration of ρ,

∣ ∣ ∣ ∣ ∣ ( )∣ ( )a a d a , H . 53S
S

n
2 2 22

2ò rá ñ º á ñ = W

4.1. Averaging by integration
WritingH=HATA, withTA denoting an orthonormal basis in ( )2su , we get from the second of (52),

∣ ∣ (

) ( )

a T T T T T T T T T T T T

T T T T T T T T H H H H

4

8 4 . 54

A B C D A B C D A B C D

A B C D A B C D
S

A B C D

2

2ò
á ñ= á ñ - á ñá ñ - á ñá ñ

+ á ñá ñá ñ - á ñá ñá ñá ñ

The integrals ofmonomials in cartesian coordinates over Sn−1 are given by

( )!! ( )!!
( )x x

n m

n m
d

2 1

2
, 55

S

m
n
m n i

n
i

i
n

i
1

1 1

1
n

n

1

1ò ¼ W =
-  -

- + å
- =

=
-

where d 1
S

n 1
n 1ò W =-
- and the abovemi are all even (if anymi is odd, the integral is zero). In our case, we only

need

( )x x i j xd
1

15
for , d

1

5
. 56

S
i j

S
i

2 2 2 4 2
2 2ò òW = ¹ W =

For spin 1, onefinds

∣ ∣ ( ) ( ) ( ) ( )
( ( ))

( )a
1459 1344 cos 2 140 cos 4 128 cos 6 cos 8

60 3 cos 2
, 572

4

a a a a
a

á ñ =
+ + + +

+

where 2α is the angle between the twoMajorana stars—a plot appears infigure 1 (left). For spin 3/2 things get
considerablymore complicated.We have computed ∣ ∣a S

2 2á ñ in terms of the anglesα,β, γ between the three
Majorana stars. The expression simplifies along the diagonal (α= β= γ),
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∣ ∣ ( ) ( ) ( ) ( ) ( ) ( )
( ( ) )

( )

a
5774 cos 1793 cos 2 1027 cos 3 82 cos 4 17 cos 5 cos 6 2862

1440 cos 1
.

58

2
4

a a a a a a
a

á ñ =
+ + + - - +

+
a b g= =

Aplot appears infigure 1 (right), while a contour plot of the full function is shown infigure 2.
A rather long calculation, the details of which are given in appendix C., results in the following expression for

the average norm squared of the (rotational) acceleration for a general spin s,

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ( )a c , 59N N
N N

N N N N
2

1 2 1
2

3 2
2

4 1 1
2

2 1 1 5 1
4

1 2
1 2

1 2 1 2
* *r r rl l l l r r r lá ñ = + + + ++

+

whereρL= (ρLL,...,ρL−L), with †TLM LMr = á ñ, c N N
N N

1 1
2

1 2
1 2+ is a Clebsch-Gordan coefficient [26], and

( )( )( ) ( )s s s s1 2 1 2 3

45
, 601l =

+ - +

Figure 1. Left: Plot of 〈|a|2〉 versusα (s = 1,α is the half-angle between the twoMajorana stars). Right: Plot of 〈|a|2〉 versusα = β = γ
(s = 3/2,α is the angle between any two of the threeMajorana stars).

Figure 2.ContourPlot of 〈|a|2〉 versusα,β, γ (s = 3/2, the constellation shape is parametrized in terms of the angles between the stars).
Shown are the level surfaces at .51 (lower left and upper right surfaces), 1.3 (outer closed surface), 1.5 (inner closed surface). The blue
dots correspond to the coherent stateα = β = γ = 0 (lower left corner) and theGHZ stateα = β = γ = 2π/3 (between the two
uppermost surfaces).
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( ) ( )

( )( )( )
( )

⎧

⎨
⎪

⎩⎪

s s s s

s s s s s s

4

27
1 2 1 1 2

4

135
1 2 1 3 1 2

, 612

2 2

2
l =

+ +

+ + + + >

( )( )( )( ) ( )s s s s s
1

225
1 2 1 2 1 2 3 , 623l = - + - + +

( )( ) ( )( )( )( ) ( )s s s s s s s s
8

45

2

15
1 2 1 1 2 1 2 1 2 3 , 634l = + + + - + +

( ) ( ) ( )s s s
4

45
1 2 1 . 645

2 2 2l = - + +

We test our equation (59)with the spin-1 state ∣ ( )cos , 0, sin cos sin2
2

2
2

4
2

4
2

yñ = - +a a a a , and recover the

expression in (57). Putting Acos cos cos sin
2

4
2

4
2

= +a a a , so that ∣ ( )A Acos , 0, sinyñ = - , wefind

∣ ∣ ( ( ) ( )) ( )a A A
1

30
8 cos 4 3 cos 8 . 652á ñ = + -

Table 1 contains the values ofλi, i= 1,K,5, for s= 1/2,K,2.
Note that (59) implies that all 2-anticoherent spin states, for whichρ1= ρ2= 0, have the same total

acceleration 〈|a|2〉= λ1. Also, for a spin-s coherent state |n〉we find

∣ ∣ ( ( ) ) ( )∣a s s s s
1

45
8 1 4 3 , 66n

2 2á ñ = + - -ñ

which is seen to grow asymptotically, for large s, like s4. All of the above integrals, involving polynomial
functions, were also calculated using spherical designs (see appendixD formore details).

5. Acceleration addition law

5.1. Acceleration addition law for pure bipartite separable states
We look here for the addition law for the norm squared of the acceleration of a separable state ρ= ρ1⊗ ρ2—the
corresponding result for the norm squared of the velocity is given in (26).With the acceleration given by (9),
where

̈ ̈ ̈ ( )
  

 
,

2 , 67
1 2 1 2

1 2 1 2 1 2

r r r r r
r r r r r r r
= Ä + Ä
= Ä + Ä + Ä

we get

∣ ∣ ( ) ( ̈ ̈ ̈) ( )a a
1

2
Tr Tr , 682 2 2rr rrrr= =¼= -

wherewe used the cyclicity of the trace and the fact that ˜ ˜ 0rr rr= = . Some further gymnastics reveal that

( ̈ ) ( ̈ ̈ ) ( ̈ ) ( ̈ ) ( ) ( ) ( ) Tr Tr 2 Tr Tr 4 Tr Tr , 692
1 1

2
2 2

2
1 1 2 2

2
1 1

2
2 2

2rr r r r r r r r r r r r r= + + +

( ̈ ̈) ( ̈ ̈ ̈ ̈ ) ( ̈ ) ( ̈ ) ( ) ( ) ( )   Tr Tr 2 Tr Tr 4 Tr Tr . 701 1 1 1 2 2 2 2 1 1 2 2 1 1 1 1 2 2 2 2rrrr r r r r r r r r r r r r r r r r r r r r= + + +

Noting that

( ) ( ) ( ) ( ) ( )    Tr Tr 0, Tr
1

2
Tr , 711 1 1 1 1 1

2 2 2r r r r r r rr r= = =

wefinally get

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ( )a a a v v4 , 722
1

2
2

2
1

2
2

2= + +

Table 1. List of theλi values in equations (60)–(64) for
i = 1,K,5, and s = 1/2, 1, 3/2, 2.

s λ1 λ2 λ3 λ4 λ5

1

2
0 1

6
0 0 1

5
-

1 2

9

8

9

2

15
- 32

15

16

5
-

3

2
1 3 4

5
- 16 2

3
−20

2 14

5
8 14

5
- 32 7

3
−80
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showing that the speed of the subparts contributes to the acceleration of thewhole—in particular, a bipartite
system can have acceleration even though its subparts do not. For example, consider a two spin-1/2 system in
the coherent state in the x-direction,

| | | ( )x x, , , 73^ ^yñ = + ñ Ä + ñ

where | ( )x, 1, 1 T1

2
^+ ñ = in the eigenbasis of Sz. If |ψ〉 is evolved by rotating about the z axis, one easilyfinds

that |a1|
2= |a2|

2= 0, since the subsystem starsmove along great circles on the Bloch sphere, while

∣ ( ) [ [ ̈]] ( )⎜ ⎟
⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

t
e e

a

e

e
2

,
1

2
,

1

2
,

2
, ,

1

4

1 0 0
0 1 1 0
0 1 1 0

0 0 1

, 74
it it T

it

it

2

2

y r r rñ =  = =

- -

- -

-
-

so that ∣ ∣ ( )a aTr2 1

2
2 1

4
= = , i.e., the entire acceleration of the composite system is due to the speed of its

subsystems, each of whichmoves along geodesics of the FSmetric.
Another interesting consequence of (72) is that the only separable state curves that are geodesics

(characterized by |a|= 0) are those forwhich one of the parts does not evolve at all, while the other follows a
geodesic.

5.2. Acceleration ofmixed bipartite states
5.2.1. Parallel transport in the space of densitymatrices
Consider two vector fieldsX andY defined in a neighborhood of a densitymatrix ρ. Denote by X and Y their
horizontal lifts in S. Then, as we prove for completeness below,

( ) ( )Y Y , 75X X*p = 

where∇ denotes the Levi-Civita connection of the space of densitymatrices, and , the one of S. Geometrically,
(75) states that the parallel transport ofY alongX can be obtained by effecting the corresponding parallel
transport in Susing horizontal lifts, and then projecting back to the space of densitymatrices.

By definition, proving that (75) gives the Levi-Civita connection reduces to showing that∇ is compatible
with themetric, and that it is torsion free.

To verify compatibility with themetric, it is enough to prove that, for vector fieldsX,Y,Z, the equality
( ) ( ) ( )  g Y Y Z Z g Y Z, ,X X

2+  +  = + holds. For (75), this requires proving that

( ) ( [ ] [ ]) ( ) ( )  g Y Z g Y Y Z Z, , . 76X X
2

* *p p= +  +  +

Recall that g can be obtained from g by considering the horizontal components of the involved vectors.
Therefore,

( ) ( [ ] [ ])
( ( ) ( ) )

( [ ] [ ]) ([ ] [ ] ) ( )

   

 

  

g Y Y Z Z g Y Y Z Z

g Y Y Z Z

g Y Y Z Z g Y Z

, ,

,

, , 77

X X X X

V
X

V V
X

V

X X X
V

X
V2

* *

* *

p p

p p

+  +  = +  + 

+ +  + 

= +  +  +  

whereWV denotes the vertical component ofW, andwe used the fact that Y Z 0V V= = holds by definition to
obtain the last equality. Finally, bywriting ( ) ( )g Y Z g Y Z, ,= and noting that  is compatible with g we
conclude,

( ) ( ) ( ) ( [ ] [ ]) ( )
( )

    g Y Z g Y Z g Y Y Z Z g Y Y Z Z, , , , ,

78
X X X X

2
* *p p= = +  +  = +  +  +

wherewe used (77) for the last line. This proves that (75) is compatible with g.
The second requirement is that (75) be torsion free. This is equivalent to the equality

( ) [ ]Y X X Y,X y*p  -  = holding for all vector fieldsX,Y. As it is well-known from the theory offiber

bundles, the projectionπ* is compatible with the commutator of horizontal fields, so [ ] [ ]X Y X Y, ,* * *p p p=
holds. Therefore,

[ ] [ ] [ ] ( ) ( )X Y X Y X Y Y X, , , , 79X y* * * *p p p p= = =  - 

wherewe used that  is torsion free. This proves that (75) does indeed give the Levi-Civita connection∇.
As an immediate application of the previous result, we can compute the intrinsic acceleration of a curve of

densitymatrices ρ(t)with tangent vectorsX(t),

( )a X X a. 80X X* *p p=  =  =

Thismeans that, to obtain a, we can compute the corresponding acceleration in S and then project it withπ*.
For the Buresmetric, this procedure becomes particularly simple, since S is embedded in*, and the latter is
euclidean—wework out the details inwhat follows.
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Consider an horizontal curveA(t) in S. Horizontality implies that we canwrite A GA= , withGHermitian.
Its intrinsic acceleration is simply the orthogonal projection of Ä to the sphere S, as shown in (18). This result,
togetherwith (80), implies that the intrinsic acceleration of ρ= AA† is given by

( ̈ ( ) ( ̈ ̈ ) ) ̈ ̈ ( ̈ ̈ ) ( )† † † † † †a A AA AA A AA AA AA AA1 2 Tr Tr . 81*p r= - + = + - +

Weproceed towrite everything in terms of ρ andG. Since A GA= ,

̈ ( )  A GA GA GA G A, 822= + = +

so,

( ) ( ) ( ̈ ̈ )
( ) ( ) ( ̈ ̈ ) ( )

† † † † †

† †

 
 

a GA G A A A A G A G AA AA

G G G G AA AA

Tr

Tr 83

2 2

2 2

r

r r r

= + + + - +

= + + + - +

On the other hand, by (15),  G Gr r r= + , so

̈
( ) ( )

( ̈ ̈ ) ( )† †

   
 
 

G G G G

G G G G G G G G

G G G G G G

a G G AA AA

2

2 Tr . 84

2 2

r r r r r
r r r r r r
r r r r r

r r

= + + +

= + + + + +

= + + + +

= + + +

Therefore,

̈ ( ̈ ̈ ) ( )† †a G G AA AA2 Tr . 85r r r= - - +

By noting that ̈aTr Tr 0r= = , and taking the trace in the previous expression, we obtain the equality
( ̈ ̈ ) ( )† †AA AA G GTr 2 Tr r+ = - , so,

̈ ( ) ( )a G G G G2 2 Tr . 86r r r r= - +

Equation (86) is themain result of this section. For the particular case ofHamiltonian evolution,

̈ [ [ ]] ( )H H, , , 87r r= -

sowe have,

[ [ ]] ( ) ( )a H H G G G G, , 2 2 Tr , 88r r r r= - - +

whereG is uniquely determined by,

[ ] ( )i H G G, , 89r r r- = +

provided all eigenvalues of ρ are positive [17]. Equation (86) is also derived in [27].

5.2.2.Working with the projection ˜ ( ) ( )† †A AA AATrp =
Whenworkingwith a curveA(t) in*with the idea of projecting it to a curve ρ(t), it is often useful to consider
the projection ˜ ( ) ( )† †A AA AATrp = instead ofπ, so that we are not required toworkwithmatricesA such that

( )†AATr 1= . Belowwe provide the necessary details toworkwith p̃.
ConsiderA(t) aπ-horizontal curve (so, by (15), ˜A GA= with G̃ Hermitian) and considered the projected

curve ˜ ( )Ar p= . Note that,

( )
( ˜ ˜ ) ( ˜ )

( )
( ˜ ˜ ) ( ˜ ) ( ˜ ( ˜ ) ) ( ˜ ( ˜ ) ) ( )

†

† †
†

⎜ ⎟
⎛
⎝

⎞
⎠

 d

dt

AA

AA
G G

G

AA
AA

G G G G G I G G I

Tr
2

Tr

Tr

2 Tr Tr Tr 90

r r r
r

r r r r r r r r

= = + -

= + - = - + -

where I denotes the identitymatrix andwe used the expressions ( )( ) ( )( ˜ ˜ )† †d dt AA AA G GTr r r= + and
( ) ( ) ( ) ( ˜ )† †d dt AA AA GTr 2 Tr Tr r= for thefirst equality. If we define ˜ ( ˜ )G G G ITr r= - , we recover (15), and
we can compute the Buresmetric using (20).

Note that in this case, neitherG satisfies the relation A GA= , nor does the size of r coincides with the one
of A (not even after normalizing A by dividing it by [ ( )]†AATr 1 2 ),

( )
( )

( )
( )

( ˜ ˜ ) ( ˜ ) ( )†

†

†

   g A A

AA

AA

AA
G G G

,

Tr

Tr

Tr
Tr Tr , 912r r= = =

wherewe used ˜A GA= to obtain the second equality. Bywriting G̃ in terms ofG and using ( )GTr 0r = we
conclude,
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( )
( )

( ) [ ( ˜ )] ( ) ( )†

 
   g A A

AA
g G g

,

Tr
, Tr , . 922r r r r r= +

The reason for the difference between the sizes of r and that of [ ( )]†A AATr 1 2 is that the latter has a vertical
componentwith respect to p̃. Recall that we assumed thatA(t)was an horizontal vector forπ, not for p̃. For the
projection p̃, the horizontal vectorsV, besides having to satisfy the condition ˜V GA= (with G̃ Hermitian), they
also have to satisfy the condition ( ) ( ˜ )† †VA GAATr Tr 0= = . The reason for this is that curves of the form γ

(t)= tA are horizontal forπ, but vertical for p̃—indeed they get projected by p̃ to a single point. If we assume
thatV is orthogonal to this kind of curves, we conclude that p̃-horizontal vectorsV satisfy additionally the
condition ( )†VATr 0= .

Workingwith p̃-horizontal curves, by the definition ofG, we immediately have G̃ G= and the equality in
(92) holds, as expected.

Finally, note that p̃-horizontal curves live in the spherewhere the term ( )†AATr is constant,

( ) ( ) ( ˜ ) ( )† † † † d

dt
AA AA AA GAATr Tr 2 Tr 0. 93= + = =

In particular, if ( )†AATr 1= at the initial time, we are automatically in the usual case of the Buresmetric.
So, in conclusion, workingwith p̃-horizontal curves, we can compute the Buresmetric likewe did in the

previous section, since G̃ G= in this case. Otherwise, we have to compute it using the operatorG defined as
˜ ( ˜ )G G G ITr r= - , wherewe remind the reader that G̃ is given by the equality ˜A GA= .

5.2.3. Explicit expression for the Christoffel symbols of the Buresmetric
Aswe showbelow, equation (86) allows tofind an expression for theChristoffel symbols that does not involve
the derivatives of the operatorG. Since computingG is generally a numerically demanding task, it is useful to
avoid computing its derivatives, as it would be done in the usual approach to compute theChristoffel symbols.

Supposewe parametrize the space of densitymatrices using coordinatesμ. The expression for the
acceleration of a curve is,

̈ ( ) a , 94mr mnr= + Gm
a
mn a

wherewe defined ρμ= ∂μρ. On the other hand,

̈ ( ) ̈ ( )  d

dt
. 95r mr mr mnr= = +m m mn

where ρμν= ∂μνρ. By comparing (94)with (86), we conclude that

( ) ( )   G G G G2 2 Tr . 96mnr r r r mnr- + = Gmn
a
mn a

Denoting byGμ the operator defined analogously toG in (15),

( )G G , 97r r r= +m m m

wefind

( )
( ) ( ) ( )

   
 

G G G G G G G G

G G G G G G

2 2 ,

2 Tr Tr , 98

r mn r mn r r
r mn r r

= = +
= +

m n m n n m

m n n m

so that (96) becomes,

( [ ] ) ( )   G G G G G G G GTr . 99mn r r r r r r mn r- - + + = Gmn m n n m m n n m
a
mn a

Since this expression holds for arbitrary  ,m n , we get

( ) ( )G G G G G G G GTr . 100r r r r r r r- - + + = Gmn m n n m m n n m
a
mn a

To solve forΓ, we compute the inner product of both sides of the equationwith ρβ,

( [ ] ) ( ) ( )g G G G G G G G G gTr , , . 101r r r r r r r r r- - + + = G = Gmn m n n m m n n m b
a
mn a b bmn

Wecan compute the l.h.s. using a direct approach—bywriting g in terms of traces with the help of (19),

( [ ] ) ( ( )) ( )g G G G G G G G G G G G G GTr ,
1

2
Tr , 102r r r r r r r r r r- - + + = - -mn m n n m m n n m b b mn m n n m

wherewe used that ( ) ( )GTr Tr 2 0r r= =b to get rid of the last term. By comparing these equationswe
concludefinally
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( [ ]) ( )G G G G G
1

2
Tr . 103r r rG = - -bmn b mn m n n m

The correctness of the previous result was verified numerically for a spin 1 system at several randompoints.

6. Kinematical quantities, purity and quantumcorrelations

In this sectionwe explore numerically the relation between averaged velocities and accelerations (both of the
whole system and of the corresponding subsystems), differentmeasures of quantum correlations (concurrence,
negativity and geometric quantumdiscord) and the purity of the states (vonNeumann entropy and linear
entropy, also known as 1-anticoherencemeasure).We restrict our analysis to the case of bipartite systems of
qubits in a symmetric state evolving through rotations. Even though far from comprehensive, this numerical
approach reveals interesting relations that we plan to explore further in future work.

Let us recall some definitions of quantities explored in this section. Concurrence and negativity are twowell-
knownmeasures of entanglement, while vonNeumann entropy and linear entropy quantify howmixed a
quantum state is. Geometric quantumdiscord captures information about the statewhen ameasurement is
performed in one of the subsystems that compose the entire system.Consider an arbitrary two-qubit state,

· · ( )⎛

⎝
⎜

⎞

⎠
⎟I I x I I y T

1

4
, 104

i j
ij i j2 2 2 2

, 1

3

år s s s s= Ä + Ä + Ä + Ä
=

where [ ( )]x Itri i 2r s= Ä , [ ( )]y Itri i2r s= Ä are the Bloch vectors of the reduced states and ( )T trij i jrs s= Ä
are the entries of its correlationmatrix.We start with the entropies: the vonNeumann entropy

( ) ( )S log , 105
i

i i
1

3

år l l= -
=

captures howmixed a quantum state is, whereλi are the eigenvalues of ρ. Similarly, we can calculate the linear
entropy

( ) ( ( )) ( )S 2 1 Tr . 106L
2r r= -

Linear entropymeasures themixedness (or equivalently, the purity) of the quantum system [28]. Similarly, we
can calculate both entropies for the reduced density states, S(ρ1), and SL(ρ1). The latter is also called ameasure of
1-anticoherence based on the purity [29]. For pure states, both quantities can bewritten in terms of the Schmidt
numbers, which at the same time are associated to the entropy of entanglement and the linear entropy of
entanglement (see appendix A).We plot infigure 3 the points ( ( ) ( ))S S, Lr r , ( ( ) ( ))S S,1r r , and ( ( ) ( ))S S,1 L 1r r
for 3000 randomly generatedmixed states. Thefirst two plots result in 2-dimensional ‘clouds’, whichmakes
sense because both quantities involved depend on the eigenvalues of themixed states (the eigenspectrumof the
spin-1mixed states can be parametrized by two variablesλ1,λ2, withλ3= 1− λ1− λ2). On the other hand, the
reduced states, which are two dimensionalmatrices, have two eigenvalues and therefore their eigenspectrum is
parametrized by only one variable. Thus, the plot ( ( ) ( ))S S,L 1 1r r (in the last frame infigure 3) produces a curve.
We also point out, in the second figure, that for pure states, with S(ρ)= 0, S(ρ1) can take all the admissible values
—this is so because, in this case, S(ρ1) is ameasure of the entanglement of the pure state.

We introduce now somemeasures of entanglement formixed states.We start with the concurrence defined
as [30]

Figure 3.Comparison between puritymeasures. Plots (a) and (c) show the linear entropy versus vonNeumann entropy of the full
state, and of the reduced densitymatrix, respectively. Notice that in the latter case, the relation is functional since both aremeasures of
purity, in the case of (a) only for extreme values of purity the relation tends to a bijective one. The vonNeumann entropy of the full
system and of the reduced state are compared in (b), where no functional relation is found, nonetheless, the numerical exploration
suggests that there exists an upper bound: the purity of ρ is constrained by the purity of the reduced states, S(ρ1) � λS(ρ).

14

Phys. Scr. 99 (2024) 125116 CChryssomalakos et al



( ) ( ) ( ) max 0, , 1071 2 3 4r l l l l= - - -

whereλi are the eigenvalues, in decreasing order, of thematrix ( )M rm r r= , being
μ(ρ)≔ (σy⊗ σy)ρ

*(σy⊗ σy). In the case of pure states, it reduces to the simpler expression
( ) ( ∣ ∣ ) x2 1 2r = - . Negativity, denoted by ( ) r , is defined in terms of the trace normof the partial transpose

of the densitymatrix [31], namely,

( ) ∣ ∣ ( )
1

2
108

T
1A

r
r

=
-

where ∣ ∣ ≔ †X X Xtr1 and TAr denotes the partial transpose of the densitymatrix ρwith respect to the subsystem
A.We plot infigure 4 the points ( ( ) ( ))S ,1r r , ( ( ) ( ))S ,r r , and ( ( ) ( )) ,r r , for the above set of states.While
some inequalities can be inferred, there is no functional relation observed.

Geometric quantumdiscord [32] is ameasure of quantum correlations related to quantumdiscord, but
easier to compute, both capturing nonclassical properties not necessarily encoded in quantum entanglement.
The geometric discord of a state ρ of the above form (104) is given by [32]

( ) (∣∣ ∣∣ ∣∣ ∣∣ ) ( )D yy T k
1

4
, 109G

T
2 2

2r = + -

Figure 4.Comparison between puritymeasures and entanglementmeasures. Plots (a) and (b) show the concurrence versus von
Neumann entropy of the reduced densitymatrix, and the full densitymatrix, respectively. Plot (a) seems to suggest a relation of the
form ( ) ( ) S 1r l r m+ , valid for S(ρ1) � .2. In (c) twomeasures of entanglement, negativity and concurrence, are compared,
showing an approximate proportionality relation, valid formost of the states.

Figure 5.Comparison between the squared normof the acceleration |a|2 and other quantities. In subfigures (a) and (c), we can identify
two boundaries enclosing the region. In (c)we can also note the definition of potential borders. Note infigure (b) that for |a|2 > 0.4,
themeasure of purity should exceed certain values defined by the boundary of the region.
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where k is the largest eigenvalue of thematrix yyT+ TTT.Wewill workwith ≔ D2G G in our analysis, instead
of the geometric quantumdiscordDG, to have a quantity normalized to one.We study now the relation between
these quantities and the kinematical ones introduced in the previous sections. Due to the complexity of the
analytical expressions for the squared normof the acceleration and velocity when using the Buresmetric, we
opted for a numerical analysis usingMathematica.We started by randomly generating pure spin-1 states, i.e.,
Hermitianmatrices ρ of dimension 3, with trace equal to 1, and satisfying the condition ρ2= ρ. Each of these
states corresponds to the symmetric part of a bipartite state composed of two qubits. Subsequently, we created
3000mixtures of these pure states with randomweights, i.e., 3000 random spin-1mixed symmetric states.

Infigures5 through8,where, again, eachdot represents a randomlygenerated state,wecompare the above
presentedquantitieswith average (squared) speedandacceleration, at both the full systemand the subsystem level. In

Figure 6.Comparison between the squared normof the acceleration |a1|
2 (corresponding to the reduced densitymatrices) and other

quantities. In subfigures (b), (e)wenote a clear functional relationship between the quantities involved.

Figure 7.Comparison between the squared normof the velocities ∣ ∣ 2r , ∣ ∣1 2r and other quantities. Note in subfigure (a) that, apparently,
for each degree of entanglement, there exists an allowable region of ∣ ∣ 2r , and for high degrees of entanglement ( 0.6> ), this region
becomes narrower.We observe thatmaximally entangled states also exhibit the highest value of ∣ ∣ 2r . In subfigures (b)-(e)we can note
that it seems that there are definite regions for the possible simultaneous values of both variables. In subfigure (f), we identify a linear
relationship between the purity and the speed of the reduced states.
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plotsfigures6(b), (e), and7(f)below, thenumerical exploration suggests adirect functional relationbetween the two
comparedvariables. In contrast, in the rest of theplots, a ‘cloud’ofpoints appears, rather thanawell-definedcurve—in
those cases, itwouldbeof interest to try and identify theboundary curvesdelimiting the ‘clouds’.

7. Concluding remarks

We summarize themain points of this work: (i)The total variance of a pure spin state is ameasure of its squared
rotational speed, averaged over all rotation axes. The concept is generalized formixed states using the Bures
metric. (ii)Entanglement increases rotational speed, hence the relevance of total variance as an entanglement
measure. The addition law for total variance is pythagorean for pure separable states, |v|2= |v1|

2+ |v2|
2, and

receives additional positive contributions for pure entangled states. Speed excess, defined as |v|2− |v1|
2− |v2|

2,
may thus be used to quantify entanglement. (iii)Total (average, squared, rotational) accelerationmay be
similarly defined for both pure andmixed states. For separable states wefind |a|2= |a1|

2+ |a2|
2+ 4|v1|

2|v2|
2,

which, incidentally,means that the quantity |a|2− 2|v|4 is additive under system composition.We found a
simple analytical formula for the acceleration of amixed state according to the Buresmetric (equation (86)). The
numerical results offigures 5 and 6, exploring the correlation of total accelerationwith other physical
characteristics of the state, display the full gamut of possibilities. As shown in (d), (e) of figure 8, speed excess can
be negative for a very small percentage of state space volume.

Somedirections for furtherworkalong similar lines include: (i)Theadditivityof |a|2− 2|v|4under separable system
composition suggests exploring thephysical significanceof this quantity. (ii)Thecorrelationof total accelerationwith
other relevantphysical quantities,whichwe started in section6, shouldalsobepursuedanalytically. It has been
establishedhere that all 2-anticoherent states, of a certain spin s, have the samevalueof total acceleration.Our conjecture
at thispoint is that there exists a similar connectionbetween t-anticoherent states and t-thorder covariantderivativesof
the curve in state spacedescribing rotations. (iii)Higher-orderBuresmetric covariantderivative formulas like (86)
wouldbedesirable.Thephysical significanceof the averageof themodulus squaredof thesequantities shouldbe
explored.Do the states that extremize thesequantitieshave anydesirablephysical properties? (iv)What are thephysical
characteristics of the states thathavenegative speed excess?
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Figure 8.Comparison between kinematical quantities and geometric quantumdiscord  is shown in subfigures (a)-(d). Subfigure
(e) compares the speed excess with the concurrence—note that there is no functional relationship between themunlike in the case of
pure states. This implies that, formixed states, speed excess is not an entanglementmeasure. Note also that in (d) and (e) a very small
percentage of states has negative F.
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AppendixA. Total variance and entanglement for spin states

Here, we prove that the total variance is a function of the linear entropy of entanglement for a spin-s system. A
spin-s state is the fully symmetric state of 2s spin-1/2 (qubit) constituents. Consider the bipartition 1|2s− 1with
the kth-qubitA= {k} and its complementB= Ac. The Schmidt decomposition of the considered bipartition
guarantees that a state |ψ〉 can bewritten as

∣ ∣ ∣ ( ), A1k k
A

k
B

1

2

, , ,åy f fñ = G ñ ñ
a

a a a
=

where { }k
A
,f a and { }k

B
,f a are orthogonal sets in their respectiveHilbert spacesA andB, and the Schmidt

numbers k,G a are normalized to one,Γk,1+ Γk,2= 1. For a generic state, the Schmidt decomposition depends
on the chosen kth-qubit. However, since the state is fully symmetric, k k, ,G = G º Ga a a¢ for all k k, ¢, so that the
subindex k can be omitted. The entropy SE and linear entropy SL of entanglement of a state, with respect to any
partition 1|2s− 1, is defined via the Schmidt numbers as

(∣ ) (∣ ) ( ( )) ( )⎜ ⎟
⎛
⎝

⎞
⎠

S Sln , 2 1 Tr 2 1 . A2E L
1

2

1
2

1

2
2å åy y rñ = - G G ñ = - = - G

a
a a

a
a

= =

On the other hand, it is known that the angularmomentumoperators Sa, with a= 1, 2, 3, can bewritten as

( ) ( )S
1

2
... , with ... , A3a a a a0 ... 0 0 0 ... 0 0 ... 0 ... s s1 2 1 2 2

s s s s s s s= + + + º Ä Ä Äm m m m m

andσμ are the Paulimatrices, withμ= 0, 1, 2, 3 andσ0= 12 is the identitymatrix. In particular, for a spin-s state,
we obtain that

∣ ∣ ∣ ∣ ∣ ∣ ( ), A4a a
A

a
A

0 ... 0 0 ... 0 0 ... 0
1

2

åy s y y s y f s fá ñ = á ñ = G á ñ
a

a a a
=

so that

∣ ∣ ∣ ∣ ( )⎜ ⎟
⎛
⎝

⎞
⎠

S s . A5
a

a
a

A
a

A

1

3
2 2

1

3

1

2 2

å å åy y f s fá ñ = G á ñ
a

a a a
= = =

For a spin-s state the total variance can bewritten in terms of just one of the Schmidt coefficients,

( ) ( ) ∣ ∣

( ) ( ) ∣ ∣

( ) ( )

 s s S

s s s

s s s

1

1

1 1 2 ,

a
a

a

A
a

A

1

3
2

2
1 2

2

1

3

1 1
2

2
1

2

å

å

r y y

f s f

= + - á ñ

= + - G - G á ñ

= + - - G

=

=

wherewe used the identity

∣ ∣ ∣ ∣

[(( )∣ ∣ ) ]

( ) ∣ ∣

⎜ ⎟
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥Tr

Tr

.

A
a

A A A
a

A A
a

A
a

A

1

2

1

2

1 2 1 1 2 0

1 2 1 1

å åf s f f f s

f f s s

f s f

G á ñ= G ñá

= G - G ñá + G

= G - G á ñ

a
a a a

a
a a a

= =

Therefore, the total variance of a pure bipartite symmetric state is equal to

( ) ( ) ( ) ( ) s s s1 1 2 . A62
1

2r = + - - G

Wenote that SL, SE and only depend onΓ1—all three quantitiesmonotonically increase asΓ1 ranges from0 to
1/2. Thus, the properties of entanglement of SL and SE are passed on to for pure states. In particular, is a
measure of entanglement for pure states 7.

7
Weuse the notion of bipartitemeasure of entanglement for pure states [1], only demanding that themeasure be zero for separable states,

and not increasing under LOCC transformations.
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Appendix B.Majorana representation of spin states

EttoreMajorana showed in 1932 [33] that there is a bijective correspondence between pure spin-s states and an
unordered set of 2s points { }nk k

s
1

2
= (a constellation) on the sphere. In particular, the state corresponding to a

constellation { }nk k
s

1
2
= is given by the fully symmetric state formed by the tensor product of 2s spin-1/2 states

pointing in the nk directions

∣ (∣ ∣ ) ( )n nN ... , B1
S

s1 2

s2

åy sñ = ñÄ Ä ñ
sÎ

whereN is a normalization factor, andσ ranges over the permutation group S2s. A spin-1/2 state pointing in the
directionnwith spherical angles (θ,f) can be parametrized as |n〉= ( )∣cos 2 1 2, 1 2q ñ+

( )∣e sin 2 1 2, 1 2i q - ñf .We use this representation in themain text tomake intuitive parametrizations for spin
equal to 1 and 3/2. See [34] formore details regardingMajorana’s stellar representation.

AppendixC. Calculating the average of the norm squared of the acceleration

The average normof the acceleration is given by

∣ ∣ (

) ( )

v T T T T T T T T T T T T

T T T T T T T T H H H H

4

8 4 d , C1

A B C D A B C D A B C D

A B C D A B C D
S

A B C D

2

2ò
á ñ= á ñ - á ñá ñ - á ñá ñ

+ á ñá ñá ñ - á ñá ñá ñá ñ W

whereH=HATA. The previous equation can bewritten in terms of the cartesian angularmomentumoperators
Sα, or of the tensor operators { }T m m1 1

1
=- ,

( )( )H n S r T , C2
x y z m

m m
s

, , 1

1

1å å= =
a

a a
= =-

with

( ) ( ) ( )n
A

r r n i
A

r r n Ar
2 2

, , C3x y z1 1 1 1 0= - = - + =- -

( ) ( ) ( )r
A

n in r
A

n in r
n

A

1

2
,

1

2
, , C4x y x y

z
1 1 0= - - = + =-

where ( )
( )( )

A A s
s s s

3

1 2 1
= =

+ +
. The integrals of the product of components rm are equal to

( )r d
1

5A
, r r r d

1

15A
, r r

2

15A
d , C5

S S S
0
4

4 0
2

1 1 4 1
2

1
2

42 2 2ò ò òW = W = - = W- -

and the rest are equal to zero. As a concrete application of the above scheme, consider the term H d
S

4
2ò á ñ W,

expressed in terms ofWigner-Dmatrices, ( )( ) ( )D D , ,mm
s

mm
s a b g=¢ ¢

( ) ( )( ) ( ) † ( ) ( ) †H d r D T D d A D T D d C6
S S

s s

S

s s4
0
4

10
4 4

10
4

2 2 2ò ò òá ñ W = á ñ W = á ñ W-

taking nz=1.Now,wemake use of the fact that the polarization operators {Tlm} form a basis. In particular, it
holds that

{ }( ) ( )( ) ( ) ( )T T l l l l l
s s s

c T l l l s c T1 2 1 2 1 , , ; , C7l m l m
s l

l m l m
lm

lm l m l m
lm

lm
2

1 2
1 2

, 1 2 ,1 1 2 2 1 1 2 2 1 1 2 2
c= - + + º+

where a summation (in this case, over l and m) is implied, and the curly bracket denotes aWigner 6- j symbol
[26]. Hence, we can calculate the expansion ofT10

4 in theT-basis,

( ) ( ) ( ) ( ) ( )
( )

T l s l s c c T T l s l s l l L s c c c T1, 1, ; 1, 1, ; 1, 1, ; 1, 1, ; , , ; .

C8

lm l m
lm l m

l l
l l
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LM10
4

10,10 10,10 10,10
0
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0

0, 0c c c c c= ¢ = ¢ ¢¢ ¢
¢ ¢

¢
¢

Using

( ) ( )( ) ( ) † ( )D T D d D , , 0 T d T , C9
S

s
LM

s

S
M M
L

LM M L0 0 00
2 2ò ò f q d dW = W =¢ ¢
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we get

( ) ( ) ( )

( ) ( ) ( )

H A l s l s l l s c c c T

A

s
L s L L s c c c
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+
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-

In the sameway, we calculate the next two terms
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Then, we obtain that
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Similarly, we calculate
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For the next term,we use the following formula (equation (4), p.96 of [26])
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Finally, we calculate the last termwith the integrals of equation (C5)
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Thefinal result is given by equations (C10), (C15), (C16), (C18) and (C19),
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Some quantities in the previous equations can be simplified by using formulas for the 6j-symbols and theCG
coefficients. For example, some quantities of equation (C20) are simplified to
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leading to equation (59) in themain text.

AppendixD. Averaging using spherical designs

While for a general function f S: 2  integration is necessary in order to compute its average, the polynomial
functions that showup in, e.g., (54), can in fact be averaged by sampling themover an appropriate finite set of
points. Our first relevant concept is that of a spherical t-design in dimension d, defined as a set of points {pi},
i= 1,K,N, on Sd such that the average of any polynomial f of degree t or less (in the cartesian coordinates
{x1,K,xd+1} of the ambient d 1+ ) over the set coincides with the average over Sd, i.e.,

( )
∣ ∣

( )
N

f p
S

f
1 1

d , D1
i

N

i d S1
dòå = W

=

where ∣ ∣S dd
Sdò= W, and dΩ is the euclideanmeasure on Sd [35, 36]. There are two features of the integrand in,

e.g., (54), that call for a refinement of the above concept: the polynomial in question is homogeneous, and of an
even degree, as fit for a squaredmodulus. The appropriate concept then is that of a spherical (t,t)-design in
dimension d, which is the specification of the previous definition to the case of a homogeneous polynomial of
degree 2t [37]. An obvious property of spherical designs (of either of the above types) is that it can be rotated
arbitrarily, remaining a spherical design.We have already seen a spherical design entering the discussion above:
the average of themodulus squared of the rotational velocity, which is homogeneous quadratic in the
components of theHamiltonianH, came out as the average of its value for rotations around the three coordinate
axes. In the parlance introduced above, this follows from the statement that any threemutually orthogonal
directions on S2 furnish a spherical (1, 1)-design. The squaredmodulus of the acceleration in (54) is
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homogeneous quartic in the components of theHamiltonian, so the integral over S2 in that expressionmay also
be computed by averaging over a spherical (2, 2)-design. Aminimal such design (i.e., with theminimumpossible
number of points) is given in [37]—it consists of the six equiangular lines which go through the vertices of an
icosahedron (for each such line, any of the two half-lines emanating from the originmay be chosen, since
the functions being averaged are symmetric on antipodal points of S2). Choosing the vertices with positive
z-coordinate, among the icosahedron vertices provided byMathematica 13.2, wefind the six-point spherical
(2, 2)-design

( ) ( ) ( ) ( )

( ) ( ) ( )

p p p p

p p

0, 0, 1 ,
2

5
, 0, , , , , , , ,

, , , , , , D2

1 2 3
2

4
2

5
2

6
2

s m n s m n s

n m s n m s

= = = - - = -

= - =

where ( )5 5 10m º + , ( )5 5 10n º - , and 1 5s = . The spherical design consists of one point
at the north pole, and the otherfive on the vertices of a regular pentagon at z 1 5= . For any value of spin s,
theHamiltoniansHi= pi · S

(s) are to be used in the second of (52) to compute the corresponding squaredmoduli
|ai|

2, the average of which gives 〈|a|2〉. Using this procedure, we have verified (57) for s= 1.

ORCID iDs

CChryssomalakos https://orcid.org/0000-0002-6676-4762
AGFlores-Delgado https://orcid.org/0000-0003-4112-3536
EGuzmán-González https://orcid.org/0000-0002-1548-0321
LHanotel https://orcid.org/0000-0001-8801-5810
E Serrano-Ensástiga https://orcid.org/0000-0001-6146-3787

References

[1] Bengtsson I andŻyczkowski K 2017Geometry of Quantum States 2nd edn (CambridgeUniversity Press) (https://doi.org/10.1017/
9781139207010)

[2] NielsenMAandChuang I L 2011QuantumComputation andQuantum Information 10th edn (CambridgeUniversity Press) (https://
doi.org/10.1017/CBO9780511976667)

[3] KuśMandŻyczkowski K 2001Geometry of entangled states Phys. Rev.A 63 032307
[4] BrussD 2002Characterizing entanglement J.Math. Phys. 43 4237–51
[5] KlyachkoA 2007Dynamic symmetry approach to entanglement arXiv:0802.4008
[6] DelbourgoR and Fox J R 1977Maximumweight vectors possessminimal uncertainty J. Phys. A:Math. Gen. 10 L233
[7] Zimba J 2006Anticoherent spin states via theMajorana representation, Electronic Journal of Theoretical Physics 3 143–56
[8] Sawicki A,OszmaniecMandKuśM2012Critical sets of the total variance can detect all stochastic local operations and classical

communication classes ofmultiparticle entanglement Phys. Rev.A 86 040304(R)
[9] MandelstamL andTamm I 1945The uncertainty relation between energy and time in nonrelativistic quantummechanics J. Phys.

USSR 9 249–54
[10] AharonovY andAnandan J 1990Geometry of quantum evolution Phys. Rev. Lett. 65/14 1697–700
[11] MargolusN and Levitin L B 1998Themaximum speed of dynamical evolution PhysicaD 120 188–95
[12] Levitin L B andToffoli T 2009 Fundamental limit on the rate of quantumdynamics: the unified bound is tight Phys. Rev. Lett. 103

160502
[13] Batle J, CasasM, PlastinoA and PlastinoAR 2005Connection between entanglement and the speed of quantum evolution Phys. Rev.A

72 032337
[14] Borras A, Zander C, Plastino AR, CasasM and PlastinoA 2008 Entanglement and the quantumbrachistochrone problem Europhys.

Lett. 81 30007
[15] Giovannetti V, Lloyd S andMaccone L 2003The role of entanglement in dynamical evolution Europhys. Lett. 62 615–21
[16] Giovannetti V, Lloyd S andMaccone L 2003Quantum limits to dynamical evolution Phys. Rev.A 67 052109
[17] Chryssomalakos C, Flores-DelgadoA,Guzmán-González E,Hanotel L and Serrano-Ensástiga E 2023Curves in quantum state space,

geometric phases, and the brachistophase J. Phys. A:Math. Theor. 56 285301
[18] BanyagaA andHurtubiseD 2004 Lectures onMorseHomology (Texts in theMathematical Sciences) vol 29 1st edn (Springer) (https://

doi.org/10.1007/978-1-4020-2696-6)
[19] UhlmannA 1986 Parallel transport and ‘quantumholonomy’ along density operatorsRep.Math. Phys. 24 229–40
[20] ŠafránekD 2017Discontinuities of the quantumFisher information and the Buresmetric Phys. Rev.A 95 052320
[21] Chryssomalakos C andHernández-CoronadoH2017Optimal quantum rotosensors Phys. Rev.A 95 052125
[22] GamelO2016 Entangled Bloch spheres: Blochmatrix and two-qubit state space Phys. Rev.A 93 062320
[23] Smith RA 1966Matrix calculations for Liapunov quadratic forms J. Differ. Equ. 2 208–17
[24] HübnerM1992Explicit computation of the Bures distance for densitymatricesPhys. Lett.A 163 239–42
[25] Dittmann J 1999 Explicit formulae for the Buresmetric, J. Phys. A:Math. Gen. 32 2663–70
[26] VarshalovichD,Moskalev A andKhersonskii V 1988QuantumTheory of AngularMomentum (World Scientific) (https://doi.org/

10.1142/0270)
[27] Dittmann J 1993On the Riemannian geometry offinite dimensionalmixed states Seminar Sophus Lie. 3 73–87
[28] WeiT-C,NemotoK,Goldbart PM,Kwiat PG,MunroW J andVerstraete F 2003Maximal entanglement versus entropy formixed

quantum statesPhys. Rev.A 67 022110
[29] BaguetteD andMartin J 2017Anticoherencemeasures for pure spin states Phys. Rev.A 96 032304

22

Phys. Scr. 99 (2024) 125116 CChryssomalakos et al

https://orcid.org/0000-0002-6676-4762
https://orcid.org/0000-0002-6676-4762
https://orcid.org/0000-0002-6676-4762
https://orcid.org/0000-0002-6676-4762
https://orcid.org/0000-0003-4112-3536
https://orcid.org/0000-0003-4112-3536
https://orcid.org/0000-0003-4112-3536
https://orcid.org/0000-0003-4112-3536
https://orcid.org/0000-0002-1548-0321
https://orcid.org/0000-0002-1548-0321
https://orcid.org/0000-0002-1548-0321
https://orcid.org/0000-0002-1548-0321
https://orcid.org/0000-0001-8801-5810
https://orcid.org/0000-0001-8801-5810
https://orcid.org/0000-0001-8801-5810
https://orcid.org/0000-0001-8801-5810
https://orcid.org/0000-0001-6146-3787
https://orcid.org/0000-0001-6146-3787
https://orcid.org/0000-0001-6146-3787
https://orcid.org/0000-0001-6146-3787
https://doi.org/10.1017/9781139207010
https://doi.org/10.1017/9781139207010
https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1103/PhysRevA.63.032307
https://doi.org/10.1063/1.1494474
https://doi.org/10.1063/1.1494474
https://doi.org/10.1063/1.1494474
http://arXiv.org/abs/0802.4008
https://doi.org/10.1088/0305-4470/10/12/004
https://doi.org/10.1103/PhysRevA.86.040304
https://doi.org/10.1007/978-3-642-74626-0_8
https://doi.org/10.1007/978-3-642-74626-0_8
https://doi.org/10.1007/978-3-642-74626-0_8
https://doi.org/10.1103/PhysRevLett.65.1697
https://doi.org/10.1103/PhysRevLett.65.1697
https://doi.org/10.1103/PhysRevLett.65.1697
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1103/PhysRevLett.103.160502
https://doi.org/10.1103/PhysRevLett.103.160502
https://doi.org/10.1103/PhysRevA.72.032337
https://doi.org/10.1209/0295-5075/81/30007
https://doi.org/10.1209/epl/i2003-00418-8
https://doi.org/10.1209/epl/i2003-00418-8
https://doi.org/10.1209/epl/i2003-00418-8
https://doi.org/10.1103/PhysRevA.67.052109
https://doi.org/10.1088/1751-8121/acdcd2
https://doi.org/10.1007/978-1-4020-2696-6
https://doi.org/10.1007/978-1-4020-2696-6
https://doi.org/10.1016/0034-4877(86)90055-8
https://doi.org/10.1016/0034-4877(86)90055-8
https://doi.org/10.1016/0034-4877(86)90055-8
https://doi.org/10.1103/PhysRevA.95.052320
https://doi.org/10.1103/PhysRevA.95.052125
https://doi.org/10.1103/PhysRevA.93.062320
https://doi.org/10.1016/0022-0396(66)90044-1
https://doi.org/10.1016/0022-0396(66)90044-1
https://doi.org/10.1016/0022-0396(66)90044-1
https://doi.org/10.1016/0375-9601(92)91004-B
https://doi.org/10.1016/0375-9601(92)91004-B
https://doi.org/10.1016/0375-9601(92)91004-B
https://doi.org/10.1088/0305-4470/32/14/007
https://doi.org/10.1088/0305-4470/32/14/007
https://doi.org/10.1088/0305-4470/32/14/007
https://doi.org/10.1142/0270
https://doi.org/10.1142/0270
https://doi.org/10.1103/PhysRevA.67.022110
https://doi.org/10.1103/PhysRevA.96.032304


[30] WoottersWK1998 Entanglement of formation of an arbitrary state of two qubitsPhys. Rev. Lett. 80 2245
[31] Vidal G andWerner R F 2002Computablemeasure of entanglement Phys. Rev.A 65 032314
[32] DakićB,Vedral V andBruknerČ 2010Necessary and sufficient condition for nonzero quantumdiscord Phys. Rev. Lett. 105 190502
[33] Majorana E 1932Atomi orientati in campomagnetico variabileNuovo Cimento 9 43
[34] Chryssomalakos C,Guzmán-González E and Serrano-Ensástiga E 2018Geometry of spin coherent states J. Phys. A:Math. Theor. 51

165202
[35] Delsarte P, Goethals JM and Seidel J J 1977 Spherical codes and designsGeometriae Dedicata 6 363–88
[36] Seymour PD andZaslavsky T 1984Averaging sets: a generalization ofmean values and spherical designsAdvances inMathematics 52

213–40
[37] HughesD andWaldron S 2021 Spherical (t, t)-designs with a small number of vectors Linear Algebr. Appl. 608 84–106

23

Phys. Scr. 99 (2024) 125116 CChryssomalakos et al

https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1103/PhysRevA.65.032314
https://doi.org/10.1103/PhysRevLett.105.190502
https://doi.org/10.1007/BF02960953
https://doi.org/10.1088/1751-8121/aab349
https://doi.org/10.1088/1751-8121/aab349
https://doi.org/10.1007/BF03187604
https://doi.org/10.1007/BF03187604
https://doi.org/10.1007/BF03187604
https://doi.org/10.1016/0001-8708(84)90022-7
https://doi.org/10.1016/0001-8708(84)90022-7
https://doi.org/10.1016/0001-8708(84)90022-7
https://doi.org/10.1016/0001-8708(84)90022-7
https://doi.org/10.1016/j.laa.2020.08.010
https://doi.org/10.1016/j.laa.2020.08.010
https://doi.org/10.1016/j.laa.2020.08.010

	1. Introduction
	2. Mathematical preliminaries
	2.1. The projective space P
	2.2. Hilbert-Schmidt space and the Bures metric
	2.2.1. Horizontality in the Hilbert-Schmidt space
	2.2.2. The Bures metric


	3. Total variance, entanglement, and speed excess
	3.1. The many facets of total variance
	3.1.1. Total variance as a measure of quantum fluctuations
	3.1.2. Total variance as a measure of rotational speed
	3.1.3. Total variance as a measure of entanglement: speed excess

	3.2. Total variance for mixed states

	4. The total acceleration of a curve in P
	4.1. Averaging by integration

	5. Acceleration addition law
	5.1. Acceleration addition law for pure bipartite separable states
	5.2. Acceleration of mixed bipartite states
	5.2.1. Parallel transport in the space of density matrices
	5.2.2. Working with the projection π̃(A)=AA†/Tr(AA†)
	5.2.3. Explicit expression for the Christoffel symbols of the Bures metric


	6. Kinematical quantities, purity and quantum correlations
	7. Concluding remarks
	Acknowledgments
	Data availability statement
	Appendix A.
	Appendix B.
	Appendix C.
	Appendix D.
	References



