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aUniversity of Liege, Department of Mechanical and Aerospace Engineering, Computational &
Multiscale Mechanics of Materials (CM3), Allée de la découverte 9, B-4000 Liège, Belgium
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Abstract

A finite strain phenomenological model is developed to simulate the shape memory be-
havior of semi-crystalline polymers under thermo-mechanical loading. The polymer is
considered to be a composite of crystalline and amorphous phases with constant volume
fractions. While the amorphous phase is stable, the crystalline phase is considered to
change phase with temperature. Therefore, the crystalline phase is considered further to
be composed of two phases, whose volume fractions are controlled by a temperature and
strain dependent function: the melted phase which is soft, and the crystallized phase
which is stiff.

A pressure dependent viscoelasto-plastic behavior is considered for the constitutive
model of the different phases. In addition to pressure dependent plasticity, additional
deformation measures are applied to the crystalline phase to model temporary (imper-
fect shape fixity) and permanent (imperfect shape recovery) deformations in a thermo-
mechanical loading cycle. Formulating a compressible plastic flow during the phase
changes yields the possibility to capture both one-way and two-way shape memory ef-
fects. As a consequence, the load-dependent and anisotropic thermal expansion observed
experimentally in semi-crystalline polymers during phase change is naturally captured.

The model is validated within a test campaign performed on nano-composite having a
semi-crystalline polymer as a base material. It is shown that the model gives close results
with the tests and it is able to capture the shape fixity and shape recovery behaviors of
the polymer, for both one-way and two-way shape memory effects.
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1. Introduction

The shape of a polymer specimen can be shifted through some permanent and tempo-
rary configurations by an external stimulus, such as temperature (Srivastava et al., 2010,
Boatti et al., 2016), light (Lendlein et al., 2005), electromagnetism (Buckley et al., 2006,
Niyonzima et al., 2019) etc. This phenomenon is known as the shape memory behav-
ior. Because of this behavior, the shape memory polymers (SMP) are utilized in various
engineering areas: artificial muscles (Maksimkin et al., 2018), biomedical applications
(Srivastava et al., 2010, Reese et al., 2010), self healing (Xu and Li, 2010), composites
(Ge et al., 2012), microelectronics (Lee et al., 2015). Liu et al. (2007), Mu et al. (2018),
and Pereira Sanchez et al. (02 November 2022) can be referred to for reviews.

Temperature is the most widely used method to trigger the shape memory effect, and
a typical shape change is basically obtained by a thermo-mechanical loading-unloading
cycle around the transition temperatures (Tt) of the considered polymer whose material
properties change in order of magnitudes (Srivastava et al., 2010) during the process. SM
behavior can be observed in both amorphous (Nguyen et al., 2008) and semi-crystalline
(Defize et al., 2012) polymers. The main difference between them resides in their Tt

nature. For amorphous polymers, there is only one transition temperature, the glass
transition temperature Tg. On the other hand, for semi-crystalline polymers, there are
two transition temperatures. The first one is the glass transition temperature (Tg) for the
amorphous phase and the second one is the crystallization/melting (Tc/Tm) temperature
for the crystalline phase. In the crystalline phase, the transition temperature is generally
different during crystallization and melting (Defize et al., 2012). Therefore, Tt = Tc,
when temperature is decreasing, and Tt = Tm when temperature is increasing. Volk
et al. (2011) and Defize et al. (2012) provided experimental studies on amorphous and
semi-crystalline SMPs, respectively.

Figure 1(a) shows an idealized one-way shape memory (1W-SM) cycle which consists
of 4 steps: step 1- deformation is applied to the specimen at a high temperature above the
transition temperature (T > Tt); step 2- the applied deformation is maintained and the
specimen is cooled down to a temperature below the transition temperature (T < Tt)
to fix the shape; step 3- the specimen is released at the low temperature; step 4- the
specimen is heated back to the initial high temperature to recover the original shape.
The procedure is also shown on a temperature-deformation graph in Fig. 1(a). From
the figure, it can be seen that the specimen geometry cannot be completely fixed (point
B) and some amount of spring back (point C) is observed when the specimen is released
at low temperature. When the specimen is heated back to the initial temperature, the
initial configuration (point A) cannot be recovered completely (point D). It can also
be seen that, with the increase in temperature, the shape recovery happens gradually
around Tt (Tt − ∆T < Tt < Tt + ∆T ), rather than as a sudden change at Tt. Some
polymers can also exhibit two-way shape memory (2W-SM) effect, in particular semi-
crystalline polymers which exhibit an elongation during the crystallization phase under
constant applied stress (Defize et al., 2012; Pereira Sanchez et al., 20 July 2022), as
depicted in Fig. 1(b). In that case reheating the sample under the same applied stress
allows getting back the initial deformation state (point B) at high temperature, while a
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Figure 1: One-Way (1W) and Two-Way (2W) shape memory (SM) effects: (a) 1W-SM temperature-
deformation cycle; and (b) 2W-SM temperature-deformation cycle.

subsequent cooling at constant stress allows recovering the low-temperature deformation
state (point C), as schematically illustrated in Fig. 1(b).

Figure 2: Evolution of strain under thermomechanical cycling loading with increasing load level (Defize
et al., 2012). Note the evolution of Tc (≈ T1), Tm (≈ T2), wc (slope of curve 3), wm (slope of curve 5),
αc (slope of curve 4), αm (slope of curve 2), and the distance between curves 2 and 4 characterizing the
2W-SM effect.

In the case of semi-crystalline polymers, from Figure 2, which represents the thermo-
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mechanical responses of a semi-crystalline polymer under constant applied stress, two
unusual behaviors can be observed: an additional expansion/contraction during the phase
transition (distance between curves 2 and 4), which is responsible for the existance of the
2W-SM effect, and the negative thermal expansion coefficients during cooling/heating
(slopes of curves 2 and 4). Li et al. (2011) observed the same sudden deformation during
phase transition and name it as crystallization induced elongation and melting induced
contraction. Choy et al. (1981) showed that under deformation, negative anisotropic
thermal expansion can be observed, i.e. expansion in the loading direction, contraction
in lateral directions in a tensile test when cooling. These behaviors get more pronounced
with the increase in the load level and are absent when no external load is applied as
shown by Pereira Sanchez et al. (20 July 2022), i.e. at zero load the thermal expansion
is isotropic and positive. Both Li et al. (2011) and Choy et al. (1981) argued that
these behaviors arise from the formation of the liquid crystalline structure anisotropically
aligned in the stress direction. In particular, the extension during crystallization is
responsible for the 2W-SM observed for these polymers (Pereira Sanchez et al., 20 July
2022).

In the literature, there has been an interest for the numerical modeling of SMPs in the
recent years. In addition to micromechanics models (Srivastava et al., 2010, Yang and Li,
2016), many phenomenological models have also been developed for SMPs. Nguyen et al.
(2008) developed a viscoelastic constitutive model for amorphous SMPs with softening
viscoplastic behavior. They used time and temperature dependent material properties to
model the SM behavior. Diani et al. (2012) developed a finite strain viscoelastic model
for amorphous polymers. They showed that the SM behavior can be captured by mate-
rial viscoelasticity with several viscous branches. Ge et al. (2012) studied a composite
material with an elastomeric matrix reinforced by a semi-crystalline polymer fiber net-
work which is utilized as the SM mechanism. Their model includes a kinetic description
such that a gradual phase change and deformation of the polymer fractions can be taken
into account. Boatti et al. (2016) considered an amorphous SMP as a mixture of glassy
(stiff) and rubbery (soft) phases. The volume fractions of the phases were considered to
change with a temperature dependent function. They achieved the imperfect shape-fixity
and shape-recovery by introducing internal tensor variables. Considering a viscoelastic
material model embedding phase transition, Guo et al. (2016) proposed a normal dis-
tribution model, which is physically motivated, to evaluate the variation in the volume
fraction of the frozen and active phases.

In this study, a phenomenological viscoelasto-plastic constitutive model is developed
for the modeling of semi-crystalline SMPs under thermo-mechanical loading conditions,
with the aim of reproducing both 1W-SM and 2W-SM effects. A 1D analogy of the
model is given in Fig. 3. It considers that the semi-crystalline polymer is a two-phase
composite material made of the semi-crystalline (CR) and amorphous (a) phases. The
polymer is considered to operate above the Tg of the amorphous phase. Therefore, it is
assumed that the amorphous phase does not change phase with temperature and has a
constant volume fraction (za). Additionally, the operating temperature range includes Tc

and Tm, therefore, the SM behavior is obtained by the phase transition of the crystalline
phase. The crystalline phase is further considered to be composed of two phases: the
crystallized phase (c) and the melted phase (m). The crystallized phase is active at low
temperatures, while the melted phase is active at high temperatures and both phases are
active during the phase transition. The volume fractions of the phases are considered
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Figure 3: 1D analogy of the SMP constitutive model. FFF = FFFvec ·FFFpc ·FFFfc ·FFFth = FFFvem ·FFFpm ·FFFfm ·FFFth =
FFFvea ·FFFpa ·FFFth = FFFm ·FFFth; FFF: deformation gradient; FFFvei: viscoelastic deformation gradient of branch i;
FFFpi: plastic deformation gradient of branch i; FFFfi: frozen deformation gradient of branch i; FFFth: thermal
deformation gradient; FFFm: purely mechanical deformation gradient, CR: crystalline phase; FFFxc: x-part
of crystallized-branch deformation gradient; FFFxm: x-part of melted-branch deformation gradient; FFFxa:
x-part of amorphous-branch deformation gradient; zc: volume fraction of the crystallized phase; za:
volume fraction of the amorphous phase, PPP: load; ∞: non-linear (as denoted by the arrow) elastic spring
at equilibrium, in which the thermal difference T − T i

Ref in branch i induces an anisotropic thermal
deformation; N: number of dashpots.

to change with a temperature and strain dependent function (zc) which represents the
volume fraction of the glassy phase. Eventually, the volume fractions of each phase, with
respect to the reference volume, are given as:

vc = (1− za)(zc) ; (1)

vm = (1− za)(1− zc) ; (2)

va = (za) . (3)

As shown in Fig. 3, for both crystallized and melted phases, a viscoelasto-plastic
behavior is assumed with the respective deformation gradient decompositions, FFFvec ·FFFpc,
FFFvem ·FFFpm. The viscoelastic branches include N + 1 springs and N dashpots. Since the
change of phase does not occur at zero strain, history deformation gradients, FFFfc and FFFfm

are considered in the crystallized and melted phases, respectively. The amorphous phase
is modeled by another viscoelasto-plastic branch with the deformation gradient decom-
position FFFvea · FFFpa. For the sake of generality, the model is developed by considering a
possible plastic flow in the different branches, although the identification procedure will
show that only the melted crystalline branch require to account for a plastic flow in order
to capture the two-way shape memory effect, while no plasticity model is required in the
other branches in the considered strain ranges. Thermal deformation is composed of an
isotropic volumetric part FFFth, and of anisotropic parts. Experiments (Choy et al., 1981,
Defize et al., 2012, Jones et al., 2013) show the existence of anisotropic thermal defor-
mation with a negative thermal expansion along the loading direction. Assuming these
anisotropic (here assumed deviatoric) thermal deformations are due to the mismatch be-
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tween phases, they are modeled in the different phases by considering non-linear springs
whose stiffness depends on the temperature difference with respect to the phases reference
temperatures T c

Ref, T
m
Ref and T a

Ref.
The developed model is phenomenological and requires less parameters and therefore

experiments compared to corresponding micromechanics models. The developed model
is able to capture the permanent and temporary deformations of the polymer in the
considered temperature range by using viscoelastic-plastic and additional deformation
measures in order to capture the additional expansion/contraction observed during the
phase change occuring under stress (Defize et al., 2012), which makes it possible to
represent both 1W-SM and 2W-SM effects of semi-crystalline SMP. It also considers the
anisotropic thermal deformation of polymers under load. Although the current model is
developed to model the semi-crystalline SMPs, it can also be used to model the composite
materials as in the work of Ge et al. (2012).

The article is organized as follows. In Section 2, the kinematics of the SMP model and
evolution equations of the internal variables are given. In Section 3, the thermodynamic
problem is solved for the considered model. The energy balance and heat dissipation
formulations are given. In Section 4, the details of the viscoelastic-plastic formulation are
given. In Section 5, the incremental form of the model is presented in view of its numerical
implementation. In Section 6, the model parameters are identified from experimental test
results. In Section 7, the conclusions are provided and some possible future works are
pointed out. All the details of the formulations are provided in Appendices.

2. Model Ingredients

2.1. Basic Kinematics

In a homogeneous body, let XXX denote an arbitrary point in the reference configuration
(Ω0), xxx = xxx (XXX, t) denotes the position of XXX in the current configuration (Ω) that is defined
by a smooth one-to-one mapping as:

FFF =∇∇∇0 xxx =
∂xxx

∂XXX
, (4)

where FFF is the deformation gradient and ∇∇∇0 is the gradient operator in the reference
configuration. The deformation gradient FFF can be decomposed into the product of an
orthogonal matrix RRR (i.e. rigid body rotation, RRR

T ·RRR = III, detRRR = 1,
T

is the transpose),
and a symmetric positive definite matrix UUU (i.e. pure stretch) as:

FFF = RRR ·UUU . (5)

Based on the calculated deformation gradient, the right Cauchy-Green tensor CCC and
the logarithmic strain tensor EEE are defined, respectively, as:

CCC = FFF
T

·FFF = UUU ·RRR
T

·RRR ·UUU = UUU2 , and (6)

EEE = lnUUU = ln
(√

CCC
)
=

1

2
lnCCC , (7)
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where EEE is calculated following a polar decomposition. The polar decomposition of EEE is
given as:

EEE =

3∑
ℓ=1

1

2
ln(ξCℓ )NNNℓ ⊗NNNℓ =

3∑
ℓ=1

ξEℓ NNNℓ ⊗NNNℓ , (8)

where ξCℓ are the eigenvalues of CCC, ξEℓ are the eigenvalues of EEE, and NNNℓ are the eigenvectors
(of both CCC and EEE).

The velocity gradient L is defined as:

LLL = ḞFF ·FFF
−1

, (9)

which can further be decomposed as LLL = DDD+WWW with:

DDD =
1

2

(
LLL +LLL

T
)
, and WWW =

1

2

(
LLL−LLL

T
)
, (10)

where DDD is the symmetrical deformation rate tensor and WWW is the asymmetrical spin rate
tensor. If it is assumed that the deformation is irrotational, WWW = 000, it is obtained that
LLL is symmetric with:

LLL = DDD . (11)

2.2. Deformation gradient, FFF, decomposition
As it can be seen from Figure 3, it is assumed that the total deformation gradient

FFF (J = detFFF > 0) is the same for all phases and multiplicatively decomposed into an
isotropic thermal (FFFth) and a mechanical deformation gradients (FFFm) as:

FFF = FFFm ·FFFth . (12)

All branches experience the same mechanical FFFm and isotropic thermal FFFth deformation
gradients. In the presented model, the isotropic thermal deformation gradient, FFFth,
captures the elastic strain-independent volume change of the material resulting from a
change in the temperature or from the change of rubbery to glassy, or glassy to rubbery,
phase in the crystalline part. The anisotropic and elastic-strain dependent change of
volume is modeled in the material branches through internal variables as explained here
below.

2.2.1. Crystallized phase

In the crystallized phase, a viscoelasto-plastic behavior is considered and FFFm is further
decomposed as:

FFFm = FFFvec ·FFFpc ·FFFfc , (13)

where FFFfc (J fc = detFFFfc > 0) is the frozen deformation gradient representing the amount
of temporary deformation stored in the crystallized phase during the crystallization –this
choice being motivated by the fact that the deformation induced at high-temperatures
acts as a temporary residual deformation (i.e. “frozen”) at low temperatures, FFFpc (Jpc =
detFFFpc > 0) is the plastic part of the deformation gradient arising during the plastic flow
of the crystallized phase1, and FFFvec (Jvec = detFFFvec > 0) is the viscoelastic part.

1For polymers, the plastic Poisson’s ratio is not necessarily 0.5, which can be captured by considering
pressure-dependent yield surfaces with a non-associated plastic flow, and hence Jpc is not necessarily
equal to the unity.
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2.2.2. Melted phase

A similar decomposition is also considered for the melted phase. Then, FFFm and FFF are
obtained as:

FFFm = FFFvem ·FFFpm ·FFFfm , (14)

where FFFfm (J fm = detFFFfm > 0) is the residual frozen, FFFpm (Jpm = detFFFpm > 0) is the
plastic and FFFvem (Jvem = detFFFvem > 0) is the viscoelastic deformation gradients. The
residual frozen term FFFfm is introduced by similarity to the crystallized phase but we will
see that this term can actually be set to the identity tensor.

2.2.3. Amorphous phase

The amorphous phase does not change phase within the temperature range. There-
fore, an additional residual deformation gradient is not considered, and a viscoelasto-
plastic behavior is adopted only for the amorphous phase. Then, FFFm and FFF are obtained
as:

FFFm = FFFvea ·FFFpa , (15)

where FFFpa (Jpa = detFFFpa > 0) is the plastic deformation gradient, and FFFvea (Jvea =
detFFFvea > 0) is the viscoelastic deformation gradient.

In the remaining of the paper, the superscripts •c, •m and •a are used to refer to the
crystallized, melted and amorphous branches, respectively.

2.3. Evolution of the volume fraction of the crystallized phase, zc

As suggested by Boatti et al. (2016), the crystallization process is assumed to be
driven by the temperature evolution, with the transition temperatures dependent on
the strain level. In other words, a change of strain at constant temperature does not
trigger the phase transition, but it will modify the transition rate with respect to the
temperature. We assume that the driving strain is

|EEEvem| = (EEEvem : EEEvem)1/2 , (16)

the magnitude of the viscoelastic strain tensor in the melted phase, EEEvem, calculated by
using FFFvem in Eqs. (6) and (7).

The evolution of the crystallized volume fraction zc of the crystalline phase (CR), is
thus defined in the rate form as:

żc = −f (T, |EEEvem|) Ṫ , with zc ∈ [0, 1] . (17)

In order to characterize the rate function f (T, |EEEvem|), Fig. 4 reports the Differential
Scanning Calorimetry (DSC) curve of a 3% weight reinforced PCL764MAL/FUR poly-
mer obtained following the protocol further explained in Section 6. One can observe a
melting peak temperature around Tm = 43°C during heating, and a peak crystallization
temperature around Tc = 27°C during cooling. The presence of such peaks during the
changes of phase motivates the approximation of the rate function f (T, |EEEvem|) with a
Gaussian probability density function:

f (T, |EEEvem|) = 1

wt (|EEEvem|)
√
2π

exp

[
−1

2

(
T − Tt (|EEEvem|)
wt (|EEEvem|)

)2
]
, (18)
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Figure 4: Differential Scanning Calorimetry (DSC) performed on an unloaded PCL76-4MAL/FUR 3
wt%CNT sample.

where Tt (|EEEvem|) is the transition temperature and wt (|EEEvem|) (> 0) defines the smooth-
ness of the transition as further explained. We also use the error function with mean
Tt (|EEEvem|) and standard deviation wt (|EEEvem|):

erf

(
T − Tt (|EEEvem|)√

2wt (|EEEvem|)

)
= 2

∫ T

0

f (T ′, |EEEvem|) dT ′ , (19)
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Figure 5: (a) evolution of zc for Tt = 50°C for different values of wt. (b) evolution of zc for decreasing
temperature, Tt = Tc = 40°C and wt = wc = 8, and for increasing temperature, Tt = Tm = 70°C and
wt = wc = 4.

Figure 5 shows the behavior of zc on wt and Tt. As it can be seen from Fig. 5(a), if
wt is increased, a smoother transition centered on Tt is obtained.

For a semi-crystalline polymer, Fig. 2 shows that under cyclic thermomechanical
loading, Tt and wt take different values during crystallization and melting (Defize et al.,
2012): Tc and wc are the values during crystallization, whereas, Tm and wm are the
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values during melting, Fig. 5(b). It can also be observed that with the increase in load
level, the gap between Tc(≈ T1) and Tm(≈ T2) gets smaller, wc (slope of curve 3) and
wm (slope of curve 5) increase and the transitions become less smooth. Therefore, it is
written that:

Tt (|EEEvem|) , wt (|EEEvem|) =
{

Tc (|EEEvem|) , wc (|EEEvem|) if Ṫ < 0 (during cooling) ;

Tm (|EEEvem|) , wm (|EEEvem|) if Ṫ > 0 (during heating) .
(20)

Besides, in order to capture the dependency on the strain, Tc, Tm, wc and wm are assumed
to be functions of the melted phase elastic strain as:

Tc (|EEEvem|) =ATc tanh(αTc |EEEvem|) + Tc0 ; (21)

Tm (|EEEvem|) =ATm tanh(αTm |EEEvem|) + Tm0 ; (22)

wc (|EEEvem|) =Awc tanh(αwc |EEEvem|) + wc0 ; (23)

wm (|EEEvem|) =Awm tanh(αwm |EEEvem|) + wm0 ; (24)

where Tc0, Tm0, wc0 and wm0 are the related isotropic values in undeformed configuration,
ATc, ATm, Awc, Awm, αTc, αTm, αwc, αwm are the coefficients to be obtained from test
results in terms of the magnitude of the viscoelastic strain tensor EEEvem. In Eqs. (21-
24), the tanh functions are chosen for the evolution of the parameters based on the test
campaign that will be provided in Section 6.

2.4. Thermal deformation gradient, Fth

The rate of the isotropic thermal deformation gradient is expressed as

ḞFF
th

·FFFth−1

= λ̇thIII , (25)

and with

λ̇th =(1− za) zcαc
0Ṫ + (1− za) (1− zc)αm

0 Ṫ + zaαa
0Ṫ+

(1− za) żc
[
αtr
0 + αcr (zc)

]
,

(26)

where αc
0, α

m
0 are the isotropic thermal expansion coefficients of each phase in the unde-

formed state, αtr
0 is the transition term defined to have a continuous deformation cycle

as explained below, and where αcr ≤ 0 is the crystallization change of volume associated
to the phase change. This change of volume associated to the phase change is written:

αcr (zc) = αcr
0 ×


2

(zcr
0 )

2 (zcr0 − zc) if zc ≤ zcr0 ;

0 if zc ≥ zcr0 ;
(27)

where αcr
0 ≤ 0 controls the amplitude of the change of volume during the change of phase,

and is negative since the melted phase takes more volume than the crystallized one, and
where 0 ≤ zcr0 ≤ 1 controls the crystallinity level around which the change of volume
arises.

An example of thermal deformation of a generic SMP in a thermal cycle is given in
Fig. 6. Figure 6(a) shows that, if Tc = Tm, wc = wm and αcr

0 = 0, deformation follows
the same path during cooling and heating. If Tc ̸= Tm, because of the difference in αc

0
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Figure 6: Evolution of the isotropic thermal deformation for different thermal parameters combinations:
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0 ̸= 0; and (d) Tc < Tm, wc > wm, αtr
0 ̸= 0, αcr

0 ̸= 0.

and αm
0 , a strain difference is automatically created during the thermal cycle, Fig. 6(b).

The term αtr
0 in Eq. (113) is used to control this transition strain difference:

αtr
0 = (αm

0 − αc
0)(Tc − Tm) . (28)

This accumulated temporary strain difference during cooling has to be added during
melting to have a closed loop in a thermal cycle:{

αtr
0 = 0 if Ṫ ⩽ 0 ;

αtr
0 = (αm

0 − αc
0)(Tc − Tm) if Ṫ > 0 .

(29)

Fig. 6(c) shows the case where Tc = Tm and αcr
0 ̸= 0. It can be seen that the deformation

gradient does not follow the same path because wc ̸= wm. Fig. 6(d) shows the most
general case where Tc ̸= Tm, wc ̸= wm, α

tr
0 ̸= 0 and αcr

0 ̸= 0.

2.5. Evolution of the state deformation gradients and temperatures

In the model formulation, it is considered that the total deformation gradient, FFF, and
temperature, T , are the driving kinematic quantities. Then, some evolution rules have
to be defined for the state deformation gradients FFFfc, FFFfm, FFFpc, FFFpm and FFFpa. Besides,
the anisotropic and elastic-strain-dependent thermal deformations, responsible for the
(elastic-strain-dependent) negative slope of curve 2 in Fig. 2 are modeled by considering
in the different phases non-linear springs, see Fig. 3, whose stiffness depends on the
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temperature difference with respect to the phases reference temperature T c
Ref, T

m
Ref and

T a
Ref, which are thus also state variables.

2.5.1. Frozen deformation, Ffc, and reference temperature, T c
Ref, in the crystallized phase

The frozen deformation, Ffc, represents the temporary deformation stored in the
crystallized phase during the crystallization resulting from the deformation induced at
high-temperatures which acts as a temporary residual deformation (i.e. “frozen”) at low
temperatures, yielding the evolution law

FFFfc =

{
FFFm if fully melted ;
constant otherwise ,

(30)

in which FFFm is the mechanical deformation gradient defined in Eq. (12). Theoretically,
the wording fully melted refers to zc = 0, while fully crystallized refers to zc = 1.
These values being not reachable in the incremental form of the implementation, these
definitions will be refined in Section 5. We note that Boatti et al. (2016) defined a similar
evolution of Ffc, in which they introduced a parameter cfc ∈ [0, 1] determining the amount
of the shape-fixity at the end of the crystallization. In this study, the amorphous phase
is considered to be an additional phase which is responsible for the non-perfect shape
fixity (real shape fixity in Fig. 1(a)) at low temperature. Therefore, it is assumed that
the melted phase freezes completely to the crystallized phase.

The reference temperature governing the elastic-strain-dependent thermal deforma-
tion in the crystallized phase is evaluated similarly in order for the reference temperature
to be the crystallization point:

T c
Ref =

{
T if fully melted ;
constant otherwise .

(31)

2.5.2. Residual frozen deformation, Ffm, and reference temperature, Tm
Ref, in the melted

phase

In this model we assume that upon melting, the melted phase does not store a defor-
mation, yielding

FFFfm = III . (32)

Once more, we note that Boatti et al. (2016) considered a similar relation in which they
introduced some deformation gradient in order to model the imperfect shape recovery,
while the imperfect shape recovery in the developed approach is obtained because of the
presence of the amorphous phase.

The reference temperature governing the elastic-strain-dependent thermal deforma-
tion in the melted phase is evaluated similarly to Eq. (31), but using the melting point
as the reference temperature:

Tm
Ref =

{
T if fully crystallized ;
constant otherwise .

(33)

2.5.3. Reference temperature, T a
Ref, in the amorphous phase

The reference temperature governing the elastic-strain-dependent thermal deforma-
tion in the amorphous phase is simply the initial temperature since there is no change of
phase:

T a
Ref = constant . (34)
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2.5.4. Plastic deformation in the crystallized phase, Fpc

The flow rule of the plastic deformation gradient is provided in Section 4. Addi-
tionally, because of phase change (melting), a further evolution law is defined for FFFpc

as:

FFFpc =

 evolves according to the assigned flow
rule in Section 4

if not fully melted ;

III otherwise .
(35)

The above equation states that there is no plastic deformation left in the crystallized
phase after melting.

2.5.5. Plastic deformation in the melted phase, Fpm

As in the crystallized phase, in addition to the flow rule provided in Section 4, a
further law is defined for the evolution of FFFpm as:

FFFpm =

 evolves according to the assigned flow
rule in Section 4

if not fully crystallized ;

III otherwise .
(36)

The above equation states that there is no plastic deformation left in the melted phase
after freezing.

2.5.6. Plastic deformation in the amorphous phase, Fpa

Since, the amorphous phase does not change phase, FFFpa directly results from the flow
rule provided in Section 4.

3. Thermodynamics Considerations

3.1. Helmholtz Free Energy and Stress Decomposition

According to the considered model in Figure 3, the total free energy per unit reference
volume, Ψ, is calculated as the summation of the free energies per unit reference volume
of each phase:

Ψ =Ψc
(
T, CCCvec, q̃qq

c
j , ξ

pc
i , zc; FFFpc, T c

Ref, FFF
fc
)
+Ψm

(
T, CCCvem, q̃qq

m
j , ξ

pm
i , zc; FFFpm, Tm

Ref, FFF
fm
)

+Ψa
(
T, CCCvea, q̃qq

a
j , ξ

pa
i ; FFFpa, T a

Ref

)
,

(37)

which is also written as:

Ψ =vc (T, |EEEvem|) Ψ̃c
(
T, EEEvec, q̃qq

c
j , ξ

pc
i , zc; FFFpc, T c

Ref, FFF
fc
)
+

vm (T, |EEEvem|) Ψ̃m
(
T, EEEvem, q̃qq

m
j , ξ

pm
i , zc; FFFpm, Tm

Ref, FFF
fm
)
+

vaΨ̃a
(
T, EEEvea, q̃qq

a
j , ξ

pa
i ; FFFpa, T a

Ref

)
+Ψth (T, vc (T, |EEEvem|)) ,

(38)

where the crystallized and melted phase volume fractions vc and vm are functions of
T and |EEEvem|2 through Eqs. (1), (2), (17) and (18), Ψc, Ψm and Ψa are the weighted

2Although for algorithmic reasons we use |EEEvem
n | in the incremental form, see Section 5, we keep the

explicit dependence to derive the thermodynamic consistency.

13



free energy functions of each phase, Ψ̃c, Ψ̃m and Ψ̃a are the free energy functions per
unit reference volume of each phase, hereafter, (•̃) will be used for the variables when the
volume fractions are not considered, i.e. for values per unit reference volume of the related
phase, Ψth is the thermal energy function, q̃qqj is the stress like internal variable related to
a dashpot and j is the dashpot number, ξi is the state variable i that defines the elasto-
plastic behavior, CCCvec, CCCvem and CCCvea are the elastic Cauchy-Green tensors and EEEvec,
EEEvem, EEEvea are the logarithmic strains obtained from the elastic Cauchy-Green tensors
and which are considered for the viscoelasto-plastic branches. In this last expression, T c

Ref,
Tm
Ref and T a

Ref, the reference temperatures governing the non-linear phases responses, as
well as FFFfc and FFFfm, the frozen deformation gradients are constant when the branch is
active, i.e. when their corresponding volume fraction is positive. As a consequence they

do not yield to conjugate forces, i.e. vcṪ c
Ref = 0, vmṪ c

Ref = 0, vaṪ a
Ref = 0, and vcḞFF

fc
= 0

and vmḞFF
fm

= 0. Each free energy function Ψ̃i, i = c, m, a, is further decomposed
into a viscoelastic part Ψ̃vei and a plastic part Ψ̃pi, resulting into, where we omit the
dependencies with FFFpi, T i

Ref, FFF
fi for conciseness

Ψ =vc (T, |EEEvem|)
[
Ψ̃vec

(
T, EEEvec, q̃qq

c
j , z

c
)
+ Ψ̃pc (EEEvec, ξpci , zc)

]
+

vm (T, |EEEvem|)
[
Ψ̃vem

(
T, EEEvem, q̃qq

m
j , z

c
)
+ Ψ̃pm (EEEvem, ξpmi , zc)

]
+

va
[
Ψ̃vea

(
T, EEEvea, q̃qq

a
j

)
+ Ψ̃pa (EEEvea, ξpai )

]
+Ψth (T, vc (T, |EEEvem|)) .

(39)

Similar to the free energy, the total first Piola-Kirchhoff stress tensor, PPP, is calculated
as the summation of phase stresses:

PPP = PPPc +PPPm +PPPa = vcP̃PPc + vmP̃PPm + vaP̃PPa , (40)

where PPPc, PPPm, and PPPa are the weighted stresses of the different phases, P̃PPc, P̃PPm, and P̃PPa

are the stresses evaluated from the branches free energy functions. We also define in the
relaxed configuration the (visco)elastic second Piola-Kirchhoff stress tensors S̃SSvec, S̃SSvem,

and S̃SSvea, following:

S̃SSvec = FFFvec−1

· P̃PPc ·FFFthT

·FFFfcT ·FFFpcT ; (41)

S̃SSvem = FFFvem−1

· P̃PPm ·FFFthT

·FFFfmT

·FFFpmT

; and (42)

S̃SSvea = FFFvea−1

· P̃PPa ·FFFthT

·FFFpaT . (43)

Their expressions in terms of the free energies Ψ̃vei defined in Eq. (38) will arise from
the Clausius-Duhem Inequality in Section 3.2.

Eventually, the (visco)elastic Mandel stresses3 M̃MMvec, M̃MMvem, and M̃MMvec are defined in
the relaxed configuration as:

M̃MMvei =CCCvei · S̃SSvei i = c,m, a . (44)

3We will discuss the nature of this stress tensor later in this Section 3.2.
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3.2. Clausius-Duhem Inequality

The second law of thermodynamics in the Clausius-Duhem form is written as:

D = PPP : ḞFF− Ψ̇− η Ṫ − 1

T
QQQ ·Grad T ≥ 0 , (45)

where D is the dissipation per unit reference volume, η is the entropy per unit reference
volume, QQQ is the heat flux per unit reference area, Grad(•)(= ∇0(•)) is the gradient
operator in the reference configuration.

Introducing the expression (39) in the Clausius-Duhem Inequality, following Appendix
A, yields

0 ≤Dloc +Dconv + vc

[
1

2
S̃SSvec − ∂Ψ̃vec

∂CCCvec

]
: ĊCC

vec
+ vm

[
1

2
S̃SSvem − ∂Ψ̃vem

∂CCCvem

]
: ĊCC

vem
+

va

[
1̃

2
SSSvea − ∂Ψ̃vea

∂CCCvea

]
: ĊCC

vea
+MMMm :

(
∂FFFth

∂T

∣∣∣∣
CCCvem

·FFFth−1

)
Ṫ − ηṪ−[

vc
∂Ψ̃vec

∂T
+ vm

∂Ψ̃vem

∂T
+ va

∂Ψ̃vea

∂T

]
Ṫ−

[
(1− va)

(
Ψ̃vec + Ψ̃pc

)
− (1− va)

(
Ψ̃vem + Ψ̃pm

)] ∂zc
∂T

Ṫ −
[
∂Ψth

∂T
+

∂Ψth

∂zc
∂zc

∂T

]
Ṫ .

(46)

In Eq. (46), the local dissipation Dloc results from the viscous contribution Dve
loc ≥ 0 and

from the plastic contribution Dp
loc ≥ 0 following Dloc = Dve

loc +Dp
loc with

Dve
loc = −vc

N∑
j

∂Ψ̃vec

∂q̃qq
vec
j

: ˙̃qqqvecj − vvem
N∑
j

∂Ψ̃vem

∂q̃qq
vem
j

: ˙̃qqqvemj − va
N∑
j

∂Ψ̃vea

∂q̃qq
a
j

: ˙̃qqqaj ≥ 0 , (47)

and

Dp
loc ≃ βTQ

[
vcM̃MMvec : LLLpc + vmM̃MMvem : LLLpm + vaM̃MMvea : LLLpa

]
≥ 0 , (48)

where we consider the Taylor-Quinney coefficient βTQ, and where LLLpi = ḞFFpi · FFFpi−1

are
the plastic velocity gradients of the different phases, i = c, m, a. Besides, the convective
dissipation Dconv reads

Dconv = − 1

T
QQQ ·Grad T ≥ 0 . (49)

Eventually, the stress MMMm in Eq. (46) reads, see Appendix A,

MMMm = vcFFFfcT ·FFFpcT · M̃MMvec ·FFFpc−T ·FFFfc−T

+ vmFFFfmT ·FFFpmT · M̃MMvem ·FFFpm−T ·FFFfm−T

+

va
(
FFFpaT · M̃MMvea ·FFFpa−T

)
. (50)

Considering that Eq. (46) must hold for any arbitrary variations of strain and temper-
ature, the (visco)elastic second Piola-Kirchhoff stress tensors are defined in the relaxed
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configuration by4:

S̃SSvei = 2
∂Ψ̃vei

∂CCCvei
i = c, m, a . (51)

From the expressions (51), assuming that the (visco)elastic second Piola-Kirchhoff stress

tensors S̃SSvei, i = c, m, a, permute with their respective Cauchy strain tensors, then
the (visco)elastic stresses M̃MMvei, i = c, m, a, defined in Eqs. (44) are the symmetric
(visco)elastic Mandel stress tensors. As it will be further discusssed, in case of no viscous

contribution, if the energy functions Ψ̃vei, i = c, m, a, are defined as functions of the
eigenvalues of their respective Cauchy strain tensors CCCvei, i = c, m, a, the permutation
is ensured; in case of viscous contribution, we will postulate this assumption.

Considering arbitrary variations of strain and temperature in Eq. (46), the total
entropy, η, is defined as

η =−
[
∂Ψth

∂T
+

∂Ψth

∂zc
∂zc

∂T

]
−
[
(1− va)

(
Ψ̃vec + Ψ̃pc

)
− (1− va)

(
Ψ̃vem + Ψ̃pm

)] ∂zc
∂T

+

MMMm :

(
∂FFFth

∂T

∣∣∣∣
CCCvem

·FFFth−1

)
−

[
vc

∂Ψ̃vec

∂T
+ vm

∂Ψ̃vem

∂T
+ va

∂Ψ̃vea

∂T

]
.

(52)

In Eq. (46), the terms MMMm :
(

∂FFFth

∂T

∣∣∣
CCCvem

·FFFth−1
)
Ṫ and −

[
vc ∂Ψ̃c

∂T + vm ∂Ψ̃m

∂T + va ∂Ψ̃a

∂T

]
Ṫ ,

and hence the corresponding terms in Eq. (52), are responsible for the thermo-elastic
damping and are neglected in this work. The term[

(1− va)
(
Ψ̃vec + Ψ̃pc

)
− (1− va)

(
Ψ̃vem + Ψ̃pm

)] ∂zc
∂T

Ṫ

corresponds to the elastic energy which is stored in a phase and lost upon phase transition.
It is assumed that this contribution is small compared to the latent energy and is therefore
neglected. Eventually, the entropy is defined as:

η =−
[
∂Ψth

∂T
+

∂Ψth

∂zc
∂zc

∂T

]
. (53)

3.3. First law of thermodynamics

The balance of energy equation can be given as:

ė = PPP : ḞFF +Qm −Div QQQ , (54)

4The second Piola-Kirchhoff stress tensor in the reference configuration reads S̃SS
i
= 2 ∂Ψ̃vei

∂CCC
= 2 ∂Ψ̃vei

∂CCCvei :

∂CCCvei

∂CCC
= S̃SS

vei
: ∂CCCvei

∂CCC
. Using the relations (12-15), this last relation becomes

S̃SS
i

= FFFth-1
(
·FFFfi-1

)
·FFFpi-1 · S̃SSvei ·FFFpi-T ·

(
FFFfi-T ·

)
FFFth-T

,

while expressing the first Piola-Kirchhoff stress tensors following P̃PP
i
= FFF · S̃SSi allows recovering Eqs.

(41-43).
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where Qm is the internal sources of heat generation per unit reference volume, Div(•)(=
∇0 · (•)) is the divergence operator in the reference configuration, and e is the internal
energy per unit mass:

e = Ψ+ ηT . (55)

Then, ė can be obtained:

ė = Ψ̇ + η̇T + ηṪ . (56)

By considering the local dissipation in Eq. (45) and using Eq. (56) in Eq. (54), the
energy balance can be rewritten as:

η̇T = Dloc +Qm −Div QQQ . (57)

We consider the thermal energy

Ψth =



[
vacap + (1− va) ccp

] [
(T − T0)− T ln

(
T
T0

)]
if fully crystallized ;

−C1(T − T0) + C3+

ρ0 (1− va)∆Hg-r
∫ T

T0

∫ T ′

T0

f(T ′′, |EEEvem|)
T ′′ dT ′′dT ′ during the phase transition ;

−C2(T − T0) + C4+[
vacap + (1− va) cmp

] [
(T − T0)− T ln

(
T
T0

)]
if fully melted ;

(58)

where the crystallization rate function f (T, |EEEvem|) is approximated with the Gaussian
probability density function (18), ∆Hg-r < 0 is the latent heat of the crystallized to
melted phase transformation in the crystalline phase per unit reference mass, T0 = Tc+Tm

2
is the reference change of phase temperature, C1 and C2 are reference entropies, C3 and
C4 are reference energies, and

cp = −T
∂2Ψth

∂T 2
=

{[
vacap + (1− va) ccp

]
if fully crystallized ,[

vacap + (1− va) cmp
]

if fully melted ,
(59)

is the heat capacity per unit reference volume. From Eq. (53), η can be written as:

η = −∂Ψth

∂T
=



[
vacap + (1− va) ccp

]
ln

(
T
T0

)
if fully crystallized ;

C1 − ρ0 (1− va)∆Hg-r
∫ T

T0

f(T ′, |EEEvem|)
T ′ dT ′ during phase transition ;

C2 +
[
vacap + (1− va) cmp

]
ln

(
T
T0

)
if fully melted ;

(60)

From Eq. (60), η̇T can be written as:

η̇ =
∂η

∂T
Ṫ =


[
vacap + (1− va) ccp

]
Ṫ
T if fully crystallized ;

−ρ0 (1− va)∆Hg-r f(T, |EEEvem|)
T Ṫ during phase transition ;[

vacap + (1− va) ccp
]

Ṫ
T if fully melted .

(61)
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Therefore, using Eq. (17), the balance of energy equation, Eq. (57), can be obtained as:

Div QQQ = −cpṪ − (1− va) ρ0∆Hg-rżc +Dloc +Qm . (62)

4. Constitutive Equations

4.1. Viscoelastic-plastic branches

4.1.1. Viscoelasticity

For each viscoelastic branch in Fig. 3, the generalized Maxwell model is considered
with N + 1 springs and N dashpots. The energy of a phase consists of elastic and
dissipation potentials (Nguyen et al., 2016):

Ψ̃vei(EEEvei, T ; q̃qq
i
1...q̃qq

i
N , T i

Ref) =Ψ̃vei
∞ (EEEvei, T ; T i

Ref)+

N∑
j=1

[
Ψ̃vei

j (EEEvei) + Υ̃i
j(EEE

vei, q̃qq
i
j)
]
, i = c,m, a ;

(63)

where Ψ̃vei
∞ is the energy in the relaxed condition, which is the energy of the spring

∞, the dependency of Ψ̃vei
∞ on the temperature difference with respect to the phases

reference temperature T i
Ref is responsible for the anisotropic thermal deformations due

to the mismatch of the phases, Ψ̃vei
j is the elastic potential of the other springs, and Υ̃i

j

is the dissipating potential of the dashpots. These potentials are expressed in terms of

the viscoelastic logarithmic strain tensor, EEEvei = 1
2 ln
(
FFFveiT ·FFFvei

)
, and in terms of q̃qq

i
j ,

the internal variables governing the viscoelastic process.
The following bi-logarithmic potentials are considered for the elastic springs5:

Ψ̃vei
j (EEEvei) =

Ki
j

2

[
trEEEvei

]2
+Gi

jdev EEEvei : dev EEEvei , i = c,m, a , j = 1..N ; and

(64)

Ψ̃vei
∞ (EEEvei) =

∫ trEEEvei

0

Ki
∞

(
trEEEvei′ , T ; T i

Ref

)
trEEEvei′d trEEEvei′ +∫ dev EEEvei

0

2Gi
∞

(∣∣∣EEEvei′
∣∣∣ , T ; T i

Ref

)
dev EEEvei′ : d dev EEEvei′ , i = c,m, a ,

(65)

where tr(•) is the trace operator, dev(•) is the deviatoric operator, Ki
j and Gi

j for
j = 1..N are the bulk and shear moduli, respectively, of the viscoelastic branches, and
Ki

∞
(
trEEEvei, T ; T i

Ref

)
and Gi

∞
(∣∣EEEvei

∣∣ , T ; T i
Ref

)
are non-linear bulk and shear moduli,

respectively, of the elastic branch. The non-linearity is introduced since the polymer ex-
hibits a hyper-elastic response, which cannot be captured by considering a bi-logarithmic
potential with constant material moduli. Indeed, when the polymeric sample is under
tension, the logarithmic strain tensor is increasing less than required with the engineering

5We note the algebraic identity ln (detAAA) = tr (lnAAA), where AAA is a symmetric second-order tensor.
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strain to be able to capture the polymer stress response with constant material moduli.
We thus need to introduce a stiffening effect with the strain measure in the material
response. These non-linear expressions for Ki

∞ and Gi
∞ write:

Ki
∞ = K̂i

∞
(
T ; T i

Ref

)
1 + V i

K

[
tanh

(
ϑi
K

3

(
tr EEEvei

)2 − ζiK

)
+ tanh

(
ζiK
)]

︸ ︷︷ ︸
fi
K(tr EEEvei)

 , and

(66)

Gi
∞ = Ĝi

∞
(
T ; T i

Ref

)1 + V i
G

[
tanh

(
ϑi
Gdev EEEvei : dev EEEvei − ζiG

)
+ tanh

(
ζiG
)]︸ ︷︷ ︸

fi
G(dev EEEvei)

 ,

(67)
where V i

K , ϑi
K and ζiK , respectively V i

G, ϑ
i
G and ζiG, are material parameters that control

the stiffening in the bulk, respectively shear, behavior of branch i = c, m, a. This elastic
hardening of the polymer at high deformations was also observed by Srivastava et al.
(2010).

The anisotropic thermal deformation is captured by the temperature dependency of
the elastic moduli

K̂i
∞
(
T ; T i

Ref

)
= K̄i

∞

[
1 +Afvei

K
tanh

(
αfvei

K

(
T − T i

Ref

))]
, and (68)

Ĝi
∞
(
T ; T i

Ref

)
= Ḡi

∞

[
1 +Afvei

G
tanh

(
αfvei

G

(
T − T i

Ref

))]
, (69)

where Afvei
K

, αfvei
K

, respectively Afvei
G

, αfvei
G

, control the temperature difference effects on
the negative and isotropic, respectively anisotropic, expansion coefficient.

A quadratic dissipating potential is considered for the dashpots as in the work by
Nguyen et al. (2016):

Υ̃i
j(EEE

vei, q̃qq
i
j) = −q̃qqij : EEEvei +

1

18Ki
j

(tr q̃qq
i
j)

2 +
1

4Gi
j

dev q̃qq
i
j : dev q̃qq

i
j , i = c, m, a, j = 1..N .

(70)

In the remaining of this section, i = c,m, a and j = 1..N will be assumed in the equations,
unless otherwise specified.

The viscoelastic behavior is considered in both deviatoric and volumetric deformations
and the evolution of q̃qq

i
j is characterized by a retardation action as (Simo, 1987; Nguyen

et al., 2016):

dev ˙̃qqqij =
2Gi

j

gij
dev EEEvei − 1

gij
dev q̃qq

i
j ; (71)

tr ˙̃qqqij =
3Ki

j

kij
tr EEEvei − 1

kij
tr q̃qq

i
j ; (72)
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where gij and kij are the characteristic relaxation times for the deviatoric and volumetric
parts, respectively. The current values can be given in the form of the convolution
integrals by the integration of the above rate equations up to the current time:

dev q̃qq
i
j =

2Gi
j

gij

∫ t

−∞
exp

(
− t− s

gij

)
dev EEEvei(s)ds ; (73)

p̃iqj =
1

3
tr q̃qq

i
j =

Ki
j

kij

∫ t

−∞
exp

(
− t− s

kij

)
tr EEEvei(s)ds ; (74)

with q̃qq
i
j given as:

q̃qq
i
j = dev q̃qq

i
j + p̃iqj III . (75)

The stress tensor S̃SSvei defined following Eq. (51) can further be expanded as:

S̃SSvei = τ̃ττvei : Lvei ; (76)

where:

τ̃ττvei = ρ0
∂Ψ̃vei

∂EEEvei
; and Lvei = 2

∂EEEvei

∂CCCvei
=

∂ lnCCCvei

∂CCCvei
; (77)

where the co-rotational Kirchoff stress τ̃ττ
vei

is defined as the work conjugate of EEEvei,
Lvei = I2 · CCCvei−1

with I the 4th order identity tensor and the symbol 2· refers to a
single contraction on its second index, and assuming CCCvei−1

permutes with τ̃ττvei, τ̃ττvei

corresponds to the Mandel stress (44).

Then, by using Eq. (63), the deviatoric and volumetric parts of τ̃ττ
vei

can be written
in the form of convolution integrals as:

dev τ̃ττ
vei

(t) =2Gi
∞ dev EEEvei(t) +

∫ t

−∞
2Gi(t− s)

d

ds
dev EEEvei(s)ds ; (78)

p̃vei(t) =
1

3
tr τ̃ττ

vei
(t) = Ki

∞tr EEEvei(t) +

∫ t

−∞
Ki(t− s)

d

ds
tr EEEvei(s)ds ; (79)

where p̃vei is the pressure and:

Gi(t) =

N∑
j=1

Gi
jexp

(
− t

gij

)
; and (80)

Ki(t) =

N∑
j=1

Ki
jexp

(
− t

kij

)
. (81)

Finally, τ̃ττ
vei

of each phase in Eq. (77) is given as:

τ̃ττ
vei

= dev
(
τ̃ττ
vei
)
+ p̃veiIII . (82)
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We note that following Eq. (78), because of the integral terms, it cannot be demonstrated

that τ̃ττ
vei

permutes with either EEEvei or EEEvei in the general elasto-plastic case. This results
from the fact that the terms are defined in the relaxed configuration which might change
with the plastic flow. As a result, as explained in Section 3.2, the (visco)elastic stresses

M̃MMvei, i = c, m, a, defined in Eqs. (44), are not formally the symmetric (visco)elastic
Mandel stress tensors when viscous terms and plastic flows are involved; we however
make the assumption that they are.

In this model, the material parameters dependency on the temperature is only ac-
counted for in Eqs. (68-69) in order to capture the negative and anisotropic thermal
expansion. Although the polymer viscoelastic response depends on the temperature, in
particular for the amorphous branch, in this study, the temperature variation is restricted
in a range around the transition temperature. In that case, below the crystallization
temperature, the material response is mainly governed by the crystallized phase, while
above the melting temperature it is governed by both the melted and amorphous phases,
whose parameters will thus have to be identified altogether. Besides, the parameters of
the amorphous branch also have to be selected in order to capture the two-way shape
memory effect as well as the imperfect shape fixity/recovery. The studied temperature
ranges considered in this paper above the melting temperature and below the crystal-
lization temperature are too small in order to identify the parameters dependency on the
temperature, which is the reason why we do not introduce it, but this is not a limitation
of the model.

4.1.2. Plasticity

The viscoelastic region is limited by a pressure-sensitive yield function F expressed in

terms of the corotational Kirchhoff stress τ̃ττ
vei

and the back-stress b̃bb
i
, allowing to define

the combined stress tensor ϕ̃ϕϕ
i

ϕ̃ϕϕ
i
= τ̃ττ

vei − b̃bb
i
, (83)

and the yield surface F i
(
ϕ̃ϕϕ
i)
, as

F i
(
ϕ̃ϕϕ
i)

= ai2

(
ϕ̃i
e

)αi

− ai1ϕ̃
i
v − ai0 ≤ 0 , (84)

with the combined pressure and equivalent terms

ϕ̃i
v =

1

3
tr ϕ̃ϕϕ

i
= p̃vei − 1

3
tr b̃bb

i
, and ϕ̃i

e =

√
3

2
dev

(
ϕ̃ϕϕ
i)

: dev
(
ϕ̃ϕϕ
i)

, (85)

where p̃vei is given in Eq. (79), and the material parameter αi enhances the Drucker-
Prager pressure-dependency description of branch i.

The coefficients ai0, a
i
1 and ai2 introduced in the yield surface (84) are functions of

the equivalent plastic strain γi of branch i through the isotropic hardening description
of the yield surface. Considering successively uni-axial compressive and tensile loading
conditions, at the onset of plastic flow, one has{

ai2(σ
i
c)

αi − ai1
−σi

c

3 − ai0 = 0

ai2(σ
i
t)

αi − ai1
σi
t

3 − ai0 = 0
(86)
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where σi
c and σi

t are the immediate compressive and tensile yield stress, respectively.
Therefore, the coefficients ai0, a

i
1 and ai2 are expressed in terms of the yield stresses σi

c

and σi
t as

ai2 =
1

(σi
c)

αi , ai1 = 3

(
σi
t

)αi

−
(
σi
c

)αi

σi
t + σi

c

ai2 , and ai0 =

(
σi
t

)αi

σi
c + (σc)

αi

σi
t

σi
t + σi

c

ai2 , (87)

or, by introducing a tension-compression flow asymmetry parameter mi =
σi
t

σi
c
,

ai2 =
1

(σi
c)

αi , a
i
1 = 3

(
mi
)αi

− 1

mi + 1

1

σi
c

and ai0 =

(
mi
)αi

+mi

mi + 1
. (88)

Considering a non-associated flow rule, with a quadratic function used as the plastic
flow potential as suggested by Nguyen et al. (2016), the latter reads

P i =
(
ϕ̃i
e

)2
+ βi

(
ϕ̃i
v

)2
, (89)

where βi is a material parameter governing the volumetric plastic deformation, e.g. βi =
0 indicates a zero volumetric plastic deformation. The plastic velocity gradient defined
in Eqs. (9) and (10):

DDDpi = ḞFFpiFFFpi−1

= Γ̇iNNNi , (90)

where Γ̇i is the plastic multiplier and where

NNNi =
∂P i

∂τ̃ττ
vei

= 3 dev ϕ̃ϕϕ
i
+

2βi

3
ϕ̃i
vIII , (91)

is the normal to the plastic flow. The equivalent plastic strain rate γ̇i is then defined
from the plastic strain rate tensor following

γ̇i = ki
√
DDDpi : DDDpi , (92)

where

ki =
1√

1 + 2
(
νip
)2 , (93)

with νip being the plastic Poisson’s ratio. This plastic Poisson’s ratio is assumed to be

constant and is related to βi at the plastic flow onset (Melro et al., 2013) by

νip =
9− 2βi

18 + 2βi
. (94)

Finally, the Kuhn-Tucker condition for the evolution of the plastic flow is written as:

γ̇iF i
(
ϕ̃ϕϕ
i)

= 0, γ̇i ⩾ 0, F i
(
ϕ̃ϕϕ
i)

⩽ 0 . (95)
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The isotropic hardening functions define distinctive tensile and compressive yield
stress evolutions following

σi
t

(
γi
)
= hi (zc)

[
σ0i
t +

∫
Hi

t

(
γi
)
dγi

]
,

σi
c

(
γi
)
= hi (zc)

[
σ0i
c +

∫
Hi

c

(
γi
)
dγi

]
, (96)

where σ0i
t and σ0i

c are the initial tensile and compressive yield stresses, respectively. For
simplicity, in this work we keep the hardening moduli Hi

t and Hi
c constant. The function

hi
(
vi
)
is introduced in Eq. (96) in order to capture the two-way shape memory effect

by allowing the amorphous phase to act as a spring during the phase transition, which
is achieved by allowing for plastic flow during the early stage of the crystallization. To
this end, we decrease the initial yield stress, σ0c

t or σ0c
c , of the crystallized phase during

the early stage of crystallization, yielding

hc (zc) =

{
hc
0 if zc ≤ zc0

hc
0 + (1− hc

0)
zc−zc

0

1−zc
0

if zc > zc0
,

hm (zc) = hc (zc) = 1 . (97)

The kinematic hardening law reads:

˙̃
bbb
i

= kHi
k

(
γi
)
DDDpi , with b̃bb

i (
γi = 0

)
= 0 , (98)

or using Eq. (92) as √
˙̃
bbb
i

:
˙̃
bbb
i

= Hi
k

(
γi
)
γ̇i , (99)

with the polynomial law

Hi
k

(
γi
)
=

Mk∑
j=0

Hi
k,j

(
γi
)j

. (100)

4.2. Heat Equation

The balance of energy equation is given in Eq. (54), in which the different terms have
to be specified.

The heat flux QQQ is calculated by the Fourier’s law of heat conduction as:

QQQ = −KKK ·∇0T = −J
(
FFF

−1

· kkk ·FFF
−T
)
·∇0T , (101)

where KKK is the heat conductivity tensor in the reference configuration, kkk is the heat con-
ductivity tensor in the current configuration that can be defined by the rule of mixtures
as:

kkk = vckkkc + vmkkkm + vakkka , (102)

with kkkc, kkkm and kkka being the thermal conductivities of each phase, whose positive definite
nature ensures satisfying Eq. (49). Similarly, the heat capacity per unit reference volume
follows:

cp = vcccp + vmcmp + vacap . (103)
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The local dissipation Dloc detailed in Eq. (A.16), is also separated into a viscous part
Dve

loc ≥ 0 and a plastic part Dp
loc ≥ 0 following Eqs. (A.18-48). Assuming that DDDpi = LLLpi

and that τ̃ττ
vei

and CCCvei permute –see discussion in Section 4.1.1– and using Eq. (90), Eq.
(104) is rewritten:

Dp
loc ≃ βTQ

[
vcM̃MMvec : LLLpc + vmM̃MMvem : LLLpm + vaM̃MMvea : LLLpa

]
≃ βTQ

[
vcΓ̇c τ̃ττ

vec
: NNNc + vmΓ̇m τ̃ττ

vem
: NNNm + vaΓ̇a τ̃ττ

vea
: NNNa

]
≥ 0 . (104)

The term Dve
loc in Eq. (47) can be rewritten:

Dve
loc = vcD̃vec

loc + vmD̃vem
loc + vaD̃vea

loc ≥ 0 , (105)

where, using Eqs. (63) and (70), it comes:

D̃vei
loc = −

N∑
j=1

∂
[
Υ̃j

(
EEEvei, q̃qqij

)]
∂q̃qq

i
j

: ˙̃qqqij

=

[
EEEvei − 1

9Ki
j

(tr q̃qq
i
j) III−

1

2Gi
j

dev q̃qq
i
j

]
: ˙̃qqqij i = c,m, a . (106)

4.3. Model Parameters Summary

Table 1: Constitutive model inputs and identified parameters for PCL76-4MAL/FUR 3%wtCNT follow-
ing Section 6. No values are given for parameters not effective in the model.

.

property unit c m a ref. Eq.

volume fraction [-] zc va (1− zc)va va = 0.685 (1, 2, 3)

bulk modulus [MPa]
K̄c

∞ = 868.1,
Kc

1 = Kc
2 =

10−6

K̄m
∞ = 6.74,

Km
1 = Km

2 =
10−6

K̄a
∞ = 0.0694,
Ka

1 = Ka
2 =

10−8
(64, 65, 70, 73)

bulk modulus
stiffening

[-]
V c
K = 0, ϑc

K ,
ζcK

V m
K = 8,

ϑm
K = 1,

ζmK = 1.65

V a
K = 2,

ϑa
K = 1,

ζaK = 1.2
(66)

shear modulus [MPa]
Ḡc

∞ = 496,
Gc

1 = 40,
Gc

2 = 50

Ḡm
∞ = 3.85,

Gm
1 = Gm

2 =
0.2

Ḡa
∞ = 0.0397,
Ga

1 = Ga
2 =

0.002
(64, 65, 70, 74)

shear modulus
stiffening

[-]
V c
G = 0, ϑc

G,
ζcG

V m
G = 8,
ϑm
G = 1,

ζmG = 1.65

V a
G = 2,

ϑa
G = 1,

ζaG = 1.2
(67)
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bulk - shear
relaxation times

of viscous
branches

[s]
kc1 = gc1 = 15,
kc2 = gc2 = 200

km1 = gm1 =
15, km2 =
gm2 = 300

ka1 = ga1 = 15,
ka2 = ga2 = 300

(71, 72)

initial tensile
yield limit

[MPa] σ0c
t = 1000 σ0m

t → ∞ σ0a
t → ∞ (96)

initial
compressive yield

limit
[MPa] σ0c

c = 1200 σ0m
c → ∞ σ0a

c → ∞ (96)

tensile hardening
parameters

[MPa] Hc
t = 1 Hm

t Ha
t (96)

compressive
hardening
parameters

[MPa] Hc
c = 1.2 Hm

c Ha
c (96)

yield surface ratio [-]
zc0 = 0.25,
hc
0 = 0.0001

zm0 , hm
0 za0 , h

a
0 (97)

kinematic
hardening
parameters

[MPa] Hc
k,5 = 75000 Hm

k,j Ha
k,j (100)

shearing exponent
in yield surface

[-] αc = 3.5 αm αa (84)

plastic Poisson’s
ratio

[-] νcp = 0.26 νmp νap (94)

initial
crystallization-

melting
temperatures

[K] Tc0 = 281, Tm0 = 318 - (21, 22)

initial
crystallization-

melting
smoothness
parameters

[-] wc0 = 8, wm0 = 5 - (23, 24)

phase transition
function
constants

[-]

ATc = 23,
ATm = −2,
Awc = −4,
Awm = −4,
αTc = 1.8,
αTm = 1.8,
αwc = 3.8,
αwm = 3.8

- (21, 22, 23, 24)
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isotropic thermal
expansion
coefficient

[K−1] αc
0 = 0 αm

0 = 8×10−4 αa
0 = 10−5 (26)

isotropic strain
during phase

change
[-] αcr

0 =-0.015, zcr0 =0.1 - (26, 27)

non-linear
thermal spring

constants
[-]

Afvec
K

= 0,
αfvec

K
,

Afvec
G

= 0,
αfvec

G

Afvem
K

= 0,
αfvem

K
,

Afvem
G

= 0.3,
αfvem

G
= 0.02

Afvea
K

= 0,
αfvea

K
,

Afvea
G

= 0,
αfvea

G

(68-69)

heat conductivity
tensor

[W ·
m−1 ·
K−1]

kc = 0.22 km = 0.22 ka = 0.22 (101)

heat capacity
[J·m−3 ·
K−1]

ccp = 2020ρ0 cmp = 2020ρ0 cap = 2020ρ0 (59)

density
[kg ·
m−3]

ρ0 = 1200 -

latent energy
[m2 ·
s−2 ·
K−1]

∆Hg- r - (62)

fraction of the
plastic dissipation
converted to heat

- βTQ βTQ βTQ (48, 104)

The developed model needs some parameters to be input by the user. The required
parameters are listed in Table 1 with reference to the related equations. The values
reported for the parameters either are identified from the experimental campaign reported
in this paper or were measured on the same PCL76-4MAL/FUR 3 wt%CNT material,
processed following the same methodology, in previous publications of the authors, as
detailed in Section 6.

5. Incremental formulation and numerical implementation of the model

In this section, the model presented in Sections 2 - 4 is fomulated in an incremental
form in order to achieve its numerical implementation. Subscript “n” is used to refer to
the fields evaluated at the previous configuration.

5.1. Evaluation of the volume fraction of the crystallized phase, zc

The crystallinity evolution described Section 2.3 is now formulated for a finite time
increment. In its incremental form, the evolution of the volume fraction of the crystallized
phase (17), zc, is obtained as:

zc = zcn +∆zc , with zc ∈ [0, 1] , (107)
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where zcn is the value in the previous configuration, ∆zc is the increment between the
previous and current configurations. In order to evaluate ∆zc, the rate function has to
be normalized in order to ensure that zc ∈ [0, 1]. If the density function were only a

function of T , it would be obtained that zc =
∫ Tf

Ti
f dT = 1 and ∆zc =

∫ T

Tn
f(T ) dT =

f(T )+f(Tn)
2 ∆T , where the trapezoidal integration scheme was used for the approximation

of ∆zc, Ti is the initial temperature and Tf is the final temperature, Tn is the previous
temperature and T is the current temperature. But, because of the dependency of the
density function on |EEEvem|, zc is also a function of |EEEvem|, although the crystallinity
(zc) changes only if there is a temperature difference, ∆T . Therefore, to overcome this
problem, ∆zc is normalized at each step and for this purpose a weight is defined as :

wg (|EEEvem|) =


1− zcn

1− zctmp (|EEEvem|)
if ∆T < 0 ;

zcn
zctmp (|EEEvem|)

if ∆T > 0 ;
(108)

where

zctmp (|EEEvem|) = 1−
∫ Tn

Ti

f (T ′, |EEEvem|) dT ′ = 1−
1 + erf

(
Tn−Tt(|EEEvem

n |)√
2wt(|EEEvem

n |)

)
2

, (109)

represents the crystallinity that would be reached at the previous step if the current
Tt (T, |EEEvem|) and wt (T, |EEEvem|), i.e. evaluated at the current (T, |EEEvem|), were used.
Eventually, ∆zc is calculated as:

∆zc = −wg (|EEEvem
n |) f (T, |EEEvem

n |) + f(Tn, |EEEvem
n |)

2
∆T , (110)

in which we use the strain measure |EEEvem
n | at the previous configuration to evaluate the

transition temperature Tt (|EEEvem
n |) and the smoothness wt (|EEEvem

n |) of the transition as an
approximation in order to ease the equations resolutions. It is important to note that the
amplitude of ∆T should be limited in order to ensure the accuracy of the integration.

It is then assumed that, depending on the value of zc, the crystalline phase can be in
the fully melted, fully crystallized or mixed phase: melted if zc ⩽ 0.001 ;

mixed if 0.001 < zc < 0.999 ;
crystallized if zc ⩾ 0.999 .

(111)

5.2. Evaluation of the thermal deformation gradient, Fth

The evaluation of the thermal deformation gradient developed in Section 2.4, is now
presented in its incremental form. The isotropic thermal deformation gradient (25) is
calculated as:

FFFth = λλλth ·FFFth
n , (112)

where FFFth
n is the thermal deformation gradient in the previous step and where the incre-

mental tensor for the isotropic thermal deformation, λλλth, is considered as:

λλλth = exp [(1− za) zcavα
c
0∆T + (1− za) (1− zcav)α

m
0 ∆T + zaαa

0∆T+

(1− za)∆zc
[
αtr
0 + αcr (zcav)

]]
III ,

(113)
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where ∆T = T − Tn is the temperature difference between the current and the previous
configuration, zcav = 1/2(zc + zcn), and ∆zc = zc − zcn.

5.3. Internal state evaluation summary

The evaluation of the internal variables following the model ingredients of Section
2 is summarized in Table 2. The fields Tn, FFFn, and internal state FFFth

n , FFFfc
n , FFF

pc
n , FFFfm

n ,
FFFpr
n , FFFpa

n , T c
Refn

, Tm
Refn

and T a
Refn

in the previous configuration and the driving kinematic
fields, FFF and T , in the current configuration are assumed to be known. In order to derive
the current time solution, three cases from Eq. (111) are distinguished according to the
current value of zc. For each case, updated values are calculated by the ad hoc evolution
equations.

5.4. Integration of the viscoelastic-plastic model

The incremental formulation of the viscoelastic-plastic model presented in Section
4.1, is now summarized while the details of the calculations are provided in Appendix
B, in which the equations provided by Nguyen et al. (2016) are adapted to account for
the non-linear material constants (66-67).

The same viscoelasto-plastic model is considered for all phases: c, m, a. Plastic
deformation in each phase is calculated according to the return mapping algorithm, and
sample iteration process is given in Table 3. In an elastic trial step, at first, the plastic
deformation gradient is predicted to be equal to its value at the previous time step, tn.
Then, the predictors of FFFvei, τ̃ vei are calculated. If the plastic yielding condition is met
according to Eq. (84), a plastic corrector step follows. Incremental plastic flow Γi is
calculated iteratively until enough approximation is achieved. Then, FFFpi is updated with
an exponential Euler method.

6. Test Campaign and Numerical Results

A test campaign was carried out in the project to investigate the SM behavior of
a semi-crystalline polymer. The considered polymer, PCL764MAL/FUR 3 wt%CNT,
was a thermo-reversible network synthesized starting from star-shaped PCL (poly-e-
caprolactone)-based precursors bearing MAL (maleimide) or FUR (furan) end-groups
according to a Diels-Alder (DA) process. Both precursors were coprecipitated with multi-
walled carbon nanotubes (MWCNTs) with 3% weight as detailed by Houbben et al.
(2023).

The crystallinity ratio of the 3% weight reinforced PCL764MAL/FUR was measured
in a differential scanning calorimetry test using a DSC Q500 (TA Instruments) calibrated
with indium on the unloaded samples with heating and cooling ramps at ±10°C·min−1

between -40 °C and 80 °C. The DSC curve, reported in Fig. 4, shows that the SMP
melting peak temperature is around Tm = 43°C. During cooling, the peak crystallization
temperature is at around Tc = 27°C. The degree of crystallinity has been evaluated by
comparing the value of the melting enthalpy to the one reported for a PCL presenting
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Table 2: Evolution of internal state

Given kinematic variables at previous and current configurations: Tn, T , FFFn, FFF;
Given previous internal variables and previous thermal deformation gradient :
FFFth
n , FFFfc

n , FFF
pc
n , FFFfm

n , FFFpm
n , FFFpa

n , T c
Refn

, Tm
Refn

and T a
Refn

;

• Compute: EEEvem
n , |EEEvem

n |, Eq. (7);

• Compute: Tc (|EEEvem
n |), Tm (|EEEvem

n |), wc (|EEEvem
n |), wm (|EEEvem

n |), Eqs. (21-24);

• Compute: zc (T, Tn, |EEEvem
n |), Tt (T, Tn, |EEEvem

n |), wt (T, Tn, |EEEvem
n |),

Eqs. (20-107);

• Compute: αcr, Eq. (27); αtr
0 , Eqs. (28-29);

• Compute: λλλth, FFFth, Eqs. (112-113);

• Compute: FFFm through Eq. (12);

– IF zc ⩽ 0.001

Compute:

FFFfm = FFFfm
n = III;

FFFpm and FFFpa through predictor-corrector algorithm of Table 3;

FFFfc = FFFm; FFFpc = III;

T c
Ref = T ; Tm

Ref = Tm
Refn

; T a
Ref = T a

Refn
;

– ELSE IF 0.001 < zc < 0.999

Compute:

FFFfc = FFFfc
n ;

FFFfm = FFFfm
n = III;

FFFpc, FFFpm and FFFpa through predictor-corrector algorithm of Ta-
ble 3;

T c
Ref = T c

Refn
; Tm

Ref = Tm
Refn

; T a
Ref = T a

Refn
;

– ELSE IF 0.999 ⩽ zc

Compute:

FFFfc = FFFfc
n ;

FFFpc and FFFpa through predictor-corrector algorithm of Table 3;

FFFfm = III; FFFpm = III; FFFvem = FFFm;

T c
Ref = T c

Refn
; Tm

Ref = Tm; T a
Ref = T a

Refn
;

– END IF

100% of crystallinity, i.e. 139.5 J·g−1 according to the literature (Yang et al., 2010).
The detailed description of the processing operation is provided by Pereira Sanchez et al.
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Table 3: Sample elastic predictor-plastic corrector algorithm in phase i = c, m, a

Assume: FFFpi = FFFpi
n , b̃bb

i
= b̃bb

i

n;

Calculate: FFFvei,pr,τ̃ττ
vei,pr

, Eqs. (78-79) in the incremental form of Appendix B.2,

and ϕ̃ϕϕ
i,pr

, Eq. (83);
Calculate: hi (zcn), Eq. (97);

Evaluate yield surface: F i
(
ϕ̃ϕϕ
i,pr)

, Eq. (84);

• IF F i
(
ϕ̃ϕϕ
i,pr)

≤ 0

Predictor is the final state;

• ELSE

Plastic correction:

– LOOP

Iterate on plastic multiplier integral Γi, Eq. (90);

Follow Appendix B.3;

– UNTIL

F i
(
ϕ̃ϕϕ
i)

≤ ϵf ;

– Resulting quantities: FFFpi = exp
(
γiNNNi

)
FFFpi
n , with NNNi following Eq.

(91), γi following Appendix B.3, the isotropic hardening functions

σi
t

(
γi
)
and σi

c

(
γi
)
following Eq. (96), the back-stress b̃bb

i
following

Eq. (98) and τ̃ττ
vei

;

• END IF

Final state: first Piola Kirchhoff stress tensor P̃PP
i
following Eqs. (41-43), and

material operator C̃i = ∂P̃PP
i

∂FFF following Appendix B.4.

(17 December 2021, 20 July 2022); Houbben et al. (2023). Following this analysis, the
PCL764MAL/FUR 3 wt%CNT, synthesized by Houbben et al. (2023) following the same
protocol, has a crystallinity degree of about 31.5%. In the semi-crystalline polymer model
we thus assume an amorphous phase of volume fraction va = 68.5%, allowing to assume
that the crystalline phase of volume fraction (1− va) = 31.5% reaches 100% crystallinity
after crystallization during the identification process.

Density (ρ0 = 1200 kg ·m−3), heat conduction coefficient (kc = km = ka = 0.22W ·
m−1 · K−1) and heat capacity (ccp = cmp = cap = 2, 424, 000 kg · m−1 · s−2 · K−1) values
were measured by Pereira Sanchez et al. (17 December 2021) on the PCL764MAL/FUR
3 wt%CNT samples, synthesized by Houbben et al. (2023) following the same protocol,
and are here assumed to be the same for all phases.

Uni-axial-stress thermo-mechanical cycles were studied with a dynamic mechanical
analysis test machine, DMA Q800 (TA Instruments) on samples of around 10 × 5 ×
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0.54 mm3. Because a DMA test machine was used, it is assumed that the temperature
and deformation were uniform on the specimen and the numerical analysis was done for
a material point. In the following, measurements obtained with this process are referred
to as “DMA samples”.

In order to measure the transverse strain, 1W-SM and 2W-SM tests were repeated
following the method described by Pereira Sanchez et al. (20 July 2022) on PCL76-
4MAL/FUR 3 wt%CNT samples, synthesized by Houbben et al. (2023) following the
same protocol, on an in-house test bench with 40 × 8 × 0.5 mm3 samples. Temper-
ature was controlled by applying an electrical current and measured with a thermal
infrared (IR) camera (COX CX320). An S-beam load cell from Applied Measurements
(DBBSMM-2 kg) was connected to a strain gauge amplifier (Applied Measurements,
SGA/A). In order to measure the force, the strain gauge amplifier was connected to a
data acquisition system (DAQ NI, USB-6341). A high-speed camera (Basler, acA2040-
120 µm with Edmund Optics 8.5 mm C series lens) was used to record the visible surface
of the speckled sample, feeding a digital image correlation (DIC) open access software
(ncorr). In the following, measurements obtained with this process are referred to as
“Bench samples”.

6.1. Cyclic Uni-axial Tensile Test at 65°C
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Figure 7: Experimental cyclic uni-axial tensile test measured at 65°C on the DMA samples: (a) Time-
strain; and (b) Strain-stress curves

A cyclic uni-axial tensile test was carried out on the DMA-samples to determine the
material properties of the material at high temperature (65°C), Figure 7. The test was
load-controlled with three different stress levels: 0.6 MPa, 1.0 MPa, 1.4 MPa. At first,
the specimen was heated to 65°C and kept there for 10 min to stabilize, then the strain
was reset to get rid of the thermal expansion at the start. The test procedure was: →
load at a rate of 0.06 MPa·min−1 to 0.6 MPa → sudden release → isotherm at 65°C for
5 min, Fig. 7(a). This procedure was repeated 4 times for each load level. The waiting
time at the end of the sudden load release at isotherm condition was 10 min for 1.0 MPa
and 15 min for 1.4 MPa. For the higher stress level, some slips of the grips can be seen
in Fig. 7(b). It can also be seen that the material stiffness reduces even for the same
load level, which is the indication of the damage in the material.
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Figure 8: Experimental cyclic uni-axial tensile test vs. numerical results from our model obtained at
65°C on the DMA samples for the 1st cycle: (a) Time-strain; and (b) Strain-stress curves.

In the current model, damage evolution is not considered. Therefore, the material
properties were calibrated with respect to the first cycle of the test to get rid of the
stiffness reduction, Fig. 8. It can be seen that close results were obtained with the
test. A weak viscoelasticity can be seen from the figure where the specimen was released
suddenly. The first cycle was used for the calibration and it can be seen from Fig. 7(a)
that the first cycle shows an excessive permanent deformation which disappears in next
cycles of 0.6 MPa load. This is the adaptation of the specimen to load and it is usual for
polymers. Therefore, the plastic deformation in the model was neglected in the melted
and amorphous branches.

The calibrated viscoelastic material parameters of both the melted and amorphous
phases considering 2 Maxwell branches and the stiffening terms (i.e. K̄m

∞, Km
i , K̄a

∞,
Ka

i , V
m
K , ϑm

K , ζmK , V a
K , ϑa

K , ζaK , Ḡm
∞, Gm

i , Ḡ
a
∞, Ga

i , V
m
G , ϑm

G , ζ
m
G , V a

G, ϑ
a
G, ζ

a
G, k

m
i , gmi ,

kai , and gai ) are reported in Table 1. In order to carry this identification, the Poisson’s
ratios vm∞ = va∞ were assumed to be 0.26 as reported by Pereira Sanchez et al. (20 July
2022). It was also assumed that the volumetric contributions were not significant in the
viscoelastic dashpot branches.

6.2. Cyclic Uni-axial Tensile Test at 0°C
Another cyclic uni-axial tensile test was carried out on the DMA-samples to determine

the material properties of the material at low temperature (0°C), Fig. 9. The test was
load-controlled with three different levels; 0.6 MPa, 1.0 MPa, 1.4 MPa. At first, the
specimen was cooled down to 0°C and kept there for 20 min to stabilize, then the strain
was reset to get rid of the thermal expansion at the start. The test procedure was: →
load at a rate of 0.06 MPa·min−1 to 0.6 MPa → sudden release → isothermal at 0°C for
15 min, Fig. 9. This procedure was repeated 4 times for each load level. The stiffness
of crystallized phase is much larger than for the melted phase and it can be seen that
there is still a viscous effect during the load cycles. There is a very small permanent
deformation during the test. Therefore, the plastic deformation in the crystallized phase
was ignored for the isothermal loading.
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Figure 9: Experimental cyclic uniaxial tensile test measured at 0°C on the DMA samples: (a) Time-
strain; and (b) Strain-stress curves.
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Figure 10: Experimental cyclic uniaxial tensile test vs. numerical result from our model obtained at 0°C
on the DMA samples for the 1st cycle: (a) Time-strain; and (b) Strain-stress curves.

The comparison of the experimental test and the numerical model results for the first
cycle of the highest stress level is shown in Fig. 10. The negative strain in the test
because of the pre-test treatment viscous effect was ignored for the numerical result, Fig.
10(a). The viscoelastic and hysteresis behavior is reproduced as it can be seen from Fig.
10(b).

The material parameters for the crsystallized phase from cyclic tensile test at 0°C
were identified with this test. In contrast to the 65°C cyclic test, no stiffening is observed
with respect to the strain and the material stiffness is constant so that both V c

K and V m
G

are set to zero. The calibrated material parameters (K̄c
∞, Kc

i , Ḡ
c
∞, Gc

i , k
c
i , and gci ) are

reported in Table 1.
Although the plastic deformation in the crystallized phase was ignored for the isother-

mal loading, it will be further calibrated during the phase transition.
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6.3. Cyclic Temperature Test
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Figure 11: Experimental cyclic temperature test on the DMA-samples vs. numerical results from our
model.

A cyclic temperature test was done on the DMA-samples to determine the thermal
parameters of the SMP in unloaded state, Fig. 11. A very small load, 0.001 N, was applied
to maintain the straightness of the specimen. The test procedure was: → isothermal at
70.0°C → cool down at a rate of 3.0°C·min−1 to -10.0°C → isothermal for 5.0 min → heat
at a rate of 3.0°C·min−1 to 70.0°C → isothermal for 5.0 min; repeat the process for three
times. It can be observed that, there is a shift in the test result with each temperature
cycle, especially after the first one. However, the corresponding strain values are very
small and it can be neglected. Besides the coefficient of thermal expansion was measured
by Pereira Sanchez et al. (20 July 2022) on the “Bench samples” and found to be of
the order of 0.1 ×10−3K−1 below the transition temperature and around 0.4 ×10−3K−1

beyond the transition temperature.
The model result was tuned with respect to the first cycle of the DMA samples and

using the values reported for the bench samples yielding the predictions of Fig. 11. The
material parameters extracted in the tensile tests were used in this test and the following
parameters are obtained: Tc0, Tm0, wc0, wm0, α

c
0, α

m
0 , α

a
0, α

cr
0 and zcr0 , Table 1. The

phase transition is smooth during both crystallization and melting, wc0 > 0, wm0 > 0.
We observe that the model reproduces the loop amplitude, although it is shifted to the
right as compared to the experimental curves.

6.4. Two-Way Shape Memory Test Under Thermo-Mechanical Loading

Fig. 12 shows the two-way shape memory behavior of the considered DMA samples
under a thermo-mechanical loading cycle. The test was load controlled with three dif-
ferent levels: 0.623 MPa, 0.973 MPa and 1.723 MPa corresponding to 25%, 50%, 100%
strain levels, respectively. Because of the damage in the material as seen in the cyclic
test at high temperature, different specimens were used for each test to get rid of the
softening. At first, the specimen was heated up to 60°C and kept there for 10 min to
stabilize, then the strain was reset to get rid of the thermal expansion at the start. The
test procedure was: → load at a rate of 0.06 MPa·min−1 to the targeted stress level
→ cool down to -10°C at a rate of 3°C·min−1 → sudden release of load→ isothermal at
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Figure 12: Two-Way Shape Memory test on DMA samples vs. numerical results under thermo-
mechanical loading: (a) Temperature-strain; and (b) Strain-stress curves
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Figure 13: Two-Way Shape Memory numerical results under thermo-mechanical loading: (a)
Temperature-crystallinity degree of crystalline phase; and (b) Strain-crystallinity degree of crystalline
phase curves

-10°C for 10 min → heat up to 60°C at a rate of 3°C·min−1 → isothermal at 60°C for 15
min. The evolution of the crystallinity degree of the crystalline phase predicted by the
model during the thermo-mechanical cycle is illustrated in Fig. 13. Accordingly to Figs.
2 and 5, the model captures the fact that the melting temperature Tm is higher than the
crystallization temperature Tc, with this temperature gap decreasing with the straining
of the material.

Fig. 12 illustrates the apparent negative thermal expansion coefficient of the poly-
mer during the cooling at high temperature before crystallization occurs. In order to
characterize further this behavior, the bench samples were submitted to a 2W-SM cy-
cle, during which both transverse and longitudinal strain evolutions were measured by
Pereira Sanchez et al. (20 July 2022). To this end, the sample was strain controlled in
order to reach two constant stress levels during the full cycles: 0. MPa and 0.6 MPa.
The test procedure was: → heat up to 60°C at a rate of 10°C·min−1 and kept there for
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Figure 14: Two-Way Shape Memory test on bench samples vs. numerical results under thermal loading
at constant stress level of: (a) 600 kPa; and (b) 0 kPa (red and blue dotted lines superpose). Displayed
are the longitudinal strain along the loading direction and the transverse strain evolutions.

5 min to stabilize; → load at a strain rate of 5×10−4 s−1 to the targeted stress level
→ cool down to 24.5°C at a rate of 10°C·min−1 and kept there for 10 min to stabilize
→ heat up to 60°C at a rate of 10°C·min−1 and kept there for 5 min to stabilize →
cool down to 24.5°C at a rate of 10°C·min−1. Fig. 14 reports the last heating-cooling
cycle for both stress level. Since the temperature did not go below 24.5°, the thermal
cycle is affected and so the crystallinity, and eventually the 2W-SM cycle as reported by
Chung et al. (2008). This explains why the crystallization-melting loop exhibited in the
temperature-strain curve is smaller in terms of strain in Fig. 14(a) than in Fig. 12 for
the 600 kPa stress level. Fig. 14(a) also shows that if the polymer exhibits an apparent
negative thermal expansion coefficient during the cooling at high temperature along the
loading direction, the transverse direction exhibits the expected positive thermal expan-
sion coefficient. Besides, in the case in which the applied load vanishes, both longitudinal
and transverse direction recover a positive thermal expansion coefficient, see Fig. 14(b).

In the numerical analysis, the material parameters calibrated in the previous tests
were used. The observed anisotropic thermal expansion coefficient varying with the stress
amplitude is captured by the shear component of non-linear thermal spring of the melted
phase (i.e. parameters Afvem

G
, and αfvem

G
). The variation of the crystallization-melting

loop exhibited in the temperature-strain curve with respect to the applied loading is cap-
tured, on the one hand by the plastic flow in the crystallized phase (i.e. parameters σ0c

t ,
Hc

t , z
c
0, h

c
0, and Hc

k,j , as well as α
c and νcp), which controls the strain variation amplitude,

and on the other hand by the phase transition function constants (i.e. parameters ATc,
ATm, Awc, Awm, αTc, αTm, αwc, and αwm, which control the transition temperature
variation with the respect to the strain level. Table 1 reports the different parameter
values.

From Fig. 12 and Fig. 14, it appears that the observed behavior is qualitatively
captured and that, at the exception of the amplitude of the transverse positive thermal
dilation coefficient which is underestimated, the model captures quantitatively the com-
plex 2W-SM effect. In particular the fact that crystallization-melting loop exhibited in
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the temperature-strain curve is smaller for an incomplete thermal cycle is reproduced by
the model, Fig. 14(a).

6.5. One-Way Shape Memory Test Under Thermo-Mechanical Loading

20 30 40 50 60
T [◦C]

0.00
0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75

T
ru

e
st

re
ss

[M
P

a]

(a)

0 25 50 75 100 125
Eng. strain [%]

0.00
0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
2.75

T
ru

e
st

re
ss

[M
P

a]

(b)

test, loading
test, cooling
test, heating
numeric, loading
numeric, cooling
numeric, heating

Figure 15: One-Way Shape Memory test on bench samples vs. numerical results under thermal loading
at constant strain level.

In order to study the 1W-SM effect, a benched sample loaded at high temperature
is further cooled down and reheated at constant 140% engineering strain. The test
procedure was: → heat up to 60°C at a rate of 10°C·min−1 and kept there for 5 min
to stabilize; → load at a strain rate of 1×10−3 s−1 to the targeted strain level → cool
down to 25°C at a rate of 10°C·min−1 under constant strain and kept there for 5 min to
stabilize → heat up to 60°C at a rate of 10°C·min−1 under constant strain and kept there
for 5 min to stabilize. Fig. 15 illustrates the 1W-SM effect with an imperfect fixity, which
is captured by the numerical model, Fig. 15(a), although the latter had to consider lower
temperature to reach complete crystallization. We note that the experimental loading
curve with the bench sample, Fig. 15(b), is less accurately captured than for the DMA
samples, 12(b). The reason is that the 1W-SM effect was studied by Pereira Sanchez
et al. (20 July 2022) after performing two loading cycles at 60°C and that the material
exhibits some kind of damage during those as discussed in Section 7.

7. Conclusions

A finite strain constitutive model has been developed to simulate the thermo-mechanical
behavior of the SMPs. SMPs have been thought to be composed of three different phases:
crystallized, melted and amorphous. By considering an additional deformation measure,
the shape fixity during cooling has been captured. Viscoelasticity has been used to sim-
ulate the rate dependent properties of the SMPs, while stiffening of the polymer in the
melted regime is captured by considering non-linear elasticity constants.

The capabilities of the numerical model have been validated within a test campaign.
During the tests on SMPs, it has been observed that the thermal expansion coefficients
turn out to be negative along the loading direction and anisotropic under deformation,
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with a strong dependency on the deformation amplitude. These phenomena have been
considered in the developed numerical model by temperature dependent non-linear shear
constants. The additional deformation observed during the phase change of the SMPs
has been accounted by assuming that the crystallizing phase undergoes a plastic flow
during the crystallization and melting, reproducing an anisotropic behavior dependent
on the deformation level.

The model is thus able to reproduce the stress-strain response at different isothermal
conditions, but also both 1W-SM and 2W-SM effects, with results in good agreement with
the experimental tests while reproducing the observed behavior such as: anisotropic, and
negative along the loading direction, thermal expansion, strain dependent crystallization-
melting loop exhibited in the temperature-strain curve during the SM-effect, imperfect
shape fixity.

During cyclic tensile tests at high temperature, damage evolution was observed for the
considered polymer even for the same load level. Therefore, the damage initiation and
evolution under cyclic load would be an extension to the current model, partly explaining
the discrepancy between the model and experimental tests.
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Appendix A. Clausius-Duhem Inequality

The term Ψ̇ can be obtained from Eq. (39), and it involves the rate of the volume
fraction of the crystallized phase zc (T, |EEEvem|), which can be written in all generality
żc (T, |EEEvem|) = ∂zc

∂T

∣∣
EEEvem Ṫ + ∂zc

∂EEEvem

∣∣
T

˙EEEvem. Following Eq. (17), a modification of the
strain at constant temperature does not involve a variation of the volume fraction of the
crystallized phase and one thus has, using Eqs. (1-3):

v̇c (T, |EEEvem|) = ∂vc

∂T

∣∣∣∣
EEEvem

Ṫ = (1− va)
∂zc

∂T

∣∣∣∣
EEEvem

Ṫ ; (A.1)

v̇m (T, |EEEvem|) = ∂vm

∂T

∣∣∣∣
EEEvem

Ṫ = − (1− va)
∂zc

∂T

∣∣∣∣
EEEvem

Ṫ ; and (A.2)

v̇a =0 . (A.3)
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Therefore, using Eqs. (39) and (A.1-A.3), Ψ̇ can be written as:

Ψ̇ =

[
∂vc

∂T
Ṫ

] [
Ψ̃vec + Ψ̃pc

]
+

[
∂vm

∂T
Ṫ

] [
Ψ̃vem + Ψ̃pm

]
+

∂Ψth

∂T
Ṫ +

∂Ψth

∂zc
∂zc

∂T
Ṫ+

vc

∂Ψ̃vec

∂CCCvec
: ĊCCvec +

N∑
j

∂Ψ̃vec

∂q̃qq
c
j

: ˙̃qqqcj +
∂Ψ̃vec

∂T
Ṫ +

M∑
i

∂Ψ̃pc

∂ξpci
ξ̇pci

+

vm

∂Ψ̃vem

∂CCCvem
: ĊCCvem +

N∑
j

∂Ψ̃vem

∂q̃qq
m
j

: ˙̃qqqmj +
∂Ψ̃vem

∂T
Ṫ +

M∑
i

∂Ψ̃pm

∂ξpmi
ξ̇pmi

+

va

∂Ψ̃vea

∂CCCvea
: ĊCCvea +

N∑
j

∂Ψ̃vea

∂q̃qq
a
j

: ˙̃qqqaj +
∂Ψ̃vea

∂T
Ṫ +

M∑
i

∂Ψ̃pa

∂ξpai
ξ̇pai

 .

(A.4)

By using the deformation gradient decomposition in Section 2.2, ḞFF can be expanded
as:

ḞFF =ḞFFvec ·FFFpc ·FFFfc ·FFFth +FFFvec ·LLLpc ·FFFpc ·FFFfc ·FFFth+

FFFvec ·FFFpc ·LLLfc ·FFFfc ·FFFth +FFFvec ·FFFpc ·FFFfc · ḞFFth ,
(A.5)

where LLLpc = ḞFFpc ·FFFpc−1

is the plastic velocity gradient and LLLfc = ḞFFfc ·FFFfc−1

is the frozen
velocity gradient for the crystallized phase, as

ḞFF =ḞFFvem ·FFFpm ·FFFfm ·FFFth +FFFvem ·LLLpm ·FFFpm ·FFFfm ·FFFth+

FFFvem ·FFFpm ·LLLfm ·FFFfm ·FFFth +FFFvem ·FFFpm ·FFFfm · ḞFFth ,
(A.6)

where LLLpm = ḞFFpm · FFFpm−1

is the plastic velocity gradient and LLLfm = ḞFFfm · FFFfm−1

is the
frozen velocity gradient for the melted phase, and as

ḞFF = ḞFFvea ·FFFpa ·FFFth +FFFvea ·LLLpa ·FFFpa ·FFFth +FFFvea ·FFFpa · ḞFFth , (A.7)

where LLLpa = ḞFFpa ·FFFpa−1

is the plastic velocity gradient for the amorphous phase. There-
fore, by using Eqs. (41-43), these decompositions yield:

PPPc : ḞFF =vc
1

2
S̃SSvec : ĊCCvec + vc M̃MMvec : LLLpc + vc M̃MMvec :

(
FFFpc ·LLLfc ·FFFpc−1

)
+

vc M̃MMvec :
(
FFFpc ·FFFfc · ḞFFth ·FFFth−1

·FFFfc−1

·FFFpc−1
)
,

(A.8)

for the crystallized phase,

PPPm : ḞFF =vm
1

2
S̃SSvem : ĊCCvem + vm M̃MMvem : LLLpm + vm M̃MMvem :

(
FFFpm ·LLLfm ·FFFpm−1

)
+

vm M̃MMvem :
(
FFFpm ·FFFfm · ḞFFth ·FFFth−1

·FFFfm−1

·FFFpm−1
)
,

(A.9)

for the melted phase, and

PPPa : ḞFF =va
1

2
S̃SSvea : ĊCCvea + va M̃MMvea : LLLpa + va M̃MMvea :

(
FFFpa · ḞFFth ·FFFth−1

·FFFpa−1
)
, (A.10)

39



for the amorphous phase.
The deformation gradient FFFfc is calculated in the complete melted temperature region

in which vc = 0 and stays constant during transition and lower temperatures. Similarly,
the deformation gradient FFFfm is calculated in the complete crystallized temperature re-
gion in which vm = 0 and stays constant during transition and higher temperatures.
Therefore, in Eqs. (A.8) and (A.9), it can be considered that:

vcM̃MMvec :
(
FFFpc ·LLLfc ·FFFpc−1

)
= 0 ; and vmM̃MMvem :

(
FFFpm ·LLLfm ·FFFpm−1

)
= 0 . (A.11)

By considering Eq. (25), ḞFFth can be written as:

ḞFF
th

= λ̇thFFFth =
∂λth

∂CCCvem

∣∣∣∣
T

: ĊCCvem FFFth +
∂λth

∂T

∣∣∣∣
CCCvem

: Ṫ FFFth

=
∂λth

∂T

∣∣∣∣
CCCvem

: Ṫ FFFth =
∂FFFth

∂T

∣∣∣∣
CCCvem

Ṫ ,

(A.12)

since λ̇th depends on Ṫ only, see Eq. (26).
Then, by using the derived equations above in Eq. (45), the Clausius-Duhem inequal-

ity can be rewritten as6:

vc

[
1

2
S̃SSvec − ∂Ψ̃vec

∂CCCvec

]
: ĊCC

vec
+ vm

[
1

2
S̃SSvem − ∂Ψ̃vem

∂CCCvem

]
: ĊCC

vem
+ va

[
1

2
S̃SSvea − ∂Ψ̃vea

∂CCCvea

]
: ĊCC

vea
−

vc
N∑
j

∂Ψ̃vec

∂q̃qqcj
: ˙̃qqqcj − vm

N∑
j

∂Ψ̃vem

∂q̃qqmj
: ˙̃qqqmj − va

N∑
j

∂Ψ̃vea

∂q̃qqaj
: ˙̃qqqaj−

vc
M∑
i

∂Ψ̃pc

∂ξpci
: ξ̇pci − vm

M∑
i

∂Ψ̃pm

∂ξpmi
: ξ̇pmi − va

M∑
i

∂Ψ̃pa

∂ξpai
: ξ̇ai+

vcM̃MMvec : LLLpc + vmM̃MMvem : LLLpm + vaM̃MMvea : LLLpa +MMMm :

(
∂FFFth

∂T

∣∣∣∣
CCCvem

·FFFth−1

)
Ṫ−[

∂Ψth

∂T
+

∂Ψth

∂zc
∂zc

∂T

]
Ṫ − ηṪ −

[
vc

∂Ψ̃vec

∂T
+ vm

∂Ψ̃vem

∂T
+ va

∂Ψ̃vea

∂T

]
Ṫ−

[
(1− va)

(
Ψ̃vec + Ψ̃pc

)
− (1− va)

(
Ψ̃vem + Ψ̃pm

)] ∂zc
∂T

Ṫ − 1

T
QQQ ·Grad T ≥ 0 ,

(A.13)

where

MMMm =vcFFFfcT ·FFFpcT · M̃MMvec ·FFFpc−T

·FFFfc−T

+ vmFFFfmT

·FFFpmT

· M̃MMvem ·FFFpm−T

·FFFfm−T

+

va
(
FFFpaT · M̃MMvea ·FFFpa−T

)
.

(A.14)

6We note that from Eq. (25), FFFth is a diagonal tensor that permutes with its inverse and so its
derivative.
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In Eq. (A.13), the total dissipation D per unit reference volume is defined by:

D = Dloc +Dconv ≥ 0 , (A.15)

where the local dissipation Dloc and the nonlocal convective dissipation Dconv are given
as:

Dloc = vcM̃MMvec : LLLpc + vmM̃MMvem : LLLpm + vaM̃MMvea : LLLpa−

vc
N∑
j

∂Ψ̃vec

∂q̃qq
vec
j

: ˙̃qqqvecj − vvem
N∑
j

∂Ψ̃vem

∂q̃qq
vem
j

: ˙̃qqqvemj − va
N∑
j

∂Ψ̃vea

∂q̃qq
a
j

: ˙̃qqqaj−

vc
M∑
i

∂Ψ̃pc

∂ξpci
: ξ̇pcj − vm

M∑
i

∂Ψ̃pm

∂ξpmi
: ξ̇pmi − va

M∑
i

∂Ψ̃pa

∂ξpai
: ξ̇pai ≥ 0 ; and

(A.16)

Dconv = − 1

T
QQQ ·Grad T ≥ 0 , (A.17)

where the positive sign should arise when defining the constitutive laws. The local
dissipation Dloc can be decomposed into a viscous part Dve

loc ≥ 0 and a plastic part
Dp

loc ≥ 0 following
Dloc = Dve

loc +Dp
loc , (A.18)

with

Dve
loc = −vc

N∑
j

∂Ψ̃vec

∂q̃qq
vec
j

: ˙̃qqqvecj − vvem
N∑
j

∂Ψ̃vem

∂q̃qq
vem
j

: ˙̃qqqvemj − va
N∑
j

∂Ψ̃vea

∂q̃qq
a
j

: ˙̃qqqaj ≥ 0 , (A.19)

and

Dp
loc = vcM̃MMvec : LLLpc + vmM̃MMvem : LLLpm + vaM̃MMvea : LLLpa −

vc
M∑
i

∂Ψ̃pc

∂ξpci
: ξ̇pcj − vm

M∑
i

∂Ψ̃pm

∂ξpmi
: ξ̇pmi − va

M∑
i

∂Ψ̃pa

∂ξpai
: ξ̇pai

≃ βTQ

[
vcM̃MMvec : LLLpc + vmM̃MMvem : LLLpm + vaM̃MMvea : LLLpa

]
≥ 0 , (A.20)

where we consider the Taylor-Quinney coefficient βTQ.
Eq. (A.13) thus becomes

0 ≤Dloc +Dconv + vc

[
1

2
S̃SSvec − ∂Ψ̃vec

∂CCCvec

]
: ĊCC

vec
+ vm

[
1

2
S̃SSvem − ∂Ψ̃vem

∂CCCvem

]
: ĊCC

vem
+

va

[
1

2
S̃SSvea − ∂Ψ̃vea

∂CCCvea

]
: ĊCC

vea
+MMMm :

(
∂FFFth

∂T

∣∣∣∣
CCCvem

·FFFth−1

)
Ṫ − ηṪ−[

vc
∂Ψ̃vec

∂T
+ vm

∂Ψ̃vem

∂T
+ va

∂Ψ̃vea

∂T

]
Ṫ−

[
(1− va)

(
Ψ̃vec + Ψ̃pc

)
− (1− va)

(
Ψ̃vem + Ψ̃pm

)] ∂zc
∂T

Ṫ −
[
∂Ψth

∂T
+

∂Ψth

∂zc
∂zc

∂T

]
Ṫ .

(A.21)
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Appendix B. Viscoelasto-plasticity

Appendix B.1. Viscoelasticity in incremental form

In this appendix, for conciseness, the superscript related to the branch c, m or a is
omitted. Unless stated otherwise, the terms are expressed at configuration tn+1, with
∆tn = t− tn.

Appendix B.1.1. Internal variables q̃qqj in the incremental form

Following (Nguyen et al., 2016), the term dev q̃qqj can be found by integrating Eq. (73)
up to the current time tn+1, yielding

dev q̃qqj = 2Gj dev EEEve −AAAj,n+1 , (B.1)

where

AAAj,n+1 = AAAj,nexp

(
−∆tn

gj

)
+ 2Gj exp

(
−∆tn

2gj

)
(dev EEEve − dev EEEve

n ) . (B.2)

Following a similar procedure, p̃qj can be found by integrating Eq. (74) up to the
current time tn+1 , yielding

p̃qj =
1

3
tr q̃qqj = Kj tr EEEve − Bj,n+1 , (B.3)

where

Bj,n+1 = Bj,nexp

(
−∆tn

kj

)
+Kj exp

(
−∆tn

2kj

)
(tr EEEve − tr EEEve

n ) . (B.4)

Appendix B.1.2. Corotational stress τ̃ττ
ve

in the incremental form

The terms dev τ̃ττ
ve

and p̃ve can be found by integrating Eq. (78) and Eq. (79), respec-
tively, following the same procedure as here above. Using the definitions of fK (tr EEEve)
and fG (dev EEEve) in respectively Eqs. (66) and (67), these terms are respectively rewrit-
ten

dev τ̃ττ
ve

= 2Ĝ∞ (T ; TRef) dev EEEve +

N∑
j=1

AAAj,n+1︸ ︷︷ ︸
dev τ̃ττve

o

+2Ĝ∞ (T ; TRef) fG (dev EEEve) dev EEEve︸ ︷︷ ︸
dev τ̃ττve

c

,

(B.5)

where dev τ̃ττ
ve
o is the term that can be found in (Nguyen et al., 2016) while dev τ̃ττ

ve
c is the

deviatoric enhancement, and

p̃ve =
1

3
tr τ̃ττ

ve
= K̂∞ (T ; TRef) tr EEEve +

N∑
j=1

Bj,n+1︸ ︷︷ ︸
p̃ve
o

+ K̂∞ (T ; TRef) fK (tr EEEve) tr EEEve︸ ︷︷ ︸
p̃ve
c

,

(B.6)

where p̃veo is the term that can be found in (Nguyen et al., 2016) while p̃vec is the pressure
enhancement.
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Appendix B.2. Viscoelastic predictor

At the start of a time step, the plastic deformation gradient is predicted to be equal
to its value at the previous time step, tn, yielding the predictor

FFFve,pr =FFF · FFFth−1

·FFFf−1

·FFFp−1

n , (B.7)

with FFFf = III for the amorphous phase. The predictor of the elastic right Cauchy-Green
tensor and logarithmic strain tensor follow as

CCCve,pr = FFFp−T

n ·FFFf−T

·FFFth−T

·CCC ·FFFth−1

·FFFf−1

·FFFp−1

n ; and EEEve,pr =
1

2
lnCCCve,pr . (B.8)

The predictor of the corotational Kirchhoff stress, τ̃ ve,pr, can be decomposed using
Eqs. (B.5) and (B.6) as:

τ̃ττ
ve,pr

= dev τ̃ττ
ve,pr

+ p̃ve,prIII = dev τ̃ττ
ve,pr
o + p̃ve,pro III + dev τ̃ττ

ve,pr
c + p̃ve,prc III , (B.9)

where

dev τ̃ττ
ve,pr
o = 2Ge dev EEEve,pr − 2

(
Ge − Ĝ∞ (T ; TRef)

)
dev EEEve

n +

N∑
j=1

AAAjnexp

(
−∆tn

gj

)
(B.10)

dev τ̃ττ
ve,pr
c = 2Ĝ∞ (T ; TRef) fG (dev EEEve,pr) dev EEEve,pr , (B.11)

and

p̃ve,pro = Ke tr EEEve,pr −
(
Ke − K̂∞ (T ; TRef)

)
tr EEEve

n +

N∑
j=1

Bjnexp

(
−∆tn

kj

)
(B.12)

p̃ve,prc = K̂∞ (T ; TRef) fK (tr EEEve,pr) tr EEEve,pr , (B.13)

with

Ge = Ĝ∞ (T ; TRef) +

N∑
j=1

Gj exp

(
−∆tn

2gj

)
, (B.14)

Ke = K̂∞ (T ; TRef) +

N∑
j=1

Kj exp

(
−∆tn

2kj

)
. (B.15)

The predictor of the combined stress tensor (83) is then written as:

ϕ̃ϕϕ
pr

= dev ϕ̃ϕϕ
pr

o + ϕ̃pr
v,oIII + dev ϕ̃ϕϕ

pr

c + ϕ̃pr
v,cIII = dev ϕ̃ϕϕ

pr
+ ϕ̃pr

v III , (B.16)

where

dev ϕ̃ϕϕ
pr

o = dev τ̃ττ
ve,pr
o − dev b̃bbn , and dev ϕ̃ϕϕ

pr

c = dev τ̃ττ
ve,pr
c ; (B.17)
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and

ϕ̃pr
v,o = p̃ve,pro − 1

3
tr b̃bbn , and ϕ̃pr

v,c = p̃ve,prc . (B.18)

Since the viscoelastic region is limited by the pressure-sensitive yield function F
(
ϕ̃ϕϕ
)

(84) expressed in terms of the corotational Kirchhoff stress ϕ̃ϕϕ, if F
(
ϕ̃ϕϕ
pr)

≤ 0 is not

satisfied, a correction follows.

Appendix B.3. Plastic corrector

Using the radial return mapping algorithm applied on Eq. (90), the plastic deforma-
tion gradient reads:

FFFp = exp (ΓNNN)FFFp
n , (B.19)

where the normal NNN follows from Eq. (91). This allows correcting the viscoelastic defor-
mation gradient and the right Cauchy tensor following

FFFve = F · Fth−1

· Ff−1

·FFFp−1

= FFF · Fth−1

· Ff−1

· Fp−1
n · [exp (ΓNNN)]

−1
, and (B.20)

CCCve = [exp(ΓNNN)]−T ·CCCve,pr · [exp(ΓNNN)]−1 , (B.21)

where we assume that τ̃ττ
ve

and CCCve permute, see previous discussion in Section 4.1.1.
Therefore, it comes

EEEve = EEEve,pr − ΓNNN . (B.22)

Finally, using the definitions of fK (tr EEEve) and fG (dev EEEve), the stress contributions
(B.5) and (B.6) are respectively rewritten:

dev τ̃ττ
ve

= dev τ̃ττ
ve
o + dev τ̃ττ

ve
c , and (B.23)

p̃ve = p̃veo + p̃vec , (B.24)

with, using Eqs. (B.10-B.13),

dev τ̃ττ
ve
o = 2Ge dev (EEEve,pr − ΓNNN)− 2

(
Ge − Ĝ∞ (T ; TRef)

)
dev EEEve

n +

N∑
j=1

AAAjnexp

(
−∆tn

gj

)
= dev τ̃ττ

ve,pr
o − 2GeΓ dev NNN , and (B.25)

dev τ̃ττ
ve
c = 2Ĝ∞ (T ; TRef) fG (dev EEEve,pr − Γ dev NNN) dev (EEEve,pr − ΓNNN) ,(B.26)

and

p̃veo = Ke tr (EEEve,pr − ΓNNN)−
(
Ke − K̂∞ (T ; TRef)

)
tr EEEve

n +

N∑
j=1

Bjnexp

(
−∆tn

kj

)
= p̃ve,pro −KeΓ tr NNN , and (B.27)

p̃vec = K̂∞ (T ; TRef) fK (tr EEEve,pr − Γ tr NNN) tr (EEEve,pr − ΓNNN) , (B.28)
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Therefore, Eq. (B.23) is rewritten:

dev τ̃ττ
ve

= dev τ̃ττ
ve
c + dev τ̃ττ

ve,pr − dev τ̃ττ
ve,pr
c − 2GeΓdev NNN

= ∆dev τ̃ττ
ve
c + dev τ̃ττ

ve,pr − 2GeΓdev NNN , (B.29)

where dev τ̃ττ
ve
c is written in terms of its corrector term ∆dev τ̃ττ

ve
c as:

dev τ̃ττ
ve
c = dev τ̃ττ

ve,pr
c +∆dev τ̃ττ

ve
c . (B.30)

The interagtion of Eq. (98) yields:

b̃bb = b̃bbn + kHkΓNNN , (B.31)

so that, using Eq. (B.16), it comes

dev ϕ̃ϕϕ = dev τ̃ττ
ve − b̃bb = ∆dev τ̃ττ

ve
c + dev ϕ̃ϕϕ

pr
− 2GeΓdev NNN− kHkΓdev NNN ,

(B.32)

Using Eq. (91) restated as

NNN = 3 dev ϕ̃ϕϕ+
2β

3
ϕ̃v III , (B.33)

Eq. (B.32) becomes

dev ϕ̃ϕϕ =
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

u
, (B.34)

where u = 1 + 6G̃eΓ with G̃e = Ge +
kHk

2 .
Similarly, Eq. (B.24) is rewritten:

p̃ve = p̃vec + p̃ve,pr − p̃ve,prc −KeΓ tr NNN

= ∆p̃vec + p̃ve,pr −KeΓ tr NNN , (B.35)

where p̃vec is defined using its correction ∆p̃vec as:

p̃vec = p̃ve,prc +∆p̃vec . (B.36)

Using Eqs. (B.31) and (B.16), it comes

ϕ̃v =
1

3
tr ϕ̃ϕϕ = p̃ve − 1

3
tr b̃bb = ∆ p̃vec + ϕ̃pr

v −KeΓtr NNN− kHkΓ

3
tr NNN . (B.37)

Making use of the definition of NNN (B.33), it is possible to rewrite Eq. (B.37) as:

ϕ̃v =
ϕ̃pr
v +∆p̃vec

v
, (B.38)

where v = 1 + 2βK̃eΓ with K̃e = Ke +
kHk

3 .
Using Eqs. (B.34) and (B.38), the normal NNN (B.33) rewrites:

NNN =
3(dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c )

u
+

2β

3

ϕ̃pr
v +∆p̃vec

v
III . (B.39)
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The equivalent plastic deformation γ can be now computed, by integration of Eq. (92),
yielding

∆γ = kΓ
√
NNN : NNN = kΓ

√
6ϕ̃2

e +
4

3
β2ϕ̃2

v︸ ︷︷ ︸
A

, (B.40)

with using Eq. (B.39):

A =

√√√√√6


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

2

+
4

3
β2

(
ϕ̃pr
v +∆p̃vec

v

)2

. (B.41)

The corrected extended yield condition F (τ̃ττ
ve
) (84) thus writes:

F = a2


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α

− a1
ϕ̃pr
v +∆p̃vec

v
− a0 = 0 . (B.42)

Using Eq. (B.40), we find that:

Γ =
∆γ

k

√
6
(
ϕ̃e

)2
+ 4

3β
2
(
ϕ̃v

)2 =
∆γ

kA
. (B.43)

In order to solve for Γ, which is therefore the only unknown, a Newton-Raphson algorithm
is used. To that end, we need to compute:

dF

dΓ
=

∂F

∂∆γ

∂∆γ

∂Γ
+

∂F

∂Γ
, (B.44)

with the following derivatives

• The derivative ∂F
∂∆γ follows from

∂F

∂∆γ
= H2


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α

−H1
ϕ̃pr
v +∆p̃vec

v
−H0 , (B.45)

where, using Eqs. (88-96):

H2 =
∂a2
∂∆γ

= − α

σα+1
c

hHc , (B.46)

H1 =
∂a1
∂∆γ

=
3h

σc

[
αmα−1

m+ 1
− mα − 1

(m+ 1)2

]
Htσc −Hcσt

σ2
c

− 3h
mα − 1

m+ 1

Hc

σ2
c

, and

(B.47)

H0 =
∂a0
∂∆γ

=

(
αmα−1 + 1

)
(m+ 1)−mα −m

(m+ 1)2
h
Htσc −Hcσt

σ2
c

. (B.48)

46



• The derivative ∂∆γ
∂Γ follows from Eqs. (B.40-B.41) rewritten as:

∆γ = kΓA = kΓ

√√√√√√√√6


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

2

+
4

3
β2

(
ϕ̃pr
v +∆p̃vec

v

)2

︸ ︷︷ ︸
Z

.

(B.49)
The partial derivative with respect to Γ is then written as:

∂∆γ

∂Γ
= k

(
A+ Γ

∂A

∂Γ

)
, where

∂A

∂Γ
=

1

2A

∂

∂Γ
Z . (B.50)

The derivative ∂
∂Γ (Z) writes:

∂Z
∂Γ

= −
72G̃e

[(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

]2
u3

+

18

u2

(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
:
∂dev τ̃ττ

ve
c

∂Γ
−

16β3K̃e

(
ϕ̃pr
v +∆p̃vec

)2
3v3

+
8β2

(
ϕ̃pr
v +∆p̃vec

)
3v2

∂p̃vec
∂Γ

, (B.51)

where
∂dev τ̃ττve

c

∂Γ and
∂p̃ve

c

∂Γ are given in Appendix B.5.1.

• The derivative ∂F
∂Γ follows from

∂F

∂Γ
=

∂

∂Γ

a2

(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α

− a1
ϕ̃pr
v +∆p̃vec

v
− a0

 . (B.52)

The first derivative reads:

∂

∂Γ

a2

(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α =

3a2α

2u2


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α−2 (
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
:
∂dev τ̃ττ

ve
c

∂Γ

−a2


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α

6αG̃e

u
, (B.53)

the second derivative reads:

∂

∂Γ

[
−a1

ϕ̃pr
v +∆p̃vec

v

]
= a1

(
ϕ̃pr
v +∆p̃vec

v

)
2βK̃e

v
− a1

v

∂p̃vec
∂Γ

, (B.54)
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where
∂dev τ̃ττve

c

∂Γ and
∂p̃ve

c

∂Γ are given in Appendix B.5.1, and the third derivative

reads ∂a0

∂Γ = 0.

Eq. (B.42) can now be solved in terms of Γ, using the derivative (B.44). This is
achieved using a Newton-Raphson loop, in which the stress values are updated at each
iteration with the new value of Γ. Following Eq. (B.28), these updates, which include the
updated value of p̃vec , depend on the corrected logarithmic strain measure (EEEve,pr − ΓNNN),
which due to its dependency on the normal NNN, directly depends on the value of p̃vec .
Therefore, the value of p̃vec is obtained using a secondary Newton Raphson iterative
process at fixed Γ. To that end, let us define a new function Jv:

0 = Jv = K̂∞ (T ; TRef) fK (tr EEEve,pr − Γ tr NNN) tr (EEEve,pr − ΓNNN)− p̃vec , (B.55)

with, following Eqs. (B.33) and (B.38),

tr (NNN) = 2β
ϕ̃pr
v +∆p̃vec

v
. (B.56)

Noting that, at fixed Γ, ∂ trNNN
∂p̃ve

c

∣∣∣
Γ
= 2β

v , and the Jacobian of Eq. (B.55) reads:

∂Jv
∂p̃vec

∣∣∣∣
Γ

= −2βΓ

v
K̂∞ (T ; TRef) [tr (EEEve,pr − ΓNNN) f ′

K + fK ]− 1 , (B.57)

with, using the definition of fK in Eq. (66),

f ′
K (tr EEEve) =

∂fK
∂tr EEEve

=
2VKϑK

3

[
1− tanh2

(
ϑK

3
(tr EEEve)

2 − ζK

)]
tr EEEve .

(B.58)

Similarly, following Eq. (B.26), the secondary Newton-Raphson loop related to the
deviatoric part of the correcting terms aims at solving the equation

0 = JJJdev = 2Ĝ∞ (T ; TRef) fG (dev EEEve,pr − Γ dev NNN) dev (EEEve,pr − ΓNNN)− dev τ̃ττ
ve
c ,

(B.59)

with following Eqs. (B.33) and (B.34),

dev NNN = 3
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

u
, and

∂dev NNN

∂dev τ̃ττ
ve
c

∣∣∣∣
Γ

=
3

u

(
I − 1

3
III⊗ III

)
. (B.60)

Therefore, the Jacobian of Eq. (B.59) reads:

∂JJJdev
∂dev τ̃ττ

ve
c

∣∣∣∣
Γ

= −6Γ

u
Ĝ∞ (T ; TRef)

[
dev (EEEve,pr − ΓNNN)⊗ fff′G + fG

(
I − 1

3
III⊗ III

)]
−
(
I − 1

3
III⊗ III

)
, (B.61)

where, using the definition of fG in Eq. (67),

fff′G (dev EEEve) =
∂fG

∂dev EEEve
= 2VGϑG

[
1− tanh2 (ϑGdev EEEve : dev EEEve − ζG)

]
dev EEEve . (B.62)
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Appendix B.4. Material operator

Let us define the deformation gradient tensor

FFFve-p = FFF · FFFth−1

·FFFf−1

, (B.63)

as the deformation gradient acting as an input of the viscoelastic-plastic constitutive law,
with FFFf = III for the amorphous phase. Similarly, using Eqs. (41-43), we define the first
Piola Kirchhoff stress tensor

P̃PPve-p = P̃PP ·FFFthT

·FFFfT = FFFve · S̃SSve ·FFFp−T

, (B.64)

as the output of the viscoelastic-plastic constitutive law. Finally, the corresponding
tangent operator C̃ve-p can be obtained as:

C̃ve-p =
∂P̃PP

ve-p

∂FFFve-p
=

∂FFFve

∂FFFve-p
2 ·
(
S̃SSve ·FFFp-T

)
+

FFFve · 1 ∂S̃SSve

∂FFFve-p
2 ·FFFp−T

+
(
FFFve · S̃SSve

)
· ∂F

FFp−T

∂FFFve-p
, (B.65)

where i· (·i) is the ith left (right) dot product operator of two tensors considering ith

index of the left (right) tensor.

The relation FFFve = FFFve-p ·FFFp−1

allows writing:

∂FFFve

∂FFFve-p
= (III⊗ III) 2 ·FFFp−1

+FFFve-p · ∂F
FFp−1

∂FFFve-p
. (B.66)

In order to compute the tangent operator C̃ve-p (B.65), the terms ∂S̃SSve

∂FFFve-p and ∂FFFp

∂FFFve-p

need to be computed. The definition of the right Cauchy strain tensor CCCve-p = FFFve-pT ·
FFFve-p yields:

∂•
∂FFFve-p

=
∂•

∂CCCve-p
:
∂CCCve-p

∂FFFve-p
= 2

∂•
∂CCCve-p

4 ·FFFve-pT

, (B.67)

since CCCve-p is symmetrical and where • represents an arbitrary tensor field. Using Eqs.
(B.7-B.8) leads to:

∂•
∂CCCve-p

= FFFp−1

n ·3 ∂•
∂CCCve,pr

4 ·FFFp−T

n . (B.68)

The remaining derivatives with respect to CCCve,pr can be found in Appendix B.5.2.
Finally, using the definition of P̃PPve-p in Eq. (B.64), the complete material operator
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can be obtained using Eq. (B.63) as

C̃ =
∂P̃PP

∂FFF
=

∂P̃PPve-p

∂FFF
2 ·FFFf−T

·FFFth−T

+ P̃PPve-p · ∂F
FFf−T

∂FFF
2 ·FFFth−T

+ P̃PPve-p ·FFFf−T

· ∂F
FFth−T

∂FFF

=
[
C̃ve-p : 1,3

(
III⊗

(
FFFf−T

·FFFth−T
))]

2 ·FFFf−T

·FFFth−T

+[
C̃ve-p :

[
FFF · ∂F

FFth−1

∂FFF
2 ·FFFf−1

]]
2 ·FFFf−T

·FFFth−T

+[
C̃ve-p :

[
FFF ·FFFth−1

· ∂F
FFf−1

∂FFF

]]
2 ·FFFf−T

·FFFth−T

+

P̃PPve-p · ∂F
FFf−T

∂FFF
2 ·FFFth−T

+ P̃PPve-p ·FFFf−T

· ∂F
FFth−T

∂FFF
, (B.69)

with the corresponding tangent operator C̃ve-p obtained in (B.65).
The derivation with respect to the temperature follows a similar procedure.

Appendix B.5. Derivative of correctors terms

Appendix B.5.1. Derivatives with respect to the plastic multiplier integral Γ

Starting from Eq. (B.26), and noting that NNN depends on Γ as well, the derivative of
dev τ̃ττ

ve
c writes:

∂dev τ̃ττ
ve
c

∂Γ
= 2Ĝ∞ (T ; TRef) fff′G (dev EEEve,pr − Γ dev NNN) :

∂dev EEEve

∂Γ
dev (EEEve,pr − ΓNNN) +

2Ĝ∞ (T ; TRef) fG (dev EEEve,pr − Γ dev NNN)
∂dev EEEve

∂Γ
, (B.70)

where fff′G is given in Eq. (B.62). In order to obtain the derivative (B.70), after evaluating
∂dev EEEve

∂Γ , from Eq. (B.39), the system of equations can be written in a compact way[
I +

6Γ

u
Ĝ∞ (T ; TRef) [dev (EEEve,pr − ΓNNN)⊗ fff′G + fGI]

]
:
∂dev τ̃ττ

ve
c

∂Γ
=

−6

u2
Ĝ∞ (T ; TRef) [dev (EEEve,pr − ΓNNN)⊗ fff′G + fGI] :

(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
,

(B.71)

yielding the solution
∂dev τ̃ττve

c

∂Γ .
Similarly, starting from Eq. (B.28), it comes

∂p̃vec
∂Γ

= −2βK̂∞ (T ; TRef)

v2

(f ′
K tr (EEEve,pr − ΓNNN) + fK)

(
ϕ̃pr
v +∆p̃vec

)
1 + 2βΓ

v K̂∞ (T ; TRef) (fK + tr (EEEve,pr − ΓNNN) f ′
K)

,

(B.72)

with the expression of f ′
K provided in Eq. (B.58).
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Appendix B.5.2. Derivatives with respect to the predictor strain

Derivative of the corotational Kirchhoff stress predictor. Dividing into its volumetric and
deviatoric parts, the derivative of the volumetric predictor of the corotational Kirchhoff
stress (B.9) writes:

∂p̃ve,pr

∂CCCve,pr
=

Ke

2
III : Lpr +

∂p̃ve,prc

∂CCCve,pr
, (B.73)

where:

Lpr =
∂ lnCCCve

∂CCCve

∣∣∣∣
CCCve,pr

, (B.74)

and where:
∂p̃ve,prc

∂CCCve,pr
=

K̂∞ (T ; TRef)

2
[fK + f ′

Ktr EEEve,pr] III : Lpr . (B.75)

For the deviatoric part of the predictor Kirchhoff stress (B.9) one has:

∂dev τ̃ττ
ve,pr

∂CCCve,pr
= Ge

(
I − 1

3
III⊗ III

)
: Lpr +

∂dev τ̃ττ
ve,pr
c

∂CCCve,pr
, (B.76)

where:

∂dev τ̃ττ
ve,pr
c

∂CCCve,pr
=Ĝ∞ (T ; TRef) [fGI + dev EEEve,pr ⊗ fff′G] :

(
I − 1

3
III⊗ III

)
: Lpr . (B.77)

Derivative of the yield condition at constant plastic multiplier integral Γ. The derivative
of yield condition with respect to the logarithm strain predictor at constant Γ reads:

dF

dEEEve,pr

∣∣∣∣
Γ

=
∂F

∂∆γ

∂∆γ

∂EEEve,pr
+

∂F

∂EEEve,pr
, (B.78)

where the derivative ∂F
∂∆γ is given in Eq. (B.45) and where the derivatives ∂∆γ

∂Eve pr and
∂F

∂Eve pr are now explicited.

• The derivative ∂∆γ
∂EEEve,pr follows from Eqs. (B.40-B.41)

∂∆γ

∂EEEve,pr
= kΓ

∂A

∂EEEve,pr
, (B.79)

with

∂A

∂EEEve,pr
=

1

2A

∂

∂EEEve,pr

6

(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

2+

1

2A

∂

∂EEEve,pr

4
3
β2

(
ϕ̃pr
v +∆p̃vec

v

)2
 (B.80)
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The first derivative reads:

∂

∂EEEve,pr

6

(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

2 =

18
(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
u2

:

[
2Ge

(
I − 1

3
III⊗ III

)
+

∂dev τ̃ττ
ve
c

∂EEEve pr

]
, (B.81)

and the second derivative reads:

∂

∂EEEve,pr

4
3
β2

(
ϕ̃pr
v +∆p̃vec

v

)2
 =

8β2
(
ϕ̃pr
v +∆p̃vec

)
3v2

(
KeIII +

∂p̃vec
∂EEEve pr

)
.

• The derivative ∂F
∂EEEve,pr follows from Eq. (84):

∂F

∂EEEve,pr
=

∂

∂EEEve,pr

a2


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α

− a1
ϕ̃pr
v +∆p̃vec

v
− a0

 ,

(B.82)
where the first derivative reads:

∂

∂EEEve,pr

a2


(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
e

u

α =

3a2α
((

dev ϕ̃ϕϕ
pr

+∆dev τ̃ττ
ve
c

)
e

)α−2

2uα

(
dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c

)
:[

2Ge

(
I − 1

3
III⊗ III

)
+

∂dev τ̃ττ
ve
c

∂EEEve pr

]
, (B.83)

the second derivative reads:

∂

∂EEEve,pr

(
−a1

ϕ̃pr
v +∆p̃vec

v

)
= −a1

v

(
KeIII +

∂p̃vec
∂EEEve pr

)
, (B.84)

and the third derivative reads

∂

∂EEEve,pr
(−a0) = 0 . (B.85)

• The derivative
∂p̃ve

c

∂EEEve,pr follows from (B.28), and using Eq. (B.39) to evaluate ∂tr EEEve

∂EEEve,pr ,
yielding

∂p̃vec
∂EEEve,pr

=
K̂∞ (T ; TRef)

(
1− 2βΓKe

v

)
(fK + f ′

K tr (EEEve,pr − ΓNNN))

1 + 2βΓK̂∞(T ;TRef)
v (fK + f ′

K tr (EEEve,pr − ΓNNN))
III . (B.86)
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• The derivative
∂dev τ̃ττve

c

∂EEEve,pr follows from Eq. (B.26), and using Eq. (B.39) to evaluate
∂dev EEEve

∂EEEve,pr , yielding

S :
∂dev τ̃ττ

ve
c

∂EEEve,pr
= 2Ĝ∞ (T ; TRef)

(
1− 6GeΓ

u

)
[
dev (EEEve,pr − ΓNNN)⊗ fff′G :

(
I − 1

3
III⊗ III

)
+ fG

(
I − 1

3
III⊗ III

)]
, (B.87)

with the fourth order tensor

S =

(
1 +

6ΓĜ∞ (T ; TRef)

u
fG

)(
I − 1

3
III⊗ III

)
+

6ΓĜ∞ (T ; TRef)

u
(EEEve,pr − ΓNNN)⊗ fff′G :

(
I − 1

3
III⊗ III

)
. (B.88)

Derivative of the plastic strain increment. The derivative d∆γ
dEEEve pr can then be computed

as:

d∆γ

dEEEve pr
=

∂∆γ

∂Γ

∂Γ

∂EEEve pr
+

∂∆γ

∂EEEve pr
= k

(
A+ Γ

∂A

∂Γ

)
∂Γ

∂EEEve pr
+ kΓ

∂A

∂EEEve pr
, (B.89)

where ∂A
∂EEEve,pr comes from Eq. (B.80), ∂A

∂Γ from Eq. (B.50) and ∂Γ
∂EEEve,pr is computed from

the consistency condition of the yield condition. This consistency writes dF (CCCve,pr, ∆γ, Γ) =
0, yielding:

∂Γ

∂EEEve,pr
= −

(
dF

dΓ

)−1
dF

dEEEve,pr

∣∣∣∣
Γ

, (B.90)

where dF
dΓ is solved in Eq. (B.44) and dF

dEEEve,pr

∣∣
Γ
in Eq. (B.78).

Derivative of the normal. Starting from Eq. (B.39), the derivatives with respect to the
logarithmic strain measure of the deviatoric and trace of the normal N write:

∂dev NNN

∂EEEve,pr
=

3

u

[
2Ge

(
I − 1

3
III⊗ III

)
+

∂dev τ̃ττ
ve
c

∂EEEve,pr

]
+[

3

u

∂dev τ̃ττ
ve
c

∂Γ
− 18

u2
G̃e(dev ϕ̃ϕϕ

pr
+∆dev τ̃ττ

ve
c )

]
⊗ ∂Γ

∂EEEve,pr
. (B.91)

and

∂trNNN

∂EEEve,pr
=

2β

v

(
KeIII +

∂p̃vec
∂EEEve,pr

)
+[

2β

v

∂p̃vec
∂Γ

− 4β2K̃e

v2

(
ϕ̃pr
v +∆p̃vec

)] ∂Γ

∂EEEve,pr
. (B.92)
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Derivative of the stress tensors. Starting from Eqs. (B.29-B.30), it comes

∂dev τ̃ττ
ve

∂EEEve,pr
=

∂(dev τ̃ττ
ve,pr − dev τ̃ττ

ve,pr
c )

∂EEEve,pr
+

∂dev τ̃ττ
ve
c

∂EEEve,pr
+

∂dev τ̃ττ
ve
c

∂Γ
⊗ ∂Γ

∂EEEve,pr
−

2GeΓ
∂dev N

∂EEEve,pr
− 2Gedev N⊗ ∂Γ

∂EEEve,pr
, (B.93)

and starting from Eqs. (B.35-B.36), it comes

∂p̃ve

∂EEEve,pr
= KeIII−KeΓ

∂ tr N

∂EEEve,pr
−Ke tr N

∂Γ

∂EEEve,pr
+

∂p̃vec
∂Γ

∂Γ

∂EEEve,pr
+

∂p̃vec
∂EEEve,pr

. (B.94)

Finally one has:

∂S̃SS
ve

∂CCCve,pr
=

∂Lve

∂CCCve,pr
3,4 : τ̃ττ

ve
+ Lve :

∂τ̃ττ
ve

∂CCCve,pr
. (B.95)

Derivative of the plastic deformation gradient. ∂FFFp

∂CCCve,pr have to be estimated. Eq. (B.19)
leads to

∂FFFp

∂CCCve,pr
=

[
E :

(
NNN⊗ ∂Γ

∂CCCve,pr
+ Γ

∂dev NNN

∂CCCve,pr
+

Γ

3
III⊗ ∂tr NNN

∂CCCve,pr

)]
2 ·FFFp

n , (B.96)

where E is given by

E =
∂ expA

∂A

∣∣∣
ΓNNN

, (B.97)

and where all the other derivatives where given here above.
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