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Abstract

This thesis further developments strain smoothing teakesgn finite ele-
ment methods for structural analysis. Two methods are figased and
analyzed both theoretically and numerically. The first igreosthed finite
element method (SFEM) where an assumed strain field is defroen a
smoothed operator of the compatible strain field via smoagtbells in the el-
ement. The second is a nodally smoothed finite element méM&FEM),
where an assumed strain field is evaluated using the strafotiimg in
neighbouring domains connected with nodes.

For the SFEM, 2D, 3D, plate and shell problems are studieckiaild Two
issues based on a selective integration and a stabilizagproach for volu-
metric locking are considered. It is also shown that the SREERD with a
single smoothing cell is equivalent to a quasi-equilibrionodel.

For the N-SFEM, a priori error estimation is established #r&l conver-
gence is confirmed numerically by benchmark problems. litiaga quasi-
equilibrium model is obtained and as a result a dual analkysery promising
to estimate an upper bound of the global error in finite eldsmen

It is also expected that two present approaches are beiogom@ted with
the extended finite element methods to improve the discootis solution of
fracture mechanics.
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Chapter 1

Introduction

1.1 Review of finite element methods

The Finite Element Method (FEM) was first describedToyneret al. (1956 before its
terminology was named b§lough(1960. More details for milestones of the FEM his-
tory can be found ifrelippa(1995 2001). After more than 40 years of development, the
FEM has become one of the most powerful and popular toolstoranical simulations in
various fields of natural science and engineering. Commakycvailable software pack-
ages are now widely used in engineering design of strucsystéms due to its versatility
for solids and structures of complex geometry and its appllity for many types of non-
linear problems. Theoretically, researchers are attemgpti improve the performance of
finite elements.

Because of drawbacks associated with high-order elem&mskiewicz & Taylor
(2000) which may be capable of providing excellent performarmecbmplex problems
including those involving materials with near incompresggy, low-order elements are
preferable to employ in practice. Unfortunately, thesenglets are often too stiff and as
a result the elements become sensitive to locking.

Mixed formulations, based on a variational principle, firdtoduced byFraeijs De
Veubeke(1965 andHerrmann(1965 were developed to handle nearly incompressible
materials, see alsBrezzi & Fortin (1991). The equivalence between mixed finite el-
ement methods and pure displacement approaches usingive&leciuced integration
(SRI) techniques was pointed out Bebongnie(1977 1978 and Malkus & Hughes
(1979. Remedies were proposed byigheg(1980 to give the B-bar method which can
be derived from the three-field H¥ashizu(1982) variational principle (in fact due to
Fraeijs de Veubeke in 1951, sEelippa(2000 for details) is generalized to anisotropic
and nonlinear media. Initially, the S(RI) methods were aised to address shear locking
phenomenon for plate and shell structures, Zeakiewiczet al. (1971); Hugheset al.
(1977, 1978.

Although the SRI methods are more advantageous in dynaralgsas and non-linear
problems because of their low computational cost, thesetgues can lead to instability
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due to non-physical deformation (spurious) modes. In amditheir accuracy is often
poor in bending-dominated behaviours for coarse or dstomeshes. In order to elimi-
nate the instability of SRI methodBlanagan & Belytschk¢1981) proposed the projec-
tion formulation to control the element’s hourglass modegepreserving the advantage
of reduced integration. The issues of hourglass controéve¢éso extended to Mindlin
plates Belytschkoet al. (1981); Belytschko & Tsay(1983) and nonlinear problems
(Belytschkoet al. (1989). An enhanced assumed strain physical stabilization ar va
ational hourglass stabilization which does not requirétiaty parameters for hourglass
control was then introduced byelytschko & Bachrach{1986; Belytschko & Binde-
man (1991); Jetteur & Cescott@1991); Belytschko & Bindemar{1993; Belytschko &
Leviathan(1994); Zhu & Cescotto(1996 for solving solid, strain plane, plate and shell
problems. It showed that the variational hourglass stadiibn based on the three-field
variational form is more advantageous to construct effiad@ments. Many extensions
and improvements of these procedures were giveR&yse & Wriggerg2000; Puso
(2000; Legay & Combescuré2003; Reesg(2005. In addition the incorporation of a
scaling factor with stabilization matrix for planes traiasvformulated bysze(2000 and
for plates byLyly et al.(1993.

In Fraeijs De Veubekg1965, a complementary energy principle is derived from
the restrictive assumption of the mixed Reissner’s priecijy constraints of variational
fields and the equilibrium finite element model is then ol@dinFurther developments
on equilibrium elements were addressedNyuyen-Dang(1970); Fraeijs De Veubeke
et al. (1972; Beckers(1972; Geradin(1972). This approach has overcome volumetric
locking naturally, see e.gNguyen-Dang1985. This is also very promising to solve a
locking difficulty for three dimensional solids based on theently equilibrium element
by Beckerg(2008.

Alternative approaches based on mixed finite element fatimls have been pro-
posed in order to improve the performance of certain elesaéntthese models, the dis-
placement field is identical to that of the standard FEM mpodaile the strain or stress
field is assumed independently of the displacement field.

On the background of assumed stress methods, the two-figleldnaissumed stress
element introduced and improved Byan & Tong(1969; Lee & Pian(1978; Nguyen-
Dang & Desir(1977); Pian & Sumiharg1984); Pian & Wu (198§ is helpful to alleviate
locking problems on regular meshes. A series of new hybathehts based on the opti-
mized choices of the approximate fields has been then deadl&ze (2000 enhanced
the accuracy of the Pian’s element by using trapezoidal egahd introducing a sim-
ple selective scaling parameter. Due to the restrictiodadsically hybrid elements that
have drawbacks of fully equilibrated condition®u & Cheung(1999 suggested an al-
ternative way for the optimization of hybrid elements wilie tpenalty-equilibrating ap-
proach in which the equilibrium equation is imposed intoititkvidual elements directly.
Also, Wu et al. (1998 developed an alternative equilibrium approach so-callegiasi-
equilibrium model that relaxes the strict condition of thygigibrium element method and
provides the lower and upper bounds of path integrals irtiraanechanics. The bound
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theorem and dual finite elements were extended to piezoelecack problems, see e.g.
Li et al. (2009; Wu & Xiao (2005. All developments of Pian et al.'s work on hybrid
elements have been summarizedPian & Wu (2006. Also, based on a particular set of
hybrid finite elementNguyen-Dang(1979 19808; Nguyen-Dang & Desi(1977) pro-
posed a new element type so-called Metis elements. Thaserls have gained the high
reliability for solving elastic, plastic analysis of sttuces, limit and shakedown analysis,
see e.g.Nguyen-Danget al. (1991); De-Saxce & Chi-Hang19923; De-Saxce & Chi-
Hang(19920); Nguyen-Dang & Dand2000; Nguyen-Dang & Trar(2004); Nguyen &
Nguyen-Dang2006. In addition, the formulation of hybrid equilibrium finiedlements
recently proposed bylemeida & Freitag1991), Maunderet al. (1996 and Alemeida
(2008 may provide an alternative approach to suppress voluailetking.

Another famous class of mixed formulations are based omasgstrain methods, it
can be classed into the Enhanced Assumed Strain (EAS) matiadtie Assumed Natural
Strain (ANS) method:

The concept of the EAS proposed Bymo & Hugheq1986; Simo & Rifai (1990 is
based on a three-field mixed approximation with the incapon of incompatible modes
(Tayloret al.(1976). In this approach, the strain field is the sum of the contgp@strain
term and an added or enhanced strain part. As a result, asdonfixed formulation is
obtained. It was pointed out that additive variables agpgan the enhanced strain field
can be eliminated at element level. The method accomplisigésaccuracy and robust-
ness and avoids locking , see edjenkiewicz & Taylor(2000. A further development
on the EAS has shown in Referencés(elfinger & Ramm(1993); Yeo & Lee (1996);
Bischoffet al. (1999; Sa & Jorgg1999; Saet al.(2002; Cardoscet al.(2006; Armero
(2007); Cardoscet al. (2007).

Unfortunately, in all situations, there exist many defedthe EAS methods for shear
locking problems of plate and shell elements, especialtisforted meshes employed.
Hence the Assumed Natural Strain (ANS) method was promaotedder to avoid these
drawbacks and it is now widely applied in commercial sofegasuch as ANSYS, AD-
INA, NASTRAN, etc. The main idea of the ANS method is to appnaate the compatible
strains not directly from the derivatives of the displacatsebut at discrete collocation
points in the element natural coordinates (parent elemdnty derived from an engi-
neering view rather than a convincing variational backgbuThe variational form of
the original ANS method is not clear, which was showedwbltello & Felippa (1990.
The ANS technique for lower-order plate and shell elemeras developed byughes
& Tezduyar(1981); Bathe & Dvorkin(1985 1986; Dvorkin & Bathe (1984 1994. An
alternative to the ANS method to avoid shear locking is thecEte-Shear-Gap (DSG)
method Bletzingeret al. (2000). The DSG method is in a way similar to the ANS
method since it modifies the course of certain strains witinerelement. The main differ-
ence is the lack of collocation points that makes the DSG atktidependent of the order
and form of the element. Additionally, the DSG method haslq@eposed to suppress
membrane locking, see e. lgoschnicket al.(2009.

The object of above review is not to be exhaustive, but tmthice the main concepts
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to be revisited and used in this thesis.

1.2 A review of some meshless methods

Meshfree methods emerged as alternative numerical agmedo, among other feats,
alleviate the shortcomings related to element distortiothe FEM. However, except for
the case of strong-form based methods such as the pointabtla method or Smooth
Particle Hydrodynamics —which, unless a satisfying sizdition scheme is employed
suffer from numerical isntability— meshfree methods whigck based on some sort of
a weak form —be it global as in the Element Free Galerkin (EfE&)ytschkoet al.
(1994); Dolbow & Belytschko(1999), or local as in some instances of the Meshless
Local Petrov Galerkin methodA{luri & Shen (2002)- also require integration of the
discretized weak form. Since the shape functions in meshfiethods are often not
polynomial —for instance in methods where the shape funstare built using Moving
Least Squares (MLS)_éncaster & Salkauskgd981))—, exact integration of the weak
form is often difficult if not impossibleolbow & Belytschko(1999). In practice, a
very high number of Gauss points are used to decrease tlggatiten error, and this is
often sufficient in practical cases, while increasing thearical cost of such meshfree
methods. However, because of their high degree of conyinoieshfree methods are
also very useful to deal with discontinuities and singtiles; as shown by the recent
fracture mechanics literatur@®(flot (2009; Rabczuk & Belytschkq2007); Rabczuk
et al. (2007ab,c, 2008).

Nodal integration in meshfree methods was proposedidigsel & Belytschk@1996
andBonet & Kulasegaranil999 with the aim to eliminate background meshes for inte-
gration of the Element Free Galerkin (EFG) method. Directatiintegration often leads
to numerical instability and suboptimal convergence ratesChenet al. (2007) it was
shown that the vanishing derivatives of the meshfree shapaibns at the nodes are the
cause of the observed instability. Lower convergence ragge shown to be due to the
violation of an integration constraint (IC) by Galerkin metls. The Hellinger-Reissner
variational form for stabilized conforming nodal integeat in Galerkin meshfree meth-
ods is given inSzeet al. (2004).

A linear consistent shape function computed from movingtlsguare approxima-
tions (Lancaster & Salkauska@981) with linear basis functions does not guarantee
linear completeness in meshfree method based on a Galedak form, such as the
EFG method. To satisfy this linear completeness, Chen awvadockers proposed a stabi-
lized conforming nodal integration (SCNI) using a strairostiing method (SSM) for a
Galerkin mesh-free method yielding to a more efficient, aatmiand convergent method.
The stabilized nodal integration was then extended¥oy et al. (2004); Yvonnetet al.
(2004); Cescotto & Li(2007) to the natural element metho8ukumaret al. (1998) for
material incompressibility with no modification of the igtation scheme.

In mesh-free methods with stabilized nodal integratiore émtire domain is dis-
cretized into cells defined by the field nodes, such as the el Voronoi diagramGhen
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et al. (2001); Yoo et al. (2009; Yvonnetet al. (2004; Cescotto & Li(2007); Wang &
Chen(2007). Integration is performed along the boundary of each dgdsed on the
SCNI approach, Litet al have applied this technique to formulate the linear conform
ing point interpolation method (LC-PIM)L(u et al. (20068; Zhanget al. (2007), the
linearly conforming radial point interpolation method (RPIM) (Liu et al. (20063).

Although meshfree methods such as EFG obtain good accunddyigh convergence
rates, the non-polynomial or usually complex approxinraipace increases the compu-
tational cost of numerical integration. However, recesutes in computational fracture
mechanics show that the EFG method treats three-dimensioaek growth problems
with remarkable accuracyp{flot (2006), even when crack path continuity is to be en-
forced Bordaset al. (2008h; Rabczuket al. (2007¢ 2009).

1.3 Motivation

RecentlyLiu et al.(2007g have originated the idea of applying the stabilized camiag
nodal integration into the standard FEM. The cells form difan of the elements and
domain integration is changed into line integration aldmgdell boundaries by the intro-
duction of a non-local, smoothed, strain field. leiual coined this technique a Smoothed
Finite Element Method (SFEM) based on the combination @fistsmoothing stabiliza-
tion with the FEM. The theoretical bases of the SFEM for 2sttity were then pre-
sented inLiu et al. (2007h. The SFEM has also been applied to dynamic problems for
2D solids Pai & Liu (2007) and the elimination of volumetric lockingNguyenet al.
(20078). Then,Liu et al. (20079 have proposed a node-based smoothed finite element
method (N-SFEM) in which the strain smoothing is formed imghbouring cells con-
nected with nodes.

Based on the idea of the SFEM and N-SFEM, this thesis aimsitty tnd estimate
the reliability of strain smoothing techniques in finiteralents, and extends further its ap-
plications to more complex problems such as fracture mechathree dimension solid,
plate and shell structures, etc. A sound variational baseonvergence properties and
accuracy are investigated in detail, especially when destioneshes are employed. The
scope of strain smoothing stabilization by showing thercéetvantages it brings for in-
compressible 2D and 3D problems. The thesis also discusses groperties related to
equilibrium elementsHraeijs De Veubek€l965); Fraeijs De Veubeket al.(1972); Beck-
ers(1972; De-Saxce & Nguyen-Dan@l984); Debongnieet al. (1995 2006; Beckers
(2008) and a priori error estimation.

More importantly, the method shown here may be an importapt towards a more
efficient and elegant treatment of numerical integratiotihecontext of singular and dis-
continuous enriched finite element approximations. Anollyeprocedure is to develop
stabilization schemes for partition of unity methods —fgample to avoid volumetric
locking and allow a simple extension of enriched finite elataeo large-scale plasticity
or incompressible materials, as well as multi-field extehiiigte elements.
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1.4 Outline

The thesis is organized in nine main chapters.

Chapter 2 recalls governing equations and weak form fodspjilates and shells and
introduces the basic concepts of structural analysis bigfaldement approximations. This
chapter also defines a general formulation for a strain snmogbperator.

Chapter 3 is dedicated to a smoothed finite element methda/éedimensional prob-
lems.

Chapter 4 extends the smoothed finite element method to-thmaensional elasticity.

A smoothed finite element method for plate analysis is ptesein Chapter 5.

Chapter 6 introduces a stabilized smoothed finite elemetiiadefor free vibration
analysis of Mindlin—Reissner plates.

A smoothed finite element method for shell analysis is adaiedten Chapter 7.

Chapter 8 presents a hode-based smoothed finite elemerddrietliwo-dimensional
elasticity and shows how a mixed approach may be derived fraperties of method. A
quasi-equilibrium finite element model is then proposed.

Chapter 9 closes with conclusions drawn from the presenk and opens ways for
further research.

1.5 Some contributions of thesis

According to the author’s knowledge, the following pointayrbe considered as the con-
tribution of this thesis:

1) Arigorous variational framework for the SFEM based onkiueWashizu assumed
strain variational form and an orthogonal condition at d lmlel are presented. The
method is applied to both compressible and incompressitdai elasticity problems. The
thesis points out interesting properties on accuracy andergence rates, the presence
of incompressibility in singularities or distorted mesheg. It is shown that the one-
cell smoothed four-noded quadrilateral finite element ig\jent to a quasi-equilibrium
element and is superconvergent (rate of 2.0 in the energy fmrproblems with smooth
solutions), which is remarkable. e. l§guyen-Xuaret al. (2006 2007.

2) Strain smoothing in finite elements is further extende8-tmded hexahedral ele-
ments. The idea behind the proposed method is similar tavithkeltmensional smoothed-
finite elements (SFEM). If the surfaces of the element hawedorvature, the stiffness
matrix is evaluated by integration on the surface of the ghing cells. In contrast, the
gradients are described in the FEM and the smoothed stragreaaied out numerically
using Gauss quadrature inside the smoothing cells, fatigwin idea bystolle & Smith
(2004). Numerical results show that the SFEM performs well forlgsia of 3D elastic
solids. The work on the 3D SFEM was giverBordaset al.(20083; Nguyen-Xuaret al.
(20083.

3) A quadrilateral element with smoothed curvatures for dfimReissner plates is
formulated. The curvature at each point is obtained by alacal approximation via a
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smoothing function. The bending stiffness matrix is catedl by a boundary integral
along the boundaries of the smoothing elements (smootheilg).c Numerical results
show that the proposed element is free of locking, robustprdational inexpensive
and simultaneously very accurate. The performance of thegsed element with mesh
distortion is also presented. This resultedNiguyen-Xuaret al. (2008h.

4) A free vibration analysis of Mindlin — Reissner plateswgsihe stabilized smoothed
finite element method is studied. The present formula isritéte from the work on
smoothed plate elements bguyen-Xuaret al. (2008h, but the accuracy of the element
is increased combining a well-known stabilization teclueigpf Lyly et al. (1993 into
the shear terms. As a result, the shearing stiffness matabtained by approximating
independent interpolation functions in the natural cawatk system associated with a
stabilized approach. Itis found that the proposed methbataes slightly more accurate
and stable results than those of the original MITC4 versamtsis free of shear locking
as plate thickness becomes very small. The results of thesiigation were given in
Nguyen-Xuan & Nguyerf2008.

5) A four-node quadrilateral shell element with smoothednibeane-bending based
on Mindlin—Reissner theory is exploited. It is derived frdme combination of plate bend-
ing and membrane elements. It is based on mixed interpalatitere the bending and
membrane stiffness matrices are calculated on the bowsdafrihe smoothing cells while
the shear terms are approximated by independent inteiofainctions in natural coor-
dinates. The performance of the proposed shell elementigreeed by numerical tests.
Since the integration is done on the element boundarieh&bénding and membrane
terms, the element is more accurate than the MITC4 eleniaihé & Dvorkin(1986)
for distorted meshes, see elMguyenet al. (20073.

6) A node-based smoothed finite element method (N-SFEM) @asitly proposed by
Liu et al. (20079 to enhance the computational capability for solid meat&problems.
It was shown that the N-SFEM possesses the following prigseril) it gives an upper
bound of the strain energy for fine enough meshes; 2) it isslimomune from volumetric
locking; 3) it allows the use of polygonal elements with abitaary number of sides; 4)
the result is insensitive to element distortion. The first pvoperties of the N-SFEM are
the characteristics of equilibrium finite element appraach-ollowing the idea of the N-
SFEM (Liu et al.(200709), this thesis shows the following theoretical aspectst rigdally
smoothed strain of the N-SFEM is obtained from the justiiicabf a mixed variational
principle; 2) accuracy and convergence are verified by aoiggdy mathematical theory
which is based on the original work &rezzi & Fortin (1991); 3) a new link between
the N-SFEM and an equilibrium finite element model based am-fmde quadrilateral
formulations is presented. And as a result a quasi-equifibelement is then proposed.



Chapter 2

Overview of finite element
approximations

2.1 Governing equations and weak form for solid me-
chanics

In what follows, a two-or three dimensional solid is desedlas an elastic domain
with a Lipschitz-continuous boundaty. A body forceb acts within the domain, see
Figure2.1 The boundary is split into two parts, nameli/,, where Dirichlet conditions
u are prescribed, anb; where Neumann conditionis= t are prescribed. Those two
parts form a partition of the boundary

Figure 2.1: The three-dimensional model

The relations between the displacement fielthe strain fielde and the stress fielat
are:


Chapter1/Chapter1Figs/EPS/mechanics.eps

2.1 Governing equations and weak form for solid mechanics

1. The compatibility relations

1 .
Vi,j€1,2,3, €ij = i(um + uj,i) (Or € = 811) n Q (21)

U; = Uy on I'a (22)
2. The constitutive relations
045 = DijklEkl in Q (23)
3. The equilibrium equations

Oijj + b; =0 in Q (24)

0N = Ez on Iy (25)

whered = V, denotes the symmetric gradient operator for the descntidhe strains
from the displacements. Let the two spaces of kinematiaiyissible displacements,
denoted by andV,, respectively, be defined by

V={ue (H'(Q)>u=a on Ty} (2.6)

Vo={uec (H'(Q)*u=0 on Iy} (2.7)

The space containing and strains and stresses denotesloefined by
§={eoro c {(L*N))°}} (2.8)

Here, H'(Q2) denotes the Sobolev space of ordeiDEljongnie(2001)). Obviously;V,
contains all differences between two element¥ othat is to say, it is the linear space of
admissible displacement variations. These spaces leaddoraded energy

/QDijklEij(u)Ekl(u)dQ < o0 (29)

From Equation2.9), bothV andV, may be equipped with the energetical scalar product
and the energy norm

(uav)E:/S;Dijklgij(u)gkl(v)dg (210)

1/2
||u||E = (/Q Dijkl€ij(u)€kl(u)d9) (2.11)

whereD is a bounded uniformly positive definite matrix.
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2.1 Governing equations and weak form for solid mechanics

The displacement approach consists in finding a displacefedéthu € V for which
stresses are in equilibrium. The weak form of this conditson

Vv €V, / D:e(u):e(v)dQ = / b - vdQ +/ t-vdl (2.12)
Q Q Tt

We here recognize a variational problem of the classicahfdfindu € V such that

Vv €V, a(u,v) = f(v) (2.13)
where
a = : : Q = - vdS2 t - :
(u,v) /QD e(u):e(v)dQ , f(v) /Qb vd —i—/Ftt vdl' (2.14)

Equation 2.13 has a unique solution, from a classical inequality of Sebapaces. It
may also be presented as the solution of the following miréstnon problem: Findh € V
such that

Vv € V, HTPE(LI) = inf HTPE(V) (215)

where .
rpp(v) = 5“("» v) = f(v) (2.16)

Functionalll;py is called thetotal potential energyNow let V" be a finite-dimensional
subspace of the spatke Let V4 be the associated finite dimensional subspadg ofvith
each approximate spad¥ is associated the discrete problem: Firfide V" such that

W e Vhoa(u vt = f(v") (2.17)

Equation 2.17) has a unique solution by a Galerkin method. Solutirshall be called
thediscretesolution.

Let {N;} be the basis functions fdr". The finite element solution” of a displace-
ment model, for instance, in three dimensional is expreasddllows

n | Nj 0 0
u" = 0 N; 0 |q =Nq (2.18)
=1 0 0 N;

wherenp is the total number of nodes in the mesh, fkigs are the shape functions of
degreep associated to nodg theq; = [u; v w;|T are the degrees of freedom associated
to nodel. Then, the discrete strain field is

e" = ou" = Bq (2.19)

whereB = 9N is the discretized gradient matrix.

10



2.2 A weak form for Mindlin—Reissner plates

By substituting Equatior;18 and EquationZ.19 into Equation 2.13), we obtain a
linear system for the vector of nodal unknowns

Kq=g (2.20)
with the stiffness matrix given by
K= Q’BTDBdQ (2.21)
and the load vector by
g = WNWM%%FNWH (2.22)

where)” is the discretized domain associated with

2.2 A weak form for Mindlin—Reissner plates

Consider an arbitrary isotropic plate of uniform thicknés¥oung’s modulust, and
Poisson ratia’ with domain(2 in R? stood on the mid-plane of the plate. Let 3 =
(B:, 3,)" denote the transverse displacement and the rotations in the andy — 2
planes (see Figu2?2), respectively. The governing differential equationsha Mindlin-
Reissner plate may be expressed as:

3
Vlﬁmm+wm+kw+%?ﬁ:0 in Q (2.23)
MV -y +p+ptw*w=0 in Q (2.24)
w=w,B=06 on =09 (2.25)

wheret is the plate thickness is the mass density of the plate, = p(x,y) is the
transverse loading per unitarea= uFE/2(1+v), u = 5/6 is the shear correction factor,
k is an elastic foundation coefficient, is the natural frequency ardd’ is the tensor of
bending modulix and~ are the bending and shear strains, respectively, defined by

_ 98, -
0 ow
K= _% E%{V®ﬂ+ﬂ®V} , Y= gfu =Vw- 0 (2.26)
20, _ 95, ay
oy ox

whereV = (0/0,,0/0,) is the gradient vector. L&t andV, be defined as
V={(w,pB):weHQ),BcHQ)?*}NB (2.27)

11



2.2 A weak form for Mindlin—Reissner plates

Figure 2.2: Assumption of shear deformations for quadstkdtplate element

Vo={(w,8):we H(Q),3€ H(Q)?:v=0nn=00nT} (2.28)

with B denotes a set of the essential boundary conditions andl’tlener products are
given as

(w.0) = [wede @)= [ Bonde. a(.n) = [ 5(@): D" w0
Q Q Q
The weak form of the static equilibrium equatiois= 0) is: Find (w, 3) € 'V such that
Y(v,m) € Vo,a(B,m) + M(Vw — 3,Vv—n) = (p,v) (2.29)

and the weak form of the dynamic equilibrium equations feefvibration is: Findv €
R* and0 # (w, 8) € V such that

1
Y(v,m) € Vo, a(B,m) + M(Vw — B8, Vv —n) + k(w,v) = w*{pt(w,v) + Ept?’(ﬂ, n)}
(2.30)
Assume that the bounded domdinis discretized intaue finite elements() ~ Q" =

U ©¢. The finite element solution of a low-ordeglement for the Mindlin — Reissner
e=1

plate is of the form (static problem): Firfd", 3") € V" such that
V(v,m) € Vg, a(B",m) + M(Vw" - 8", Vv —n) = (p,v) (2.31)

and the finite element solution of the free vibration modes lmfw-order element for the
Mindlin — Reissner plate is of the form : Fing' € Rt and0 # (w", 8") € V" such that

a(B",m) + \(Vuw" — 8" Vv —n) + k(w", v) = (W")*{pt(w", v) + 1—12,0t3(ﬂ", n)},
Y(v,m) € Vi
(2.32)

a 4-node quadrilateral full-integrated bilinear finiteraent
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2.2 A weak form for Mindlin—Reissner plates

where the finite element spacé¥, andV?, are defined by

V= {(w",B") € H'(Q) x H'(Q)?,w"]o: € Qi(Q), 8]0 € Qi(2°)’}N'B (2.33)

Vi ={(v" n") e HY(Q) x H'(Q)? :v" =0,n" = 00onT} (2.34)

where@;(€2°) is the set of low-order polynomials of degree less than oaktpul for
each variable.

As already mentioned in the literatuiggthe(1996; Batoz & Dhatt(1990); Zienkiewicz
& Taylor (2000), shear locking should be eliminated as the thicknessrhescssmall.
According to the knowledge of the author, among all the imptbelements, the MITC
family of elements byBathe (1996 are the more versatile ones and are widely used in
commercial software. Concerning on the MITC4 element, tieasterm is approximated
by a reduction operatoBgathe & Dvorkin(1989) Ry, : H'(Q¢)? — I'*(Q¢), wherel" is
the rotation of the linear Raviart-Thomas space:

Q) = {¥oe = I7'3",3" = (3, 7) € span{1,n} x span{1,£}} (2.35)

where(¢, n) are the natural coordinates.
The shear strain can be written in the incorporation of redocperator Bathe &
Dvorkin (1985; Thompson(2003) as

A" = V" - RyB" = I (Vu" — RgIBY) (2.36)

7, h ..k
whereVuw" = (w';, w’,) and

4
N 0
RyJB" = §ilVie J 2.37
8= [N, e 237
whereJ is the Jacobian matrix of the bilinear mapping from the bit-sguare element
Q2 into Q¢, J; is the value of Jacobian matrix at nodeand¢; € {—1,1,1, -1}, n; €
{—1,-1,1,1}.

Then, the discretized solutions of the static problem aedtas: Findw", 3") € V"
such as

V(U, ’r’) S ,\787 a(/Bh7 ’r’) + )\t(vwh - Rh/Bh7 Vv — Rhn) = (p7 U) (238)

An explicit form of the finite element solution” = [w 3, 3,]" of a displacement
model for the Mindlin-Reissner plate is rewritten as

nw | Ny 0 0
u = 0 0 N;|qs (2.39)
I=1 0 Ny O
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2.3 Formulation of flat shell quadrilateral element

wherenp is the total number of element nodég; are the bilinear shape functions asso-
ciated to nodd andq; = [w; 6, 0,;]" are the nodal degrees of freedom of the variables
u" = [w 3, 3,]" associated to node Then, the discrete curvature field is

k" = B’q (2.40)

where the matriXB?, defined below, contains the derivatives of the shape fonstiThe
approximation of the shear strain is written as

~" = B*q (2.41)
with
s __ NI,:(: 0 NI
B; = N N, 0 (2.42)

By substituting Equation;39 - Equation 2.41) into Equation 2.38), a linear system of
equations for an individual element is obtained:

Kq=g (2.43)
with the element stiffness matrix
K= | (B)'D'B% + / (B*)'D*B*ad (2.44)
Qe Qe
and the load vector ~
p
gr = Ny 0| dQ (2.45)
Qe 0
where _
1 v O
Et3 E
ph——=" |, 1 o | Do |10 (2.46)
20-") | 4 o 1w 21+v) [0 1
2

2.3 Formulation of flat shell quadrilateral element

Flat shell element benefits are the simplicity in their folation and the ability to produce
reliably accurate solutions while the programming implatagon is not as complex as
with curved shell elements, see efjenkiewicz & Taylor(2000. Nowadays, flat shell
elements are being used extensively in many engineerirgigea with both shells and
folded plate structures due to their flexibility and effeetiess. In the flat shell elements,
the element stiffness matrix is often constituted by suppdsing the stiffness matrix of
the membrane and plate-bending elements at each node.nbigbei shell elements of
this type can always be defined by five degrees of freedom (DtBFe displacement
DOFs and two in-plane rotation DOFs at each node. A “sixtlgrde of freedom is com-
bined with the shell normal rotation, and it may not claim tmstruct the theoretical
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2.3 Formulation of flat shell quadrilateral element

foundation. However, one encounters numerous drawbacksgdrom modeling prob-
lems, programming, computation, etc. Thus the inclusiothefsixth degree of freedom
is more advantageous to solve engineering practices.

Now let us consider a flat shell element in a local coordingstesnzyz subjected
simultaneously to membrane and bending actions (FigLB)é.

(@) (b)

Figure 2.3: A flat shell element subject to plane membranebanding action : (a) Plane
deformations, (b) Bending deformations

The membrane strains in a local coordinate systgmare given by

o
g@
mo | 2 2.47)
g™ = 7 (2.

ou , oo
| 0y O

Sl

The bending and transverse shear strains are expressely simm the Reissner-
Mindlin plates by

ST
a- a —
%%y Vez o T s
ke | -9 VD B Y T (2.48)
dy Vyz ow B
0P _ 955 oy
oy oz

The finite element solution" = [u v w B; ; 3:]" of a displacement model for the

1This figure is cited from Chapter 6 ifienkiewicz & Taylor(2000
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2.3 Formulation of flat shell quadrilateral element

shell is then expressed as

N, 0O 0 0 0 0
o N0 0 00
W = | 0 0 N 0O 0 0]
v _; 0 0 0 0 N;yol|YU (2.49)
1o 0 0 N, O 0
0 0 0 0 0 0]

wherenp is the total number of element nodég; are the bilinear shape functions asso-
ciated to nodd andq = [u; v; w; 6z, 0, 05,]" are the nodal degrees of freedom of the
variablesu” associated to nodein local coordinates.

The membrane deformation, the approximation of the strald i given by

4
e" =) Bl'q =B"q (2.50)
I=1
where
Nz 0 0000
BP=| 0 Ny 0000 (2.51)
Nig Niz 0000
The discrete curvature field is
4
k=) Blq =B'q (2.52)
I=1
where
000 0 Niz 0O
Btb=|1000 —Nz 0 0 (2.53)
000 —N;z Nigz O
The approximation of the shear strain is written as
4
v=> Bjq =Bq (2.54)
I=1
with
. [00 Nz O N O
Bf_[o 0 Niy —N; 0 0] (2.55)
The nodal forces is now defined by
g — |: Fjl Fgl FEI Mfl FgI M_I ] (256)

The stiffness matrix fomembrane anglate elements is of the form

k™ = / (B™)"D"B™dS, k" = / (B*)"D"B%dQ + / (B*)'D°B*dQ  (2.57)

e e
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2.3 Formulation of flat shell quadrilateral element

where the membrane material matrix is

1 v 0
Et
D"=_"" v 1 0 (2.58)
(1_7/2) 0 0 1—v

The element stiffness matrix at each nadean now be made up for the following
submatrices
k™|ox2  Ooxz 0
ki= | O3 [KPl3x3 O (2.59)
0 0 0
It is clear that the element stiffness matrix at each nbdmntains zero values of
the stiffness corresponding to an additional degree ofdbeg 0;,, combined with it
a fictitious couplelM;,. 6: is sometimes called drilling degree of freedom, see e.g.
Zienkiewicz & Taylor(2000. The zero stiffness matrix correspondin@gtaan causes the
singularity in global stiffness matrix when all the elengemteeting at a node are coplanar.
To deal with this difficulty, we adopt the simplest approasteg in Zienkiewicz & Taylor
(2000 to be inserting an arbitrary stiffness coefficiehs, at the additional degree of
freedomd;, only and one writes
ko.0z, =0 (2.60)

Numerously various approaches to estimate and improvedtiermance of the element
with drilling degrees of freedom have published the literaf e.g.Zienkiewicz & Taylor
(2000;Cooket al.(2001). In this context, the arbitrary stiffness coefficiépt is chosen
to be 1072 times the maximum diagonal value of the element stiffnestimasee e.g
Kansarg2004). Thus the nodal stiffness matrix in Equati¢hg9 can be expressed as,

B [km]2><2 O2><3 O
kS = 032 [KkP]3x3 0 (2.61)
0 0 10~ °max(ks )

whereke is the shell element stiffness matrix before inserting

The transformation between global coordinatgs and local coordinatesyz is required
to generate the local element stiffness matrix in the looafdinate system. The matrix
T transforms the global degrees of freedom into the localetegof freedom:

q="Tq (2.62)

T consists of direction cosines between the global and laxaidinate systems. At each
node, the relation between the local and global degreegeflém is expressed as

( [ l11 l12 l13 0 0 0 1 ( u )
loy log lopg O 0 O v
w

| _ I31 I3 I3 0 0 O (2.63)

J/

SIS

0z 0 0 0 Il hy bs 0,
QQ 0 0 0 l11 l12 l13 9y
92 ) i 0 0 0 l11 l12 l13 0

L
ISy
-
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2.4 The smoothing operator

wherel;; is the direction cosine between the local axjsand the global axis;;. The
transformation matrix for our quadrilateral shell elemisrdiven by

T, 0 0 0
o T, 0 0

=1 T, o (2.64)
0 0 0 T,

where the matrixT', is that used in Equatior?(64) of size6 x 6. The transformation of
the element stiffness matrix from the local to the globalrdomate system is given by

K = T7k°T (2.65)

The element stiffness matriK is symmetric and positive semi-definite. In Chapter 8,
we will introduce the incorporation of a stabilized integpa for a quadrilateral shell
element and show a convenient approach for shell analysisordling to flat shell formu-
lation aforementioned, the difficulty of transverse sheaking can be eliminated by the
independent interpolation of the shear strains in the ahtiordinate systenB@athe &
Dvorkin (1985). Consequently, Equatio2 36) provides the way to avoid the transverse
shear locking when the shell thickness becomes small.

2.4 The smoothing operator

The smoothed strain method was proposedCbynet al. (2001). A strain smoothing
stabilization is created to compute the nodal strain as itheggkence of a spatial average
of the strain field. This strain smoothing avoids evaluatiegvatives of mesh-free shape
functions at nodes and thus eliminates defective modes.nmidieration of this work is
to develop the strain smoothing approach for the FEM. Théhatetleveloped here can
be seen as a stabilized conforming nodal integration meta®dn Galerkin mesh-free
methods applied to the finite element method. The smootimdiedd at an arbitrary
pointx! is written as

El(xc) = /Q ) el (x)®(x — xc)dS (2.66)

where ® is a smoothing function that generally satisfies the follayvproperties Yoo
et al. (2009)

®>0 and / QL = 1 (2.67)
Qh

By expanding:s" into a Taylor series about poist.,
e'(x) = e(x¢c) + Vel (xc) - (x — x¢)

+%V ® Ve (xe) : (x — x0) ® (x — x¢) + O(]|x — x¢)? (2.68)

tassumed that there existg such that" is differentiable in its vicinity
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2.4 The smoothing operator

Substituting Equation.68) into Equation 2.66) and using Equatior?(67), we obtain

&h(x0) = e"(x¢) + Vel (xc) - /Q (= x0)B(x — xc)d0

+%V ® Vel (xc) / (x —x¢0) ® (x — x0)P(x — x)dQ + O(||x — xc|)®  (2.69)

Qh
Equation .69 states that the smoothed strain field is defined throughdahepatibility
equationsZ.1) and several terms of higher order in the Taylor series. iraplgcity, ¢ is
assumed to be a step functid@henet al. (2001);Liu et al. (20073) defined by

D(x —x¢) = { é/ ch’éf flo (2.70)

whereV/ is the volume of the smoothing 3D cell (using the drefor the smoothing 2D
cell), Qe € Q¢ c Q" as will be shown in next chapter.
Introducing EquationZ.70 into Equation 2.69 for each() leads to

" (xc) = e"(xc) +&"(xc) + O(|Ix — xcl|)* (2.71)

where

e'(xc) = M : /QC (x —x¢)dQ + %V ® Vel (xe) : / (x —x¢) ® (x — x¢)dS2

Vo Q%

(2.72)
can be referred as anhanced parof the strain field $imo & Hugheg1986; Simo &
Rifai (1990), the enhanced strain field being obtained through the eflaylor series
decomposition.

For a four-node quadrilateral finite element (Q4) or an eigide hexahedral element
(H8), the error term in the above Taylor series vanishes apton @.71) becomes

Vxo € Qo, &'(x0) = €"(xc) + " (xc) (2.73)

Thus we showed that the smoothed strain field for the (Q4) 8) ¢lements is sum of
two terms; one is the strain fiekl* satisfied the compatibility equation and the other is
¢" that it can be called an enhanced part of the compatibiligirste".

Remark If the displacement field is approximated by a linear fumetsuch as the case
for 3-node triangular or tetrahedral elements, the t&trim Equation £.73 equals zero:

e"(xc)=0 (2.74)

The smoothed strain is therefore identical to the compatitain. Additionally, the
SFEM solution coincides with that of the FEM for linear elathigy/pes.

The next chapters, focus on the smoothing strain techniguétir-node quadrilateral
finite elements (Q4) or an eight-node hexahedral elemer8s. (Fo follow the original

contribution byLiu et al. (20073, the SFEM will be used for most chapters in thesis.
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Chapter 3

The smoothed finite element methods
2D elastic problems: properties,
accuracy and convergence

3.1 Introduction

In the Finite Element Method (FEM), a crucial point is the &xategration of the weak
form —variational principle— leading to the stiffness matind residual vector. In the
case of curved boundaries, high degree polynomial appbams or enriched approx-
imations with non-polynomial special functions, numericaegration becomes a non-
trivial task, and a computationally expensive burden. Fapped, isoparametric ele-
ments, Gauss-Lobatto-Legendre quadrature —widely exféaras Gauss quadrature— can
lead to integration error. In the isoparametric theory opped element, a one-to-one
and onto coordinate transformation between the physiachhatural coordinates of each
element has to be established, which is only possible fonets with convex bound-
aries. Consequently, severely distorted meshes cannotlslsaccurately if the stiffness
matrix is obtained by standard Gauss quadrature procedures

In order to enhance the accuracy of numerical solutionsfegular meshes,iu et al.
(20073 recently proposed a smoothed finite element method (SFBEMJD mechanics
problems by incorporating the standard FEM technology &edstrain smoothing tech-
nique of mesh-free method&ljenet al. (2001)). It was found that the SFEM is accurate,
stable and effective. The properties of the SFEM are studigdtail byLiu et al.(20071.

Purpose of this chapter is to present the recent contribaiothe convergence and
stability of the smoothed finite element method (SFEM). Bas®the idea of the SFEM
in Liu et al. (2007gb), a sound mathematical basis, proving that its solutiommrised
between the standard finite element and a quasi-equilibiinite element solution is re-
visited. It also is found that one of the SFEM elements is\ajant to a hybrid model.
Through numerical studies, a particular smoothed elensesttawn to be volumetric lock-
ing free, leading to superconvergent dual quantities arfdpeing particularly well when
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3.2 Meshfree methods and integration constraints

the solution is rough or singular. Moreover, the convergesiche method is studied for
distorted meshes in detail.

3.2 Meshfree methods and integration constraints

In mesh-free methods based on nodal integration, the cgperee of the solution approx-
imated by linear complete shape functions requires thevatg integration constraint
(IC) to be satisfied@henet al. (2001)

/ BT (x)dQ) = / n’ Ny (x)dl (3.1)
Qh Th

whereB; is the standard gradient matrix associated with shapeiamst; such as
-For 2 dimensional

Nl,m 0 Ny 0
B;=| 0 Ni,|, n"=]|0 n, (3.2)
N[’y Nl,m Ny Ny
-For 3 dimensional
[ Ni, O 0 ] [(n, 0 0 ]
0O Ny, O 0 n, O
B 0 0  Np. r | 0 0 mn
BI o N[’y N[’x 0 ’ = ’fly Ny 0 (33)
0 Nl,z Nl,y 0 Ny Ny
| Nl,z 0 N[’x i L n, 0 Ty i

The IC criteria comes from the equilibrium of the internatlaxternal forces of the
Galerkin approximation assuming linear completen€sse(iet al. (2001) andYoo et al.
(2004). This is similar to the linear consistency in the conssirgss patch test in FEM.

By associating the conventional FEM and the strain smogtimathod developed for
mesh-free nodal integratiohiu et al. (20073 coined the method obtained the smoothed
finite element method (SFEM) for two-dimensional probleths,idea being as follows:
(1) elements are present, as in the FEM, but may be of ap#tapes, such as polygons
(2) the Galerkin weak form is obtained by writing a mixed a#ional principle based on
an assumed strain field Bimo & Hugheg1986 and integration is carried out either on
the elements themselves (this is the one-cell version ofrtéhod), or over smoothing
cells, forming a partition of the elements (3) apply theistsanoothing method on each
smoothing cell to normalize local strain and then calcullagestiffness matrix.

For instance in 2D problems, there are several choices ®sthoothing function.
For constant smoothing functions, using Gauss theorensyitiace integration over each
smoothing cell becomes a line integration along its bourdaand consequently, it is
unnecessary to compute the gradient of the shape functionistain the strains and the
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3.3 The 4-node quadrilateral element with the integration ells

element stiffness matrix. We use 1D Gauss integration seh@mall cell edges. The
flexibility of the proposed method allows constructing fowrde elements with obtuse
interior angles.

3.3 The 4-node quadrilateral element with the integra-
tion cells

3.3.1 The stiffness matrix formulation

By substituting Equation;70) into Equation 2.66), and applying the divergence theo-
rem, we obtain

1 oul  ou 1
~h 7 J h . h .
fij(xc) = 2A¢ /Qc <3xj " 8xi> H 2A¢ /Fc (i - ujne)dl G4

Next, we consider an arbitrary smoothing céll; ¢ Q¢ c Q" illustrated in Figure3.1

) Smoothing cells (1 to 4 quadrilaterals)
Support domain of node F B -

— S DY —O0—§ : =

Gauss point

N AT : “\ |_— Element

\

Nodal field

Figure 3.1: Example of finite element meshes and smoothiltgyine2D

nb
with boundaryl'c = |J I'%, wherel', is the boundary lines df¢, andnb is the total

b=1
number of edges of each smoothing ceilu(et al. (20073). The relationship between
the strain field and the nodal displacement is modified bya@pgB into B in Equation
(2.19 and

&" = Bq (3.5)
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3.3 The 4-node quadrilateral element with the integration ells

The smoothed element stiffness matrix then is computed by
K=Y [ B'DBao-) B'DBA (3.6)
c=1"%c Cc=1

wherenc is the number of the smoothing cells of the element (see E@d).
Here, the integrands are constant over e@ghand the non-local strain displacement
matrix reads

Nm, 0

- 1 z 1

Bor = 0 Nmy, |dl'=—— n’ N;(x)dl' VI =1,2,3,4 (3.7)
¢ JTe N[ny Nin, ¢ JTe

Introducing Equation3.7) into Equation 8.6), the smoothed element stiffness matrix is
evaluated along boundary of the smoothing cells of the eléme

nc

K*=>" Aic </FC nTN(x)dS)TD (/FC nTN(X)dF) (3.8)

C=1

From Equation3.7), we can use Gauss points for line integration along witihheagment
of I'%,. In approximating bilinear fields, if the shape functionirehr on each segment of
a cell's boundary, one Gauss point is sufficient for an exgegration.

) T Nr(x$)n, 0
Bei(xe) = > 0 N;(x8)n, |1 (3.9)
o1 \ Ni(x$)n, Ni(x$)n,
wherex{ andi¢ are the midpoint (Gauss point) and the lengttrpf respectively.
It is essential to remark that the smoothed strain figi], as defined in Equatior8(5)
does not satisfy the compatibility relations with the de&sment field at all points in the
discretized domain. Therefore, the formufal(?) is not suitable to enforce a smoothed
strain field. Although the strain smoothing field is estindateom the local strain by
integration of a function of the displacement field, we cansider the smooth, non-local
strain, and the local strain as two independent fields. Tte Ktrain is obtained from the
displacement fieldy”, the non-local strain field can be viewed as an assumed $iehin
&". Thus a two-field variational principle is suitable for tajsproximation.

3.3.2 Cell-wise selective integration in SFEM

The element is subdivided intac non-overlapping sub-domains also called smoothing
cells. Figure3.2is the example of such a division witle = 1, 2, 3 and 4 corresponding
to SC1Q4, SC2Q4, SC3Q4 and SC4Q4 elements. Then the steamothed over each
sub-cell. As shown in SectioB.5, choosing a single subcell yields an element which is
superconvergent in the H1 norm, and insensitive to volumktcking while the locking
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3.4 A three field variational principle

reappears fonc > 1. To overcome this drawback, we implement a method in which
an arbitrarily high number of smoothing cells can be used titewthe volumetric part

of the strain tensor, while the deviatoric strains are emitin terms of a single subcell
smoothing. The method may be coined a stabilized methodsgigttive cell-wise strain
smoothing. The smoothed stiffness matrix is built as fodow

e Usingnc > 1 subcells to evaluate the deviatoric term
e Using one single subcell to calculate the volumetric term

This leads to the following elemental stiffness matrix wsthoothed strains

nc

K= 1) B{Ds.BcAc + KB/ DB A° (3.10)
Cc=1
where
i . (4 20 110
B.= nTN(x)dF,DdEU:§ —2 4 0|,Dy=1]110 (3.11)
re 0 0 3 00 0

1Dy, and KD, are the deviatoric projection and the volumetric projatbthe elastic
matrix D, respectivelyyu is the shear moduludgy is the bulk modulus defined b =
E/3(1 — 2v) and A¢ is the area of the elemeisiy.

Using the one-subcell formulation for the volumetric pdrttee strain field and multiple
subcell formulations for the deviatoric part yields mukisubcell elements which are not
subject to lockinglguyenet al. (20070; Nguyen-Xuaret al. (2006 20073).

3.3.3 Notations

The four node quadrilateral (Q4) with association of the sthimg strain technique for
subcells is denoted by th&C' k(4 element —forSmoothedk subcell 4 node quadrilateral.
For instance, we will refer a lot to the case where only oneslliis used to integrate the
Q4 element: th&C'1(Q4 element.

3.4 Athree field variational principle

The three field variational principle given bashizu(1982 is a possible start for con-
structing the variational base for the proposed method. HiréNashizu functional for
an individual element is of the form

H;W(u,é,a):%/ (D:é):édQ—/ o-:(é—s)dQ—/Qb-udQ—/F £-vdl

(3.12)
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3.4 A three field variational principle

whereu € V" & € $ ando € §. For readability, we define, for all admissibig
f(u) = [ob-udQ — [ t-vdl, and, substituting Equatio2 (73 into the second term
of Equation 8.12) yields

1

Y (u,,0) = 3 /E(D €)1 edf) — /e o :ed) — f(u) (3.13)

In Simo & Hugheq1986; Simo & Rifai (1990, an enhanced strain field, that satisfies
the orthogonality condition with the stress field is constied:

/ o &dQ =0 (3.14)

With the orthogonality condition in EquatioB.4), Simo & Hugheg1986 proposed an
assumed strain variational principle for two fields:

I, (u, &) = %/E(D L&) 8d— f(u) (3.15)

The purpose of the following is to construct an SFEM variaidorm as follows:

B 1 nc . .
USppn(u,€) = 3 Z/ (D : &) : €idQ — f(u) (3.16)
ic=1 ic
where
B 1 . . nc
Bie = - /Q ) e(x)dQ. and A° = ;Am (3.17)

with A;. the area of the smoothing cell;..

In this context, the stress fielat is expressed through the stress-strain relation as
o = D : &. To obtain the variational principle(16), we need to find a strict condition
on the smoothing cell)- such that the orthogonality conditio8.(4) is satisfied. Parti-
tioning the element intac sub-cells such that the sub-cells are not overlapping amad fo

a partition of the elemerip®, Q¢ = [ J ., we consider the orthogonality condition:
ic=1

/ a:édQ:i/ (D:&): (6 —e)do,

:Z/ (D:é&): (i/ edQc—s)de’c
nc B 1

=> (D:2&): / (—/ edQe — s) s,
1c= Q?c AC Qc
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3.4 A three field variational principle

nc . dQ?c
= Z(D 1 €): (fQ / edQ¢ —/ edec>
: Ac Jae ¢

N (D:¢): (A"" / edQc — / sdQ§c> (3.18)
o AC QC fc

whereg = - [, e(x)dS is a smoothed strain field defined for evély C Q° and note
thatf D : edQ = D : £A,. because the smoothed straimoes not depend on the

mtegratlon varlable For equation Equatiél(8 to be identically zero, a necessary and
sufficient condition is that

Ac = A, and Q¢ = QF, (3.19)

That is to say that to satisfy the orthogonality conditi8rié) the smoothed cefll must
be chosen to coincide with the smoothing ¢&ll. We then obtain a modified variational
principle for the SFEM of the form given in Equatio8.16).
By considering the SFEM variational principle based on auased strain field and
np
introducing the approximation" = 3~ N;q; = Nq and Equation3.5), the discretized

I=1
equations are obtained:

Kq=g (3.20)

Equation 8.20 defines the stiffness matriK with strain smoothing. This definition of
the stiffness matrix will lead to high flexibility and allowe tselect elements of arbitrary
polygonal shapel(u et al. (20073;Dai et al. (2007).

Now it needs to be shown that the SFEM total energy approablee®tal potential
energy variational principle (TPE) whe tends to infinity, e.g.Liu et al. (20070.
Based on the definition of the double integral formula, when- oo, A;,. — dA;. —an
infinitesimal area containing poigt., applying the mean value theorem for the smoothed
strain,

g, = / E/(1X) A% — e(xi) (3.21)

wheree(x) is assumed to be a continuous function. Equat®1) simply says that the
average value of(x) over a domainf2s, approaches its value at poisy..
Taking the limit of 1%, as the number of subcells tends to infinity,

TLlCli>nOO HSFE]\/I( - 5 TL£:[£>I100 Z /6 (/6 ) )dQe ) : (/6 Ejix> dQZec) dQZeC

=_ D :e(x):e(x)d2 — f(u) =7 pgp(u) (3.22)



3.4 A three field variational principle

The above proves that the TPE variational principle is reoed from the SFEM varia-
tional formulae as nc tends to infinity. This property hasrbgleown previously by.iu
et al. (2007D.

3.4.1 Non-mapped shape function description

In this section, we focus on a possible description of themapped shape functions for
the SFEM using quadrilateral elements. A quadrilaterahelet may be divided into in-
tegration cellsl(iu et al.(20073), as shown in Figur8.2 Strain smoothing is calculated
over each cell and the area integration over the cell’s saria modified into line inte-
gration along its boundary. For completeness, we illustfatir forms of the smoothed
integration cells in Figur8.2 In SFEM, the shape functions themselves are used to
compute the smoothed gradient matBxand the stiffness matrix is obtained from line
integration along the boundaries of the integration céisfefore, the shape function is
only requiredalong the edges of the cel(siu et al. (20073). Let us consider a four
noded quadrilateral element as shown in FigBuz The shape function is interpolated
simply by a linear function on each boundary of the cell asd/&lues are easily known
at the Gauss points on these boundary lines.

In order to make very clear how the SFEM is computed, we pteseamplete algo-
rithm for the method in Tabl8.1

3.4.2 Remarks on the SFEM with a single smoothing cell

3.4.2.1 Itsequivalence to the reduced Q4 element using opeint integration schemes:
realization of quasi-equilibrium element

It is now shown that the stiffness matrix of the SC1Q4 elensitentical to that of FEM
using the reduced integration (one Gauss point). The ncal-gtrain displacement matrix
in Equation 8.7) becomes

syl +nlly) 5l +nlly)

~ 1
B, =—
I Ae

where the indices, j are defined by the recursive rulg,= 14,21, 32,43 and(n,, n} ) is
the normal vector on eddge By writing explicitly the normal vectors and length edges
[; for all edges of the element and substituting all to the simedtstrain displacement

matrix in Equation 8.5), we have

_ 1 Yy 0 yzn 0 w2 O wy13 O
B = 2Ae 0 T 42 0 T13 0 T24 0 T31 (324)

Tao Y24 T13 Y31 T24 Ya2 T31 Y13

wherez;; = z; — x;,y;; = y; — y; and A° is the area of the element. It is found thERin
(3.29) is identical to that of 4-node quadrilateral element witie-gooint quadrature given
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3.4 A three field variational principle

3 3
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Figure 3.2: Division of an element into smoothing cells (anyl the value of the shape
function along the boundaries of cells: (a) the element ismered as one subcell, (b)
the element is subdivided into two subcells, and (c) the etens partitioned into three
subcells and (d) the element is partitioned into four subcelhe symbols«) and ©)
stand for the nodal field and the integration node, respalgtiv
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3.4 A three field variational principle

Table 3.1: Pseudo-code for constructing non-maped shaptiduas and stiffness element
matrices

1. Determine linear shape functions interpolated alongbaties of element and their
values at nodal point®y (x,,,q. ) (Figure3.2)
2. Get number of sub-cella{) over each element
¢ Create auxiliary nodes at locations marked ” (Figure3.2) if nc > 1
e Set connectivity matrixdells) of each smoothing cell at the element level
e Calculate values of shape function at the auxiliary nodes
- For all auxiliary nodes belonging to the boundaries of tleenent, the values of the
shape function are based on step 1
- For all auxiliary nodes interior to the element, the valagthe shape function are
evaluated by linear interpolation between auxiliary noole$wo confronting edges of
the elementN (x,,idpoint )-
3. Loop over subcells
{
e Calculate the outward normal vectoron each side and the arda. for cell ;.
e Loop over 4 sides of each sub-cell
{
e Loop over Gauss points on each side of the current sub-cell
- Evaluate the value of the shape function at the Gauss points

} L

- Compute the stiffness matrixc = chDBicAic~corresponding to th@,.
- Update the smoothed stiffness element matri€ésnd assemble
Ke¢ «— K¢ + Kic

}
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3.4 A three field variational principle

by Belytschko & Bachracl{1986. This proves that the solution of the SC1Q4 element
coincides with that of the 4-node quadrilateral elemenhwihe-point quadrature, also
seelLiu et al. (20073 for details. By analyzing the eigenvalue of the stiffnesatnii, it

is realized thaK has5 zero eigenvalues. It hence exists two spurious kinematide®o
associated with zero strain energy. Theref@elytschko & Bachracl{1986 introduced

a physical stabilization matrix in order to maintain a pnogank for stiffness matrix. In
the other investigatiorkelly (1979 1980 enforced linear combination of boundary dis-
placements to suppress these modes. Moreover, Kelly shinwertjuivalence between a
four-node equilibrium element assembled friwmo De Veubeke equilibrium triangles and
the four-node displacement element using the reducedratteg via the transformation
of the connectors. However, it was recently verified thathéthod is only suitable for
the rectangular elements. In order to extend Kelly’s workaliditrarily quadrilateral ele-
ments, it is proposed to consider the four-node equilibradl@ment assembled frofaur
De Veubeke equilibrium triangles. As a result, the formolaproposed in Appendix B
will be useful for all cases.

3.4.2.2 lts equivalence to a hybrid assumed stress formulan

The purpose of this part is to demonstrate an equivalentealassical hybrid variational
principle (see”ian & Tong(1969) with the variational principle of a nodally integrated
finite element method with strain smoothing, when one siegheell is used.

The variational basis of the classical hybrid model for oleenent is written as

%,(w,0) = —/ %Di;}daijakldﬁ + / oijnjudl — / tiu;dl (3.25)
Qe e ¢
wherel is the entire boundary ¢ andl; is the portion of the element boundary over
which the prescribed surface tractionare applied.
Here the approximate displacement only needs to satisfycoiméinuity requirements
along the interelement boundaries and the trial stressdalidfies the homogeneous equi-
librium equations in each element. The stresses are exoress

o=Pg (3.26)

in which 8 contains unknown coefficients amlis the stress mode matrix. Substitution
of Equations 2.18 and @3.26) into (3.25 yields the equation of the form
1

Wiy = —§ﬁTFﬁ +8"Gqa—q'g (3.27)

where
F = / P'D'PdQ G = | P'n'Ndl' g= / NTtdr (3.28)
e 1"6 1"?
The stationary condition of the functiondl;,, with respect to the coefficients, leads
to

F3 = Gq (3.29)
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By solving for3 from Equation 8.29 and then replacing into EquatioB.28), the func-
tionalIlg;,, can be written in terms of the generalized displacememusly,

1
My = 59 Kirpa —d'g (3.30)
whereK$,,, = GTF~1G is the element stiffness matrix

Now if P is chosen to be the identity matrbof the stress space, the global stiffness
matrix of the hybrid model becomes

T
K, = % ( / nTNdF) D < / nTNdF) (3.31)

wheren” is defined by Equatior8(2).

Because the shape functidnis linear on the boundaries of elements, the integration in
the right hand side of Equatio3.31) is exactly computable with one point Gauss quadra-
ture, located at the midpoint of the boundary edges. Thegefee obtain an equivalence
between the hybrid stiffness matrix and the 1-subcellng#$ matrix of th&C'1Q4 ele-
ment. So that th& C'1Q4 element is nothing other than a disguised form of the foufaho
constant stress hybrid quadrilateral element.

3.5 Numerical results

3.5.1 Cantilever loaded at the end

A 2-D cantilever beam subjected to a parabolic load at threedred is examined as shown
in Figure3.3. The geometry is: length = 8, heightD = 4 and thicknes$ = 1. The
material properties are: Young’s modulis= 3 x 107, and the parabolic shear force
P = 250.

The exact solution of this problem is available as givenTbyoshenko & Goodier
(1987, giving the displacements in theandy directions as

_ Py (5, D?
ug(z,y) = BT [(6L 3r)r 4+ (2+7) (y 1 )] (3.32)
P D?
uy(z,y) = ~5EI {317y2(L —x)+ (4+ SD)Tx + (3L — x)xﬂ (3.33)
where
P E, N 7 for plane stress
"V E/(1=v?), YT v/(1—v) forplane strain
and the stress components are
P(L —
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O

r
N/

L

Figure 3.3: A cantilever beam and boundary conditions

oyy(z,y) =0 (3.35)
2
Toy(T,Y) = —Z—Jj, (% - yz) (3.36)

wherel = ¢tD3/12. In this problem, two types of mesh are considered: one ifotmi
and regular, the other is irregular, with the coordinategtdrior nodes following_iu
et al. (20073:
' =1x+r.sAr
Y =y+resAy

wherer. is a generated random number of the computer given valuegebet-1.0 and
1.0,s € [0,0.5] is an irregularity factor controlling thehapes of the distorted elements
andAxz, Ay are initial regular element sizes in theandy—directions, respectively. Dis-
cretizations with 512 quadrilateral elements using ragaa irregular meshes are shown
as an illustration in Figur&.4. Under plane stress conditions and for a Poisson’s ra-
tio v = 0.3, the exact strain energy is 0.03983333. Tald&% 3.3 and Figures3.5 -

3.6 present the results for a sequence of uniform meshgs: 0. The relative error in
displacement norm is defined as follows

(3.37)

ndof ndo f
Reyg = Z (ult — u?’”‘“t)2 / Z (uemact)® 100 (3.38)
i=1 i=1
It is important to define a relative error
h
uUu—u
[ull g

where ||u — u"|| , is the discretization error in the energy norm. Fig8t6 shows the
relative error and the rate of convergence in the displacémerm for a sequence of
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Figure 3.4: Meshes with 512 elements for the cantilever b@grthe regular mesh; and
(b) The irregular mesh with extremely distorted elements

uniform meshes. Figurd.6 illustrates the convergence of strain energy and the rate of
convergence in the energy norm of elements built using thsgmt method compared to
that of the standard FEM four-node quadrilateral element.

Table 3.2: Relative error in the energy norm for the cangitdyeam problem

SFEM

SC1Q4 SC204 SC30Q4 SC404
16x8 288 0.1327 0.0238 0.0964 0.1048 0.1151
32x16 1088 0.0665 0.0061 0.0474 0.0525 0.0577
64x32 4224 0.0333 0.0016 0.0236 0.0263 0.0289
128x64 16640 0.0167 0.0004 0.0118 0.0132 0.0144

Meshes D.O.F Q4

From Tables3.2-3.3, and Figures3.5-3.6, the proposed method gives results com-
parable to a 4-node FEM discretization. In addition, the @€2SC3Q4 and SC4Q4
elements enjoy the same convergence rate in botl.ihend /1, (energy) norms as the
standard FEM, as shown in Figurg$b and3.6b. Moreover, displacement results for the
SC3Q4 and SC4Q4 discretization are more accurate thanahdast bilinear Q4-FEM
solution. The proposed elements also produce a betterapmabon of the global energy.
In addition, the CPU time required for all elements with tineogthed strain technique
presented here appears asymptotically lower than thatoQthFEM, as the mesh size
tends to zero. It is remarkable that the SC1Q4 enjoys a forsupérconvergence in the
energy norm, the convergence rate approaching 2. A reasahiganteresting property
may seem the equivalence of this SC1Q4 element witbcalibrium elemenfJohnson
& Mercier (1979).

From a mathematical point of view, each finite element isd#idiintonc—subcells. It
is also shown, by the mean-value theorem, that the SFEMigplapproaches the FEM
solution, whemc approaches infinity. From a numerical point of view, the SF&Mition
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Figure 3.5: The convergence of the displacements for théleasr beam: (a) relative
error withv = 0.3, plane stress; (b) convergence rate= 0.3, plane stress; and (c)
convergence rate = 0.4999, plane strain
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Figure 3.6: The convergence of the energy norm for the evatilbeam: (a) Strain energy
with v = 0.3, plane stress; (b) convergence rate 0.3, plane stress; and (c) convergence
rater = 0.4999, plane strain. We note that the best element is the SC1Q4alaherror

is measured by th&/; (energy) norm. Moreover, this SC1Q4 element is supercgever
compared to standard displacement-based finite elements.
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3.5 Numerical results

Table 3.3: Comparing the CPU time (s) between the FEM andrésept method. Note
that the SC1Q4 element is always faster than the standgthdesnent finite element.

SFEM
SC1Q4 SC20Q4 SC3Q4 SC4Q4
16x8 0.78 0.75 0.81 0.92 0.95
32x16  1.81 1.60 1.80 1.98 2.13
64x32  9.45 8.05 8.25 9.34 9.78
128x64 101.19 81.61 82.75 9292 9494

Meshes Q4

is always comprised within a solution domain bounded by twitdfielement solutions:
the displacement FEM solutiband the quasi-equilibrium FEM solutié&n

As presented in Sectidh4, surface integrals appearing in the element stiffness com-
putation are changed into line integration along elemdydahdaries and shape functions
themselves are used to compute the field gradients as whk asiffness matrix. This per-
mits to use the distorted elements that create difficulthendtandard FEM. Figur@4b
is an example of an irregular mesh with severe element tistorThe relative error cor-
responding to the displacement norm and the energy norrbigadhiin Figure3.7 proves
that the SFEM is more reliable than the FEM with irregular hess the rate of conver-
gence being shown in FiguBe8. However, the convergence for both norms now exhibits
a non-uniform behavior. An estimation of the convergente far each segment is per-
formed for completeness. Results show that the asymptigaaf convergence given by

the standard FEM and the stabilized conforming nodallygrated finite elements are
quite comparable.

Table 3.4: Normalized end displacememt (L, 0)/u, (L, 0))

04 SFEM
SC1Q4 SC204 SC30Q4 SC404
0.3 0.9980 1.0030 1.0023 1.0008 0.9993
0.4 0.9965 1.0029 1.0024 1.0003 0.9981
0.4999 0.5584 1.0028 1.0366 0.6912 0.5778
0.4999999 0.4599 1.0323 1.3655 0.5143 0.4622

v

Next we estimate the accuracy of the SFEM elements for thee d@am problem,
assuming a near incompressible material. Under planenstraidition, Table3.4 de-
scribes the normalized end displacement for varying Poisgatio. In Figure3.9, the
displacements along the neutral axis for Poisson’s rati00.4999 are represented.

The results show that Q4, SC2Q4, SC3Q4 and SC4Q4 solutieluspoor accuracy as

lobtained wheme — oo
2obtained wheme = 1
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Figure 3.7: The relative error for the beam problem withextely distorted elements:(a)
Displacement norm; (b) Energy norm
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Figure 3.8: Rate of convergence for the beam problem withemely distorted ele-

ments:(a) Displacement; (b) Energy. We note that in theggnsorm, the SC1Q4 element
gives the lowest error, and a convergence rate comparatiattof the other elements.
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Figure 3.9: Vertical displacement for cantilever beam attlodes along the x-axis (y

=0) in plane strain : (a) without using the selective techmrigb) applying the selective
methodr = 0.4999; and (c) applying the selective method= 0.4999999
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the Poisson’s ratio tends toward).5. In contrast, the SC1Q4 model still is in very good
agreement with the analytical solution. To remedy this llogkphenomenon, selective
integration techniques are considered.

Figures3.9b) - 3.9(c) presents the results for selectively integrated (SINDdhes
(1980; Malkus & Hughes(1978) Q4-FEM element and selective cell-wise smoothing
method for the SFEM. In addition, the rate of convergenceispldcement and energy
norm is also displayed on Figur&ssc —3.6¢c, which show that the displacement of the
SIM-Q4 is more accurate than that of the SFEM formulationlevtiie proposed elements
produce a better approximation of the global energy.

3.5.2 Hollow cylinder under internal pressure

Consider a hollow cylinder as in FiguB10with an internal radiug = 1, an external
radiusb = 5 and Young’'s modulugy = 3 x 107, subjected to a uniform pressuse=
3 x 10* on its inner surfacer(= a), while the outer surface (= b) is traction free. The
analytical solution of this linear elasticity problem isvgn in Timoshenko & Goodier
(1987.

a’p b a’p b
op(r) = b2 — 2 <1__> ) o—@(r)zr <1+_) ; Orp =10 (3.40)

r2 — a2 r2

while the radial and tangential exact displacement arengye

2 2
u(r) = % {(1 —2v)r + %} ; U, =0 (3.41)
wherer, ¢ are the polar coordinates, apds measured counter-clockwise from the posi-
tive x-axis.

Because of the symmetry of the problem, only one-quarteh@fcylinder is modelled.

In the analyses, six different nodal discretizations aresatered, namely, 576 elements,
2304 elements, 6400 elements and 9801 elements. The 576lgtexdl element mesh
is shown in Figure8.11 Under plane stress conditions and Poisson’s ratie 0.25, the
exact strain energy given [ukumaret al. (1998 as 31.41593.

Figure3.12a shows that, for regular meshes, the strain energy obtaintadSFEM
agrees well with the exact solution for compressible andnmaressible cases. Moreover,
results obtained with the present method appear to be moueade than the correspond-
ing FEM results. The SC1Q4 element exhibits a superconueggm energy with a rate
of 2.0 in the energy norm, identical to its convergence natéeé > norm.

In the case of a distorted mesh, the proposed method alsdaimesiia higher accuracy
than the standard FEM solutions (see FigBrE®) but the convergence rates of become
non-uniform. However, asymptotically, the SC1Q4 elemgiears to converge faster
than the standard FEM.

We now consider the same problem for a nearly incompressiaterial ¢ = 0.4999)
in plane strain conditions. As shown in Figureéd4a and3.1%, the radial and hoop
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Figure 3.10: A thick cylindrical pipe subjected to an inneggsure and its quarter model
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Figure 3.11: Sample discretizations of 576 quadrilatdexhents and distribution of von
Mises stresses for the SC1Q4 element: (a) regular elen(bhtdistorted elements
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Figure 3.13: Convergence rate for the hollow cylinder peablvith irregular meshes
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Figure 3.14: Radial stress () for the hollow cylinder under internal pressure condition

without and with selective technique
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Figure 3.15: Hoop stress(r) for the hollow cylinder under internal pressure condition
without and with selective technique

stresses are very accurate for the SC1Q4 element, whilengptkobserved for all other
nodally integrated FEMSs, as in standard finite elementss iBha very promising property
of the SC1Q4 version of the method. Applying the selectiewise smoothing method
for the SFEM, stable results are obtained, as shown in Fsgideb and3.1% for all
proposed elements.

3.5.3 Cook’s Membrane
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Figure 3.16: Cook’s membrane and initial mesh

This benchmark problem given byook (1974, shown in Figure3.16 refers to a
clamped tapered panel is subjected to an in-plane sheavady ¥ = 100, resulting

43


Chapter2/Chapter2Figs/EPS/Hoop_stress.eps
Chapter2/Chapter2Figs/EPS/Hoop_stress_select.eps
Chapter2/Chapter2Figs/EPS/cook_problem_model.eps
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in deformation that is dominated by a bending elastic respo\ssuming plane strain
conditions, Young’s modulug’ = 1.0 and Poisson’s ratio = 0.4999 or v = 0.4999999
and thickness = 1, Figur@17 plots the vertical displacement at the top right corner. In
this problem, the present elements are also compared tssuenad strain stabilization
of the 4-node quadrilateral element Bglytschko & Bindemar{1991). It shows that the
displacement element (Q4) provides poor results while therelements based on strain
smoothing formulations are reliable, even for very incoeggible materials.
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Figure 3.17: Vertical displacement at the top right cornfie€ook’s membrane; (ay =
0.4999, (b) v = 0.4999999

3.5.4 L-shaped domain

Consider a L—shaped domain with applied tractions and beyncbnditions shown in
Figure3.18 The parameters of the structure are: Young's moddélus 1.0, Poisson’s
ratior = 0.3, and thicknesg = 1.

The exact strain energy for this problem is not availableweleer, it can be replaced
by an estimated solution through the procedure of Richardsxtrapolation Richard-
son (1910) for the displacement models and equilibrium models. Ttenestimated
precision is determined by the mean value of these two extatgrl strain energies. The
estimated strain energy given IBeckerset al. (1993 is 15566.46. The relative error
and convergence rates are evaluated based on this estigialbed energy. Figur8.19
illustrates the convergence rate of both the FEM and theepted method. In this ex-
ample, a stress singularity occurs at the re-entrant cofiiiex strain energy and relative
error results are given in Tab&5. The convergence of the overall strain energy is shown
in Figure3.1%, and the convergence rates are shown in Fi§uté. The accuracy of
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3.5 Numerical results

Table 3.5: The results on relative error in energy norm ohhgse.

SFEM
SC1Q4 SC2Q4 SC3Q4 SC4Q4
1 288 0.1715 0.0827 0.1241 0.1405 0.1535
2 1088 0.1082 0.0394 0.0819 0.0905 0.0976
3 4224 0.0695 0.0192 0.0546 0.0592 0.0631
4 16640 0.0454 0.0099 0.0366 0.0392 0.0415

Meshes D.O.F Q4

SFEM is here higher than that of the standard FEM. The SC1@Qviges the best so-
lutions particularly for the coarser meshes. We note that3820Q4 and SC3Q4, both
lead to lower error than their SC4Q4 counterpart and tharstdwedard FEM. Addition-
ally, all smoothed finite element models converge from beloward the exact energy,
except for the SC1Q4 version, which converges at the optimatendespite the presence
of the singularity in the solution. Besides, we note thatfimeel mesh or partition of unity
enrichment Belytschko & Black(1999; Belytschkoet al. (2001)) in the vicinity of the
corner is necessary to reduce the error and computatiosal co

-

<« O O
H =50
p=1.0 o
(E,v)
o H =50

L =100

Figure 3.18: L-shape problem set-up.

3.5.5 Crack problem in linear elasticity

Consider a crack problem in linear elasticity, as in Figdifa. The data for this problem
is: Young’s modulugy = 1.0, Poisson’s ratiz = 0.3, and thickness = 1. By symmetry,
only half of domain is modelled. By incorporating dual arsagy(Debongniest al.(1999;
Fraeijs De Veubek€1965) and the procedure of Richardson’s extrapolation wittyver
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Figure 3.19: The convergence of energy and rate for the pesha@omain: (a) Strain
energy; and (b) Convergence rate. We note that the SC1Q4etestill displays a super-
convergence in the energy norm. However, the rate is demldasm 2.0 to 1.0, because
of the stress singularity. Again, the SC1Q4 element ovienases the energy, while all
other element formulations underestimate it.

fine meshesBeckerset al. (1993 proposed a good approximation of the exact strain
energy for this crack problem to 13885.7610.

Figures3.2( and3.20c give an example of a regular mesh=£ 0) and an extremely
distorted meshs(= 0.4) for a total number of 256 elements.

Table 3.6: The results on relative error based on the glotey for crack problem

SFEM
Meshes D.O.F Q4 —s=757 sc204 sc304 Scao4
1 157 0.3579 0.1909 0.2938 0.3163 0.3333

2 569 0.2628 0.0936 0.2154 0.2318 0.2445
3 2161 0.1893 0.0472 0.1551 0.1669 0.1761
4 8417 0.1350 0.0249 0.1105 0.1190 0.1256
5 33217 0.0957 0.0147 0.0783 0.0843 0.0890

Figure3.21shows the strain energy and the convergence rate for thie prablem.
For this example, whose solution contains a stronger samigynamely a—'/? in stress)
than the re-entrant corner of the L-shape previously stydiee numerical results shown
in Tables3.6-Figure3.21for all uniform meshes show that the SC1Q4 element exhibits
a convergence rate of almost 1.0 in the energy norm: twicedheergence rate obtained
by standard FEM and the other smoothed finite elements. $lageémarkable property
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Figure 3.20: Crack problem and coarse meshes
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3.5 Numerical results

of the proposed method and leads to the conjecture thatipartif unity enrichment in
(Babuska & Melenl{(1997); Melenk & Babuska1996) of properly integrated asymp-
totic fields to the finite element approximation space may kearecovery of the rate of
convergence of 2.0 obtained for the other test cases witB@1€)4 element.
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Figure 3.21: The convergence of energy and convergencéoraiee crack problem: (a)
Strain energy and (b) The rate of convergence

Figure3.22illustrates the relative error of the strain energy and #te of convergence
for distorted meshes; (= 0.4). Again, SFEM is more accurate than FEM for distorted
meshes. However, both in FEM and SFEM, distorted meshesti¢éeadn-uniform con-
vergence rates.

For coarse meshes, the relative error remains large sieceé¢tthods fail to capture
the stress singularity. Adaptive meshes or partition ofyuenrichment should be use to
keep the computational time and the error reasonable.

Last but not least, we summarize the rate of convergenceetprlar and irregular
meshes in the energy norm for all examples in Ta¥eand Table3.8.

Table 3.7: The rate of convergence in the energy error farlaegneshes

Problems Q4 SFEM
SC1Q4 SC2Q4 SC3Q4 SC4Q4
Cantilever beam 0.997 1.953 1.010 0.997 0.998
Hollow cylinder 1.017 2.031 1.017 1.017 1.017
L-shape 0.624 1.062 0.610 0.637 0.653
Crack 0.476 0927 0.478 0.478 0.477
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Figure 3.22: The convergence for the crack problem usingjaesee of extremely dis-
torted meshes: (a) Relative error in the energy norm andlib)rate of convergence

Table 3.8: The average rate of convergence in the energyesiag distorted elements

SFEM
Problems Q4 —sc104 sc204 sc304 Sca04
Cantilever beam 0.965 1.086 0.986 0.970 0.966
Hollow cylinder 0.993 0.905 0.897 00919  0.951
Crack 0499 0693 0525 0514 0510
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3.6 Concluding Remarks

3.6 Concluding Remarks

In this chapter, a very simple method was presented, whiclhebp alleviate some of the
difficulties met by conventional displacement finite eletm@ethods for two-dimension
problems, while maintaining ease of implementation, amddomputational costs.

A variational theory behind the class of stabilized intéggdinite elements with strain
smoothing is analyzed, and carried out convergence sttmliesmpressible and incom-
pressible elastostatics including problems with rougbksstrsolutions, among which a
simple fracture mechanics problem.

The method is based on a strain smoothing technique, sitoitaat used in stabilized
conforming nodal integration for meshfree methods. THenss matrix is calculated by
boundary integration, as opposed to the standard intamtegiation of the traditional
FEM. In all the numerical examples that were tested, at leastof the four element for-
mulations presented is more accurate than the standarthéoled quadrilateral element,
for an asymptotically (when the mesh size tends to zero) l@emputational cost.

Numerical results show that the four-noded quadrilater@l Q4 element is consis-
tently superconvergent in the sense of the energy norm, mtdby for problems with a
smooth solution, a convergence rate of 2.0 both infihenorm and the.? norm. This is
explained by the equivalence of tlh&'1(Q4 element with the associated Q4 equilibrium
element. For problems with rough solutions such as the Ipesioa crack problems, the
stabilized conforming nodal integration confers the mdtti® same convergence rate as
that of a displacement finite element method for problemk artooth solutions, i.e. 1.0
in the energy norm, and 2.0 in té norm.

Another advantage of the method, emanating from the fatthieaweak form is in-
tegrated on element boundaries and not on their interidhatthe proposed formulation
still gives accurate and convergent results —although nidoumly convergent— for dis-
torted meshes. For the three problems tested, the averagergence rate in the energy
norm is always very close to the standard finite element agevee rate, and, except
for the case of the hollow cylinder, surpasses this standaed Although an in depth
convergence analysis for distorted meshes is yet to berpegth the preliminary results
obtained here tend to show improved asymptotic convergeates for theSC'1Q4 ele-
ment over the standard FEM.

It seems that the method presented here is very attractive by

e Its simplicity;

Its sound variational basis and closeness with the starkezit

Its formal equivalence with quasi-equilibrium finite elemenethods for the single
smoothing cell, and with displacement finite element mesifodwhich number of
the smoothing cells tend to infinitive;

Its insensibility to volumetric locking;

Its efficiency and accuracy on distorted meshes;
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3.6 Concluding Remarks

e Its improved convergence rate for problems with rough sahgt including finite
element problems;

The above points will be further investigated in the comihgpters.
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Chapter 4

The smoothed finite element methods
for 3D solid mechanics

4.1 Introduction

Theoretical developments, accuracy, convergence anditstabsults of the SFEM for
2D elasticity were presented lnu et al. (20070. The idea behind this technique is to
use a strain measure calculated as the spatial averagestétidard (symmetric gradient
of the displacements), compatible, strain field. Diffenemtnbers of smoothing cells (nc)
per element confer the method different properties. A receriew on SFEM is given
in Bordaset al. (20089 where these properties are given in detail, and examplap-of
plications to plates, shells, plasticity and coupling watirtition of unity enrichment for
cracks are addressed. For completeness, the most sali&urefe of the 2D SFEM can be
summarized as follows: Integration can be performed on tmbary of the smoothing
cells, which simplifies the formulation of polygonal elent®riNo isoparametric mapping
is necessary, thus, highly distorted meshes are acce@atléhe computational cost is
slightly reduced; Because the divergence theorem is usedite the strain field, the
derivatives of the shape functions are not needed to contpatstiffness matrix. The
compliance of the resulting stiffness matrix increasefwie number of subcells, as do
the stress error, total energy and sensitivity to volumdatking. On the contrary, the
displacement error decreases with an increasing numbetbagfls (iu et al. (2007h).

In Nguyen-Xuanet al. (20078, the well-known L-shape problem and a simple crack
problem were solved for various numbers of subcells. Thearigal results given in
chapter 3 show that for the linear elastic crack problemctmwergence rate attained by
the one subcell four noded quadrilateral (SC1Q4) reaclesthe energy (H1) norm,
as opposed to the theoretical (for FEM) rate of 1/2. The medsothis behaviour can
be explained as follows: the SC1Q4 results in using averages on the overall el-
ement and is identical to the Q4 with the one-point integrascheme. As proved by
Zienkiewicz & Taylor (2000, superconvergent sampling points coincides the onetpoin
integration scheme for the Q4. Hence the SC1Q4 achievesifgconvergent in energy
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4.2 The 8-node hexahedral element with integration cells

norm and optimal stresses. In other front on the Ry (1979 1980 showed that the
Q4 with reduced integration inherited properties of an Eouiim element. The super-
convergent property of equilibrium elements was provedhemattically byJohnson &
Mercier(1979.

The purpose of this chapter is to extend the strain smootkitignique to the 8-node
hexahedral element. Conceptually, the idea of method idasito the 2D SFEM but the
following alternative reasons for changing the approatcheésmoothed strain calculation
should be considered:

¢ If the surfaces of the element are not too curved, i.e. thatwan of the normal
vector at points belonging to the faces of the elements idl stina stiffness matrix
formulation is evaluated by the boundary integration ofsim®othing cells and one
Gauss point may be used to compute the smoothed strairadéspent matrix.

e When the boundary surfaces of the element have a large auey#he normal vec-
tor is no longer constant along the faces of the elementss dé&mands higher
numbers of integration points on the boundary of the smagtbells, which can
defeat the initial purpose of the technique. Therefore hrtieue to compute the
smoothed strain-displacement matrix through volume @reganside of boundary
averaging is shown. It is recommended to use this techniguadhly curved ele-
ments. The gradients are calculated in the FEM and the smdsthains are carried
out numerically using Gauss quadrature inside the smogtteiis. The choice of
such approaches was mentioned recentlytyile & Smith(2004). However, the
proposed technique is more flexible than that of Stolle eTlé present method is
studied in detail for compressible and nearly incompréssitaterials and propose
a stabilization formulation for the SFEM.

Numerical results show that the SFEM performs well for asiglpf 3D elastic solids.
The work on the 3D SFEM was submitted recently for publicatroNguyen-Xuaret al.
(20083.

4.2 The 8-node hexahedral element with integration cells

4.2.1 The stiffness matrix formulations

Consider an elemefit® contained in the discretized domdiy. Q€ is partitioned into a
number of smoothing cells noteéed,.. Consider now an arbitrary smoothing cél; C

Q¢ c Q" as illustrated in Figurd.1 with boundarySy = U S¢., whereS? is theb™

boundary surface of- andnb is the total number of surfaces composig
The following notations are used in the remainder of thevaéon:

e nc: number of smoothing cells in element (see Figuret.3);
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4.2 The 8-node hexahedral element with integration cells

o Vo = ch dQ): volume of cellQ¢;
e D: matrix form of Hooke’s elasticity tensor;
e N;(x) is the shape function associated with nddevaluated at point

Given a pointk € ¢, assume that: € Q)¢. Similarly to the 2D SFEM formulation,
the smoothed strains for 8-node hexahedral element arewes

1 oul  oul 1
=h - Ly g0 = — "y 4+ ulng)d 4.1
Flxe) =5y /Qc<8xj f%:z-) W Jg, T 6D

The smoothed strain is formulated by replacBignto B in Equation 2.19 and
gh = f’)q (4.2)

The smoothed element stiffness matrix then is computed by
K*=>" / B{DB.d =) B{DBcVc (4.3)
c=17%c c=1

wherenc is the number of the smoothing cells of the element (see Eigy® andB. is
constant over eacfi; and is of the following form

BC - [ ]:3)01 BCQ ]:3)03 e ]:3’08 ] (44)
Here, the5 x 3 submatrixB.; represents the contribution to the strain displacementxnat
associated with shape function at each nbdad cellC' and writes
~ 1
Ber = — [ n'Ny(x)dS, VIe€{l,..,8},VC € {1,...,nc} (4.5)
Ve Jse

Inserting Equation4.5) into Equation 4.3), the smoothed element stiffness matrix is
computed along the surface of the smoothing cells of the @ém

nc

K =>" Vic < /5 ) nTN(x)dS>TD ( /5 ) nTN(x)dS) (4.6)

C=1

whereNN is the shape matrix given in Appendix C.
Equation 4.5) is computed on surfaces 6f-. The smoothed gradient matrix can be
formulated as

Ny (XbG) Ny 0 0

X 1 0 0 N (x57) n.
BCI(XC):V—Z G G 1) n A7 (4T)



4.2 The 8-node hexahedral element with integration cells

wherex{’ and AS are the midpoint (Gauss point) and the are&9f respectively.

In principle,2 x 2 Gauss quadrature points (the same as the isoparametrie@éret)
on each surface are sufficient for an exact integration Isecting bilinearly shape function
is met on surfaces of the H8 element. Hence the mapping frerfattets of cell into the
parent element (the square element) needs to be evaludted.tiie determinant of the
Jacobian matrix over the cell boundaries needs to be combptitecreases the computa-
tional cost when many cells are employed and consequerlglément stiffness matrix
becomes stiffer. One can address this behaviour to the Q8aléinent. To alleviate
these disadvantages, a reduced one-point quadrature los@dace of the cell is carried
out. However, the use of reduced integration may causéhitisgaf the element due to a
deficient rank of stiffness matrix when small number of srhowg cells are exploited. To
ensure a sufficient rank, many cells can be used. Hence tlyibeneonsidered as a form
of the assumed strain method for one-point quadrature -eigth¢ hexahedral elements,
e.g. Belytschko & Bindemar{1993; Fredriksson & Ottose(2007), where the reduced
(constant) stiffness matrix is enhanced by the stabibratatrix in order to ensure proper
rank while for the present element the stability is inclubgd necessarily large number
of cells employed. More details will be given in numericatse

Next it will be shown how to compute the smoothed strainddispment matrix inside
of the smoothing cells instead of evaluating it on their bdanes. This is used in case of
elements with highly curved surfaces.

From Equations4.1) and @.5), the smoothed strain-displacement matrix in the orig-
inal form writes as follows
[ Nr. O 0

0 Niy O
. 1 0 0 N.. 1
B = Ve o0 N[,y N[@ 0 dQ) = Ve /QC B,dQ2, VI € {1, ,8} (48)

0 Ni. Npy

| Nl,z 0 Nl,m ]

Let xc = [zc yo zc]T contain the coordinates of vertices of the smoothing ¢&ll,
Now the smoothing cellC is mapped to a parent element ((a) as shown in Figue
similarly to the standard FEM. The coordinates of an arhjtpoint in the cell can de-
termined by linear combination of the coordinates of thésatiices multiplied with the
shape function of the standard eight-node brick elemeng. liis

8 8
x“(g9,n°, ¢°) = 12—21 N1 (£%n°, %) xcr = 12—1 N;(§°)xcr (4.9)

where&=(£¢, n°, () denote the natural coordinate system for the parent elethanis
used to describe for the cefl;. By using2 x 2 x 2 Gauss quadrature points, the smoothed
strain-displacement matrix writes

_ 1 2
Bor =222 > B ) IO i )] g (4.10)

j=1 k=1 I=1
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4.2 The 8-node hexahedral element with integration cells

Gauss point

Figure 4.1: An illustration of single element subdividetbieight smoothing solid cells
and numbering of the cells

where the indexb) denotes the transformation from the finite element to a patement,
the index(c¢) denotes the transformation from the smoothing cell to tmergalement (see
Figure4.2), (&5, 75, ¢) and (u;, w,, w;) are Gauss points and their weight; (¢, ()
will be discussed below. As mentioned above, the JacobianxnKi® for the cell is

evaluated by
. %xm %ym %2’01
J© = Z ancl Tor ancl Yor ancl Zcr (4.11)

I=
' TNclxm %—]ggym %—]2[5201

Similarly to the H8 element](© for each smoothing cell is also evaluateat 2 x 2
Gauss quadrature points.

Another issue involved at this stage is the mapping of a ploamh the global co-
ordinate system (the element) to the local coordinate systRich required solving the
solution of the following equations:

K= 3 Ny (€906, C%) x1 = 52 Ny (€9) % (4.12)

I=1 I=1

wherex; are the nodal coordinates of the element amslthe global coordinate vector of
the pointin the cell’ contained in the element whileq(, %, ¢“) are the local coordinates
and unknowns of the equation4.12. For the H8 element, this is a nonlinear system
of equations which can be solved by the Newton-Raphson rdet&ouation 4.12) is
rewritten as

F(x) = Ii_lNl (%) x—x=0 (4.13)
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Figure 4.2: Transformation from the cell to the parent eleime

An expansion off'(x) in a Taylor series af® = £{ is done and kept the linear terms
only. It leads to
VFEY +F(£5) =0 (4.14)

Then Equation4.14) with unknowns oB¢¢ is solved and the values &f is updated:

£¢ =& +o¢° (4.15)
After £¢ is found,B'” is completely determined. The procedure in Equatiens( to
(4.19 is repeated for all Gauss pointg (g, ¢;)-

4.2.2 Notations

The eight-node hexahedral (H8) with smoothed strainskfsubcells is named by the
SCkHS8 element —forSmoothedk subcell eight-node hexahedral. Figu& illustrates

a division withnc = 1, 2, 4 and 8 corresponding to SC1H8, SC2H8, SC4H8 and SC8H8
elements.

4.2.3 Eigenvalue analysis, rank deficiency

By analyzing the eigenvalue of the stiffness matrix, SC48B88H8 contain six zero
eigenvalues corresponding to the six rigid body modes. Elé¢hese elements always

57


Chapter3/Chapter3Figs/EPS/solid_inside.eps

4.2 The 8-node hexahedral element with integration cells

have sufficient rank and no spurious zero-energy modes.ntrasi, SC1H8 and SC2H8
exhibit twelve and six spurious zero energy modes, resgdgtiHence, they do not pos-
sess a proper rank. However, for the examples tested bedevignportant property that
the SC1H8 and SC2H8 elements exhibit high accuracy forssasewhile displacements
are slightly poorer is obtained. This feature is the samenasuilibrium approaches
(Fraeijs De Veubeké1965) in which the equilibrium equations are a priori verifiedt b
the proposed formulation is simpler and closely relateddpldcement approaches.

4.2.4 A stabilization approach for SFEM

In this section, a stabilized approach for the 3D SFEM primgidhe basis for the con-
struction of hexahedral elements with sufficient rank arghér stress accuracy is pro-
posed. Note that this technique still performs well for tii2 FEM. However, in this
method, we only illustrate numerical benchmark problemgHe 3D model.

As shown in Sectiord.5, choosing a single subcell yields the SC1H8 element which
yields accurate and superconvergent stresses and lesataadisplacements, for all ex-
amples tested. Additionally, this element is insensitve@dlumetric locking. However,
as noted above, the SC1H8 element is rank deficient.

Otherwise, the SC4H8 and SC8H8 elements are stable butilasessitive to volu-
metric locking and locking due to bending.

The idea is to construct an element whose stiffness matrxdsmbination of that
of the SC1H8 and SC4H8. The idea is the same as the stabiloaal mtegration for
tetrahedral elements iRuso & Solberg(2006 and inPusoet al. (2007 for meshfree
methods. The stabilized element stiffness matrix is foated as follows

Kztab = Kescms + KES(MHS (4.16)

HereK¢ ., ;s andK$%,, ;; denote the stiffness matrix of the SC1H8 and SC4HS8 elements,
respectively, defined by

4
KScips = BT (D = aD)BV®, Kioups = Y oBIDBoVe (4.17)
Cc=1

whereB is determined on the element having the volu¥ife « is a stabilization param-
eter belonging to interval df < o < 1 andD is a stabilization material matrix. It is
verified that the stabilization element is equivalent to 8@1H8 asa = 0 and when

a = 1,D = D, the SC4H8 element is recovered by the stabilization elénieis also
noted that material matrif> chosen aims to minimize the effects of volumetric lock-
ing phenomenon and to preserve the global stability ofr&#t matrix. These reasons
were discussed in details Byuso & Solberg2006. For isotropic elastic materials, Lamé
parameterg and\ in D are chosen such as

fi = p and A = min(\, 25/) (4.18)
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4.3 A variational formulation

where), ;. andD are given in Appendix C.

Such a stabilization procedure was used for the FEM to olatairid-way between
the fully and under integrated H8 element. In the followitigg stabilized elements are
denoted as H8s, SC4H8s and SC8H8s.

Numerical results indicated that a suitable choice of thbiktation parametet
[0, 1] can be chosen to obtain stable results when the deformatimemiding dominated.

According to benchmarks in Secti@h5, the value of the stabilization parameter is
chosen such that the element maintains the sufficient rachkrduerits the high accuracy
in the stress of the SC1H8.

4.3 A variational formulation

Similarly the 2D casel(u et al. (20071), a two field variational principle is suitable for
the present method. Consequently, the SFEM solution idimnio the FEM solution
whennc tends to infinity. However, ihc = 1, the SFEM element (SC1H8) is not al-
ways equivalent to the reduced H8 element using one-poiagiation schemes. This
is different from plane conditions where the equivalencéhef SC1Q4 element and the
Q4 element with the reduced integration always holds. Refgto the reduced integra-
tion in the three-dimension cageredriksson & Ottose(2007) provide for more detail.
Additionally, it is observed that the SC1H8 element paskespatch test a priori with
the distorted element while the reduced H8 element usingpoitd integration fails the
patch test.

4.4 Shape function formulation for standard SFEM

In this section, a possible formulation of the shape fumdifor the SFEM is shown for
the element surfaces having a small curvature. An eighermkahedral element may
be divided into smoothing cells, as shown in Figdt8. Strain smoothing is calculated
over each cell and the volume integration on the smoothitigscehanged into surface
integration on the boundary of the cell. Here, four formslef smoothed integration
solids are illustrated in Figuré.3. In the SFEM, the shape functions themselves can
be used to compute the smoothed gradient ma&riand the stiffness matrix is derived
from surface integration on the boundary of the smoothirts,ctherefore, the shape
functions are only required on the surfaces of the smoottetlg. The shape functions are
constructed simply through linear interpolation on eacfpeedf a cells boundary surface
and its values at the Gauss points on these boundary sudexessily evaluated.
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4.4 Shape function formulation for standard SFEM
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Figure 4.3: Division of an element into smoothing cells (any the value of the shape
function on the surfaces of cells: (a) the element is comsitlas one cell, (b) the element
is subdivided into two cells, and (c) the element is pantiéid into three cells and (d) the
element is partitioned into four cells. The symbai¥ &nd ¢©) stand for the nodal field
and the integration node, respectively
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4.5 Numerical results

4.5 Numerical results

45.1 Patch test

The patch test for 3D FEM, proposed bacNeal & Harder(1985 is here employed to
test the new elements. The purpose of this illustration isx@mine the convergence of
the present method under linear displacements imposed #ierboundaries. Prescribed
displacements at the exterior nodes only (9,...,16) areeohhalytical solution given by

u(r,y,2) =52r+y+2) x 1074, v(z,y,2) =5(x + 2y + 2) x 1074,

w(w,y,z) =5(x +y+22) x 107 (4.19)

Figure 4.4 describes a unit cube with 7 hexahedral distorted elemeitsomparison
of analytical solution and the SFEM (for all smoothing celtsmsidered) is presented in
Table4.1 Itis observed that the exact values is to machine precidibe SFEM passes
the patch test, it is therefore capable of reproducing alifield to machine precision.
This property ensures convergence of the new elements vegihmefinement.

x
<

Figure 4.4: Patch test for solid&l = 1 x 10°, v = 0.25

4.5.2 A cantilever beam

A cantilever beam, see Figurke5a, as studied in Chapter 3 is considered in 3D. Fig-
ure 4.5 illustrates the discretization with a regular mesh of eigtde hexahedral ele-
ments. Next the accuracy of the SFEM elements is analyzedjrasg a near incom-
pressible materialy = 0.4999. Figure4.7 plots the results of vertical displacements,
normal tresses and shear stresses along the neutral axieébr of 256 hexahedral ele-
ments. It is clear that the poor accuracy in the displaceffioerall elements is observed
for all elements, especially the the SC1H8 and SC2H8 elesnghile these elements
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4.5 Numerical results

Table 4.1: Patch test for solid elements

Node Analytical/10* SFEM/0*
v w u v w
1 516 5.625 4.875 516 5.625 4.875
2 11.14 8.45 8.45 11.14 8.45 8.45
3 13.06 12.06 10.13 13.06 12.06 10.13
4 7.63 10.02 7.415 7.63 10.02 7.415
5 7.345 6.675 8.96 7.345 6.675 8.96
6 11.71 9.85 11.74 11.71 9.85 11.74
7 1457 14.09 13.85 1457 14.09 13.85
8 8.885 11.79 11.57 8.885 11.79 11.57

(b)

Figure 4.5: A 3D cantilever beam subjected to a parabolitita at the free end; (a)
Problem, (b) 64 eight-node hexahedral elements
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4.5 Numerical results
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Figure 4.6: Convergence in energy norm of cantilever beajst(ain energy, (b) conver-
gence rate

yield more accurate stresses than the H8, SC4H8 and SC8H8.tiNa the SC1H8 and
SC2HS8 elements suffer also from slow displacement accdmadye compressible case.
In contrast, all stabilized elements & 0.1) are results that are in good agreement with
the analytical solution, as indicated by Figuyr&.

45.3 Cook's Membrane

A tapered panel (of unit thickness) given in Chapter 3, buDardel now is considered,
see Figuret.9. Purpose of this example is to test behaviour of the elemerdsr an in-
plane shearing load; = 1, resulting in deformation dominated by a bending response.
Therefore, this benchmark problem has investigated by raathors in order to verify the
performance of their elements. Because the exact solionknown, the best reference
solutions are exploited. With = 1/3, the reference value of the vertical displacement at
center tip section (C) is 23.964Eredriksson & Ottose(2004)) and the reference value
of the strain energy is 12.018(juca & Berkovic (19989).

In this example, the present elements are also comparee@ @sgumed strain stabi-
lization element (ASQBI) developed [Belytschko & Bindemar{1993. The figures in
energy norm correspond to dimensionless lerigth 1/v/N, whereN is the number of
degrees of freedom (D.O.F) remaining after applying boandanditions. As resulted in
Figure4.10and Figured.11a, although the SFEM elements are significantly better than
the H8 element, the their convergence are too slow, esheeely coarse meshes used.
As expected, their responses in bending are in generaldastith while the ASQBI per-
forms well. As seen from Figures11b—4.11d, it is admirable to observe that the SFEM
elements with stabilization version exhibit the very higit@racy compared to the H8s
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4.5 Numerical results
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Figure 4.7: Solutions of 3D cantilever in near incompreisigjb (a) vertical displacement

(0 < z < L, y=0); (b) Normal stress{D/2 < y < D/2); (c) Shear stress{(D/2 <
y < D/2)
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4.5 Numerical results
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Figure 4.8: Solutions of 3D cantilever in near incompre$igjlusing stabilization tech-
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D/2); (c) Shear stress(D/2 <y < D/2)
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4.5 Numerical results

and ASQBI. However, the stabilization approach for thidytem do not make to improve
the convergence rate of the SFEM elements. It is noted th#ti®problem the marginal
difference between the SC4H8s and SC8H8s is addressed.

16

44

Figure 4.9: 3D Cook’s membrane model and coarse mesh
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Figure 4.10: The convergence in energy norm; (a) Strainggnév) Convergence rate

4.5.4 A 3D squared hole plate

Consider the 3D squared hole plate subjected to the sunfacgonq as given by Fig-

ure 4.16 Due to its symmetry, a quarter of the domain is modelled. Mtmerical

parameters are as followg:= 1,a = 1,t = 1, £ = 1,v = 0.3. Figure4.13plots defor-

mation of domain after applying surface load. The estimatesin energy derived from
the procedure of Richardson’s extrapolationdygnon(2000 is 6.203121186.
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4.5 Numerical results
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(o = 0.1), respectively
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4.5 Numerical results

As mentioned in Chapter 3, a stress singularity exists atekentrant corner. The
percentage of relative energy error is obtained in Tal®eThe convergence of the strain
energy is displayed on Figuel4a, and the convergence rates are given in Figutéeb.
Itis seen that the SFEM elements are more accurate tharetigesti FEM. Additionally,
the SC1H8 provides the optimum rate for this singular pnoble

Table 4.2: The results on percentage of relative error imggneorm of 3D L-shape

MeshNo. D.O.F H8 SC1H8 SC2H8 SC4H8 SC8H8

1 171 3410 32.07 12.18 28.44 29.21
2 925 20.43 13.45 9.75 1712 17.49
3 5913 12.01 6.45 6.37 10.24 10.42
4 11011 10.15 5.14 5.53 8.71 8.85
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Figure 4.12: Squared hole structure under traction and 3Ddpe model

4.5.5 Finite plate with two circular holes

Figure4.1% illustrates a finite plate with two holes of radius= 0.2m subjected to an
internal pressurg = 5k Pa. Due to its symmetry, only the below left quadrant of theglat
is modeled. The material properties are: Young's modilus 2.1 x 10'! Pa, poisson’s
ratio = 0.3. The analytical solution is unknown. In order to estimate riéliability of
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4.5 Numerical results

Figure 4.13: An illustration for deformation of 3D L-shapedel!
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Figure 4.14: The convergence in energy norm for the 3D sdualeeproblem; (a) Strain
energy, (b) Convergence rate
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4.6 Concluding Remarks

the present method, the procedure of Richardson’s ex@polRichardson(1910) is

used for the SFEM solution and find that the best estimatathstnergy obtained by the
SC1H8 element i8.61026 x 10~5. The relative error and convergence rates are evaluated
based on this estimated global energy. The convergenceeofiyemorm is plotted in
Figure4.17. Itis clear that superior accuracy of the SFEM elements theestandard H8
element is observed.
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Figure 4.15: Finite plate with two circular holes and coarsssh; (a) Model, (b) Mesh of
768 eight-node hexahedral elements

4.6 Concluding Remarks

This chapter formulated new 8 noded hexahedral elemen&llasthe smoothed finite
element method (SFEM) with various numbers of subcells.s&hdements are coined
SCKkH8 wherek is the number of subcells. Low numbers of subcells lead thédrigtress
accuracy but instabilities; high numbers yield lower stra@scuracy but are always stable.

A stabilization procedure is proposed where the stiffneagimis written as a linear
combination of the one subcell element and the four or eightsll element, resulting in
higher dual (stress) accuracy and the disappearance oémergy modes.

For the element with highly curved boundaries, a modifiedived averaging tech-
nique is proposed to replace the boundary averaging conynuseld in SFEM (see also
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4.6 Concluding Remarks

Table 4.3: The results on percentage of relative error imggneorm of finite plate with

two holes
SFEM
MeshNo. N H8 —s~THsscons scans scsHs
1 263 2452 14.04 1971 23.02 23.12
2 908 1335 7.63  9.98 12.05 12.29
3 3350 7.38 377 515 623  6.70
4 12842 451 1.82 263 319  4.04
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4.6 Concluding Remarks

the seminal work oftolle & Smith(2004).

All the SCkH8 elements always pass the patch test, evendorrted meshes.

Except for the SC1H8 and SC2H8 elements that exhibit zeroggnaodes, all
other smoothed elements tested are rank sufficient.

For all examples treated, the proposed elements provide mxuracy than the
FEM brick elements and are insensitive to volumetric logkivhen suitably stabi-
lized.

The SC4H8 (without stabilization) and the SC4H8s (with dizdtion) seem to be
the best candidates for practical applications since thepath stable and accurate.

The theoretical bases associated with the stabilizaticempeter need to be further
investigated.

Based on the SFEM formulation coupling with partition oftyrénrichment proposed
by Bordaset al. (20083 for two-dimensional crack, it will be interesting to mesrtihow
the present SFEM can improve current extended finite elesrfentthree-dimensional
fracture mechanics. Further studies on the behaviour ofitiaod for distorted meshes
are required to fully assess the performance of the propaisetents. Additionally, more
complex problems with variable thickness should be exatchine
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Chapter 5

A smoothed finite element method for
plate analysis

5.1 Introduction

Plate structures play an important role in science and eweging fields. There are two
different plate theories, the Kirchhoff plate and the MinelReissner plate theory. Kirch-
hoff plates are only applicable for thin structures whereashstresses in the plate can
be ignored. Moreover, Kirchhoff plate elements requifecontinuous shape functions
(Sander(1969; Debongnie(2003). Mindlin-Reissner plates take shear effects into ac-
count. An advantage of the Mindlin-Reissner model over tiradmonic plate model
is that the energy involves only first derivatives of the umkns and so conforming fi-
nite element approximations require only the use“8fshape functions instead of the
requiredC* shape functions for the biharmonic model. However, MindRigissner plate
elements exhibit a phenomenon called shear locking whethitieness of the plate tends
to zero. Shear locking results in incorrect transversesrunder bending. When linear
finite element shape functions are used, the shear angfes Wwithin an element while
the contribution of the displacement is only constant. Thedr contribution of the rota-
tion cannot be "balanced” by a contribution from the displaent. Hence, the Kirchhoff
constraintw , + 3, = 0, w, + 3, = 0 is not fulfilled in the entire element any more.
Typically, when shear locking occurs, there are large tziig shear/transverse forces
and hence a simple smoothing procedure can drasticallyoweghe results. In order to
avoid this drawback, various improvements of formulatiasswell as numerical tech-
niques have been used, such as the reduced and selectiyaiiaie elementsHughes
et al. (1977, 1979; Zienkiewiczet al. (1971)), equilibrium elementsHraeijs de Veubeke
& Sander(1968; Fraeijs De Veubeket al. (1972; Sander(1969; Beckers(1972),
mixed formulation/hybrid elements hyee & Pian(1978; Lee & Wong(1982; Nguyen

& Nguyen-Dang(2006; Nguyen-Dang(19800; Nguyen-Dang & Trar(2004); Pian &
Tong (1969, the Assumed Natural Strain (ANS) meth@&h(he & Dvorkin(1985 1986);
Dvorkin & Bathe (1994); Hughes & Tezduya(1981) and Enhanced Assumed Strain
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5.2 Meshfree methods and integration constraints

(EAS) method Andelfinger & Ramm(1993; Simo & Rifai (1990). Many improved
versions of plate elements have been developed and canie ifothe textbooksHathe
(1996; Zienkiewicz & Taylor(2000). Alternative methods of stabilization approach
such as given itisruttmann & Wagne(2004), Kouhia (2007). Of course the references
mentioned above are by no means exhaustive.

In this chapter, improved plate elements based on the MITi@#hent in which the
smoothing curvature techniqu€lfenet al. (2001)) is combined are presented. An in-
troduction of a strain smoothing operation to the finite edats also has obtained hyu
et al.(20073. It will be shown by numerical experiments that presenthodts faster and
more accurate than the original MITC4 element, at least logxamples tested. More-
over, due to the integration technique, the element pramesiee more accurate especially
for distorted meshes. Also present element is free of sloe&irg in limitation of thin
plate.

5.2 Meshfree methods and integration constraints

In mesh-free methods based on nodal integration for Mir@eissner plates, conver-
gence requires fulfilling bending exactness (BE) and thgsires the following bending
integration constraint (IC) to be satisfied, $&ang & Chen(2004)

/ BY(x)dQ = / E;(x)dl (5.1)
Q r
whereB; is the standard gradient matrix
0 0 Nia 0 0 Nin,
B=|0 -N;, O |, E;=|0 —Nm, 0 (5.2)
0 _NI,Z’ nyy 0 —N[nx N[ny

The IC criterion comes from the equilibrium of the internatlaexternal forces of the
Galerkin approximation assuming pure bending. This islainio the consistency with
the pure bending deformation in the constant moment pasthné&EM.

The basic idea is to couple the MITC element with the cuneaimoothing method
(CSM). Therefore, smoothing cells are constructed that @lonecessarily have to be
coincident with the finite elements. The integration is iearout either on the elements
themselves, or over the smoothing cells that form a pantitibthe elements. The CSM
is employed on each smoothing cell to normalize the localature and to calculate the
bending stiffness matrix. The shear strains are obtainéd iwilependent interpolation
functions as in the MITC element. Result of this work is giwnNguyen-Xuaret al.
(20081 in detail.
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5.3 A formulation for four-node plate element

5.3 A formulation for four-node plate element

Introducing Equationd.70 for the curvature of the plate and applying the divergence
theorem, we obtain

1 oo oo 1
~h _ i J _ ho . h .
"%‘j(XC) =94 /QC <8xj + 8xi> dQ) = A ). (0;'n; + 0, n;)dl’ (5.3)

Next, we consider an arbitrary smoothing c@y; illustrated in Figure3.1with boundary
nb
I'c = J %, wherel's, is the boundary segment 6f-, andnb is the total number of

b=1
edges of each smoothing cell. The relationship betweemtls®thed curvature field and
the nodal displacement is written by

k" =Blq (5.4)
The smoothed element bending stiffness matrix is obtaiyed b

K’ = / (BL)'D'BLdN = i(Bg)T(xC)Dng(xC)AC (5.5)
c Cc=1

wherenc is the number of smoothing cells of the element, see Figize
Here, the integrands are constant over €aghand the non-local curvature displacement

matrix reads
. 1 0 0 Nin,
Bgl(xc):A— / 0 —Nm, 0 dr’ (5.6)
¢ Jlre 0 —N[nx N[ny

We use Gauss quadrature to evaluété)(with one integration point over each line seg-

mentls,:
. 1 nb 0 0 NI(XbG)nl’
=3 (0 megm, o e e
=1 \ 0 —Nr(x)n, NixE)n,

wherex{ andi¢ are the midpoint (Gauss point) and the lengttrpf respectively.

The smoothed curvatures lead to high flexibility such agiatyi polygonal element®@i

et al. (2007), and a slight reduction in computational cost. The elenesubdivided
into nc non-overlapping sub-domains also called smoothk#lts Liu et al. (20073).
Figure 3.2 illustrates different smoothing cells for nc = 1, 2, 3 and 4responding to
1-subcell, 2-subcell, 3-subcell and 4-subcell methodse durvature is smoothed over
each sub-cell. The values of the shape functions are iredicat the corner nodes in
Figure3.2in the format( Ny, N>, N3, N4). The values of the non-mapped shape functions
at the integration nodes are determined based on the lmeapolation of shape functions
along boundaries of the element or the smoothing cells Leuget al. (20073.
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5.4 Numerical results

Therefore the element stiffness matrix thZ1) can be modified as follows:

K=K'+K =) (Bl)'D'BLAc + / (B*)TD*B*dN (5.8)
Cc=1 ‘

It can be seen that a reduced integration on the shearKerim necessary to avoid shear
locking as the thickness of the plate tends to zero. We witlotke these elements by
SC1Q4, SC20Q4, SC3Q4 and SC4Q4 corresponding to subdivigimnc =1, 2, 3 and

4 smoothing cells, Figurd.2 However, we will show that these elements fail the patch
test and they exhibit an instability due to rank deficiendyerefore, we employ a mixed
interpolation as in the MITC4 element and use independdstpolation fields in the
natural coordinate systemB#ithe & Dvorkin(1985) for the approximation of the shear

strains:
YV -1 Ve
2]z
where
o= 2= f + (4Pl =2l =t +(1+60S]  (5.10)

2 2

wherel is the Jacobian matrix and the midside nodes A, B, C, D are sliowigure2.2
Presentingy?, 7Y and~;', 7S based on the discretized field$, we obtain the shear

matrix:
1| Nig 0P Nie bF'Nig

BI:J Nlm _b?NLn b%lNI,n

(5.11)
where

b}l = gle\g/lv b}2 = 513/,15w7 b%I = 771$7Lm b? = TZI?J,% (512)

with &, € {—1,1,1,-1}, n; € {-1,—-1,1,1} and(I, M, L) € {(1, B, A); (2, B,C);
(3,D,C);(4,D,A)}. Note that the shear terl® is still computed by2 x 2 Gauss
quadrature while the element bending stiffn&S'sin Equation 2.44) is replaced by the
smoothed curvature technique on each smoothing cell ofiémesnt.

5.4 Numerical results

We will test our new element for different numbers of smongitells and call our element
MISCk (Mixed Interpolation and Smoothed Curvatures) wita K1, 2, 3, 4} smoothing
cells for the bending terms. For instance, the MISC1 elengetite element with only
one smoothing cell to integrate the bending part of the etesiEfness matrix. We will
compare our results to the results obtained with the redseksttive integrated quadri-
lateral element (Q4-R), the MITC4 element and with sevettaio4-node elements in the
literatures such as

CRB1 and CRB2 — The coupled resultants bending associatbdiva incompatible
modes in mixed plate bending formulation B¥eissman & Taylo(1990.
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5.4 Numerical results

S4R — The element is commercially availableAdyaqus(2004).

DKQ — The Discrete Kirchhoff Quadrilateral element develdpy Batoz & Tahar
(1982.

G/W — A stabilized one-point integrated quadrilateral Rees-Mindlin plate element
presented bysruttmann & Wagne(2004).

5.4.1 Patch test

The patch test was introduced by Bruce Irons and BazeleyHaeeleyet al. (1969) to
check the convergence of finite elements. It is checked iétbment is able to reproduce
a constant distribution of all quantities for arbitrary rhes. It is important that one
element is completely surrounded by neighboring elemantsder to test if a rigid body
motion is modelled correctly, Figuf2 1 The boundary deflection is assumed toube-
1(1+z+2y+2?+2y+y?) (Chen & Cheund2000). The results are shown in TatBel
While the MITC4 element and the MISCk elements pass the gagtththe Q4-R element
and the SC1Q4, SC2Q4, SC3Q4, SC4Q4 elements fail the patich\ete that also the
fully integrated Q4 element (on both the bending and thersteems) does not pass the
patch test.

Node coordinates
0.0 0.0
0.24 0.0
024 012
0.0 0.12
0.04 0.02
0.18 0.03
0.16 0.08

0.08 0.08

0.24

0.1z

o -1 oy th L W

Figure 5.1: Patch test of elements

5.4.2 Sensitivity to mesh distortion

Consider a clamped square plate subjected to a center pantuniform loadp shown
in Figure5.2 The geometry parameters and the Poisson’s ratio are:hdnghickness
t, andv = 0.3. Due to its symmetry, only a quarter (lower — left) of the pleg modelled
with a mesh of 8x 8 elements. To study the effect of mesh distortion on theltgsu
interior nodes are moved by an irregularity factofThe coordinates of interior nodes is
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5.4 Numerical results

Table 5.1: Patch test

Element Wsy 91‘5 9y5 Mys m

Q4-R 0.5440 1.0358 -0.676 — —
SC1Q4 0.5431 1.0568 -0.7314 — —
SC2Q4 0.5439 1.0404 -0.6767 — —
SC3Q4 0.5440 1.0396 -0.6784 — —
SC4Q4 0.5439 1.0390 -0.6804 — —
MITC4 0.5414 1.04 -0.55 -0.01111 -0.01111 -0.00333
MISC1 0.5414 1.04 -0.55 -0.01111 -0.01111 -0.00333
MISC2 0.5414 1.04 -0.55 -0.01111 -0.01111 -0.00333
MISC3 0.5414 1.04 -0.55 -0.01111 -0.01111 -0.00333
MISC4 0.5414 1.04 -0.55 -0.01111 -0.01111 -0.00333

Exact 0.5414 1.04 -0.55 -0.01111 -0.01111 -0.00333
— no constant moments

perturbed as followd. (u et al. (20079):

' =x+r.sAx

1
Y =y+resAy (-13)

wherer, is a generated random number given values between -1.0 @ndd [0, 0.5] is
used to control thehapes of the distorted elements akd, Ay are initial regular element
sizes in thec—andy—directions, respectively.

For the concentrated center point loAdthe influence of the mesh distortion on the
center deflection is given in Figuge3for a thickness ratio oft( L = 0.01 and0.001).
The results of our presented method are more accurate tbaa tf the Q4-R element
and the MITC4 element, especially for extremely distortegshes. Here, the MISC1
element gives the best result. However, this element amntaio zero-energy modes. In
simple problems, these hourglass modes can be automagtatinated by the boundary
conditions. However, this is not in general the case. Otlservthe MISC2, MISC3 and
MISC4 elements retain a sufficient rank of the element stifgmatrix and give excellent
results.

Let us consider a thin plate witft/L = 0.001) under uniform load as shown Fig-
ure 5.2a. The numerical results of the central deflections are showiable 5.2 and
Figure5.4and compared to other elements. Overall, it can be seenhbkSCk ele-
ments give more accurate results than the other elemeptsially for distorted meshes.

5.4.3 Square plate subjected to a uniform load or a point load

Figure 5.2a and Figures.5 are the model of a square plate with clamped and simply
supported boundary conditions, respectively, subjeated tiniform loadp = 1 or a
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5.4 Numerical results

AY
VS TA TSI SIS S, /? A A SIS

7/°>
Y R

=“/// . //E . '=
() (b)
(c) (d)

Figure 5.2: Effect of mesh distortion for a clamped squaatepl(a) clamped plate model,
(b) s =0.3;(c) s = 0.4; and (d)s = 0.5
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5.4 Numerical results
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Figure 5.3: The normalized center deflection with influen€enesh distortion for a
clamped square plate subjected to a concentrated load.=).%1, b) t/L=0.001

Distortion parameter
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Figure 5.4: Comparison of other elements through the celetidzction with mesh distor-
tion
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5.4 Numerical results

Table 5.2: The central deflection./(pL*/100D), D = Et3/12(1 — v*) with mesh dis-
tortion for thin clamped plate subjected to uniform Igad

S -1.249 -1.00 -0.5 0.00 0.5 1.00 1.249

CRB1 0.1381 0.1390 0.1247 0.1212 0.1347 0.1347 0.1249
CRB2 0.2423 0.1935 0.1284 0.1212 0.1331 0.1647 0.1947
Q4-R 0.1105 0.1160 0.1209 0.1211 0.1165 0.1059 0.0975
S4R 0.1337 0.1369 0.1354 0.1295 0.1234 0.1192 0.1180
DKQ 0.1694 0.1658 0.1543 0.1460 0.1418 0.1427 0.1398
MITC4  0.0973 0.1032 0.1133 0.1211 0.1245 0.1189 0.1087
MISC1  0.1187 0.1198 0.1241 0.1302 0.1361 0.1377 0.1347
MISC2  0.1151 0.1164 0.1207 0.1266 0.1323 0.1331 0.1287
MISC3  0.1126 0.1144 0.1189 0.1249 0.1305 0.1309 0.1260
MISC4  0.1113 0.1130 0.1174 0.1233 0.1287 0.1288 0.1227
Exactsolu. 0.1265 0.1265 0.1265 0.1265 0.1265 0.1265 B.126

-

e
"
4

Figure 5.5: A simply supported square plate subjected tara fmad or a uniform load
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5.4 Numerical results

central loadF' = 16.3527. The material parameters are given by Young’s modilus
1092000 and Poisson’s ratie = 0.3. Uniform meshes withV = 2,4.8, 16,32 are
used and symmetry conditions are exploited. For a clampsel, gagures.6 illustrates

the convergence of the normalized deflection and the nozethinoment at the center
versus the mesh density for a relationt/L = 0.01. Even for very coarse meshes,
the deflection tends to the exact solution. For the finest pteshdisplacement slightly
(.06%) exceeds the value of the exact solution. The bending moowmerges to the
analytical value. The rate of convergence in the energy rismpnesented in Figurg.7

and is for all elements equal ol but the MISCk elements are more accurate than the
MITC4 element.

T T
Exact solu.

—%— MITC4 || 1
—6e— MISC1
—#— MISC2
—— MISC3
—v— MISC4

1.03

-
» L4

1.02

Exact solu.
—%— MITC4
—e— MISC1
—*— MISC2
—— MISC3
—v— MISC4

o

©

5l
T

4
&*

0.99F

o
©

Normalized deflection w

0.98

Normalized central moment

097} K4

4

=}

a
T

0.96F

0.95 . . . . . . . . . 08 . . . . . . . . .
1 15 2 25 3 35 4 45 5 1 15 2 25 3 3.5 4 4.5 5
Mesh NxN Mesh NxN

(a) (b)

Figure 5.6: Normalized deflection and moment at center ahpkd square plate sub-
jected to uniform load

Tables5.3-5.4 show the performance of the plate element compared the szhct
tion' for different thickness ratiog/L = 10~ ~ 107°. No shear locking is observed.

Next we consider a sequence of distorted meshes with 25831a2d 1089 nodes as
shown in Figureb.8. The numerical results in terms of the error in the centrspldice-
ment and the strain energy are illustrated in Figu@e All proposed elements give stable
and accurate results. Especially for coarse meshes, thEREments are more accu-
rate than the MITC4 element; a reason for this may be thatdofinest meshes, fewer
elements are distorted in comparison to coarse meshes.

Now we will test the computing time for the clamped plate gpatl above. The
program is compiled by a personal computer with Pentium(RRU-3.2GHz and RAM-
512MB. The computational cost to set up the global stiffnasdrix and to solve the
algebraic equations is illustrated in FiguselQ The MISCk elements and the MITC4

1The exact value is cited froaylor & Auricchio (1993
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5.4 Numerical results

Table 5.3: Central deflections,./(pL*/100D) for the clamped plate subjected to uni-
form load

Mesh
2 4 8 16 32 Exact
MITC4 0.1431 0.1488 0.1500 0.1504 0.1504
MISC1 0.1517 0.1507 0.1505 0.1505 0.1505
10 MISC2 0.1483 0.1500 0.1503 0.1504 0.1505 0.1499
MISC3 0.1467 0.1496 0.1502 0.1504 0.1504
MISC4 0.1451 0.1493 0.1502 0.1504 0.1504

L/t elements

MITC4 0.1213 0.1253 0.1264 0.1267 0.1268
MISC1 0.1304 0.1274 0.1269 0.1268 0.1268
10> MISC2 0.1269 0.1266 0.1267 0.1268 0.1268 0.1267
MISC3 0.1252 0.1262 0.1266 0.1267 0.1268
MISC4 0.1235 0.1258 0.1265 0.1267 0.1268

MITC4 0.1211 0.1251 0.1262 0.1264 0.1265
MISC1 0.1302 0.1272 0.1267 0.1266 0.1265
103 MISC2 0.1266 0.1264 0.1265 0.1265 0.1265 0.1265
MISC3 0.1249 0.1260 0.1264 0.1265 0.1265
MISC4 0.1233 0.1256 0.1263 0.1265 0.1265

MITC4 0.1211 0.1251 0.1262 0.1264 0.1265
MISC1 0.1302 0.1272 0.1267 0.1266 0.1265
10* MISC2 0.1266 0.1264 0.1265 0.1265 0.1265 0.1265
MISC3 0.1249 0.1260 0.1264 0.1265 0.1265
MISC4 0.1233 0.1256 0.1263 0.1265 0.1265

MITC4 0.1211 0.1251 0.1262 0.1264 0.1265
MISC1 0.1302 0.1272 0.1267 0.1266 0.1265
10° MISC2 0.1266 0.1264 0.1265 0.1265 0.1265 0.1265
MISC3 0.1249 0.1260 0.1264 0.1265 0.1265
MISC4 0.1233 0.1256 0.1263 0.1265 0.1265
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5.4 Numerical results

Table 5.4: Central moment¥/./(pL?/10) for the clamped plate subjected to uniform
load

Mesh
2 4 8 16 32 Exact
MITC4 0.1898 0.2219 0.2295 0.2314 0.2318
MISC1 0.2031 0.2254 0.2304 0.2316 0.2319
10 MISC2 0.1982 0.2241 0.2300 0.2315 0.2319 0.231
MISC3 0.1974 0.2239 0.2300 0.2315 0.2319
MISC4 0.1930 0.2228 0.2297 0.2314 0.2319

L/t elements

MITC4 0.1890 0.2196 0.2267 0.2285 0.2289
MISC1 0.2031 0.2233 0.2277 0.2287 0.2290
10> MISC2 0.1976 0.2218 0.2273 0.2286 0.2290 0.2291
MISC3 0.1974 0.2217 0.2273 0.2286 0.2290
MISC4 0.1923 0.2205 0.2270 0.2286 0.2290

MITC4 0.1890 0.2196 0.2267 0.2285 0.2289
MISC1 0.2031 0.2233 0.2276 0.2287 0.2290
103 MISC2 0.1976 0.2218 0.2273 0.2286 0.2289 0.2291
MISC3 0.1974 0.2217 0.2272 0.2286 0.2289
MISC4 0.1923 0.2205 0.2269 0.2285 0.2289

MITC4 0.1890 0.2196 0.2267 0.2285 0.2289
MISC1 0.2031 0.2233 0.2276 0.2287 0.2290
10* MISC2 0.1976 0.2218 0.2273 0.2286 0.2289 0.2291
MISC3 0.1974 0.2217 0.2272 0.2286 0.2289
MISC4 0.1923 0.2205 0.2269 0.2285 0.2289

MITC4 0.1890 0.2196 0.2267 0.2285 0.2289
MISC1 0.2031 0.2233 0.2276 0.2287 0.2290
10° MISC2 0.1976 0.2218 0.2273 0.2286 0.2289 0.2291
MISC3 0.1974 0.2217 0.2272 0.2286 0.2289
MISC4 0.1923 0.2205 0.2269 0.2285 0.2289
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Figure 5.7: Rate of convergence in energy norm versus witttaau of nodes for clamped
square plate subjected to uniform load

element give nearly the same CPU time for coarse meshes wieeké SCk elements are
more accurate. From the plots, we can conjecture that, ifirtliewhere the numbers of
degrees of freedom tends to infinity, the MITC4 element is gotationally more expen-
sive than the MISCk element, and the MISCk elements are giyenore accurate. The
lower computational cost comes from the fact that no contjuutaf the Jacobian matrix
is necessary for the MISCk elements while the MITC4 eleme=ids to determine the
Jacobian determinant, the inverse of the Jacobian matargtormation of two coordi-
nates; global coordinate and local coordinate) and thestifiress matrix is calculated
by 2 x 2 Gauss points. Previously, the same tendency was obsenwttkfstandard (Q4
element).

For a simply supported plate subjected to central conceritad, the same tendencies
as described above are observed. Exemplarily, we will shewesults of the normalized
deflection in Figures.11a for the uniform meshes and in Figusellb for the distorted
meshes illustrated in Figuie8.

The numerical results for a simply supported plate subjettiea uniform load are
presented in Tables.5-5.6 and Figure$.12— 5.13for a regular mesh. We note that the
MISCk elements are more accurate than the MITC4 elementiawt $he same conver-
gence rate. We also see that no shear locking occurs witleasog thickness. Also,
for all elements presented, the displacement results dee®h to be influenced by the
value of the thickness ratio, at least in the range € [1073,10~°]. The moments remain
accurate throughout the range of thickness ratios that weidered.
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5.4 Numerical results
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Figure 5.8: Analysis of clamped plate with irregular eletsela) 25; (b)Y4; (c) 256; and
(d) 1024
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5.4 Numerical results
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Figure 5.9: The convergence test of thin clamped plate /2&1) (with irregular ele-
ments: (a) the deflection; (b) the strain energy
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Figure 5.10: Computational cost for establishing the dlshfiness matrix and solving
system equations of clamped plate subjected to a uniforth loa
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5.4 Numerical results
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Figure 5.11: Normalized deflection at the centre of the syngpipported square plate

subjected to a center load
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Figure 5.12: Normalized deflection and moment at centerrophki support square plate

subjected to uniform load
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5.4 Numerical results

Table 5.5: Central deflections./(pL*/100D) for the simply supported plate subjected
to uniform load

Mesh
2 4 8 16 32 Exact
MITC4 0.4190 0.4255 0.4268 0.4272 0.4273
MISC1 0.4344 0.4290 0.4277 0.4274 0.4273
10 MISC2 0.4285 0.4277 0.4274 0.4273 0.4273 0.4273
MISC3 0.4256 0.4270 0.4272 0.4273 0.4273
MISC4 0.4227 0.4263 0.4271 0.4272 0.4273

L/t elements

MITC4 0.3971 0.4044 0.4059 0.4063 0.4064
MISC1 0.4125 0.4079 0.4068 0.4065 0.4065
10> MISC2 0.4066 0.4066 0.4065 0.4065 0.4064 0.4064
MISC3 0.4037 0.4059 0.4063 0.4064 0.4064
MISC4 0.4008 0.4052 0.4062 0.4064 0.4064

MITC4 0.3969 0.4041 0.4057 0.4061 0.4062
MISC1 0.4123 0.4077 0.4066 0.4063 0.4063
103 MISC2 0.4064 0.4064 0.4063 0.4062 0.4062 0.4062
MISC3 0.4035 0.4057 0.4061 0.4062 0.4062
MISC4 0.4006 0.4050 0.4059 0.4062 0.4062

MITC4 0.3969 0.4041 0.4057 0.4061 0.4062
MISC1 0.4123 0.4077 0.4066 0.4063 0.4063
10*  MISC2 0.4064 0.4064 0.4063 0.4062 0.4062 0.4062
MISC3 0.4035 0.4057 0.4061 0.4062 0.4062
MISC4 0.4006 0.4050 0.4059 0.4062 0.4062

MITC4 0.3969 0.4041 0.4057 0.4061 0.4062
MISC1 0.4123 0.4077 0.4066 0.4063 0.4063
10° MISC2 0.4064 0.4064 0.4063 0.4062 0.4062 0.4062
MISC3 0.4035 0.4057 0.4061 0.4062 0.4062
MISC4 0.4006 0.4050 0.4059 0.4062 0.4062
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Table 5.6: Central moment¥,/(pL?/10) for the simply supported plate subjected to
uniform load

Mesh
2 4 8 16 32 Exact
MITC4 0.4075 0.4612 0.4745 0.4778 0.4786
MISC1 0.4232 0.4652 0.4755 0.4780 0.4787
10 MISC2 0.4172 0.4637 0.4751 0.4779 0.4786
MISC3 0.4169 0.4637 0.4751 0.4779 0.4786
MISC4 0.4113 0.4622 0.4747 0.4778 0.4786

L/t elements

MITC4 0.4075 0.4612 0.4745 0.4778 0.4786
MISC1 0.4232 0.4652 0.4755 0.4780 0.4787
10> MISC2 0.4171 0.4637 0.4751 0.4779 0.4786
MISC3 0.4169 0.4636 0.4751 0.4779 0.4786
MISC4 0.4113 0.4622 0.4747 0.4778 0.4786
0.4789
MITC4 0.4075 0.4612 0.4745 0.4778 0.4786
MISC1 0.4232 0.4652 0.4755 0.4780 0.4787
103 MISC2 0.4171 0.4637 0.4751 0.4779 0.4786
MISC3 0.4169 0.4636 0.4751 0.4779 0.4786
MISC4 0.4113 0.4622 0.4747 0.4778 0.4786

MITC4 0.4075 0.4612 0.4745 0.4778 0.4786
MISC1 0.4232 0.4652 0.4755 0.4780 0.4787
10* MISC2 0.4171 0.4637 0.4751 0.4779 0.4786
MISC3 0.4169 0.4636 0.4751 0.4779 0.4786
MISC4 0.4113 0.4622 0.4747 0.4778 0.4786

MITC4 0.4075 0.4612 0.4745 0.4778 0.4786
MISC1 0.4232 0.4652 0.4755 0.4780 0.4786
10° MISC2 0.4171 0.4637 0.4751 0.4779 0.4786
MISC3 0.4169 0.4636 0.4751 0.4779 0.4786
MISC4 0.4113 0.4622 0.4747 0.4778 0.4786
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Figure 5.13: Rate of convergence in energy norm for simpppsued square plate sub-
jected to uniform load

5.4.4 Skew plate subjected to a uniform load
5.4.4.1 Razzaque's skew plate model.

Let us consider a rhombic plate subjected to a uniform lpad 1 as shown in Figure
5.14a. This plate was originally studied tBazzaqug1973. Dimensions and boundary
conditions are specified in Figutel4a, too. Geometry and material parameters are length
L = 100, thicknesg = 0.1, Young’s modulugy = 1092000 and Poisson’s ratio = 0.3.

The results in Tabl&.7 show that the accuracy of the presented method is alwayarbett
than that of the MITC4 element. FiguBel5illustrates the contribution of the von Mises
stresses and the level lines for Razzaque’s skew plate witMtSC4 element.

5.4.4.2 Morley’s skew plate model.

The set-up of a skew plate is shown in Figéré4b. This example was first studied by
Morley (1963. The geometry and material parameters are lefgth 100, thicknesg,
Young’'s modulusty = 1092000, Poisson’s ratiov = 0.3 and a uniform loagh = 1. The
values of the deflection at the central point are given in Fadgul7 for different plate
thickness. The MISCk elements show remarkably good resolispared the MITC4
element. The distribution of the von Mises stresses andeabe lines are illustrated
in Figure5.16 It is evident that this problem has the corner singulariy adaptive
approach might be useful for computational reasons.
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Figure 5.14: A simply supported skew plate subjected to #oumiload
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Figure 5.15: A distribution of von Mises stress and levet$iior Razzaque’s skew plate
using MISC4 element
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5.4 Numerical results

Table 5.7: Central defection and moment of the Razzaqueis pkate

Mesh MITC4 MISC1 MISC2 MISC3 MISC4

(@) Central deflectiom,./10*

2x2 0.3856 0.3648 0.3741 0.3781 0.3816

4x4 0.6723 0.6702 0.6725 0.6725 0.6724

6x6 0.7357 0.7377 0.7377 0.7370 0.7364

8x8 0.7592 0.7615 0.7610 0.7604 0.7598

12x12 0.7765 0.7781 0.7776 0.7772 0.7769

16x16 0.7827 0.7838 0.7834 0.7832 0.7830

32x 32 0.7888 0.7892 0.7891 0.7890 0.7889
Razzaqugl1973 0.7945

(b) Central momend/,/10?

2x2 0.4688 0.4688 0.4688 0.4688 0.4688

4x4 0.8256 0.8321 0.8301 0.8284 0.8269

6x6 0.8976 0.9020 0.9005 0.8994 0.8984

8x8 0.9242 0.9272 0.9260 0.9254 0.9245

12x12 0.9439 0.9454 0.9448 0.9445 0.9442

16x16 0.9510 0.9518 0.9515 0.9513 0.9511

32x 32 0.9577 0.9580 0.9579 0.9578 0.9578
Razzaqug1973 0.9589

801 250

601

P

40t oor
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0 - 100 20¢
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Figure 5.16: A distribution of von Mises and level lines foloNey’'s skew plate using
MISC2 element
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Figure 5.17: The convergence of the central deflectipfor Morley plate with different
thickness/span ratio

5.4.5 Corner supported square plate

Consider a corner supported plate subjected to a uniforchoa 0.03125 with edge
lengthL = 24 and thickness = 0.375. This example is often studied to test the existence
of spurious energy modes. The material parameters are YoorgulusE' = 430000
and Poisson’s ratio = 0.38. The shear correction factor was set to a valug ef 1000.
A symmetric model with an initial mesh & x 8 elements is shown in Figurg.18
Table 5.8 shows the convergence of the center deflection. We note Veat @ur rank-
deficient MISC1 element gives stable and very accurateteesul

We have also carried out a frequency analysis. The masstgesnsihosen to be
p = 0.001 and the normalized frequencies ave= wL?(D/tp)~ /2. The results are
illustrated in Tables.9for two mesh densitie$i(x 6 and32 x 32). It can be seen that all
proposed elements give stable and accurate solutions.

5.4.6 Clamped circular plate subjected to a concentrated kd

Let us consider a clamped circular plate with radilis: 5 subjected to a point loa#l = 1
at the center. The material and geometric parameters aneg¥modulust = 10.92,
Poisson’s ratio = 0.3 and the thickness of the platelis The analytical deflection for
this problem is

w(r) (5.14)

FR? r2 2r2 oy 8D it
16w D R2 R R kGtR?2 R

A discretization of this problem with 48 elements is illiged in Figures.19 We ex-
ploited the symmetry of the plate and modelled only one guaBecause of the singular-
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5.4 Numerical results

Figure 5.18: Corner supported plate subjected to unifoad lo

Table 5.8: The convergence of center defection for corngpasued plate

Elem. per side 8 16 24 48 96
DKQ 0.11914 0.11960 0.11969 0.11974 0.11975
G/W 0.11862 0.11947 0.11963 0.11973 0.11975

MITC4 0.11856 0.11946 0.11963 0.11973 0.11975
MISC1 0.11873 0.11950 0.11965 0.11973 0.11975
MISC2 0.11867 0.11949 0.11964 0.11973 0.11975
MISC3 0.11864 0.11948 0.11963 0.11973 0.11975
MISC4 0.11861 0.11947 0.11963 0.11973 0.11975

Theory 0.12253

Table 5.9: Three lowest frequencies for corner supportatépl

6x 6 mesh 3% 32 mesh
Element - — —

w1 (DQ @3 w1 ) w3
DKQ 7.117 18.750 43.998 - - -
G/W 7.144 18.800 44.105 - -
MITC4 7.135 18.795 44.010 7.036 18.652 43.163
MISC1 7.136 18.799 44.011 7.075 18.661 43.553
MISC2 7.141 18.800 44.065 7.075 18.661 43.555
MISC3 7.143 18.800 44.092 7.075 18.661 43.556
MISC4 7.145 18.800 44.119 7.076 18.661 43.557

Leissa(1969 7.120 19.600 44.400
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5.5 Concluding remarks

ity at the center, the normalized central deflection is eatald at the radius = 1073R.
The numerical results are summarized in Tahl®0and Figure5.20 The MITC4 and
MISCk elements converge to the exact value with refined negdHewever, the conver-
gence in the central deflection is slow due to the singulaitthe center. To increase
the convergence rate of the problem, an adaptive local reéné procedure should be

considered in the future. If the ratig R is large enough, the numerical results are very
close to the analytical solution.

Figure 5.19: Clamped circular plate subjected to conctsdrimad

Table 5.10: The normalized defection at center for circplate

Mesh 2 4 8 16 32

MITC4 0.7817 0.8427 0.8874 0.9278 0.9671
MISC1 0.8011 0.8492 0.8893 0.9284 0.9673
MISC2 0.7910 0.8457 0.8883 0.9281 0.9672
MISC3 0.7880 0.8448 0.8880 0.9280 0.9672
MISC4 0.7854 0.8439 0.8877 0.9279 0.9672

5.5 Concluding remarks

A quadrilateral plate element based on a mixed interpolatitth smoothed curvatures
has been proposed. Except for the MISC1 element that eghikdt zero energy modes,
the MISC2, MISC3 and MISC4 elements maintain a sufficienkramd no zero energy
modes are present. Moreover, all proposed elements do hidtiteshear locking in the

limit to thin plates. It is also shown that the MISCk elemeantsges the patch test. In
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Figure 5.20: Clamped circular plate subjected to conctedrimad

comparison to the well known MITC4 element, the proposenhelgs are more accurate
for regular and especially for irregular meshes or coarssheswhile their computational
cost is lower.

The element with the best performance is the MISC1 elemérnt buhibits two zero
energy modes. However, for the examples tested here, rabilisés were observed. The
elimination of the zero-energy modes of our MISC1 elemenlisbe investigated in the
future. The MISC2 element is almost of the same accuracyeaMtBC1 element and it
Is stable but it is also slower.

Another study will concern the shear term. By replacing 2 Gauss integration on
the shear term with a reduced integration with stabilizgtiee expect the element to be
even better suited to handle arbitrary mesh distortions.

Hor all examples tested
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Chapter 6

A stabilized smoothed finite element
method for free vibration analysis of
Mindlin—Reissner plates

6.1 Introduction

The free vibration analysis of plate structures plays aroirigmt role in engineering appli-
cations. Due to limitations of the analytical methods fagtical applications, numerical
methods have become the most widely used computationdidioplate structures. One
of the most popular numerical approaches for analyzingatitan characteristics of the
plates is the well-known Finite Element Method (FEM).

Although the finite element method provides a general antésyatic technique for
constructing basis functions, a number of difficulties hati# existed in the develop-
ment of plate elements based on shear deformation theddies.of which is the shear
locking phenomena as the plate thickness decreases. Intordeoid this drawback,
various improvements of formulations as well as numerieahhiques have been used,
such as the reduced and selective integration elemémtsi(jewiczet al. (1971); Hughes
et al. (1977); Hugheset al. (1978), mixed formulation/hybrid elements i3ian & Tong
(1969; Lee & Pian(1978; Lee & Wong (1982, the Assumed Natural Strain (ANS)
method (Hughes & Tezduya(1981); Bathe & Dvorkin(1985 1986); Dvorkin & Bathe
(1994) and Enhanced Assumed Strain (EAS) meth®idn© & Rifai (1990). Many im-
proved versions of plate elements have been developed arzedaund in the textbooks
(Bathe(1996); Zienkiewicz & Taylor(2000). In the other front of element’s technology
development.iu et al. (20073 have recently proposed a smoothed finite element method
(SFEM) by introducing a strain smoothing operati@hénet al. (2001) into the finite
element formulation for two dimensional problems. Basedlmnidea of the SFEM,
Nguyen-Xuaret al. (20080 formulated a plate element so-called the MISCk elements
by incorporating the curvature smoothing operation (thaistsmoothing method) with
the original MITC4 element ilBathe & Dvorkin(1989. The properties of the SFEM
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6.2 A formulation for stabilized elements

are studied in detail byiu et al. (20070; Nguyenet al. (20070; Nguyen-Xuaret al.
(2007H. The SFEM has also been applied to dynamic problems for ABss@ai & Liu
(2007).

The objective of this chapter is to further extend the MIS@eents to the free vi-
bration analysis of plates of various shapes, see e\ggiyen-Xuan & Nguyer{2008.
4-node quadrilateral elements are considered and eaclodsvgied into ke {1,2,4}
smoothing cells in the calculation of bending stiffnessnmatShear strains are interpo-
lated from the values of the covariant components of thestranrse shear strains at four
mid-side points of the quadrilateral element. To improwedbnvergence of the elements,
the issue of shear strain stabilization is also studied.eMaduation of the shear stiffness
matrix is done usin@ x 2 Gauss quadrature points. Several numerical examples are
presented to show the accuracy, stability and effectivepéshe present elements. We
will show by numerical experiments that the present metlsddster and more accurate
than the original MITC4 element, at least for all exampletegd. Moreover, due to the
integration technique, the element promises to be moreraieaspecially for distorted
meshes. Also the present element is free of shear lockirgnmptate limit.

6.2 A formulation for stabilized elements

The application of the SFEM to plate analysishbyuyen-Xuaret al. (2008 has resulted
in the MISCk elements that usek {1, 2,4} smoothing cells as shown in Figude2 for
the bending strains and an independent interpolation fearsktrains. The smoothing
cells are created by subdividing the element.

A smoothed curvature operation is recalled as

R (%) = /Q K (B x — xc)d0 (6.1)

where® is assumed to be a step function defined by

P(x — x¢) = { é/f(; ’éf o (6.2)

whereA. is the area of the smoothing cell C Q¢ c Q" .

Substituting Equationg(2) into Equation 6.1), and applying the divergence theorem, we

obtain

1 1

i (x) = hy gh A= — I'n; + Bim)dl (6.3
K"ZJ<XC) 2AC e (V®ﬁ _'_ﬁ ®V)U 2AC re (ﬁzn]—i_ﬁjn) ( )

wherel'¢ is the boundary of the smoothing cell ang n; are the components of the

normal vector of the boundary.

The discretized solutions of the problem associated witsthoothed operator are : find

99



6.2 A formulation for stabilized elements

w" € RT and0 # (w", B8") € V" such as

a(B",m) + A(Vu" — RyB", Vo — Rym) + k(w", v) = (w")*{pt(w", v)

1 (6.4)
+ 5Pt (8" M)} V(v m) € Vg
whereaf(., .) is a “smoothed” bilinear form:
a’(ﬁh7 77) - Z Z/ ’%ic(ﬁh) : Db : ’:"’zc(n)szec (65)
e=1 ic=1" .
and
. 1 . . nc
Ric = 7 /Q k(x)dQS, and A° = ;Aw (6.6)

with A;. is the area of thé: smoothing cell of the elemerits, = Q.

We thus point out a modified method on the bending terms bytto®thed operator while
the shear terms are enforced by the reduced operator. Asagsuprevious chapter, the
MISCk element passes the patch test. Except for the MISGhezlethat exhibits two
zero energy modes, the MISC2 and MISC4 elements have a saffi@nk and no zero
energy modes. It was also shown that the MISC2 element dieeldst performance. In
comparison to the well known MITC4 element, the MISCk eletaere more accurate
for regular and especially for irregular meshes or coarsgheewhile their computational
cost does not increase.

Although the MISCk elements showed that it performed bettenpared to the MITC4
element, it may suffer from a decreased accuracy and leasvtodnvergence as the plate
thickness is reduced. This drawback is inherited from thgirmal MITC4 element. To
overcome this drawback, we adopt a well-known stabilizatechnique of Stenberg’s
group in Kouhia(2007); Lyly et al. (1993) for the shear terms of the MISCk elements
to give the so-called SMISCk elementsguyen-Xuan & Nguyerf20089).

The shear term ing(4) is hence modified as follows

ne

A3
; o ah /Q e(vwh —R;8") - (Vv —Ryn)dQ (6.7)
whereh, is the longest length of the edges of the elenféhe ", o > 0 is a positive
constant fixed ab.1, see e.gLyly et al.(1993.

Remark It can seen that the smoothed curvature figld does not satisfy the compatibil-
ity equations with the displacement field at any point witiia cell. Thereforez” can be
considered as an assumed curvature field. The weak form t@bésderived using the
Hu—Washizu principle\{/ashizu(1982) and the Simo—Hughes orthogonality condition
(Simo & Hugheq1986). More details of the variational formulation for the SFEdn
find in Liu et al. (20078; Nguyen-Xuaret al. (2008h.

or all examples tested
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6.3 Numerical results

6.3 Numerical results

In this section, we examine the numerical accuracy and efffayi of the SMISCK ele-
ments Nguyen-Xuan & Nguyerf2008) in solving the free vibration problem of plates
for natural frequencies. The plates may have free (F), sir(®) supported or clamped
(C) edges including square, cantilever, rhombic, step@adilever plates, and square
plates partially resting on a Winkler elastic foundatioheTesults of the present method
are compared with existing results from published sourEes.convenience, the natural
frequencies were calculated in a non-dimensional parametes defined by authors.

6.3.1 Locking test and sensitivity to mesh distortion

In this subsection, the performance of the element for aryglates and the sensitivity
of the element to mesh distortion is analyzed. We first carsadsquare plate of widti

and thickness subjected to a uniform loga The material parameters are Young’s mod-
ulus £ = 2 x 10! and Poisson’s ratio = 0.3. Owing to symmetry, only one quadrant
of simply supported (SSSS) and fully clamped (CCCC) platesadelled and illustrated

in Figure6.1l Figures6.2-6.5 plot the convergence of normalized central deflection and

CL CL

CL — CL

a/2

a/2

a2 a/2

@) (b)

Figure 6.1: Quarter model of plates with uniform mellk4): (a) simply supported plate,
(b) clamped plate

normalized central moment of the simply supported and céahgpates for varying thick-
nesses. It is found that all elements give a good agreeménting analytical solution.
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6.3 Numerical results

In comparison with the results of the original elements waithstabilization, the MISCk
elements are better about 1.02% to 2.34% for the displaceameh0.8% to 3.28% for
the moment (depending on the choice of k- smoothing cell®wioarse meshes are ex-
ploited. Additionally, as proved numerically kwyu et al. (20073 that the SFEM and the
FEM based on four-node quadrilateral element(Q4) givelyp¢lae same computational
cost for coarse meshes where the SFEM gains the better agcutawever, for finer
meshes, the standard FEM is computationally more expetisirethe SFEM, and the
accuracy of SFEM solution is still maintained. Consequemiie MISCk elements also
inherit the effectively computational cost from the SFENscaseeNguyen-Xuaret al.
(20081 for details. With the stabilization technique, the monseott the SMISCkK ele-
ments converge slightly faster than those of the STAB el¢mehile the deflection of
the STAB element is better than the SMISCk elements abodf01® 3.79%. This rea-
son may come from the fact that the stiffness matrix of SMI8{@&knents becomes softer
after combining with the stabilization issue.

To test the sensitivity to mesh distortion, a sequence ohewmodelling a very thin
plate @/t = 10%) is used as shown in Figui®6. The results given in Figures.7—
6.8 show that the SMISCk elements are relatively insensitiveésh distortion for this
problem.

6.3.2 Square plates

Square plates of width and thickness are considered. The material parameters are
Young's modulusty = 2 x 10!, Poisson’s ratiar = 0.3 and the density = 8000. The
plate is modelled with uniform meshes of 4, 8, 16 and 32 eléseer each side.

The first problem considered is a SSSS thin plate, as showigumd®s.%. Tables.1
and6.3give the convergence of the eight lowest modes correspgriditotal numbers of
d.o.f of 39, 175, 735 and 3007. It can be seen that the MISCkeais agree well with
the analytical results and converge slightly faster thanaginal MITC4 element. The
highest frequency of the MISCk is better than the MITC4 aldo686 to 11.06%. With
the stabilization technique, the results given in Tabl@and6.4 show that the SMISCk
elements are slightly more accuracy than the STAB eleR)eifibe highest frequency of
the SMISCK is better than the STAB about 0.93% to 6%.

The second problem is a CCCC square thin plate shown in Fi§%e The con-
vergence of eight lowest modes is summarized in Tabl8s5.8 corresponding to total
numbers of d.o.f of 27, 147, 675 and 2883. Compare to the STABents, the SMISCk
elements give the better results about 0.5% to 3%.

6.3.3 Cantilever plates

Consider thin and thick cantilever (CFFF) plates with vasishape geometries, see Fig-
ures6.10a-6.1(. A total number of degree of freedom of 816 is used to andlyee

the abbreviation of the stabilized MITC4 element resultedyily et al. (1993
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Figure 6.2: Convergence of central deflection of simply sufgad plate: ay /¢t = 10, b)

a/t =10°% c)a/t = 10°
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6.3 Numerical results

(@)

a

(b)

Figure 6.9: plates and initial mesh: (a) supported plafecldgmped plate

Table 6.1: A non-dimensional frequency parameter= (w?pta’/D)'/* of a SSSS thin
plate ¢/a = 0.005), whereD = Et*/[12(1 — v*)] is the flexural rigidity of the plate

modes 1

2

3

4

5

6

7 8

MITC4 4.6009
4.4812
4.4522
4.4451

MISC1 4.5576
44713
4.4498
4.4445

MISC2 45739
4.4750
4.4507
4.4447

MISC4 4.5902
4.4787
4.4516
4.4449

Exact 4.443

8.0734
7.2519
7.0792
7.0377
7.9457
7.2259
7.0730
7.0362
7.9779
7.2327
7.0746
7.0366
8.0420
7.2454
7.0776
7.0373

7.025

8.0734
7.2519
7.0792
7.0377
7.9457
7.2259
7.0730
7.0362
8.0107
7.2386
7.0760
7.0369
8.0420
7.2454
7.0776
7.0373
7.025

10.3050
9.2004
8.9611
8.9033
9.7956
9.1138
8.9413
8.8984
9.9959
9.1466
8.9488
8.9002
10.1847
9.1790
8.9562
8.9021

8.886

15.0109
10.7796
10.1285
9.9805
14.7426
10.7360
10.1185
9.9780
14.7987
10.7458
10.1208
9.9786
14.9451
10.7688
10.1260
9.9799
9.935

15.0109
10.7796
10.1285
9.9805

14.7426
10.7360
10.1185
9.9780

14.8907
10.7590
10.1237
9.9793

14.9452
10.7688
10.1260
9.9799

9.935

16.09%@.0952
12.1412 12.141
11.5149 19.514
11.3708 11.3708
14.8420.8420
11.9778 18.977
11.4794 14.479
11.3622 11.3622
15.18206.5099
12.0266 1@.053
11.4902 13.495
11.3649 11.36607
15.8092.8092
12,1010 1@.101
11.5060 10.506
11.3687 11.3687
11.327  11.327

The exact value is cited frobbassiaret al. (1987
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6.3 Numerical results

Table 6.2: A non-dimensional frequency parameter= (w?pta*/D)'/* of a SSSS thin
plate ¢/a = 0.005) using the stabilized method

modes

1

2

3

4

5

6

7 8

STAB

SMISC1

SMISC2

SMISC4

Exact

4.5576
4.4712
4.4498
4.4445
4.5162
4.4614
4.4474
4.4439
4.5319
4.4650
4.4441
4.4441
45474
4.4687
4.4492

4.443

7.8291
7.2091
7.0693
7.0353
7.7191
7.1838
7.0631
7.0337
7.7472
7.1905
7.0648
7.0341
7.8022

7.8291
7.2091
7.0693
7.0353
7.7191
7.1838
7.0631
7.0337
7.7749
7.1962
7.0661
7.0345
7.8022

9.8260
9.1140
8.9411
8.8984
9.4161
9.0312
8.9215
8.8935
9.5787
9.0626
8.9289
8.8953
9.7307

7.2028 7.2028 9.0935
7.0677 7.0677 8.9362
4.4443 7.0349 7.0349 8.8971

7.025

7.025

8.886

13.1854
10.6360
10.0994
9.9735
13.0420
10.5952
10.0896
9.9711
13.0736
10.6044
10.0918
9.9717
13.1507
10.6259
10.0969
9.9729
9.935

13.1854
10.6360
10.0994
9.9735
13.0420
10.5952
10.0896
9.9711
13.1204
10.6167
10.0947
9.9724
13.1507
10.6259
10.0969
9.9729
9.935

14.03140314
11.9408 18.940
11.4723 13.472
11.3606 11.3606
13.33983398
11.7901 11.790
11.4374 14.437
11.3520 11.3520
13.5387/6972
11.8353 14.859
11.4480 11.453
11.3547 11.3558
13.8838825
11.9037 11.903
11.4636 164.463
11.3584 11.3584
11.327 11.327

The exact value is cited frobbassiaret al. (1987
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6.3 Numerical results

Table 6.3: A non-dimensional frequency parametet (w?pta’/D)'/* of a SSSS thick
plate ¢/a = 0.1)

modes 1 2 3 4 5 6 7 8
MITC4 45146 7.6192 7.6192 9.4471 12.2574 12.2574 13.003300B3
4.4025 6.9402 6.9402 8.6082 9.8582 9.8582 10.9111 10.9111
43753 6.7918 6.7918 8.4166 9.3728 9.3728 10.4685 10.4685
43686 6.7559 6.7559 8.3698 9.2589 9.2589 10.3633 10.3633
MISC1 4.4744 7.5171 7.5171 9.0739 12.1321 12.1321 12.38263836
43933 6.9184 6.9184 8.5414 9.8275 9.8275 10.8026 10.8026
43731 6.7866 6.7866 8.4012 9.3655 9.3655 10.4440 10.4440
43680 6.7547 6.7547 8.3660 9.2571 9.2571 10.3574 10.3574
MISC2 4.4896 7.5433 7.5688 9.2223 12.1604 12.2002 12.587296915
43968 6.9242 6.9291 8.5667 9.8345 9.8437 10.8357 10.8523
43739 6.7880 6.7891 8.4070 9.3672 9.3693 10.4515 10.4550
4.3682 6.7550 6.7553 8.3674 9.2575 9.2580 10.3592 10.3600
MISC4 45047 7.5943 7.5943 9.3608 12.2272 12.2272 12.87238713
44002 6.9348 6.9348 8.5917 9.8506 9.8506 10.8846 10.8846
4.3748 6.7905 6.7905 8.4128 9.3710 9.3710 10.4624 10.4624
43684 6.7556 6.7556 8.3689 9.2585 9.2585 10.3618 10.3618
Exact 4.37 6.74 6.74 8.35 9.22 9.22 10.32 10.32

The exact value is cited frobbassiaret al. (1987
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6.3 Numerical results

Table 6.4: A non-dimensional frequency parametet (w?pta’/D)'/* of a SSSS thick
plate ¢/a = 0.1) with stabilized technique

modes 1 2 3 4 5 6 7 8
STAB 4.4758 7.4402 7.4402 9.1415 11.5180 11.5180 12.21342132
4.3935 6.9069 6.9069 8.5486 9.7703 9.7703 10.7989 10.7989
43731 6.7840 6.7840 8.4026 9.3540 9.3540 10.4434 10.4434
43680 6.7540 6.7540 8.3663 9.2544 9.2544 10.3573 10.3573
SMISC1 4.4372 7.3495 7.3495 8.8226 11.4278 11.4278 11.73297529
43843 6.8856 6.8856 8.4841 9.7409 9.7409 10.6960 10.6960
43708 6.7788 6.7788 8.3872 9.3467 9.3467 10.4193 10.4193
43675 6.7527 6.7527 8.3626 9.2526 9.2526 10.3513 10.3513
SMISC2 4.4518 7.3729 7.3953 8.9499 11.4492 11.4761 11.9188764
43878 6.8912 6.8960 8.5086 9.7477 9.7564 10.7274 10.7431
43717 6.7802 6.7813 8.3930 9.3484 9.3505 10.4267 10.4301
43677 6.7531 6.7534 8.3640 9.2530 9.2535 10.3531 10.3540
SMISC4 4.4663 7.4181 7.4181 9.0684 11.4964 11.4964 12.11251175
43912 6.9016 6.9016 8.5327 9.7630 9.7630 10.7738 10.7738
4.3725 6.7827 6.7827 8.3988 9.3522 9.3522 10.4374 10.4374
43679 6.7537 6.7537 8.3654 9.2539 9.2539 11.3578 11.3578
Exact 4.37 6.74 6.74 8.35 9.22 9.22 10.32 10.32

The exact value is cited frobbassiaret al. (1987
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6.3 Numerical results

Table 6.5: A non-dimensional frequency parameter= (w?pta*/D)'/* of a CCCC
square thin platet(a = 0.005)

modes 1 2 3 4 5 6 7 8
MITC4 6.5638 11.5231 11.5231 13.9504 62.6046 62.6054 @2.6562.6222
6.1234 9.0602 9.0602 11.0186 12.9981 13.0263 14.2733 33.27
6.0284 8.6801 8.6801 10.5442 11.7989 11.8266 13.1537 3B.15
6.0055 8.5931 8.5931 10.4346 11.5466 11.5740 12.9150 3@.91
MISC1 6.4463 11.2616 11.2616 12.8858 62.6040 62.6045 82.662.6081
6.0974 9.0088 9.0088 10.8586 12.9231 12.9583 14.0023 23&.00
6.0222 8.6680 8.6680 10.5091 11.7818 11.8108 13.0970 17@3.09
6.0039 8.5901 8.5901 10.4261 11.5424 11.5701 12.9014 1£2.90
MISC2 6.4911 11.3299 11.3934 13.3155 62.6042 62.6049 @0.6652.6158
6.1072 9.0249 9.0315 10.9195 12.9495 12.9857 14.0887 294.12
6.0245 8.6719 8.6732 10.5223 11.7881 11.8168 13.1157 1B.12
6.0045 8.5911 8.5914 10.4293 11.5440 11.5716 12.9059 172.90
MISC4 6.5350 11.4594 11.4594 13.7071 62.6044 62.6052 82.652.6187
6.1170 9.0475 9.0475 10.9793 12.9794 13.0094 14.2071 14.20
6.0269 8.6771 8.6771 10.5355 11.7946 11.8227 13.1396 98.13
6.0051 8.5924 8.5924 10.4325 11.5456 11.5730 12.9116 1&.91
Exact 5.999 8.568 8.568 10.407 11.472 11.498 - -

The exact solution is cited fromobert(1979
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6.3 Numerical results

Table 6.6: A non-dimensional frequency parametet (w?pta*/D)'/* of a CCCC thin
plate ¢/a = 0.005) with the stabilization

modes 1 2 3 4 5 6 7 8
STAB 6.3137 10.1693 10.1693 12.0678 15.8569 15.8906 18.49%.4953
6.0711 8.9120 8.9120 10.7746 12.5865 12.6206 13.7708 08.77
6.0157 8.6478 8.6478 10.4897 11.7257 11.7547 13.0561 @B.05
6.0023 8.5852 8.5852 10.4212 11.5296 11.5572 12.8917 12.89
SMISC1 6.2216 10.0205 10.0205 11.5181 15.8293 15.8532 7%88.116.1768
6.0467 8.8657 8.8657 10.6352 12.5239 12.5634 13.5493 93.54
6.0095 8.6359 8.6359 10.4557 11.7073 11.7396 13.0020 2@3.00
6.0007 8.5823 8.5823 10.4128 11.5254 11.5534 12.8783 82.87
SMISC2 6.2570 10.0674 10.0904 11.7482 15.8393 15.8688 6%6.216.3777
6.0559 8.8802 8.8861 10.6884 12.5465 12.5861 13.6212 748.64
6.0119 8.6397 8.6410 10.4685 11.7154 11.7453 13.0197 48.02
6.0013 8.5832 8.5835 10.4160 11.5270 11.5549 12.8827 32.88
SMISC4 6.2913 10.1343 10.1343 11.9500 15.8504 15.8819 3%8.416.4363
6.0650 8.9005 8.9005 10.7405 12.5710 12.6064 13.7170 173.71
6.0142 8.6448 8.6448 10.4813 11.7216 11.7509 13.0426 28.04
6.0019 8.5845 8.5845 10.4191 11.5285 11.5285 12.8884 84£2.88
Exact 5.999 8.568 8.568 10.407 11.472 11.498 - -

The exact solution is cited fromobert(1979
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6.3 Numerical results

Table 6.7: A non-dimensional frequency parameter (w?pta’/D)'/* of a CCCC thick
plate ¢/a = 0.1)

modes

1

2 3

4

5

6

7 8

MITC4

MISC1

MISC2

MISC4

Ref*)

6.1612
5.8079
5.7288
5.7094
6.0789
5.7892
5.7243
5.7083
6.1105
5.7963
5.7260
5.7087
6.1412
5.8032
5.7277
5.7092
5.71

9.5753 9.5753
8.2257 8.2257
7.9601 7.9601
7.8972 7.8972
9.4501 9.4501
8.1944 8.1944
7.9525 7.9525
7.8953 7.8953
9.4923 9.5065
8.2046 8.2079
7.9550 7.9557
7.8959 7.8961
9.5459 9.5459
8.2179 8.2179
7.9582 7.9582
7.8967 7.8967
7.88 7.88

11.2543
9.7310
9.4230
9.3491
10.8003
9.6447
9.4029
9.3441
10.9918
9.6777
9.4105
9.3460
11.1586
9.7100
9.4180
9.3478
9.33

14.0893
10.9921
10.3257
10.1714
14.0489
10.9575
10.3168
10.1692
14.0641
10.9704
10.3202
10.1700
14.0802
10.9836
10.3235
10.1708
10.13

14.1377
11.0457
10.3752
10.2199
14.0852
11.0124
10.3168
10.2178
14.1076
11.0252
10.3699
10.2186
14.1261
11.0374
10.3731
10.2194
10.18

14.72207229
11.9161 11.916
11.3168 18.316
11.1766 14.176
14.30&/3067
11.7964 14.796
11.2889 19.288
11.1698 18.169
14.43435842
11.8376 13.847
11.2982 14.300
11.1721 18.172
14.63486558
11.8873 13.887
11.3099 19.309
11.1749 19.174
11.14 11.14

(*) The solution is cited froniiu (2002
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6.3 Numerical results

Table 6.8: A non-dimensional frequency parameter (w?pta’/D)'/* of a CCCC thick
plate ¢/a = 0.1) with the stabilization

modes

1 2 3

4

5

6

7 8

STAB

SMISC1

SMISC2

SMISC4

Ref*)

5.9821 8.9828 8.9828
5.7700 8.1376 8.1376
5.7197 7.9404 7.9404
5.7072 7.8924 7.8924
5.9121 8.8866 8.8866
5.7520 8.1080 8.1080
5.7152 7.9328 7.9328
5.7060 7.8905 7.8905
5.9389 8.9218 8.9271
5.7588 8.1177 8.1207
5.7169 7.9353 7.9360
5.7065 7.8911 7.8913
5.9651 8.9602 8.9602
5.7655 8.1303 8.1303
5.7186 7.9385 7.9385
5.7069 7.8919 7.8919
5.71 7.88 7.88

10.5032
9.6084
9.3950
9.3422
9.5277
9.5277
9.3753
9.3373
10.3211
9.5585
9.3827
9.3392
10.4377
9.5887
9.3901
9.3410
9.33

12.5564
10.8160
10.2901
10.1629
12.5120
10.7840
10.2813
10.1607
12.5292
10.7960
10.2846
10.1615
12.5467
10.8081
10.2879
10.1624
10.13

12.6050
10.8706
10.3399
10.2115
12.5527
10.8397
10.3315
10.20937
12.5757
10.8515
10.3347
10.2102
12.5940
10.8630
10.3378
10.2110
10.18

13.23372327
11.7213 13.721
11.2752 14.275
11.1666 14.166
12.90@19001
11.6112 12.611
11.2479 19.247
11.1598 98.15
16.013.1271
11.6494 19.657
11.2570 13.259
11.1621 164.162
13.183.1837
11.6948 18.694
11.2684 14.268
11.1649 19.164
11.14 11.14

(*) The solution is cited froniiu (2002
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6.3 Numerical results

convergence for modes.

For square cantilever and rhombic plates, it is shown ine&él® that the MISCk
elements are in close agreement with results of the pb-2nkethod and 9—node quadri-
lateral element proposed Byarunasenat al. (1996 for the same unknowns (d.o.f). Note
that the computational cost of the proposed elements isstlfower than that of the 9—
node quadrilateral element because of Gauss quadratunts pito3 x 3 in terms of the
9—node quadrilateral element. An improved version usiagikzation technique is also
listed in Table6.10

Table 6.9: A frequency parameter = (wa?/7?)+/pt/D of a cantilever plates
Mode sequence number
1 2 3 4 5 6
[ MITC4 0.001 0.3520 0.8632 2.1764 2.7733 3.1619 5.5444
MISC1 0.001 0.3518 0.8623 2.1755 2.7709 3.1564 5.5246
MISC2 0.001 0.3519 0.8626 2.1759 2.7718 3.1579 5.5311
MISC4 0.001 0.3519 0.8630 2.1762 2.7727 3.1606 5.5396
Ref© 0.001 0.352 0.862 2.157 2.754 3.137 5.481
MITC4 0.2 0.3387 0.7472 1.7941 2.2912 2.4401 3.9214
MISC1 0.2 0.3386 0.7467 1.7935 2.2899 2.4374 3.6957
MISC2 0.2 0.3386 0.7468 1.7938 2.2905 2.4382 3.9166
MISC4 0.2 0.3386 0.7471 1.7939 2.2909 2.4395 3.9194
Ref 0.2 0338 0.745 1.781 2.277 2.421 3.887
i MITC4 0.001 0.3986 0.9567 2.5907 2.6504 4.2414 5.2105
MISC1 0.001 0.3981 0.9542 2.5838 2.6433 4.2304 5.1873
MISC2 0.001 0.3983 0.9550 2.5863 2.6456 4.2340 5.1953
MISC4 0.001 0.3985 0.9556 2.5878 2.6472 4.2365 5.2001
Ref. 0.001 0.398 0.954 2564 2.627 4.189 5.131
MITC4 0.2 0.3781 0.8208 1.9999 2.1831 3.1395 3.8069
MISC1 0.2 0.3769 0.8201 1.9966 2.1798 3.1345 3.7942
MISC2 0.2 0.3777 0.8204 1.9985 2.1812 3.1366 3.8008
MISC4 0.2 0.3779 0.8206 1.9993 2.1823 3.1383 3.8045
Ref 0.2 0377 0.817 1981 2.166 3.104 3.760
Case i: square plate  Case ii: rhombic plate; 60°
(*) the solution is cited fronKarunasenat al. (1996

Case elements t/a

For the stepped cantilever plate shown in Figbredc, the plate thickness ratio/t
is equal to 24 for the thickest segment. The plate thicknass of the two remaining
segments equals 32 and 48, respectively. The solutiona givEable6.11are compared
to the results of5orman & Singha(20032. It can be seen that the computed frequencies
of our elements converge to Gorman and Singhal’s experafigmheasured frequencies
with refined meshes. Figu&llalso illustrates eight mode shapes of free vibration of
the stepped cantilever plate.
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6.3 Numerical results

(@) (b)

t 3t/4
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Figure 6.10: A cantilever plate: (a) rectangular plate;rfigmbic plate; (c) square can-
tilever plate of three steps of equal width with differeritimess
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6.3 Numerical results

Table 6.10: A frequency parameter =

d.o.f) with stabilized method

(wa?/7%)+/pt/D of a cantilever plates (816

Case elements t/a

Mode sequence number

1

2 3 4 5 6

i STAB
SMISC1
SMISC2
SMISC4
Ref*)
STAB
SMISC1
SMISC2
SMISC4
Ref

ii STAB
SMISC1
SMISC2
SMISC4
Ref
STAB
SMISC1
SMISC2
SMISC4 0.2 0.3778
Ref 0.2 0.377

0.001
0.001
0.001
0.001

0.001

0.2
0.2
0.2
0.2
0.2

0.001
0.001
0.001
0.001
0.001

0.2
0.2
0.2

0.3517
0.3517
0.3517
0.352
0.3386
0.3385
0.3385
0.3386
0.338
0.3982
0.3977
0.3979
0.3981
0.398
0.3780
0.3768
0.3776

0.7465
0.7460
0.7462
0.7465

0.9537

0.8202
0.8194
0.8198
0.8200
0.817

0.3518 0.8609 2.1720 2.7669 3.1494 5.5131

0.8601
0.8603
0.8607
0.862

2.1712
2.1715
2.1718
2.157

1.7920
1.7914
1.7917
1.7919
1.781

2.5827
2.5756
2.5793
2.5813
2.564

1.9971
1.9938
1.9958
1.9965 2.1802
1.981 2.166

2.7646
2.7654
2.7663
2.754
2.2893
2.2880
2.2886
2.2890
2.277
2.6433
2.6363
2.6396
2.6417
2.627
2.1810
2.1777
2.1791

3.1442
3.1456
3.1482
3.137
2.4368
2.4341
2.4348
2.4361
2.421
4.2219
42117
4.2167
4.2196
4.189
3.1352
3.1303
3.1324
3.1340
3.104

5.4942
5.5005
5.5085
5.481
3.9154
3.6922
3.9106
3.9134
3.887
5.1869
5.1647
5.1741
5.1815
5.131
3.8013
3.7887
3.7952
3.7989
3.760

0.745

0.9514
0.9527
0.9532
0.954

Case i: square plate

Case ii: rhombic plates 60"

(*) the solution is cited fronKarunasenat al. (1996

Table 6.11: A square plate with two step discontinuitieshicknessw = wa?\/pt/D
with aspect ratia/t = 24 (2970 d.o.f) with the stabilized technique

- SMISCk
modes Gorman & Singha(2002 STAB SMISCL SMISC?  SMISCA
1 4.132 41391 41389 4.1390 4.1391
2 7.597 7.6681 7.6657  7.6665 7.66755
3 16.510 16.5991 16.5960 16.5975 16.5984
4 18.760 18.7734 18.7659 18.7689 18.7716
5 — 21.9651 21.9528 21.9565 21.9621
6 — 36.8331 36.7950 36.8078 36.8238
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6.3 Numerical results
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Figure 6.11: The eight shape modes of two step discontasuiantilever plate using the
SMISC2 element
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6.4 Concluding remarks

6.3.4 Square plates partially resting on a Winkler elastic éundation

We consider a square plate partially resting on an elastiedation ?; # 0, R, = 0, see
Figure6.12 introduced inXiang (2003. Two parallel edges are prescribed by a simply
supported condition and the two remaining edges may be iassddy simply, clamped
or free conditions. The foundation stiffnebsfor the i** segment (i=1,2) is described
in terms of a non-dimensional foundation stiffness paramg&f = k;a*/(r*D). For
comparison, the foundation lengttia is assigned to 0.5 and the foundation stiffness
parameterR; is assumed to be 10, 100, 1000, 10000, respectively. The smhdion

is cited fromXiang (2003. Results of present elements are given in Tabld2-6.15
using the discretized mesh of 625 nodes. It is observed ltedréquency parameteis
increase with the corresponding increase of the foundatifinessR,. Moreover, the
frequency parameters of the SS plate are most identicaloetbf the CS plate as the
foundation stiffness?; is large enough. The FF, SF and CF plates also have the same
conclusion. The frequency parameters of the presentedeeleapproach to an exact
value with refined meshes. It is seen that the results of thiSEk elements give a good
agreement with the analytical solution for all cases.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Foundation
stiffness

parameter
R, =0

Foundation
stiffness

parameter Rl\‘

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 6.12: A square plate partially resting on elastionftation under a simply sup-
ported condition at two parallel edges

6.4 Concluding remarks

A free vibration of plates using the MISCk elements with giastion technique, SMISCK,
has been studied. Several numerical benchmark tests dfiedvand the obtained results
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6.4 Concluding remarks

Table 6.12: A frequency parameter= (wa?/n%)+/pt/ D for thick square plates partially
resting on a Winkler elastic foundation with the stabilizadthod (/o = 0.1, R; = 10)
Mode sequence number
1 2 3 4 5 6
SSplate STAB 2.7791 5.0721 5.2080 7.4691 8.9725 8.9942
SMISC1 2.7782 5.0690 5.2053 7.4583 8.9665 8.9883
SMISC2 2.7785 5.0705 5.2060 7.4624 8.9696 8.9896
SMISC4 2.7789 5.0713 5.2074 7.4664 8.9710 8.9927
Exact 2.7752 5.0494 5.1872 7.4348 8.8659 8.8879
CCplate STAB 3.4196 5.4243 6.4705 8.3469 9.1520 10.6553
SMISC1 3.4181 5.4196 6.4669 8.3335 9.1441 10.6492
SMISC2 3.4185 5.4214 6.4678 8.3379 9.1476 10.6506
SMISC4 3.4192 5.4231 6.4696 8.3435 9.1500 10.6538
Exact 3.4131 5.4021 6.4277 8.3007 9.0478 10.5016
FF plate STAB 14171 3.2456 4.0133 4.1089 5.1168 6.6913
SMISC1 1.4167 3.2452 4.0121 4.1071 5.1146 6.6824
SMISC2 1.4169 3.2454 4.0127 4.1077 5.1157 6.6865
SMISC4 1.4170 3.2455 4.0130 4.1084 5.1162 6.6891
Exact 1.4141 3.2431 3.9862 4.0995 5.0933 6.6571
CSplate STAB 2.8741 5.1597 5.8372 7.8973 9.0302 9.8195
SMISC1 2.8729 5.1559 5.8340 7.8852 9.0233 9.8134
SMISC2 2.8733 5.1575 5.8348 7.8894 9.0266 9.8148
SMISC4 2.8738 5.1587 5.8364 7.8943 9.0285 9.8180
Exact 2.8693 5.1370 5.8063 7.8579 8.9243 9.6897
CFplate STAB 1.4272 3.7426 4.0405 6.1075 6.7886 8.1319
SMISC1 1.4268 3.7409 4.0389 6.1007 6.7845 8.1284
SMISC2 1.4270 3.7415 4.0396 6.1037 6.7855 8.1299
SMISC4 1.4271 3.7422 4.0401 6.1058 6.7876 8.1310
Exact 1.4243 3.7342 4.0132 6.0798 6.7439 8.0135
SFplate STAB 1.4213 3.5258 4.0295 5.9163 6.0714 8.1240
SMISC1 1.4209 3.5247 4.0281 5.9105 6.0677 8.1207
SMISC2 1.4211 3.5251 4.0288 5.9133 6.0687 8.1221
SMISC4 1.4212 3.5255 4.0292 5.9148 6.0704 8.1231
Exact 1.4183 3.5199 4.0022 5.8898 6.0384 8.0055

Cases elements
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6.4 Concluding remarks

Table 6.13: A frequency parameter= (wa?/n?)+/pt/ D for thick square plates partially
resting on a Winkler elastic foundation with the stabilizedthod {/a = 0.1, R; = 100)

Mode sequence number

Cases elements 1 5 3 7 5 6
SSplate STAB 4.0557 6.2292 9.3539 9.8971 10.7820 11.4449
SMISC1 4.0537 6.2226 9.3510 9.8860 10.7728 11.4413
SMISC2 4.0542 6.2252 9.3517 9.8912 10.7759 11.4421
SMISC4 4.0552 6.2276 9.3532 9.8944 10.7797 11.4440
Exact 4.0340 6.1991 9.2958 9.7930 10.7375 11.3785
CCplate STAB 5.0603 6.8109 10.1162 10.1883 11.3586 12.6584
SMISC1 5.0579 6.8031 10.1136 10.1755 11.3487 12.6537
SMISC2 5.0585 6.8057 10.1143 10.1808 11.3519 12.6548
SMISC4 5.0597 6.8089 10.1156 10.1851 11.3561 12.6573
Exact 5.0313 6.7778 10.0609 10.0862 11.3112 12.5362
FFplate STAB 1.6618 4.2491 55098 7.8368 8.2960 9.9915
SMISC1 1.6611 4.2465 55070 7.8269 8.2907 9.9911
SMISC2 1.6614 4.2477 55078 7.8310 8.2931 9.9912
SMISC4 1.6616 4.2484 55091 7.8344 8.2947 9.9914
Exact 1.6568 4.2203 5.4796 7.7932 8.1772 9.9851
CSplate STAB 4.0565 6.2293 9.3970 9.8983 10.8796 12.1289
SMISC1 4.0545 6.2227 9.3937 9.8872 10.8687 12.1248
SMISC2 4.0550 6.2253 9.3945 9.8924 10.8723 12.1257
SMISC4 4.0560 6.2276 9.3961 9.8955 10.8769 12.1279
Exact 4.0366 6.1992 9.3336 9.7942 10.8291 12.0389
CFplate STAB 1.6624 4.2492 55137 7.8389 8.2961 10.4224
SMISC1 1.6617 4.2466 5.5110 7.8290 8.2908 10.4195
SMISC2 1.6620 4.2479 55117 7.8330 8.2932 10.4202
SMISC4 1.6622 4.2485 5.5130 7.8364 8.2948 10.4216
Exact 1.6573 4.2204 5.4834 7.7953 8.1772 10.3795
SFplate STAB 1.6619 4.2492 55134 7.8376 8.2960 10.2191
SMISC1 1.6612 4.2466 5.5107 7.8277 8.2908 10.2170
SMISC2 1.6615 4.2478 5.5114 7.8317 8.2932 10.2175
SMISC4 1.6618 4.2485 5.5127 7.8351 8.2947 10.2186
Exact 1.6569 4.2204 5.4831 7.7940 8.1772 10.1900
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6.4 Concluding remarks

Table 6.14: A frequency parameter= (wa?/n%)+/pt/ D for thick square plates partially
resting on a Winkler elastic foundatioty¢ = 0.1, R; = 1000) with stabilized method

Cases

elements

Mode sequence number

1

2

3

4

5

6

SS plate

CC plate

FF plate

CS plate

CF plate

SF plate

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

4.8727 7.0329 10.6551 12.7649 14.4912 15.4124

4.8698
4.8706
4.8720
4.8241
6.1756
6.1722
6.1730
6.1748
6.1042
1.8290
1.8282
1.8285
1.8288
1.8194
4.8727
4.8698
4.8706
4.8720
4.8241
1.8290
1.8282
1.8285
1.8288
1.8194
1.8290
1.8282
1.8285
1.8288
1.8194

7.0230
7.0266
7.0305
6.9800
7.8732
7.8614
7.8651
7.8702
7.8068
4.4032
4.3998
4.4014
4.4024
4.3709
7.0329
7.0230
7.0266
7.0305
6.9800
4.4032
4.3998
4.4014
4.4024
4.3709
4.4032
4.3998
4.4014
4.4024
4.3709

10.6370
10.6448
10.6506
10.5372
11.1256
11.1044
11.1126
11.1203
11.0046
6.7313
6.7273
6.7283
6.7303
6.6558
10.6551
10.6370
10.6448
10.6506
10.5372
6.7313
6.7273
6.7283
6.7303
6.6558
6.7313
6.7273
6.7283
6.7303
6.6558

12.7580
12.7595
12.7632
12.4980
14.2389
14.2325
14.2339
14.2373
13.9260
8.4340
8.4269
8.4302
8.4322
8.3129
12.7649
12.7580
12.7595
12.7632
12.4980
8.4340
8.4269
8.4302
8.4322
8.3129
8.4340
8.4269
8.4302
8.4322
8.3129

14.4654
14.4725
14.4848
14.2491
15.6724
15.6432
15.6560
15.6652
15.3817
9.1464
9.1311
9.1366
9.1426
9.0586
14.4912
14.4654
14.4725
14.4848
14.2491
9.1464
9.1311
9.1366
9.1426
9.0586
9.1464
9.1311
9.1366
9.1426
9.0586

15.3865
15.3988
15.4059
15.1195
15.6812
15.6563
15.6632
15.6750
15.4000
12.7596
12.7276
12.7414
12.7516
12.0694
15.4124
15.3865
15.3988
15.4059
15.1195
12.7596
12.7276
12.7414
12.7516
12.0694
12.7596
12.7276
12.7414
12.7516
12.0694

124



6.4 Concluding remarks

Table 6.15: A frequency parameter= (wa?/n%)+/pt/ D for thick square plates partially
resting on a Winkler elastic foundatioty¢ = 0.1, Ry = 10000) with stabilized method

Cases

elements

Mode sequence number

1 2

3

4

5

6

SS plate

CC plate

FF plate

CS plate

CF plate

SF plate

STAB
SMISC1
SMISC2

MISC4
Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

STAB
SMISC1
SMISC2
SMISC4

Exact

5.3136 7.4455 11.0250 14.1533 15.7395 15.8556

5.3104 7.4341
5.3112 7.4381
5.3128 7.4427
5.2270 7.3589
6.7553 8.4060
6.7515 8.3925
6.7524 8.3966
6.7543 8.4027
6.6318 8.2943
1.9260 4.4870
1.9250 4.4832
1.9254 4.4850
1.9258 4.4861
1.9093 4.4486
5.3136 7.4455
5.3104 7.4341
5.3112 7.4381
5.3128 7.4427
5.2270 7.3589
1.9260 4.4870
1.9250 4.4832
1.9254 4.4850
1.9258 4.4861
1.9093 4.4486
1.9260 4.4870
1.9250 4.4832
1.9254 4.4850
1.9258 4.4861
1.9093 4.4486

11.0036
11.0126
11.0197
10.8802
11.5803
11.5554
11.5648
11.5741
11.4250
7.3556
7.3510
7.3521
7.3544
7.2238
11.0250
11.0036
11.0126
11.0197
10.8802
7.3556
7.3510
7.3521
7.3544
7.2238
7.3556
7.3510
7.3521
7.3544
7.2238

14.1454
14.1471
14.1513
13.7198
15.7518
15.7445
15.7461
15.7500
15.2522
8.5057
8.4978
8.5015
8.5037
8.3798
14.1533
14.1454
14.1471
14.1513
13.7198
8.5057
8.4978
8.5015
8.5037
8.3798
8.5057
8.4978
8.5015
8.5037
8.3798

15.7087
15.7229
15.7318
15.4271
16.0536
16.0186
16.0336
16.0449
15.7395
9.7647
9.7473
9.7533
9.7604
9.6227
15.7395
15.7087
15.7229
15.7318
15.4271
9.7647
9.7473
9.7533
9.7604
9.6227
9.7647
9.7473
9.7533
9.7604
9.6227

15.8258
15.8337
15.8482
15.4547
17.1701
17.1417
17.1494
17.1630
16.7107
13.3665
13.3297
13.3450
13.3574
13.1661
15.8556
15.8258
15.8337
15.8482
15.4547
13.3665
13.3297
13.3450
13.3574
13.1661
13.3665
13.3297
13.3450
13.3574
13.1661
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6.4 Concluding remarks

are a good agreement with the analytical solution and puddisources. All present el-
ements are free of shear locking in the limit of thin platetsis found that the MISCk
and SMISCk elements gain slightly more accurate than theQ#land STAB elements,
respectively, for the analysis of natural frequencies.dditon, the present method com-
putes directly the bending stiffness matrix in physical rdimates instead of using the
iso-parametric mapping as in the MITC4 and STAB elements dtcuracy, therefore,
can be maintained even when coarse or distorted meshes pleyeih
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Chapter 7

A smoothed finite element method for
shell analysis

7.1 Introduction

Shell elements are especially useful when the behaviorrgé latructures is of interest.
Shell element formulations can be classified into threegoaies: (1) Curved shell el-
ements based on general shell theory; (2) Degeneratededbedents, that are derived
from the three dimensional solid theory; and (3) Flat shielireents, that are formulated
by combining a membrane element for plane elasticity andnalibg element for plate
theory. Since it avoids complex shell formulations, the sla¢ll element is the simplest
one. Therefore, and due to their low computational costfl#tteshell elements are more
popular.

Shell elements can also be classified according to the tegskof the shell and the
curvature of the mid-surface. Depending on the thicknéed| slements can be separated
into thin shell elementddelsohn(1974); Nguyen-Danget al. (1979; Debongnig1986
2003; Zhanget al.(2000; Areiaset al.(2009; Wu et al.(2005) and thick shell elements
(Batheet al. (2000; Bletzingeret al. (2000; Saet al. (2002; Cardosoet al. (2006
2007). Thin shell elements are based on the Kirchoff-Love tiignrwhich transverse
shear deformations are neglected. They reg@ireisplacement continuity. Thick shell
elements are based on the Mindlin theory which includestrarse shear deformations.

Especially the development of Mindlin—Reissner type sbleinents suffer from one
intrinsic difficulty: locking, i.e. the presence of artifatistresses. It is well known that
low-order finite elements lock and that locking can be al&ad by higher order finite
elements. There are basically four types of locking:

1. Transverse shear locking, that occurs due to uncorativerse forces under bend-
ing. It refers to the most important locking phenomenon fatgpand shell elements
in bending.

2. In-plane shear locking in plates and shells, that is omlgdrtant under in-plane
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7.1 Introduction

loading. For example, the four-node quadrilateral elerdentlops artificial shear
stresses under pure bending whereas the eight-node @ueadtilelement does not.

3. Membrane locking is often well-known for low-order plaglements and also oc-
curs in shell elements. For examples bilinear elementséxiniembrane locking
types; a) membrane locking dominated by a bending respbhseembrane lock-
ing caused by mesh distortion.

4. Volumetric locking that occurs when the Poisson ratepproaches a value 6f5.

Methods such as the reduced and selective integration etepmeixed formulation/hybrid
elements, the Enhanced Assumed Strain (EAS) method, thenfests Natural Strain
(ANS) method, etc, tried to overcome the locking phenomeasambe found in the text-
books byHughes(1987); Batoz & Dhatt(1990; Bathe(1996); Zienkiewicz & Taylor
(2000.

Among the methods applied to overcome transverse sheantpokMindlin-Reissner
type plate and shell elements, we concern on the Assumedadli&twain (ANS) method,
namely MITC4, inBathe & Dvorkin(1985 1986 because the ANS elements are simple
and effective. Consequently, the ANS method is widely usedmmercial software such
as ANSYS, ADINA, NASTRAN, etc.

The objective of this chapter is to present a method to ingtbe performance of the
ANS element based on incorporating the stabiled conformimggl integration (SCNI)
into the MITC4 element. The smoothing procedure was orltjiniveloped for meshfree
methods to stabilize the rank-deficient nodal integratiResed on the SFEM formula for
plate elements ilNguyen-Xuaret al. (2008, Nguyenet al. (20079 have extended the
SFEM to analyze shell structures. Herein a quadrilaterall ghement with smoothed
curvatures that is based on the flat shell concept is prekefites a combination of the
quadrilateral membrane element and the quadrilateralibgridindlin—Reissner plate
element. The inclusion of drilling degrees of freedom sumnea in Zienkiewicz &
Taylor (2000 is considered in order to avoid a singularity in the locédfreéss matrix in
cases where all the elements are coplanar.

The way to constitute the element stiffness matrix for thiesteell element is given in
Section2.3.

Membrane strains and bending strains are normalized by atiing operator which
results in computing membrane and bending stiffness nestrdn the boundary of the
element while shear strains are approximated by indepémnatenpolation in natural co-
ordinates.

As we will show by several numerical examples, the proposetl slement is espe-
cially useful for distorted meshes which often causes manmlocking in shell elements.
It is also verified that the original MITC4 element does notfen well with irregular
elements.
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7.2 A formulation for four-node flat shell elements

7.2 A formulation for four-node flat shell elements

Based on the previous chapters, the smoothed strain fieldlaff shell element may be
expressed as

~h

~h K
gl = { zm } (7.2)

where -
C 7.2

The smoothed element membrane and bending stiffness nrattir local coordinate is
obtained by

K™ = / (BZ)'D"BEdQ =) (BE) ' D"BEAc (7.3)
© Cc=1

Kb = / (BY)"D'BLdQ = Y (BY) ' D'ByAc (7.4)
¢ Cc=1

wherenc is the number of smoothing cells of the element, see FiguteBy analyzing
the eigenvalue of the stiffness matrix, it is noted that/or= 1, the MIST1 element
which will be given in a numerical part contains two zero+giyanodes resulted in rank
deficiency. The rank of the MIST1 element stiffness matrigdsial to twelve instead of
the sufficient rank that would be fourteen.

The integrands are constant over e&xzihand the non-local strain displacement matrix

reads
N[?’Lf 0

~ 1 0
g[ = A— / 0 N[TL@ 0
¢ JTe N[ng Nmz 0

dar (7.5)

o O O

0
0
0

o O O

) 1 000 0 Ninz 0
BY, = A—/ 000 —Nmy 0 0 |dl (7.6)
¢ JTe 0 0 0 —N[TLE; N[ng 0
From Equation.6), we can use Gauss points for line integration along eaamsegof
I'. If the shape functions are linear on each segment of a ¢elmdary, one Gauss
point is sufficient for an exact integration:

~ Lo [ NE(EG) ne 0 0000

&= 0 Ny (x§)ng; 0 0 0 0 |IS (7.7)
“o=1 \ Ny (x§)ny; N (x$)nz 0 0 0 0

~ Lo (000 0 N (%) nz 0

BgI—A—Z 00 0 —N/(X)ng 0 0 |i¢ (7.8)
=1\ 0 0 0 —N/(x$)nz Np(x)n; 0



7.3 Numerical results

wherex$ andi{ are the midpoint (Gauss point) and the lengti™pf respectively. The
smoothed membrane and curvatures lead to high flexibilich ss distorted elements,
and a slight reduction in computational cost. The membradecarvature are smoothed
over each sub-cell as shown in Figl&&.
Therefore the shell element stiffness matrix can be modégefbllows:
ke =k{ + k¢, + ki = > (BL)'D'BLAC
nc ~ ~ o=t 2 2 (79)
+ > (BE)"D"BEAc + - 3 waw; BYD,B, [J] dédn
C=1 i=14i=1
The transformation of the element stiffness matrix fromltwoal to the global coordinate
system is given by . )
K = T7k°T (7.10)

As well known, shear locking can appear as the thicknesseo$hiell tends to zero. In
order to improve these elements, the so-called assumetahattain (ANS) method is
used to approximate the shear straiBathe & Dvorkin(1985). This work is similar to
the plate formulations.

Note that the shear terik’® is still computed by2 x 2 Gauss quadrature while the
element membrane and bending stiffn&ss k° in Equation 2.57) is replaced by the
smoothed membrane and curvature techniques on each snpodtl of the element.

7.3 Numerical results

We name our element MISTk (Mixed Interpolation with Smoaothirechnique witht &
{1,2,4} related to number of smoothing cells as given by Fig8i8. For several nu-
merical examples, we will now compare the MISTk elementhitowidely used MITC4
elements. One major advantage of our element is that it esceslfy accurate for distorted
meshes. The distortion meshes are created by the forrmdaised in Chapter 2.

7.3.1 Scordelis - Lo roof

Consider a cylindrical concrete shell roof where two curgddes are supported by rigid
diaphragms, and the other two edges are free, see FiglireThis example was first
modeled byMacNeal & Harder(1985. The theoretical midside vertical displacement
given byScordelis & Lo(1964) is 0.3024.

Regular and irregular meshes &f x N elements are studied for the MITC4 element
and the MISTk elements. Typical meshes are shown in Figize The results for the
uniform meshes are summarized in TaBl& and Table7.2 SFEM elements are also
compared to the mixed element Bymoet al. (1989, the 4-node physical stabilization
shell (QPH) element bBelytschkoet al. (1994 and the reduced and selective integration
(SRI) element irHughes & Liu(1981).
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I\
regid

diaphragm

Figure 7.1: Scordelis-Lo roof (R = 25; L =50; t=0.25; E = 4.3@% self-weight 90/area;
v =0.0)

(a) Regular meshes (b) Irregular meshes

Figure 7.2: Regular and irregular meshes used for the asalys

Table 7.1: Normalized displacement at the point A for a ragoiesh

) MISTk elements
Mesh MITC4 Mixed QPH SRl VISTL MIST?  MISTa

4x4 09284 1.083 0.940 0964 1.168 1.060 0.977

6x6 0.9465 - - - 1.062 1.014 0.972
8§x8 09609 1.015 0.980 0.984 1.028 1.001 0.976
10 x 10 0.9706 - - - 1.014 0.997 0.981
12 x 12 0.9781 - - - 1.009 0.997 0.985

14 x 14 0.9846 - - - 1.007 0.998 0.990
16 x 16 0.9908 1.000 1.010 0.999 1.008 1.001 0.995
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7.3 Numerical results

Table 7.2: The strain energy for a regular mesh
Y MISTK elements

MeshA®  MITC —Gisti— misT2 ~ MiST4

4x4 1.1247e3 1.4456e3 1.3002e3 1.1888e3

6x6  1.1589e3 1.3126e3 1.2488e3 1.1934e3

8 x8 1.1808e3 1.2700e3 1.2342e3 1.2017e3
10 x 10 1.1942e3 1.2524e3 1.2294e3 1.2082e3
12 x 12 1.2037e3 1.2446e3 1.2286e3 1.2136e€3
14 x 14 1.2113e3 1.2416e3 1.2299e3 1.2187e3
16 x 16 1.2180e3 1.2415e3 1.2324e3 1.2238e3

Figure7.3plots the convergence of deflection at point A and the straémggy , respec-
tively, for uniform meshes. Especially for coarse meshes MISTk elements are more
accurate than MITC4 element and show a better convergetetorthe exact solution.

Exact
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Figure 7.3: Convergence of Scordelis-Lo roof with regulasires: (a) Deflection at point
A; (b) Strain energy

Figure 7.4 depicts the numerical results of the deflections at point @ e strain
energy, respectively, for distorted meshes. We note tleaMIS Tk elements are always
slightly more accurate compared to the MITC4 element. Siamglously, they are com-
putationally cheaper.

However, the most remarkable feature of the results appehighly distorted meshes
where the performance of the MISTk elements are vastly superthe MITC4 element,
which fails to converge. when increasing curvature anddisin of the mesh, the effect
of membrane locking becomes more pronounced. The MISTikaié are free of mem-
brane and shear locking while the MITC4 element is only freghear locking. We also
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Figure 7.4: Convergence of Scordelis-Lo roof with irregui@eshes: (a) Deflection at
point A; (b) Strain energy

would like to note that inter aliayly et al. (1993 found shear force oscillations for the
MITC4 element especially for distorted meshes. They preda@sstabilization procedure
which is not incorporated in our formulation here. This effemay contribute to the error
accumulation in the example tested as well.

In Figure7.4, we have described the results of our best element, the Mé&r@ent,
for different degrees of mesh distortiemnd compared it to the MITC4 element. Though
our element is based on flat shell theory, it provides redhtiaccurate results for non-flat
structures.

7.3.2 Pinched cylinder with diaphragm

Consider a cylindrical shell with rigid end diaphragm swigel to a point load at the cen-
ter of the cylindrical surface. Due to symmetry, only onehéligof the cylinder shown in
Figure7.5is modeled. The expected deflection under a concentratdidda8245<10~°,
see e.gTaylor & Kasperm(2000.

The problem is described withh x N MITC4 or MISTk elements in regular and
irregular configurations. The meshes used are shown in &Qar
Figure7.7illustrates the convergence of the displacement underahiecload point and
the strain energy, respectively, for the MITC4 element andMISTk elements using
regular meshes. Our element is slightly more accurate tiaMtTC4 element for struc-
tured meshes. In Tableé3, we have compared the normalized displacement at the center
point of our element to the MITC4 element. The strain enesggummarized in Tablé.4.

The advantage of our element becomes more relevant foridtmeshes, see Fig-
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Figure 7.5: Pinched cylinder with diaphragms boundary @k (P = 1; R =300; L =
600;t=3;v = 0.3; E =3x10")

RN
NSSGW
SSRERUN
S

S8y
SSSSSTiRetiues R uee
esigun!
et

S
CRRCEES O T
AU S

St
‘\““\“““““ T
PRERARNR NN

(a) Regular meshes (b) Irregular meshes
Figure 7.6: Regular and irregular meshes used for the asalys

Table 7.3: Normal displacement under the load for a regutsim

] MISTk elements
Mesh MITC4 Mixed QPH SRI MISTL MIST2 MIST4

4x4 03712 0.399 0.370 0.373 04751 0.4418 0.3875
8§x8 0.7434 0.763 0.740 0.747 0.8094 0.7878 0.7554

12 x 12 0.8740 - - - 0.9159 0.9022 0.8820
16 x 16 0.9292 0.935 0.930 0.935 0.9574 0.9483 0.9347
20 x 20 0.9573 - - - 0.9774 0.9709 0.9612
24 x 24 0.9737 - - - 0.9889 0.9840 0.9767
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7.3 Numerical results

Table 7.4: The strain energy for a regular mesh
o MISTK elements
MeshA®  MITCA —gisTT— MisT2  MISTA
4x4  8.4675e-7 1.0837e-6 1.0078e-6 8.8394e-7
8 x8  1.6958e-6 1.8462e-6 1.7970e-6 1.7230e-6
12 x 12 1.9937e-6 2.0891e-6 2.0579e-6 2.0118e-6
16 x 16 2.1196e-6 2.1837e-6 2.1630e-6 2.1320e-6
20 x 20 2.1836e-6 2.2296e-6 2.2147e-6 2.1926e-6
24 x 24 2.2210e-6 2.2556e-6 2.2444e-6 2.2278e-6
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Figure 7.7: Convergence of pinched cylinder with regulashes: (a) Deflection at point
A; (b) Strain energy
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Figure 7.8: Convergence of pinched cylinder with irregutsgshes: (a) Deflection at
point A; (b) Strain energy

ures7.8. For the same reasons as outlined in the previous sectieI8Tk elements
are significantly more accurate as compared to the MITCrhetet with increasing mesh
distortion.

7.3.3 Hyperbolic paraboloid

A hyperbolic paraboloid shell are restrained the boundagydeflections direction. Fur-
thermore the boundary conditions are considereéd. /2, 0) = u(L/2,0) andv(0, —L/2)
= v(0, L/2), respectively. The shell is subjected to a normal pressadimhg of 3 N /m?.

It has a length o20m, a height ofLZ /32m, and a thickness df.2m. The material has an
elastic modulus of 0%k N/m? and a Poisson’s ratio ® An analytical solution has been
derived byDuddeck(1962).

The model problem is described in Figure. Both the MITC4 element and the
MISTk elements are tested for a series of meshes Witk N elements. This problem
was chosen in order to study the effect of membrane lockiig. meshes are illustrated
in Figure7.10 Figures7.11 presents the convergence of deflection at point A and the
strain energy for regular meshes. In TalBl&é, we have compared the normalized dis-
placement at the center point of our element to other elesrierthe literature. Knowing
that present element is based on flat shell theory, our eestdtreasonably good. We note
that the MISTk elements are always more accurate compatée tdiTC4 element. The
strain energy is summarized in Talles. The results for distorted meshes are shown in
Figures7.12 We note again that the results of the MITC4 element do notex@e since
it is not free of membrane locking.
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Figure 7.9: Hyperbolic paraboloigh (= —5kN/m?; L = 20m; h = L/32m; t = 0.2m;
v=0; F =10%kN/m?)

Table 7.5: The displacement at point A for a regular mesh

MISTk elements

Mesh  MITC4 Taylor(1988 Sauer(1998 G/W MISTT MIST2  MISTA

8x8 3.7311 4.51 451 452 45029 4.2315 3.9031
16 x 16  4.2955 4.55 4.56 456 4.5190 4.4468 4.3507
32 x 32 4.4694 4.56 4.58 458 45282 4.5089 4.4841
40 x 40 4.4937 - - - 45319 45195 4.5034
48 x 48 4.5089 - - - 45351 4.5259 45154
56 x 56 4.5186 - - - 45384 45315 4.5236
64 x 64 4.5259 4.57 4.57 4.60 45412 45362 4.5297

G/W — A linear quadrilateral shell element proposeddbyttmann & Wagne(2005

Table 7.6: The strain energy for a regular mesh

Mesh N°

MISTk elements

MITC4

MIST1

MIST2 MIST4

8 X 8
16 x 16
32 x 32
40 x 40
48 x 48
56 x 56
64 x 64

1.5946e4
1.8617e4
1.9440e4
1.9558e4
1.9630e4
1.9678e4
1.9714e4

2.1015e4
1.9920e4
1.9790e4
1.9791e4
1.9799%¢e4
1.9809e4
1.9842¢e4

1.8237e4 1.6705e4
1.9289e4 1.8858e4
1.9620e4 1.9504e4
1.9679e4 1.9599e4
1.9705e4 1.9658e4
1.9827e4 1.9699%e4
1.9820e4 1.9730e4
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Figure 7.10: Regular and irregular meshes used for the sisaly
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7.3.4 Partly clamped hyperbolic paraboloid

We consider the partly clamped hyperbolic paraboloid sételicture, loaded by self-
weight and clamped along one side. The geometric, materdhlaad data are given in
Figure7.13 and only one half of the surface needs to be considered iarthlysis.

For this problem there is no analytical solution, and rafeesvalues for the total strain
energyFE and vertical displacement present in TaBl& previously obtained byathe
et al. (2000.

Table 7.7: The reference values for the total strain enérgyd vertical displacement
atpointB ¢ = L/2,y =0)

t/L Strain energyE(N.m)

1/1000 1.1013 x 1072
1/10000 8.9867 x 1072

Displacementu(m)

—6.3941 x 1073
—5.2988 x 107!

Figures7.15-7.16 exhibit the convergence of deflection at point B and the rstrai
energy error for a regular mesh with ratio t/L=1000, t/L=3000, respectively. In Ta-
bles7.8-7.11we have compared the displacement at at point B for a regudahraf our
element to other elements in the literature. We note thabt8Tk elements are always
more accurate compared to the elements compared with. e shergy is summarized
in Tables7.9—7.11 The illustration of the results for the distorted meshebsplayed on
Figure7.17. Itlargely confirms that the MISTk elements perform welllwiery distorted
meshes.
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Figure 7.13: Partly clamped hyperbolic paraboloid £ 1m, E = 2 x 101'N/m?,
v =0.3, p=8000kg/m?, z = 2* — y*, x € [-0.5,0.5], y € [-0.5,0.5])
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Figure 7.14: Regular and irregular meshes used for the sisaly

Table 7.8: Deflection at point B for a regular mesh(t/L=1/200

MeshN°  MITC4

MITC16

MISTk elements
MIST1 MIST2 MIST4

8x4  4.7581e-3
16 x 8  5.8077e-3
32x 16 6.1904e-3
40 x 20 6.2539e-3

5.5858e-3 4.9663e-3 4.8473e-3
6.1900e-3 5.9294e-3 5.8624e-3
6.3470e-3 6.2487e-3 6.2180e-3
6.3691e-3 6.2982e-3 6.2751e-3

48 x 24 6.2939e-3 6.3941e-3 6.3829e-3 6.3287e-3 6.3108e-3
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Table 7.9: Convergence in strain energy for a regular méishi(t1000)

o MISTk elements
MeshN° MITC4  MITC16 VISTT ViST? VISTa
8 x4  0.8016e-2 - 0.9499e-2 0.8384e-2 0.8172e-2
16 x8  0.9918e-2 - 1.0623e-2 1.0141e-2 1.0018e-2
32x 16 1.0629e-2 - 1.0921e-2 1.0737e-2 1.0668e-2
40 x 20 1.0741e-2 1.0963e-2 1.0831e-2 1.0795e-2

48 x 24 1.0821e-2 1. 1013e 2 1.0989e-2 1.0885e-2 1.0845e-2

Table 7.10: Deflection at point B for a regular mesh(t/L=000)

Y MISTk elements

MeshN° MITC4 MITC16 ViSTL MIST?  MISTa
8x4  0.2851 - 0.3398 0.2959 0.2899
16 x8  0.4360 - 0.4789 0.4453 0.4401

32x 16  0.4967 0.5169 0.5021 0.4991
40 x 20 0.5063 0.5214 0.5106 0.5085
48 x 24 0.5121 0.5298 0.5240 0.5157 0.5137

Table 7.11: Convergence in strain energy for a regular nvésti/10000)

Y MISTk elements

MeshN° MITC4 MITC16 VISTL MIST?  MISTA
8x4  0.0471 - 0.0562 0.0488 0.0478
16 x8 0.0731 - 0.0806 0.0747 0.0738
32x16 0.0839 - 0.0875 0.0848 0.0844
40 x 20  0.0856 - 0.0883 0.0865 0.0858

48 x 24 0.0869 0.0898 0.0892 0.0881 0.0874
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Figure 7.15: Convergence of hyper shell with regular mefies1/1000): (a) Deflection
at point B; (b) Strain energy error
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Figure 7.16: Convergence of hyper shell with regular mes$tesl/10000): (a) Deflec-
tion at point B; (b) Strain energy error
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Figure 7.17: Convergence of hyper shell with irregular nessitYL=1/1000): (a) Deflec-
tion at point B; (b) Strain energy error

7.4 Concluding Remarks

A family of quadrilateral shell elements based on mixedrméation with smoothed
membrane strain and bending strains is proposed. The eléiEsed on the flat element
concept though we also tested several problems involvingecustructures. Except for
the MIST1 element which exhibits two zero energy modes, th§ T and the MIST4
elements maintain a sufficient rank. Moreover, these elésrsimnot exhibit membrane
locking nor shear locking in the thin shell limit, and theyspdhe patch test.

The MIST1 element gave the best results for several probkodied. However,
this element contains two hourglass modes. In simple caélsedjourglass modes can
be automatically eliminated by the boundary condition$dva still undesirable in more
general settings. Therefore, the most reliable elemertadvtIST2 that retains both a
sufficient rank and accuracy.

The major advantage of the method, emanating from the fatthie membrane and
bending stiffness matrix are evaluated on element boueslarstead of on their interiors
is that the proposed formulation gives very accurate anglergent results for distorted
meshes.

In addition to the above points, the author believes thastien smoothing technique
herein is seamlessly extendable to complex shell problectsas non-linear material and
geometric non-linearities, problems where large mestodien play a major role.
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Chapter 8

A node-based smoothed finite element
method: an alternative mixed approach

8.1 Introduction

It is known that a stabilized conforming nodal integratienhinique has been applied by
Chenet al. (200]) for stabilizing the solutions in the context of meshfreetimoels and
later applied in the natural-element methatd@ et al. (2004); Yvonnetet al. (2004);
Cescotto & Li(2007). Liu et al have applied this technique to formulate the linear con-
forming point interpolation method (LC-PIM)L{u et al. (20060; Zhanget al. (2007),

the linearly conforming radial point interpolation methasC-RPIM) (Liu et al.(20063),

and the element-based smoothed finite element method (eleh®&~EM) (iu et al.
(20073). ThenLiu & Zhang (2007 have explained intuitively and showed numerically
that the LC-PIM yields an upper bound in the strain energymdnesasonably fine mesh
is employed. Recently,iu et al. (20079 proposed a node-based smoothed finite ele-
ment method (N-SFEM) for solid mechanics problems. In th8MEM, the domain dis-
cretization is still based on elements but the calculatioine system stiffness matrix is
performed on cells each of which is associated with a singtkenand the strain smooth-
ing technique Chenet al. (2001)) is used. The numerical results demonstrated that the
N-SFEM possesses the following properties: 1) it gives goeufpound (in the case of
homogeneous essential boundary conditions) in the strargg of the exact solution
when meshes are sufficiently fine; 2) it is relatively immuraf volumetric locking; 3)

it allows the use of polygonal elements with an arbitrary benof sides; 4) no mapping
or coordinate transformation is involved in the N-SFEM atsceiement is allowed to be
of arbitrary shape. The problem domain can be discretizedare flexible ways, and
even severely distorted elements can be used. All theserésahave been demonstrated
in detail inLiu et al. (20079 using many numerical examples and elements of complex
shapes including polygon with an arbitrary number of siégatsemely distorted quadri-
lateral elements. However, the related theory has not beteapsfully to provide more
general theoretical explanation for the N-SFEM.
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8.2 The N-SFEM based on four-node quadrilateral elements (8Q4)

The aim of this chapter is to elucidate the properties of tHeM¥EM and establish the
nodal strain smoothing based on the Hellinger-Reissnaciple, and formulate a four -
node quadrilateral element node quadrilateral elemehges¢tting of N-SFEM termed as
NSQ4(iu et al. (20079). In the present N-SFEM with NSQ4 elements, the domain dis-
cretization is the same as that of the standard FEM and timeailinterpolation functions
of the original displacement FEM model are still used. A dngagiilibrium quadrilateral
element based on the following properties of the NSQ4 isinbth 1) As long as the
external forces are non-zero, strain energy is an upperdofithe exact solution when
the used mesh is reasonably fine; 2) volumetric locking miekted naturally. Moreover
the accuracy and convergence of the present N-SFEM will thegorby a rigorous math-
ematical proofs on which affirms the reliability of presergthrod theoretically. Finally,
all these theories will be confirmed numerically.

8.2 The N-SFEM based on four-node quadrilateral ele-
ments (NSQ4)

Assumed that the problem domdinis divided into smoothing celld_(u et al. (20079)
associated with nodes such that QM UQ® U....uQ™) and QO NQY) =@, i # j

in which NV, is the total number of field nodes located in the entire prod@main. For
four-node quadrilateral elements, the ¢@if’ associated with the nodeis created by
connecting sequentially the mid-edge-point to the intise of two bi-medians of the
surrounding four-node quadrilateral elements as showngar€8.1 As a result, each
four-node quadrilateral element will be subdivided intarfsub-domains and each sub-
domain is attached with the nearest field node, é.m et al. (20079. The cellQ®*)
associated with the nodeis then created by combination of each nearest sub-domain of
all elements around the node®*) = Q" U QP U U QY. The areasA® of the
nodal smoothing cells are computed by

A® = 3" A (8.1)

ceT (k)

whereT' ¥ is the set of subcellsassociated with nodeand A€ is the area of the subcells.
Introducing now the node-based strain smoothing operation

~ 1 C xC
ceT k)
where ! 1
éfj(uh) =1 /Q(k) £ij(x)dQ = 5 A° /E?Q<k) (u?nj + U?ni)dr (8.3)

andAc = me dS2 is the area of the subceﬂ]ﬁ’“).
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8.2 The N-SFEM based on four-node quadrilateral elements (8Q4)

Figure 8.1: Example of the node associated with subcells: siimbols ¢), (o) and \)
denote the nodal field, the mid-edge point and the inteim@@int of two bi-medians of
Q4 element, respectively

Inserting Equation§.3) to Equation 8.2) and rearranging in the reduced form, one ob-
tains the smoothed strain fieldi( et al. (20079) defined as

N 1
&) = 4 /m (ni; + njui)dl 8.4)

Substituting Equatior(18) into Equation 8.4), the smoothed strain at the noklean be
formulated by the following matrix form based on nodal d&gments

gt = Z B;(xi)qr = Bg (8.5)

IeN (k)

where N®) is the number of nodes that are directly connected to tkoated B (x;,) is
termed as the smoothed strain gradient matrix on the(¥®lland is calculated numeri-

cally by
1

m (k)
When a linear compatible displacement field along the boyndd) is used, one Gaus-

sian point is sufficient for line integration along each segtrof boundar;Fl(,k) of Q)
Equation 8.6) can be expressed as

B(x;) = Nm® (x)dr (8.6)

nb

. 1

By(xi) = 75 2 Niloxn® ()1 6.7)
b=1

wherenb is the total number of edges bf*), x{' is the midpoint (Gaussian point) of the
boundary segment dfl(f) , Whose length and outward unit normal matrix are denoted as

146


Chapter6/Chapter6Figs/NIFEMQ41.eps

8.3 A quasi-equilibrium element via the 4-node N-SFEM elems

lék) andn® (x{'), respectively. The stiffness matrk of the system is then assembled by
a similar process as in the FEM

K=> K® (8.8)

k=1

whereK®) is the stiffness matrix associated with nddend is calculated by

B o o 1 T
K® — / BTDBd) = BTDBA® = o ( / n<k>Ndr) D ( / n(k)NdF)
Q) A®)\ Jre (k) 8

Equation 8.9) implies that in the NSQ4, the shape function itself is useevaluate the
stiffness matrix and no derivative of the shape functionesded. Because of using the
bilinear shape functions for four-node quadrilateral edats, the displacement field along
the boundariefl(f) of the domaim2*) is linear and compatible. Hence one Gauss point
is sufficient to compute exactly the integrations of Equaii®.6). The purpose of this
section is to recall briefly theoretical basis of the N-SFHBlbre details can be found in
Liu et al. (20079.

8.3 A quasi-equilibrium element via the 4-node N-SFEM
element

The purpose of this section is to show some common propesfiise NSQ4 and the
pure equilibrium quadrilateral element (EQ4) given in Apgix A, and to establish a
variational form derived from the Hellinger-Reissner pipie.

8.3.1 Stress equilibrium inside the element and traction aglibrium
on the edge of element

Without loss of generality, we assume that the problem donsafirst divided into four
quadrilateral elements as shown in Fig8t2 it is then re-partitioned into the celf*)
associated with nodes,= 1, ..., 9 such thaf2® N QW) = (i # j. Leto™ be the stress
vector of sub-domain in the element “e” belonging to the £&il. Assume that the finite
element solutions of problem have already obtained. TresSstrector at a nodecan be
computed through the smoothed strain at the riodse

o®) = D&* (8.10)

Based on Equation8(2), the stressr®) in Equation 8.10 is termed as the smoothed
stress on the cefd®) . Hence, the stresses in all the sub-domains from adjacemiesits
in the cellQ®®) have the same values,

o) = a'g;) =og® (8.11)

€1
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8.3 A quasi-equilibrium element via the 4-node N-SFEM elems

Figure 8.2: Stresses of background four-node quadrillatefs and of the element:The
symbols ¢), (o) and () denote the nodal field, the mid-edge point and the inteisect
point of two bi-medians of Q4 element, respectively

For details, we illustrate the contribution of the stresstaswn in Figure8.2

Fornodel: o’ = o™

2: 0'§2) = oé?) =og®@

3: oég) =o®

1:0V =l =@ (8.12)
o U&S) = UéS) = a’é‘r’) = a’f) = o

6:00 =5l® = O

etce...

For element connected with four nodeg; , k-, k3, k4, the “element” stress can be re-
constructed by averaging the nodal stresses:

o) 1 gt o glka) 4 50

e = 8.13
o - (8.13)

The traction on edgg/ connecting nodeé and; of element “e” can be constructed by

t;, =n; (o + o)) /2 (8.14)

wheren,; is the matrix of outward normals on edge By the above construction, equili-
brating tractions on the common side of adjacent elemegtalarays ensured. It is clear
that in the present NSQ4, the equilibrium is satisfied stipigside the element and on
boundary of the element. However, the tractions along faxtes of the cell are not in
equilibrium, and exists a stress gap. Based on numericarexges below, the NSQ4
model can be considered as a quasi-equilibrium model thed dot seek equilibrium for
every point in the whole domain, but constitutes equilibristatus only in node-based
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8.3 A quasi-equilibrium element via the 4-node N-SFEM elems

smoothing domains resulting in a sufficient softening indiszretized model. As a re-
sult, it can provide an upper bound to the exact solutionénethergy norm for elasticity
problems.

8.3.2 The variational form of the NSQ4

We start with the Hellinger—Reissner variational prinej@.g.Pian & Wu (2006, where
the arbitrary stress and the displacementare considered as independent field variables.
Two 2-field variational principles result:

yr(o,u) = /

1 1 _
(__UijDigllglUkl + Uiji(uid' -+ Ujﬂ‘) — bzuz> dQ) — / tzuzdl" (815)
Q Tt

2

Equation 8.15 can be expressed through the smoothing cells as follows

N,
HHR = ; (/Q(k) [_iaijDijklakl + aiji(ui,j + Ujﬂ') - blul]dQ - /I—;k) tluZdF
(8.16)

wherel'®) is the entire boundary of the cell aﬁ{*f) is the portion of the element boundary
over which the prescribed surface tractiarere applied.

An integration part of the second term in the right hand sidEquation 8.16) be-
comes

1 1
/ aij—(um + Uj,i)dQ = / O'ij—(nin + njuz)dF — / uiaimdQ (817)
ok 2 re 2 Q)

Assuming that a constant stresss chosen, and inserting Equatid17) back Equa-
tion (8.16), one has

HHR =
(1 1
Z _iaijDi;]ilaklA(k) + Uiji/ (niuj -+ njuz)df — / bzude — / . t_ZUZdF
k=1 T Q) r)
(8.18)
In this principle, the variation of stress field leads to
1
Dz‘?izaklA(k) T2 /I‘(k) (niu; + nju;)dl (8.19)
This implies that there exists the strain fiélgd = Di;,ilakl such that
.1
€ij = W i~ (niuj + njul)dF (820)

This shows that the smoothed strain in Equati®d)(that used in the N-SFEM can de-
rived from the Hellinger-Reissner variational justificati Therefore, we obtain the vari-
ational principles of two fields based on the smoothed s&and the displacemeni as
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8.4 Accuracy of the present method

N,
1 _
HHR(é, ll) = = Z éZDZ M&:ZA(R) - bz-uidQ - tzuldl—‘ (821)
2 k=1 T o i

which is identical to the often used mixed approach. Thismedhat the NSQ4 has a
foundation on the Hellinger-Reissner variational priteip

8.4 Accuracy of the present method

Here it will be shown in energy form that the work of the prede+SFEM is larger than
that of the displacement approach. Or in other words, tlifnesis matrix of the NSQ4
element is softer than that of the Q4 element and theref@gitbsent model is more
accurate than the displacement model.

8.4.1 Exact and finite element formulations

Based on the Hellinger-Reissner variational principle Mleak form is to find the solution
(o, u) such that the functional

Myun(o,u) = (o, Ou) — %(U,D_IU) — f(u) (8.22)

is maximum for all stress fields € $ and minimum for all displacement fields € V.
Hence we have the following weak statement

(1,0u) = (7,D7'g), VT €38

(0,0v) = f(v), Vv eV (8.23)

LetV" c Vand8" c § be afinite element space. The weak form for the approximated
solution becomes: Fingr", u") € 8" x V" such that

(r,0u") = (r,D"lo"), V1T c §"

(", Ov") = F(v"), W €V (8.24)

Equation 8.24), means thaD ' is a result of the projection of the elemeht” of §
into 8". Therefore there exists ae projection operdtpfrom § to 8" such that

D '¢" = P,du" or o" = DP,ou" (8.25)
Using P, we have
(a", ov") = (", P,ov") (8.26)
Using Equations§.25 and @.26), Equation 8.24), becomes
(DP,Ou", P,Ov) = f(v), Vv eVh (8.27)

which is a displacement-like formulation. Wheét is an identity operator, the conven-
tional displacement approach is recovered.
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8.5 Convergence of the present method

8.4.2 Comparison with the classical displacement approach

For simplicity, we assum®" = V:. Let w" be the solution of the classical displacement
model. It verifies
(Dow", avh) = f(v"), W e V" (8.28)

Settingw” = v" and using the definition of energy norm in Chapter 2, one sets
2
HWhHE = f(wh) (8.29)

Thereby, from 8.27), we reach the following inequality
f(w") = (DP,du", P,dw") = (DP,du", dw") = (P,0u", dw")

< || Puou ||, |ow" |, = VF(u)VF(wh) < f(w") < fu")  (8.30)

This proves that the work of the solution of the presentedaggh (the mixed approach)
is always greater than that of the solution of the classisgldcement approach.

8.5 Convergence of the present method

The objective of this section is to establish a priori errstiraation which ensures the
convergence of proposed approach.

8.5.1 Exact and approximate formulations

Leta(o,7) = (D~ 'o, 7) be the bilinear form and the norm it¥ is denoted byl ||. The
exact formulation is to findgr € S andu € 'V such that

a(o,T)=(1,0u), VT €8

(0,0v) = f(v), v eV, (8:31)
Hence the following properties of the bilinear forrf; .) are satisfied:
Ja>0:a(o,0) > alle|’, Vo el (8.32)
M >0:a(e,7) < M| ||, VT €S '
and on continuity condition, one has
(o,0v) < |[a] [|ov] (8.33)
Moreover, Brezzi’s condition is fulfilled as
sup (o, 8u) > (8u, 8u) = ||@u]|, (constants = 1) (8.34)

oes ol [0u]

So, there exists a unique solution to the problem.
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8.5 Convergence of the present method

Let us now define the&/-space as¥f = {o € § | Vv € V,(0,0v) = 0} and Z(f) =
{oc €8 |V eV, (o,0v)= f(v)}. The approximate spaces forandZ( f) are denoted
asZ" = {o" € 8" | v" € V' (o", 8v") = 0} and Z"'(f) = {o" € 8" | W €
Vi (", 8vh) = f(v")}. Again for simplicity, it is assumed that* = V2

The finite element solution for the problem is to fife", u) € 8" x V" such that

a(o, ") = (th, 0u"), vrh e §"

(o", avh) = f(vh), W eV (8.35)

Assume that the present element is stable and convergertg hieere exists a constant
B, > 0 such that
(", Bu")
sup ———
ohesn o]
The condition 8.36) plays a fundamental role in the convergence analysis oédiiixite
element methods, e.§rezzi & Fortin(1991).

> B ||ou”|| (8.36)

8.5.2 A priori error on the stress

Let o be the approximated solution amdl be another element ¢t (f), i.e,o" — 1" €
Z". One has

alo” — 7.0 —o") = (o — 7", 8u) — (" — 7", 8u") = (¢ — 7", 8u) +0
= (" =" Bu—ov!) < [lo" — 7" [gu — V||, W e V!

(8.37)
and of course
o~ o7 <M o 7 [lo - | (838

From Equations§.32),(8.37)-(8.38), it results that

Oé‘O'h—’Th‘2§a(o‘h—Th,0'h—Th)
< }a-h _Fh } Hau _ BVhH M Ho_h - ThH Ha_ B ThH (8.39)
Hence X y
o — 7| < = [|ou — avh|| + = ||o — "] (8.40)
«Q o
Now,

o= o"l| < [lo = 71|+ [l = 7*] <~ [Jou—av*| + (1 + o -

(8.41)
and as it is true for any” € V" and for anyr" € Z"(f), one obtains
h [ h M . h
|o—o"|| <= inf ||Bu—0v'|+(1+—=) inf |o—7"| (8.42)
Q vhevh a’ Thezh(f)
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8.5 Convergence of the present method

It is noted that the last term is embarrassing as the infinusrtdnae taken on a sub-
space of$". However, considering a stress figJtl € $", one knows that there exits a
6" ¢ Z! such that

0", 0v") = (o —¢", av") = f(v") — (¢, av"), W e V" (8.43)
Now we have

1o, @havy 1 e =<t flavt]] 1
By wnewn OV = Ba ynen  [[OV7] G,

By choosingy” = 0"+¢" = x" € Z"(f) as(8"+<", Ov") = (o, Ov") = f(v"), W' e
V" and noting||o — x"|| < ||o —¢"|| + ||0"]| = (1 + i) |o —<"|| . the following es-

On

16" < o —<"| (8.44)

timation is achieved:

o=l < (1 ) inf Jlo =< (8.45)

And therefore one obtains

. _ h i . __h
il == 50 dnd, Nl =<7l (8.49)

Finally, assembling8.46) to (8.42), a priori error on the stress is obtained as

1. M 1, .
|o—o"|| < Eviﬂfyh |[ou—ov"|| + (1 + E)(l + @) g}}égh o — <" (8.47)

Note that in pure displacement model the first term847) is present and in pure equi-
librium model the second term is present. The convergentaisappear if3, = O(h)
and|lo — ¢"|| < Ch. That is the well-known drawback of mixed approaches.

8.5.3 A priori error on the displacement

Let u” be the approximate solution and another vallie V". It satisfies

(th, 8u” — avh)

1
ou" — ov'"|| < — 8.48
ot =0t < 5, (649
and
(7", oul — ovh) = (7", du" — Ou) + (", Bu — V")
=a(th,o0 — ") + (7", 8u — ov") (8.49)
< M| [lo =" + [|7"[ [|ow — av"]
Hence

|ou" — avh| < % HU—O’thL%HBu—avhH (8.50)
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8.6 Numerical tests

By the triangle inequality

|ou — du'|| < [|ou — av" ||+ |ou" — av"| < 6% o~ ahu+<1+6i> |ou—av"|
" " (8.51)
for anyv" € V", a priori error on the displacement is accomplished as
M 1, .
|Ou — 8uhH < i |o — a'hH +(1+ _h)vfltrel%h H(‘?u - thH (8.52)

in which HO’ —oh

| derived from Equationd.47). It is clear that|du — du"|| contains
a factor?. So a “bad”, will cause that the displacements are worse than the stresse

h
Thus the formulations on a priori error on the stress andlaigpnent fields were
established. The convergence of the presented methoduseenend conducted by the
satisfaction Brezzi’s condition.

8.6 Numerical tests

As discussed in Sectio®.3 and SectiorB.4, the NSQ4 possesses advantage character-
istics of pure equilibrium element and mixed element; 1)eabailibrium stresses inside
and the continuity of stress resultants across interfatiesoglement are ensured strongly
but may not be satisfy along interfaces of cell, and 2) itsnemtors are still at the cor-
ner nodes as the displacement model used. Therefore, thd HE&@ent is considered
as the incorporation of pure equilibrium approach and mixedlel, and is proposed to
be a quasi-equilibrium approach. All theoretical proofd e confirmed with numer-
ically following tests again. In order to make comparisotimthe NSQ4 element, the
formulations of the pure equilibrium quadrilateral elem@Q4) are given in Appendix

A.

8.6.1 Cantilever loaded at the end

A cantilever with lengthl, = 8 and heightD = 4 is studied as a benchmark here, which
is subjected to a parabolic traction at the free end as shov@hapter 3. The cantilever
Is assumed to have a unit thickness so that plane stresdionndivalid. The analytical
solution is available and can be found in a textbookbyioshenko & Goodie(1987).

The related parameters are taken as in Chapter 3. In the ¢atigns, the nodes on the
left boundary are constrained using the exact displacesratained fromrimoshenko
& Goodier (1987 and the loading on the right boundary is a distributed palralshear
stress.

To assess the convergence rate, the sarRess & Solber@2006), the error in energy
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8.6 Numerical tests

norm for node-based smoothed finite elements is defined by

Ny 1/2
| — uhHE = (Z (e(xx) — &"(xx)) : D : (e(xx) — E"(x1)) A(k)) (8.53)

k=1

Figure 8.3: Uniform mesh with 512 quadrilateral elementdie cantilever beam

The domain discretization for uniform meshes of quadnikdtelements is shown in
Figure8.3. Herein, the connectors of the Q4 and NSQ4 elements arelisbbat the
corner nodes of quadrilateral element while those of thed()Egement are at the middle
points along the element edges.

Figure8.4 depicts graphically the strain energy obtained againstbauraf elements
and, also, the rate of convergence. It can be seen that the N@&estimates the strain
energy compared to the pure equilibrium element (EQ4) wihiée Q4 underestimates
the strain energy. Moreover, in this problem, the NSQ4 efgnieemore accurate than
EQ4 element with coarse mesh. As resulted in the error ofggneorm, solutions of
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Figure 8.4: The convergence of cantilever: (a) Strain gngflg) The convergence rate
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8.6 Numerical tests

the SNQ4 are more accurate and achieve a higher convergaecthan FEM-Q4. It is
known that if the conforming model(Q4) is exploited, the wergence rate in energy norm
should be mathematically equal to 1.0, and if a pure equuiibmodel (EQ4) is used, the
convergence rate in energy norm should equal mathematz#l| see e.g.Johnson &
Mercier (1979. It is clear that the equilibrium model gains the superevgence rate
in the energy norm which was demonstrated theoretically: tkhe NSQ4, the rate of
convergence in energy norm shown in Fig8rdb is 1.486 and is higher than that of the
Q4. As discussed in previous sections of this chapter, thdilegum for the SNQ4 is
ensured strongly in the elements and inside the smoothiisyaeile on all the interfaces
of the smoothing cells equilibrating tractions may not bswgad and only the continuity
of displacements is satisfied. Therefore, the rate of cgerere in energy norm for many
problems may be, theoretically, between 1.0 and 2.0, als@$eLiu & Zhang (2007).
And in several cases the rate of convergence may be larger2tba Thus the optimal
value will depend on another forms of structure.

8.6.2 A cylindrical pipe subjected to an inner pressure

Figure8.5shows a thick cylindrical pipe, with internal radius= 0.1m, external radius
b = 0.2m, subjected to an internal pressyre= 6kN/m?. Because of the symmet-
ric characteristic of the problem, we only calculate onertgraof cylinder as shown in
Figure8.5. The discretization of the domain uses 4-node quadrilagtements. Plane
strain condition is considered and Young’'s modukis= 21000k N/m? , Poisson’s ra-
tio » = 0.3. Symmetric conditions are imposed on the left and bottonesdgnd outer
boundary is traction free. The exact solution is giveffimoshenko & Goodie(1987).
Again, Figure8.6a shows that the NSQ4 maintains the upper bound properteditthin
energy. However, the EQ4 element is more accurate than tiggNEment. The EQ4
element exhibits a superconvergence in the energy norne wigINSQ4 provides the rate
of convergence between 1.0 and 2.0 (as depicted by F&)6ing.

8.6.3 Infinite plate with a circular hole

Figure 8.7 represents a plate with a central circular hole of radius 1m, subjected
to a unidirectional tensile load ef = 1.0N/m at infinity in the x-direction. Due to its
symmetry, only the upper right quadrant of the plate is mediePlane strain condition
is considered and = 1.0 x 103N/m?, v = 0.3. Symmetric conditions are imposed on
the left and bottom edges, and the inner boundary of the Bdladtion free. The exact
solution for the stress iS(moshenko & Goodie(1987)

on(r,0)=1-— ‘j—z [2 cos 20 + cos 46] + % cos 46
o9a(r,0) = —ff—i [1 cos 20 — cos40] — 3% cos 46 (8.54)
T12(r, 6) = —‘Z—; [1sin260 + sin 46] + % sin 460
where(r, §) are the polar coordinates alds measured counterclockwise from the pos-
itive z-axis. Traction boundary conditions are imposed on thetrigh= 5.0) and top
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Figure 8.5: (a) A thick cylindrical pipe subjected to an inpeessure and its quarter
model; (b) A sample discretization of 1024 quadrilaterahetnts and distribution of von
Mises stresses

157


Chapter6/Chapter6Figs/cylindrical_pipe.eps
Chapter6/Chapter6Figs/vonMises_pipebis.eps

8.6 Numerical tests

T T
Exact [

\ ——Q4
—%—EQ4 |]
- * -NSQ4

28¢

N
3
a

N
@
&
Iogm(Error in energy norm)

Strain energy x 107
N
N

N
>

2.026

——Q4
—%—EQ4 |

N
o
o

50 100 150 200 250 300 350 400 450 500 -2 -19 -18 -17 -16 -15 -14 -13 -12 -11
Number of elements Iogm(h)

—*— NSQ4

N
5l

o

(@) (b)

Figure 8.6: The convergence in energy of the cylindricaépif@a) Strain energy ; (b) The
convergence rate

(y = 5.0) edges based on the exact solution Equat®b4. The displacement compo-
nents corresponding to the stresses are

u(r,0) = g |5 (K + 1) cost + 2% ((1 4 k) cos + cos 30) — 2‘;—§ cos 39] (8.55)
us(r,0) = & |7 () — 1) sin @ + 22 (1 — ) sin @ + sin 39) — 2% sin 39} '

whereu = E/ (2 (1 + v)), x is defined in terms of Poisson’s ratio by= 3 —4v for plane
strain cases. Figui®.7 gives the discretization of the domain using 4-node quaizial
elements. Figur8.8a shows the upper bound property of the strain energy of tHeANS
with fine enough meshes, while the Q4 give the lower boundrairsenergy. As plotted
in Figure8.8b, the superconvergent results in energy norm are obtaordtié EQ4 and
NSQ4 elements.

For nearly incompressible cage = 0.4999999), Figure8.9 plots the computed stresses
obtained by the EQ4 element and the NSQ4 element. It is shoatboth these elements
are in good agreement with the analytical solutions. Fi@ui@depicts the behaviour of
error in the energy norm as Poissons ratio tends to 0.5. lissmwed that insensitivity to
locking is evident for both EQ4 and NSQ4 whereas the FEM-Qabisously subjected
to volumetric locking. Therefore the NSQ4 element possefise advantage of being
relatively immune from volumetric locking as the pure etribm element (EQ4).

8.6.4 Cook’s membrane

The benchmark problem studied in Chapter 3 and this modekilled in Figure3.11
Under plane stress conditions, the reference value of thieakdisplacement at the cen-
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Figure 8.7: (a) Infinite plate with a circular hole subjecteduniform tensile loadr;
(b) A sample discretization of 1024 quadrilateral elemamts distribution of von Mises
stresses
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Figure 8.8: The convergence of the infinite plate a circutde problem: (a) Strain energy
; (b) The convergence rate
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Figure 8.9: Stresses of hole plate for incompressibility
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8.6 Numerical tests

ter of the tip section (C) irFredriksson & Ottosei2004) is 23.9642 and the reference
value of the strain energy given b¥ijuca & Berkovic (1998 is 12.015.

Here, the SNQ4 is compared with other elements listed inef@t! Allman’s mem-
brane triangle (AT)Allman (1984), assumed stress hybrid methods such as P-S element
(Pian & Sumiharg1984)), Xie-Zhou’s element (ECQ4/LQ6X(e & Zhou (2004), Zhou-
Nie's element (CH(0-1))4hou & Nie (2001)) and HQM/HQ4 element{ie (2009), finite
element primal-mixed approach (FEMIXHB) introducedMjjuca & Berkovic (1998.

It is found that the SNQ4 solution overestimates the besreete solution while the
other hybrid stress elements converge to this exact saléribon below.

In addition to the results shown in Tal8el, the values obtained for the energy esti-
mation and the displacement at the tip are presented in&8L2 It can be seen that the
proposed element provides an improved solution in stragiggncompared to the equi-
librium element (EQ4). However the rate of convergence énstinain energy for the EQ4
and NSQ4 is lower than the Q4 for this case. When we estimatedhvergence of dis-
placement, the very good behavior of the NSQ4 element isooisvior compressible and
nearly incompressible materials. Further, the presemehe is compared to the stabi-
lization elements belytschko & Bachracl{1986 andBelytschko & Bindemar§1997)
and is good agreement with these elements.

Table 8.1: Results of displacement tip (at C) and strainggnfer Cook’s problem

Node Displacement tip Strain energy

2 %2 4 x4 8 X 8 2x2 4x4 8x8
AT 19.67(27y) 22.41(75) 23.45(243) 9.84 11.22 11.75
P-S 21.13(18) 23.02(50) 23.69(162) 10.50 1151 11.85

CH(0-1) 23.01(18) 23.48(50) 23.81(162) 11.47 1175 1191
ECQ4/LQ6 23.05(18) 23.48(50) 23.81(162) 11.48 11.75 1191
HMQ/HQ4 21.35(18) 23.04(50) 23.69(162) 10.61 1152 11.85
FEMIXHB  22.81(35) 23.52(135) 23.92(527) 11.27 1179 11.97

NSQ4 24.69(18) 25.38(50) 24.51(162) 12.29 12.70 12.27
Ref 23.9642 23.9642 23.9642 12.015 12.015 12.015
(*) Number of degrees of freedom denoted in parenthesis

8.6.5 Crack problem in linear elasticity

A crack problem with data of the structure is considered &Shapter 3. Only half of
domain is modeled with uniform meshes with the same aspgataad a distribution of
von Mises stress is illustrated by FiguBel3 Note that, the solution of the crack problem
includes the strong singularity (namely-a'/? in stress) at the crack tip. In the present
study, we only estimate the results based on the globahstraergy of entire domain.
Hence discontinuity fields such as displacements and sg@dsng crack path should be
further considered by incorporating the present methaal tim¢ extended finite element
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Figure 8.11: Cook’s membrane and a distribution of von M&esss using 1024 elements
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8.6 Numerical tests

method (XFEM) Moéset al. (1999) which has been recently proved to be advantageous
to solve crack problems.

Figure 8.13: A distribution of von Mises stress for crackngsihe SNQ4 element
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Figure 8.14: Convergence in energy for the crack problen8{eain energy ; (b) The
convergence rate

The convergence of strain energy for the NSQ4 and EQ4 eleneiitustrated in Fig-
ure 8.14 As a result, the upper bound property of the NSQ4 on thersgaergy is
obtained for meshes that are not too coarse. The NSQ4 elgmmndes the better solu-
tion in strain energy compared to the EQ4 element for thiblera and does not converge
monotonically.
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8.6 Numerical tests

8.6.6 The dam problem

A 2D dam under hydrostatic loads and its geometry d&tagfion(2000 and Nguyen
(2009) are shown in Figurd.15 Plane strain conditions are assumed and numerical
parameters are: thickness = 1, hydrostatic load p = 103, ¢sunodulusE = 2 x 102,
Poisson’s ratiox = 0.3. An illustration of 972 quadrilateral elements and a dusttion of
von Mises stress shown in Figuel6 We can realize a singularity in stress at the left and
right corners of dam. Hence, an adaptive approach mightdfelugigure8.17a gives the
energy convergence of the Q4 and the NSQ4. Because an ekdwisof this problem is
not available, an estimated solution may be obtained by rokawo extrapolated energy
values; one is of the Q4 element and the other is the NSQ4 alerfiee estimated strain
energy is0.52733 x 10~*. The rate of convergence in strain energy is also exhibijed b
Figure8.17. The good convergence of the NSQ4 is observed.
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Figure 8.15: A 2D dam problem

8.6.7 Plate with holes

We consider a three-hole plate under plane strain conditidhis problem was investi-

gated byPaulinoet al. (1999 for self-adaptive procedures. Numerical parameters are:

thickness = 1, a uniform load p = 1.0, Young's modultis= 2 x 10°, Poisson’s ratio

v = 0.3. The geometry and boundary conditions of problem are shovigure8.18
Figure8.19 gives an illustration of quadrilateral element meshes addsiibution

of von Mises stress. We can realize the regions of stresseotration as shown in

Figure 8.1%. Figure8.2(a plots the strain energy of the Q4 and the NSQ4. An ex-

act solution of this problem is unknown and the extrapolaeergy value is hence ex-

ploited. The estimated strain energyl1i$9196. Figure8.17 gives the rate of con-

vergence in strain energy corresponding to dimensionksgths = 1/v/N, where

N = [316 762 2262 8774 19094] is the number of degrees of freedom (D.O.F) re-
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Figure 8.19: Example of 1022 quadrilateral elements andstulolition of von Mises
stress using the NSQ4
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Figure 8.20: Convergence in energy for the plate with h(d¢<Strain energy ; (b) The
convergence rate

maining after imposing boundary conditions. The NSQ4 caye® monotonically from
above and is more accurate than the Q4.

8.7 Concluding remarks

In this chapter, the NSQ4 is compared to a variety of fourenqdadrilateral elements
from the literature. Based on formulations and numericalneples, the following con-
clusions are remarked:

e The stress field is a statically admissible within the eletr{equilibrated inside
the element and transmitted continuously over adjacentaai¢s). This property is
well-known in the equilibrium finite models. Additionallthe displacement field
is continuous through element boundaries while the equilib models are de-
fined by average displacements. When smoothing cells arg tlee equilibrium
of stresses is satisfied inside the cells but reciprocitween tractions across their
boundaries may not be ensured. In this context, the nodalynssmoothing is
also obtained from the justification of a mixed approach.réfoe, the NSQ4 can
be seen as a quasi - equilibrium approach of pure equilibmedel. As a result,
when homogeneous displacements are prescribed, the N8@ssahchieves an
overestimation of the true energy when the mesh is suffigiéine.

e The accuracy and convergence of the NSQ4 have been provaetically in the
framework of functional analysis.
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8.7 Concluding remarks

For all examples tested, the NSQ4 is in good agreement wathrthlytical solution.
The accuracy of the NSQ4 is also compared with other elements

In an analogous manner to that advocated for the EQ4, the N8&4omes rela-
tively volumetric locking.

Moreover, in the NSQ4, field gradients are computed direatily using shape
functions themselves and no derivative of shape functiorésled. The shape func-
tions are created in a trivial, simple and explicit mannenliké the conventional
FEM using isoparametric elements, as no coordinate tremsition or mapping is
performed in the NSQ4, no limitation is imposed on the shapelements used
herein. Even severely distorted elements are allowed. éldamain discretization
is more flexible than FEM.

Last but not least, the NSQ4 is more convenient to computectyr the nodal

stresses while the standard displacement models oftenaségpcessing proce-
dure to recover these stresses. Therefore, the NSQ4 is v@myigng to obtain a
simple and practical procedure for the stress analysiseoffEEM using four-noded
quadrilateral elements.

169



Chapter 9

Conclusions

The method exploited here originated from mesh-free rekedihe main aim of smooth-
ing strain fields is to eliminate the instability of directda integration techniques in
the mesh-free methods when the shape function derivativesdes vanish. The direct
nodal integration (NI) often causes large oscillationshia $olution because it violates
integration constraints (IC) that any meshless methodsyeepass similarly to the patch
test as in FEM. Although the stabilized conforming nodaégration (SCNI) using the
strain smoothing method avoids instability of the NI andamié good accuracy and high
convergence rates, the non-polynomial or usually compgd@xaximation space increases
the computational cost of numerical integration.

The objective of this thesis is therefore to present nunseapyplications of the strain
smoothing method to finite elements, namely SFEM, for anadyzstatic and dynamic
structures of two and three dimensional solids, plateslisshetc. In finite elements,
the strain smoothing technique is similar to stabilizedfooning nodal integration for
meshfree methods. Except some special cases of threeglonahsolids where stan-
dard interior integration is used, the stiffness matrixamputed by boundary integration
instead of the standard interior integration of the tradiéil FEM. This permits to utilize
distorted meshes. In all the numerical examples tested, abserved that the present
method is more accurate than the standard FEM element fevea mmputational cost.

This thesis has shown the following results:

- Based on a Taylor series, the strain smoothing field is dened as an alterna-
tive form of the enhanced assumed strain method. The snbsthans are sum of two
terms; one is the compatible strains and the other is theneelastrains. A rigorous
variational framework based on the Hu — Washizu assumeih stasiational form was
shown to be suitable. It is found that solutions yielded by 8FEM are in a space
bounded by the standard, finite element solution (infinitenber of smoothing cells)
and a quasi-equilibrium finite element solution (a singl®) c&he benchmark problems
of compressible and incompressible two and three dimeab@&asticity have adequately
chosen and analyzed in detail. It is shown that the SFEM a\vaakiieves higher accuracy
and convergence rates than the standard finite element dyetbpecially in the presence
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of incompressibility, singularities or distorted mesHhesa smaller computational cost.

- New 8 noded hexahedral elements based on the smootheddiertent method
(SFEM) with various numbers of smoothing cells were prododéwas observed that
low numbers of smoothing cells lead to higher stress acguratinstabilities; high num-
bers yield lower stress accuracy but are always stable. dHarstabilization procedure
is formulated which is based on the linear combination ofdhe subcell element and
the four or eight subcell element. As a result, zero energgaa@re suppressed and the
stabilized elements are free of volumetric locking and imbtagher accuracy than the
eight-node hexahedral brick element.

- A quadrilateral Mindlin - Reissner plate element with sritneal curvatures, the so-
called MISCk element, was proposed. The curvature at eaitt gosmoothed via a
spatial averaging. The smoothed curvatures are also aesi@s the enhanced assumed
curvatures while the approximation of the shear straifevi@ the assumed natural strain
(ANS) method. The reliability of the proposed element isfecamed through numerical
tests. It is seen that the present method is robust, conngueidlyy inexpensive and simul-
taneously very accurate and free of locking. The most prioiteature of the present
elements is their insensitivity to mesh distortion.

- A further extension of the MISCk element combined with d8ization technique,
namely SMISCk element, to the free vibration analysis of dlim— Reissner plates was
investigated. It was also remarked that the present elenaeatfree of shear locking for
very thin plates and give a good agreement with analytidatiems and published results.
From frequency analysis, the MISCk elements exhibit higteeuracy than the MITC4
element for all examples tested. Moreover, if associateld thie stabilization technique,
the SMISCk elements are always superior in terms of converyto the STAB element.

- A family of quadrilateral shell elements based on the ipooation of smoothed
membrane - bending strains and assumed natural sheasstrasndevised. The flat ele-
ment concept is available for solving several benchmarklpros involving curved struc-
tures. These elements are insensitive to membrane lockinged by distorted meshes
and free of shear locking in the thin shell limit. Several ruital examples were used
to demonstrate the good performance of the present elerAdditionally, this element
works well with distorted meshes while the MITC4 elementnse¢o lead to large oscil-
lations in the solution.

- Based on obtained results of the recent investigation @hnibde-based smoothed
finite element method (N-SFEM) ihiu et al. (20079, it was shown that the N-SFEM
justified the Reissner mixed variational principle. Theumacy and convergence of the N-
SFEM are demonstrated both theoretically and numericalbyuasi-equilibrium element
which gives a new link between the N-SFEM and an equilibriumtdielement model
is then proposed. The convergence properties of the qgasdibgium element are also
confirmed by numerical results. It is found that the quasiHdgrium element (or the N-
SFEM) exhibits following properties: 1) it gives an uppewubd in the strain energy in
limit when meshes are not too coarse; 2) it can eliminateneluic locking relatively;
3) the element works well with distorted elements; 4) Theveogence rate in the energy
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tested for most problems is between 1.0 and 2.0. In additierN-SFEM gives a way
to compute directly the nodal stresses while the standaplatiement models often need
a post-processing procedure to recovery these stressesN-BFEM is therefore very
promising to obtain a simple and practical procedure fasstianalysis.

Although the present method has shown to be effective facitral analysis, further
investigations need to be considered for general engimgepplications. Thus as an
extension of the present work, the following points will aderthcoming research:

- The strain smoothing technique presented herein for couin finite elements in
two dimensional elasto-statics problems are seamlesgiyéable to non-linear material
and geometric problems: the volumetric-locking insewsjtiprovides the SFEM with
an important advantage when treating plasticity problenasits ability to yield accurate
results on distorted meshes may help in solving large deftbam problems with minimal
remeshing. Large strain plasticity problems, for instamoeild certainly be elegantly
treated by the present method which would provide a mid-veween FEM and mesh-
free methods.

-Coupling boundary integration with partition of unity rhetls such as the extended
finite element method provides an alternate integratioremehfor discontinuous ap-
proximations. Indeed, our first results in the smoothedrelded finite element method
(FleXFEM) (Bordaset al.(20083) show improvements in the solution of LEFM fracture
mechanics problems both accuracy and robustness. The EMXdthus very promising
to enhance the effective computation of the classicallgmed finite element method for
practical applications.

- We believe that the present method is especially usefdddain types of problems
where locally large deformations or strains occur, e.g.titucracking where crack ini-
tiation and propagation occurs under large strains ane ldejormation. It is important
to retain accuracy in a local region before cracking happensder to obtain the correct
crack path Bordaset al. (20081; Rabczuket al. (2007¢ 2008). This will be inves-
tigated in the future using open source XFEM librariBsrdaset al. (20070; Dunant
et al. (2009).

-Ilt may be useful to combine the present method/ancdaptivity procedure for com-
puting and simulating complex industrial structureBiordas & Moran(2006); Bordas
et al. (20073 and, laterWyartet al. (2007).

-An interesting topic is how to construct the 2D N-SFEM suchttan upper bound
is always ensured. So, the the N-SFEM is then very promigingite a simple and
practical procedure in determining an upper bound of théajlerror estimation based
on the concept of dual analysis, e.Betkerq2008; Debongniest al.(1995 2009), dual
limit analysis (e et al. (2009. Also, the N-SFEM will be extended to three dimensional
solid problems.

-Finally, it may also be helpful to incorporate the N-SFEMdahe XFEM for the
estimation of the lower and upper bounds of path integraisiriure mechanics, e.gvu
et al.(1999; Li et al. (2009; Wu & Xiao (2005.
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Appendix A

Quadrilateral statically admissible

stress element (EQ4)

The equilibrium models are obtained from the principle ohimum complementary po-
tential energy which may be expressed as:

V(o) = E o:D':igd)— | tudl (A.1)
2 Jq u

whereo is the statically stress field satisfied homogeneous eqjuitibequations a priori.
In matrix form, the stresses vector expressed as

o =Sb (A.2)

whereb? = {3,...3,,}, the parameters; i of the equilibrium stress field are arbitrary and
independent in the principle.

The conjugate boundary displacemeptwith generalized boundary loagsare obtained
from the virtual work equation

/ t.adl' = q’g along each boundary (A.3)

u

with g7 = {q........ g} is the conjugate displacement vector of the generalizexbfgy.
From this appropriated definitions the generalized loaasay always be expressed in
terms of the field parameters by a matrix form

g=Cb (A.4)
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where C is load connection matrices. Substituting Equatié2), Equation A.3) to
Equation A.1), we write the principle of minimum total complementary egeinto the
following discrete form:

2

with a sort of flexibility matricesF = [, S"D~'Sd2 The stationary conditions with
respect to variations df lead to the two systems of linear equations:

¥(b) = GbTFb - qTCb) (A.5)

Fb=C'qg=b=F'CTq (A.6)
By eliminating the parametets the stationary conditions can be rewritten in the form
Kq=g (A.7)

whereK¢ = CF1CT is called the stiffness matrix.

Figure A.1: Quadrilateral element with equilibrium compesriangle

Now we consider a quadrilateral element subdivided into foangular equilibrium
elements of the constant stress as shown in Figute The stress field on each sub-
triangle is defined aBraeijs De Veubek€l969:

o' =8,8, Vi=1,23,4 (A.8)
where .
B=[5H B Bs Bs b5 ] (A.9)
[1 0 0 0 ¢ (100 & &
S;=]0100 s |, S9=[010 s s
_O 01 0 0282_ _O 0 1 C151 C252
100 & 0 100 00 (A.10)
S;=|0 10 s 0|, S4=[0 1000
|0 0 1 ¢51 0 |00 100
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with ¢; = costy, co = cosbt,, s; = sinb;, sy = sinf.The generalized loads and
generalized displacements must be defined on the edgeswémi¢o ensure completely
the reciprocity between generalized loads across the canbuoondary of the adjacent
elements. The generalized loads have the following form

Hi; = (o, +nd1,) Ly, Vi = (n7.,+no,)l; (A.11)

For the cyclic index permutations @nj. The generalized loads and generalized displace-
ments can be rewritten in matrix form

g=[ Hi Vig Hy Vas Hsy Vi Hy Vi }T:CQ (A.12)

a" ={ w vie usm Vi Uz Vs um va ) (A.13)

The results of the connection matkixand the flexibility matrixF are given by

[yo1 0 o 0 Y21C3 + T120280 |
0 12 ya 0 L1255 + Y1252C2
Ysz 0 Toz ysaCl 4 Tozsic1 YsaCh + TasSaca
C— 0 Tos Yso T3St + Y2sS1C1 Ta3Sh + YsaSalo (A.14)
Yz 0 T3q yascl + T30 0
0 Zsa Ysz T3aST+ Ys3S1Ga 0
yu 0 xy 0 0
| 0 2y yu 0 0 i
4
F=> S/D'S;A (A.15)

i=1
whereA; is the area of the trianglg z;; = x; — x;,yi; = vi — v,
By substituting EquationA.8), Equation A.9) and EquationA&.10) to complementary
potential energyKraeijs De Veubek¢1965) with minimization, we obtain the system
equations as in Equatioi\(7). It was proven that the stiffness matrix of quadrilateral
equilibrium element has sufficient rank. The applicatioriro$ element is largely per-
formed byNguyen-Dang1980a 1985 and his collaborators during two decades: elas-
tic, plastic analysis of structures, limit and shakedowalsis and solids in contact. This
element was also proven to give the good result for nearlgnmressible material, see
e.g.Nguyen-Dang1985.
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Appendix B

An extension of Kelly’s work on an

equilibrium finite model

In displacement-based finite element methods, the conilitgtduations are verified a
priori, since the unknowns are displacements. The solwfdhe problem then leads to
a weak form of the equilibrium equations. Equilibrium fingeements are a family of
elements dual to displacement finite elements. In theseegitsnan equilibrated stress
field is used, the computation results in a weak enforcemititeocompatibility equa-
tions. The advantage of the equilibrium approach for pcattiesign purposes lies in the
fact that the stresses are more accurate than those obtajirtbé displacement formu-
lation. In the equilibrium approach, the degrees of freeddrthe equilibrium element
are mean displacements on the edges instead of generatidatidisplacements as in the
displacement model. In this work, we transform the conrreabthe middle points along
the element edges of the equilibrium element to the conneetahe corner nodes as in
a displacement element. Performing this transformatia@pitain a quasi-equilibrium
element (QE) and notice that we recover exactly the oneedulement (the SC1Q4 el-
ement or 4-node quadrilateral element with one-point catade) pointed in Chapter 3.
This can be seen as follows: the mean generalized displadsiaie mapped to the corner
nodes displacements as follows

q=Lq (B.1)
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where

10100000
01010000
00101000

100010100

L_§00001010 (8.2)
0000O0T101
10000O0T10

01000001,

Permuting the entries in vectqrand stiffnes
obtain the system of equations

(7]

matri¥“? with permutation matripL,, we

L"K“Lq=L"g (B.3)

Based on a numerical examination, see below, it is foundhigatew, permuted, stiffness
LTK*L is identical to the SC1Q4 element stiffness matrix denoteKb

K=L"K“L, g=L"¢g (B.4)

The conclusion is that by mapping the mean displacementsetmadal displacements
of the equilibrium element, we recover the SC1Q4Now, consider the example of a
quadrilateral element with degrees of freedgnfiormulated using one-cell smoothing.
The constant strain displacement matrix is

syl +njly)  5(nili +njl;)

-
B, = —
I Ae

where the indices, j are defined by the recursive rulg, = 14, 21,32, 43 and (n}, n})
is the normal vector on edge The smoothed strain fields on the element can then be
rearranged and expressed in the form

" — Bq (B.6)
where 4
B[ = E 0 n;ll (B?)
n;lz nfElZ

The smoothed strain fields now are written in term$30&nd the mean generalized
displacement (the conjugate displacements) at the masstithe element. Each of the
conjugate displacements must be linked with an equivalefdce load at the mid-sides
shown in FigureA.1. The work of these equivalent external loads at the midsside¢he

Istabilized conforming nodal integration with one subcéthe four-node quadrilateral
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element is then computed. By transforming the generalizgglatements at the nodes
to the mean displacements at the mid-points of the edgesaélédment, we obtain the
pseudo-equilibrium element with the same connectors abHM quadrilateral equilib-
rium element using constant stress fields. The weak formmnathody force is

/ 6" D" —6q"g =0 (B.8)
Substituting Equationg.6) into Equation B.8) leads to

Kq=g (B.9)

where T

K= B DBdQ (B.10)

Qe

Based on the relation betwegnandq in Equation B.1) and assuming thaj is known
through the strain smoothing method, the external loadseatid-sides of the elemegt
in Equation B.9) can be computed. Itis also remarkable tatas five (5) zero eigenval-
ues and hence two spurious zero energy kinematic modeslédse modes still appear
after an assembly process and an enforcement of boundadglitioos. Special care must
therefore be taken upon imposing boundary conditions foiliégium models Fraeijs De
Veubeke(1969; Kelly (1979 1980). Our work on the transformation of the connectors
at the middle points along the element edges of the equihibelement to the connec-
tors at the corner nodes as in a displacement element is etatypidentical to the way
of D.W. Kelly. In Kelly (1979 1980, he showed the equivalence between equilibrium
models and the displacement models using a reduced integrad the transformation
of the connectors. However, his method is only true with g&angular elements. It
fails to work with the quadrilateral elements. In order toesd investigation’s Kelly for
the arbitrarily quadrilateral elements, above our metlsochore suitable to perform the
formulation for all cases.
For more detail, we will redo a work of Kelly as provenkrlly (1979 1980. In Kelly
(1979, a square element was chosen to compute the stiffnessxroathe Q4 element
using a reduced integration with one Gauss point and thigrecgelement was subdivided
into two triangles in order to construct the stiffness matfiequilibrium model using two
de Veubeke equilibrium triangleBi@eijs De Veubek§gl965). However, we further con-
sider a rectangular element with corner coordinates ginétigureB.1a for one element
and it is partitioned to two triangles for establishing thi#freess matrix of equilibrium el-
ements. We will compare the stiffness matrix of equilibriomadel using two de Veubeke
equilibrium triangles and that of smoothed finite elememgsne cell (the SC1Q4). For
simplify, Young’s Modulus, Poisson’s coefficient, thicleseare chosen to b0, 0, 1.0
respectively.
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(3.2)

(0.2,1.5) 3

(2,1) 3 [eR))

(-2,-1) 1 (2,-1) (4,-0.5)

@) (b)

Figure B.1: Assembly of equilibrium triangular elements) ectangular domain; (b)

guadrilateral domain

The stiffness matrix of the SC1Q4 is

3 1 1 -1 -3 -1 -1 1

1 45 1 35 -1 —45 -1 =35
1 1 3 -1 -1 -1 -3 1

-1 35 -1 45 1 =35 1 —45
-3 -1 -1 1 3 1 1 -1
-1 —-45 -1 =35 1 45 1 35
-1 -1 -3 1 1 1 3 -1
1 =35 1 —-45 -1 35 -1 45

(B.11)

ool —

After assembling equilibrium model using two triangulangeibeke elements, one gives

K'q"=g" (B.12)
where _ -
200 0 O0OO0OO0O 1 -2 -1
40 0 00O O O -4
10 000 0 -1 0
05 1. 00 0 -1 —-05
. 200 0 -2 -1
K* = A0 0 0 —4 (B.13)
sym 1 0 -1 O
0.5 —1 —-0.5
6 2
i 9

q*, g* are the conjugate displacements and generalized bourmkady,lrespectively. In
equilibrium model, the equilibrium conditions of the sudaractions at the interelement
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boundary must be maintained. Therefore, two end terms cmtténg* are equal to zeros
due to two triangular elements with common connectors a¢Aathown in FigureB.1a.
By transforming connectors at the midpoints to the cornetespyielding the stiffness
matrices:

1 45 0 =05 0 0o -1 -4
-1 0 3 0o -2 -1 0 1

, 11 -1 -05 0 45 0 -4 1 0
_ 17/ Tyr*7/! — —
K_LKL_4 0 0 -2 0 3 1 -1 -1 (B8.14)
0 O -1 —4 1 45 0 =05
-2 =1 0 1 =1 0 3 0
0 -4 1 0 -1 —-05 0 45
whereL’ is defined by
10100 0 0 0]

01 0100O0O0TO0

001 01O0WO0TGO0

000101WO0O0

1100001010

,—_

L_2 000O0O0OT1TQO01 (8.15)

1 0000010

01 00O0O0TUO01

001 0O0O0OT1FPO

0001000 1]
and load vector:

g/ — L/Tg* (816)

with g* is now redefined to be the generalized boundary loads whictotoontain zero
load terms at common node.

By combining the row operations of the stiffness equatidnhe assembly equilibrium
triangular elements as shownHrelly (1979 1980,

1 1
rowy, 4 = §(row1+4 — row;) and row = §(rowl —rowry) I=1,234 (B.17)

we obtain completely the stiffness matrix of the one cell, and reducing to the relation
betweeng andg* as follows

g =Hg’ (B.18)



where

N | —

= O O

— o O O

sym

_— o O O

0 0
0 0
-1 0
0 -1
0 O
0 0
1 0

1

(B.19)

The above equivalence demonstration is the same way assadmaration from a dis-
placement approach to a stress equilibrium model basedduted integratiordelly
(1979). Now we consider the quadrilateral element containedawulibrium triangular
elements as shown in FiguBelb. The stiffness matrix of SFEM using one cell results in

0.3842
0.1301
0.0908
—0.1301
—0.3842
—0.1301
—0.0908
0.1301

xh

0.1301
0.5630
0.1199
0.3870
—0.1301
—0.5630
—0.1199
—0.3870

0.0908
0.1199
0.3467
—0.1199
—0.0908
—0.1199
—0.3467
0.1199

—0.1301
0.3870
—0.1199
0.4880
0.1301
—0.3870
0.1199
—0.4880

—0.3842
—0.1301
—0.0908
0.1301
0.3842
0.1301
0.0908
—0.1301

—0.1301
—0.5630
—0.1199
—0.3870
0.1301
0.5630
0.1199
0.3870

—0.0908
—0.1199
—0.3467
0.1199
0.0908
0.1199
0.3467
—0.1199

0.1301
—0.3870
0.1199
—0.4880
—0.1301
0.3870
—0.1199
0.4880

(B.20)

The stiffness matrix of two equilibrium triangular elemgifter assembling and trans-
forming connectors at the midpoints to the corner nodes is

0.7480
0.2533

0
0

0.0633

—0.4600
/ —0.3167

—0.2880

0.2533
1.0960

—0.0667
—0.4200

0
0

—0.1867
—0.6760

—0.4600
—0.0667
1.1806
0.1626
—0.6725
—0.3169
—0.0481
0.2210

—0.3167
—0.4200
0.1626
1.7099
—0.0669
—1.2394
0.2210
—0.0504

0
0
—0.6725
—0.0669
0.7901
0.2676
—0.1176
—0.2007

0
0
—0.3169
—1.2394
0.2676
1.1577
0.0493
0.0817

—0.2880
—0.1867
—0.0481

0.2210

—0.1176

0.0493
0.4537

—0.0836

0.0633
—0.6760
0.2210
—0.0504
—0.2007
0.0817
—0.0836
0.6447

(B.21)

It is clear that, by combining the row, even at column, operet using B.17), we can
not gain the stiffness matrix of SFEM method as B120). Therefore, work of Kelly
is only used for the rectangle elements. However, this @tidh is always overcomed
by our method. In our work, the equilibrium quadrilateraéraeent is used. Hence the

181



equilibrium element stiffness matrix is

1.9940  0.1414 —1.0522 —0.7578 —0.2560 0.1414 —0.6858 0.4751
0.1414  2.9628 —0.0215 —0.8737 —0.1086 —1.5372 —0.0112 —0.5518
—1.0522 —0.0215 1.4974  0.1585 —0.5522 —0.0215 0.1070 —0.1155
—0.7578 —0.8737 0.1585  0.7368  0.4922  0.1263  0.1071  0.0107
—0.2560 —0.1086 —0.5522 0.4922  1.1440 —0.1086 —0.3358 —0.2749
0.1414 —1.5372 —0.0215 0.1263 —0.1086 1.2628 —0.0112 0.1482
—0.6858 —0.0112 0.1070  0.1071 —0.3358 —0.0112 0.9146 —0.0847
0.4751  —0.5518 —0.1155 0.0107 —0.2749 0.1482 —0.0847 0.3929 |

(B.22)
Using permutation matrik of (B.2) and the formulatiod.” K/L of (B.4), we obtain the
stiffness matrix that is always identical to the SC1Q4 iséffs matrix<.

K =

182



Appendix C

Finite element formulation for the

eight-node hexahedral element

We consider a trilinear form for the eight-node hexahedeahent (H8)in physical coor-
dinates as

u(z,y,2) = a1 + asx + azy + a4z + asxy + agyz + arzr + agryz
v (z,y, 2) = ag + a10% + any + a122 + a132Y + a14Y2 + 41522 + a16TY2 (C.1)
w (x,y,2) = a17 + a18T + a19y + A202 + A212Y + A20Y2 + Q2322 + A24TY2

or a matrix formula is of the form

u = Ma (C.2)
where
T
u = {u v w} (C.3)
P (z,y,2) 0 0

M = 0 P (z,y,2) 0 (C.4)

0 0 P (z,y,2)
P(z,y,2) = { 1l 2y 2z a2y yz zx ayz } (C.5)
a = { ay a2 agz ... Qo4 }T (C6)
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Generalized displacements are determined by substittiteng, y, z values at each point

of the element as

Uy P, 0 O ay
V1 0 P1 0 a9
w1y 0 0 Pl as
= ' = S (C.7)
ug Ps 0 0 Q22
(% 0 Pg 0 a93
ws | 0 0 Ps o4
or
q=Ca (C.8)
leading to
a=Cq (C.9)
Substituting Equation.9) into Equation C.2) one obtains
u=MCq (C.10)
or
u = Nq (C.11)

whereN = MC! is called matrix of shape functions. For the eight-node hegaal
element, the functions are trilinear and the matrix form is

N, 0O 0 ... Ny 0 0
N=|0 N 0 ... 0 Ny 0 (C.12)
0 0 N, ... 0 0 Ng

The displacement components of H8 is therefore formulaged a

8
u(x,y,z) - Ny (x,y,z)ul
I=1
8
'U({L',y72’) = NI (Ilf,y,Z) Ur (C13)
I=1
8
w(xv%z) = Nr (:C,y,z) wr

I=1
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The strain-displacement matrix writes

)
20 0
0 2 0

Jdy
o o 2 |[M o0 0N 0 0 ... Ny 0 0

B=0N=| 5 5 % || 0 N 0 0 N 0 ... 0 Ny 0

oy oz 0 0 N, 0 0 Ny ... 0 0 Ny
0 0 a

dz 0O
2 5 4
L 0z or |

(C.14)

Then stiffness matrix, strain and stress of element can bewas
Ké= / BTDBd (C.15)

where size of the stiffness matrixdd x 24. The strain and stress are vectors that have 6
components
e={e, e, €. €uy €y 5ZI}T (C.16)

o={0, o0y 0. 0Oy Oy azx}T (C.17)

D is the material property matrix for 3D solid problem

A+2u A A0 00
A A+2 A 0 0 0

A A A+24 0 0 0
D= (C.18)
0 0 0 4 00
0 0 0 0 u 0
0 0 0 0 0 u

wherel = vE/((1+v)(1 —2v)) andp = E/(2(1 + v)). To develop the isoparamatric
eight node brick element, the parent element must be defméukinatural coordinate
system(¢, n, ¢) as shown in Figur€.1 The geometry of the eight node brick element can
be defined using Lagrange interpolating functions

8

x(£77]7<—) = IZ_:INI (57777 C)xl
8
8

2(57777 C) = IZ—:INI (577]7C) <1
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n
(-1,1,1) 8 (1,1,1) 7/’
Ly
1 6 =
5 | 1
('11'111) ! !
| AN R I
I J
o A4(-1,1,-1) 3(1,1,-1)
z
1(-1,-1,-1) (1,-1-1) 2

Figure C.1: Eight node brick element

Similarly, the relationship between displacements in thtural coordinate system and
the nodal displacements can be written in the following neann

(e () = éN(énouI
o (€, 0) = IZiIN(fnC) (C.20)
w(En0) = §N<£no

where N, VI € {1,..,8} are the shape functions for the eight-node hexahedral eleme
in the natural coordinate system. The shape functions are

Ni = S (&8 (L am) (14 GO) (c.21)

where the normalized coordinates at nddgven by¢; € {—1,1,1,—-1,—1,1,1, -1},
nre{-1,-1,1,1,-1,-1,1,1}, ¢ e{-1,-1,-1,—-1,1,1,1,1}.
From Equation C.21), the partial derivatives of the field variable with respéxtthe
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natural coordinates are expressed as
ON; _ ONiOx  ONidy  ON; O
0& oxr 0€ oy 0§ 0z O
0N[ 8N10_93 aN]% 0N[02

oy " ow oy oy on 9: oy (C.22)
ON; _ ON;Ox  ON;dy 0Ny
aC  Ox C Oy 9 0z OC
or in matrix form,
ONy ONg
0& ox
ON _ ON
?TI =J 3?1 (C.23)
ONg ONg
¢ 0z
wherelJ is called theJacobianmatrix,
dr Oy 0Oz
& g& s
_ | 0z Oy 0z
J = on Oy On (C.24)
dr Oy 0z
o¢C 9C OC
Substituting Equationd.19 into Equation C.24) we obtain
- 8 8 8 7
8 8 8
ON ON ON
J = I I I C.25
%Wﬁ %1737?/1 %WZI ( )
ON; ON; ON;
xXr V4
ot m oy A

Assumed there exist the inverse of the Jacobian matrix,ahepderivatives of the shape
functions with respect to the global coordinates in Equafi®.23 are completely deter-
mined by

ONy ON;
@ =J! & (C.26)
Jy - 0 :
0Ny ONT
0z aC
Therefore, Equation.15 can be rewritten as,
1 1 1
K¢ = / / / B DB |J|d¢dndC (C.27)

-1 -1-1
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The element stiffness matrix can be then obtained by usir@ x 2 Gauss quadrature
and has the form,

2 2 2
K => 3" B"DB|J|wwuw, (C.28)

j=1 k=1 l=1
The strain and stress of each element can average over Gadisiyire points.

2 2 2
s:éZZZBq (C.29)

o= %ZZZDBq (C.30)
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