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qu’il m’invita à souper chez lui.

Enfin, j’adresse une dernière pensée vers ma mère dont l’absence durant ces années s’est
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Introduction

Thirty-two years after its introduction by Gerard ’t Hooft, the 1/Nc expansion in QCD, where
Nc is the number of colors, has revealed itself to be a powerful tool which has played an im-
portant role in numerous theoretical aspects of QCD. Among these, one can cite the problems
of color confinement and spontaneous chiral symmetry breaking. One has not to forget the
large Nc lattice calculations which can provide a quantitative control and information about
the range of applicability of the theory.

During the last fifteen years, the phenomenology of baryons has been another important
application of the large Nc QCD. At this energy regime, it is not possible to make a pertur-
bative expansion of QCD, the coupling constant being too large. The traditional issue was to
derive baryon properties with the help of effective theories or constituent quark models. The
results are naturally model dependent. The 1/Nc expansion generates a new perturbative
approach to QCD, not in the coupling constant, but in the parameter 1/Nc. This expansion
can be applied to low energy regime and provides a new theoretical method that is quantita-
tive, systematic and predictive.

This new theoretical framework was first applied to baryons by Witten in 1979, who de-
termined the so called large Nc counting rules which allow to find the Nc order of Feynman
diagrams. From the color confinement of quarks, he proved that baryons must be composed
of Nc valence quarks and that the baryon mass is of order O(Nc). He studied the meson–
baryon scattering amplitude and found that this amplitude is of order O(N0

c ).

This important result has led to the discovery by Gervais and Sakita in 1984 and in-
dependently by Dashen and Manohar in 1993 of an exact contracted spin-flavor SU(2Nf )c
symmetry for ground-state baryons, Nf being the number of light flavors. This symmetry
implies the existence of an infinite tower of degenerate ground-state baryons. When Nc → ∞
the SU(2Nf ) algebra, used in quark-shell models, is identical to SU(2Nf )c algebra. This
property allows a systematic 1/Nc expansion of various static QCD operators like the baryon
mass, the axial vector current or the magnetic moment in terms of operator products of the
baryon spin-flavor generators SU(2Nf ). Not all the operator products are linearly indepen-
dent. Operator identities were derived in 1995 by Dashen, Jenkins and Manohar to eliminate
redundant operators from the QCD operator in the 1/Nc expansion. The operator products,
describing for example the spin-spin operator or SU(Nf ) breaking terms, appear in the 1/Nc

expansion accompanied by unknown coefficients which represent reduced matrix elements
embedding the QCD dynamics. These coefficients are obtained by a fit to experimental data.

The 1/Nc expansion of the ground-state baryon mass operator explains the remarkable
accuracy of the well know Gell-Mann–Okubo or of the Coleman–Glashow mass relations.
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New mass relations, satisfied to a non trivial order in 1/Nc by the experimental data were
also predicted. The application to magnetic moments gave new relations between baryon
magnetic moments, also in agreement with the experimental data.

The baryons containing a heavy quark, like a charm or a bottom quark, were also studied
in the 1/Nc expansion. In this case, the baryons are governed by a heavy quark spin-flavor
symmetry as well as by the large Nc light quark spin-flavor symmetry. Then, for a baryon
containing one heavy quark, there are two towers of infinite degenerate ground-state baryons.
Mass relations implying baryons containing charm and bottom quarks allow predictions of
the masses of unmeasured charm and bottom baryons.

A basic question is whether or not the 1/Nc expansion can be applied to excited baryons
which traditionally have been the domain of the quark model, where the results are neces-
sarily model dependent. In principle ’t Hooft’s suggestion would lead to an 1/Nc expansion
which would hold in all QCD regimes. Thus the study of excited baryons seems quite natural
in the 1/Nc expansion. The corresponding symmetry is now SU(2Nf ) × O(3).

The experimental observation supports a classification of excited baryons into groups,
called bands, which can roughly be associated to N = 0, 1, 2, . . . units of excitation energy,
like in a harmonic oscillator well. Each band contains a number of SU(2Nf ) × O(3) multi-
plets. The N = 1 band contains only one multiplet, the [70, 1−], the N = 2 band has five
multiplets, the [56′, 0+], the [56, 2+], the [70, 0+], the [70, 2+] and the [20, 1+] but there are
no physical resonances associated to the [20, 1+]. The N = 3 band has 10 multiplets, the
lowest one being the [70′, 1−] and the N = 4 band has 17 multiplets, the lowest one being
the [56, 4+].

Until 2003 only the [70, 1−], the [56′, 0+] and the [56, 2+] multiplets were investigated.
This was a natural choice because the [70, 1−] multiplet is the lowest in energy and quite
well separated from the other multiplets. The [56′, 0+] and the [56, 2+] multiplets, from
symmetries point of view, are the simplest in the N = 2 band.

Generally the study of excited multiplets is not free of difficulties. The traditional ap-
proach suggests the decoupling of the wave function into a symmetric ground-state core
composed of Nc− 1 quarks and one excited quark. The method, based on a Hartree approxi-
mation, has the advantage that the core can be treated like a ground-state baryon. However,
with this approach, the SU(2Nf ) symmetry is broken at order O(N0

c ) instead of O(1/Nc)
as for the ground state. Nevertheless, as the experiments show that the breaking must be
very small, the 1/Nc expansion mass predictions for the non-strange and strange baryons be-
longing to the [70, 1−] multiplet are consistent with the experimental data and in agreement
with the constituent quark model results. Furthermore, because of the symmetry properties
of the [56′, 0+] and the [56, 2+] multiplets, the decoupling of the wave function of baryons
belonging to these multiplets, into a core and an excited quark, is not needed. In that case,
the SU(2Nf ) symmetry is broken at order O(1/Nc), like for the ground-state baryons.

Baryon decays were analyzed too. One can cite the predictions for decays of radially ex-
cited baryons belonging to the [56′, 0+] multiplet or of non-strange negative parity baryons.

The aim of this thesis is to extend previous work and help in understanding the spin-
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flavor structure of excited baryon states by searching for regularities in the 1/Nc expansion.
We should recall that resonances have a typical width of order of 100 MeV but as in quark
model calculations we treat the resonances as stable states. The first idea was to complete
the baryon mass analysis of the N = 2 band with the study non-strange and strange [70, ℓ+]
(ℓ = 0, 2) multiplets and then to explore the N = 3 and N = 4 bands.

However we discovered that the task was harder than expected for mixed-symmetric mul-
tiplets [70] and then we turned to a symmetric multiplet. So we started with the study of the
[56, 4+] multiplet belonging to the N = 4 band, which is quite easy because the treatment is
very similar to the one of the [56, 2+] multiplet. Next we analyzed the non-strange baryons
in the [70, 0+] and [70, 2+] multiplets. The problems began when we decided to study the
[70, ℓ+] strange baryons. We had first to derive the matrix elements of the SU(6) spin-flavor
group for a symmetric wave function. In addition, the wave functions used for the [70, ℓ+]
multiplets were based on the traditional decoupling picture described above. Progressively,
we realized that this approach violates the permutation symmetry SNc due to an incomplete
antisymmetrization of the wave functions.

Recently, we proposed a new approach in which we consider the baryon wave function
in one block, without decoupling it into a symmetric core and an excited quark. The sym-
metrization of the wave function is now properly taken into account. The main outcome
is that the SU(2Nf ) symmetry is broken at order O(1/Nc), like for the ground state. One
difficulty of this new picture is that it implies the knowledge of the matrix elements of the
spin-flavor generators for a mixed-symmetric spin-flavor wave function composed of Nc par-
ticles. For the case of two flavors, the problem is solved. We applied this new approach to
the non-strange baryons belonging to the [70, 1−] multiplet.

This thesis is divided in six chapters and five appendices. Chapter 1 gives an introduction
to large Nc QCD. ’t Hooft’s double line notation is presented as well as Witten’s large Nc

power counting rules which allow us to determine the order O(Nc) of Feynman diagrams.
We discuss the main properties of mesons and baryons in the large Nc limit. This chapter
finishes with the introduction to large Nc meson-baryon coupling.

The second chapter is devoted to the baryon structure. A simple quark-shell model pic-
ture is presented in order to introduce the main baryon quantum numbers like the spin S,
the isospin I or the angular momentum ℓ and the general feature of the baryon spectrum.
Even if this model is very simple, the picture remains general. Furthermore it can be easily
generalized to baryon composed of Nc quarks as it is shown in the second part of this chapter.

The third chapter is dedicated to ground-state baryons. The exact SU(2Nf )c symmetry
is explained as well as its relations to the SU(2Nf ) symmetry introduced in Chapter 2 in the
context of the quark-shell model. Then, the 1/Nc expansion of a baryon static operator is
analyzed and the operator identities necessary to obtain an 1/Nc expansion composed of lin-
early independent operators are summarized. This chapter ends with an explicit application
to the ground-state baryon mass operator.

For deriving the mass operator of ground-state and excited state baryons, one needs to
know the matrix elements of the SU(6) generators for a symmetric spin-flavor wave function
composed of Nc particles. Chapter 4 is devoted to the derivation of these matrix elements.
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A generalized Wigner-Eckart theorem is presented reducing the problem to the knowledge of
SU(6) isoscalar factors. For a symmetric spin-flavor wave function one can calculate them
by deriving explicitly the matrix elements of generators acting on one particle as they are
identical for all particles of the wave function. In the last part of the chapter, the matrix
elements of the generators of the SU(4) group for a symmetric spin-flavor wave function are
recovered.

The decoupling picture of excited baryons is detailed in Chapter 5. This chapter begins
with the Hartree approximation, exact in the Nc → ∞ limit and serving as a starting point
for the decoupling approach. The baryon wave function for symmetric and mixed-symmetric
multiplets are written explicitly and the 1/Nc expansion to excited states is presented. Ap-
plications to the [70, ℓ+] (ℓ = 0, 2) and [56, 4+] multiplets constitute the second part of the
chapter 5.

Chapter 6 presents the new approach of excited baryons without decoupling the baryon
wave function into a symmetric core and an excited quark. It starts with a discussion of the
baryon wave function in term of the permutation group SNc . An unified treatment of the
spin-orbit operator for symmetric and mixed-symmetric orbital or spin-flavor wave function
is proposed. The study of the [70, 1−] multiplet in this new light finishes this thesis.

Many of the analytical details related to the different chapters are given in the Appendices
A–E.



Chapter 1

Large Nc QCD

1.1 Introduction

Quantum Chromodynamics (QCD) is a non-Abelian gauge field theory based on the SUc(3)
group, where the subscript c stands for color. It describes the strong interactions of colored
quarks and gluons. As the quarks come in three colors, they belong to the fundamental
representation of the group SUc(3). One has eight gluons as they belong to the adjoint rep-
resentation of the color group. Hadrons are color singlet combinations of quarks, antiquarks
and gluons.

It is impossible to solve QCD exactly because of the complexity of the phenomena de-
scribed. Like for Quantum Electrodynamics (QED), one can try to make a perturbative
expansion of the theory in terms of the coupling constant g. Figure 1.1 which represents the
evolution of the QCD coupling constant with the energy scale suggests that QCD has two
energy distinct regimes. At high energy, where the coupling constant is small, leading to the
asymptotic freedom, one can apply a perturbative approach and then explain the high energy
behavior for the production and the interaction of hadrons.

At low energy regime, typical for baryon spectroscopy, such a perturbative method does
not work. Some nonperturbative approaches have been developed to solve the problem. One
can cite for example the computational approach of lattice QCD. However, its application to
baryon spectroscopy needs an improvement of the calculation methods and of the capacity
of our computers. Another way to extend QCD to nucleons is to construct phenomenologic
models inspired by QCD. It has already been done with success in the past. For example,
concerning nucleons, these studies gave a description of baryon spectra generally in agree-
ment with the experimental data. Here, we have chosen to use another promising approach,
the large Nc QCD.

Large Nc QCD is a non-Abelian gauge theory based on the SUc(Nc) color group where
Nc is the number of colors. The generalization of the QCD Lagrangian to large Nc is given
by [49]

L = −1

2
TrGµνGµν +

Nf∑

f=1

q̄f (i/D −mf ) qf , (1.1)

where the gauge field strength and the covariant derivative, Dµ = ∂µ + igAµ, are defined as
in QCD and Nf is the number of flavors. This generalization of the classical SUc(3) QCD to
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Figure 1.1: Evolution of the effective coupling constant αs = g2/4π with the energy scale µ
[93].

an arbitrary large Nc was introduced for the first time by ’t Hooft in 1974 [41], when 1/Nc

was suggested as the expansion parameter of the theory. The idea was considered in detail by
Witten [92] who introduced large Nc power counting rules for the Feynman diagrams. With
this point of view, the number of quarks is Nc and the number of gluons is N2

c − 1 = O(N2
c ).

As a result one obtains a new perturbative expansion not in the coupling constant, like in
QED, but in powers of 1/Nc.

One may wonder about the meaning of an expansion in 1/Nc as one knows that in the
real world one has Nc = 3. We can give only a pragmatic answer by comparing the predic-
tions made by such an expansion with phenomenological models and experimental data. We
have to stress the fact that during the calculations, one considers the 1/Nc expansion rather
than the Nc → ∞ limit. One keeps only leading terms in 1/Nc and neglects subleading orders.

To define the large Nc limit, one has first to find the 1/Nc order of quark-gluon diagrams.
In a second stage, one can introduce mesons and baryons in large Nc QCD and study the
interactions between them.

1.2 Feynman diagrams for large Nc

In large Nc QCD, one can suppose that as the number of colors is very important, a lot of
new intermediate states, which do not exist for Nc = 3, can appear during a process. They
come form the fact that even if the color quantum numbers of the initial and final states
are specified, one can have an indetermination on the color of the intermediate state. This
introduces new intermediate states. The sum over these intermediate states gives rise to large
combinatoric factors. As the number of intermediate states will differ from one process to
another, some Feynman diagrams will be suppressed.

To find the 1/Nc order of Feynman diagrams, it is very useful to use the double line nota-
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tion introduced by ’t Hooft [41]. In this notation one can replace the gluon gauge field (Aµ)A

in the adjoint representation by the tensor field (Aµ)ij with the indices i and j belonging to the
fundamental representation of the SUc(Nc) group, as illustrated in Figure 1.2. So, the gluon
field has one upper index like the quark field qi and one lower index like the antiquark field q̄j.

Figure 1.2: A gluon in the traditional and in the double line notation.

By using the double line notation, let us first consider the one-loop gluon vacuum polariza-
tion diagram (Figure 1.3). By looking at the right part of Figure 1.3, it is easy to determine
the combinatoric factor of this diagram. Indeed, the color quantum numbers of the ini-
tial and final states are specified but not the central index k which leads to a combinatoric
factor of Nc for this Feynman diagram. If Nc → ∞ the contribution of this diagram is infinite.

To obtain a finite limit for this process, one can renormalize the theory by introducing a
new coupling constant g/

√
Nc instead of g. Then

g√
Nc

→ 0 when Nc → ∞, (1.2)

where g is fixed when Nc becomes large. In the one-loop gluon vacuum polarization we have
two vertices and one combinatoric factor Nc. With this renormalization, the order of the
Feynman diagram in Figure 1.3 becomes

(
g√
Nc

)2

Nc = g2 (1.3)

independent of Nc, as expected.

i

i

j̄

i

j̄ j̄

k̄

k

Figure 1.3: The gluon vacuum polarization. The double line representation of the diagram
is on the right part of the figure.

With the renormalization, quark-gluon vertices and 3-gluons vertices are of order 1/
√
Nc.

However, 4-gluons vertices are of order 1/Nc because Feynman rules give these vertices pro-
portional to g2. Figure 1.4 summarizes these considerations.
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g/
√

Nc

g2/Ncg/
√

Nc

Figure 1.4: Quark-gluon, three-gluons and four-gluons vertices in classical and double line
notation.

To extract the power counting rules for large Nc Feynman diagrams, let us determine the
order of some diagrams. Let us first have a look at the two-loop diagram drawn in Figure
1.5. The order of this diagram is (1/

√
Nc)

4 ×N2
c = 1. Indeed, in the right-hand side of the

figure, we have two internal loops so a combinatoric factor of N2
c appears and four vertices.

Figure 1.6 is another example, with three-self-contracted loops and six interactions vertices,
of a diagram of order 1, as well. Concerning the four-loop diagram (Figure 1.7), the order is
(1/

√
Nc)

8 × N4
c = 1. All these planar diagrams – they can be drawn in the plane – survive

in the large Nc limit.

Figure 1.5: A two-loop diagram of order 1.

Figure 1.6: A three-loop diagram of order 1.

Let us examine a non-planar diagram (Figure 1.8). This diagram has the particularity of
being impossible to be drawn in a plane without line crossing (at points where there are no
interaction vertices). It is suppressed in the large Nc limit as it is of order (1/

√
Nc)

6 ×Nc =
1/N2

c . By considering some other examples, it is possible to show that all non-planar Feynman
diagrams are of maximal order of 1/N2

c so they vanish in the large Nc limit. Contrary, all
planar diagrams made with arbitrary number of gluon loops are of order 1.
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Figure 1.7: A four-loop diagram of order 1.

Figure 1.8: A non-planar diagram of order 1/N2
c .

A quark loop is presented in Figure 1.9. We do not have a combinatoric factor as the
color indices are fixed by the initial and final states. There are two vertices, so a factor 1/Nc

appears. This diagram, of order 1/Nc, is also suppressed at Nc → ∞. Consider now Figure
1.10, with one internal quark loop. This diagram also vanishes in the large Nc limit as it is
of order (1/

√
Nc)

6 ×N2
c = 1/Nc.

Form these considerations, one can establish the following large Nc counting rules:

• Planar gluon insertions do not change the order of the diagram.

• Each non-planar gluon line is suppressed by a factor of 1/N2
c .

• Internal quark loops are suppressed by factors of 1/Nc.

In conclusion, the leading Feynman diagrams are planar and contain a minimum number of
quark loops.

Figure 1.9: Quark bubble of order 1/Nc.

Before ending this section, we have to make few comments on the two-point function
〈J(y)J(x)〉 of a current correlation function J . This function creates a meson at the point
x and annihilates the meson at y. In Figure 1.11 are drawn two examples of such diagrams.
On the left part of the figure, a combinatoric factor of Nc appears as there are no constraint
on the color indices of the quark loop. On the right part, an internal quark loop is added.
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Figure 1.10: A quark loop inside a gluon loop of order 1/Nc.

This diagram, with six vertices and three internal loops, of order (1/
√
Nc)

6 × N3
c = 1, is

non-dominant by comparison with the diagram drawn in left-hand side of the figure. One
can directly show that diagrams with internal gluon loops are of order Nc. Figure 1.12 shows
that a non-planar gluon induces a suppression factor of 1/Nc.

⊗ J(y)J(x) ⊗ ⊗ ⊗

Figure 1.11: On the left, a two point function diagram, depicting the propagation of a meson,
of order Nc. On the right, the same diagram with an internal quark loop, of order 1.

⊗⊗ ⊗ ⊗

Figure 1.12: A non-planar contribution of the current correlation function of order 1.

The general conclusion is that dominant two-point function diagrams for large Nc are
planar diagrams with only a single quark loop which runs at the edge of the diagram.

Leading order Feynman diagrams can be very complicated. For example, as we have seen,
if we replace the internal quark loop of the diagram drawn in the right-hand side of Figure
1.11 by a gluon loop, we obtain a diagram of order Nc like the left-hand side one. This kind
of diagrams with a lot of gluons inside are impossible to evaluate. So we are not able to sum
the planar diagrams. However, we assume that QCD is still a confining theory at large Nc

[92]. With this assumption we will deduce some properties interesting for large Nc mesons
and baryons. We have just to keep planar diagrams and neglect other ones.
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1.3 Mesons in large Nc QCD

One might wonder about the interest to study mesons here, as we plan to apply large Nc QCD
to baryon spectroscopy. In fact, some important results used in the expansion of the mass
operator of baryons depend on the baryon-meson scattering. Before studying this process,
we need to learn some properties of large Nc mesons.

Large Nc mesons are colorless bound states composed of a quark and an antiquark. The
color-singlet meson wave function is given by [2]

|1〉c =
1√
Nc

(
l̄l + m̄m+ . . .+ n̄n

)

︸ ︷︷ ︸

Nc terms

, (1.4)

where l, m and n represent some color quantum numbers. One can notice that the sum over
the Nc possible color quantum numbers leads to a combinatoric factor of

√
Nc.

⊗⊗ ⊗ ⊗

i
ī

j

k

k̄

j̄

Figure 1.13: An intermediate state contributing to 〈JJ〉 [92].

Let us analyze meson creation and annihilation diagrams. Let us prove that the operator
J(x) which corresponds to a local quark bilinear such as q̄q or q̄γµq having good quantum
number to create a meson, creates only one-meson states in the large Nc limit. Let us consider
Figure 1.13 where a two-point function of a quark bilinear is represented. One has to prove
that the intermediate state is a q̄q pair. In a confining theory, that means we have one meson.
We have cut the diagram in a typical way. If we look at the right part of the diagram, we
have an intermediate state with one quark, one antiquark and two gluons. To obtain only
one meson state, this intermediate state must form only one colorless hadron. It is the case.
Indeed, if we look at the color structure of the state we have

q̄kA
k
jA

j
i q
i, (1.5)

which corresponds to a color singlet. In fact, if we analyse all possible planar diagrams, it is
possible to show that we will obtain only this kind of combinations, a quark-antiquark pair
at the end and gluon fields in the center. With non-planar diagrams like Figure 1.12, we can
have a group structure like

q̄kA
k
l q
lAjmA

m
j , (1.6)

which is a product of two color singlet operators, q̄kA
k
l q
l and AjmAmj . These intermediate

states can be interpreted as representing one meson and one color singlet glue state. As
non-planar diagrams are suppressed in the large Nc limit, only intermediate states like Eq.
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(1.5) exist in the large Nc limit.

As the intermediate state of the two-point function of J is a meson one can write

〈J(k)J(−k)〉 =
∑

n

〈0|J |n〉2
k2 −m2

n

∼ Nc, (1.7)

where we sum over physical intermediate states without color degrees of freedom which means
a sum over all planar Feynman diagrams contributing to the two-point function. The color
combinatoric factor of each Feynman diagrams must be absorbed into 〈0|J |n〉2 which is the
probability to create a meson from the vacuum. So, a factor

√
Nc is attached to each meson

annihilation or creation point. In other words the matrix element 〈0|J |n〉 for a current to
create a meson is of order

√
Nc. The meson decay constant fm is then of order,

fm ∼ 〈0|J |n〉 ∼ O(
√

Nc). (1.8)

This result is not surprising if we look at Eq. (1.4). The sum over Nc colors in the equation,
corresponding to Nc terms appearing from the indetermination of the color quantum number
in the quark loop of Figure 1.13, leads to

√
Nc.

One can summarize the result concerning the two-point function in large Nc: 〈J(x)J(y)〉
is a sum of planar Feynman diagrams in which J creates a meson with amplitude 〈n|J |0〉,
which propagates with a propagator 1/(k2 −m2

n).

Consider now Figure 1.14 which represents a typical three-point function. Each cross
represents a meson creation or annihilation point. For each meson insertion on the quark
loop, a factor of

√
Nc is attached. As this diagram is of order Nc, the three-meson vertex is

of order 1/
√
Nc.

Let us generalize and take a k point function. Each current creates one meson and the
quark loop planar diagram is of order Nc,

quark loop
︷︸︸︷

Nc =
(√

Nc

)k

︸ ︷︷ ︸

k mesons

k−meson vertex
︷ ︸︸ ︷
(

1√
Nc

)k−2

. (1.9)

The k−meson vertex is then of order (1/
√
Nc)

k−2.

Let us summarize the properties of large Nc mesons.

• The pion decay constant fπ is of order
√
Nc.

• The mass of a meson is of order 1, as inferred by Eq. (1.4).

• The amplitude for a meson to decay into two mesons is of order 1/
√
Nc.

• As the number of mesons entering in a vertex increases, the power of 1/Nc of the vertex
increases (Eq. (1.9)). For example, the self-coupling of three mesons is of order 1/

√
Nc;

the self-coupling of four mesons is of order 1/Nc; etc.

• As the number of planar diagrams describing two point functions is infinite, the number
of intermediate meson states is infinite.

In conclusion, large Nc mesons are free, stable and non-interacting.
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= Nc =

√
Nc

√
Nc

1√
Nc

√
Nc

⊗

⊗

⊗

⊗

⊗

⊗

Figure 1.14: Dominant three mesons diagram. On left part of the figure is drawn in double
line notation the diagram of the right part. As this diagram is of order Nc, the three–meson
vertex represented must be of order 1/

√
Nc.

1.4 Large Nc baryons

Baryons in large Nc were first studied in details by Witten [92]. They are colorless bound
states composed of Nc valence quarks antisymmetric in color indices. The color indices of the
Nc quarks are contracted with the SU(Nc) ε-symbol to form the color-singlet state required
by the color confinement

εi1i2i3...iNc
qi1qi2qi3 . . . qiNc . (1.10)

As the number of quarks grows with Nc, the baryon mass is of order Nc. We have also to
insist on the fact that to obtain a fermionic bound state, the number of colors Nc must be
odd. At leading order, a large Nc baryon can be represented by quark-gluon diagrams con-
sisting of Nc valence quark lines with arbitrary planar gluons exchanged between the quark
lines. As it follows from Section 1.2, the interaction between two quarks is of order 1/Nc as
one gluon is exchanged between the two quark lines, with two quark-gluon vertices of order
1/
√
Nc. In the following, we shall only consider ordinary baryons, i.e., baryons which are

composed of Nc valence quarks but not any valence antiquarks as the exotic hadrons named
pentaquarks, formed of four quarks and an antiquark.

From Witten’s large Nc power counting rules, the following properties result for baryon
in the Nc → ∞ limit:

• Baryon masses are of order Nc.

• Baryon size and shape are of order 1.

1.5 Meson-baryon couplings

For the discussion given in Chapter 3, it is very important for us to study meson-baryon
couplings. Let us first analyze Figure 1.15. It represents the coupling of a meson to a baryon.
The two quark-gluon vertices bring a factor (1/

√
Nc)

2. The sum over colors c in the nucleon
gives a factor Nc. The normalisation of the meson wave function Eq. (1.4) bring a factor
1/
√
Nc and the sum over the colors c′ in the meson gives a factor Nc

1. The net dependence
on Nc of this diagrams is then given by [70]

(
1√
Nc

)2

(Nc)
2 1√

Nc
=
√

Nc. (1.11)

1It corresponds to the sum over the Nc terms appearing in Eq. (1.4).
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So the baryon-meson coupling is of order
√
Nc.

Let us now have a look at Figure 1.16. The diagram describes the baryon + meson
→ baryon + meson scattering. Here, we have four quark-gluons vertices giving a factor
(1/

√
Nc)

4. The sum over the colors c in the nucleon brings a factor Nc. A factor (1/
√
Nc)

2

appears from the normalisation constant of the two mesons. The sum over the colors c′ and
c′′ in each mesons gives a factor (Nc)

2. The order of this diagram is then given by

(
1√
Nc

)4

Nc

(
1√
Nc

)2

(Nc)
2 = 1. (1.12)

The baryon-meson scattering diagram is then of order 1.

One can generalize the counting rules to multimeson-baryon scattering amplitudes. Each
additional meson in a scattering process reduces the scattering amplitude by a factor of

1/
√
Nc. Then the process baryon + meson → baryon + (n − 1) mesons is of order N

1−n/2
c

[48].

cc

c̄′c′

Figure 1.15: Coupling of a meson, denoted by colored quarks c′c̄′, to a baryon, containing
colored quark c [70], diagram of order

√
Nc.

c̄′′
c′′

cc

c̄′c′

c

Figure 1.16: Baryon-meson scattering diagram of order 1. The two mesons are denoted by
colored quarks c′c̄′ and c′′c̄′′.



Chapter 2

The baryon structure

2.1 Introduction

As we have seen in the first chapter, large Nc QCD baryons are described by a number of Nc

valence quarks. Even if the formalism is developed for an arbitrary Nc, in applications one
takes Nc = 3.

In order to understand the structure of baryons formed of Nc quarks it is useful first
to recall the structure of baryons formed of three quarks and then to generalize the wave
functions to Nc quarks. This structure and the wave functions derived in this chapter will be
used in the following chapters.

Our aim here is to write baryon wave functions and to introduce the quantum numbers
of baryons like the spin S, the isospin I or the parity P . For this reason, we will use a simple
quark-shell model, similar to the shell model of nuclear physics, based on a Hartree-Fock
approximation, the quarks being confined by an average central potential. With that model,
it is possible to write simple baryon wave functions. Although the presentation is restricted
to a very simple model, the picture remains entirely general. Furthermore, one can easily
generalize the quark-shell model to Nc quarks.

In the quark-shell picture, the general form of a baryon wave function is

Ψ = ψℓmχφC, (2.1)

where ψℓm χ, φ and C are the orbital, spin, flavor and color parts respectively. As already
noticed in the previous chapter, this wave function must be antisymmetric under the per-
mutations of the quarks, as baryons are fermions. The nature requires C to be an SUc(Nc)
singlet. Because of the color confinement1, one obtains colorless bound states. As the color
part must be an SUc(Nc) singlet, which is totally antisymmetric, the remaining part, i.e.
ψℓmχφ is always symmetric.

The Hamiltonian H of a quark-shell model has the form

H =

Nc∑

i=1

(Ti + Vi) , (2.2)

1As mentioned in the previous chapter, we assume color confinement for Nc > 3 as well.
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where Ti represents the kinetic energy of a quark i and Vi the average confinement poten-
tial experienced by the quark i. For simplicity we take a toy model of a three dimensional
harmonic oscillator confinement. This Hamiltonian is spin-flavor independent, provided the
quarks u, d and s have identical masses.

In this work, we consider only “ordinary” baryons made up of valence u, d and s quarks.
The flavor-independence of the Hamiltonian implies an SU(3) symmetry, its spin-independence,
an SU(2) symmetry and the rotational invariance, an O(3) symmetry. As a consequence, the
symmetry properties of baryons can be described by SU(6) × O(3), where SU(6) represents
the spin-flavor symmetry. Baryon states must be SU(6) × O(3) symmetric.

This chapter is divided in two parts. We first present the baryon wave functions for
Nc = 3. In the second part, a generalization for Nc particles is proposed.

2.2 The three quarks wave functions

Let us analyze separately the space part and the spin-flavor part of the wave function.

2.2.1 The spin-flavor part χφ

If we combine the spin and the flavor degrees of freedom to an SU(6) spin-flavor symmetry,
each quark can be in one of the six different states u ↑, u ↓, d ↑, d ↓, s ↑, s ↓. As baryons are
composed of three quarks, one can make the following direct product

6
×

6
×

6
=

56
+2

70

+

20

, (2.3)

where the dimensions of the irreducible representations (irreps) are indicated above each
Young diagram. Baryons must belong to one of these SU(6) multiplets which are symmetric,
mixed-symmetric and antisymmetric respectively under the permutation of the quarks. It is
possible to decompose the multiplets into theirs SU(2) × SU(3) content2:

56
=

2

×
8

+
4

×
10

, (2.4)

70

=
2

×
1

+
2

×
10

+
2

×
8

+
4

×
8

, (2.5)

20

=
2

×
8

+
4

×
1

. (2.6)

The SU(3) flavor weight diagrams for the decuplet and the octet are shown explicitly in
Figures 2.1 and 2.2. The SU(3) flavor wave functions are written in Tables 2.1–2.3.

2See [85] p. 317.
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Baryon φS

∆++ uuu

∆+ 1√
3

(uud+ udu+ duu)

∆0 1√
3

(udd + dud+ ddu)

∆− ddd

Σ+ 1√
3

(uus+ usu+ suu)

Σ0 1√
6

(uds+ dus+ usd+ sud+ sdu+ dsu)

Σ− 1√
3

(sdd+ dsd+ dds)

Ξ0 1√
3

(uss+ sus+ ssu)

Ξ− 1√
3

(dss+ sds+ ssd)

Ω− sss

Table 2.1: Symmetric flavor states of three quarks for the baryon decuplet.

Baryon φλ φρ

p − 1√
6

(udu+ duu− 2uud) 1√
2

(udu− duu)

n 1√
6

(udd+ dud− 2ddu) 1√
2

(udd− dud)

Σ+ 1√
6

(usu+ suu− 2uus) − 1√
2

(usu− suu)

Σ0 − 1√
12

(2uds+ 2dus

−sdu− sud− usd− dsu)
− 1

2
(usd+ dsu− sdu− sud)

Σ− 1√
6

(dsd+ sdd− 2dds) − 1√
2

(dsd− sdd)

Λ0 1
2

(sud− sdu+ usd− dsu)
1√
12

(2uds− 2dus

+sdu− sud+ usd− dsu)

Ξ0 − 1√
6

(uss+ sus− 2ssu) − 1√
2

(uss− sus)

Ξ− − 1√
6

(dss+ sds− 2ssd) − 1√
2

(dss− sds)

Table 2.2: Mixed-symmetric flavor states of three quarks for the baryon octet.

Baryon φA

Λ 1√
6

(sdu− sud+ usd− dsu+ dus− uds)

Table 2.3: Antisymmetric flavor states of three quarks for the baryon singlet.
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∆− ∆0 ∆+ ∆++

Σ∗− Σ∗0 Σ∗+

Ξ∗− Ξ∗0

Ω−

Figure 2.1: Flavor SU(3) weight diagram for the decuplet baryons.

n p

Σ− Λ0,Σ0 Σ+

Ξ− Ξ0

Figure 2.2: Flavor SU(3) weight diagram for the octet baryons.

2.2.2 The orbital part ψℓm

Single particle wave functions

For finding the wave function of a particle moving in a central three dimensional harmonic
oscillator potential, we have to solve the Schrödinger equation

(
p2

2m
+

1

2
mω2r2

)

ψ = Eψ. (2.7)

The eigenvalues of this equation are

E =

(

N +
3

2

)

h̄ω, n = 0, 1, . . . (2.8)

where N is the number of excited quanta which can be written as

N = 2n+ ℓ, (2.9)

where ℓ is the orbital angular momentum quantum number and n = 0, 1, 2, . . . is associated
with the number of nodes in the radial wave function.

The wave function can be written as [28]

ψnℓm = N (αr)ℓLℓ+1/2
n (α2r2)e−α

2r2/2Y m
ℓ (θφ), (2.10)

where α2 = mω, L
ℓ+1/2
n is a Laguerre polynomial and N the normalisation constant

|N |2 =
2α3n!√

π(n+ ℓ+ 1
2)(n + ℓ− 1

2) · · · 3
2

1
2

. (2.11)

For each value of N larger than one, several values for n and ℓ are possible. Moreover, for
each value of ℓ, m can vary from −ℓ to ℓ. The parity of the wave function is given by

P = (−1)ℓ. (2.12)
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Here are a few examples of wave functions

(0s) = ψ000(r) =

(
4α3

√
π

)1/2
1√
4π
e−α

2r2/2, (2.13)

(0p) = ψ11m(r) =

√

2

3

(
4α3

√
π

)1/2

αre−α
2r2/2Y m

1 (θ, φ), (2.14)

(0d) = ψ22m(r) =

√

4

15

(
4α3

√
π

)1/2

α2r2e−α
2r2/2Y m

2 (θ, φ), (2.15)

(1s) = ψ200(r) =

√

2

3

(
4α3

√
π

)1/2(
3

2
− α2r2

)

e−α
2r2/2, (2.16)

where on the left-hand side we introduce a compact notation to be used in the following.

Baryon wave functions

The Hamiltonian H introduced in Eq. (2.2) becomes

H =
3∑

i=1

(
p2
i

2m
+

1

2
mω2r2i

)

, (2.17)

where it is understood that the color degree of freedom was integrated out. The orbital part
of the wave function of a baryon is obtained as the product of three independent-quark wave
functions. It must have the correct permutation symmetry to lead to a totally symmetric
wave function when it is associated with the spin-flavor part χφ. This means that the orbital
part must have the same symmetry as the spin-flavor part.

To remove the center of mass motion one has to introduce the Jacobi coordinates. For
equal quark masses they are

R =
1√
3
(r1 + r2 + r3), (2.18)

λ =
1√
6
(r1 + r2 − 2r3), (2.19)

ρ =
1√
2
(r1 − r2). (2.20)

Note that these coordinates can be used as basis functions of the symmetric [3] (Eq. (2.18))
and mixed-symmetric [21] irreps (Eqs. (2.19)–(2.20)) of the permutation group S3. The
Hamiltonian becomes [28]

H =
P 2

6m
+

3

2
mω2R2 +

[
1

2m
(p2
λ + p2

ρ) +
1

2
mω2(λ2 + ρ2)

]

, (2.21)

where P, pλ and pρ are the conjugate momenta to R, λ and ρ respectively. An eigenfunction
of this Hamiltonian can be written in the form

χ(R)φ(λ)ψ(ρ), (2.22)
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where χ, φ and ψ are one-body harmonic oscillator wave functions. The first part describes
the center of mass motion and the φ, ψ parts the internal motion of the quarks. To conserve
the translation-invariance of the model, in the wave function (2.22) the center of mass motion
χ(R) is factored out and left in the ground state. States with excitation of the center of mass
motion are referred to as being spurious.

Then the parity of the wave function is

P = (−1)

P

i
ℓi
, (2.23)

with ℓi, the angular momentum of the different quarks.

The energy of the state corresponds to the sum over the energies Ei of the different quarks
which compose the baryon minus the center of mass energy 3/4h̄ω. To label the levels, the
notation [x, ℓP ] is used where x represents the dimension of an SU(6) irrep, ℓ is the angular
momentum of the multiplet and P the parity. Note that in a harmonic oscillator picture the
levels belonging to a given shell (or band) N are degenerate. This degeneracy is lifted in a
model with a linear confinement.

The lowest level, with N = 0 corresponds to the ground state. All the quarks are in a (0s)
state and so we obtain a (0s)3 configuration. The orbital part of the baryon wave function
is totally symmetric and therefore the label is [56, 0+]. For this multiplet, one can directly
conclude that decuplet baryons (Figure 2.1) have spin S = 3/2 and octet baryons (Figure
2.2) have spin S = 1/2. The flavor singlet baryon Λ must be an excited state. In nature it is
identified with Λ(1450) which has JP = 1/2−.

The first excited state, N = 1, must be a (0s)2(0p) configuration, with ℓ = 1−. With this
configuration, it is possible to form symmetric or mixed-symmetric wave functions. However,
the symmetric wave function is a spurious state as it is proportional to the center of mass
coordinate R 3. Thus the first excited state of negative parity belongs to the [70, 1−] multi-
plet.

The N = 2 level is more complicated as three quarks configurations are allowed, i.e.
(0s)2(1s), (0s)2(0d) and (0s)(0p)2 since they all correspond to the same energy. Some of
these wave functions are spurious. One can make linear combinations of these wave functions
to obtain non-spurious states. Table 2.4 gives the proper linear combinations. All the other
states are spurious.

Appendix A gives details about the orbital wave functions for the different states and the
method used to derive the harmonic oscillator configurations written in Table 2.4. Table 2.5
details the necessary steps for the construction of symmetric SU(6) × O(3) wave functions
from their component SU(3) flavor, SU(2) spin and O(3) for N = 0, 1, 2. In Figure 2.3 a
schematic picture of the baryon spectrum is sketched.

3It corresponds to the internal quark motion being in its ground state but the center of mass moving in a
(0p) state [28].
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SU(6) multiplet N L P Harmonic oscillator configuration

56 0 0 + |[3](0s)3〉

70 1 1 − |[21](0s)20p〉

56′ 2 0 +
q

2
3
|[3](0s)2(1s)〉 −

q
1
3
|[3](0s)(0p)2〉

70 2 0 +
q

1
3
|[21](0s)2(1s)〉 +

q
2
3
|[21](0s)(0p)2〉

56 2 2 +
q

2
3
|[3](0s)2(0d)〉 −

q
1
3
|[3](0s)(0p)2〉

70 2 2 +
q

1
3
|[21](0s)2(0d)〉 +

q
2
3
|[21](0s)(0p)2〉

20 2 1 + |[13](0s)(0p)2〉

Table 2.4: Quark-shell model configurations for a harmonic oscillator confinement andNc = 3.

6

?

...

...

[56, 4+] 2 − 3 GeV

[20, 1+]
[70, 2+]
[56, 2+] ∼ 2 GeV
[70, 0+]
[56’, 0+]

[70, 1−] ∼ 1.5 GeV

[56, 0+]N = 0

N = 1

N = 2

N = 4

Figure 2.3: The lowest levels of the baryon spectrum drawn schematically. An indication of
the average mass of the baryons belonging to the N = 1, 2 and 4 levels is written on the right
part of the figure.

2.3 Generalization to large Nc

As already introduced, the large Nc baryons are composed of Nc valence quarks totally
antisymmetric in color. An important observation is that the baryonic number of large Nc

baryons becomes

B =
Nc

3
, (2.24)

inasmuch as the baryonic number of a quark is equal to 1/3.
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SU(3) SU(2) SU(6) O(3) SU(6) × O(3)

2+
2 S [56, 2+]

10 × 3
2

56 × 0+
2 S [56

′, 0+]
8 × 1

2
0+
0 S [56, 0+]

10 × 1
2

8 × 3
2

2+
2 M [70, 2+]

8 × 1
2

70 × 0+
2 M [70, 0+]

1 × 1
2

1−1 M [70, 1−]

8 × 1
2

1 × 3
2

20 × 1+
2 A [20, 1+]

Table 2.5: Steps in forming SU(6) × O(3) symmetric wave functions for N = 0, 1, 2. The
subscripts specify in each case the appropriate value of N, and the symmetry, S, M, A, is
specified explicitly for each state. In SU(3) the irreps are labelled by their dimensions 10, 8
or 1. The irreps of SU(2) are labelled by the total spin 3/2 or 1/2 related to the eigenvalues
of the Casimir operator of SU(2). The labels S, M, A stand for symmetric, mixed-symmetric
or antisymmetric [42].

2.3.1 Ground-state baryons

Let us first analyze ground-state baryons. The orbital and the spin-flavor parts of the wave
function must be separately symmetric under the exchange of two quarks as all the Nc quarks
are in the ground state (0s). We label the symmetric irrep by the partition [Nc]. Its Young
diagram is shown in Figure 2.4. For Nc = 3 it corresponds to 56 in SU(6).

→
Nc

︷ ︸︸ ︷

· · ·

Figure 2.4: Young diagrams for the symmetric irrep of the permutation group S3 and SNc

[76].

The decomposition of the symmetric representation of SU(6) into its SU(2) × SU(3)
content can be written in terms of Young diagrams as

Nc
︷ ︸︸ ︷

· · · =

(

S =
1

2
; · · ·

)

+

(

S =
3

2
; · · ·

)

+ · · · +
(

S =
Nc

2
; · · ·

)

, (2.25)

where the SU(2) irreps are denoted by the corresponding value of the spin S as in Table
2.5. This decomposition is a natural generalization of Eq. (2.4). One can infer that large Nc

picture produces an infinite tower of baryon states when Nc → ∞. If we consider non-strange
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baryons, we obtain a tower of baryon states with

S = I =
1

2
,
3

2
, . . . ,

Nc

2
. (2.26)

This tower is finite dimensional and reduces to N and ∆ for Nc = 3.

For baryons containing ns strange quarks, it is useful to introduce the grand spin ~K
defined as

~K = ~S + ~I, (2.27)

where K = ns/2. The isospin content for each value of K can be written as [77]

→ (K = 0 , I =
1

2
) + (K =

1

2
, I = 0, 1) + (K = 1 , I =

1

2
,
3

2
) + · · · , (2.28)

→ (K = 0 , I =
3

2
) + (K =

1

2
, I = 1, 2) + (K = 1 , I =

1

2
,
3

2
,
5

2
) + · · · , (2.29)

where one can see that Eq. (2.28) corresponds to S = 1/2 baryons and Eq. (2.29) to S = 3/2
baryons, consistent with Eq. (2.4). Thus when Nc = 3 the above representations correspond
to the SU(3) octet and decuplet.

The dimension of an irrep of SU(3) is given by [85]

d
SU(3)
(λµ) =

1

2
(λ+ 1)(µ+ 1)(λ+ µ+ 2), (2.30)

where λ and µ correspond to

︸ ︷︷ ︸

µ

︸ ︷︷ ︸

λ

One can directly see that, using Eq. (2.30), the dimension of each SU(3) irrep presented in
the decomposition (2.25) depends on Nc.

In Figures 2.5 and 2.6 are drawn large Nc flavors weight diagrams which are an extension
to Nc of the octet and decuplet irreps of SU(3) when Nc = 3. Contrary to the SU(2) case, the
SU(3) weight diagrams vary with Nc. As a consequence the identification of Nc = 3 baryons
is not unique. It is usual to identify Nc = 3 baryons with the top of a large Nc weight diagram
corresponding to baryons with a small strangeness. However, the hypercharge varies as

Y = S + B
= S +

Nc

3
, (2.31)

where S is the strangeness. This means that the hypercharge of a large Nc nucleon or ∆ is
equal to Nc/3.

2.3.2 Excited baryons

For Nc = 3, the spin-flavor or orbital part of the baryon wave function can be symmetric,
mixed-symmetric or antisymmetric under the exchange of two quarks. For largeNc we present
only the generalization of the symmetric and mixed-symmetric cases because we do not need
the generalization of the 20 irrep of SU(6) in the following.
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Figure 2.5: SU(3) flavor weight diagram for the generalized octet baryons (Eq. (2.28)). The
numbers denotes the multiplicity of the weights. The long side of the weight diagram contains
1
2 (Nc + 1) weights [48].
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Figure 2.6: SU(3) flavor weight diagram for the generalized decuplet baryons (Eq. (2.29)).
The numbers denote the multiplicity of the weights. The long side of the weight diagram
contains 1

2 (Nc − 1) weights [48].

The orbital part

For the generalization of the orbital part, we consider that the number of excited quarks of
large Nc excited baryons is the same as for Nc = 3. This means the number of ground-state
quarks is of order Nc for low excitations. In this section we consider only N = 1 and 2
excitations.

The generalization to arbitrary Nc of a symmetric state is trivial because it is unique as
shown in Figure 2.4. But the generalization of the mixed-symmetric state is not unique. So,
one has to generalize the mixed-symmetric representation [21] of S3 to large Nc in a way in
which one can recover the Nc = 3 states from Nc > 3 states. In Section 2.2.2 we have seen
that the Nc = 3 Jacobi coordinates can be used as basis functions for the symmetric [3] and
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mixed-symmetric [21] irreps of S3. The Jacobi coordinates of an Nc particle system are [85],

ẋNc =
1√
Nc

Nc∑

t=1

xt, (2.32)

ẋs =
1

√

s(s+ 1)

(
s∑

t=1

xt − sxs+1

)

, 1 ≤ s ≤ Nc − 1. (2.33)

One can see that taking s = 1 and 2 in Eq. (2.33) one obtains Eqs. (2.19) and (2.20) respec-
tively.

The center of mass coordinate (2.32) is a symmetric function by construction and it can
be used as basis vector for the symmetric representation [Nc]. The internal coordinates (2.33)
can form an invariant subspace for the mixed-symmetric representation [Nc − 1, 1] [85]. The
particular case of four particles with one unit of excitation has been presented in details in Ref.
[86]. This observation suggests that the only possible solution is to choose the irrep [Nc−1, 1]
of SNc to describe excited states. Otherwise, one would obtain orbital mixed-symmetric wave
functions which do not reduce to [21] when one takes Nc = 3.

→

Nc−1
︷ ︸︸ ︷

· · ·

Figure 2.7: Young diagram for the mixed-symmetric irrep [21] of S3 generalized to [Nc− 1, 1]
of the permutation group SNc [76].

Table 2.4 indicates that one has one or two excited quarks depending on the configuration
when Nc = 3. The large Nc generalization gives the configurations (0s)Nc−1(0p) for N = 1
and (0s)Nc−1(1s), (0s)Nc−1(0d), (0s)Nc−2(0p)2 for N = 2, following the convention which
keeps constant the number of excited quarks. Like in the Nc = 3 case, we need to remove
the center of mass coordinate in the wave function for satisfying translational invariance
and we obtain the configurations shown in Table 2.6. These combinations were derived by
recurrence. We applied method used for Nc = 3 to Nc = 4, 5, 6, . . . and then generalized
to Nc. The configurations of Table 2.6 will be used in Chapter 5 and 6 to analyze excited
baryons.

The spin-flavor part

In Section 2.3.1 we have already discussed the decomposition of the symmetric irrep of SU(6)
into its SU(2) × SU(3) subgroup. For the generalized 70 irrep of SU(6) this decomposition
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SU(6) multiplet N L P Harmonic oscillator configuration

56 0 0 + |[Nc](0s)Nc 〉

70 1 1 − |[Nc − 1, 1](0s)Nc−1(0p)〉

56′ 2 0 +
q

Nc−1
Nc

|[Nc](0s)Nc−1(1s)〉 −
q

1
Nc

|[Nc](0s)Nc−2(0p)2〉

70 2 0 +
q

1
3
|[Nc − 1, 1](0s)Nc−1(1s)〉 +

q
2
3
|[Nc − 1, 1](0s)Nc−2(0p)2〉

56 2 2 +
q

Nc−1
Nc

|[Nc](0s)Nc−1(0d)〉 −
q

1
Nc

|[Nc](0s)Nc−2(0p)2〉

70 2 2 +
q

1
3
|[Nc − 1, 1](0s)Nc−1(0d)〉 +

q
2
3
|[Nc − 1, 1](0s)Nc−2(0p)2〉

Table 2.6: Quark-shell model configurations for a harmonic oscillator confinement and Nc

particles.

becomes [77]

Nc−1
z }| {

· · · =

0

@S =
1

2
; · · ·

1

A+

„

S =
1

2
,
3

2
,
5

2
; · · ·

«

+

„

S =
1

2
,
3

2
; · · ·

«

+

0

@S =
1

2
,
3

2
; · · ·

1

A

+ · · · +

0

B
B
@
S =

Nc

2
− 1;

Nc

z }| {

· · ·

1

C
C
A

+

0

B
B
B
B
@

S =
Nc

2
− 1,

Nc

2
;

Nc−1
z }| {

· · ·

1

C
C
C
C
A

. (2.34)

The first three terms are identical to those of Eq. (2.5) where one can recognize the singlet,
the decuplet and the octet of SU(3) for large Nc. Indeed, the isospin content for each value
of the grand spin K of the first SU(3) irrep written on the right-hand side of Eq. (2.34) can
be written as

→ (K =
1

2
, I = 0) + (K = 1 , I =

1

2
) + · · · , (2.35)

where one can notice that for this irrep K 6= 0. For Nc = 3, this irrep corresponds to the
SU(3) singlet. The other terms of Eq. (2.34) exist only for Nc > 3. For each mixed-symmetric
multiplet, this leads to an infinite tower of excited states.



Chapter 3

Ground-state baryons in the 1/Nc
expansion

3.1 Introduction

After ’t Hooft’s suggestion and Witten’s conclusions, the success of the large Nc QCD was
due to the discovery in 1984, by Gervais and Sakita [29] and independently, during the nineti-
eths, by Dashen and Manohar [21], from the study of baryon-meson scattering process in the
Nc → ∞ limit, that ground-state baryons satisfy a contracted SU(2Nf )c spin-flavor algebra
where Nf is the number of flavors. The baryon contracted spin-flavor symmetry means that
when Nc → ∞, ground-state baryons form an infinite tower of degenerate states. At Nc → ∞,
the SU(2Nf ) algebra used in the quark-shell model becomes the SU(2Nf )c algebra. One can
therefore use SU(2Nf ) to classify large Nc baryons. The SU(2Nf )c symmetry is broken at
order 1/Nc. Thus, the degenerate baryon states split at order 1/Nc.

Static properties of baryons like mass, magnetic moment, axial currents can be studied in
an 1/Nc expansion. The first term of this expansion must be SU(2Nf ) symmetric, the other
terms break the symmetry.

In this chapter, we shall first study the emergence of the SU(2Nf )c symmetry. In a second
stage, we shall introduce the most general form of one-body static operators written in an
1/Nc expansion in terms of the generators of SU(2Nf ) which will serve to construct operators
describing observables as linear combinations of independent operators. The application of
the 1/Nc expansion to the study of ground-state baryons will be considered next. An extension
to the excited baryons will be presented in Chapters 5 and 6.

3.2 Large Nc consistency conditions

In the first chapter we have studied the baryon + meson → baryon + meson scattering
amplitude in the large Nc limit of QCD. Witten’s large Nc power counting rules [92] gave
amplitudes of order 1. We have also seen that the meson-baryon vertex is of order

√
Nc

(Figure 1.15). As drawn in Figure 3.1, the dominant diagrams representing the absorption
and then the emission of a meson by a baryon contains two baryon-meson vertices and should
grow as Nc in contradiction with the counting rules and in violation of the unitarity. Large
Nc consistency conditions follow from this result. They imply that the large Nc baryons
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satisfy an SU(2Nf )c symmetry when Nc → ∞.

Let us consider the elastic pion-baryon scattering. The pion-baryon vertex is given by

∂µπ

fπ
〈B|q̄γµγ5T

aq|B〉, (3.1)

where fπ is the pion decay constant of order
√
Nc and 〈B|q̄γµγ5T

aq|B〉 is the axial vector
current matrix element of the nucleon, of order Nc, as there are Nc quark lines inside the
nucleon. As announced, the pion-baryon vertex is order

√
Nc.

In the large Nc limit, as the baryon is infinitely heavy compared with the pion, the baryon-
pion coupling reduces to the static-baryon coupling. The axial vector current matrix element
can be written as

〈B|q̄γiγ5T
aq|B〉 = gNc〈B|Xia|B〉, (3.2)

with g and 〈B|Xia|B〉 of order 1. If we consider only dominant diagrams (Figure 3.1), the
pion-nucleon scattering amplitude is given by [21]

A = −iN
2
c g

2

f2
π

qiq′j

q0

[

Xia,Xjb
]

, (3.3)

if the initial and final baryons are on-shell. Here we sum over all the possible spins and isospins
of the intermediate baryon. This amplitude is of order Nc and then violates unitarity and
Witten’s large Nc counting rules. To obtain a consistent theory, one must introduce other
intermediate baryon states, degenerate to leading order in 1/Nc that cancel the factor Nc

appearing in the scattering amplitude. We then obtain the following constraint

Nc

[

Xia,Xjb
]

≤ O(1). (3.4)

One can expand the operator Xia in terms of 1/Nc

Xia = Xia
0 +

1

Nc
Xia

1 +
1

N2
c

Xia
2 + · · · . (3.5)

The first order consistency condition for large Nc QCD is then given by

[

Xia
0 ,X

jb
0

]

= 0. (3.6)

In the Nc → ∞ limit, the spin operators Si, the flavor operators T a, and the amplitudes
Xia can be identified with the generators of a contracted spin-flavor group SU(2Nf )c, where
Nf is the number of flavors. The algebra of the contracted SU(2Nf )c group is given by

[
Si, T a

]
= 0,

[
Si, Sj

]
= iεijkSk,

[

T a, T b
]

= ifabcT c,
[

Si,Xja
0

]

= iεijkXka
0 ,

[

T a,Xib
0

]

= ifabcXic
0 ,

[

Xia
0 ,X

jb
0

]

= 0. (3.7)
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k

(a)

k

(b)

Figure 3.1: Leading-order diagrams for the scattering B + π → B + π.

One can compare this algebra with the SU(2Nf ) algebra. The generators Si, T a and the
spin-flavor generators Gia satisfy the spin and flavor algebra [23]

[
Si, T a

]
= 0,

[
Si, Sj

]
= iεijkSk,

[

T a, T b
]

= ifabcT c,

[
Si, Gja

]
= iεijkGka,

[

T a, Gib
]

= ifabcGic,
[

Gia, Gjb
]

=
i

4
δijfabcT c +

i

2Nf
δabεijkSk +

i

2
εijkdabcGkc. (3.8)

The contracted algebra is obtained from the previous one by taking the limit

Xia
0 = lim

Nc→∞
Gia

Nc
. (3.9)

Only the commutation relation [Gia, Gjb] is affected by this contraction. In dividing it by N2
c

the left-hand side becomes [Xia
0 ,X

jb
0 ] and the right-hand side cancels out. This leads to the

consistency condition (3.6) in the large Nc limit.

Dashen et al [22] have solved Eq. (3.6) which means they found irreducible representations
of SU(2Nf )c. The basis vectors form infinite towers of degenerate (S, I) baryon states. If we

use the grand spin ~K, Eq. (2.27), the first tower corresponds to the case with K = 0, S = I
(

1

2
,
1

2

)

,

(
3

2
,
3

2

)

,

(
5

2
,
5

2

)

, . . . (3.10)

The case with K = 1
2 leads to a second tower
(

1

2
, 0

)

,

(
1

2
, 1

)

,

(
3

2
, 1

)

,

(
3

2
, 2

)

,

(
5

2
, 2

)

,

(
5

2
, 3

)

, . . . , (3.11)

for K = 1 one has
(

1

2
,
1

2

)

,

(
1

2
,
3

2

)

,

(
3

2
,
1

2

)

,

(
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,
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,
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2
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,

(
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2
,
3

2

)

,

(
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2
,
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,

(
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2
,
7

2
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, . . . , (3.12)

and with K = 3
2 one has

(
1

2
, 1

)

,

(
1

2
, 2

)

,

(
3

2
, 0

)

,

(
3

2
, 1

)

,

(
3

2
, 2

)

,

(
3

2
, 3

)

, . . . . (3.13)



36 Ground-state baryons in the 1/Nc expansion

It is possible to do identifications with physical states when we assume, as in the previous
chapter, that K = ns/2. For example, the K = 0 tower contains strangeness zero baryons,
like the nucleon state (1/2, 1/2) or the ∆ state (3/2, 3/2). The K = 1/2 tower contains
strangeness −1 baryons Λ(1/2, 0), Σ(1/2, 1) and Σ∗(3/2, 1), the K = 1 tower, baryons of
strangeness −2 Ξ(1/2, 1/2) and Ξ∗(3/2, 1/2), the K = 3/2 tower, the state Ω(3/2, 0) of
strangeness −3. The other states present inside the towers are spurious states, i.e. baryons
that exist for Nc > 3 but not for Nc = 3.

As a conclusion, one can notice a perfect connection between the infinite number of inter-
mediate baryon states predicted by the planar Feynman diagrams and the results described
here. The large Nc power counting rules of Witten imply a sum over all possible intermediate
quark states, which is equivalent to summing over all intermediate baryon states. We have
obtained an inconsistent large Nc theory because, in the first analysis of the baryon-pion
scattering process, we took into account only one intermediate state. Large Nc QCD requires
the existence of infinite towers of degenerate states, solution of the consistency condition Eq.
(3.6).

It is possible to study 1/Nc corrections of static baryon matrix elements like the mass
operator by deriving other consistency conditions. We will not give more details here about
this method1. After calculation one can obtain the following expansion for the mass operator
[48],

M = m0Nc l1 +m2
1

Nc
S2 + · · · , (3.14)

where mi are unknown coefficients which contain large Nc QCD dynamics and S2 is the
Casimir operator of SU(2). One can directly notice that the 1/Nc expansion is predictive
only if S is O(1), i.e. for baryon situated at the beginning of the tower Eq. (3.10). For
baryons situated at the end of the tower, with S of order Nc, the first and the second term
of the expansion Eq. (3.14) are of the same order. Thus, the mass splitting between two
baryons with spin S ∼ O(1) is of order 1/Nc and is of order O(1) between two baryons with
spin S ∼ O(Nc). Figure 3.2 gives an illustration of the 1/Nc correction of the ground-state
baryon mass operator Eq. (3.14).

One can write a general form of the 1/Nc expansion for a baryon operator [48]. For
Nf = 2, the 1/Nc expansion of a static baryon operator like the baryon mass operator has
the form

NcP
(

X0,
S

Nc
,
I

Nc

)

, (3.15)

where P is a polynomial.

3.3 Operator expansion

In the previous section, we have shown that large Nc non-strange baryons belong to an infi-
nite tower of degenerate bound states. These states are identical to those obtained with the
quark-shell model in the large Nc limit satisfying an SU(4) spin-flavor symmetry. Indeed, the

1The following section gives another way which will be used in Chapter 5 and 6 to expand baryon operators
in powers of 1/Nc.
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1

1/Nc

Nc

6

?

?

6

6

?

Figure 3.2: Mass splittings up to the 1/Nc order for the tower of large Nc ground-state
baryons with K = 0, S = I = 1

2 ,
3
2 , . . . ,

Nc
2 . The S2/Nc operator leads to a mass splitting

of O(1/Nc) between baryons with spins S ∼ O(1) and to a mass splitting of O(1) between
baryons with spins S ∼ O(Nc). The mass splitting between the baryon states with S = 1

2

and S = Nc
2 is O(Nc) [48].

tower (2.26) is identical to the tower (3.10) in the Nc → ∞ limit.

Let us consider a QCD one-body operator such as q̄γµγ5T
aq. This operator is called

one-body operator because it acts on one quark line. For example, in Figure 3.3, its action is
depicted by a cross on the first quark line at the top of the figure. Its matrix element is ob-
tained by inserting the operator on any of the Nc quark lines of the baryon. As each Feynman
diagram depicting the insertion is of order 1 and as there are Nc possible insertions, the QCD
one-body has a matrix element which is at most of order Nc. There may be cancellations
among theNc possible insertions, that is why the matrix element is not necessarily of orderNc.

A QCD one-body operator transforming according to a given SU(2) × SU(Nf ) repre-
sentation can be written as a series expansion of n-body operators, which involve n quark
lines. Due to the Wigner-Eckart theorem these operators can be decomposed into a product
of unknown dynamical coefficients and effective operators which are expressed by means of
appropriate products of symmetry generators as [23]

O1−body
QCD =

∑

n

c(n) 1

Nn−1
c

O(n), (3.16)

where one sums over all possible n-body effective operators O(n), 0 ≤ n ≤ Nc, with the
same spin and flavor quantum number as O1−body

QCD and where c(n) are unknown dynamical

coefficients. These effective operators are accompanied by a factor of 1/Nn−1
c . It comes from

the fact that, as illustrated in Figure 3.3, one needs at least n − 1 gluon exchanges at the
quark level to generate n-body effective operators in the 1/Nc expansion out of a one-body
QCD operator.

Two different 1/Nc expansions of a QCD operator are possible. The first one is based on
the group SU(2Nf )c and uses the spin-flavor generators Xia

0 in operator products. This case
was illustrated in Eq. (3.15). The second one is based on the group SU(2Nf ) and where one
uses the spin-flavor generators Gia with the large Nc quark-shell model operator basis. In the
following, we shall use the operator basis of the large Nc quark-shell model which are easier
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×

...

Figure 3.3: An illustration of a two-body effective operator generated out of a one-body QCD
operator, depicted by a cross. One can see directly that at least one gluon must be exchanged
between the first quark line where the QCD one-body operator acts and a second quark line
to generate an effective two-body operator.

to work with.

With this approach, on can interpret the effective n-body operators O(n) as n-body quark
operators acting on the spin and flavor indices of n static quarks,

O(n) =
∑

l,m

(
Si
)l

(T a)m
(
Gia
)n−l−m

, (3.17)

and the expansion of a QCD one-body operator (3.16) becomes

O1−body
QCD =

∑

l,m,n

c(n) 1

Nn−1
c

(
Si
)l

(T a)m
(
Gia
)n−l−m

. (3.18)

For ground state baryons, the orbital part of the wave function does not play any role. It will
be different for excited baryons where we have to include SO(3) generators ℓj in the product
of symmetry generators Eq. (3.17) (see Section 5.3.3) and take into account the symmetry
of the orbital part and the coupling of the angular momentum to the spin.

One can analyze the Nc dependence of the 1/Nc expansion of the QCD one-body operator.
It depends on Nc in two different ways:

• An explicit 1/Nn−1
c term which gives an operator of order Nc as we can see when n = 0.

• An implicit dependence on Nc which comes from the operators O(n) themselves. Indeed,
matrix elements of the generators of the group SU(2Nf ) have a nontrivial dependence
on Nc that varies for different states of the baryon spin-flavor multiplet. For example,
if we consider the baryon tower Eq. (2.26), states of the bottom of the tower have spin
and isospin of order 1 but states at the top of the tower have spin and isospin of order
Nc. It is possible to prove that the matrix elements of the SU(6) generators T 8 and
Gia with a = 1, 2, 3, when applied on a symmetric SU(6) wave function, are of order Nc

between states with spin and strangeness of order N0
c (see Chapter 4). They are called

coherent generators. This implies that operator O(n) are of order ≤ O(Nn
c ).

The 1/Nc expansion of an operator can be not predictive if the explicit factor of 1/Nn−1
c is

completely cancelled by the implicit factors resulting from the matrix elements of operators
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O(n).

It is possible to generalise the 1/Nc expansion to a QCD m-body operator. As this
operator acts on m quarks inside the baryon, its matrix element is at most of order Nm

c . In
that case, one can expand an m-body QCD operator in terms of n-body effective operators
with coefficients of order Nm−n

c

3.4 Quark operator classification

Let us introduce the creation and annihilation operators q†α and qα where α = 1, . . . , Nf

represents the Nf quark flavors with spin up, and α = Nf + 1, . . . , 2Nf , the Nf quark flavors
with spin down. As the color part of the baryon wave function is antisymmetric, one can
omit the color quantum numbers of the quark operators. Thus, these operators satisfy the
bosonic commutation relation [

qα, q†β

]

= δαβ , (3.19)

as the spin-flavor part of the wave function Eq. (2.1) is symmetric for ground-state baryons.
One can write n-body quark operators in terms of these quark creation and annihilation
operators and then classify the quark operators.

We have first the zero-body operator 1, independent of q or q†. It does not act on the
quarks in the baryon.

There are four one-body operators: the quark number operator

q†q =

Nc∑

j=1

q†jqj = Nc1, (3.20)

and the SU(2Nf ) generators

Si =

Nc∑

j=1

q†j
(
Si × 1) qj (3, 1),

T a =

Nc∑

j=1

q†j (1× T a) qj (1, adj), (3.21)

Gia =

Nc∑

j=1

q†j
(
Si × T a

)
qj (3, adj).

The brackets in the right-hand side denotes the (SU(2), SU(Nf )) dimensions of the associ-
ated irreducible representations in SU(2) and SU(Nf ) respectively. The generators of a group
correspond to the adjoint representation. For SU(2) its dimension is 3, as indicated, and adj
denotes the dimension of the adjoint representation of SU(Nf ). The number 1 corresponds
to the trivial representation in SU(2) or SU(Nf ). In Eqs. (3.20) and (3.21), j denotes the
quark line number. Eq. (3.20) shows that the quark number operator can be rewritten in
terms of the zero-body identity operator. In conclusion, there are only three independent
one-body operators, Si, T a and Gia.
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Two-body operators act on two quarks and involve two creation and annihilation operators
q and q†. They can be written as operator products of baryon spin-flavor generators, for
example,

SiT a =
∑

j,j′

(

q†jS
iqj

)(

q†j′T
aqj′
)

, (3.22)

where each one-body operator applies on one quark line independently. This operator is not
a pure two-body operator as, in the case where j = j′, the two one-body operators apply in
the same quark line and reduces to an one-body operator.

It is possible to write two-body operators in a normal ordered form,

q†q†SiT aqq =
∑

j 6=j′

(

q†jS
iqj

)(

q†j′T
aqj′
)

. (3.23)

As this operator has vanishing matrix elements on single-quark states, it is a pure two-body
operator. One can generalize it to an n-body quark operator

q† . . . q†T q . . . q, (3.24)

where T is a traceless and completely symmetrized tensor. One can permute the creation
or annihilation operators since they are bosonic operators. The tensor T must be traceless
to obtain a pure n-body operator and symmetric as the spin-flavor part of the ground-state
baryon wave function is symmetric. Tensor operators antisymmetric or mixed-symmetric
vanish.

It is easier to derive matrix elements of operator products of the baryon spin-flavor gen-
erators than of normal-order operators. However, only pure n-body operators appear in the
1/Nc expansion of QCD operator Eq. (3.16). When operator products are rewritten in a
normal-order form, the tensors T obtained are not traceless or completely symmetrized, so
some linear combinations of the operator products are equivalent to lower-body operators
or vanish identically on the completely symmetric ground-state baryon representation [48].
Dashen et al. [23] calculated operators identities which eliminate redundant operators ap-
pearing in the operator product combinations like the quark number operator Eq. (3.20).
With these identities, it is not necessary to derive matrix elements of normal-order operators.

3.5 Operator identities

As we have seen in the previous section, some n-body operators can be reduced to linear
combinations of m-body operators, with m < n when we make an 1/Nc expansion of a QCD
operator based on the group SU(2Nf ), Eq. (3.16). With this reduction, all redundant op-
erators are eliminated and we obtain pure n-body operators O(n). Here, we summarize the
method used to compute linear combinations of operators. Details can be found in Ref. [23].

Eq. (3.20) illustrates the first identity which reduces a one-body operator to a zero-body
operator.

Let us have a look at two-body identities. One can write a two-body operator as a product
of two one-body operators. We have seen that the only independent one-body operators are
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the SU(2Nf ) generators Eq. (3.21). They belong to the adjoint representation of SU(2Nf ).
The product of two operators can be written as a symmetric product (anticommutator) or
an antisymmetric product (commutator). The commutator can be eliminated by using the
SU(2Nf ) algebra, Eqs. (3.8). The anticommutator transforms as the symmetric product of
two SU(2Nf ) adjoint representations [23],

(adj × adj)S = 1 + adj + āa+ s̄s, (3.25)

where āa = T
[α1α2]
[β1β2]

is a traceless tensor which is antisymmetric in its upper and lower indices

and s̄s = T
(α1α2)
(β1β2)

transforms as a traceless tensor which is completely symmetric in its upper
and lower indices.

From the analysis of Eq. (3.25), two-body identities are divided into three different sets:

• The first identity reduces the two-body operators to an SU(2Nf ) singlet. The SU(2Nf )
singlet in the symmetric product Eq. (3.25) is the Casimir operator.

• The second set of identities corresponds to a linear combination of two-body operators
which transforms as an SU(2Nf ) adjoint.

• The result of a symmetric product of two generators of SU(2Nf ) can be an antisym-

metric tensor operator, āa = T
[α1α2]
[β1β2]

. We have seen that this tensor operator must
vanish when acting on the ground-state baryons. This gives the third set of vanishing
identities.

There are not new identities for n-body operators with n > 2 because it is always possible
to obtain n-body operators by recursively applying the two-body identities on all pairs of
one-body identities appearing in a completely symmetric product of n operators [23].

Table 3.1 gives the three sets of two-body identities for the SU(2Nf ) group. The spin-
flavor representation (SU(2), SU(Nf )) of each operator identity is given explicitly in the
right-hand side column. This table is divided into three blocks corresponding to the three
sets of two-body operators identities respectively. In the first block, one can recognize the
SU(2Nf ) Casimir identity. In the second block, we have three identities transforming as
linear combinations of two-body operators into SU(2Nf ) adjoints, the adjoints being decom-
posed under SU(2) × SU(Nf ) into the three representations (3, 1), (1, adj) and (3, adj) (see
Eq. (3.21)). The third block of identities is obtained by combining the two adjoint one-body
operators into the āa representation, and setting it equal to zero. More details are given in
Ref. [23].

3.6 The mass operator

As an illustration of the large Nc operator expansion, we analyze the baryon mass operator
expansion for Nf = 3 [23, 46]. Let us divide this section into two part. In the first part, we
suppose that the SU(3) symmetry is exact, i.e. the up, down and strange quarks have the
same mass. In the second part, we will consider SU(3) breaking.
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2
{
Si, Si

}
+Nf {T a, T a} + 4Nf

{
Gia, Gia

}
= Nc (Nc + 2Nf ) (2Nf − 1) (1, 1)

dabc
{
Gia, Gib

}
+ 2

Nf

{
Si, Gic

}
+ 1

4 d
abc

{
T a, T b

}
= (Nc +Nf )

(

1 − 1
Nf

)

T c (1, adj)

{
T a, Gia

}
= (Nc +Nf )

(

1 − 1
Nf

)

Si (3, 1)

1
Nf

{
Sk, T c

}
+ dabc

{
T a, Gkb

}
− ǫijkfabc

{
Gia, Gjb

}
= 2 (Nc +Nf )

(

1 − 1
Nf

)

Gkc (3, adj)

4Nf (2 −Nf )
{
Gia, Gia

}
+ 3N2

f {T a, T a} + 4
(

1 −N2
f

) {
Si, Si

}
= 0 (1, 1)

(4 −Nf ) d
abc

{
Gia, Gib

}
+ 3

4Nf d
abc

{
T a, T b

}
− 2

(

Nf − 4
Nf

) {
Si, Gia

}
= 0 (1, adj)

4
{
Gia, Gib

}
= −3

{
T a, T b

}
(āa) (1, āa)

4
{
Gia, Gib

}
=
{
T a, T b

}
(s̄s) (1, s̄s)

ǫijk
{
Si, Gjc

}
= fabc

{
T a, Gkb

}
(3, adj)

dabc
{
T a, Gkb

}
=
(

1 − 2
Nf

) ({
Sk, T c

}
− ǫijkfabc

{
Gia, Gjb

})
(3, adj)

ǫijk
{
Gia, Gjb

}
= facgdbch

{
T g, Gkh

}
(ās+ s̄a) (3, ās+ s̄a)

{
T a, Gib

}
= 0 (āa) (3, āa)

{
Gia, Gja

}
= 1

2

(

1 − 1
Nf

) {
Si, Sj

}
(S = 2) (5, 1)

dabc
{
Gia, Gjb

}
=
(

1 − 2
Nf

) {
Si, Gjc

}
(S = 2) (5, adj)

{
Gia, Gjb

}
= 0 (S = 2, āa) (5, āa)

Table 3.1: SU(2Nf ) Identities: The second column gives the transformation properties of the
identities under SU(2)× SU(Nf ) [23].
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3.6.1 Baryon masses with exact SU(3) symmetry

We apply the 1/Nc expansion presented in Eq. (3.18). As we assume that the SU(3) symme-
try is exact, the mass operator transforms as a spin-flavor singlet (1, 1). As a consequence,
all the operators O(n) Eq. (3.17) must be SU(2) × SU(3) scalars.

There is one zero-body operator transforming as (1, 1) under SU(2) × SU(3), the identity
operator 1,

O(0) = 1. (3.26)

There are no one-body operators transforming as a spin-flavor singlet. Regarding two-body
operators, if we look at Table 3.1, taking Nf = 3, one can notice that there are two (1, 1)
operators identities. This means that we keep only the operator S2 in the expansion,

O(2) = S2, (3.27)

because T 2 and G2 can be expressed in terms of S2. By applying the two-body identities,
one can find that there are no three-body operators in the expansion. In general, there is a
single n-body operator for each even n [46],

O(n) = Sn, (3.28)

which transforms as (1, 1).

The 1/Nc expansion of the mass operator in the flavor symmetry limit becomes

M (1,1) = c0Nc1+ c2
1

Nc
S2 + c4

1

N3
c

S4 + · · · + cNc−1
1

NNc−2
c

SNc−1, (3.29)

the expansion being limited to the Nc−2 order. Indeed, as we have Nc quark lines inside the
baryon, the expansion goes until the order 1/NNc−1

c . However, as Nc is odd, the Nc-body
operator is suppressed by operator identities. The expansion Eq. (3.29) corresponds to Eq.
(3.14) obtained by the resolution of large Nc consistency conditions.

3.6.2 Baryon masses with SU(3) breaking operators

The SU(3) symmetry is not exact because the mass of the different light flavor quarks are
different

mu 6= md 6= ms. (3.30)

This means that the baryon mass operator can not transform as a spin-flavor singlet when
the SU(3) symmetry is broken. The dominant perturbation transforms as (1, 8) [46],

M (1,8) =
Nc∑

n=1

dn
1

Nn−1
c

Oa
n, (3.31)

where dn are unknown coefficients and Oa
n are products of SU(6) generators with one free

flavor index. There are two different (1, 8) operators which are relevant for the analysis of the
baryon mass splitting [46]: O8 which is isospin symmetric2 and O3 which breaks the isospin

2The isospin symmetry assumes that mu = md.
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symmetry. Indeed, if we look at matrix elements of T 8 and T 3, one has (see Chapter 4):

T 8 =
1

2
√

3
(Nc − 3Ns) , (3.32)

T 3 =
1

2
(Nu −Nd) , (3.33)

with Nc = Nu + Nd + Ns, Nu, Nd, Ns correspond to the number of u, d and s inside the
baryon. By applying operator identities, one has

M (1,8) = εd1T
8 + εd2

SiGi8

Nc
+ εd3

S2T 8

N2
c

+ εd4
S2SiGi8

N3
c

+ εd5
S4T 8

N4
c

+ · · · , (3.34)

where the isospin symmetry is conserved. The quantity ε ∼ 0.3 measures the SU(3) breaking
[46]. One can consider second order SU(3) breaking terms which transform as (1, 27) and
which are proportional to ε2. We will not discuss these terms here.

The 1/Nc expansion of the ground-state baryon mass operator becomes

M = M (1,1) +M (1,8)

= c0Nc1+ c2
1

Nc
S2 + εd1T

8 + εd2
SiGi8

Nc
+ εd3

S2T 8

N2
c

+ O
(

1

N3
c

)

, (3.35)

with SU(3) breaking to first order.



Chapter 4

Matrix elements of SU(6)
generators for a symmetric wave
function

4.1 Introduction

The study of the ground or excited state baryons requires the knowledge of matrix elements of
SU(2Nf ) generators, as necessary ingredients in obtaining the mass formula. For the ground-
state baryons the spin-flavor part of the wave function is symmetric. In a simplified version
(see Chapter 5) the description of excited states also reduces to a symmetric state coupled to
a single excited quark. If we consider the non-strange and strange baryons, we need to know
the matrix elements of the SU(6) generators for a symmetric spin-flavor wave function and
arbitrary Nc. The purpose of this chapter is to derive these matrix elements. So far, only the
SU(4) case was solved analytically [40]. Here we present the approach we have developed in
Ref. [61]. The results, summarized in Table 4.1, will be used in the following chapter. The
SU(4) case was easily rederived within the same method. The results are given in Table 4.2.

There are several ways to calculate the matrix elements of the SU(6) generators. One
is the standard group theory method. It is the way Hecht and Pang [40] derived matrix
elements of the SU(4) generators and it can straightforwardly be generalized to SU(6). The
difficulty in using this method is that it involves the knowledge of isoscalar factors of SU(6).
So far, the literature provides a few examples of isoscalar factors: 56 × 35 → 56 [13, 84],
35 × 35 → 35 [84] or 35 × 70 = 20 + 56 + 2 × 70 + 540 + 560 + 1134 [14] which can be
applied to baryons composed of three quarks or to pentaquarks.

Here we propose an alternative method, based on the decomposition of an SU(6) state
into a product of SU(3) and SU(2) states. It involves the knowledge of isoscalar factors of
the permutation group Sn for a baryon with an arbitrary number Nc of quarks. As we shall
see, these isoscalar factors can easily be derived in various ways.

We recall that the group SU(6) has 35 generators Si, Ta, Gia with i = 1, 2, 3 and a =
1, 2, . . . , 8, where Si are the generators of the spin subgroup SU(2) and Ta the generators of
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the flavor subgroup SU(3). The group algebra is

[Si, Sj ] = iεijkSk, [Ta, Tb] = ifabcTc, [Si, Ta] = 0,

[Si, Gia] = iεijkGka, [Ta, Gib] = ifabcGic,

[Gia, Gjb] =
i

4
δijfabcTc +

i

2
εijk

(
1

3
δabSk + dabcGkc

)

, (4.1)

by which the normalization of the generators is fixed. It is a particular case of Eq. (3.8) for
Nf = 3.

4.2 SU(6) generators as tensor operators

The SU(6) generators are the components of an irreducible tensor operator which transform
according to the adjoint representation [214], equivalent to 35, in dimensional notation. The
matrix elements of any irreducible tensor can be expressed in terms of a generalized Wigner-
Eckart theorem which is a factorization theorem, involving the product between a reduced
matrix element and a Clebsch-Gordan (CG) coefficient. The case SU(4) ⊃ SU(2) × SU(2)
has been worked out by Hecht and Pang [40] and applied to nuclear physics.

Let us consider that the tensor operator [214] acts on an SU(6) state of symmetry [f ].
The symmetry of the final state, denoted by [f ′], labels one of the irreps appearing in the
Clebsch-Gordan series

[f ] × [214] =
∑

[f ′]

m[f ′][f
′], (4.2)

where m[f ′] denotes the multiplicity of the irrep [f ′]. The multiplicity problem arises if
[f ′] = [f ]. An extra label ρ is then necessary. It is not the case here in connection with SU(6).
Indeed, if Nc = 3, for the symmetric state 56, one has 56×35 → 56 with multiplicity 1. For
arbitrary Nc and [f ] = [Nc] the reduction (4.2) in terms of Young diagrams reads

Nc
︷ ︸︸ ︷

· · · × =

Nc
︷ ︸︸ ︷

· · · +

Nc−1
︷ ︸︸ ︷

· · ·

+

Nc+1
︷ ︸︸ ︷

· · ·
+

Nc+2
︷ ︸︸ ︷

· · ·
, (4.3)

which gives m[f ′] = 1 for all terms, including the case [f ′] = [f ]. But the multiplicity problem
arises at the level of the subgroup SU(3). Introducing the SU(3) × SU(2) content of the 56
and 35 irreps into their direct product one finds that the product 8 × 8 appears twice. For
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arbitrary Nc, this product is given by

Nc+1
2

︷ ︸︸ ︷

· · · × =

Nc−1
2

︷ ︸︸ ︷

· · · +

Nc+5
2

︷ ︸︸ ︷

· · ·

+

Nc−3
2

︷ ︸︸ ︷

· · · +

Nc+3
2

︷ ︸︸ ︷

· · ·

+








Nc+1
2

︷ ︸︸ ︷

· · ·








1

+








Nc+1
2

︷ ︸︸ ︷

· · ·








2

+

Nc+3
2

︷ ︸︸ ︷

· · · . (4.4)

In the following, ρ is used to distinguish between various 8 × 8 products. Then this label is
carried over by the isoscalar factors of SU(6) (see below).

In particle physics one uses the label s for the symmetric and a for the antisymmetric
product (see e.g. [13]). Here we shall use the notation ρ of Hecht [39]. For Nc = 3 the
relation to other labels is: ρ = 1 corresponds to (8 × 8)a or to (8 × 8)2 of De Swart [24];
ρ = 2 corresponds to (8 × 8)s or to (8 × 8)1 of De Swart. Throughout the paper, we shall
use the SU(3) notations and phase conventions of Hecht [39]. Accordingly, an irreducible
representation of SU(3) carries the label (λµ), introduced by Elliott [27], who applied SU(3)
for the first time in physics, to describe rotational bands of deformed nuclei [85]. In particle
physics the corresponding notation is (p, q). By analogy to SU(4) [40] one can write the
matrix elements of the SU(6) generators Eia as

〈[Nc](λ
′µ′)Y ′I ′I ′3S

′S′

3|Eia|[Nc](λµ)Y II3SS3〉 =
√

C [Nc](SU(6))

(
S Si S′

S3 Si
3 S′

3

)

×
(

I Ia I ′

I3 Ia
3 I ′3

)
∑

ρ=1,2

(
(λµ) (λaµa) (λ′µ′)
Y I Y aIa Y ′I ′

)

ρ

(
[Nc] [214] [Nc]

(λµ)S (λaµa)Si (λ′µ′)S′

)

ρ

, (4.5)

where C [Nc](SU(6)) = 5[Nc(Nc + 6)]/12 is the Casimir operator of SU(6), followed by CG
coefficients of SU(2)-spin and SU(2)-isospin. The sum over ρ is over terms containing products
of isoscalar factors of SU(3) and SU(6) respectively. We introduce Ta as an SU(3) irreducible

tensor operator of components T
(11)
Y aIa. It is a scalar in SU(2) so that the index i is no more

necessary. The generators Si form a rank 1 tensor in SU(2) which is a scalar in SU(3), so
the index i suffices. Although we use the same symbol for the operator Si and its quantum
numbers we hope that no confusion is created. The relation with the algebra (4.1) is

Ei =
Si√
3
; Ea =

Ta√
2
; Eia =

√
2Gia. (4.6)

Thus, for the generators Si and Ta, which are elements of the su(2) and su(3) subalgebras of
(4.1), the above expression simplifies considerably. In particular, as Si acts only on the spin
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part of the wave function, we apply the usual Wigner-Eckart theorem for SU(2) to get

〈[Nc](λ
′µ′)Y ′I ′I ′3;S

′S′
3|Si|[Nc](λµ)Y II3;SS3〉 = δSS′δλλ′δµµ′δY Y ′δII′δI3I′3

×
√

C(SU(2))

(
S 1 S′

S3 i S′
3

)

, (4.7)

with C(SU(2)) = S(S + 1). Similarly, we use the Wigner-Eckart theorem for Ta which is a
generator of the subgroup SU(3)

〈[Nc](λ
′µ′)Y ′I ′I ′3;S

′S′
3|Ta|[Nc](λµ)Y II3;SS3〉 = δSS′δS3S′

3
δλλ′δµµ′

×
∑

ρ=1,2

〈(λ′µ′)||T (11)||(λµ)〉ρ
(

(λµ) (11) (λ′µ′)
Y II3 Y aIaIa3 Y ′I ′I ′3

)

ρ

, (4.8)

where the reduced matrix element is defined as [40]

〈(λµ)||T (11)||(λµ)〉ρ =

{ √

C(SU(3)) for ρ = 1
0 for ρ = 2

, (4.9)

in terms of the eigenvalue of the Casimir operator C(SU(3)) = 1
3gλµ where

gλµ = λ2 + µ2 + λµ+ 3λ+ 3µ. (4.10)

The SU(3) CG coefficient factorizes into an SU(2)-isospin CG coefficient and an SU(3)
isoscalar factor [24]

(
(λµ) (11) (λ′µ′)
Y II3 Y aIaIa3 Y ′I ′I ′3

)

ρ

=

(
I Ia I ′

I3 Ia3 I ′3

)(
(λµ) (11) (λ′µ′)
Y I Y aIa Y ′I ′

)

ρ

. (4.11)

The ρ dependence is consistent with Eq. (4.5) and reflects the multiplicity problem appearing
in Eq. (4.19) below. We shall return to this point in below.

4.3 SU(6) symmetric wave functions

Here we consider a wave function which is symmetric in the spin-flavor space. To write its
decomposition into its SU(2)-spin and SU(3)-flavor parts, one can use the Kronecker or inner
product of the permutation group Sn. The advantage is that one can treat the permutation
symmetry separately in each degree of freedom [85]. A basis vector |[f ]Y 〉 of an irreducible
representation of Sn is completely defined by the partition [f ], and by a Young tableau Y
or its equivalent, an Yamanouchi symbol. In the following we do not need to specify the
full Young tableau, we only need to know the position p of the last particle in each tableau.
In this short-hand notation a symmetric state of Nc quarks is |[Nc]1]〉, because p = 1. A
symmetric spin-flavor wave function can be obtained from the product [f ′]× [f ′′] of spin and
flavor states of symmetries [f ′] and [f ′′] respectively, provided [f ′] = [f ′′].

Let us consider a system of Nc quarks having a total spin S. The group SU(2) allows
only partitions with maximum two rows, in this case with Nc/2 + S boxes in the first row
and Nc/2 − S in the second row. So, one has

[f ′] = [
Nc

2
+ S,

Nc

2
− S]. (4.12)
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By using the CG coefficients of Sn and their factorization property, described in the Appendix
B, one can write a symmetric state of Nc particles with spin S as the linear combination

|[Nc]1〉 = c
[Nc]
11 (S)|[f ′]1〉|[f ′]1〉 + c

[Nc]
22 (S)|[f ′]2〉|[f ′]2〉, (4.13)

where the coefficients c
[Nc]
pp (p = 1, 2) in the right-hand side are isoscalar factors of the permu-

tation group. Their meaning is the following. The square of the first (second) coefficient is
the fraction of Young tableaux of symmetry [f ′] having the last particle of both states |[f ′]p〉
in the first (second) row. That is why they carry the double index 11 and 22 respectively,
one index for each state. Examples of such isoscalar factors can be found in Ref. [87]. In the
following, the first index refers to the spin part of the wave function and the second index to
the flavor part. The total number of Young tableaux gives the dimension of the irrep [f ′], so
that the sum of squares of the two isoscalar factors is equal to one.

In the context of SU(6) ⊃ SU(2) × SU(3) there are two alternative forms of each c
[Nc]
pp .

They are also derived in Appendix B. The first form is

c
[Nc]
11 (S) =

√

S[Nc + 2(S + 1)]

Nc(2S + 1)
,

c
[Nc]
22 (S) =

√

(S + 1)(Nc − 2S)

Nc(2S + 1)
. (4.14)

These expressions were obtained by acting with Si on the spin part of the total wave func-
tion and by calculating the matrix elements of Si in two different ways, one involving the
Wigner-Eckart theorem and the other the linear combination (4.13). The coefficients (4.14)
are precisely the so called “elements of orthogonal basis rotation” of Refs. [9] with the iden-

tification c
[Nc]
11 = cSYM

0− and c
[Nc]
22 = cSYM

0+ . The other form of the same coefficients, obtained
by acting with Ta on the flavor part of the total wave function is

c
[Nc]
11 (λµ) =

√

2gλµ −Nc(µ− λ+ 3)

3Nc(λ+ 1)
,

c
[Nc]
22 (λµ) =

√

Nc(6 + 2λ+ µ) − 2gλµ
3Nc(λ+ 1)

, (4.15)

with gλµ given by Eq. (4.10). One can use either form, (4.14) or (4.15), depending on the
SU(2) or the SU(3) context of the quantity to calculate. The best is to use the version which
leads to simplifications. One can easily see that the expressions (4.14) and (4.15) are equiv-
alent to each other. By making the replacement λ = 2S and µ = Nc/2 − S in (4.15) one
obtains (4.14).

The coefficients cMS
0+ and cMS

0− of Refs. [9], are also isoscalar factors of the permutation
group. They are needed to construct a mixed-symmetric state from the inner product of Sn
which generated the symmetric state as well. As shown in Appendix B, they can be obtained

from orthogonality relations. The identification is c
[Nc−1,1]
11 = cMS

0− and c
[Nc−1,1]
22 = cMS

0+ . There

are also the coefficients c
[Nc−1,1]
12 = cMS

++ and c
[Nc−1,1]
21 = cMS

−−.
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4.4 Matrix elements of the SU(6) generators

Besides the standard group theory method of Sec. 4.2, another method to calculate the ma-
trix elements of the SU(6) generators is based on the decoupling of the last particle from the
rest, in each part of the wave function. This is easily done inasmuch as the row p of the last
particle in a Young tableau is specified.

Let us first consider the spin part. The decoupling is

|S11/2;SS3; p〉 =
∑

m1,m2

(
S1 1/2 S
m1 m2 S3

)

|S1m1〉|1/2m2〉, (4.16)

in terms of an SU(2)-spin CG coefficient with S1 = S − 1/2 for p = 1 and S1 = S + 1/2 for
p = 2.

As for the flavor part, a wave function of symmetry (λµ) with the last particle in the row
p decouples to

|(λ1µ1)(10); (λµ)Y II3; p〉 =
∑

Y1,I1,I13 ,Y2,I2,I23

(
(λ1µ1) (10) (λµ)
Y1I1I13 Y2I2I23 Y II3

)

|(λ1µ1)Y1I1I13〉|(10)Y2I2I23〉, (4.17)

where (λ1µ1) = (λ− 1, µ) for p = 1 and (λ1µ1) = (λ+ 1, µ− 1) for p = 2.

Now we use the fact that Si, Ta and Gia are one-body operators, i.e. their general form
is

O =

Nc∑

i=1

O(i).

The expectation value of O between symmetric states is equal to Nc times the expectation
value of any O(i). Taking i = Nc one has

〈O〉 = Nc〈O(Nc)〉. (4.18)

This means that one can reduce the calculation of 〈O〉 to the calculation of 〈O(Nc)〉.

To proceed, we recall that the flavor part of Gia is a T (11) tensor in SU(3). To find out
its matrix elements we have to consider the direct product

(λµ) × (11) = (λ+ 1, µ+ 1) + (λ+ 2, µ− 1) + (λµ)1 + (λµ)2

+ (λ− 1, µ+ 2) + (λ− 2, µ+ 1) + (λ+ 1, µ− 2) + (λ− 1, µ− 1). (4.19)

From the right-hand side, the only terms which give non-vanishing matrix elements of Gia
are (λ′µ′) = (λµ), (λ+ 2, µ− 1) and (λ− 2, µ+ 1), i.e. those with the same number of boxes,
equal to λ + 2µ, as on the left-hand side. In addition, as Gia is a rank 1 tensor in SU(2)
it has non-vanishing matrix elements only for S′ = S, S ± 1, i.e. again only three distinct
possibilities. The proper combinations of flavor and spin parts to get |[Nc]1〉 will be seen in
the following subsections.
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4.4.1 Diagonal matrix elements of Gia

The diagonal matrix element have (λ′µ′) = (λµ) and S′ = S. The first step is to use the
relation (4.18) and the factorization (4.13) of the spin-flavor wave function into its spin and
flavor parts. This gives

〈[Nc](λµ)Y ′I ′I ′3SS
′
3|Gia|[Nc](λµ)Y II3SS3〉 = Nc

×
∑

p=1,2

(

c[Nc]
pp (S)

)2
〈S11/2;SS

′
3; p|si(Nc)|S11/2;SS3; p〉

×〈(λ1µ1)(10); (λµ)Y ′I ′I ′3; p|ta(Nc)|(λ1µ1)(10); (λµ)Y II3; p〉, (4.20)

where si and ta are the SU(2) and SU(3) generators of the Nc-th particle respectively. The
matrix elements of si(Nc) between the states (4.16) are

〈S11/2;SS
′
3; p|si(Nc)|S11/2;SS3; p〉 =

√

3

4

∑

m1m2m′
2

(
S1 1/2 S
m1 m2 S3

)(
S1 1/2 S
m1 m′

2 S′
3

)(
1/2 1 1/2
m2 i m′

2

)

= (−)S+S1−1/2

√

3

2
(2S + 1)

(
S 1 S
S3 i S′

3

){
1 S S
S1 1/2 1/2

}

. (4.21)

The matrix elements of the single particle operator ta between the states (4.17) are

〈(λ1µ1)(10); (λµ)Y ′I ′I ′3; p|ta(Nc)|(λ1µ1)(10); (λµ)Y II3; p〉 =
√

4

3

∑

Y1I1I13Y2I2I23Y
′
2I

′
2I

′
23

(
(λ1µ1) (10) (λµ)
Y1I1I13 Y2I2I23 Y II3

)(
(λ1µ1) (10) (λµ)
Y1I1I13 Y ′

2I
′
2I

′
23

Y ′I ′I ′3

)

×
(

(10) (11) (10)
Y2I2I23 Y aIaIa3 Y ′

2I
′
2I

′
23

)

=

√

4

3

(
I Ia I ′

I3 Ia3 I ′3

)
∑

ρ=1,2

(
(λµ) (11) (λµ)
Y I Y aIa Y ′I ′

)

ρ

× U((λ1µ1)(10)(λµ)(11); (λµ)(10))ρ , (4.22)

where U are SU(3) Racah coefficients. To obtain the last equality in (4.22) we used the
identity

∑

ρ=1,2

〈(λµ)Y I; (11)Y aIa||(λµ)Y ′I ′〉ρU((λ1µ1)(10)(λµ)(11); (λµ)(10))ρ =

∑

Y1I1Y2I2Y ′
2I

′
2

〈(λ1µ1)Y1I1; (10)Y2I2||(λµ)Y I〉〈(10)Y2I2; (11)Y
aIa||(10)Y ′

2I
′
2〉

×〈(λ1µ1)Y1I1; (10)Y
′
2I

′
2||(λµ)Y ′I ′〉U(I1I2I

′Ia; II ′2), (4.23)

similar to the relation (12) of Ref. [39]. Note that the sum over ρ is consistent with Eq. (4.5)
and expresses the fact that the direct product (λµ) × (11) → (λµ) has multiplicity 2 in the
reduction from SU(6) to SU(3), as discussed in Sec. 4.2.
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Introducing (4.21) and (4.22) into (4.20) one obtains

〈[Nc](λµ)Y ′I ′I ′3;SS
′
3|Gia|[Nc](λµ)Y II3;SS3〉 = (−)2SNc

√

2(2S + 1)

×
(

S 1 S
S3 i S′

3

)(
I Ia I ′

I3 Ia3 I ′3

)
∑

ρ=1,2

(
(λµ) (11) (λµ)
Y I Y aIa Y ′I ′

)

ρ

×
[(

c
[Nc]
22 (S)

)2
{
S + 1/2 1/2 S

1 S 1/2

}

U((λ+ 1, µ− 1)(10)(λµ)(11); (λµ)(10))ρ

−
(

c
[Nc]
11 (S)

)2
{
S − 1/2 1/2 S

1 S 1/2

}

U((λ− 1, µ)(10)(λµ)(11); (λµ)(10))ρ

]

, (4.24)

where c
[Nc]
pp are given by Eqs. (4.14) or by the equivalent form (4.15). Using the definition of

U given in Appendix C, Tables C.1–C.5 we have obtained the following expressions

U((λ+ 1, µ− 1)(10)(λµ)(11); (λµ)(10))ρ=1 =
µ− λ+ 3

4
√
gλµ

, (4.25)

U((λ− 1, µ)(10)(λµ)(11); (λµ)(10))ρ=1 =
µ+ 2λ+ 6

4
√
gλµ

, (4.26)

U((λ+ 1, µ− 1)(10)(λµ)(11); (λµ)(10))ρ=2 =
1

4

√

3λ(µ+ 2)(λ+ µ+ 1)(λ+ µ+ 3)

µ(λ+ 2)gλµ
, (4.27)

U((λ− 1, µ)(10)(λµ)(11); (λµ)(10))ρ=2 = −1

4

√

3(λ+ 2)µ(µ+ 2)(λ+ µ+ 3)

λ(λ+ µ+ 1)gλµ
, (4.28)

where gλµ is given by the relation (4.10).

4.4.2 Off-diagonal matrix elements of Gia

We have applied the procedure of the previous subsection to obtain the off-diagonal matrix
elements of Gia as well. As mentioned above, there are only two types of non-vanishing matrix
elements, those with (λ′µ′) = (λ+2, µ−1), S′ = S+1 and those with (λ′µ′) = (λ−2, µ+1),
S′ = S − 1. We found that they are given by

〈[Nc](λ+ 2, µ− 1)Y ′I ′I ′3;S + 1, S′
3|Gia|[Nc](λµ)Y II3;SS3〉 =

(−)2S+1Nc

√

2(2S + 1)

(
S 1 S + 1
S3 i S′

3

)(
I Ia I ′

I3 Ia3 I ′3

)

×
(

(λµ) (11) (λ+ 2, µ− 1)
Y I Y aIa Y ′I ′

)

c
[Nc]
11 (S + 1)c

[Nc]
22 (S)

{
S + 1/2 1/2 S

1 S + 1 1/2

}

× U((λ+ 1, µ− 1)(10)(λ + 2, µ− 1)(11); (λµ)(10)), (4.29)

and

〈[Nc](λ− 2, µ+ 1)Y ′I ′I ′3;S − 1, S′
3|Gia|[Nc](λµ)Y II3;SS3〉 =

(−)2SNc

√

2(2S + 1)

(
S 1 S − 1
S3 i S′

3

)(
I Ia I ′

I3 Ia3 I ′3

)

×
(

(λµ) (11) (λ− 2, µ+ 1)
Y I Y aIa Y ′I ′

)

c
[Nc]
22 (S − 1)c

[Nc]
11 (S)

{
S − 1/2 1/2 S

1 S − 1 1/2

}

× U((λ− 1, µ)(10)(λ − 2, µ+ 1)(11); (λµ)(10)). (4.30)
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Note that the off-diagonal matrix elements do not contain a summation over ρ because in
the right-hand side of the SU(3) product (4.19) the terms (λ + 2, µ − 1) and (λ − 2, µ + 1)
appear with multiplicity 1.

The above expression require one of the following U coefficients

U((λ+ 1, µ− 1)(10)(λ + 2, µ− 1)(11); (λµ)(10)) =
1

2

√

3(λ+ µ+ λµ+ 1)

2µ(λ+ 2)
, (4.31)

and

U((λ− 1, µ)(10)(λ − 2, µ+ 1)(11); (λµ)(10)) = −1

2

√

3(λ+ 1)(λ+ µ+ 2)

2λ(λ+ µ+ 1)
. (4.32)

As a practical application for Nc = 3, the off-diagonal matrix element are needed to
couple 48 and 28 baryon states, for example.

4.5 Isoscalar factors of SU(6) generators for arbitrary Nc

Here we derive analytic formulas for isoscalar factors related to matrix elements of SU(6)
generators between symmetric states by comparing the definition (4.5) with results from
Sec. 4. In doing this, we have to replace Eia by the corresponding generators Si, Ta or Gia
according to the relations (4.6). Then from the result (4.24) we obtain the isoscalar factor of
Gia for (λ′µ′) = (λµ), S′ = S as

(
[Nc] [214] [Nc]

(λµ)S (11)1 (λµ)S

)

ρ

= Nc(−1)2S

√

4(2S + 1)

C [Nc](SU(6))

×
[(

c
[Nc]
22 (S)

)2
{
S + 1/2 1/2 S

1 S 1/2

}

U((λ+ 1, µ− 1)(10)(λµ)(11); (λµ)(10))ρ

−
(

c
[Nc]
11 (S)

)2
{
S − 1/2 1/2 S

1 S 1/2

}

U((λ− 1, µ)(10)(λµ)(11); (λµ)(10))ρ

]

. (4.33)

Similarly, but using the formula (4.30) we obtain the isoscalar factors for (λ′µ′) 6= (λµ)
S′ 6= S. These are

(
[Nc] [214] [Nc]

(λµ)S (11)1 (λ+ 2, µ− 1)S + 1

)

= Nc(−1)2S+1

√

4(2S + 1)

C [Nc](SU(6))

× c
[Nc]
11 (S + 1) c

[Nc]
22 (S)

{
S + 1/2 1/2 S

1 S + 1 1/2

}

× U((λ+ 1, µ− 1)(10)(λ + 2, µ− 1)(11); (λµ)(10)), (4.34)

and
(

[Nc] [214] [Nc]
(λµ)S (11)1 (λ− 2, µ+ 1)S − 1

)

= Nc(−1)2S

√

4(2S + 1)

C [Nc](SU(6))

× c
[Nc]
11 (S)c

[Nc]
22 (S − 1)

{
S − 1/2 1/2 S

1 S − 1 1/2

}

× U((λ− 1, µ)(10)(λ − 2, µ+ 1)(11); (λµ)(10)). (4.35)
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Replacing c
[Nc]
pp by definitions (4.14) and the U coefficients by their expressions we have ob-

tained the isoscalar factors for arbitrary Nc listed in the first four rows of Table 4.1.

For completeness, we now return to the generators Si and Ta which have only diagonal
matrix elements. For Si we use the equivalence between Eq. (4.5) and the Wigner-Eckart
theorem (4.7). This leads to row 5 of Table 4.1. For Ta we use the equivalence between Eq.
(4.5) and the Wigner-Eckart theorem (4.8). The calculation of the isoscalar factors for ρ = 1
and ρ = 2 gives the results shown in rows 6 and 7 of Table 4.1.

One can alternatively express the SU(6) isoscalar factors of Table 4.1 in terms of λ and
µ by using the identities λ = 2S, µ = Nc/2 − S and gλµ = [Nc(Nc + 6) + 12S(S + 1)]/4.

Before ending this section let us calculate, as an example, the diagonal matrix element
of Gi8 by using Eq. (4.5). We consider a system of Nc quarks with spin S, isospin I and
strangeness S defined by Y = Nc/3 + S. In this case Eq. (4.5) becomes

〈[Nc](λµ)Y ′I ′I ′3SS
′
3|Gi8|[Nc](λµ)Y II3SS3〉 = δY Y ′δII′δI3I′3

√

C [Nc](SU(6))

2

×
∑

ρ=1,2

(
(λµ) (11) (λµ)
Y I 00 Y ′I ′

)

ρ

(
[Nc] [214] [Nc]

(λµ)S (11)1 (λµ)S

)

ρ

×
(

S 1 S
S3 i S′

3

)(
I 0 I ′

I3 0 I ′3

)

, (4.36)

Using Table 4 of Ref. [39] and our Table 1 for the isoscalar factors of SU(3) and SU(6)
respectively we have obtained

〈[Nc](λµ)Y ′I ′I ′3SS
′
3|Gi8|[Nc](λµ)Y II3SS3〉 =

δY Y ′δII′δI3I′3
4
√

3S(S + 1)

(
S 1 S
S3 i S′

3

)

×
[

3I(I + 1) − S(S + 1) − 3

4
S (S − 2)

]

. (4.37)

With S = −ns, where ns is the number of strange quarks, we can recover the relation

SiGi8 =
1

4
√

3

[

3I(I + 1) − S(S + 1) − 3

4
ns (ns + 2)

]

, (4.38)

used in Ref. [56]. (Ref. [56] contains a typographic error. In the denominator of Eq. (13)
one should read

√
3 instead of

√
2.)

4.6 Back to isoscalar factors of SU(4) generators

In the case of SU(4) ⊃ SU(2) × SU(2) the analogue of Eq. (4.5) is [40]

〈[Nc]I
′I ′3S

′S′
3|Eia|[Nc]II3SS3〉 =

√

C [Nc](SU(4))

×
(

[Nc] [212] [Nc]
IS IaSi I ′S′

)(
S Si S′

S3 Si3 S′
3

)(
I Ia I ′

I3 Ia3 I ′3

)

, (4.39)



4.6
B

ack
to

isoscalar
factors

of
S
U

(4)
gen

erators
5
5

(λ1µ1)S1 (λ2µ2)S2 ρ

0

B
B
@

[Nc] [214] [Nc]

(λ1µ1)S1 (λ2µ2)S2 (λµ)S

1

C
C
A

ρ

(λ + 2, µ− 1)S + 1 (11)1 / −
q

3
2

q
2S+3
2S+1

q
(Nc−2S)(Nc+2S+6)

5Nc(Nc+6)

(λµ)S (11)1 1 4(Nc + 3)
q

2S(S+1)
5Nc(Nc+6)[Nc(Nc+6)+12S(S+1)]

(λµ)S (11)1 2 −
q

3
2

q
(Nc−2S)(Nc+4−2S)(Nc+2+2S)(Nc+6+2S)

5Nc(Nc+6)[Nc(Nc+6)+12S(S+1)]

(λ − 2, µ+ 1)S − 1 (11)1 / −
q

3
2

q
2S−1
2S+1

q
(Nc+4−2S)(Nc+2+2S)

5Nc(Nc+6)

(λµ)S (00)1 /
q

4S(S+1)
5Nc(Nc+6)

(λµ)S (11)0 1
q

Nc(Nc+6)+12S(S+1)
10Nc(Nc+6)

(λµ)S (11)0 2 0

Table 4.1: Isoscalar factors SU(6) for [Nc] × [214] → [Nc] defined by Eq. (4.5).
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where C [Nc](SU(4)) = [3Nc(Nc + 4)]/8 is the eigenvalue of the SU(4) Casimir operator. Note
that for a symmetric state one has I = S. We recall that the SU(4) algebra is

[Si, Sj ] = iεijkSk, [Ta, Tb] = iεabcTc, [Si, Ta] = 0,

[Si, Gia] = iεijkGka, [Ta, Gib] = iεabcGic,

[Gia, Gjb] =
i

4
δijεabcTc +

i

2
δabεijkSk. (4.40)

The tensor operators Eia are related to Si, Ta and Gia (i = 1, 2, 3; a = 1, 2, 3) by

Ei =
Si√
2
; Ea =

Ta√
2
; Eia =

√
2Gia. (4.41)

In Eq. (4.39) they are identified by IaSi = 01, 10 and 11 respectively. Now we want to obtain
the SU(4) isoscalar factors as particular cases of the SU(6) results with Y a = 0. In SU(4) the
hypercharge of a system of Nc quarks takes the value Y = Nc/3. By comparing (4.5) and
(4.39) we obtained the relation

(
[Nc] [212] [Nc]
IS IaSi I ′S′

)

= rI
aSi

√

C [Nc](SU(6))

C [Nc](SU(4))

×
∑

ρ=1,2

(
(λµ) (λaµa) (λ′µ′)
Nc
3 I 0Ia Nc

3 I
′

)

ρ

(
[Nc] [214] [Nc]

(λµ)S (λaµa)Si (λ′µ′)S′

)

ρ

, (4.42)

where

rI
aSi

=







√
3
2 for IaSi = 01

1 for IaSi = 10
1 for IaSi = 11

, (4.43)

due to (4.6), (4.39) and (4.41). In Eq. (4.42) we have to make the replacement

λ = 2I, µ =
Nc

2
− I; λ′ = 2I ′, µ′ =

Nc

2
− I ′, (4.44)

and take

(λaµa) =

{
(00) for Ia = 0
(11) for Ia = 1

. (4.45)

In this way we obtain the SU(4) isoscalar factors presented in Table 4.2 for a symmetric
spin-flavor wave function. These isoscalar factors were originally derived by Hecht and Pang
[40]. By introducing these isoscalar factors into the matrix elements (4.39) we obtained the
expressions given in Eqs. (A1–A3) of Ref. [9]. In Ref. [76] one can find another method to
derive the matrix elements of Gia.
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S1 I1 S2I2 SI

0

B
B
@

[Nc] [211] [Nc]

S1I1 S2I2 SI

1

C
C
A

S + 1 S + 1 11 SS −
q

(2S+3)(Nc−2S)(Nc+4+2S)
(2S+1)3Nc(Nc+4)

S S 11 SS − Nc+2√
3Nc(Nc+4)

S − 1 S − 1 11 SS −
q

(2S−1)(Nc+2−2S)(Nc+2+2S)
(2S+1)3Nc(Nc+4)

S S 10 SS

S S 01 SS

q
4S(S+1)

3Nc(Nc+4)

Table 4.2: Isoscalar factors of SU(4) for [Nc]× [211] → [Nc] defined by Eq. (4.39). This table
is identical, up to a phase factor, to Table A4.2 of Ref. [40].
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Chapter 5

Excited baryons in large Nc QCD,
the decoupling picture

5.1 Introduction

Few years after the pioneering work on ground-state baryons in the 1/Nc expansion, excited
baryons have begun to be studied. As we have seen in Chapter 3, the 1/Nc expansion of QCD
operators for ground-state baryons is based on the large Nc consistency conditions. These
conditions imply an SU(2Nf )c contracted symmetry for ground-state baryons which can be
related to the usual SU(2Nf ) symmetry used in the quark models when Nc → ∞.

The approach used so far for large Nc excited baryons is based on a kind of quark-shell
model picture where the baryon is splitted into a symmetric core and an excited quark. How-
ever, this approach leads to a conceptual problem. Indeed, for excited baryons it turns out
that the SU(2Nf ) symmetry is broken to first order [32] for baryons belonging to multiplets
where the spin-flavor part of the wave function is mixed-symmetric. Nevertheless, the exper-
imental facts suggest a small breaking.

One can still wonder if excited baryons satisfy consistency conditions like their ground-
state cousins. Pirjol and Yang showed that a contracted SU(2Nf ) symmetry arises also for
excited states [76]. However, they supposed that excited baryons are narrow. But as Witten’s
large Nc power counting rules predict that the decay widths of excited baryons are of order
N0
c , it means that they do not become stable in the large Nc limit. This leads to a second

conceptual problem.

Despite these two problems, the 1/Nc expansion method has been applied with success to
some excited multiplets, the [70, 1−] [9, 83] for the N = 1 band, the [56′, 0+] [10], the [56, 2+]
[33] and the [70, ℓ+] (ℓ = 0, 2) [57, 62] for the N = 2 band and the [56, 4+] [56] belonging to
the N = 4 band1.

Recently a new approach to excited baryons has been proposed [64] where the baryon
wave function is considered in one block, without decoupling it into a symmetric core and
an excited quark. This approach predicts that the 1/Nc expansion starts at the order 1/Nc

for mixed-symmetric multiplets, as for the ground state. The following chapter is devoted to

1For the definition of bands, see Chapter 2.
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this new picture.

Recent studies predict a multiplet structure of large Nc baryons identical to the quark-
shell predictions at large Nc. They describe baryons as resonances in meson-baryon scattering
[15, 18].

A summary of the results obtained for the baryons belonging to the [70, ℓ+] (ℓ = 0, 2)
multiplets can be found in Ref. [67] for the non-strange case and in Refs. [63, 65] for strange
baryons. Refs. [58, 59] give a general discussion of highly excited baryons in large Nc QCD.
The drawbacks of the decoupling method are also discussed in Ref. [67]

This chapter is divided into two parts. First we shall make a review of the decoupling
picture of large Nc excited baryons. In the second part, we shall illustrate this picture with
our results for the multiplets, [70, ℓ+] (ℓ = 0, 2) and [56, 4+].

5.2 The Hartree approximation

The origin of the decoupling approach lies in Hartree work [92]. Witten suggested that
baryons can be described by a Hartree wave function when one neglects spin-flavor depen-
dent interactions.

Let us first have a look at ground-state baryons in this simple picture. As the space part
of the wave function is symmetric, the spin-flavor part is also symmetric. Then we have
to study the problem of Nc bosons in an attractive central potential. If we apply Witten’s
large Nc power counting rules, the interaction between any given pair of quarks2 is of order
1/Nc. Then, the total potential experienced by each quark is of order one, since every quark
interacts with Nc other quarks. In the large Nc limit, one can assume that each quark moves
in an average potential generated by the other Nc − 1 quarks. The Hartree wave function
can then be written as [32]

Φ(x1, ξ1; . . . ;xNc , ξNc) =

Nc∏

i=1

ψ(xi)χS(ξ1, . . . , ξNc), (5.1)

where ψ(xi) are ℓ = 0 wave functions, xi is the position of the ith quark and ξi its spin-flavor
quantum numbers. χS(ξ1, . . . , ξNc) is a totally symmetric tensor of rank Nc in the spin-flavor
space.

Let us now consider excited baryons with an excitation energy of order one, which means
that the number n of excited quarks is small, i.e. n << Nc. These baryons are composed
of O(Nc) ground-state quarks (the “core”) and O(1) excited quarks. In this approach, the
Nc−n core quarks are described by a symmetric wave function in both orbital and spin-flavor
parts, as the ground-state baryons [32]. This means that the space and the spin-flavor parts
of the core wave function are symmetric under the interchange of any two quarks.

Let us take the example where only one quark is excited. The states with one excited
quark can belong either to a symmetric [Nc] or to a mixed symmetric [Nc−1, 1] irrep of O(3).

2This interaction implies a gluon exchange between two quark lines inside the baryon. A factor 1/
√

Nc

appears at each quark-gluon vertex (see Chapter 1).
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To form a symmetric orbital-spin-flavor state from an orbital state of a given symmetry one
has to combine it with a spin-flavor state of the same symmetry. The wave function formed
of a symmetric orbital and a symmetric spin-flavor parts takes the form

ΦS(x1, ξ1; . . . ;xNc , ξNc) = χS(ξ1, . . . , ξNc)
1√
Nc

Nc∑

j=1




∏

i6=j
ψ(xi)



φ(xj), (5.2)

where χS is defined as above and φ(xj) is the wave function of the excited quark. The
normalization constant is consistent with the sum over j. In term of Young tableaux, the
wave function (5.2) becomes

Nc
︷ ︸︸ ︷

· · · × =

Nc
︷ ︸︸ ︷

· · · × ×
Nc

︷ ︸︸ ︷

· · · × , (5.3)

where the Nc-th quark, supposed to be the excited quark is marked by a cross.

To form a totally symmetric orbital-spin-flavor state starting from an orbital state of
mixed symmetry [Nc− 1, 1] the procedure is slightly more complicated. In this case a totally
symmetric state is given by [85]

Φ′
S =

1√
Nc − 1

∑

Y

|[Nc − 1, 1]Y 〉O|[Nc − 1, 1]Y 〉SF , (5.4)

where the indices designate the orbital (O) and the spin-flavor (SF ) basis vectors spanning
the invariant subspace of the irrep [Nc − 1, 1]. Each of these vectors carries a label Y which
corresponds to a given Young tableau. For illustration, let us consider the case of Nc = 5.
Explicitly the sum is

1 2 3 4 5 =
1√
4

(
1 2 3 4
5

1 2 3 4
5

+
1 2 3 5
4

1 2 3 5
4

+
1 2 4 5
3

1 2 4 5
3

+
1 3 4 5
2

1 3 4 5
2

)

.

(5.5)

The first term contains the 5-th quark in the second row and is given by the product of two
normal Young tableaux. The other three terms have the 5-th quark in the first row. Explicit
forms of the orbital wave functions are given in the next chapter in Table 6.1. For Nc quarks
there will be one term with normal Young tableaux and Nc− 2 terms with the Nc-th particle
in the second row.

In Ref. [32], the wave function constructed from orbital and spin-flavor parts of symmetry
[Nc − 1, 1] has the following form

ΦMS(x1, ξ1; . . . ;xNc , ξNc) =

χMS(ξ1, . . . , ξNc)
1

√

Nc(Nc − 1)

∑

i6=j








∏

k 6=i,j
ψ(xk)



ψ(xi)φ(xj) − i↔ j



 . (5.6)

One can see that the orbital part contains all possible terms obtained from the permutation of
the excited quark j with the other quarks. This form strictly corresponds to a normal Young
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tableau with the Nc-th particle in the second row. The irreducible rank Nc mixed-symmetric
tensor χMS formed of single-particle spin-flavor states must have the same permutation prop-
erties. Examples are given in Eqs. (5.15)–(5.18).

It follows that the expression (5.6) is a truncated form of Eq. (5.4). It contains only the
term associated to the normal Young tableau, the other Nc − 2 terms being omitted. The
normalization constant 1/

√
Nc − 1 has been suppressed, although it plays a crucial role in

the Nc counting. Thus, although this function is symmetric under the permutation of the
Nc − 1 quarks of the core, it breaks SNc . The approximation (5.6) can thus be illustrated as

Nc
︷ ︸︸ ︷

· · · × ≈

Nc−1
︷ ︸︸ ︷

×
· · · ×

Nc−1
︷ ︸︸ ︷

×
· · · , (5.7)

where the Nc-th quark, supposed to be the excited quark is marked by a cross, as above.

5.3 Wave functions

The standard approach to excited baryon states is based on the wave functions (5.2) and
(5.6), written in the spirit of the Hartree approximation. Indeed it was believed to be the
only way to make the problem tractable [9]. The wave function (5.2) suggests that an excited
state described by a symmetric SU(2Nf ) representation [Nc] as e.g. the resonances belonging
to the [56, 2+] or to the [56, 4+] multiplets, can be treated in a way similar to that of the
ground state, the difference being that the total wave function contains an angular momen-
tum part |ℓmℓ〉 with ℓ 6= 0. Then, as for the ground state, the needed ingredients are the
matrix elements of the generators of SU(4) for Nf = 2 or of SU(6) for Nf = 3 between [Nc]
states. These are known and can be found, for example, in Ref. [9] for SU(4) and in Ref.
[61] for SU(6).

The difficulty arises for multiplets described by the mixed-symmetric representation [Nc−
1, 1], reduced to [70] for Nc = 3. One needs to know the matrix elements of the SU(2Nf )
generators for arbitrary Nc. So far only the matrix elements of the SU(4) generators between
states of symmetry [Nc − 1, 1] are known [40]. Their recent use to the study of the [70, 1−]
multiplet is described in detail in the following chapter.

In the present chapter we describe an approximate method, the origin of which is the
Hartree-type wave function (5.6) that allows to reduce the treatment of mixed-symmetric
states to a form similar to the ground-state description. This method has been applied to
the [70, 1−] multiplet [9] and to the [70, 0+] and [70, 2+] multiplets [57, 62]. The latter are
presented in details in this chapter.

This approximate method consists in describing an excited baryon state as a single excited
quark coupled to a “core” for which both the orbital and the spin-flavor parts of the wave
function are symmetric. The excited quark is coupled to the core by its angular momentum.
The core can be in the ground state or excited. If the core is excited, it brings the corre-
sponding angular momentum contribution to the total angular momentum of the system of
Nc quarks (see below).

For generality we shall consider three flavors (Nf = 3).
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5.3.1 Symmetric wave functions

The symmetric wave function in both SU(6) and O(3), used for example for the analysis of
the [56, 2+] or [56, 4+] multiplets can be written as

|ℓS;JJ3; (λµ)Y II3〉S =
∑

mℓ,S3

(
ℓ S J
mℓ S3 J3

)

|SS3〉|(λµ)Y II3〉|ℓmℓ〉, (5.8)

where, as introduced in Chapter 4, (λµ) labels the SU(3) irreducible representations and Y
stands for the hypercharge.

5.3.2 Mixed-symmetric wave functions

As explained above, one needs to discuss separately the case with one excited quark and the
case with n > 1 excited quarks.

The case of one excited quark

First let us consider the case with one excited quark and Nc − 1 core quarks. If we look at
Table 2.6, this configuration is allowed for the [70, 1−] and [70, ℓ+] (ℓ = 0, 2) multiplets. The
symmetric core state is denoted by

|Scm1〉|(λcµc)YcIcIc3〉, (5.9)

the subscript c referring to the core. The excited quark state is denoted by

|1/2m2〉|(10)yii3〉|ℓmℓ〉. (5.10)

To form states describing the whole system, we have to couple the core wave function to
the excited quark wave function. Then, in SU(6) × SO(3), the most general form of the wave
function is

|ℓS;JJ3; (λµ)Y II3〉 =
∑

mℓ,S3

(
ℓ S J
mℓ S3 J3

)

×
∑

pp′

c
[Nc−1,1]
pp′ (S)|SS3; p〉|(λµ)Y II3; p

′〉|ℓmℓ〉, (5.11)

where p and p′ denote the row number where the Nc-th quark is located in a Young tableau.
Then the spin wave function is

|SS3; p〉 =
∑

m1,m2

(
Sc

1
2 S

m1 m2 S3

)

|Scm1〉|1/2m2〉, (5.12)

with p = 1 if Sc = S − 1/2 and p = 2 if Sc = S + 1/2 and the flavor wave function is

|(λµ)Y II3; p
′〉 =

∑

Yc,Ic,Ic3 ,y,i,i3

(
(λcµc) (10) (λµ)
YcIcIc3 yii3 Y II3

)

|(λcµc)YcIcIc3〉|(10)yii3〉, (5.13)

where p′ = 1 if (λcµc) = (λ − 1, µ), p′ = 2 if (λcµc) = (λ + 1, µ − 1) and p′ = 3 if (λcµc) =
(λ, µ + 1). The spin-flavor part of the wave function (5.11) of symmetry [Nc − 1, 1] results
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from the inner product of the spin and flavor wave functions. The coefficients c
[Nc−1,1]
pp′ (S) are

isoscalar factors [85, 87] of the permutation group of Nc particles. They have already been
introduced in Section 4.3. For the mixed-symmetric representation [Nc − 1, 1], we have

c
[Nc−1,1]
11 (S) = −

√

(S + 1)(Nc − 2S)

Nc(2S + 1)
,

c
[Nc−1,1]
22 (S) =

√

S[Nc + 2(S + 1)]

Nc(2S + 1)
,

c
[Nc−1,1]
12 (S) = c

[Nc−1,1]
21 (S) = 1,

c
[Nc−1,1]
13 (S) = 1. (5.14)

In Eqs. (5.15)-(5.18) below, we illustrate their application for Nc = 7. In each inner product
the first Young diagram corresponds to spin and the second to flavor. Accordingly, one can
see that Eq. (5.15) stands for 210, Eq. (5.16) for 48, Eq. (5.17) for 28 and Eq. (5.18) for 21.
Each inner product contains the corresponding isoscalar factors and the position of the last
particle is marked with a cross. In the right-hand side, from the location of the cross one can
read off the values of p and of p′. The equations are

× = c
[6,1]
21 × × ×

, (5.15)

× = c
[6,1]
12

× × × , (5.16)

× = c
[6,1]
11

× × ×

+ c
[6,1]
22 × × × , (5.17)

× = c
[6,1]
13

× ×
×

. (5.18)

The case of n > 1 excited quarks

When more than one quark is excited, the Hartree approximation suggests that the baryon
is composed Nc − n core quarks in the ground state and n excited quarks [92]. Here, to
generalize the approach developed for one excited quark, we suppose that the core is still
symmetric but not in the ground state. The core acquires an angular momentum ℓc and its
wave function becomes

|Scm1〉|(λcµc)YcIcIc3〉|ℓcmc〉, (5.19)

and the excited quark wave function is

|1/2m2〉|(10)yii3〉|ℓqmq〉, (5.20)
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where the indices c and q stand for the symmetric core and the excited quark respectively.
The SU(6) × O(3) symmetric wave function becomes

|ℓS;JJ3; (λµ)Y II3〉 =
∑

mc,mq ,mℓ,S3

(
ℓc ℓq ℓ
mc mq mℓ

)(
ℓ S J
mℓ S3 J3

)

×
∑

pp′

c
[Nc−1,1]
pp′ (S)|SS3; p〉|(λµ)Y II3; p

′〉|ℓqmq〉|ℓcmc〉, (5.21)

where the coupling between the angular momentum of the core and of the excited quark has
been included through an extra Clebsch-Gordan coefficient.

5.3.3 Operator expansion

For excited states one has to generalize the operator expansion Eq. (3.18) by including the
generators ℓi of the orthogonal group SO(3). The expansion of a one-body QCD operator
becomes

O1−body
QCD =

∑

n

cnO
(n), (5.22)

with

O(n) =
1

Nn−1
c

O
(k)
ℓ ·O(k)

SF , (5.23)

where O
(k)
ℓ and O

(k)
SF are respectively k-rank tensors in SO(3) and SU(2). They can be ex-

pressed in terms of products of generators ℓi, Si, T a and Gia.

For the mixed-symmetric multiplets, the baryon wave function is splitted into a symmetric
core and an excited quark, each generators must be written as the sum of two terms, one
acting on the core and the other on the excited quark. One has

ℓi = ℓic + ℓiq; Si = Sic + si; T a = T ac + ta; Gia = Giac + gia, (5.24)

where ℓic, S
i
c, T

a
c and Gia are the core operators and ℓiq, s

i, ta and gia the corresponding
excited quark operators.

One may ask if there are SU(2Nf ) operators identities for mixed-symmetric multiplets
like for the symmetric multiplets (see Section 3.5). As proved in [9], there is only one iden-
tity which reduces the two-body operator to an SU(2Nf ) singlet, the Casimir operator. In
terms of core and excited quark generators, this identity implies that we must eliminate the
redundant operator gGc from the operator expansion.

One important consequence of the truncation of the wave function implied by the splitting
is that the SU(2Nf ) symmetry is broken at order O(N0

c ) for mixed-symmetric multiplets. This
statement is best illustrated by considering the spin-orbit one-body operator ℓiqs

i. The ℓiqs
i

operator acts on the excited quark only. As already mentioned, the excited quark is the Nc-th
particle of the wave function and is located in the second row of the Young tableaux, see Eq.
(5.7). Here, we rewrite it by using fractional parentage coefficients. For one-body operators,
we need one-body fractional parentage coefficients. In this way, one can decouple the last
particle from the rest. In the simple case where the spatial wave function contains only one
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excited quark, for example, having the structure (0s)Nc−1(0p), and symmetry [Nc − 1, 1] one
can show that [57]

|[Nc − 1, 1](0s)Nc−1(0p), 1−〉 =
√

Nc − 1

Nc
ψ[Nc−1](0s)

Nc−1φ[1](0p) −
√

1

Nc
ψ[Nc−1]

(
(0s)Nc−2(0p)

)
φ[1](0s). (5.25)

where the first factor in each term in the right-hand side is a symmetric (Nc−1)-particle wave
function and φ[1] is a single particle wave function associated to the Nc-th particle. In the
case of the spin-orbit operator one can see that only the first term contributes (the operator
acts on the last particle only). Its matrix element is proportional to the square of the coeffi-
cient of the first term, i.e. with Nc−1

Nc
which for large Nc gives to the spin-orbit the order O(1).

For spin-flavor symmetric states, the corresponding expression in term of fractional parent-
age coefficients is [57]

|[Nc](0s)
Nc−1(0d), 2+〉 =

√
1

Nc
ψ[Nc−1](0s)

Nc−1φ[1](0d) +

√

Nc − 1

Nc
ψ[Nc−1]

(
(0s)Nc−2(0d)

)
φ[1](0s), (5.26)

where we have taken the configuration (0s)Nc−1(0d) as an example. It corresponds to the
[56, 2+] multiplet. As the spin-orbit operator ℓiqs

i acts only on the last particle, it is of order
1/Nc for symmetric multiplets.

Let us rewrite the operator ~ℓq · ~s as ~ℓ(Nc) · ~s(Nc) to point out the fact that this operator
acts on the Nc-th quark. This notation will be used in Chapter 6. The Hartree wave functions
(5.2) and (5.6) can be used to obtain the expectation values of the operator ~ℓ(Nc) · ~s(Nc)
[34, 35]. The result is

〈Ψ|~ℓ(Nc) · ~s(Nc)|Ψ〉 =







O
(

1
Nc

)

with Ψ = ΦS (Eq. (5.2))

O(N0
c ) with Ψ = ΦMS (Eq. (5.6))

, (5.27)

in agreement with the discussion carried above.

5.4 The [70, ℓ+] (ℓ = 0, 2) baryon multiplets

As we have seen in Figure 2.3, the [70, 0+] and the [70, 2+] multiplets belong to the N = 2
band, with baryon masses of ∼ 2 GeV.

For these multiplets, Table 2.6 suggests that there are two possible configurations. For
the [70, 0+] one can write the orbital part of the wave function as

|[Nc − 1,1], 0+〉 =

√

1

3
|[Nc − 1, 1](0s)Nc−1(1s)〉 +

√

2

3
|[Nc − 1, 1](0s)Nc−2(0p)2〉. (5.28)

In the first term, (1s) is the first single particle radially excited state with n = 1, ℓ = 0
(N = 2n + ℓ). In the second term the two quarks are excited to the p-shell to get N = 2.
They are coupled to ℓ = 0. By analogy, for the [70, 2+] one has,

|[Nc − 1,1], 2+〉 =

√

1

3
|[Nc − 1, 1](0s)Nc−1(0d)〉 +

√

2

3
|[Nc − 1, 1](0s)Nc−2(0p)2〉, (5.29)
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where the two quarks in the p-shell are coupled to ℓ = 2.

One can see that the coefficients of the linear combinations (5.28) and (5.29) are inde-
pendent of Nc which means that both terms have to be considered in the large Nc limit. As
discussed in Section 5.3.2, the first term of Eqs. (5.28) or (5.29) can be treated as an excited
quark coupled to a symmetric ground-state core (Eq. (5.25)). The second term is treated
as an excited quark coupled to an excited core. Indeed, by using the fractional parentage
technique, one can write

|[Nc − 1, 1](0s)Nc−2(0p)2, ℓ+〉 =
√

Nc − 2

Nc
Ψ[Nc−1]

(
(0s)Nc−2 (0p)

)
φ[1](0p) −

√
2

Nc
Ψ[Nc−1]

(
(0s)Nc−3 (0p)2

)
φ[1](0s).

(5.30)

One can see that the coefficient of the first term is O(1) and the coefficient of the second term

O(N
−1/2
c ). Then, in the large Nc limit, one can neglect the second term and take into account

only the first term in the wave function, where the Nc-th particle has an ℓ = 1 excitation.

In the calculations, one has to add the two contributions coming from the two possible
configurations of Eqs. (5.28) and (5.29). For this purpose, we use the two wave functions Eq.
(5.11) and Eq. (5.21) describing the two cases, with one and two excited quarks respectively.

Historically, we have first studied the [70, ℓ+] multiplets for non-strange baryons [57]. In
a second stage, we have analyzed the strange baryons [62]. The reason of this sequence comes
from the fact that meanwhile we obtained analytic expression for the matrix elements of the
SU(6) generators for a symmetric spin-flavor wave function. This was the subject of Chapter
3. Here we present separately the non-strange and the strange baryons belonging the [70, ℓ+]
multiplets.

5.4.1 The non-strange baryons

The mass operator

One can use the QCD one-body operator expansion Eq. (5.22) to the mass operator to write

M[70,ℓ+] =
∑

i

ciOi, (5.31)

where ci are the unknown dynamical coefficients (see Section 3.3) and the operators Oi are
SU(4) × O(3) scalars. The building blocks of these operators are, as already explained, the
core and the excited quark generators. The unknown coefficients are obtained from fitting
the experimentally known masses (see Table 5.4). We also introduce the tensor operator3

ℓ
(2)ij
ab =

1

2

{

ℓia, ℓ
j
b

}

− 1

3
δi,−j~ℓa · ~ℓb , (5.32)

with a = c, b = q or vice versa or a = b = c or a = b = q. For simplicity when a = b, we shall

use a single index c, for the core, and q for the excited quark so that the operators are ℓ
(2)ij
c

and ℓ
(2)ij
q respectively. The latter case represents the tensor operator used in the analysis of
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Operator Fitted coef. (MeV)

O1 = Nc1 c1 = 555 ± 11

O2 = ℓiqs
i c2 = 47 ± 100

O3 = 3
Nc
ℓ
(2)ij
q giaGja

c c3 = -191 ± 132

O4 = 1
Nc

(Si
cS

i
c + siSi

c) c4 = 261 ± 47

Table 5.1: List of operators and the coefficients resulting from the fit with χ2
dof ≃ 0.83 to

resonances belonging to the [70, ℓ+] multiplets [57].

the [70, 1−] multiplet (see e.g. Ref. [9]).

We apply the 1/Nc counting rules presented in Refs. [9] and [73] and use their conclusions
in selecting the most dominant operators in the practical analysis. For non-strange baryons,
Table I of Ref. [9] gives a list of 18 linearly independent operators. If the core is excited the
number of operators appearing in the mass formula is much larger. However due to lack of
experimental data, here we have to consider a restricted list. The selection is suggested by
the conclusion of Ref. [9], (Nf = 2) and of Ref. [83] (Nf = 3), that only a few operators, of
some specific structure, bring a dominant contribution to the mass. Following the notation of
Ref. [83] these are O1, O2, O3 and O4 exhibited in Table 5.1. The first is the trivial operator
of order O(Nc). The second is the one-body part of the spin-orbit operator of order O(1)
which acts on the excited quark. The third is a composite two-body operator formally of
order O(1) as well. It involves the tensor operator (5.32) acting on the excited quark and
the SU(4) generators gia acting on the excited quark and Gjac acting on the core. The latter
is a coherent operator which introduces an extra power Nc so that the order of O3 is O(1).
In order to take into account its contribution we have applied the rescaling introduced in
Ref. [83] which consists in introducing a multiplicative factor of 3. Without this factor the
coefficient c3 becomes too large, as noticed in Ref. [83].4 The dynamics of the operator O3 is
less understood. Previous studies [9, 83] speculate about its connection to a flavor exchange
mechanism [30, 19] related to long distance meson exchange interactions. Finally, the last
operator is the spin-spin interaction, the only one of order O(1/Nc) which we consider here.
Higher order operators are neglected.

Matrix elements of the operators Oi are presented in Tables 5.2 and 5.3. General formulas
used to derived these elements are presented in Appendix D.

The spectrum of non-strange baryons (Nf = 2)

In Table 5.4 we present the masses of the resonances which we have interpreted as belonging
to the [70, 0+] or to the [70, 2+] multiplet. For simplicity, mixing of multiplets is neglected
in this first attempt. The resonances shown in column 8, correspond to either three stars
(“very likely”) or to two stars (“fair”) or to one star (“poor”) status, according to Particle
Data Group (PDG) [93]. Therefore we used the full listings to determine a mass average

3The irreducible spherical tensors are defined according to Ref. [5].
4 Alternatively the factor 3 could be included in the definition (5.32) of the tensor operator, as sometimes

done in the literature. In practice what it matters is the product ciOi.
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O1 O2 O3 O4

4N [70, 2+] 7
2

+
Nc

2
3

− 1
6Nc

(Nc + 1) 5
2Nc

2N [70, 2+] 5
2

+
Nc

2
9Nc

(2Nc − 3) 0 1
4N2

c

(Nc + 3)

4N [70, 2+] 5
2

+
Nc − 1

9
5

12Nc
(Nc + 1) 5

2Nc

4N [70, 0+] 3
2

+
Nc 0 0 5

2Nc

2N [70, 2+] 3
2

+
Nc − 1

3Nc
(2Nc − 3) 0 1

4N2
c

(Nc + 3)

4N [70, 2+] 3
2

+
Nc − 2

3
0 5

2Nc

2N [70, 0+] 1
2

+
Nc 0 0 1

4N2
c

(Nc + 3)

4N [70, 2+] 1
2

+
Nc −1 − 7

12Nc
(Nc + 1) 5

2Nc

Table 5.2: Matrix elements of N used to obtain the fit of Table 5.1 [57].

O1 O2 O3 O4

2∆[70, 2+] 5
2

+
Nc − 2

9
0 1

Nc

2∆[70, 2+] 3
2

+
Nc

1
3

0 1
Nc

2∆[70, 0+] 1
2

+
Nc 0 0 1

Nc

Table 5.3: Matrix elements of ∆ used to obtain the fit of Table 5.1 [57].

in each case. The experimental error to the mass was calculated as the quadrature of two
uncorrelated errors, one being the average error from the same references and the other was
the difference between the average mass and the farthest observed mass. For the P11(2100)*
resonance we report results from fitting the experimental value of Ref. [78], as being more
recent than the average over the PDG values. Note that the observed mass of Ref. [78] is in
agreement with the recent coupled channel analysis of Manley and Saleski [52].

Several remarks are in order. Due to its large error in the mass, the resonance F15(2000)
could be either described by the |2N [70, 2+]5/2+〉 state or by the |4N [70, 2+]5/2+〉 state
(inasmuch as they appear separated by about 60 − 70 MeV only, in quark model studies,
see, e.g., [44, 81]). Here we identified F15(2000) with the |4N [70, 2+]5/2+〉 state because it
gives a better fit. Regarding the F35(1905) resonance there is also some ambiguity. In Ref.
[33] it was identified as a |4∆[56, 2+]5/2+〉 state following Ref. [44], but in Ref. [56] the
interpretation |4∆[70, 2+]5/2+〉 was preferred due to a better χ2 fit and other considerations
related to the decay width. Here we return to the identification made in Ref. [33] and assign
the |4∆[70, 2+]5/2+〉 state to the second resonance from this sector, namely F35(2000), as
indicated in Table 5.4. We hope that an analysis based on configuration mixing and improved
data could better clarify the resonance assignment in this sector in the future. Presently the
resulting χ2

dof is about 0.83 and the fitted values of ci are given in Table 5.1. Besides the
seven fitted masses Table 5.4 also contains few predictions.

We found that the contributions of SicS
i
c and siSic are nearly equal when treated as inde-

pendent operators. Therefore, for simplicity, we assumed that they have the same coefficient
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in the mass operator. One can see that the spin-spin interaction given by O4 is the dominant
interaction, as in the [56, 2+] multiplet [33] or in the [56, 4+] multiplet [56]. Thus the main
contributions to the mass come from O1 and O4. It is remarkable that c1 and c4 of the
multiplets [56, 2+] and [70, ℓ+], both located in the N = 2 band, are very close to each other.
In terms of the present notation the result of Ref. [33] for [56, 2+] is c1 = 541 ± 4 MeV and
c4 = 241 ± 14 MeV as compared to c1 = 555 ± 11 MeV and c4 = 261 ± 47 MeV here. Such
similarity gives confidence in the large Nc approach and in the present fit.

Finally note that the contributions of O2 and O3 lead to large errors in the coefficients ci
obtained in the χ2 fit, which could possibly be removed with better data. The operator O3

containing the tensor term plays an important role in the reduction of χ2
dof and it should be

further investigated.

1/Nc expansion results

Partial contribution (MeV) Total (MeV) Empirical (MeV) Name, status

c1O1 c2O2 c3O3 c4O4

4N [70, 2+] 7
2

+
1665 31 42 217 1956 ± 95 2016 ± 104 F17(1990)**

2N [70, 2+] 5
2

+
1665 10 0 43 1719 ± 34

4N [70, 2+] 5
2

+
1665 -5 -106 217 1771 ± 88 1981 ± 200 F15(2000)**

4N [70, 0+] 3
2

+
1665 0 0 217 1883 ± 17 1879 ± 17 P13(1900)**

2N [70, 2+] 3
2

+
1665 -16 0 43 1693 ± 42

4N [70, 2+] 3
2

+
1665 -31 0 217 1851 ± 69

2N [70, 0+] 1
2

+
1665 0 0 43 1709 ± 25 1710 ± 30 P11(1710)***

4N [70, 2+] 1
2

+
1665 -47 149 217 1985 ± 26 1986 ± 26 P11(2100)*

2∆[70, 2+] 5
2

+
1665 -10 0 87 1742 ± 29 1976 ± 237 P35(2000)**

2∆[70, 2+] 3
2

+
1665 16 0 87 1768 ± 38

2∆[70, 0+] 1
2

+
1665 0 0 87 1752 ± 19 1744 ± 36 P31(1750)*

Table 5.4: The partial contribution and the total mass (MeV) for the non-strange [70, ℓ+]
multiplets predicted by the 1/Nc expansion as compared with the empirically known masses
[57].

5.4.2 The strange baryons

The mass operator

For the strange baryons, the mass operator can be written as the linear combination

M[70,ℓ+] =

6∑

i=1

ciOi + d1B1 + d2B2 + d4B4, (5.33)

where Bi are additional SU(6) breaking operators which are defined to have vanishing matrix
elements for non-strange baryons. The operators B1 and B2 are introduced by analogy with
the ground state (Section 3.6.2). The operator B4 is new. The values of the coefficients ci and
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di which encode the QCD dynamics, are given in Table 5.5. They were found by a numerical
fit described in the next section.

Operator Fitted coef. (MeV)

O1 = Nc1 c1 = 556 ± 11

O2 = ℓiqs
i c2 = -43 ± 47

O3 = 3
Nc
ℓ
(2)ij
q giaGja

c c3 = -85 ± 72

O4 = 4
Nc+1

ℓiqt
aGia

c

O5 = 1
Nc

(Si
cS

i
c + siSi

c) c5 = 253 ± 57

O6 = 1
Nc
taTa

c c6 = -25 ± 86

B1 = t8 − 1
2
√

3Nc

O1 d1 = 365 ± 169

B2 = T 8
c − Nc−1

2
√

3Nc

O1 d2 = -293 ± 54

B4 = 3ℓiqg
i8 −

√
3

2
O2

Table 5.5: List of operators and the coefficients resulting from the fit with χ2
dof ≃ 1.0 to

non-strange and strange resonances belonging to [70, ℓ+] (ℓ = 0, 2) [62].

There are many linearly independent operators Oi and Bi which can be constructed from
the excited quark and the core operators. Here, due to lack of data, we have considered again
a restricted list containing the most dominant operators in the mass formula. The selection
was determined from the previous experience of Refs. [9] and [57] (see Section 5.4.1) for
Nf = 2 and of Ref. [83] for Nf = 3. The operators Oi entering Eq. (5.33) are listed in
Table 5.5. O1 is linear in Nc and is the most dominant in the mass formula. At Nc → ∞
is the only one which survives. O2 is the dominant part of the spin-orbit operator. It acts
on the excited quark and is of order N0

c . The operator O3 is a generalization for SU(6) of
the O3 operator presented in Section 5.4.1. It is, of course, of order N0

c because Giac is a
coherent operator (Section 3.3). For the same reason the matrix elements of O4 are also of
order N0

c . As explained in the next section, we could not obtain its coefficient c4, because of
scarcity of data for the [70, ℓ+] multiplet. The spin-spin operator O5 is of order 1/Nc, but
its contribution dominates over all the other terms of the mass operator containing spin.

Here we take into account the isospin-isospin operator, denoted by O6, having matrix
elements of order N0

c due to the presence of Tc which sums coherently. Up to a subtract-
ing constant, it is one of the four independent operators of order N0

c , which, together with
O1, are needed to describe the submultiplet structure of [70, 1−] [18]. Incidentally, this op-
erator has been omitted in the analysis of Ref. [83]. Its coefficient c6 is indicated in Table 5.5.

In Tables 5.6, 5.7 and 5.8 we show the diagonal matrix elements of the operators Oi for
octet, decuplet and flavor singlet states respectively. From these tables one can obtain the
large Nc behaviour mentioned above. Details about O3 are given in Appendix D. Its matrix
elements change the analytic dependence on Nc in going from SU(2) to SU(3). This happens
for octet resonances and can be seen by comparing the column 3 of Table 5.6 with the cor-
responding result from Table 5.2. The change is that the factor Nc + 1 in SU(2) becomes
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Nc + 1/3 in SU(3). The same change takes place for all operators Oi containing Gjac as for
example the operator O4 also presented in Appendix D.

The SU(6) breaking operators, B1 and B2 and B4 in the notation of Ref. [83], expected
to contribute to the mass are listed in Table 5.5. The operators B1, B2 are the standard
breaking operators while B4 is directly related to the spin-orbit splitting. They break the
SU(3)-flavor symmetry to first order in ε ≃ 0.3 where ǫ is proportional to the mass difference
between the strange and u, d quarks. Table 5.10 gives the matrix elements of the excited
quark operator t8 and of the core operator T c8 which are necessary to construct the matrix
elements of B1 and B2. These expressions have been obtained as indicated in Appendix D.
It is interesting to note that they are somewhat different from those of Ref. [83]. However
for all cases with physical quantum numbers but any Nc, our values are identical to those of
Ref. [83], so that for Nc = 3 there is no difference.

For completeness, Table 5.9 gives the matrix elements of 3ℓigi8 needed to construct B4.
They were obtained from the formula (D.50) derived in Appendix D. As above, they are
different from those of Ref. [83] except for cases where I and S correspond to physical states.
Unfortunately none of the presently known resonances has non-vanishing matrix elements for
B4. By definition all Bi have zero matrix elements for non-strange resonances. In addition,
the matrix elements of B4 for ℓ = 0 resonances also cancel and for the two remaining exper-
imentally known strange resonances they also cancel out. For this reason the coefficient d4

could not be determined.

O1 O2 O3 O4 O5 O6

48[70, 2+] 7
2

Nc
2
3

− 3Nc+1
18Nc

− 2(3Nc+1)
9(Nc+1)

5
2Nc

Nc−13
12Nc

28[70, 2+] 5
2

Nc
2(2Nc−3)

9Nc
0 − 4(Nc+3)(3Nc−2)

27Nc(Nc+1)
Nc+3
4N2

c

N2
c
−4Nc−9

12N2
c

48[70, 2+] 5
2

Nc − 1
9

5(3Nc+1)
36Nc

3Nc+1
27(Nc+1)

5
2Nc

Nc−13
12Nc

48[70, 0+] 3
2

Nc 0 0 0 5
2Nc

Nc−13
12Nc

28[70, 2+] 3
2

Nc − 2Nc−3
3Nc

0 2(Nc+3)(3Nc−2)
9Nc(Nc+1)

Nc+3
4N2

c

N2
c
−4Nc−9

12N2
c

48[70, 2+] 3
2

Nc − 2
3

0 2(3Nc+1)
9(Nc+1)

5
2Nc

Nc−13
12Nc

28[70, 0+] 1
2

Nc 0 0 0 Nc+3
4N2

c

N2
c
−4Nc−9

12N2
c

48[70, 2+] 1
2

Nc −1 − 7(3Nc+1)
36Nc

3Nc+1
3(Nc+1)

5
2Nc

Nc−13
12Nc

Table 5.6: Matrix elements for octet resonances [62].
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O1 O2 O3 O4 O5 O6

210[70, 2+] 5
2

Nc − 2
9

0
2(3Nc+7)
27(Nc+1)

1
Nc

Nc+5
12Nc

210[70, 2+] 3
2

Nc
1
3

0 − 3Nc+7
9(Nc+1)

1
Nc

Nc+5
12Nc

210[70, 0+] 1
2

Nc 0 0 0 1
Nc

Nc+5
12Nc

Table 5.7: Matrix elements for decuplet resonances [62].

O1 O2 O3 O4 O5 O6

21[70, 2+] 5
2

Nc
2
3

0 0 0 −Nc+5
6Nc

21[70, 2+] 3
2

Nc −1 0 0 0 −Nc+5
6Nc

21[70, 0+] 1
2

Nc 0 0 0 0 −Nc+5
6Nc

Table 5.8: Matrix elements for singlet resonances [62].

3ℓigi8

48[70, 2+] 7
2

2Nc−4I(I+1)+S(S+4)+1

2
√

3(Nc−1)

28[70, 2+] 5
2

4N3
c
+4I(I+1)(9+Nc(7Nc−12))−9(S−1)2−N2

c
(S−1)(7S−19)+12Nc(S(S−5)+1)

6
√

3Nc(Nc−1)(Nc+3)

48[70, 2+] 5
2

− 2Nc−4I(I+1)+S(S+4)+1

12
√

3(Nc−1)

48[70, 0+] 3
2

0

28[70, 2+] 3
2

− 4N3
c
+4I(I+1)(9+Nc(7Nc−12))−9(S−1)2−N2

c
(S−1)(7S−19)+12Nc(S(S−5)+1)

4
√

3Nc(Nc−1)(Nc+3)

48[70, 2+] 3
2

− 2Nc−4I(I+1)+S(S+4)+1

2
√

3(Nc−1)

28[70, 0+] 1
2

0

48[70, 2+] 1
2

−
√

3(2Nc−4I(I+1)+S(S+4)+1)
4(Nc−1)

210[70, 2+] 5
2

− 2Nc+4I(I+1)−S(S−8)−5

6
√

3(Nc+5)

210[70, 2+] 3
2

2Nc+4I(I+1)−S(S−8)−5

6
√

3(Nc+5)

210[70, 0+] 1
2

0

21[70, 2+] 5
2

3+12I(I+1)−2Nc(Nc+1)−3S(S+2Nc+2)√
3(Nc+1)(Nc+3)

21[70, 2+] 3
2

−
√

3(3+12I(I+1)−2Nc(Nc+1)−3S(S+2Nc+2))
2(Nc+1)(Nc+3)

21[70, 0+] 1
2

0

Table 5.9: Matrix elements of the term 3ℓigi8 of B4 [62].
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t8 T c
8

28J
N3

c
+[S(5−S)+4I(I+1)−1]N2

c
−3[S(2−S)+4I(I+1)−2]Nc+9S

2
√

3Nc(Nc−1)(Nc+3)

N4
c
+(3S+1)N3

c
+[(S(S+1)−4I(I+1)−2]N2

c
−3[S(S+1)−4I(I+1)+2]Nc−9S

2
√

3Nc(Nc−1)(Nc+3)

48J
2Nc−4I(I+1)+S(S+4)+1

4
√

3(Nc−1)

2N2
c
+2(3S−2)Nc+4I(I+1)−S(S+10)−1

4
√

3(Nc−1)

210J
2Nc+4I(I+1)−S(S−8)−5

4
√

3(Nc+5)

2N2
c
+2(3S+4)Nc−4I(I+1)+S(S+22)+5

4
√

3(Nc+5)

21J
−2N2

c
−2(3S+1)Nc+12I(I+1)−3S(S+2)+3

2
√

3(Nc+1)(Nc+3)

N3
c
+3(S+2)N2

c
+(18S+5)Nc−12I(I+1)+3S(S+5)−3

2
√

3(Nc+1)(Nc+3)

28J − 210J

q
2
3

q
Nc+3

Nc(Nc−1)(Nc+5)
−
q

2
3

q
Nc+3

Nc(Nc−1)(Nc+5)

28J − 21J
3(Nc−1)

2
√

Nc(Nc+3)
− 3(Nc−1)

2
√

Nc(Nc+3)

Table 5.10: Matrix elements of t8 and T c8 as a function of Nc, the isospin I and the strangeness S. The off-diagonal matrix elements have
(S = −1, I = 1) or (S = −2, I = 1/2) for 28J − 210J and (S = 0, I = 0) for 28J − 21J [62].
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The spectrum of non-strange and strange baryons (Nf = 3)

Comparing Table 5.5 with our previous results for non-strange baryons Table 5.1, one can
see that the addition of strange baryons in the fit has not much changed the values of the
coefficients c1 and c5 (previously c4). The spin-orbit coefficient c2 had changed sign but in
absolute value remains small. The resonance F05(2100) is mostly responsible for this change.
But actually the crucial experimental input for the spin-orbit contribution should come from
Λ’s, as in the case of the [70, 1−] multiplet [83]. Unfortunately data for the two flavor singlets
with ℓ 6= 0, 2Λ′[70, 2+]5/2+ and 2Λ′[70, 2+]3/2+, which are spin-orbit partners are missing
(see Table 5.11). If observed, they will help to fix the strength and sign of the spin-orbit
terms unambiguously inasmuch as O3, O4 and O5 do not contribute to their mass.

Presently, due to the large uncertainty obtained from the fit of c2, there is still some over-
lap with the value obtained from non-strange resonances. The coefficient c3 is about twice
smaller in absolute value now.

Regarding the SU(3) breaking terms, the coefficient d1 has opposite sign as compared to
that of Ref. [83] and is about four times larger in absolute value. The coefficient d2 has the
same sign and about the same order of magnitude. One can conclude that the SU(3)-flavor
breaking is roughly similar in the [70, 1−] and the [70, ℓ+] multiplets.

The resonances belonging to the [70, ℓ+] together with their calculated masses are pre-
sented in Table 5.11. The angular momentum coupling allows for 8 octets, with J ranging
from 7/2 to 1/2, three decuplets with J from 5/2 to 1/2 and three flavor singlets with J =
5/2, 3/2 or 1/2. Ignoring isospin breaking, there are in all 47 resonances from which 12 are
fitted and 35 are predictions. The best fit gave χ2

dof ≃ 1. Among the presently 12 resonances
only five are new, the strange resonances. This reflects the fact that the experimental situ-
ation is still rather poor in this energy range. The known resonances are three-, two- and
one-star.

For all masses the main contribution comes from the operator O1. In the context of a
constituent quark model this corresponds to the contribution of the spin-independent part of
the Hamiltonian, namely the free mass term plus the kinetic and the confinement energy. A
difference is that, this contribution is constant for all resonances here, while in quark models
the mass difference between the strange and the u, d quarks is taken into account explicitly
in the free mass term. Here this difference is embedded into the flavor breaking terms Bi.

The spin-orbit operator O2 naturally contributes to states with ℓ 6= 0 only. The operator
O3 contributes to states with S = 3/2 only. For S = 1/2 states it gives no contribution
either due to the cancellation of a 6-j coefficient or when the wave function has Sc = 0, as for
example for flavor singlet states.

We have analyzed the role of the operator O4 described in Appendix D. This is an oper-
ator of order N0

c , like O2, O3 and O6. As in Refs. [9] and [83], the combination O2 +O4 is of
order 1/Nc for octets and decuplets, but this is no longer valid for flavor singlets. It means
that the operators O2 and O4 are independent in SU(3) and both have to be included in the
fit. However, the inclusion of O4 considerably deteriorated the fit, by abnormally increasing
the spin-orbit contribution with one order of magnitude. Therefore the contribution of O4
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can not be constrained with the present data and we have to wait until more data will be
available, especially on strange resonances.

To estimate the role of the isospin-isospin operator O6 we have made a fit without the
contribution of this operator. This fit gave χ2

dof ≃ 0.9 and about the same values for ci and di
as that with O6 included. This means that the presence of O6 is not essential at the present
stage.

The fitted value of the N(1990)F17 resonance slightly deteriorates with respect to the
SU(4) case. The reason is the negative contribution of the spin-orbit term. Further analysis,
based on more data, is needed in the future, to clarify the change of sign in the spin-orbit term.

Of special interest is the fact that the resonance Λ(1810)P01 gives the best fit when inter-
preted as a flavor singlet. Such an interpretation is in agreement with that of Refs. [30, 68]
where the baryon spectra were derived from a spin-flavor hyperfine interaction, rooted in
pseudo-scalar meson (Goldstone boson) exchange. Thus the spin-flavor symmetry is common
to both calculations. Moreover, the dynamical origin of the operator O3, which does not
directly contribute to Λ(1810)P01, but plays an important role in the total fit, is thought to
be related to pseudo-scalar meson exchange [9]. Hopefully, this study may help in shedding
some light on the QCD dynamics hidden in the coefficients ci.

In conclusions we have found that the SU(3) breaking corrections are comparable in size
with the 1/Nc corrections, as for the [70, 1−] multiplet [83] which successfully explained the
Λ(1520) − Λ(1405) splitting.

The analysis of the [70, ℓ+] remains an open problem. It depends on future experimental
data which may help to clarify the role of various terms contributing to the mass operator
and in particular of O2 and O4 of Table 5.5. The present approach provides the theoretical
framework to pursue this study.

5.5 The strange [56, 4+] baryon multiplet

In this Section we explore the applicability of the 1/Nc expansion to the [56, 4+] multiplet
(N = 4 band). The number of experimentally known resonances in the 2–3 GeV region [93],
expected to belong to this multiplet is quite restricted. Among the five possible candidates
there are two four-star resonances, N(2220)9/2+ and ∆(2420)11/2+ , one three-star resonance
Λ(2350)9/2+ , one two-star resonance ∆(2300)9/2+ and one one-star resonance ∆(2390)7/2+.
This is an exploratory study which will allow us to make some predictions, as shown in Sec.
5.6, regarding members of multiplets of fixed J or regarding the behaviour of ci at high ex-
citation energy.

In constituent quark models the N = 4 band has been studied so far either in a large
harmonic oscillator basis [7] or in a variational basis [89]. We shall show that the present ap-
proach reinforces the conclusion that the spin-orbit contribution to the hyperfine interaction
can safely be neglected in constituent quark model calculations.
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Part. contrib. (MeV) Total (MeV) Exp. (MeV) Name, status

c1O1 c2O2 c3O3 c5O5 c6O6 d1B1 d2B2

4N[70, 2+] 7
2

1667 -29 16 211 7 0 0 1872 ± 46 2016 ± 104 F17(1990)**

4Λ[70, 2+] 7
2

0 254 2125 ± 72 2094 ± 78 F07(2020)*

4Σ[70, 2+] 7
2

-211 85 1745 ± 95

4Ξ[70, 2+ ] 7
2

-105 423 2189 ± 81

2N[70, 2+] 5
2

1667 -10 0 42 3 0 0 1703 ± 29

2Λ[70, 2+] 5
2

-105 169 1766 ± 26

2Σ[70, 2+] 5
2

-105 169 1766 ± 26

2Ξ[70, 2+ ] 5
2

-211 338 1830 ± 58

4N[70, 2+] 5
2

1667 5 -39 211 7 0 0 1850 ± 44 1981 ± 200 F15(2000)**

4Λ[70, 2+] 5
2

0 254 2104 ± 39 2112 ± 40 F05(2110)***

4Σ[70, 2+] 5
2

-211 85 1724 ± 111

4Ξ[70, 2+ ] 5
2

-105 423 2167 ± 54

4N[70, 0+] 3
2

1667 0 0 211 7 0 0 1885 ± 17 1879 ± 17 P13(1900)**

4Λ[70, 0+] 3
2

0 254 2138 ± 42

4Σ[70, 0+] 3
2

-211 85 1758 ± 100

4Ξ[70, 0+ ] 3
2

-105 423 2202 ± 56

2N[70, 2+] 3
2

1667 14 0 42 3 0 0 1727 ± 31

2Λ[70, 2+] 3
2

-105 169 1790 ± 29

2Σ[70, 2+] 3
2

-105 169 1790 ± 29

2Ξ[70, 2+ ] 3
2

-211 338 1854 ± 59

4N[70, 2+] 3
2

1667 29 0 211 7 0 0 1914 ± 33

4Λ[70, 2+] 3
2

0 254 2167 ± 41

4Σ[70, 2+] 3
2

-211 85 1787 ± 103

4Ξ[70, 2+ ] 3
2

-105 423 2231 ± 56

2N[70, 0+] 1
2

1667 0 0 42 3 0 0 1712 ± 27 1710 ± 30 P11(1710)***

2Λ[70, 0+] 1
2

-105 169 1776 ± 24

2Σ[70, 0+] 1
2

-105 169 1776 ± 24 1760 ± 27 P11(1770)*

2Ξ[70, 0+ ] 1
2

-211 338 1839 ± 57

4N[70, 2+] 1
2

1667 43 55 211 7 0 0 1983 ± 26 1986 ± 26 P11(2100)*

4Λ[70, 2+] 1
2

0 254 2237 ± 57

4Σ[70, 2+] 1
2

-211 85 1857 ± 90

4Ξ[70, 2+ ] 1
2

-105 423 2301 ± 68

2∆[70, 2+ ] 5
2

1667 10 0 84 -6 0 0 1756 ± 32 1976 ± 237 F35(2000)**

2Σ′[70, 2+ ] 5
2

-105 169 1819 ± 46

2Ξ′[70, 2+] 5
2

-211 338 1883 ± 77

2Ω[70, 2+] 5
2

-316 507 1946 ± 113

2∆[70, 2+ ] 3
2

1667 -14 0 84 -6 0 0 1731 ± 35

2Σ′[70, 2+ ] 3
2

-105 169 1795 ± 48

2Ξ′[70, 2+] 3
2

-211 338 1859 ± 78

2Ω[70, 2+] 3
2

-316 507 1922 ± 113

2∆[70, 0+ ] 1
2

1667 0 0 84 -6 0 0 1746 ± 31 1744 ± 36 P31(1750)*

2Σ′[70, 0+ ] 1
2

-105 169 1810 ± 45 1896 ± 95 P11(1880)**

2Ξ′[70, 0+] 1
2

211 338 1873 ± 77

2Ω[70, 0+] 1
2

316 507 1937 ± 112

2Λ′[70, 2+ ] 5
2

1667 -29 0 0 11 -105 169 1713 ± 51

2Λ′[70, 2+ ] 3
2

1667 43 0 0 11 -105 169 1785 ± 62

2Λ′[70, 0+ ] 1
2

1667 0 0 0 11 -105 169 1742 ± 40 1791 ± 64 P01(1810)***

Table 5.11: The partial contribution and the total mass (MeV) predicted by the 1/Nc expan-
sion [62]. The last two columns give the empirically known masses [93].
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5.5.1 The wave functions

The N = 4 band contains 17 multiplets having symmetries (56), (70) or (20) and angular
momenta ranging from 0 to 4 [89]. Among them, the [56, 4+] multiplet has a rather simple
structure. It is symmetric both in SU(6) and O(3), where O(3) is the group of spatial rotation.
Together with the color part which is always antisymmetric, it gives a totally antisymmetric
wave function. In our study of the [56, 4+] multiplet, we have to couple the symmetric orbital
part |4mℓ〉 with ℓ = 4 to a symmetric spin-flavor wave function. Following Eq. (5.8) we have

|4S;JJ3; (λµ)Y II3; 〉 =
∑

mℓ,S3

(
4 S J
mℓ S3 J3

)

|SS3〉|(λµ)Y II3〉|4mℓ〉, (5.34)

where S, S3 are the spin and its projection, (λµ) labels an SU(3) representation (here 8 and
10), Y, I, I3 stand for the hypercharge, isospin and its projection and J, Jz for the total angu-
lar momentum and its projection. Expressing the states (5.34) in the usual notation 2S+1dJ ,
they are as follows: two SU(3) octets 28 7

2
, 28 9

2
and four decuplets 410 5

2
, 410 7

2
, 410 9

2
, 410 11

2

(see Table 5.16).

In the following, we need the explicit form of the wave functions. They depend on Jz
but the matrix elements of the operators that we shall calculate in the next sections do not
depend on Jz due to the Wigner-Eckart theorem. So, choosing Jz = 1

2 , we have for the octet
states

|28[56, 4+]
7

2

+ 1

2
〉 =

√

5

18
ψS41

(

χρ−φ
ρ + χλ−φ

λ
)

−
√

2

9
ψS40

(

χρ+φ
ρ + χλ+φ

λ
)

, (5.35)

|28[56, 4+]
9

2

+ 1

2
〉 =

√

2

9
ψS41

(

χρ−φ
ρ + χλ−φ

λ
)

+

√

5

18
ψS40

(

χρ+φ
ρ + χλ+φ

λ
)

, (5.36)

and for the decuplet states

|410[56, 4+]
5

2

+ 1

2
〉 =

 r
5

21
ψS

42χ 3
2
− 3

2

−
r

5

14
ψS

41χ 3
2
− 1

2

+

r
2

7
ψS

40χ 3
2

1
2

−
r

5

42
ψS

4−1χ 3
2

3
2

!

φS , (5.37)

|410[56, 4+]
7

2

+ 1

2
〉 =

 r
3

7
ψS

42χ 3
2
− 3

2

−
r

2

63
ψS

41χ 3
2
− 1

2

−
r

10

63
ψS

40χ 3
2

1
2

+

r
8

21
ψS

4−1χ 3
2

3
2

!

φS , (5.38)

|410[56, 4+]
9

2

+ 1

2
〉 =

 r
3

11
ψS

42χ 3
2
− 3

2

+

r
49

198
ψS

41χ 3
2
− 1

2

−
r

10

99
ψS

40χ 3
2

1
2

−
r

25

66
ψS

4−1χ 3
2

3
2

!

φS , (5.39)

|410[56, 4+]
11

2

+ 1

2
〉 =

 r
2

33
ψS

42χ 3
2
− 3

2

+

r
4

11
ψS

41χ 3
2
− 1

2

+

r
5

11
ψS

40χ 3
2

1
2

+

r
4

33
ψS

4−1χ 3
2

3
2

!

φS . (5.40)

with φλ, φρ, φS and χ given in Appendix D. The orbital wave functions ψS4m are defined in
the same way as the ones belonging to the N = 2 band. The explicit form in term of Jacobi
coordinates are not necessary for the calculations of this Section. One can found then in
Table 2 of Ref. [89].

5.5.2 The mass operator

The study of the [56, 4+] multiplet is similar to that of [56, 2+] as analyzed in Ref. [33],
where the mass spectrum is studied in the 1/Nc expansion up to and including O(1/Nc)
effects. As already discussed, the mass operator must be rotationally invariant, parity and
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time reversal even. The isospin breaking is neglected. The SU(3) symmetry breaking is
implemented to O(ε), where ε ∼ 0.3 gives a measure of this breaking (see Section 3.6). As the
[56, 4+] baryons are described by a symmetric representation of SU(6), it is not necessary to
distinguish between excited and core quarks for the construction of a basis of mass operators,
as explained in Ref. [33] and in Section 5.3. Then the mass operator of the [56, 4+] multiplet
has the following structure

M[56,4+] =
∑

i

ciOi +
∑

i

diBi, (5.41)

given in terms of the linearly independent operators Oi and Bi. Here Oi (i = 1, 2, 3) are
rotational invariants and SU(3)-flavor singlets [32], B1 is the strangeness quark number op-
erator with negative sign, and the operators Bi (i = 2, 3) are also rotational invariants but
contain the SU(6) flavor-spin generators Gi8 as well. The operators Bi (i = 1, 2, 3) provide
SU(3) breaking and are defined to have vanishing matrix elements for non-strange baryons
(see Table 5.14). The relation (5.41) contains the effective coefficients ci and bi as parameters.
The above operators and the values of the corresponding coefficients obtained from fitting
the experimentally known masses (see Section 5.5.5) are given in Table 5.12.

Operator Fitted coef. (MeV)

O1 = Nc1 c1 = 736 ± 30

O2 = 1
Nc
ℓiSi c2 = 4 ± 40

O3 = 1
Nc
SiSi c4 = 135 ± 90

B1 = −S d1 = 110 ± 67

B2 = 1
Nc
ℓiGi8 − 1

2
√

3
O2

B3 = 1
Nc
SiGi8 − 1

2
√

3
O3

Table 5.12: Operators of Eq. (5.41) and coefficients resulting from the fit with χ2
dof ≃ 0.26

[56].

O1 O2 O3

287/2 Nc − 5
2Nc

3
4Nc

289/2 Nc
2

Nc

3
4Nc

4105/2 Nc − 15
2Nc

15
4Nc

4107/2 Nc − 4
Nc

15
4Nc

4109/2 Nc
1

2Nc

15
4Nc

41011/2 Nc
6

Nc

15
4Nc

Table 5.13: Matrix elements of SU(3) singlet operators [56].

The matrix elements of O1, O2 and O3 are trivial to calculate. They are given in Table
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5.13 for the octet and the decuplet states belonging to the [56, 4+] multiplet. The B1 matrix
elements are also trivial. To calculate the B2 matrix elements we use the expression

Gi8 = Gi8 =
1

2
√

3
(Si − 3Sis), (5.42)

where Si and Sis are the components of the total spin and of the total strange-quark spin
respectively [46]5. Using (5.42) we rewrite the expression of B2 as

B2 = −
√

3

2Nc

~l · ~Ss (5.43)

with the decomposition

~l · ~Ss = l0Ss0 +
1

2
(l+Ss− + l−Ss+) , (5.44)

which we apply on the wave functions (5.35)–(5.40) in order to obtain the diagonal and
off-diagonal matrix elements. For B3, one can use the following relation (see Eq. (4.38))

SiGi8 =
1

4
√

3

[

3I(I + 1) − S(S + 1) − 3

4
ns(ns + 2)

]

. (5.45)

Here I is the isospin, S is the total spin and ns the number of strange quarks. Both the
diagonal and off-diagonal matrix elements of Bi are exhibited in Table 5.14. Note that only
B2 has non-vanishing off-diagonal matrix elements. Their role is very important in the state
mixing, as discussed in the next section. We found that the diagonal matrix elements of O2,
O3, B2 and B3 of strange baryons satisfy the following relation

B2

B3
=
O2

O3
, (5.46)

for any state, irrespective of the value of J in both the octet and the decuplet. This can
be used as a check of the analytic expressions in Table 5.14. Such a relation also holds for
the multiplet [56, 2+] studied in Ref. [33] and might possibly be a feature of all [56, ℓ+]
multiplets. In spite of the relation (5.46) which holds for the diagonal matrix elements, the
operators Oi and Bi are linearly independent, as it can be easily proved. As an immediate
proof, the off-diagonal matrix elements of B2 are entirely different from those of B3.

5.5.3 State mixing

As mentioned above, only the operator B2 has non-vanishing off-diagonal matrix elements,
so B2 is the only one which induces mixing between the octet and decuplet states of [56, 4+]
with the same quantum numbers, as a consequence of the SU(3)-flavor breaking. Thus this
mixing affects the octet and the decuplet Σ and Ξ states. As there are four off-diagonal
matrix elements (Table 5.14), there are also four mixing angles, namely, θΣ

J and θΞ
J , each

with J = 7/2 and 9/2. In terms of these mixing angles, the physical ΣJ and Σ′
J states are

defined by the following basis states

|ΣJ〉 = |Σ(8)
J 〉 cos θΣ

J + |Σ(10)
J 〉 sin θΣ

J , (5.47)

|Σ′
J〉 = −|Σ(8)

J 〉 sin θΣ
J + |Σ(10)

J 〉 cos θΣ
J , (5.48)

5This equation is equivalent to Eq. (4.37).
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B1 B2 B3

NJ 0 0 0

ΛJ 1
√

3 aJ

2Nc
− 3

√
3

8Nc

ΣJ 1 −
√

3 aJ

6Nc

√
3

8Nc

ΞJ 2 2
√

3 aJ

3Nc
−

√
3

2Nc

∆J 0 0 0

ΣJ 1
√

3 bJ

2Nc
− 5

√
3

8Nc

ΞJ 2
√

3 bJ

Nc
− 5

√
3

4Nc

ΩJ 3 3
√

3 bJ

2Nc
− 15

√
3

8Nc

Σ8
7/2

− Σ10
7/2

0 −
√

35
2
√

3Nc

0

Σ8
9/2

− Σ10
9/2

0 −
√

11√
3Nc

0

Ξ8
7/2

− Ξ10
7/2

0 −
√

35
2
√

3Nc

0

Ξ8
9/2

− Ξ10
9/2

0 −
√

11√
3Nc

0

Table 5.14: Matrix elements of SU(3) breaking operators, with aJ = 5/2,−2 for J = 7/2, 9/2
respectively and bJ = 5/2, 4/3,−1/6,−2 for J = 5/2, 7/2, 9/2, 11/2, respectively [56].

and similar relations hold for Ξ. The masses of the physical states become

M(ΣJ) = M(Σ
(8)
J ) + d2〈Σ(8)

J |B2|Σ(10)
J 〉 tan θΣ

J , (5.49)

M(Σ′
J) = M(Σ

(10)
J ) − d2〈Σ(8)

J |B2|Σ(10)
J 〉 tan θΣ

J , (5.50)

where M(Σ
(8)
J ) and M(Σ

(10)
J ) are the diagonal matrix of the mass operator (5.41), here equal

to c1O1 + c2O2 + c3O3 + d1B1, for Σ states and similarly for Ξ states (see Table 5.16). If
replaced in the mass operator (5.41), the relations (5.49) and (5.50) and their counterparts for
Ξ, introduce four new parameters which should be included in the fit. Actually the procedure
of Ref. [33] was simplified to fit the coefficients ci and bi directly to the physical masses and
then to calculate the mixing angle from

θJ =
1

2
arcsin

(

2
d2〈Σ(8)

J |B2|Σ(10)
J 〉

M(ΣJ) −M(Σ′
J)

)

. (5.51)

for ΣJ states and analogously for Ξ states.

Due to the scarcity of data in the 2–3 GeV mass region, even such a simplified procedure
is not possible at present in the [56, 4+] multiplet.

5.5.4 Mass relations

In the isospin symmetric limit, there are twenty-four independent masses, as presented in the
first column of Table 5.16. Our operator basis contains six operators, so there are eighteen
mass relations that hold irrespective of the values of the coefficients ci and di. These relations
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can be easily checked from the definition (5.41) and are presented in Table 5.15.

One can identify the Gell-Mann–Okubo (GMO) mass formula for each octet (two such
relations) and the equal spacing relations (EQS) for each decuplet (eight such relations).
There are eight relations left, that involve states belonging to different SU(3) multiplets as
well as to different values of J . Presently one can not test the accuracy of these relations
due to lack of data. But they may be used in making some predictions. The theoretical
masses satisfy the Gell-Mann–Okubo mass formula for octets and the Equal Spacing Rule
for decuplets, providing another useful test of the 1/Nc expansion.

(1) 9(∆7/2 − ∆5/2) = 7(N9/2 −N7/2)

(2) 9(∆9/2 − ∆5/2) = 16(N9/2 −N7/2)

(3) 9(∆11/2 − ∆9/2) = 11(N9/2 −N7/2)

(4) 8(Λ7/2 −N7/2) + 14(N9/2 − Λ9/2) = 3(Λ9/2 − Σ9/2) + 6(∆11/2 − Σ11/2)

(5) Λ9/2 − Λ7/2 + 3(Σ9/2 − Σ7/2) = 4(N9/2 −N7/2)

(6) Λ9/2 − Λ7/2 + Σ9/2 − Σ7/2 = 2(Σ′
9/2

− Σ′
7/2

)

(7) 11 Σ′
7/2

+ 9 Σ11/2 = 20 Σ′
9/2

(8) 20 Σ5/2 + 7 Σ11/2 = 27 Σ′
7/2

(GMO) 2(N + Ξ) = 3 Λ + Σ

(EQS) Σ − ∆ = Ξ − Σ = Ω − Ξ

Table 5.15: The 18 independent mass relations including the GMO relations for the octets
and the EQS relations for the decuplets [56].

5.5.5 Fit and discussion

The fit of the masses derived from Eq. (5.41) and the available empirical values used in
the fit, together with the corresponding resonance status in the Particle Data Group [93]
are listed in Table 5.16. The values of the coefficients ci and b1 obtained from the fit are
presented in Table 5.12, as already mentioned. For the four and three-star resonances we
used the empirical masses given in the summary table. For the others, namely the one-star
resonance ∆(2390) and the two-star resonance ∆(2300) we adopted the following procedure.
We considered as “experimental” mass the average of all masses quoted in the full listings.
The experimental error to the mass was defined, as the quadrature of two uncorrelated er-
rors, one being the average error obtained from the same references in the full listings and
the other was the difference between the average mass relative to the farthest off observed
mass, like for the [70, ℓ+] multiplets. The masses and errors thus obtained are indicated in
the before last column of Table 5.16.

Due to the lack of experimental data in the strange sector it was not possible to include
all the operators Bi in the fit in order to obtain some reliable predictions. As the breaking
of SU(3) is dominated by B1 we included only this operator in Eq. (5.41) and neglected the
contribution of the operators B2 and B3. At a later stage, when more data will hopefully be
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1/Nc expansion results

Partial contribution (MeV) Total (MeV) Empirical Name, status

c1O1 c2O2 c3O3 d1B1 (MeV)

N7/2 2209 -3 34 0 2240 ± 97

Λ7/2 110 2350 ± 118

Σ7/2 110 2350 ± 118

Ξ7/2 220 2460 ± 166

N9/2 2209 2 34 0 2245 ± 95 2245 ± 65 N(2220)****

Λ9/2 110 2355 ± 116 2355 ± 15 Λ(2350)***

Σ9/2 110 2355 ± 116

Ξ9/2 220 2465 ± 164

∆5/2 2209 -9 168 0 2368 ± 175

Σ
5/2

110 2478 ± 187

Ξ
5/2

220 2588 ± 220

Ω5/2 330 2698 ± 266

∆7/2 2209 -5 168 0 2372 ± 153 2387 ± 88 ∆(2390)*

Σ′
7/2

110 2482 ± 167

Ξ′
7/2

220 2592 ± 203

Ω7/2 330 2702 ± 252

∆9/2 2209 1 168 0 2378 ± 144 2318 ± 132 ∆(2300)**

Σ′
9/2

110 2488 ± 159

Ξ′
9/2

220 2598 ± 197

Ω9/2 330 2708 ± 247

∆11/2 2209 7 168 0 2385 ± 164 2400 ± 100 ∆(2420)****

Σ
11/2

110 2495 ± 177

Ξ
11/2

220 2605 ± 212

Ω11/2 330 2715 ± 260

Table 5.16: The partial contribution and the total mass (MeV) predicted by the 1/Nc expan-
sion as compared with the empirically known masses [56].

available, all analytical work performed here could be used to improve the fit. That is why
Table 5.12 contains results for ci (i = 1, 2 and 3) and d1 only. The χ2

dof of the fit is 0.26,
where the number of degrees of freedom (dof) is equal to one (five data and four coefficients).

The first column of Table 5.16 contains the 56 states (each state having a 2I + 1 mul-
tiplicity from assuming an exact SU(2)-isospin symmetry) 6. The columns two to five show
the partial contribution of each operator included in the fit, multiplied by the corresponding

6Note that the notation ΣJ , Σ′
J is consistent with the relations (5.49), (5.50) inasmuch as the contribution

of B2 is neglected (same remark for ΞJ , Ξ′
J and corresponding relations).
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coefficient ci or d1. The column six gives the total mass according to Eq. (5.41). The errors
shown in the predictions result from the errors on the coefficients ci and d1 given in Table
5.12. As there are only five experimental data available, nineteen of these masses are predic-
tions. The breaking of SU(3)-flavor due to the operator B1 is 110 MeV as compared to 200
MeV produced in the [56, 2+] multiplet [33].

The main question is, of course, how reliable is this fit. The answer can be summarized
as follows:

• The main part of the mass is provided by the spin-flavor singlet operator O1, which is
O(Nc).

• The spin-orbit contribution given by c2O2 is small. This fact reinforces the practice
used in constituent quark models where the spin-orbit contribution is usually neglected.
Our result is consistent with the expectation that the spin-orbit term vanishes at large
excitation energies [31].

• The breaking of the SU(6) symmetry keeping the flavor symmetry exact is mainly due
to the spin-spin operator O3. This hyperfine interaction produces a splitting between
octet and decuplet states of approximately 130 MeV which is smaller than that obtained
in the [56, 2+] case [33], which gives 240 MeV.

• The contribution of B1 per unit of strangeness, 110 MeV, is also smaller here than in
the [56, 2+] multiplet [33], where it takes a value of about 200 MeV. That may be quite
natural, as one expects a shrinking of the spectrum with the excitation energy.

• As it was not possible to include the contribution of B2 and B3 in our fit, a degeneracy
appears between Λ and Σ.

In conclusion we have studied the spectrum of highly excited resonances in the 2–3 GeV
mass region by describing them as belonging to the [56, 4+] multiplet. This is the first study
of such excited states based on the 1/Nc expansion of QCD. A better description should
include multiplet mixing, following the lines developed, for example, in Ref. [34].

We support previous assertions that better experimental values for highly excited non-
strange baryons as well as more data for the Σ∗ and Ξ∗ baryons are needed in order to
understand the role of the operator B2 within a multiplet and for the octet-decuplet mixing.
With better data the analytic work performed here will help to make reliable predictions in
the large Nc limit formalism.

5.6 The spin dependence of the mass operator coefficients
with the excitation energy

The properties of low energy hadrons are interpreted to be a consequence of the spontaneous
breaking of chiral symmetry [30, 53]. For highly excited hadrons, as the ones considered here,
there are phenomenological arguments to believe that the chiral symmetry is restored. This
would imply a weakening (up to a cancellation) of the spin-orbit and tensor interactions [31].
Then the main contribution to the hyperfine interaction remains the spin-spin term.
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Indeed we have seen that for all resonances, the spin-spin contribution is dominant, like
in constituent quark model studies. Thus the 1/Nc expansion can provide a deeper under-
standing of the successes of the quark models.

It is interesting to see the evolution of some dynamical coefficients with the excitation
energy. c1 refers to the first order operator Nc1, c2 to the spin-orbit term and c4 to the
spin-spin interaction7.

In Figure 5.1 the presently known values of c1, c2 and c4 with error bars are represented
for the excited bands studied within the large Nc expansion: N = 1 is from Ref. [83], N = 2
from Ref. [33] and from the present work, N = 4 from Ref. [56]. Extrapolation to higher
energies, N > 4, suggests that the contribution of the spin dependent operators would vanish,
while the linear term in Nc, which in a quark model picture would contain the free mass term,
the kinetic and the confinement energy, would carry the entire excitation. Such a behaviour
gives a deeper insight into the large Nc mass operator and is consistent with the intuitive
picture developed in Ref. [31] where at high energies the spin dependent interactions vanish
as a consequence of the chiral symmetry restoration.

7The denomination of the coefficients ci changes from one multiplet to another. Here, we use the one
presented in Section 5.4.1 because the Figure 5.1 was originally discussed in Ref. [57].
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Figure 5.1: The coefficients ci vs. N from various sources: N = 1 from Ref. [83], for N = 2
from Ref. [33] (lower values) and Ref. [57] and for N = 4 from [56]. The straight lines are to
guide the eye. This figure suggests that the absolute value of c2 and c4 tend to zero when N
increase. Of course the coefficients c2 and c4 does not tend to −∞ when N increase.



Chapter 6

New look at the [70, 1−] multiplet

6.1 Introduction

The decoupling picture presented in Chapter 5 describes the wave function of baryons be-
longing to mixed-symmetric multiplets as a symmetric core coupled to an excited quark. But
as explained in Section 5.2, this approach implies a truncation of the available basis vector
space (see Eq. (5.7)). An important consequence of this approximation is the breaking to
first order of SU(2Nf ) symmetry for mixed-symmetric orbital wave functions (see Eq. (5.27)).
This breaking to first order is an artifact of the decoupling picture as we shall see below.

Another consequence of the decoupling picture is that the number of independent oper-
ators appearing in the 1/Nc expansion of the mass operator for mixed-symmetry multiplets
increases tremendously and the number of coefficients to be determined by a fit to experi-
mental data becomes larger or much larger than the number of data. For example, for the
[70, 1−] multiplet with Nf = 2 one has 12 linearly independent operators up to order 1/Nc

included [9], instead of 6 (see below) when the splitting is not performed. We recall that
there are only 7 non-strange resonances belonging to this band. Consequently, in selecting
the most dominant operators one has to make an arbitrary choice [9] (see Section 5.4.2 for
an explicit example of the [70, ℓ+] multiplets).

In this chapter, we propose a method to treat the [70, 1−] multiplet where the decoupling
of the system into a symmetric core and an excited quark is unnecessary. All one needs to
know are the matrix elements of the SU(2Nf ) generators between mixed-symmetric states
[Nc − 1, 1]. For Nf = 2 these are provided by the work of Hecht and Pang performed in the
sixtieths in the context of nuclear physics where the SU(4) symmetry is very important [40].
To our knowledge such matrix elements are yet unknown for Nf = 3. Thus this analysis of
the [70, 1−] multiplet deals with non-strange baryon resonances only.

This chapter is divided into two parts. In the first part we shall show that when we
consider the baryon wave function (5.4) for the [70, 1−] multiplet and not the approximate
form symbolized by Young tableaux in Eq. (5.7), the SU(2Nf ) symmetry is not broken to first
order but to order 1/Nc, like for symmetric multiplets. In the second part we will illustrate
this new approach with the study of the non-strange [70, 1−] baryon multiplet. The results
presented here can be found in Ref. [62]. A summary of the 1/Nc expansion method for
excited baryons in the decoupling and the new picture presented here can be found in Ref.
[66]
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6.2 The wave function of [70, 1−] excited states

As presented in Table 2.6, the baryons belonging to the [70, 1−] multiplet are composed of
Nc−1 ground-state quarks and of one excited quark which give the configuration (0s)Nc−1(0p).
The orbital part must have a mixed-symmetry denoted by the partition [Nc−1, 1]. The spin-
flavor part must have the same symmetry in order to obtain a totally symmetric state in the
orbital-spin-flavor space.

For the configuration (0s)Nc−1(0p) the basis vectors forming the invariant subspace of the
mixed-symmetric [Nc−1, 1] irrep of the permutation group SNc can be illustrated by the Weyl
tableau represented in Figure 6.1. The dimension of this irrep is Nc − 1. The basis vectors
of this irrep can be described, for example, by the generalized Jacobi coordinates Eq. (2.33),
given in Chapter 2. Table 6.1 shows an example for Nc = 5 where the four independent basis
vectors are written explicitly in terms of single particle states s and p. The corresponding
Young tableaux are also indicated. Note that in writing the content in s and p states the
order is always the normal order 1, 2, 3, 4, 5. Then one can see that the excited quark can be
the 5-th quark only for the normal Young tableau shown in the first row of Table 6.1, but
never for the other three basis vectors shown in the subsequent.

Nc−1
︷ ︸︸ ︷

s s
p

· · · s

Figure 6.1: Weyl tableau symbolizing the irreducible representation [Nc − 1, 1] of the group
SNc for the configuration (0s)Nc−1(0p). The dimension of this irrep is Nc − 1.

Young tableau Young-Yamanouchi basis vectors of [41]

1 2 3 4
5

1√
20

(4ssssp− sssps− sspss− spsss− pssss)

1 2 3 5
4

1√
12

(3sssps− sspss− spsss− pssss)

1 2 4 5
3

1√
6

(2sspss− spsss− pssss)

1 3 4 5
2

1√
2
(spsss− pssss)

Table 6.1: Young tableaux and the corresponding basis vectors of the irrep [41] of S5 for the
configuration (0s)4(0p) [85].
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For Nc quarks the generalization of the first row of Table 6.1 is

1
√

Nc(Nc − 1)

(

(Nc − 1)

Nc−1
︷ ︸︸ ︷
sss . . . s p−

Nc−2
︷ ︸︸ ︷
sss . . . s ps−

Nc−3
︷ ︸︸ ︷
sss . . . s pss− · · · − p

Nc−1
︷ ︸︸ ︷
sss . . . s

)

. (6.1)

This is the only basis vector taken into account in the decoupling picture, Eq. (5.6). However,
in order to obtain a symmetric orbital-spin-flavor state one has to consider all possibilities
presented in Eq. (5.4). If one does so the matrix elements of operators applied on the wave
function (5.6) are identical for all Y ’s, due to Weyl’s duality between a linear group and a
symmetric group in a given tensor space. The duality holds provided both the Lie and the
permutation group are exact symmetries [85]. Thus there is no need to specify Y . Then the
explicit form of a wave function of a total angular momentum ~J = ~ℓ + ~S and an isospin I
can be written as

|ℓSII3;JJ3〉 =
∑

mℓ,S3

(
ℓ S J
mℓ S3 J3

)

|[Nc − 1, 1]SS3II3〉|[Nc − 1, 1]ℓmℓ〉. (6.2)

In the following there will be no need to specify the symmetry of the orbital part |ℓmℓ〉.

6.3 Order of the spin-orbit operator

As we have seen in Chapter 5, the decoupling picture predicts that the SU(2Nf ) symmetry

is broken to first order by the operator ~ℓ(Nc) · ~s(Nc) acting on the Nc-th quark. Indeed, as
〈~ℓ(Nc) · ~s(Nc)〉 is 6= 0 only when it acts on the first term of the orbital wave function (6.1),

the operator is of order
√

Nc−1
Nc

∼ 1.

But let us consider the total wave function (5.4) and accordingly take into account the
global factor 1/

√
Nc − 1 appearing in it. This factor is missing in the approximate form

(5.6). By taking it into account one finds immediately that the one-body spin-orbit operator
~ℓ(Nc) · ~s(Nc) acting on the Nc-th quark is of order O(1/Nc). One can easily verify that the
same result holds for symmetric multiplets. Thus

〈Ψ|~ℓ(Nc) · ~s(Nc)|Ψ〉 =







O
(

1
Nc

)

with Ψ = Φs (Eq. (5.2))

O
(

1
Nc

)

with Ψ = Φ′
s (Eq. (5.4))

, (6.3)

where one can notice the difference with Eq. (5.27). Therefore, when the antisymmetrization
is properly taken into account the matrix elements of the one-body spin-orbit operator is of
order 1/Nc both for symmetric and mixed-symmetric multiplets.

However, in Ref. [9] the one-body spin-orbit ~ℓ ·~s has the order O(N0
c ). It is a consequence

of the wave function given by Eq. (3.4) of that work, where the coefficient cρ,η are isoscalar
factors of the permutation group [57]. Their expressions (3.5) indicate, as explained in Section
5.3.2, that the Nc-th quark is located in the second row of the Young tableau describing the
spin-flavor part of the wave function, which allows the decoupling into a symmetric core and
a single quark in the spin-flavor space. However the position of the Nc-th quark is out of
control in the wave function (3.4) of Ref. [9]. If the position of the Nc-th quark was specified
the orbital part |ℓmℓ〉 would have carried the label Nc, for example Y m

ℓ (x̂Nc). But this is not
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the case. For this reason all Nc quarks can contribute to the one-body spin-orbit operator
~ℓ · ~s, this operator acting on every quark in the wave function. The whole contribution is
equivalent with summing over all Nc quarks

Nc∑

i=1

〈Ψ|~ℓ(i) · ~s(i)|Ψ〉 = Nc〈Ψ|~ℓ(Nc) · ~s(Nc)|Ψ〉. (6.4)

That is why the one-body part of the spin-orbit operator is of order O(1). By doing explicit
calculations for Nc = 3 one can prove that matrix elements of the one-body operator ~ℓ · ~s
used by Carlson et al. [9] corresponds to

∑Nc
j=1〈Ψ|ℓi(j)si(j)|Ψ〉 provided Ψ is properly sym-

metrized (see Appendix E).

One can notice that Eq. (6.4) is valid for any symmetry of the orbital and the spin-
flavor part of the wave function, i.e. Ψ can be identified either with ΦS, Eq. (5.2) or Φ′

s, Eq.
(5.4). Then this operator must be of orderN0

c for symmetric and mixed-symmetric multiplets.

One can now introduce a pure two-body operator ~ℓ(i) · ~s(j), i 6= j. The matrix elements
of this operator are of course of order 1/Nc. As above, this operator acts on whole the
orbital-spin-flavor baryon wave function. In that case, one has

Nc∑

i=1

Nc∑

j 6=i=1

〈Ψ|~ℓ(i) · ~s(j)|Ψ〉 = Nc(Nc − 1)〈Ψ|~ℓ(Nc) · ~s(Nc − 1)|Ψ〉, (6.5)

which is of order Nc. For Nc = 3 (see appendix E) one can show that the matrix elements of
the operator ℓiSic used in Ref. [9] are equal to those of

∑Nc
i=1

∑Nc
j 6=i=1〈Ψ|~ℓ(i) · ~s(j)|Ψ〉.

To end this section, let us consider the total spin-orbit operator ~ℓ · ~S written as

〈Ψ|~ℓ · ~S|Ψ〉 =
1

2
(J(J + 1) − ℓ(ℓ+ 1) − S(S + 1))

=
Nc∑

i=1

〈Ψ|~ℓ(i) · ~s(i)|Ψ〉 +
Nc∑

i=1

Nc∑

j 6=i=1

〈Ψ|~ℓ(i) · ~s(j)|Ψ〉. (6.6)

This operator is not a pure two-body operator. However, it was assumed as a two-body
operator in Ref. [33, 56]. Indeed, as explained above, the one-body part is of order 1 (it
contributes as in the sum (6.4)) but the two-body part is of order Nc. Therefore in this
chapter, we shall consider the spin-orbit operator as a two-body operator.

This is consistent with the fact that for large Nc the order of the spin-orbit operator is
≤ O(Nc). In Chapter 2, we have seen that a two-body operator is ≤ O(N2

c ). However we
consider low excitations only. Let us take as for example the case with S = Nc

2 , ℓ = 1 and

J = Nc
2 + 1. One has

〈(Nc

2
+ 1)J3; 1

Nc

2
II3|ℓiSi|1

Nc

2
II3; (

Nc

2
+ 1)J3〉 =

1

2

[(
Nc

2
+ 1

)(
Nc

2
+ 2

)

− 2 − Nc

2

(
Nc

2
+ 1

)]

=
Nc

2
∼ O(Nc), (6.7)

which is the maximal order of the matrix elements of the spin-orbit operator for low excita-
tions.



6.4 Matrix elements of the SU(4) generators for the [Nc − 1, 1] spin-flavor irrep 91

6.4 Matrix elements of the SU(4) generators for the [Nc− 1, 1]

spin-flavor irrep

The matrix elements of the SU(4) generators Si, T a and Gia for a symmetric irrep have been
presented in Section 4.6. According to Ref. [40] the matrix elements of every SU(4) generator
Eia, Eq. (4.41), between states belonging to the representation [Nc − 1, 1] can be expressed
under the form of a generalized Wigner-Eckart theorem which reads

〈[Nc − 1, 1]I ′I ′3S
′S′

3|Eia|[Nc − 1, 1]II3SS3〉 =

√

C [Nc−1,1](SU(4))

×
(

[Nc − 1, 1] [211] [Nc − 1, 1]
SI SiIa S′I ′

)

ρ=1

(
S Si S′

S3 Si3 S′
3

)(
I Ia I ′

I3 Ia3 I ′3

)

, (6.8)

where C [Nc−1,1](SU(4)) = [Nc(3Nc + 4)]/8 is the eigenvalue of the SU(4) Casimir operator
for the representation [Nc − 1, 1]. The other three factors in (6.8) are: an isoscalar factor
of SU(4), a Clebsch-Gordan (CG) coefficient of SU(2)-spin and a CG coefficient of SU(2)-
isospin. Note that the isoscalar factor carries a lower index ρ = 1 for consistency with Ref.
[40]. In general, this index is necessary to distinguish between irreducible representations,
whenever the multiplicity in the inner product [Nc − 1, 1]× [211] → [Nc − 1, 1] is larger than
one. In that case, following Ref. [40], the matrix elements of the SU(4) generators for a
fixed irreducible representation [f ] are defined such as the reduced matrix elements take the
following values

〈[f ]||E||[f ]〉 =

{ √

C [Nc−1,1](SU(4)) for ρ = 1
0 for ρ 6= 1

. (6.9)

Thus the knowledge of the matrix elements of SU(4) generators amounts to the knowledge
of isoscalar factors. In Ref. [40] a variety of isoscalar factors were obtained in an analytic
form. We need those for [f ] = [Nc − 1, 1]. They are reproduced in Table 6.2 in terms of our
notation and typographical errors corrected. They contain the phase factor introduced in
Eq. (35) of Ref. [40]. As compared to a symmetric spin-flavor state Nc, where I = S always,
note that for a mixed representation, one has I = S (here 13 isoscalar factors) but also I 6= S
(here 10 isoscalar factors). The grouping in the table is justified by the observation that the
isoscalar factors obey the following orthogonality relation

∑

S1I1S2I2

(
[Nc − 1, 1] [211] [Nc − 1, 1]
S1I1 S2I2 SI

)

ρ

(
[Nc − 1, 1] [211] [Nc − 1, 1]
S1I1 S2I2 S′I ′

)

ρ

= δSS′δII′ ,

(6.10)
which can be easily checked. For example, by taking S = S′ and I = I ′ one can find that the
squares of the first 13 coefficients sum up to one.

One can now identify the isoscalar factors associated to the generators of SU(4). In Table
6.2 one has S2I2 = 10 corresponding to Si, S2I2 = 01 to Ta and S2I2 = 11 to Gia, where 1
or 0 is the rank of the SU(2)-spin or SU(2)-isospin tensor contained in the generator.

For completeness also note that the isoscalar factors obey the following symmetry property
(

[Nc − 1, 1] [211] [Nc − 1, 1]
I1S1 I2S2 (S − 1)S

)

ρ

=

(
[Nc − 1, 1] [211] [Nc − 1, 1]
S1I1 S2I2 S(S − 1)

)

ρ

. (6.11)
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S1 I1 S2I2 SI







[Nc − 1, 1] [211] [Nc − 1, 1]

S1I1 S2I2 SI







ρ=1

S + 1 S + 1 11 SS
√

S(S+2)(2S+3)(Nc−2−2S)(Nc+2+2S)
(2S+1)(S+1)2Nc(3Nc+4)

S + 1 S 11 SS

S S + 1 11 SS

1
S+1

√
(2S+3)(Nc+2+2S)

(2S+1)(3Nc+4)

S S 11 SS − Nc−(Nc+2)S(S+1)

S(S+1)
√

Nc(3Nc+4)

S S − 1 11 SS

S − 1 S 11 SS

1
S

√
(2S−1)(Nc−2S)
(2S+1)(3Nc+4)

S − 1 S − 1 11 SS 1
S

√
(S−1)(S+1)(2S−1)(Nc+2S)(Nc−2S)

(2S+1)Nc(3Nc+4)

S + 1 S 10 SS

S S + 1 01 SS
0

S − 1 S 10 SS

S S − 1 01 SS
0

S S 10 SS

S S 01 SS

√
4S(S+1)

Nc(3Nc+4)

S + 1 S 11 SS − 1
√

(2S+3)(Nc+2+2S)(Nc−2S)
(2S+1)Nc(3Nc+4)

S S 11 SS − 1 − 1
S

√
Nc−2S
3Nc+4

S S − 1 11 SS − 1 1
S

√
(S−1)(S+1)Nc

3Nc+4

S − 1 S 11 SS − 1 − Nc+4S2

S
√

(2S−1)(2S+1)Nc(3Nc+4)

S − 1 S − 1 11 SS − 1 − 1
S

√
Nc+2S
3Nc+4

S − 1 S − 2 11 SS − 1
√

(2S−3)(Nc+2−2S)(Nc+2S)
(2S−1)Nc(3Nc+4)

S S − 1 10 SS − 1
√

4S(S+1)
Nc(3Nc+4)

S − 1 S − 1 10 SS − 1 0

S S 10 SS − 1 0

S S − 1 01 SS − 1
√

4(S−1)S
Nc(3Nc+4)

Table 6.2: Isoscalar factors of SU(4) for [Nc−1, 1]× [211] → [Nc−1, 1] defined by Eq. (4.39).
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The relations (6.8) are used to calculate the matrix elements of the operators entering to
the 1/Nc expansion of the mass operator, as described in the following section.

6.5 The mass operator

The 1/Nc expansion of the mass operator of the [70, 1−] multiplet is given by

M[70,1−] =

6∑

i=1

ciOi. (6.12)

The operators contained in the mass operator (6.12) are shown in Table 6.3 together with
the values of the dynamical coefficients ci found from the numerical fit described in the next
section. The building blocks of Oi are now Si, T a, Gia, ℓi and ℓ(2)ij .

Table 6.3 contains the six possible operators up to order 1/Nc. Here the spin-orbit oper-
ator O2 is a two-body operator and its matrix elements are of order 1/Nc, as for the ground
state and the other symmetric states [56, ℓ] with ℓ 6= 0 [33, 56]. This is in contrast to the
[70, 1−] multiplet analyzed in the decoupling procedure where the spin-orbit matrix elements
are of order O(1) (see Chapter 5). The spin-spin operator O3 and the isospin-isospin operator
O4 are also two-body operators. They are linearly independent. However in the decoupling
procedure the corresponding isospin-isospin operator taT ac /Nc has not always been included
in the analysis [83]. The operators O5 and O6 are three-body operators but, as Gia sums
coherently, it introduces an extra factor Nc (see Section 3.3) and makes the matrix elements
of O5 and O6 of order 1/Nc as well.

Operator Fit 1 (MeV) Fit 2 (MeV) Fit 3 (Mev) Fit 4 (MeV) Fit 5 (MeV)

O1 = Nc l1 c1 = 481 ± 5 482 ± 5 484 ± 4 484 ± 4 498 ± 3

O2 = 1
Nc
ℓiSi c2 = −47 ± 39 −30 ± 34 −31 ± 20 8 ± 15 38 ± 34

O3 = 1
Nc
SiSi c3 = 161 ± 16 149 ± 11 159 ± 16 149 ± 11 156 ± 16

O4 = 1
Nc
TaTa c4 = 169 ± 36 170 ± 36 138 ± 27 142 ± 27

O5 = 3
N2

c

ℓ(2)ijGiaGja c5 = −443 ± 459 −371 ± 456 −514 ± 458

O6 = 1
N2

c

ℓiTaGia c6 = 473 ± 355 433 ± 353 −606 ± 273

χ2
dof 0.43 0.68 1.1 0.96 11.5

Table 6.3: List of operators and the coefficients resulting from the fits [64].

The matrix elements of the operator Oi are presented in Table 6.4. They have been
calculated for all available states of the multiplet [70, 1−] starting from the wave function
(6.2) and using the isoscalar factors of Table 6.2. One can see that all diagonal matrix
elements are of order 1/Nc, of course except for O1. For completeness we also indicate the
off-diagonal matrix elements.
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O1 O2 O3 O4 O5 O6

2N 1
2

Nc − 1
Nc

3
4Nc

3
4Nc

0 Nc−6
12N2

c

4N 1
2

Nc − 5
2Nc

15
4Nc

3
4Nc

5
24Nc

− 5
24Nc

2N 3
2

Nc
1

2Nc

3
4Nc

3
4Nc

0 −Nc−6
24N2

c

4N 3
2

Nc − 1
Nc

15
4Nc

3
4Nc

− 1
6Nc

− 1
12Nc

4N 5
2

Nc
3

2Nc

15
4Nc

3
4Nc

1
24Nc

1
8Nc

2∆ 1
2

Nc − 1
Nc

3
4Nc

15
4Nc

0 − 5
12Nc

2∆ 3
2

Nc
1

2Nc

3
4Nc

15
4Nc

0 5
24Nc

4N 1
2

− 2N 1
2

0 0 0 0 − 5
12N2

c

q
Nc(Nc+3)

2
− 1

6N2
c

q
Nc(Nc+3)

2

4N 3
2

− 2N 3
2

0 0 0 0 1
24N2

c

p
5Nc(Nc + 3) − 1

12N2
c

p
5Nc(Nc + 3)

Table 6.4: Matrix elements for all states belonging to the [70, 1−] multiplet [64].

Part. contrib. (MeV) Total (MeV) Exp. (MeV) Name, status

c1O1 c2O2 c3O3 c4O4 c5O5 c6O6

2N 1
2

1444 -16 40 42 0 -13 1529 ± 11 1538 ± 18 S11(1535)****

4N 1
2

1444 39 201 42 -31 -33 1663 ± 20 1660 ± 20 S11(1650)****

2N 3
2

1444 -8 40 42 0 7 1525 ± 8 1523 ± 8 D13(1520)****

4N 3
2

1444 16 201 42 25 -13 1714 ± 45 1700 ± 50 D13(1700)***

4N 5
2

1444 -24 201 42 -6 20 1677 ± 8 1678 ± 8 D15(1675)****

2∆ 1
2

1444 16 40 211 0 -66 1645 ± 30 1645 ± 30 S31(1620)****

2∆ 3
2

1444 -8 40 211 0 -33 1720 ± 50 1720 ± 50 D33(1700)****

Table 6.5: The partial contribution and the total mass (MeV) predicted by the 1/Nc expan-
sion. The last two columns give the empirically known masses [64].

6.6 Results

In Table 6.5 we present the masses of the non-strange resonances belonging to the [70, 1−]
multiplet obtained from the fit to the experimental values [93]. We also indicate the partial
contribution (without error bars) of each of the six terms contributing to the total mass
obtained from the values of ci of Table 6.3, column Fit 1, i.e. the case with all Oi included.
The fit is indeed excellent, it gives χ2

dof ≃ 0.43. From Table 6.3 one can see that the values
of the coefficients c3 and c4 are comparable to each other which shows the importance of
including the isospin operator O4, besides the usual spin term O3. In addition, looking at
the partial contributions of Table 6.5, one can see that the spin term O3 is dominant for the
4NJ resonances while the isospin-isospin term is dominant for the ∆ resonances. This brings
a new aspect into the description of excited states studied so far, where the dominant term
was always the spin-spin term [57], the isospin term being absent in the analysis. To get a
better idea about the role of the operator O4 we have also made a fit by removing it from the
definition of the mass operator (6.12). The result is shown in Table 6.3 column Fit 5. The
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χ2
dof deteriorates considerably becoming 11.5 instead of 0.43 obtained with all Oi operators

included. This clearly shows that O4 is crucial in the fit.

As mentioned above, in studies based on the splitting of the system into an excited quark
and a core another operator, namely 1

Nc
taT ac , has been included in the mass analysis, instead

of O4. That operator is only a part of O4. Its matrix elements are spin dependent. The
sources of the spin dependence are the isoscalar factors of the permutation group (see Eq.
(5.14)), which appear in the spin-flavor part of the wave function, as a consequence of the
truncation of the spin-flavor space, as explained in Section 5.3.2. We consider that the spin
dependence of an isospin operator matrix elements [9], is not natural. The present approach
removes this anomaly.

The coefficient c2 of the spin-orbit term is small and its magnitude and sign remains
comparable to that of Ref. [62] obtained in the analysis of the [70, ℓ+] multiplet (see Table
5.5). The value of c2 implies a small spin-orbit contribution to the total mass, in agreement
with the general pattern observed for the excited states [57] (see Figure 5.1) and in agreement
with constituent quark models.

The coefficients c5 and c6 are large but they come out with large error bars too. This
suggests that other observables should be involved in order to constrain the contribution of
such operators, as for example the mixing angles. This is the subject of further investigations.
However, the removal of O5 and O6 from the mass operator does not deteriorate the fit too
badly, as shown in Table 6.3 Fits 2–4, the χ2

dof becoming at most 1.1. The partial contribution
of O5 or of O6 is generally comparable to that of the spin-orbit operator. Note that the
structure of O6 is related to that of the spin-orbit term, which makes its small contribution
plausible.

6.7 Conclusions

The present chapter sheds an entirely new light into the description of the baryon multiplet
[70, 1−] in the 1/Nc expansion. The main findings are:

• In the mass formula the expansion starts at order 1/Nc, as for the ground state, instead
of N0

c as previously concluded.

• The isospin operator 1
Nc
T aT a is crucial in the fit to the existing data and its contribution

is as important as that of the spin term 1
Nc
SiSi.

It would be interesting to reconsider the study of higher excited baryons, for example those
belonging to [70, ℓ+] multiplets, in the spirit of the present approach. Based on group the-
ory arguments it is expected that the mass splitting starts at order 1/Nc, as a general rule,
irrespective of the angular momentum and parity of the state and also of the number of fla-
vors. In practical terms, the extension to three flavors would involve a considerable amount
of algebraic group theory work on isoscalar factors of SU(6) generators for mixed-symmetric
representations.

Thus the conceptual problem related to the leading correction to the mass of the excited
baryon states, thought to be of order O(1) (see e.g. Ref. [17]), as originated from previous
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studies of the [70, 1−] multiplet, has been solved. The leading correction is of order 1/Nc, as
for the ground state.



Conclusions and perspectives

At the time when we have started this work, the 1/Nc expansion to baryon spectroscopy was
extensively applied to the ground state and partly to excited states. The only excited multi-
plets considered until 2003 were the [70, 1−], the [56′, 0+] and the [56, 2+]. The [56′, 0+] and
the [56, 2+] multiplets were easy to treat as the spin-flavor and the orbital parts of the wave
function are symmetric. In this case, the SU(2Nf ) symmetry is broken at order O(1/Nc).
The approach to the baryon wave function belonging to the [70, 1−] multiplet was to decouple
it into a symmetric ground-state core composed of Nc− 1 quark and one excited quark. This
point of view, based on a Hartree approximation, has the advantage to treat the core like a
ground-state baryon and allows an easy generalization of the operator expansion in 1/Nc for
the N = 1 band. However this procedure predicts a breaking of the SU(2Nf ) symmetry to
order O(N0

c ) in the mass instead of O(1/Nc), as for ground-state baryons. The conflict leads
to a conceptual problem. It follows that excited states belonging to the [70, 1−] multiplet
do not form an infinite tower of degenerate states because of the breaking to first order of
the SU(2Nf ) symmetry. Nevertheless, experimental results suggest to treat the spin-flavor
breaking terms as subleading.

Historically, our first study was devoted to resonances belonging to the [56, 4+] multiplet
which is the lowest in the N = 4 band. Although high in energy, 2.5 ∼ 3 GeV, it was
appealing to look at this multiplet for its simplicity. Indeed, its mass operator and the wave
function are similar to those of [56, 2+]. As mentioned above and throughout this thesis, the
resonances belonging to a symmetric SU(2Nf ) representation are easier to study than those
belonging to mixed-symmetric representations.

We next concentrated on the [70, ℓ+] (ℓ = 0, 2) multiplets which present technical compli-
cations from group theory point of view. Here we adopted the traditional procedure described
above i.e. to split the system of Nc quarks into an excited quark and a core described by a
symmetric wave function both in the orbital and in the spin-flavor space. The main differ-
ence between the [70, 1−] case and these multiplets comes from the fact that here the core is
excited.

In a first step, our study was devoted to non-strange baryons. To include strange baryons
it was necessary to know the matrix elements of the SU(6) generators for a symmetric spin-
flavor wave function composed of Nc quarks. Based on a rather simple procedure involving
a generalized Wigner-Eckart theorem we have derived analytic expressions for these matrix
elements and used them to complete the study of resonances belonging to [70, ℓ+] multiplets
by including strange resonances into our previous studies on non-strange resonances. In this
way, the study of the N = 2 band was completed. As for the [20, 1+] multiplet, no candidate
has been found so far experimentally.
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Our results on the baryon masses in the N = 2 and N = 4 bands, combined with re-
sults available in the literature for the [70, 1−] and the [56, 2+] multiplets, enabled us to
understand the energy dependence of the dynamical coefficients entering the mass operator
of the 1/Nc expansion. We found out that the spin-spin contribution remains dominant over
other contributions and that all the spin dependent terms tend to vanish at large excitation
energy. We think this is an important conclusion that brings support to the phenomenology
of baryons and to the constituent quark models where the spin-orbit interaction is usually
neglected.

The 1/Nc expansion is also a powerful method to classify baryon resonances into octets,
decuplets and flavor singlets which means to extend the Gell-Mann and Ne’eman classifica-
tion to excited states. This is an important task in general. The proposed classification can
confirm or infirm quantum numbers as spin and parity which have been predicted by quark
models. There are some resonances in the Particle Data Group Tables where these quantum
numbers have not been measured. This is generally the case for heavy baryons. Our Tables
5.4, 5.11, 5.16 and 6.5 give a classification of the presently known resonances and also make
predictions for higher excited states to be discovered.

While studying the positive parity 70-plet resonances, we realized that it is possible to
treat the mixed-symmetric multiplets in the 1/Nc expansion of QCD by avoiding the cum-
bersome procedure of decoupling the system of Nc quarks into two subsystems, one being a
symmetric core and the other an excited quark. As described in the beginning of Chapter
6, this method implies a truncation of the available basis of vector space belonging to the
irreducible representation [Nc − 1, 1] of the permutation group SNc. By assuming that the
Nc-th quark of the baryon wave function is always the excited quark, the decoupling pic-
ture predicts that the SU(2Nf ) symmetry is broken to order O(N0

c ). But, when we take
into account the complete basis vector space, this conceptual problem disappears. This is
the case when we consider the wave function in one block, without splitting it. Moreover,
such a procedure allows to have an equivalent treatment of symmetric and mixed-symmetric
multiplets, predicting a breaking of the SU(2Nf ) symmetry to order O(1/Nc) in both cases.
In addition the anomaly created by the decoupling picture which generates a dependence on
the spin of the isospin-isospin operator matrix elements is removed.

This new approach for mixed-symmetric multiplets requires the knowledge of the matrix
elements of the SU(2Nf ) generators for mixed-symmetric wave functions of Nc particles in
the spin-flavor. The solution came from previous literature on group theory which was used
in the sixtieths in nuclear physics. A system of u, d quarks and a nucleus made out of protons
and neutrons have in common the SU(4) symmetry. Thus we found that the matrix elements
of the SU(4) generators for mixed-symmetric states of Nc quarks can be easily extracted from
results relevant to nuclear physics.

As a first application of the new method, we have revisited the [70, 1−] multiplet. It
was the subject of the second part of Chapter 6. The two main conclusions were that the
1/Nc expansion starts at order O(1/Nc), as announced above and that the isospin opera-
tor plays a crucial role in the fit to existing data. Its contribution is as important as that
of the spin-spin term which brings support to models based on a flavor dependent interaction.
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It would be interesting to extend the new approach to incorporate strange baryons into
the [70, 1−] multiplet. Unfortunately, to our knowledge, the isoscalar factors necessary to
determine the generator matrix elements of the SU(6) spin-flavor group are not yet know for
Nc particles. Some studies were done during the sixtieths for the irreducible representation
70 but only for three particles. Considerable group theory work should be done to generalize
this results to Nc particles. The mixed-symmetric representation [Nc − 1, 1] is more complex
that the symmetric one. The method presented in Chapter 4 is not applicable to a mixed-
symmetric representation because it is based on the fact that the matrix elements of the
generators acting on one particle are identical for all the particles. The matrix elements of
SU(6) generators are then easily obtained for a symmetric spin-flavor representation contain-
ing Nc particles. This property is not valid for a mixed-symmetric irreducible representation.

Another interesting extension should be to reanalyze the [70, ℓ+] (ℓ = 0, 2) multiplets in
this new light. Of course, only non-strange baryons could be studied at the present time as
explained above. Nevertheless, one could obtain a global vision of the N = 2 band based on
an equivalent group theoretical description of the wave function and of the spin-orbit operator
for the [56′, 0+], the [56, 2+] and the [70, ℓ+] multiplets. It would be interesting to point out
the role of the isospin-isospin operator in the [70, ℓ+] multiplets.

The study of multiplets belonging to the N = 3 band remains entirely open. As in the
N = 2 band we encounter symmetric and mixed-symmetric multiplets. The analysis of at
least one of these multiplets would bring an additional point to Figure 5.1 which could pos-
sibly confirm the behaviour we found that the spin-dependent interactions decrease with the
excitation energy.

As mentioned above, an important contribution of the 1/Nc expansion in QCD to baryon
spectroscopy is that it allows mass predictions for all members of a multiplet. So far, whenever
possible, the best χ2

dof were obtained by identifying the multiplet members in the same way
as in constituent quark models. Otherwise, the identifications proposed become predictions.
However, generally, a given resonance corresponds to a mixing of two or more states and are
not pure states. It would be very interesting to consider mixing of states in the analysis and
to predict mixing angles. The inclusion of mixing between the [56, 2+] multiplet and the
[70, ℓ+] (ℓ = 0, 2) multiplets should be a very attractive future subject of investigation.

In this thesis, we assumed that excited baryons are bound states. However, excited
baryons are resonances even at large Nc. Indeed, the Witten power counting rules predict a
characteristic width of excited baryons of N0

c . Thus baryons do not become stable at large
Nc. Some papers tried to take into account this fact by analysing the baryon-pion scattering
amplitude. Nevertheless, we think that the quark model assumptions used in the calculations
give satisfactory results and a good start.

Finally, an important difficulty for the study of excited multiplets comes form the lack
of experimental data. This can be seen in Tables 5.11 and 5.16 which summarize the results
for the strange baryon masses belonging to the [70, ℓ+] (ℓ = 0, 2) multiplets. Among the 47
possible theoretical states we have only 12 experimental know resonances. Furthermore, the
quality of the data is not very good, the experimental error on the masses being quite high.
The situation of the [56, 4+] multiplet is worse. With more data, it would be possible to
include more operators in the fit. With an improvement of the quality, the error bars on the
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coefficients ci and di appearing in the mass operator expansion should decrease.

This thesis aimed at completing the study of the N = 2 band and at beginning the
exploration of the N = 3 and N = 4 bands. The N = 2 band was indeed completely covered
and the lowest multiplet of the N = 4 band was analysed. The N = 3 band was not tackled
but we proposed a new and elegant method to study baryons described by mixed-symmetric
spin-flavor states which removed an important conceptual conflict in the 1/Nc expansion of
the mass operator. The large Nc approach to QCD is a new developing field, complementary
to the traditional constituent quark model and we hope to have introduced a new perspective
of research and new discussions in baryon spectroscopy.



Appendix A

Examples of orbital wave functions

In this Appendix, we gives details about the orbital wave functions used in the quark-shell
model presented in Chapter 2. The wave function of each state is derived by doing the
direct product of the 1-particle wave functions Eqs. (2.13)–(2.16) to obtain a state with a
given angular momentum and a desired symmetry. For simplicity we use harmonic oscillator
wave functions, but the angular momentum, parity and symmetry properties remain general
irrespective of the form of the radial part. We give all the wave functions for N = 0, 1, 2
bands for Nc = 3 [28]. These wave functions may equivalently be written in terms of the
Jacobi coordinates R, λ and ρ defined in Eqs. (2.18)–(2.20). There is a systematic procedure
detailed in Ref. [69] which can be extended to obtain states of analog symmetries for large
Nc.

A.1 Harmonic polynomials and spherical harmonics

Before writing down harmonic oscillator wave functions describing a system of three particles,
we give a Table containing of the spherical harmonics used below.

Ymℓ (r) = rℓY m
ℓ (θφ) (A.1)

A.2 Wave functions

(0s)3: the symmetric representation, ℓ = 0+

ψ =

(
4α3

√
π

)3/2
1

(4π)3/2
e−α

2(r21+r22+r23)/2. (A.2)

(0s)2(0p): the symmetric representation, ℓ = 1−

ψ =

√
2

3

(
4α3

√
π

)3/2
1

4π
α(r1 + r2 + r3)e

−α2(r21+r22+r23)/2. (A.3)

As one can directly notice, this wave function is a spurious state as it is proportional to the
center of mass coordinate Eq. (2.18), i.e. involves excitation of the center of mass. It is the
orbital wave functions of baryons belonging to the [56, 1−] multiplet.
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ℓ m Ymℓ (r) Y m
ℓ (θφ)

0 0 1√
4π

1√
4π

1 0
√

3
4πz

√
3
4π cos θ

1 ±1 ∓
√

3
8π (x± iy) ∓

√
3
8π sin θe±iφ

2 0
√

5
16π (2z2 − x2 − y2)

√
5

16π (2 cos2 θ − sin2 θ)

2 ±1 ∓
√

15
8πz(x± iy) ∓

√
15
8π cos θ sin θe±iφ

2 ±2
√

15
32π (x± iy)2

√
15
32π sin2 θe±2iφ

Table A.1: Spherical harmonics for ℓ ≤ 2 [26].

(0s)2(0p): the mixed-symmetric representation, ℓ = 1−

ψλ =
1

3

(
4α3

√
π

)3/2
1

4π
α(r1 + r2 − 2r3)e

−α2(r21+r22+r23)/2, (A.4)

ψρ =
1√
3

(
4α3

√
π

)3/2
1

4π
α(r1 − r2)e

−α2(r21+r22+r23)/2. (A.5)

These wave functions are not spurious as they are proportional of the coordinates λ and ρ

Eqs. (2.19)–(2.20) and involve excitations of the internal motions of the quarks. They are
orbital wave functions of baryons belonging to the [70, 1−] multiplet.

(0s)2(1s): the symmetric representation, ℓ = 0+

ψ =

√
2

3

(
4α3

√
π

)3/2
1

(4π)3/2

[
9

2
− α2(r21 + r22 + r23)

]

e−α
2(r21+r22+r23)/2. (A.6)

(0s)2(1s): the mixed-symmetric representation, ℓ = 0+

ψλ =
1

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2(r21 + r22 − 2r23)e

−α2(r21+r22+r23)/2, (A.7)

ψρ =
1√
3

(
4α3

√
π

)3/2
1

(4π)3/2
α2(r21 − r22)e

−α2(r21+r22+r23)/2. (A.8)

(0s)2(0d): the symmetric representation, ℓ = 2+

ψ =
2√
45

(
4α3

√
π

)3/2
1

4π
α2
[
r21Y2(Ω1) + r22Y2(Ω2) + r23Y2(Ω3)

]
e−α

2(r21+r22+r23)/2. (A.9)
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(0s)2(0d): the mixed-symmetric representation, ℓ = 2+

ψλ =

√

2

45

(
4α3

√
π

)3/2
1

4π
α2
[
r21Y2(Ω1) + r22Y2(Ω2) − 2r23Y2(Ω3)

]
e−α2(r2

1+r2
2+r2

3)/2, (A.10)

ψρ =

√

2

45

(
4α3

√
π

)3/2
1

4π
α2
[
r21Y2(Ω1) − r22Y2(Ω2))

]
e−α2(r2

1+r2
2+r2

3)/2. (A.11)

(0s)2(0p): the symmetric representation, ℓ = 0+

ψ =
2

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2(r1 · r2 + r2 · r3 + r3 · r1)e

−α2(r21+r22+r23)/2. (A.12)

(0s)(0p)2: the mixed-symmetric representation, ℓ = 0+

ψλ =

√
2

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2(r2 · r3 + r3 · r1 − 2r1 · r2)e

−α2(r21+r22+r23)/2, (A.13)

ψρ =

√

2

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2(r2 · r3 − r3 · r1)e

−α2(r21+r22+r23)/2. (A.14)

(0s)(0p)2: the mixed-symmetric representation, ℓ = 1+

ψλ =
1

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2 [(r3 × r1) + (r2 × r3) − 2(r1 × r2)] e

−α2(r2
1+r2

2+r2
3)/2, (A.15)

ψρ =
1√
3

(
4α3

√
π

)3/2
1

(4π)3/2
α2 [(r3 × r1) − (r2 × r3)] e

−α2(r2
1+r2

2+r2
3)/2. (A.16)

(0s)(0p)2: the antisymmetric representation, ℓ = 1+

ψ =

√
2

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2 [(r3 × r1) + (r2 × r3) + (r1 × r2)] e

−α2(r2
1+r2

2+r2
3)/2. (A.17)

(0s)(0p)2: the symmetric representation, ℓ = 2+

ψ =
2√
27

(
4α3

√
π

)3/2
1

(4π)1/2
α2 [r1r2Y2(Ω1Ω2) + r3r2Y2(Ω3Ω2) + r3r2Y1(Ω3Ω1)] e

−α2(r2
1+r2

2+r2
3)/2.

(A.18)

where Y2(ΩiΩj) is the angular part obtained by combining ri, rj to form ℓ = 2, and normalized
to unity over Ωi, Ωj, e.g.

Y2(ΩiΩj) =
∑

mimj

〈11mimj |2M〉Y mi
1 (θiφi)Y

mj

1 (θjφj) (A.19)

where 〈11mimj |2M〉 are R3 Clebsch-Gordan coefficients.
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(0s)(0p)2: the mixed-symmetric representation, ℓ = 2+

ψλ =

√

2

27

(
4α3

√
π

)3/2
1

(4π)1/2
α2 [r2r3Y2(Ω2Ω3) + r3r1Y2(Ω3Ω1) − 2r1r2Y2(Ω1Ω2)] e

−α2(r2
1+r2

2+r2
3)/2,

(A.20)

ψρ =

√
2

3

(
4α3

√
π

)3/2
1

(4π)1/2
α2 [r2r3Y2(Ω2Ω3) − r3r1Y2(Ω3Ω1)] e

−α2(r2
1+r2

2+r2
3)/2. (A.21)

In each case one can check the symmetry properties of the wave functions by applying
transformation of the group S3.

We need now to make combinations of these wave functions to remove the center of mass
coordinate dependence. Let us show an example for the [56, 2+] multiplet. We need to
rewrite the (0s)20d and (0s)(0p)2 symmetric wave functions (Eqs. (A.9) and (A.18)) in terms
of R, λ and ρ. Let us choose M = 0. Using Table A.1, one can rewrite Eq. (A.9) as

ψ(0s)2(0d) =
2√
45

(
4α3

√
π

)3/2
1

4π

√

5

16π
α2
[
2(z2

1 + z2
2 + z2

3) − (x2
1 + x2

2 + x2
3) − (y2

1 + y2
2 + y2

3)
]

×e−α2(r2
1+r2

2+r2
3)/2

=
1

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2
[
3(z2

1 + z2
2 + z2

3) − (r21 + r22 + r23)
]
e−α2(r2

1+r2
2+r2

3)/2, (A.22)

and Eq. (A.18) as

ψ(0s)(0p)2 =

√
2

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2 [3(z1z2 + z3z2 + z1z3) − (r1r2 + r3r2 + r1r2)]

×e−α2(r21+r22+r23)/2. (A.23)

We use

r21 + r22 + r23 = R2 + ρ2 + λ2, (A.24)

r1r2 + r1r3 + r2r3 = R2 − 1

2

(
ρ2 + λ2

)
, (A.25)

z2
1 + z2

2 + z2
3 − (z1z2 + z1z3 + z2z3) =

3

2

(
ρ2
0 + λ2

0

)
. (A.26)

The following linear combination suppress the center of mass dependence

√

2

3
ψ(0s)2(0d) −

√

1

3
ψ(0s)(0p)2 =

√

2

3

1

3

(
4α3

√
π

)3/2
1

(4π)3/2
α2
[
3(z2

1 + z2
2 + z2

3) − (r21 + r22 + r23)

−3(z1z2 + z3z2 + z1z3) + (r1r2 + r3r2 + r1r2)] e
−α2(r21+r22+r23)/2 (A.27)

=

√

1

6

(
4α3

√
π

)3/2
1

(4π)3/2
α2
[
3
(
ρ2
0 + λ2

0

)
−
(
ρ2 + λ2

)]
e−α

2(R2+ρ2+λ2)/2. (A.28)

Using this procedure we obtain Table 2.4 describing baryons with Nc = 3. In a similar
way one obtains the result of Table 2.6 valid for an arbitrary number of quarks in a baryon.
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Isoscalar factors of the permutation
group Sn

Here we shortly recall the definition of isoscalar factors of the permutation group Sn [85]. Let
us denote a basis vector in the invariant subspace of the irrep [f ] of Sn by |[f ]Y 〉, where Y is
the corresponding Young tableau or Yamanouchi symbol. A basis vector obtained from the
inner product of two irreps [f ′] and [f ′′] is defined by the sum over products of basis vectors
of [f ′] and [f ′′] as

|[f ]Y 〉 =
∑

Y ′Y ′′

S([f ′]Y ′[f ′′]Y ′′|[f ]Y )|[f ′]Y ′〉|[f ′′]Y ′′〉, (B.1)

where S([f ′]Y ′[f ′′]Y ′′|[f ]Y ) are Clebsch-Gordan (CG) coefficients of Sn. Any CG coefficient
can be factorized into an isoscalar factor, here called K matrix [85], and a CG coefficient of
Sn−1. To apply the factorization property it is necessary to specify the row p of the n-th
particle and the row q of the (n − 1)-th particle. The remaining particles are distributed in
a Young tableau with n − 2 boxes, denoted by y. Then the isoscalar factor K associated to
a given CG of Sn is defined as

S([f ′]p′q′y′[f ′′]p′′q′′y′′|[f ]pqy) = K([f ′]p′[f ′′]p′′|[f ]p)S([f ′p′ ]q
′y′[f ′′p′′ ]q

′′y′′|[fp]qy), (B.2)

where the right-hand side contains a CG coefficient of Sn−1 depending on [fp], [f ′p′ ] and [f ′′p′′ ],
which are the partitions obtained from [f ] after the removal of the n-th particle. The K
matrix obeys the following orthogonality relations

∑

p′p′′

K([f ′]p′[f ′′]p′′|[f ]p)K([f ′]p′[f ′′]p′′|[f1]p1) = δff1δpp1, (B.3)

∑

fp

K([f ′]p′[f ′′]p′′|[f ]p)K([f ′]p′1[f
′′]p′′1|[f ]p) = δp′p′1δp′′p′′1 . (B.4)

The isoscalar factors used to construct the spin-flavor symmetric state (4.13) are denoted by

c
[Nc]
11 = K([f ′]1[f ′]1|[Nc]1),

c
[Nc]
22 = K([f ′]2[f ′]2|[Nc]1), (B.5)

with [f ′] = [Nc/2 + S,Nc/2− S]. One has analog isoscalar factors, i.e. with the last particle
in the first or last row both in spin and flavor part, needed to construct a state of mixed-



106 Isoscalar factors of the permutation group Sn

symmetry [Nc − 1, 1] from the same inner product. There are

c
[Nc−1,1]
11 = K([f ′]1[f ′]1|[Nc − 1, 1]2),

c
[Nc−1,1]
22 = K([f ′]2[f ′]2|[Nc − 1, 1]2). (B.6)

The above coefficients and the orthogonality relation (B.4) give

c
[Nc−1,1]
11 = −c[Nc]

22 ,

c
[Nc−1,1]
22 = c

[Nc]
11 . (B.7)

When the last particle is located in different rows in the flavor and spin parts the needed
coefficients are

c
[Nc−1,1]
12 = K([f ′]1[f ′]2|[Nc − 1, 1]2) = 1,

c
[Nc−1,1]
21 = K([f ′]2[f ′]1|[Nc − 1, 1]2) = 1, (B.8)

which are identical to each other because of the symmetry properties of K.

Now we show how to obtain the analytic form of the above coefficients for the states with
Nc quarks. To get (4.14) we write the matrix elements of the generators Si in two different
ways. One is to use the Wigner-Eckart theorem (4.7). The other is to calculate the matrix
elements of Si by using (4.13), (4.18) and (4.21). By comparing the two expressions we obtain
the equality

√

S(S + 1) = (−)2SNc

√

3

2

√
2S + 1

[(

c
[Nc]
22

)2
{

1 S S
S + 1/2 1/2 1/2

}

−
(

c
[Nc]
11

)2
{

1 S S
S − 1/2 1/2 1/2

}]

, (B.9)

which is an equation for the unknown quantities c
[Nc]
11 and c

[Nc]
22 . The other equation is the

normalization relation (B.3)
(

c
[Nc]
11

)2
+
(

c
[Nc]
22

)2
= 1. (B.10)

We found

c
[Nc]
11 (S) =

√

S[Nc + 2(S + 1)]

Nc(2S + 1)
,

c
[Nc]
22 (S) =

√

(S + 1)(Nc − 2S)

Nc(2S + 1)
, (B.11)

which are the relations (4.14). This phase convention is consistent with Ref. [87]. Similarly,
to get (4.15) we calculate the matrix elements of the generators Ta from (4.13), (4.18) and
(4.22) and compare to the Wigner-Eckart theorem (4.8). This leads to the equation

√
gλµ
3

=
2√
3
Nc

[(

c
[Nc]
22

)2
U((λ+ 1, µ− 1)(10)(λµ)(11); (λµ)(10))ρ=1

+
(

c
[Nc]
11

)2
U((λ− 1, µ)(10)(λµ)(11); (λµ)(10))ρ=1

]

, (B.12)
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which together with the normalization condition (B.10) give

c
[Nc]
11 (λµ) =

√

2gλµ −Nc(µ− λ+ 3)

3Nc(λ+ 1)
,

c
[Nc]
22 (λµ) =

√

Nc(6 + 2λ+ µ) − 2gλµ
3Nc(λ+ 1)

, (B.13)

i.e. the relations (4.15). In addition, we found that the following identity holds for ρ = 2

0 =
2√
3
Nc

[(

c
[Nc]
22

)2
U((λ+ 1, µ− 1)(10)(λµ)(11); (λµ)(10))ρ=2

+
(

c
[Nc]
11

)2
U((λ− 1, µ)(10)(λµ)(11); (λµ)(10))ρ=2

]

. (B.14)

This cancellation is consistent with the definition of the matrix elements of the SU(3) gener-
ators Eqs. (4.8), (4.9) and it is an important check of our results.

One can identify the so called “elements of orthogonal basis rotation” of Ref. [9] with the
above isoscalar factors of Sn, as discussed in Sec. 4.3.
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Appendix C

Racah coefficients and some
isoscalar factors of SU(3)

This Appendix gives details about the SU(3) Racah coefficients. We present also tables con-
taining some SU(3) isoscalar factors, needed to compute the SU(3) Racah coefficients used
to derived the matrix elements of the SU(6) generators presented in Chapter 4 and of the
operators used in Chapter 5.

SU(3) Racah coefficients are defined in Ref. [39]. They can be expressed in terms of
summations involving Racah coefficients of SU(2) and SU(3) isoscalar factors

U((λ1µ1)(λ2µ2)(λµ)(λ3µ3); (λ12µ12)ρ12ρ12,3(λ23µ23)ρ23ρ1,23) =
∑

Y1Y2(Y3)
I1I2I3I12I23

U(I1I2II3; I12I23)〈(λ1µ1)Y1I1; (λ2µ2)Y2I2||(λ12µ12)Y12I12〉ρ12

×〈(λ12µ12)Y12I12; (λ3µ3)Y3I3||(λµ)Y I〉ρ12,3〈(λ2µ2)Y2I2; (λ3µ3)Y3I3||(λ23µ23)Y23I23〉ρ23
×〈(λ1µ1)Y1I1; (λ23µ23)Y23I23||(λµ)Y I〉ρ1,23 , (C.1)

where the SU(2) U coefficients can be related to the 6-j symbols [80]

U(I1I2II3; I12I23) = (−1)I1+I2+I+I3
√

(2I12 + 1)(2I23 + 1)

{
I1 I2 I12
I3 I I23

}

. (C.2)

To get the Racah coefficients used in chapter 4, we have the simplified expression

U((λ1µ1)(10)(λµ)(11); (λµ)(10))ρ =
∑

Y1Y2(Ya)
I1I2IaI12I23

(−1)I1+I2+I+Ia
√

(2I12 + 1)(2I23 + 1)

{
I1 I2 I12
Ia I I23

}

×〈(λ1µ1)Y1I1; (10)Y2I2||(λ12µ12)Y12I12〉〈(λ12µ12)Y12I12; (11)YaIa||(λµ)Y I〉ρ
×〈(λ2µ2)Y2I2; (11)YaIa||(10)Y23I23〉〈(λ1µ1)Y1I1; (10)Y23I23||(λµ)Y I〉. (C.3)

This form is simpler than the first one as only one ρ label is needed. One can directly notice
that the sum in Eq. (C.3) is independent of Y and I by definition. For the calculation of
the Racah, we need to choose a fixed set of Y, I. One classical choice is to take I = 0 and
Y = 2/3(µ−λ). In Tables C.1–C.5 one can find the isoscalar factors used to derive the SU(3)
Racah coefficients out of Eq. (C.3).
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(3
)

Y2 I2

I1
(λ′µ′) = (λ+ 1, µ) (λ′µ′) = (λ, µ− 1) (λ′µ′) = (λ− 1, µ− 1)

-2/3 0

I1 = I

√
(λ+1−p)(λ+µ+2−q)

(λ+1)(λ+µ+2)

√
(µ+1+p)(q+1)
(µ+1)(λ+µ+2) −

√
(µ+1−q)(p+1)
(λ+1)(µ+1)

1/3 1/2

I1 = I + 1/2
−
√

(λ+1−p)(µ+1−q)q
(λ+1)(λ+µ+2)(µ+1+p−q)

√
(λ+µ+1−q)(µ−q)(µ+1+p)
(λ+µ+2)(µ+1)(µ+p−q)

√
(λ+µ+2−q)q(p+1)

(λ+1)(µ+1)(µ+2+p−q)

1/3 1/2

I1 = I − 1/2

√
(µ+1+p)(λ+µ+2−q)p

(λ+1)(λ+µ+2)(µ+1+p−q) −
√

(λ+1−p)(q+1)p
(µ+1)(λ+µ+2)(µ+p−q)

√
(λ−p)(µ+2+p)(µ+1−q)
(λ+1)(µ+1)(µ+2+p−q)

Table C.1: 〈(λµ)Y1I1; (10)Y2I2||(λ′µ′)Y I〉, Y = −1/3(2λ′ + µ′ − 3p− 3q), I = 1/2µ′ + 1/2(p − q) [91]



1
1
1

Y2 I2

I1
(λ′µ′) = (λ+ 2, µ− 1) (λ′µ′) = (λ− 2, µ+ 1)

−1 1/2

I1 = I + 1/2

√
(λ+1−p)(λ+2−p)(µ+1+p)(µ−q)(λ+µ+2−q)

(λ+1)(λ+2)(µ+1)(λ+µ+2)(µ+p−q)

√
(p+1)(p+2)(µ+p+3)(λ+µ+1−q)(µ+1−q)

λ(λ+1)(µ+1)(λ+µ+2)(µ+p−q+2)

−1 1/2

I1 = I − 1/2
−
√

p(λ+2−p)(q+1)(λ+µ+1−q)(λ+µ+2−q)
(λ+1)(λ+2)(µ+1)(λ+µ+2)(µ+p−q)

√
(p+1)(λ−1−p)(q+1)(µ−q)(µ+1−q)
λ(λ+1)(µ+1)(λ+µ+2)(µ+p−q+2)

0 0

I1 = I

√
3p(λ+2−p)(µ−q)(λ+µ+2−q)
2(λ+1)(λ+2)(µ+1)(λ+µ+2) −

√
3(p+1)(λ−1−p)(µ+1−q)(λ+µ+1−q)

2λ(λ+1)(µ+1)(λ+µ+2)

0 1

I1 = I + 1
−
√

(λ+1−p)(λ+2−p)(µ+1+p)q(µ−q)(µ+1−q)
(λ+1)(λ+2)(µ+1)(λ+µ+2)(µ+p−q)(µ+p−q+1) −

√
(p+1)(p+2)(µ+p+3)q(λ+µ+1−q)(λ+µ+2−q)
λ(λ+1)(µ+1)(λ+µ+2)(µ+p−q+2)(µ+p−q+3)

0 1

I1 = I − 1
−
√

p(p−1)(µ+p)(q+1)(λ+µ+1−q)(λ+µ+2−q)
(λ+1)(λ+2)(µ+1)(λ+µ+2)(µ+p−q)(µ+p−q−1) −

√
(λ−p)(λ−1−p)(µ+2+p)(q+1)(µ−q)(µ+1−q)
λ(λ+1)(µ+1)(λ+µ+2)(µ+p−q+2)(µ+p−q+1)

0 1

I1 = I

(µ+1+p+q)
√
p(λ+2−p)(µ−q)(λ+µ+2−q)√

2(λ+1)(λ+2)(µ+1)(λ+µ+2)(µ+p−q−1)(µ+p−q+1)
− (µ+3+p+q)

√
(p+1)(λ−1−p)(µ+1−q)(λ+1+µ−q)√

2λ(λ+1)(µ+1)(λ+µ+2)(µ+p−q+1)(µ+p−q+3)

1 1/2

I1 = I + 1/2
−
√

p(λ+2−p)q(µ−q)(µ+1−q)
(λ+1)(λ+2)(µ+1)(λ+µ+2)(µ+p−q)

√
(p+1)(λ−1−p)q(λ+µ+1−q)(λ+µ+2−q)
λ(λ+1)(µ+1)(λ+µ+2)(µ+p−q+2)

1 1/2

I1 = I − 1/2

√
p(p−1)(µ+p)(µ−q)(λ+µ+2−q)

(λ+1)(λ+2)(µ+1)(λ+µ+2)(µ+p−q)

√
(λ−p)(λ−1−p)(µ+2+p)(µ+1−q)(λ+µ+1−q)

λ(λ+1)(µ+1)(λ+µ+2)(µ+p−q+2)

Table C.2: 〈(λµ)Y1I1; (11)Y2I2||(λ′µ′)Y I〉, Y = −1/3(2λ′ + µ′ − 3p− 3q), I = 1/2µ′ + 1/2(p − q) [39]
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(3
)

Y2 I2

I1
(λ′µ′) = (λ+ 1, µ+ 1) (λ′µ′) = (λ− 1, µ− 1)

−1 1/2

I1 = I + 1/2

√
(p+1)(λ−p)(λ+1−p)q(λ+µ+3−q)

(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)(µ+p−q+2) −
√

(p+1)(µ+p+1)(µ+p+2)(q+1)(λ+µ−q)
(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)(µ+p−q)

−1 1/2

I1 = I − 1/2

√
(λ+1−p)(µ+2+p)(µ+1−q)(λ+µ+2−q)(λ+µ+3−q)

(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)(µ+p−q+2) −
√

(λ−p)(µ+1+p)(q+1)(q+2)(µ−1−q)
(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)(µ+p−q)

0 0

I1 = I

√
3(λ+1−p)(µ+2+p)q(λ+µ+3−q)
2(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)

√
3(λ−p)(µ+1+p)(q+1)(λ+µ−q)
2(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)

0 1

I1 = I + 1
−
√

q(q−1)(µ+2−q)(p+1)(λ−p)(λ+1−p)
(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)(µ+p−q+2)(µ+p−q+3) −

√
(p+1)(µ+1+p)(µ+2+p)(µ−q)(λ+µ−q)(λ+µ+1−q)
(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)(µ+p−q)(µ+p−q+1)

0 1

I1 = I − 1

√
p(µ+1+p)(µ+2+p)(µ+1−q)(λ+µ+2−q)(λ+µ+3−q)

(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)(µ+p−q+2)(µ+p−q+1)

√
p(λ−p)(λ+1−p)(q+1)(q+2)(µ−q−1)

(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)(µ+p−q)(µ+p−q−1)

0 1

I1 = I
− (µ+1−p−q)

√
(λ+1−p)(µ+2+p)q(λ+µ+3−q)√

2(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)(µ+p−q+1)(µ+p−q+3)
− (µ−1−p−q)

√
(λ−p)(µ+1+p)(q+1)(λ+µ−q)√

2(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)(µ+p−q+1)(µ+p−q−1)

1 1/2

I1 = I + 1/2
−
√

(λ+1−p)(µ+2+p)q(q−1)(µ+2−q)
(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)(µ+p−q+2)

√
(λ−p)(µ+1+p)(µ−q)(λ+µ−q)(λ+µ+1−q)
(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)(µ+p−q)

1 1/2

I1 = I − 1/2

√
p(µ+1+p)(µ+2+p)q(λ+µ+3−q)

(λ+1)(µ+1)(λ+µ+2)(λ+µ+3)(µ+p−q+2) −
√

p(λ−p)(λ+1−p)(q+1)(λ+µ−q)
(λ+1)(µ+1)(λ+µ+1)(λ+µ+2)(µ+p−q)

Table C.3: 〈(λµ)Y1I1; (11)Y2I2||(λ′µ′)Y I〉, Y = −1/3(2λ′ + µ′ − 3p− 3q), I = 1/2µ′ + 1/2(p − q) [39]



1
1
3

Y2 I2

I1
(λ′µ′) = (λ+ 1, µ− 2) (λ′µ′) = (λ− 1, µ+ 2)

−1 1/2

I1 = I + 1/2

√
(µ+p)(µ+1+p)(λ+1−p)(q+1)(µ−q−1)

(λ+1)µ(µ+1)(λ+µ+2)(µ+p−q−1) −
√

(p+1)(p+2)(λ−1−p)q(µ+2−q)
(λ+1)(µ+1)(µ+2)(λ+µ+2)(µ+p−q+3)

−1 1/2

I1 = I − 1/2
−
√

p(µ+p)(q+2)(q+1)(λ+µ−q)
(λ+1)µ(µ+1)(λ+µ+2)(µ+p−q−1) −

√
(p+1)(µ+p+3)(µ+1−q)(µ+2−q)(λ+µ+2−q)

(λ+1)(µ+1)(µ+2)(λ+µ+2)(µ+p−q+3)

0 0

I1 = I

√
3p(µ+p)(q+1)(µ−1−q)
2(λ+1)µ(µ+1)(λ+µ+2) −

√
3(p+1)(µ+3+p)q(µ+2−q)

2(λ+1)(µ+1)(µ+2)(λ+µ+2)

0 1

I1 = I + 1

√
(µ+p)(µ+p+1)(λ+1−p)(µ−q)(µ−1−q)(λ+µ+1−q)

(λ+1)µ(µ+1)(λ+µ+2)(µ+p−q)(µ+p−q−1)

√
(p+1)(p+2)(λ−1−p)q(q−1)(λ+µ+3−q)

(λ+1)(µ+1)(µ+2)(λ+µ+2)(µ+p−q+3)(µ+p−q+4)

0 1

I1 = I − 1

√
p(p−1)(λ+2−p)(q+1)(q+2)(λ+µ−q)

(λ+1)µ(µ+1)(λ+µ+2)(µ+p−q−2)(µ+p−q−1)

√
(λ−p)(µ+2+p)(µ+3+p)(µ+1−q)(µ+2−q)(λ+µ+2−q)
(λ+1)(µ+1)(µ+2)(λ+µ+2)(µ+p−q+3)(µ+p−q+2)

0 1

I1 = I
− (2λ+µ+2−p−q)

√
p(µ+p)(q+1)(µ−1−q)√

2(λ+1)µ(µ+1)(λ+µ+2)(µ+p−q)(µ+p−q−2)

(2λ+µ+2−p−q)
√

(p+1)(µ+p+3)q(µ+2−q)√
2(λ+1)(µ+1)(µ+2)(λ+µ+2)(µ+p−q+2)(µ+p−q+4)

1 1/2

I1 = I + 1/2

√
p(µ+p)(µ−1−q)(µ−q)(λ+µ+1−q)
(λ+1)µ(µ+1)(λ+µ+2)(µ+p−q−1)

√
(p+1)(µ+3+p)q(q−1)(λ+µ+3−q)

(λ+1)(µ+1)(µ+2)(λ+µ+2)(µ+p−q+3)

1 1/2

I1 = I − 1/2
−
√

p(p−1)(λ+2−p)(q+1)(µ−1−q)
(λ+1)µ(µ+1)(λ+µ+2)(µ+p−q−1)

√
(λ−p)(µ+2+p)q(µ+3+p)(µ+2−q)

(λ+1)(µ+1)(µ+2)(λ+µ+2)(µ+p−q+3)

Table C.4: 〈(λµ)Y1I1; (11)Y2I2||(λ′µ′)Y I〉, Y = −1/3(2λ′ + µ′ − 3p− 3q), I = 1/2µ′ + 1/2(p − q) [39]
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Y2 I2 (λ′µ′) = (λµ) (λ′µ′) = (λµ)

I1 ρ = 1 ρ = 2

−1 1/2

I1 = I + 1/2

√
3(p+1)(λ−p)(µ+2+p)

2gλµ(µ+p−q+1)

2gλµq−µ(λ+µ+1)(λ+2µ+6)
√

(p+1)(λ−p)(µ+2+p)√
λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)2gλµ (µ+p−q+1)

−1 1/2

I1 = I − 1/2

√
3(q+1)(µ−q)(λ+µ+1−q)

2gλµ(µ+p−q+1)

2gλµp+λ(µ+2)(λ−µ+3)
√

(q+1)(µ−q)(λ+µ+1−q)√
λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)2gλµ (µ+p−q+1)

0 0

I1 = I
−2λ+µ−3p−3q

2
√
gλµ

√
3[λµ(µ+2)(λ+µ+1)−µ(λ+µ+1)(λ+2µ+6)p+λ(µ+2)(λ−µ+3)q+2gλµpq]

2
√
λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)gλµ

0 1

I1 = I + 1
0

√
2(p+1)(λ−p)(µ+2+p)q(µ+1−q)(λ+µ+2−q)gλµ

λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)(µ+p−q+1)(µ+p−q+2)

0 1

I1 = I − 1
0 −

√
2p(λ+1−p)(µ+1+p)(q+1)(µ−q)(λ+µ+1−q)gλµ

λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)(µ+p−q+1)(µ+p−q)

0 1

I1 = I

1
2

√
3(µ+p−q)(µ+p−q+2)

gλµ

8
>>><

>>>:

λ(λ + µ+ 1)µ(µ + 2)(2λ + µ+ 6) + 2(λ+ µ+ 1)µ[λ(λ + 2) − (µ+ 2)(µ + 3)]p

−µ(λ + µ + 1)(λ + 2µ+ 6)p2 − 2λ[(µ+ 1)(λ + µ+ 1)(2λ + µ+ 6) − µgλµ]q

+λ(µ+ 2)(λ − µ + 3)q2 − 2[λ(λ+ µ+ 1)(2λ + µ+ 6) − gλµ]pq + 2gλµ(p2q + pq2)

9
>>>=

>>>;

2
√
λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)gλµ (µ+p−q)(µ+p−q+2)

1 1/2

I1 = I + 1/2

√
3q(µ+1−q)(λ+µ+2−q)

2gλµ(µ+p−q+1)

2gλµp+λ(µ+2)(λ−µ+3)
√
q(µ+1−q)(λ+µ+2−q)√

λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)2gλµ (µ+p−q+1)

1 1/2

I1 = I − 1/2
−
√

3p(λ+1−p)(µ+1−p)
2gλµ(µ+p−q+1) − 2gλµq−µ(λ+µ+1)(λ+2µ+6)

√
p(λ+1−p)(µ+1+p)√

λ(λ+2)µ(µ+2)(λ+µ+1)(λ+µ+3)2gλµ (µ+p−q+1)

Table C.5: 〈(λµ)Y1I1; (11)Y2I2||(λ′µ′)Y I〉, Y = −1/3(2λ′ + µ′ − 3p− 3q), I = 1/2µ′ + 1/2(p − q) [39]



Appendix D

Some useful matrix elements

To derive the matrix elements of the operators Oi and Bi used in Chapter 5, one need first
to calculate the matrix elements of the generators of the SU(4) or SU(6) group, depending
if we work with non-strange or strange baryons (see Chapter 4), and of the O(3) group.
Concerning the O(3) group we have

〈ℓ′m′
ℓ|ℓi|ℓmℓ〉 = δℓℓ′

√

ℓ(ℓ+ 1)

(
ℓ 1 ℓ
mℓ i m′

ℓ

)

. (D.1)

We also need the matrix elements of the tensor operator ℓ(2). This can be written as

〈ℓ′m′
ℓ|ℓ(2)ij |ℓmℓ〉 =

∑

µ

(
1 1 2
i j µ

)

〈ℓ′m′
ℓ|T 2

µ |ℓmℓ〉, (D.2)

where [5]

T 2
µ =

∑

ij

(
1 1 2
i j µ

)

ℓiℓj . (D.3)

The one can write

〈ℓ′m′
ℓ|ℓ(2)ij |ℓmℓ〉 =

∑

µ

(
1 1 2
i j µ

)(
ℓ 2 ℓ′

mℓ µ m′
ℓ

)

〈ℓ′||T 2||ℓ〉, (D.4)

where we have applied the Wigner-Eckart theorem. One needs now to derive the reduce
matrix element 〈ℓ′||T 2||ℓ〉. As it is independent of µ one can choose µ = i+ j = 2. This gives

T 2
2 = ℓ1ℓ1, (D.5)

where

ℓ1 = − 1√
2

(ℓx + iℓy) . (D.6)

We have

ℓ1|ℓ,mℓ〉 = −
√

(ℓ−mℓ)(ℓ+mℓ + 1)

2
|ℓ,mℓ + 1〉. (D.7)

One can then write

〈ℓ, ℓ|T 2
2 |ℓ, ℓ− 2〉 =

√

ℓ(2ℓ− 1) (D.8)

=

(
ℓ 2 ℓ

ℓ− 2 2 ℓ

)

〈ℓ||T 2||ℓ〉 (D.9)

=

√

6

(ℓ+ 1)(2ℓ+ 3)
〈ℓ||T 2||ℓ〉. (D.10)
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We then obtain the matrix elements of the tensor operator ℓ(2)ij as

〈ℓ′m′
ℓ|ℓ(2)ij |ℓmℓ〉 = δℓℓ′

√

ℓ(ℓ+ 1)(2ℓ − 1)(2ℓ+ 3)

6

∑

µ

(
1 1 2
i j µ

)(
ℓ 2 ℓ
mℓ µ m′

ℓ

)

.

(D.11)

After introduced in the matrix elements of the generators, to calculate the matrix elements
of Oi and Bi, we use the following relations [5, 80]:

1.
(
a b c
α β −γ

)

= (−1)a−b−γ
√

2c+ 1

(
a b c
α β γ

)

. (D.12)

This formula relates an SU(2) Clebsch-Gordan coefficient in the left-hand side to the
corresponding 3-j symbols.

2. The following two formulas relate 6-j symbols to 3-j symbols,

{
j1 j2 j3
l1 l2 l3

}

=
∑

all m,n

(−1)S
(

j1 j2 j3
m1 m2 m3

)(
j1 l2 l3
m1 n2 −n3

)

×
(

l1 j2 l3
−n1 m2 n3

)(
l1 l2 j3
n1 −n2 m3

)

, (D.13)

and

(
j1 j2 j3
m1 m2 m3

){
j1 j2 j3
l1 l2 l3

}

=

∑

all n

(−1)S
(

j1 l2 l3
m1 n2 −n3

)(
l1 j2 l3

−n1 m2 n3

)(
l1 l2 j3
n1 −n2 m3

)

,(D.14)

where S = l1 + l2 + l3 + n1 + n2 + n3.

3. A 9-j symbol can be written in terms of 3-j symbols as







j11 j12 j13
j21 j22 j23
j31 j32 j33






=

∑

all m

(
j11 j12 j13
m11 m12 m13

)(
j21 j22 j23
m21 m22 m23

)(
j31 j32 j33
m31 m32 m33

)

×
(

j11 j21 j31
m11 m21 m31

)(
j12 j22 j32
m12 m22 m32

)(
j13 j23 j33
m13 m23 m33

)

. (D.15)

The 3-j and 6-j coefficients are tabulated [80]. One can also use analytic calculators to derive
3-j, 6-j and 9-j coefficients [90].

Let us now write the matrix elements of the Oi coefficients for the multiplets studied in
various chapters.
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D.1 The [70, ℓ+] multiplet

D.1.1 Non-strange baryons

Here we give explicit matrix elements of the operators Oi written in Table 5.1. The notations
used are the ones of Ref. [9] where we have ρ = S − I = ±1, 0 and η/2 = Ic − I = ±1/2.
Concerning the isoscalar factors the identification between the notations used in Eq. (5.14)
and the ones introduced here is

c
[Nc−1,1]
0+ = c

[Nc−1,1]
22 , (D.16)

and

c
[Nc−1,1]
0− = c

[Nc−1,1]
11 . (D.17)

Let us first write the matrix elements of the SU(4) generators for a symmetric spin-flavor
wave function in these notations [9]:

〈[Nc]S
′ = I ′;S′

3, I
′
3|Si|[Nc]S = I;S3, I3〉 = δSS′δII′δI3I′3

√

S(S + 1)

(
S 1 S′

S3 i S′
3

)

, (D.18)

〈[Nc]S
′ = I ′;S′

3, I
′
3|T a|[Nc]S = I;S3, I3〉 = δSS′δS3S′

3
δII′
√

I(I + 1)

(
I 1 I ′

I3 a I ′3

)

, (D.19)

〈[Nc]S
′ = I ′;S′

3, I
′
3|Gia|[Nc]S = I;S3, I3〉 =

1

4

√

(2I + 1)(2I ′ + 1)
√

(Nc + 1)2 − (I ′ − I)2(I ′ + I + 1)2
(

S 1 S′

S3 i S′
3

)(
I 1 I ′

I3 a I ′3

)

.

(D.20)

They can be derived by using Eq. (4.39) and Table 4.2. To obtain the matrix elements of
Sc, Tc and Gc, one replaces each Nc by Nc − 1 and S, I by Sc, Ic. For the matrix elements
of s, t and g, one has to replace Nc by 1 and S and I by 1/2.

Using the above formulas, one can derive the matrix elements of all the Oi operators. The
results are

〈ℓqs〉 = δJJ ′δJ3J ′
3
δII′δI3I′3(−1)J−I+ℓq+ℓc+1

√

3

2

√

(2ℓ+ 1)(2ℓ′ + 1)
√

ℓq(ℓq + 1)(2ℓq + 1)

×
√

(2S + 1)(2S′ + 1)

{
ℓ 1 ℓ′

ℓq ℓc ℓq

}{
1 ℓ ℓ′

J S′ S

}

×
∑

η=±1

(−1)(1−η)/2c[Nc−1,1]
ρ′η c[Nc−1,1]

ρη

{
S 1 S′
1
2 I + η

2
1
2

}

, (D.21)
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〈ℓ(2)q gGc〉 = δJJ ′δJ3J ′
3
δII′δI3I′3δℓcℓ′cδℓqℓ′q(−1)J−2I+ℓq+ℓc+S 1

8

√

15

2

√

(2S + 1)(2S′ + 1)

×
√

(2ℓ+ 1)(2ℓ′ + 1)
√

ℓq(ℓq + 1)(2ℓq − 1)(2ℓq + 1)(2ℓq + 3)

×
{

2 ℓ ℓ′

J S′ S

}{
ℓ 2 ℓ′

ℓq ℓc ℓq

}
∑

η,η′=±1

c
[Nc−1,1]
ρ′η′ c[Nc−1,1]

ρη (−1)(1+η
′)/2

×
√

(2Ic + 1)(2I ′c + 1)

√

(Nc + 1)2 −
(
η′ − η

2

)2

(2I + 1)2

×
{

1/2 1 1/2
Ic I I ′c

}






I ′c Ic 1
S′ S 2
1/2 1/2 1






, (D.22)

〈S2
c 〉 = δJ ′JδJ ′

3J3
δL′LδI′IδI′3I3δS′S

∑

η=±1

(

c[Nc−1,1]
ρη

)2 (

I +
η

2

)(

I +
η

2
+ 1
)

, (D.23)

〈sSc〉 = δJJ ′δJ3J ′
3
δℓℓ′δII′δI3I′3δSS′(−1)S−I

√

3

2

∑

η=±1

(−1)(1−η)/2
(

c[Nc−1,1]
ρη

)2

×
√
(

I +
η

2

)(

I +
η

2
+ 1
)

(2I + η + 1)

{
S I + η

2
1
2

1 1
2 I + η

2

}

. (D.24)

D.1.2 Strange baryons

The matrix elements of the SU(6) generators for a symmetric spin-flavor wave function have
been presented in Chapter 4. Let us write explicitly the matrix elements of the operators
t−a, gia and Gjac . As explained in Chapter 4, we have

〈(10)y′i′i′3|t−a|(10)yii3〉 =

√

4

3

(
i Ia i′

i3 −Ia3 i′3

)(
(10) (11) (10)
yi −Y aIa y′i′

)

, (D.25)

〈1
2
m2; (10)y

′i′i′3|gia|
1

2
m2; (10)yii3〉 =

(
1
2 1 1

2
m2 i m′

2

)(
(10) (11) (10)
yii3 yaiaia3 y′i′i′3

)

, (D.26)

and

〈[Nc − 1]S′
cm

′
1; (λ

′
cµ

′
c)Y

′
c I

′
cI

′
c3|Gjac |[Nc − 1]Scm1; (λcµc)YcIcIc3〉 =

1√
2

√

5

12
(Nc − 1)(Nc + 5)

(
Sc 1 S′

c

m1 j m′
1

)(
Ic Ia I ′c
Ic3 Ia3 I ′c3

)

×
∑

ρ=1,2

(
(λcµc) (11) (λ′cµ

′
c)

YcIc Y aIa Y ′
c I

′
c

)

ρ

(
[Nc − 1] [214] [Nc − 1]
(λcµc)Sc (11)1 (λ′cµ

′
c)S

′
c

)

ρ

, (D.27)

where the SU(3) isoscalar factors are from Tables C.2–C.5 and the SU(6) isoscalar factors
can be found in Table 4.1.
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Let us first write the matrix elements of the operator O2, using the notations used in
Section 5.3,

〈ℓqs〉 = δJ ′JδJ ′
3J3
δλ′λδµ′µδY ′Y δI′IδI′3I3(−1)J−1/2+ℓq+ℓc

√

3

2
(2S + 1)(2S′ + 1)

×
√

(2ℓ+ 1)(2ℓ′ + 1)ℓq(ℓq + 1)(2ℓq + 1)

{
ℓ 1 ℓ′

ℓq ℓc ℓq

}{
1 ℓ ℓ′

J S′ S

}

×
∑

pp′p′′

(−1)−Sccp′p(S)cp′′p(S
′)

{
S 1 S′
1
2 Sc

1
2

}

, (D.28)

where Sc = S − 1/2 for p′ = 1 and Sc = S + 1/2 for p′ = 2 and similarly Sc = S′ − 1/2 for
p′′ = 1 and Sc = S′ + 1/2 for p′′ = 2. Eq. (D.28) is equivalent to Eq. (D.21).

The compact form of O3 given in Table 5.5 is

O3 =
3

Nc
ℓ(2),ijq giaGjac . (D.29)

Writing the scalar products in an explicit form we have

O3 =
3

Nc

∑

ij

(−1)i+jℓ(2),−i,−jq

∑

Y aIa
3

(−1)I
a
3 +Y a/2giaGjac , (D.30)

with i, j = 1, 2, 3 and a = 1, 2, ..., 8. The final formula for the matrix elements of O3 between
states of mixed orbital symmetry [Nc − 1, 1] is

〈ℓS′;JJ3; (λµ)Y II3|O3|ℓS;JJ3; (λµ)Y II3〉 =

(−1)ℓq+ℓc+S′+J+1 5

4Nc
(2ℓ+ 1)

√

ℓq(ℓq + 1)(2ℓq − 1)(2ℓq + 1)(2ℓq + 3)

{
ℓ 2 ℓ
ℓq ℓc ℓq

}

×
√

2(Nc − 1)(Nc + 5)(2S + 1)(2S′ + 1)

{
S 2 S′

ℓ J ℓ

}

×
∑

p,p′,q,q′

c
[Nc−1,1]
pp′ (S)c

[Nc−1,1]
qq′ (S′)

√

2S′
c + 1







S′
c S′ 1/2

1 2 1
Sc S 1/2







×
∑

ρ=1,2

U((λcµc)(11)(λµ)(10); (λ′cµ
′
c)(10))ρ

(
[Nc − 1] [214] [Nc − 1]
(λcµc)Sc (11)1 (λ′cµ

′
c)S

′
c

)

ρ

, (D.31)

where the coefficients c
[Nc−1,1]
pp′ (S) are given by Eqs. (5.14). We recall that Sc = S − 1/2 for

p = 1 and Sc = S + 1/2 for p = 2 and by analogy S′
c = S′ − 1/2 for q = 1 and S′

c = S′ + 1/2
for q = 2. Also (λcµc) = (λ − 1, µ) for p′ = 1, (λcµc) = (λ + 1, µ − 1) for p′ = 2 and
(λcµc) = (λ, µ + 1) for p′ = 3 and an analogous situation for (λ′cµ

′
c) = (λ − 1, µ) if q′ = 1,

(λ′cµ
′
c) = (λ+ 1, µ− 1) if q′ = 2 and (λ′cµ

′
c) = (λ, µ+ 1) if q′ = 3.

When applied on the excited quark the operator O4 reads

O4 =
4

Nc + 1
ℓiqt

aGiac . (D.32)
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Writing the scalar products explicitly we have

O4 =
4

Nc + 1

∑

i

(−1)iℓiq
∑

Y aIa
3

(−1)I
a
3 +Y a/2t−aG−ia

c . (D.33)

Inserting the above expression and the matrix elements of Giac , Eq. (D.27), into (D.32) one
obtains

〈ℓS′;JJ3; (λµ)Y II3|O4|ℓS;JJ3; (λµ)Y II3〉 = (−1)ℓq+ℓc+S′−S+J+1/2 4

Nc + 1

×(2ℓ+ 1)
√

ℓq(ℓq + 1)(2ℓq + 1)

{
ℓ 1 ℓ
ℓq ℓc ℓq

}

×
√

5

18
(Nc − 1)(Nc + 5)(2S + 1)(2S′ + 1)

{
J ℓ S
1 S′ ℓ

}

×
∑

p,p′,q,q′

c
[Nc−1,1]
pp′ (S)c

[Nc−1,1]
qq′ (S′)

√

2S′
c + 1(−1)−S

′
c

{
S′ 1/2 S′

c

Sc 1 S

}

×
∑

ρ=1,2

U((λcµc)(11)(λµ)(10); (λ′cµ
′
c)(10))ρ

(
[Nc − 1] [214] [Nc − 1]
(λcµc)Sc (11)1 (λ′cµ

′
c)S

′
c

)

ρ

.

(D.34)

The unitary Racah coefficients U , defined according to Eq. (C.1), which are needed to
calculate (D.31) and (D.34) can be obtain by using the definition

U((λ1µ1)(11)(λµ)(10); (λ12µ12)(10))ρ =
∑

Y1Ya(Y3)
I1IaI3I12I23

(−1)I1+Ia+I+I3
√

(2I12 + 1)(2I23 + 1)

{
I1 Ia I12
I3 I I23

}

×〈(λ1µ1)Y1I1; (11)YaIa||(λ12µ12)Y12I12〉ρ〈(λ12µ12)Y12I12; (10)Y3I3||(λµ)Y I〉
×〈(11)YaIa; (10)Y3I3||(10)Y23I23〉〈(λ1µ1)Y1I1; (10)Y23I23||(λµ)Y I〉, (D.35)

where the isoscalar factors can be found in Tables C.1–C.5. The Racah coefficients are

U((λ− 1, µ)(11)(λµ)(10); (λ + 1, µ− 1)(10)) = −1

2

√

3(λ+ 2)µ

2(λ+ 1)(µ+ 1)
, (D.36)

U((λ+ 1, µ− 1)(11)(λµ)(10); (λ − 1, µ)(10)) =
1

2

√

3λ(λ + µ+ 1)

2(λ+ 1)(λ+ µ+ 2)
, (D.37)

U((λ, µ+ 1)(11)(λµ)(10); (λ, µ + 1)(10))ρ=1 =
λ+ 2µ+ 8

4
√
gλ,µ+1

, (D.38)

U((λ, µ+ 1)(11)(λµ)(10); (λ, µ + 1)(10))ρ=2 =
1

4

√

3λ(λ+ 2)(µ+ 3)(λ + µ+ 4)

(µ+ 1)(λ + µ+ 2)gλ,µ+1
, (D.39)

U((λ− 1, µ)(11)(λµ)(10); (λ − 1, µ)(10))ρ=1 = −2λ+ µ− 2

4
√
gλ−1,µ

, (D.40)

U((λ− 1, µ)(11)(λµ)(10); (λ − 1, µ)(10))ρ=2 =
1

4

√

3(λ+ µ)(λ− 1)µ(µ+ 2)

(λ+ 1)(λ+ µ+ 2)gλ−1,µ
, (D.41)
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U((λ+ 1, µ− 1)(11)(λµ)(10); (λ + 1, µ− 1)(10))ρ=1 =
λ− µ+ 5

4
√
gλ+1,µ−1

, (D.42)

U((λ+ 1, µ− 1)(11)(λµ)(10); (λ + 1, µ− 1)(10))ρ=2 =

−1

4

√

3(λ+ µ+ 1)(λ + µ+ 3)(λ+ 3)(µ− 1)

(λ+ 1)(µ + 1)gλ+1,µ−1
. (D.43)

All U coefficients, but the 4th one, are of order O(N0
c ) which can be seen by inserting λ = 2S

and µ = Nc/2 − S. This helps in finding the order of the matrix elements of O4.

The matrix elements of O6 are given by the product of 1/Nc and

〈ℓSJJ3; (λ
′µ′)Y ′I ′I ′3|taT ac |ℓSJJ3; (λµ)Y II3〉 = δλλ′δµµ

′δY Y ′δII′δI3I′3

×(−1)
∑

pp′

[

c
[Nc−1,1]
pp′ (S)

]2 2
√
gλcµc

3
U((λcµc)(11)(λµ)(10); (λcµc)(10))ρ=1, (D.44)

where the (−1) sign results from a phase entering the symmetry property of SU(3) Clebsch-
Gordan coefficients [24]. This is

(
(10) (11) (10)
Y I Y aIa Y ′I ′

)

= ξ1(−1)I+I
a−I′

(
(11) (10) (10)
Y aIa Y I Y ′I ′

)

, (D.45)

where ξ1 = −1 in this case. The same property has also been used in the calculation of the
matrix elements of O3 and O4. A simpler alternative is to calculate the matrix elements of
O6 by using the identity

t · Tc =
1

2

(
T 2 − T 2

c − t2
)
, (D.46)

which gives

〈ℓSJJ3; (λµ)Y II3|taT ac |ℓSJJ3; (λµ)Y II3〉 =
1

6






gλµ −

∑

pp′

[

c
[Nc−1,1]
pp′ (S)

]2
gλcµc − 4






.

(D.47)
The formulas (D.44) and (D.47) give identical results.

Let us write the matrix elements of the flavor breaking operators t8, T
c
8 and ℓiqg

i8 which
have been used to generate Table 5.10 and 5.9. These are

〈ℓSJJ3; (λ
′µ′)Y ′I ′I ′3|T 8

c |ℓSJJ3; (λµ)Y II3〉 = δY Y ′δII′δI3I′3

∑

p,p′,p′′

cpp′(S)cpp′′(S)

×
∑

Yc,Ic,y,i

3Yc

2
√

3

(
(λcµc) (10) (λµ)
YcIc yi Y I

)(
(λcµc) (10) (λ′µ′)
YcIc yi Y I

)

, (D.48)

〈ℓSJJ3; (λ
′µ′)Y ′I ′I ′3|t8|ℓSJJ3(λµ)Y II3〉 = δY Y ′δII′δI3I′3

∑

p,p′,p′′

cpp′(S)cpp′′(S)

×
∑

Yc,Ic,y,i

3y

2
√

3

(
(λcµc) (10) (λµ)
YcIc yi Y I

)(
(λcµc) (10) (λ′µ′)
YcIc yi Y I

)

, (D.49)
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and

〈ℓS′JJ3; (λ
′µ′)Y ′I ′I ′3|ℓiqgi8|ℓSJJ3(λµ)Y II3〉 = δY Y ′δII′δI3I′3(−1)J+ℓq+ℓc−1/2

×(2ℓ+ 1)
√

ℓq(ℓq + 1)(2ℓq + 1)
√

(2S + 1)(2S′ + 1)

{
ℓ 1 ℓ
ℓq ℓc ℓq

}{
J ℓ S
1 S′ ℓ

}

×
∑

p,p′,q,q′

(−1)Scc
[Nc−1,1]
pp′ (S)c

[Nc−1,1]
qq′ (S′)

{
S′ 1 S
1/2 Sc 1/2

}

×
∑

Yc,Ic,y,i

3y

2
√

2

(
(λcµc) (10) (λµ)
YcIc yi Y I

)(
(λcµc) (10) (λ′µ′)
YcIc yi Y I

)

. (D.50)

To obtain Table 5.9 and 5.10 we have used the Eqs. (4.1) for the coefficients c
[Nc−1,1]
pp′ and

Table C.1 for the isoscalar factors of SU(3). From their expressions one can find that all these
coefficients and isoscalar factors are of order N0

c . Then it follows that for states with spin
and strangeness of order N0

c , the matrix elements of T c8 are of order Nc because Yc = Y − y,
Y = Nc/3 + S so that Yc ∼ Nc.

D.2 The [56, 4+] multiplet

For this multiplet, another method has been used to derived the matrix elements of Oi and
Bi. One just needs the spin states χ and the flavor states φ explicitly.

Consider first the octet. One can write

|SSz; (11)Y IIz〉Sym =
1√
2

(

χρφρ + χλφλ
)

, (D.51)

with the flavor states φρ and φλ defined in Table 2.2. The states χρ and χλ have spin S = 1/2
and permutation symmetry ρ and λ respectively. They can be obtained from φρp(n) and φλp(n)
by making the replacement

u→↑, d→↓,
where ↑ and ↓ are spin 1/2 single-particle states of projection Sz = +1/2 and Sz = −1/2,
respectively. The three particle states of mixed symmetry and S = 1/2, Sz = +1/2 are

χλ+ = − 1√
6

(↑↓↑ + ↓↑↑ −2 ↑↑↓) , (D.52)

χρ+ =
1√
2

(↑↓↑ − ↓↑↑) , (D.53)

and those having S = 1/2, Sz = −1/2 are

χλ− =
1√
6

(↑↓↓ + ↓↑↓ −2 ↓↓↑) , (D.54)

χρ− =
1√
2

(↑↓↓ − ↓↑↓) . (D.55)
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For the decuplet, we have

|SSz; (30)Y IIz〉Sym = χφS , (D.56)

with φS defined in Table 2.1. χ must be an S = 3/2 state. With the previous notation, the
χ 3

2
m states take the form

χ 3
2

3
2

=↑↑↑, (D.57)

χ 3
2

1
2

=
1√
3

(↑↑↓ + ↑↓↑ + ↓↑↑) , (D.58)

χ 3
2
− 1

2
=

1√
3

(↑↓↓ + ↓↑↓ + ↓↓↑) , (D.59)

χ 3
2
− 3

2
=↓↓↓ . (D.60)
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Appendix E

Matrix elements of the spin-orbit
operator for [70, 1−] baryons

In this Appendix, we derive explicitly two matrix elements of the operators ℓi(j)si(j) and
ℓi(j)si(k), j 6= k. One can decompose the two operators [5]

ℓi(j)si(j) = ℓ0(j)s0(j) +
1

2
(ℓ+(j)s−(j) + ℓ−(j)s+(j)) , (E.1)

ℓi(j)si(k) = ℓ0(j)s0(k) +
1

2
(ℓ+(j)s−(k) + ℓ−(j)s+(k)) , (E.2)

with

ℓ0 = ℓz s0 = sz,
ℓ+ = ℓx + iℓy, s+ = sx + isy,
ℓ− = ℓx − iℓy, s− = sx − isy.

(E.3)

One has the following matrix elements

ℓ0|ℓmℓ〉 = ml|ℓmℓ〉, s0|ss3〉 = s3|ss3〉,
ℓ+|ℓmℓ〉 =

√

(ℓ−mℓ)(ℓ+mℓ + 1)|ℓmℓ + 1〉, s+ =
√

(s − s3)(s + s3 + 1)s3|ss3 + 1〉,
ℓ−|ℓmℓ〉 =

√

(ℓ+mℓ)(ℓ−mℓ + 1)|ℓmℓ − 1〉, s− =
√

(s + s3)(s − s3 + 1)s3|ss3 − 1〉.
(E.4)

Let us first calculate the matrix element of the operators Eqs. (E.1) and (E.2) for the
state 4N [70, 1−]1/2−1/2 with Nc = 3. The wave function is given by [85]

|4N [70, 1−]
1

2

− 1

2
〉 =

√

1

12

(
ψρ

11φ
ρ + ψλ

11φ
λ
)
χ 3

2
−

1
2
−
√

2

12

(
ψρ

10φ
ρ + ψλ

10φ
λ
)
χ 3

2
1
2

+

√

3

12

(
ψρ

1−1φ
ρ + ψλ

1−1φ
λ
)
χ 3

2
3
2
.

(E.5)

where

ψλ1m =
1√
6

(2ssp− sps− pss) , (E.6)

ψρ1m =
1√
2

(sps− pss) , (E.7)
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where m = −1, 0, 1 because |p〉 ∼ Y1m (see Eq (2.14)). The spin part χ is given explicitly in
Section D.2 and the flavor part φ in Tables 2.1–2.3. Using Eqs. (E.1), (E.4) and (E.5) one
obtains

〈4N [70, 1−]
1

2

− 1

2
|ℓi(3)si(3)|4N [70, 1−]

1

2

− 1

2
〉 = − 5

18
, (E.8)

〈4N [70, 1−]
1

2

− 1

2
|ℓi(2)si(3)|4N [70, 1−]

1

2

− 1

2
〉 = − 5

18
. (E.9)

Taking Nc = 3 in Eq. (6.4) one obtains

3∑

j=1

〈4N [70, 1−]
1

2

− 1

2
|ℓi(j)si(j)|4N [70, 1−]

1

2

− 1

2
〉 = −5

6
, (E.10)

which is identical to 〈N ′
1/2|ℓs|N ′

1/2〉 of Ref. [9]. Taking Nc = 3 in Eq. (6.5), one obtains

3∑

j=1

3∑

k 6=j=1

〈4N [70, 1−]
1

2

− 1

2
|ℓi(j)si(k)|4N [70, 1−]

1

2

− 1

2
〉 = −5

3
, (E.11)

which is identical to 〈N ′
1/2|ℓSc|N ′

1/2〉 of Ref. [9].

Let us now consider the state [85]

|2∆[70, 1−]
1

2

− 1

2
〉 =

[√

2

6

(

ψρ11χ
ρ
− + ψλ11χ

λ
−
)

−
√

1

6

(

ψρ10χ
ρ
+ + ψλ10χ

λ
+

)
]

φS . (E.12)

Using the same method as above, one has

〈2∆[70, 1−]
1

2

− 1

2
|ℓi(3)si(3)|2∆[70, 1−]

1

2

− 1

2
〉 =

1

9
, (E.13)

〈2∆[70, 1−]
1

2

− 1

2
|ℓi(2)si(3)|2∆[70, 1−]

1

2

− 1

2
〉 = −2

9
. (E.14)

Then

3∑

j=1

〈2∆[70, 1−]
1

2

− 1

2
|ℓi(j)si(j)|2∆[70, 1−]

1

2

− 1

2
〉 =

1

3
, (E.15)

3∑

j=1

3∑

k 6=j=1

〈2∆[70, 1−]
1

2

− 1

2
|ℓi(j)si(k)|2∆[70, 1−]

1

2

− 1

2
〉 = −4

3
. (E.16)

which correspond to 〈∆1/2|ℓs|∆1/2〉 and 〈∆1/2|ℓSc|∆1/2〉 of Ref. [9] respectively.
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