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A5.1. Discretization of the FdV variational principle 
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Development of 1Πδ  
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The rotation into the global frame of the last term of (A5.8) gives: 
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or, using the notations (A5.9,A5.10,A5.11): 
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Recalling (II.34): 
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On the other hand, in cells of type O, as a consequence of (II.34) and (VI.7), the constitutive 
stresses are constant. 

Similarly, in cells of type H, as a consequence of (II.34) and (VI.10), the constitutive stresses 
are constant in parts A and B. 

Consequently, the discretized form of 1Πδ  is: 
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Development of 2Πδ  
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where the L
ijΣ  of the last term are given by (VI.15). Since the stresses in (VI.15) are given in 

the local frame (Y1,Y2)L  attached to the crack tip L, they must be rotated to be expressed in the 
global frame (X1,X2) because the displacements are expressed in this global frame. 

Another approach consists in using the local frame (Y1,Y2)L  to express the displacements in 
the last term of (A5.13). 

Let L
iv  be the components of the displacements in the local frame. 

Integrating by part, the last term of (A5.16) becomes: 



Discretization of the FdV variational principle for XNEM 
 

Annex 5    Page 239 
  

L
A

L
iL

j

L
ij

L
C

L
i

L
ij

L
j

L
A

L
i

L
j

L
j

L
iL

ijL
A i

j

j

iL
ij

dAv
Y
P

dCvPM

dA
Y
v

Y
vPdA

X
u

X
u

LL

LL

∫∫

∫∫

∂
∂

+=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

+
∂
∂

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

+
∂
∂

Σ

δδ

δδδδ )(
2
1)(

2
1

             (A5.17) 

where LC  is the contour of the cell and L
jM  are the components of the outward normal to LC  

expressed in the local frame (Y1,Y2)L  

However, since { } { } { }LLOL PPP Σ+= where { }LOP is constant and { }LPΣ is an exact solution of 
the Theory of Elasticity, which satisfy the equilibrium equations, we have, in absence of body 
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so that the last term of (A5.17) vanishes. 

The other terms of (A5.16) are also integrated by parts. This gives: 
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The assumed displacements are given by (VI.22): 
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Their variations are given in the global frame ),( 21 XX  by: 
C
iii uuu δδδ += Φ                     (A5.22) 

with       

∑
=

Φ Φ=
N

J

J
iJi uu

1
δδ                (A5.23-a) 

J
iJ

J

C
i aXCu δδ Φ= ∑

Λ∈

)(                (A5.23-b) 

They can also be expressed in a local frame ),( 21 YY  by: 
C
iii vvv δδδ += Φ                        (A5.24) 

with       
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For the calculation of Φ
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where the subcripts A and B refer to the 2 parts of the cell of type H. 

In the calculation of contour integrals of the type ∫ •
I,AC

I,AdC  or ∫ •
I,BC

I,BdC , the contours 

include the crack lips (figure A5.1). 
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Figure A5.1. Cell of type H 
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In a similar way, we have, for the 2nd term of V
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which can be written in the following matrix form: 
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with 
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Finally,  
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Summarizing, we get: 
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Development of 3Πδ  
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The first term is obtained by a calculation that is perfectly similar to that of 2Πδ . 

For the second term, we have: 
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Using the notations [ ]LHDH  and  [ ]LIH  introduced in (A5.9) and (A5.10), we get 
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Finally, we obtain: 
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Development of 4Πδ  
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We get: 
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Development of 5Πδ  
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We get: 
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Development of 6Πδ  
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where )K(A and )K(B  are the parts A and B of an edge K cut by the crack. 

O
uM  is the number of edges not cut by the crack on which displacements are imposed. 

A
uM  and B

uM are the numbers of parts A and B of edges cut by the crack on which 
displacements are imposed. 

Let 
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In matrix form, this equation becomes : 
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Finally, we obtain 
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Final expression of the discretized FdV principle Πδ  

Grouping the different terms, we get: 
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A5.2. Euler equations deduced from the FdV variational principle 
Euler equations deduced from 0=Πεδ  

{ } { } [ ] { } O
IIII NIC ,1, ===Σ εσ              (A5.85-a) 

{ } { } [ ] { } H
JAJJAJA JC λεσ ∈==Σ ,,,,            (A5.85-b) 

{ } { } [ ] { } H
JBJJBJB JC λεσ ∈==Σ ,,,,             (A5.85-c) 

The assumed stresses in cells of types O and H are equal to the constitutive stresses deduced 
from the assumed strains in those cells. 

 

Euler equations deduced from 0
0
=Πγδ  
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λτ ∈=−− Σ∫ 00               (A5.86) 

But, from the elastic constitutive equation, we have  
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So that (A5.86) becomes 
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LLLLLL

L LKKIHPCA λγ ε ∈=−+− Σ ,000              (A5.87) 

 

Euler equations deduced from 0=Π εδ K  

{ } [ ] [ ] { } [ ] { } C
LLLLTLL LKHDHPDIHH λτ ∈−− Σ 0,=0,              (A5.88) 

If we introduce the expression of { }Lτ in { }LHτ given by (A5.10), we get: 
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so that (A5.88) becomes : 

[ ] { } [ ] { }{ } [ ] { } { }{ } C
LLLLLLTL LKKHDHPDIH λγ ε ∈=−+− Σ 0,00,             (A5.89) 

The solution of (A5.88) and (A5.89) is: 

{ } [ ] { } C
LLL LCP λγ ∈= ,00                  (A5.90) 

{ } { } C
LL LKK λε ∈= Σ ,                  (A5.91) 

The assumed stresses in cells of types C are equal to the constitutive stresses deduced from 
the assumed strains in those cells. 
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Euler equations deduced from 0=Πuδ  
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These are equilibrium equations associated with the degrees of freedom J
iu of the cells of type 

O. 

 

Euler equations deduced from 0=Π aδ  
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These are equilibrium equations associated with the degrees of freedom J
ia  of the cells of 

type H and C. 

 

Euler equations deduced from 0=ΠΣδ  
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These are compatibility equations between the assumed strains and the assumed 
displacements in the cells of types O and H. 

Euler equations deduced from 0
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Euler equations deduced from 0=Π ΣKδ  
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                    (A5.96) 

Equations (A5.95) and (A5.96) are compatibility equations between the assumed strains and 
the assumed displacements in the cells of type C. 
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These are compatibility equations between the imposed displacements and the discretization 
parameters of the displacement field. They apply to every cell edge K or part of edge A(K), 
B(K) on which displacements are imposed. 
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A5.3. Calculation of { }LK ε  

From (A5.95) we get successively 
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Introducing this result in (A5.96) yields : 
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From this equation, we can deduce { }LKε  : 
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with 
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A5.4. Calculation of { }L0γ  
From (A5.96) we get successively 
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Introducing this result in (A5.95) yields: 
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From this equation, we can deduce { }L0γ  : 
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