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1. Introduction

A stochastic process {𝑋𝑡 }𝑡≥0 is said to be 𝐻-self-similar if, for all 𝑎 > 0, the processes
{𝑋𝑎𝑡 }𝑡≥0 and {𝑎𝐻𝑋𝑡 }𝑡≥0 have the same finite dimensional distributions. This property is
predominant in real life applications, for instance, in astronomy [40, 53], biology [3, 28],
climatology [18, 34], hydrology [45, 59], image processing [35], internet traffic modelling
[65, 66], mathematical finance [32, 43, 52, 57] and physics [46, 54]. We also refer to the three
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monographs [15, 27, 29] for an insight on numerous results, applications and methodologies
concerning self-similar processes.

Without any doubt, fractional Brownian motion is the most popular self-similar stochas-
tic process. It was first introduced by Kolmogorov, in the paper [38] from 1940, to define
“Gaussian spirals” in Hilbert spaces. The name “fractional Brownian motion” is used since
the article [44] from Mandelbrot and Van Ness, where the first systematic study of this pro-
cess was carried out. Indeed, it is itself a generalization of the Brownian motion, defined by
the botanist Robert Brown to describe the movements of pollen grains of the plant Clarkia
Pulchella suspended in the water [17]. For any 𝐻 ∈ (0, 1), the fractional Brownian motion of
Hurst parameter 𝐻 on a probability space (Ω, F , P) is the unique centred Gaussian process
{𝐵𝐻

𝑡 }𝑡≥0 with covariance function

E[𝐵𝐻
𝑡 𝐵𝐻

𝑠 ] =
1
2
(|𝑡 |2𝐻 + |𝑠 |2𝐻 − |𝑡 − 𝑠 |2𝐻), for every 𝑠, 𝑡 ≥ 0. (1)

The case 𝐻 = 1/2 corresponds to the usual Brownian motion. In other words, the fractional
Brownian motion {𝐵𝐻

𝑡 }𝑡≥0 is the only Gaussian process with stationary increments which is
𝐻-self-similar. This property justifies the fact that the fractional Brownian is greatly used to
model natural phenomena [28, 34, 40, 46, 53].

In some applications, it happens that the self-similarity and the stationarity of increments
are desirable properties for a stochastic process, while Gaussianity is not a reasonable as-
sumption [32, 57, 59, 65, 67]. In these contexts, good candidates for simulation are given
by Hermite processes. In the sequel, for all integer numbers 𝑞 ≥ 1, 𝐼𝑞 denotes the multiple
stochastic integral of order 𝑞 with respect to the two-sided Brownian motion {𝐵𝑦}𝑦∈R, see

the Appendix for a precise definition. Let 𝐻 ∈
(

1
2 , 1

)
, the Hermite process of order 𝑞 and

Hurst parameter 𝐻 is the stochastic process {𝑍 (𝑞,𝐻 )
𝑡 }𝑡≥0 defined, for every 𝑡 ≥ 0, by

𝑍 (𝑞,𝐻 )
𝑡 = 𝐼𝑞 (𝐿 (𝑞,𝐻 )

𝑡 ), (2)

where the kernel function 𝐿 (𝑞,𝐻 )
𝑡 is given, for all 𝑦1, ..., 𝑦𝑞 ∈ R, by

𝐿 (𝑞,𝐻 )
𝑡 (𝑦1, ..., 𝑦𝑞) = 𝑐𝑞,𝐻

∫ 𝑡

0
(𝑢 − 𝑦1)

−
(

1
2+

1−𝐻
𝑞

)
+ . . . (𝑢 − 𝑦𝑞)

−
(

1
2+

1−𝐻
𝑞

)
+ 𝑑𝑢, (3)

with 𝑐𝑞,𝐻 a strictly positive constant which is chosen such that, for all 𝑡 ≥ 0, E[(𝑍 (𝑞,𝐻 )
𝑡 )2] =

𝑞!‖𝐿 (𝑞,𝐻 )
𝑡 ‖2

𝐿2 (R𝑞 ) = 𝑡2𝐻 . With this normalization, any Hermite process also has its covari-
ance function given by (1). It is a 𝐻-self-similar stochastic process with stationary increments.
Its exhibits long-range dependence and its sample paths are Hölder continuous of order 𝛿 for
every 𝛿 ∈ (0, 𝐻). Hermite processes first appeared as limit of partial sums of correlated
random variables, in the so-called Non-Central Limit Theorem [26, 58, 60]. The class of
Hermite processes contains the fractional Brownian motion which is obtained for 𝑞 = 1 and
it is the only Gaussian process in this class. It also contains the Rosenblatt process (obtained
for 𝑞 = 2). We refer to the recent monograph [61] for a concise presentation of these pro-
cesses and their stochastic analysis. The results present on this paper do not depend on the
exact value of 𝑞 and 𝐻. For this reason, to ease the notation, we omit the indices and we write
{𝑍𝑡 }𝑡≥0 for a Hermite process as well as 𝐿𝑡 for its associated kernel.

Generally speaking, while working with self-similar processes, a question of great inter-
est is to estimate the Hurst parameter 𝐻. It is essential because this parameter governs the
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main properties of the analysed process, such as the long-range dependence and the Hölder
regularity. Therefore, in the Hermite case, many authors have proposed statistical estimators
from various perspectives, such as variations [19, 22, 63], wavelet analysis [13, 10, 21, 33] or
least-squares methods [50].

Unfortunately, all the estimators presented in the publications listed here failed to be
asymptotically normal as soon as 𝑞 ≥ 2. Also, in the case 𝑞 = 1, the asymptotic normal-
ity only holds when 𝐻 ∈ (0, 3

4 ]. Note that, in this last Gaussian case, the authors in [37]
propose an estimator based on higher order increments of the fractional Brownian motion
and obtain the asymptotic normality of this estimator. But, as remarked in [20], this strategy
is not applicable for 𝑞 ≥ 2. Of course, this non-Gaussian behavior is a serious drawback for
statistical estimation of the Hurst parameter 𝐻, as the limit distribution is a Rosenblatt one,
much less desirable for practical purposes.

But, very recently, in [9], Ayache and Tudor define a new estimator for 𝐻, based on a
modified quadratic variation, which is asymptotically normal, even in the case 𝑞 ≥ 2. The
construction of this estimator is based on an idea from [4] where increments of Hermite
processes are split in two parts: one which satisfies some independence properties while the
second part is clearly dominated, in 𝐿2(Ω)-norm, by the first one. These observations help
to select “good” increments to compute quadratic variations which are then collected in a
simple modification of the estimators previously introduced in [19, 63].

In practice, estimators for the Hurst parameter based on wavelet analysis provide numer-
ous advantages, compared to the ones obtained with other strategies. Indeed, wavelet-based
estimators are defined using a log-regression of wavelet coefficients at various scales, see
Section 2 for the definition, and a great literature is available concerning goodness-of-fit tests
for such models [11, 12, 10]. Moreover, such estimators are numerically efficient thanks to
the Mallat’s algorithm for computing wavelet coefficients [41, 42]. Also, if the wavelet have
enough vanishing moment, see equation (4) below, wavelet-based estimators are not sensible
to polynomials trends and are thus very robust. We also refer to the work [36] for an alter-
native wavelet-type approach to estimate the self-similarity index of the fractional Brownian
motion based on the adaptive estimation of quadratic functionals of noisy data.

In the paper [25], inspired by [4], Daw and Loosveldt adapted the “splitting method” in the
context of wavelet coefficients for the Rosenblatt process (aka the Hermite process of order
2). In this context, they manage to express any wavelet coefficient as the sum of two random
variables, one which satisfies some independence property and one which is negligible.

The aim of this paper is to bring together the ideas from [9] and [25] and to propose
a new strongly consistent estimator for the Hurst parameter of any Hermite processes. It
belongs to the “family” of the estimators introduced in [13, 10, 21, 33], in the sense that it
relies on a wavelet variation. But the wavelet coefficients used in this “modified” variation are
precisely chosen such that this new estimator is asymptotically normal. In short, this estimator
is particularly well-suited for applications as it is an asymptotically normal wavelet-based
strongly consistent estimator. Let us note that, up to our knowledge, it is the first time that
a wavelet-based estimator is defined for Hermite processes of any orders. Indeed, the papers
[13, 10, 21, 33] only deal with the fractional Brownian motion and the Rosenblatt process,
thus the Hermite processes of order one and two.

In Section 2, we recall some basic facts about wavelet analysis on which relies the rest
of our paper. Then we extend to any Hermite process the results from [25] concerning the
decomposition of wavelet coefficients.
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In Section 3, we introduce the modified wavelet variation which is the key object to de-
fine later our estimator. First, we present the special wavelet coefficients that are used in the
variation. Then, we show that a part of this variation is clearly negligible compared to the
other part. It is a consequence of the decomposition of wavelet coefficients provided in Sec-
tion 2. Finally, we prove a multidimensional Central Limit Theorem (CLT) for the modified
wavelet variation. Note that the use of a multidimensional CLT is a major difference with [9],
where only a “classic” CLT is used. It is a consequence of the fact that our estimator relies on
wavelet coefficients and not directly on increments of the process. Indeed, as the reader can
see all along this paper, the use of a wavelet Ψ make appeared a constant 𝐶Ψ (𝐻) in all our
computations, see equation (8) below. As this constant depends, in a non-trivial way, on the
value of the Hurst parameter 𝐻, it must be eliminated in the definition of the estimator. Then,
the standard strategy from [13, 10] consists in performing a log-regression of the wavelet
variation onto several scales. Thus, we need to insure the asymptotic normality for a vector
of wavelet variation instead of an unique variation based on increments.

In order to obtain an estimator which can be numerically computed, in Section 4 we study
a Riemann approximation of the wavelet variation defined in Section 3. The main result there
states that this approximation converges, in 𝐿1(Ω), to the wavelet variation and thus also
satisfies a multidimensional CLT.

In Section 5, we use a log-regression to define an estimator for the Hurst parameter 𝐻. We
show that this estimator is strongly consistent and asymptotically normal.

Finally, in Section 6, we present some numerical experiments for the estimation of the
Hurst parameter of the Hermite processes of order 1, 2 and 3.

Main facts of stochastic analysis, in particular Malliavin-Stein method, are recalled, for the
reader convenience, in the Appendix.

2. The wavelet coefficients and their decomposition

A wavelet is a smooth function Ψ such that the set

{2
𝑗
2 Ψ(2 𝑗 · −𝑘) : ( 𝑗 , 𝑘) ∈ Z

2}

is an orthonormal basis of 𝐿2(R), see [24, 42, 47] for a very complete view on this sub-
ject. It is not surprising that such bases, constructed by scaling modifications of an unique
mother wavelet Ψ are particularly well-adapted to study self-similar stochastic processes, as
this definition somehow means that the process is invariant by scaling changes. In particular,
in the context of Hermite processes and their generalizations, wavelets are used, for instance,
for expansion and approximation [5, 6, 8, 48, 55], estimation [13, 10], precise study of the
pointwise regularity [25, 30, 31] and simulations [2, 56, 1, 7].

All along this paper, we work with a continuously differentiable mother wavelet Ψ : R →
R with support included in the unit interval [0, 1] such as the one constructed in [23, 24]. We
say that such a wavelet Ψ has 𝑄 ≥ 1 vanishing moments if, for all 0 ≤ 𝑝 < 𝑄,∫

R

𝑥𝑝Ψ(𝑥)𝑑𝑥 = 0. (4)

In fact, in this paper, we only need that Ψ has one vanishing moment. But, in practice, authors
generally work with higher 𝑄, for numerical purposes. Let us fix 𝑎 > 0. We define, for any
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integer number 𝑘 ≥ 0, the wavelet coefficient associated to the Hermite process {𝑍𝑡 }𝑡≥0 by

𝑐(𝑎, 𝑘) =
√
𝑎

∫
R

Ψ(𝑥)𝑍𝑎 (𝑥+𝑘 )𝑑𝑥. (5)

Due to the scaling property, the stationarity of the increments of the Hermite process and the
vanishing moment of Ψ, we notice

𝑐(𝑎, 𝑘) =
√
𝑎

∫
R

Ψ(𝑥) (𝑍𝑎 (𝑥+𝑘 ) − 𝑍𝑎𝑘)𝑑𝑥

=(𝑑) √
𝑎

∫
R

Ψ(𝑥)𝑍𝑎𝑥𝑑𝑥 =(𝑑) 𝑎𝐻+ 1
2 𝑐(1, 0), (6)

where we denoted by “=(𝑑)” the equality in distribution. In particular, we have

E[𝑐(𝑎, 𝑘)2] = 𝑎2𝐻+1E[𝑐(1, 0)2] = 𝑎2𝐻+1𝐶Ψ (𝐻), (7)

with

𝐶Ψ (𝐻) = −1
2

∫
R

∫
R

𝑑𝑥𝑑𝑦Ψ(𝑥)Ψ(𝑦) |𝑥 − 𝑦 |2𝐻 , (8)

since the covariance function of any Hermite process is given by (1).
By using (2) and the assumption (4), we can express the wavelet coefficient as a multiple

stochastic integral. Indeed, we write, via a Fubini argument,

𝑐(𝑎, 𝑘) =
√
𝑎

∫
R

Ψ(𝑥) (𝑍𝑎 (𝑥+𝑘 ) − 𝑍𝑎𝑘)𝑑𝑥 =
√
𝑎

∫
R

Ψ(𝑥)𝐼𝑞
(
𝐿𝑎 (𝑥+𝑘 ) − 𝐿𝑎𝑘

)
𝑑𝑥

= 𝐼𝑞

(√
𝑎

∫
R

Ψ(𝑥)
(
𝐿𝑎 (𝑥+𝑘 ) − 𝐿𝑎𝑘

)
𝑑𝑥

)
= 𝐼𝑞

(√
𝑎

∫
R

𝑑𝑧Ψ(𝑥)
∫ 𝑎 (𝑥+𝑘 )

𝑎𝑘
𝑓𝑢𝑑𝑢

)
,

where 𝐿 is the kernel of the Hermite process given by (3) and

𝑓𝑢 (𝑦1, ..., 𝑦𝑞) = 𝑐𝑞,𝐻 (𝑢 − 𝑦1)
−

(
1
2+

1−𝐻
𝑞

)
+ . . . (𝑢 − 𝑦𝑞)

−
(

1
2+

1−𝐻
𝑞

)
+ ,

for every 𝑦1, ..., 𝑦𝑞 ∈ R, with 𝑐𝑞,𝐻 the constant in (3). Since
∫ 𝑎 (𝑥+𝑘 )
𝑎𝑘

𝑓𝑢 (𝑦1, ..., 𝑦𝑞)𝑑𝑢 van-
ishes if there exists 𝑖 = 1, .., 𝑞 such that 𝑦𝑖 ≥ 𝑎(𝑘 + 1) (recall that the support of Ψ is included
in [0, 1]), we can also write

𝑐(𝑎, 𝑘) = 𝐼𝑞

(√
𝑎

∫
R

𝑑𝑥Ψ(𝑥)1⊗𝑞(−∞,𝑎 (𝑘+1) )

∫ 𝑎 (𝑥+𝑘 )

𝑎𝑘
𝑓𝑢𝑑𝑢

)
. (9)

Let 𝑀 > 0. We decompose the coefficient 𝑐(𝑎, 𝑘) as follows

𝑐(𝑎, 𝑘) = 𝑐̃(𝑎, 𝑘, 𝑀) + q𝑐(𝑎, 𝑘, 𝑀)

where

𝑐̃(𝑎, 𝑘, 𝑀) = 𝐼𝑞

(√
𝑎

∫
R

𝑑𝑥Ψ(𝑥)1⊗𝑞(𝑎 (𝑘−𝑀 ) ,𝑎 (𝑘+1) )

∫ 𝑎 (𝑥+𝑘 )

𝑎𝑘
𝑓𝑢𝑑𝑢

)
(10)
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and

q𝑐(𝑎, 𝑘, 𝑀) = 𝐼𝑞

(√
𝑎

∫
R

𝑑𝑥Ψ(𝑥)
(
1(−∞,𝑎 (𝑘+1) )𝑞\(𝑎 (𝑘−𝑀 ) ,𝑎 (𝑘+1) )𝑞

) ∫ 𝑎 (𝑥+𝑘 )

𝑎𝑘
𝑓𝑢𝑑𝑢

)
. (11)

This decomposition will play a crucial role for the development of our arguments. The key
fact is that, for suitable choices of the parameters 𝑎, 𝑀 > 0, the random variables 𝑐̃(𝑎, 𝑘, 𝑀)
and 𝑐̃(𝑎, 𝑗 , 𝑀) will become independent when 𝑘 ≠ 𝑗 (this happens once the intervals (𝑎(𝑘 −
𝑀), 𝑎(𝑘 + 1)) and (𝑎( 𝑗 − 𝑀), 𝑎( 𝑗 + 1)) become disjoints). On the other hand, the terms
q𝑐(𝑎, 𝑘, 𝑀) will be negligible, for the 𝐿2(Ω)-norm, with respect to their tilde counterparts.

Let us first evaluate the squared mean of q𝑐(𝑎, 𝑘, 𝑀). We denoted by 𝐶 (𝑞, 𝐻) a strictly posi-
tive constant depending only on 𝑞, 𝐻. A similar notation will be used for constants depending
on other parameters.

Lemma 2.1. Let 𝑎, 𝑀 > 0 and let 𝑘 be a positive integer. We have

E
[
q𝑐(𝑎, 𝑘, 𝑀)2

]
≤ 𝐶 (𝑞, 𝐻)𝑎2𝐻+1(𝑀 + 1)

2𝐻−2
𝑞 .

Proof: We first notice that, for every 𝑎, 𝑘, 𝑀 , we have, by the same arguments as in the proofs
of Lemma 3.1 below,

q𝑐(𝑎, 𝑘, 𝑀) =(𝑑) 𝑎𝐻+ 1
2 𝐼𝑞

(
1(−∞,1)𝑞\(−𝑀,1)𝑞

∫
R

𝑑𝑥Ψ(𝑥)
∫ 𝑥

0
𝑓𝑢𝑑𝑢

)
.

Thus, by the isometry property (77) of the multiple stochastic integral 𝐼𝑞, we get

E
[
q𝑐(𝑎, 𝑘, 𝑀)2

]
= 𝑎2𝐻+1𝑞!𝑐2

𝑞,𝐻

∫
1(−∞,1)𝑞\(−𝑀,1)𝑞

𝑑𝑦1...𝑑𝑦𝑞

∫
R

∫
R

𝑑𝑥𝑑𝑦Ψ(𝑥)Ψ(𝑦)∫ 𝑥

0
𝑑𝑦

∫ 𝑦

0
𝑑𝑣 𝑓𝑢 (𝑦1, ..., 𝑦𝑞) 𝑓𝑣 (𝑦1, ..., 𝑦𝑞)

≤ 𝐶 (𝑞, 𝐻)𝑎2𝐻+1
∫ 1

0

∫ 1

0
𝑑𝑥𝑑𝑦 |Ψ(𝑥) | · |Ψ(𝑦) |

∫ 𝑥

0
𝑑𝑢

∫ 𝑦

0
𝑑𝑣

×
(∫

R

𝑑𝑦(𝑢 − 𝑦)
−

(
1
2+

1−𝐻
𝑞

)
+ (𝑣 − 𝑦)

−
(

1
2+

1−𝐻
𝑞

)
+

)𝑞−1

(∫ 1

−𝑀
𝑑𝑦(𝑢 − 𝑦)

−
(

1
2+

1−𝐻
𝑞

)
+ (𝑣 − 𝑦)

−
(

1
2+

1−𝐻
𝑞

)
+

)
= 𝐶 (𝑞, 𝐻)𝑎2𝐻+1

∫ 1

0

∫ 1

0
𝑑𝑥𝑑𝑦 |Ψ(𝑥) | · |Ψ(𝑦) |

∫ 𝑥

0
𝑑𝑢

∫ 𝑦

0
𝑑𝑣 |𝑢 − 𝑣 | (2𝐻−2) 𝑞−1

𝑞(∫ 1

−𝑀
𝑑𝑦(𝑢 − 𝑦)

−
(

1
2+

1−𝐻
𝑞

)
+ (𝑣 − 𝑦)

−
(

1
2+

1−𝐻
𝑞

)
+

)
. (12)

We have the following formula, obtained via the change of variables 𝑧 = 𝑢∧𝑣−𝑦
𝑢∨𝑣−𝑦 ,∫ 1

−𝑀
𝑑𝑦(𝑢 − 𝑦)

−
(

1
2+

1−𝐻
𝑞

)
+ (𝑣 − 𝑦)

−
(

1
2+

1−𝐻
𝑞

)
+
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=
∫ 𝑢∧𝑣

−𝑀
(𝑢 − 𝑦)−

(
1
2+

1−𝐻
𝑞

)
(𝑣 − 𝑦)−

(
1
2+

1−𝐻
𝑞

)
𝑑𝑦

= |𝑢 − 𝑣 |
2𝐻−2

𝑞

∫ 𝑢∧𝑣+𝑀
𝑢∨𝑣+𝑀

0
𝑧
𝐻−1
𝑞 − 1

2 (1 − 𝑧)
2−2𝐻

𝑞 −1𝑑𝑧

= 𝛽

(
𝑢 ∧ 𝑣 + 𝑀

𝑢 ∨ 𝑣 + 𝑀
,
𝐻 − 1

𝑞
+ 1

2
,

2 − 2𝐻
𝑞

)
,

where 𝛽(𝑥, 𝑎, 𝑏) is the incomplete beta function given, for 𝑎, 𝑏 > 0 and 𝑥 ∈ (0, 1], by
𝛽(𝑥, 𝑎, 𝑏) =

∫ 𝑥

0 𝑧𝑎−1(1−𝑧)𝑏−1𝑑𝑧. In particular, 𝛽(1, 𝑎, 𝑏) = 𝛽(𝑎, 𝑏) is the usual beta function.
Let us also introduce the notation

𝛽(𝑥, 𝑎, 𝑏) = 𝛽(𝑎, 𝑏) − 𝛽(𝑥, 𝑎, 𝑏) =
∫ 1

𝑥
𝑧𝑎−1(1 − 𝑧)𝑏−1𝑑𝑧

for 𝑎, 𝑏 > 0 and 𝑥 ∈ (0, 1). We have the following estimate

𝛽

(
𝑢 ∧ 𝑣 + 𝑀

𝑢 ∨ 𝑣 + 𝑀
,
𝐻 − 1

𝑞
+ 1

2
,

2 − 2𝐻
𝑞

)
=

∫ 1

𝑢∧𝑣+𝑀
𝑢∨𝑣+𝑀

𝑧
𝐻−1
𝑞 − 1

2 (1 − 𝑧)
2−2𝐻

𝑞 −1𝑑𝑧

≤
∫ 1

𝑀
𝑀+1

𝑧
𝐻−1
𝑞 − 1

2 (1 − 𝑧)
2−2𝐻

𝑞 −1𝑑𝑧 ≤
∫ 1

𝑀
𝑀+1

(1 − 𝑧)
2−2𝐻

𝑞 −1𝑑𝑧

=
2 − 2𝐻

𝑞
(𝑀 + 1)

2𝐻−2
𝑞 . (13)

Therefore, by plugging (13) into (12), we get

E
[
q𝑐(𝑎, 𝑘, 𝑀)2

]
≤𝐶 (𝑞, 𝐻)𝑎2𝐻+1(𝑀 + 1)

2𝐻−2
𝑞

∫ 1

0

∫ 1

0
𝑑𝑥𝑑𝑦 |Ψ(𝑥) | · |Ψ(𝑦) |

∫ 𝑥

0
𝑑𝑢

∫ 𝑦

0
𝑑𝑣 |𝑢 − 𝑣 | (2𝐻−2) 𝑞−1

𝑞

≤𝐶 (𝑞, 𝐻)𝑎2𝐻+1(𝑀 + 1)
2𝐻−2

𝑞

∫ 1

0

∫ 1

0
𝑑𝑥𝑑𝑦 |Ψ(𝑥) | · |Ψ(𝑦) |

∫ 𝑥

0
𝑑𝑢

∫ 𝑦

0
𝑑𝑣 |𝑢 − 𝑣 |2𝐻−2

=𝐶 (𝑞, 𝐻)𝑎2𝐻+1(𝑀 + 1)
2𝐻−2

𝑞

∫ 1

0

∫ 1

0
𝑑𝑥𝑑𝑦 |Ψ(𝑥) | · |Ψ(𝑦) | (𝑥2𝐻 + 𝑦2𝐻 − |𝑥 − 𝑦 |2𝐻)

≤𝐶 (𝑞, 𝐻)𝑎2𝐻+1(𝑀 + 1)
2𝐻−2

𝑞 . �

3. The modified wavelet variation

We will define and analyse the wavelet variation of the Hermite process based on some par-
ticular wavelet coefficients. We first introduce these special coefficients and we also study
their main properties.

3.1. The special wavelet coefficients

We start with some notations. Consider two real numbers

0 < 𝛾 < 𝛽 < 1
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and for every 𝑁 ≥ 1, let us set

L𝑁 = N ∩
[
1,

2𝑁

2[𝑁 𝛽 ]

]
=

[
1, 2𝑁−[𝑁 𝛽 ]

]
and

L𝑁,𝛾 = L𝑁 ∩
[
1, 2[𝑁 𝛾 ] ] .

We have, for every 𝑁 ≥ 1,

L𝑁,𝛾 ⊂ L𝑁 and |L𝑁,𝛾 | ≤ 2[𝑁 𝛾 ] (14)

and for 𝑁 large enough,

|L𝑁,𝛾 | ≥ 2[𝑁 𝛾 ] − 1. (15)

For ℓ ∈ L𝑁,𝛾 and 𝑁 ≥ 1, we set

𝑒ℓ,𝑁 ,𝛽 =
ℓ2[𝑁 𝛽 ]

2𝑁
. (16)

Now, we describe the wavelet coefficients on which we will focus in the rest of this work.
Let 𝑑 ≥ 1. For ℓ ∈ L𝑁,𝛾 and 𝑀 = 1, ..., 𝑑, we define

𝐴𝑀 (ℓ, 𝑁) = 𝑐

(
1

𝑀2𝑁
, ℓ𝑀2[𝑁 𝛽 ]

)
. (17)

From (9), we express

𝐴𝑀 (ℓ, 𝑁) =

√
1

𝑀2𝑁
𝐼𝑞

���1⊗𝑞

(−∞, ℓ𝑀2[𝑁𝛽 ] +𝑀
𝑀2𝑁

)

∫
R

𝑑𝑥Ψ(𝑥)
∫ ℓ𝑀2[𝑁

𝛽 ] +𝑥
𝑀2𝑁

ℓ𝑀2[𝑁𝛽 ]

𝑀2𝑁

𝑓𝑢𝑑𝑢
���

=

√
1

𝑀2𝑁
𝐼𝑞

(
1⊗𝑞
(−∞,𝑒ℓ,𝑁,𝛽+2−𝑁 )

∫
R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ,𝑁,𝛽

𝑓𝑢𝑑𝑢

)
,

where we used the notation (16). We have, by (6),

E
[
𝐴𝑀 (ℓ, 𝑁)2] = 2−𝑁 (2𝐻+1)𝑀−(2𝐻+1)𝐶Ψ (𝐻), (18)

with 𝐶Ψ (𝐻) from (8). We will decompose this coefficient as

𝐴𝑀 (ℓ, 𝑁) = �𝐴𝑀 (ℓ, 𝑁) + ­𝐴𝑀 (ℓ, 𝑁), (19)

where, with the notations (10) and (11),�𝐴𝑀 (ℓ, 𝑁)

= 𝑐̃

(
1

𝑀2𝑁
, 𝑀ℓ2[𝑁 𝛽 ] , 𝑀 (2[𝑁 𝛽 ] − 1)

)
=

√
1

𝑀2𝑁
𝐼𝑞

(
1⊗𝑞
(𝑒ℓ−1,𝑁,𝛽+2−𝑁 ,𝑒ℓ,𝑁,𝛽+2−𝑁 )

∫
R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ,𝑁,𝛽

𝑓𝑢𝑑𝑢

)
= 𝐼𝑞 (𝑔̃𝑀 (ℓ, 𝑁)), (20)
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with

𝑔̃𝑀 (ℓ, 𝑁) (𝑦1, ..., 𝑦𝑞) =

√
1

𝑀2𝑁
1⊗𝑞(𝑒ℓ−1,𝑁,𝛽+2−𝑁 ,𝑒ℓ,𝑁,𝛽+2−𝑁 ) (𝑦1, ..., 𝑦𝑞) (21)∫

R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ,𝑁,𝛽

𝑓𝑢 (𝑦1, ..., 𝑦𝑞)𝑑𝑢

and

­𝐴𝑀 (ℓ, 𝑁) = q𝑐

(
1

𝑀2𝑁
, 𝑀ℓ2[𝑁 𝛽 ] , 𝑀 (2[𝑁 𝛽 ] − 1)

)
=

√
1

𝑀2𝑁
𝐼𝑞

(
1𝑆

∫
R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ,𝑁,𝛽

𝑓𝑢𝑑𝑢

)
,

where we put

𝑆 := (−∞, 𝑒ℓ,𝑁 ,𝛽 + 2−𝑁 )𝑞 \ (𝑒ℓ−1,𝑁 ,𝛽 + 2−𝑁 , 𝑒ℓ,𝑁 ,𝛽 + 2−𝑁 )𝑞 .

Before going further, let us emphasize the roles for statistical inference of the various
parameters introduced in this section. The estimator 𝐻𝑁 for the Hurst parameter defined in
equation (68) below relies on the wavelet variations (26) in which the corresponding wavelet
coefficients are precisely chosen. First, we need to consider 𝑑 scales, that is the parameter 𝑎 in
(5), to perform a log-regression. To define 𝐻𝑁 , we take the scales (𝑀2𝑁 )−1 for 𝑀 = 1, . . . , 𝑑.
Then, at such a scale (𝑀2𝑁 )−1 we only work with wavelet coefficients at position, that is the
parameter 𝑘 in (5), which are multiple of 𝑀2[𝑁 𝛽 ] . Thus, we exactly get the definition of the
coefficients 𝐴𝑀 (ℓ, 𝑁) in (17). This choice of wavelet coefficients has the double advantage
to offer, as already stated, some independence properties for the “tilde part”, see also Lemma
3.1 below, while the “check counterpart” are negligible, for the 𝐿2(Ω)-norm. Nevertheless, if
all coefficients 𝐴𝑀 (ℓ, 𝑁), with ℓ ∈ L𝑁 , were chosen in (26), then the proofs of the Central
Limit Theorems (Theorem 3.11 and 3.12 below) would unfortunately not hold. To overcome
this situation, we just have to select a proportion of the coefficients 𝐴𝑀 (ℓ, 𝑁), that is the one
for which ℓ ∈ L𝑁,𝛾 . The simple fact that 𝛾 < 𝛽 allows to deduce useful convergence to 0 in
𝐿1(Ω), see for instance Proposition 3.5 below. Note that increasing 𝛽 allows to also increase
𝛾 and thus improve the rate of convergence to the normal distribution, see the bound for the
Wasserstein distance in Theorems 3.11 and 3.12, but, on the other side, reduce the number of
data used in the statistical inference, as a consequence of the definition of L𝑁 and L𝑁,𝛾 . For
this reason, it is a difficult question to know what should be the more “practicable” value for
the parameter 𝛽. In the final section of this paper, using numerical simulations, we propose
some values for these parameters, as well as the other parameters on which our estimator
relies.

Let us come back to the main properties of the special wavelet coefficients introduced here
over. First, the following facts will play an important role for the proofs of our main results.

Lemma 3.1.

1. For every 𝑁 ≥ 1, the random vectors
(
( �𝐴1(ℓ, 𝑁), . . . , �𝐴𝑑 (ℓ, 𝑁)), ℓ ∈ L𝑁,𝛾

)
are mutu-

ally independent.
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2. For every 𝑁 ≥ 1 and 𝑀 = 1, ..., 𝑑, the random variables ( �𝐴𝑀 (ℓ, 𝑁), ℓ ∈ L𝑁,𝛾) are
identically distributed.

3. For every 𝑁 ≥ 1 and 𝑀 = 1, ..., 𝑑, the random variables ( ­𝐴𝑀 (ℓ, 𝑁), ℓ ∈ L𝑁,𝛾) are
identically distributed.

Proof: To prove the first point, we notice that for every ℓ, 𝑗 ∈ L𝑁,𝛾 with ℓ ≠ 𝑗 and for every
𝑀1, 𝑀2 = 1, ..., 𝑑, we clearly have�𝑔𝑀1 (ℓ, 𝑁) ⊗1 �𝑔𝑀2 ( 𝑗 , 𝑁) = 0

almost everywhere on R
2𝑞−2 (the notation ⊗1 stands for the contraction of order one, see

(79) in the Appendix). This is because the intervals that appear in the expression of the
kernels �𝑔𝑀1 (ℓ, 𝑁) and �𝑔𝑀2 ( 𝑗 , 𝑁) are disjoint. The independence follows from the Ustúnel-
Zakai criterion (see e.g. [64, Proposition 1]).

Concerning the second point, for any integer ℎ such that ℓ + ℎ ∈ L𝑁,𝛾 , we can write�𝐴𝑀 (ℓ + ℎ, 𝑁)

= 𝑑 (𝐻)
√

1
𝑀2𝑁

∫
R𝑞

𝑑𝐵(𝑦1)...𝑑𝐵(𝑦𝑞)1⊗𝑞(𝑒ℓ+ℎ−1,𝑁,𝛽+2−𝑁 ,𝑒ℓ+ℎ,𝑁,𝛽+2−𝑁 ) (𝑦1, ..., 𝑦𝑞)∫
R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ+ℎ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ+ℎ,𝑁,𝛽

(𝑢 − 𝑦1)
−

(
1
2+

1−𝐻
𝑞

)
+ . . . (𝑢 − 𝑦𝑞)

−
(

1
2+

1−𝐻
𝑞

)
+ 𝑑𝑢

and with the successive changes of variables 𝑢̃ = 𝑢 − 𝑒ℎ,𝑁 ,𝛽 and 𝑦̃ 𝑗 = 𝑦 𝑗 − 𝑒ℎ,𝑁 ,𝛽 for
𝑗 = 1, ..., 𝑞, we arrive at�𝐴𝑀 (ℓ + ℎ, 𝑁)

= 𝑑 (𝐻)
√

1
𝑀2𝑁

∫
R𝑞
𝑑𝐵(𝑦1)...𝑑𝐵(𝑦𝑞)1⊗𝑞(𝑒ℓ+ℎ−1,𝑁,𝛽+2−𝑁 ,𝑒ℓ+ℎ,𝑁,𝛽+2−𝑁 ) (𝑦1, ..., 𝑦𝑞)∫

R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ,𝑁,𝛽

(𝑢 − 𝑦1 + 𝑒ℎ,𝑁 ,𝛽)
−

(
1
2+

1−𝐻
𝑞

)
+ . . . (𝑢 − 𝑦𝑞 + 𝑒ℎ,𝑁 ,𝛽)

−
(

1
2+

1−𝐻
𝑞

)
+ 𝑑𝑢

= 𝑑 (𝐻)
√

1
𝑀2𝑁

∫
R𝑞

𝑑𝐵(𝑦1 + 𝑒ℎ,𝑁 ,𝛽)...𝑑𝐵(𝑦𝑞 + 𝑒ℎ,𝑁 ,𝛽)

1⊗𝑞(𝑒ℓ−1,𝑁,𝛽+2−𝑁 ,𝑒ℓ,𝑁,𝛽+2−𝑁 ) (𝑦1, ..., 𝑦𝑞)∫
R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ,𝑁,𝛽

(𝑢 − 𝑦1)
−

(
1
2+

1−𝐻
𝑞

)
+ . . . (𝑢 − 𝑦𝑞)

−
(

1
2+

1−𝐻
𝑞

)
+ 𝑑𝑢.

Since the Brownian motion has stationary increments, we have�𝐴𝑀 (ℓ + ℎ, 𝑁)

=(𝑑) 𝑑 (𝐻)
√

1
𝑀2𝑁

∫
R𝑞

𝑑𝐵(𝑦1)...𝑑𝐵(𝑦𝑞)1⊗𝑞(𝑒ℓ−1,𝑁,𝛽+2−𝑁 ,𝑒ℓ,𝑁,𝛽+2−𝑁 ) (𝑦1, ..., 𝑦𝑞)∫
R

𝑑𝑥Ψ(𝑥)
∫ 𝑒ℓ,𝑁,𝛽+𝑥𝑀2−𝑁

𝑒ℓ,𝑁,𝛽

(𝑢 − 𝑦1)
−

(
1
2+

1−𝐻
𝑞

)
+ . . . (𝑢 − 𝑦𝑞)

−
(

1
2+

1−𝐻
𝑞

)
+ 𝑑𝑢

= �𝐴𝑀 (ℓ, 𝑁).

The third point follows immediately, using the same arguments as above. �

The next result is then a direct consequence of Lemma 2.1.
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Lemma 3.2. For every 𝑁 ≥ 1, 𝑀 = 1, ..., 𝑑 and for every ℓ ∈ L𝑁,𝛾 , we have

E
[

­𝐴𝑀 (ℓ, 𝑁)
2]

≤ 𝐶 (𝑞, 𝐻, 𝑀)2−𝑁 (2𝐻+1)2[𝑁 𝛽 ] 2𝐻−2
𝑞 .

We will need some auxiliary results concerning the behavior of the second and fourth
moments of the random variable (20).

Lemma 3.3. For 𝑁 sufficiently large and for all ℓ ∈ L𝑁,𝛾 , 𝑀 = 1, ..., 𝑑, we have���2𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

2]
− 𝑀−(2𝐻+1)𝐶Ψ (𝐻)

��� ≤ 𝐶2[𝑁 𝛽 ] 2𝐻−2
𝑞 . (22)

In particular,

2𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

2]
−→
𝑁→∞

𝑀−(2𝐻+1)𝐶Ψ (𝐻).

Also, for 𝑁 sufficiently large and for ℓ ∈ L𝑁,𝛾 , 𝑀 = 1, ..., 𝑑, we have���22𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

4]
− 𝑀−(4𝐻+2)E

[
𝑐(1, 0)4] ��� ≤ 𝐶2[𝑁 𝛽 ] 2𝐻−2

𝑞 , (23)

which implies

22𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

4]
−→
𝑁→∞

𝑀−(4𝐻+2)E
[
𝑐(1, 0)4] .

Proof: Since �𝐴𝑀 (ℓ, 𝑁) and ­𝐴𝑀 (ℓ, 𝑁) are independent random variables, we have from (19),

E
[
𝐴𝑀 (ℓ, 𝑁)2

]
= E

[ �𝐴𝑀 (ℓ, 𝑁)
2]

+ E
[

­𝐴𝑀 (ℓ, 𝑁)
2]

. (24)

Let us note that, the above inequality combined with equality (18) and Lemma 3.2 entail

2𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

2]
≤ 𝐶. (25)

The relation (24) gives

2𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

2]
=2𝑁 (2𝐻+1)E

[
𝐴𝑀 (ℓ, 𝑁)2

]
− 2𝑁 (2𝐻+1)E

[
­𝐴𝑀 (ℓ, 𝑁)

2]
=𝑀−(2𝐻+1)𝐶Ψ (𝐻) − 2𝑁 (2𝐻+1)E

[
­𝐴𝑀 (ℓ, 𝑁)

2]
,

and the inequality (22) is then a direct consequence of Lemma 3.2.
To prove (23), we write

E
[
𝐴𝑀 (ℓ, 𝑁)4

]
=E

[ �𝐴𝑀 (ℓ, 𝑁)
4]

+ E
[

­𝐴𝑀 (ℓ, 𝑁)
4]

+ 6E
[ �𝐴𝑀 (ℓ, 𝑁)

2
­𝐴𝑀 (ℓ, 𝑁)

2]
+ 4E

[ �𝐴𝑀 (ℓ, 𝑁)
3

­𝐴𝑀 (ℓ, 𝑁)
]
+ 4E

[ �𝐴𝑀 (ℓ, 𝑁) ­𝐴𝑀 (ℓ, 𝑁)
3]

=E
[ �𝐴𝑀 (ℓ, 𝑁)

4]
+ E

[
­𝐴𝑀 (ℓ, 𝑁)

4]
+ 6E

[ �𝐴𝑀 (ℓ, 𝑁)
2

­𝐴𝑀 (ℓ, 𝑁)
2]

+ 4E
[ �𝐴𝑀 (ℓ, 𝑁) ­𝐴𝑀 (ℓ, 𝑁)

3]
,

because, by [9, Lemma 2], we have E
[ �𝐴𝑀 (ℓ, 𝑁)

3
­𝐴𝑀 (ℓ, 𝑁)

]
= 0. Thus, we get, using the

equality (6),

22𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

4]
=22𝑁 (2𝐻+1)E

[
𝐴𝑀 (ℓ, 𝑁)4

]
− 22𝑁 (2𝐻+1)E

[
­𝐴𝑀 (ℓ, 𝑁)

4]
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−6 × 22𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁)

2
­𝐴𝑀 (ℓ, 𝑁)

2]
− 4 × 22𝑁 (2𝐻+1)E

[ �𝐴𝑀 (ℓ, 𝑁) ­𝐴𝑀 (ℓ, 𝑁)
3]

=𝑀−(4𝐻+2)E
[
𝑐(1, 0)4

]
− 22𝑁 (2𝐻+1)E

[
­𝐴𝑀 (ℓ, 𝑁)

4]
−6 × 22𝑁 (2𝐻+1)E

[ �𝐴𝑀 (ℓ, 𝑁)
2

­𝐴𝑀 (ℓ, 𝑁)
2]

− 4 × 22𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ, 𝑁) ­𝐴𝑀 (ℓ, 𝑁)

3]
.

The hypercontractivity property (80), the inequality (25) and Lemma 3.2 imply

22𝑁 (2𝐻+1)E
[

­𝐴𝑀 (ℓ, 𝑁)
4]

≤ 𝐶22𝑁 (2𝐻+1)
(
E

[
­𝐴𝑀 (ℓ, 𝑁)

2] )2
≤ 𝐶2[𝑁 𝛽 ] 4𝐻−4

𝑞

while, by the Cauchy-Schwarz’s inequality, (80), Lemma 3.2 and (25), we have

E
[ �𝐴𝑀 (ℓ, 𝑁)

2
­𝐴𝑀 (ℓ, 𝑁)

2]
≤

(
E

[ �𝐴𝑀 (ℓ, 𝑁)
4] ) 1

2
(
E

[
­𝐴𝑀 (ℓ, 𝑁)

4] ) 1
2

≤ 𝐶E
[ �𝐴𝑀 (ℓ, 𝑁)

2]
E

[
­𝐴𝑀 (ℓ, 𝑁)

2]
≤ 𝐶2−2𝑁 (2𝐻+1)2[𝑁 𝛽 ] 2𝐻−2

𝑞

and

E
[ �𝐴𝑀 (ℓ, 𝑁) ­𝐴𝑀 (ℓ, 𝑁)

3]
≤ 𝐶

(
E

[ �𝐴𝑀 (ℓ, 𝑁)
2] ) 1

2
(
E

[
­𝐴𝑀 (ℓ, 𝑁)

6] ) 1
2

≤ 𝐶
(
E

[ �𝐴𝑀 (ℓ, 𝑁)
2] ) 1

2
(
E

[
­𝐴𝑀 (ℓ, 𝑁)

2] ) 3
2

≤ 𝐶2−2𝑁 (2𝐻+1)2[𝑁 𝛽 ] 3𝐻−3
𝑞 .

The above three bounds lead to inequality (23). �

Lemma 3.4. Let 𝑀1, 𝑀2 = 1, ..., 𝑑. Then for 𝑁 sufficiently large, we have���22𝑁 (2𝐻+1)E
[ �𝐴𝑀1 (ℓ, 𝑁)

2 �𝐴𝑀2 (ℓ, 𝑁)
2]
−E

[
𝑐(𝑀−1

1 , 0)2𝑐(𝑀−1
2 , 0)2

] ���≤𝐶2[𝑁 𝛽 ] 2𝐻−2
𝑞 .

Proof: By the scaling property and the stationarity of the increments of the Hermite process
we can show that for every 𝑀1, 𝑀2 = 1, ..., 𝑑,

(𝐴𝑀1 (ℓ, 𝑁), 𝐴𝑀2 (ℓ, 𝑁)) =(𝑑) 2−𝑁 (𝐻+ 1
2 ) (𝑐(𝑀−1

1 , 0), 𝑐(𝑀−1
2 , 0)).

This implies

22𝑁 (2𝐻+1)E
[
𝐴𝑀1 (ℓ, 𝑁)2𝐴𝑀2 (ℓ, 𝑁)2

]
= E

[
𝑐(𝑀−1

1 , 0)2𝑐(𝑀−1
2 , 0)2

]
.

By using the decomposition (22) for 𝐴𝑀1 (ℓ, 𝑁) and 𝐴𝑀2 (ℓ, 𝑁) and by applying the estimate
in Lemma 3.2 for the negligible parts ­𝐴𝑀1 (ℓ, 𝑁) and ­𝐴𝑀2 (ℓ, 𝑁), we can conclude. �
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3.2. The modified wavelet variation and its negligible part

Let us now introduce the main object of this work, namely the modified wavelet variation of
the Hermite process. This wavelet variation is defined by using, not all the wavelet coefficients
of the Hermite process, but only the special coefficient given by (17). More precisely, for
𝑁 ≥ 1, 𝑀 = 1, ..., 𝑑, we set

𝑉𝑁,𝑀 =
1√

|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

[
𝐴𝑀 (ℓ, 𝑁)2

E
[
𝐴𝑀 (ℓ, 𝑁)2

] − 1

]
. (26)

From (18), we can also write

𝑉𝑁,𝑀 =
1√

|L𝑁,𝛾 |
2𝑁 (2𝐻+1)𝑀2𝐻+1

𝐶Ψ (𝐻)
∑

ℓ∈L𝑁,𝛾

(
𝐴𝑀 (ℓ, 𝑁)2 − E

[
𝐴𝑀 (ℓ, 𝑁)2] ) . (27)

The purpose is to find the limit behavior in distribution, as 𝑁 → ∞, of the sequence (𝑉𝑁,𝑀 ,

𝑁 ≥ 1). To this end, we decompose 𝑉𝑁,𝑀 as follows

𝑉𝑁,𝑀 = 𝑉𝑁,𝑀,1 +𝑉𝑁,𝑀,2 +𝑉𝑁,𝑀,3, (28)

where, for all 𝑁 ≥ 1 and 𝑀 = 1, ..., 𝑑, we set

𝑉𝑁,𝑀,1 =
1√

|L𝑁,𝛾 |
2𝑁 (2𝐻+1)𝑀2𝐻+1

𝐶Ψ (𝐻)
∑

ℓ∈L𝑁,𝛾

( �𝐴𝑀 (ℓ, 𝑁)
2
− E

[ �𝐴𝑀 (ℓ, 𝑁)
2] )

, (29)

𝑉𝑁,𝑀,2 =
1√

|L𝑁,𝛾 |
2𝑁 (2𝐻+1)𝑀2𝐻+1

𝐶Ψ (𝐻)
∑

ℓ∈L𝑁,𝛾

(
­𝐴𝑀 (ℓ, 𝑁)

2
− E

[
­𝐴𝑀 (ℓ, 𝑁)

2] )
, (30)

and

𝑉𝑁,𝑀,3 = 2
1√

|L𝑁,𝛾 |
2𝑁 (2𝐻+1)𝑀2𝐻+1

𝐶Ψ (𝐻)
∑

ℓ∈L𝑁,𝛾

�𝐴𝑀 (ℓ, 𝑁) ­𝐴𝑀 (ℓ, 𝑁). (31)

In a first step, we will show that the summands denoted by 𝑉𝑁,𝑀,2 and 𝑉𝑁,𝑀,3 above are neg-
ligible, and consequently the behavior of the wavelet variation (26) is given by the sequence
(𝑉𝑁,𝑀,1, 𝑁 ≥ 1).

Proposition 3.5. Let 𝑉𝑁,𝑀,2, 𝑉𝑁,𝑀,3 be given by (30), (31), respectively. We have

E
[
|𝑉𝑁,𝑀,2 |

]
≤ 𝐶 (𝑞, 𝐻, 𝑀)2

𝑁𝛾

2 2[𝑁 𝛽 ] 2𝐻−2
𝑞

and

E
[
|𝑉𝑁,𝑀,3 |

]
≤ 𝐶 (𝑞, 𝐻, 𝑀)2

𝑁𝛾

2 2[𝑁 𝛽 ] 𝐻−1
𝑞 .

In particular, the sequences (𝑉𝑁,𝑀,2, 𝑁 ≥ 1) and (𝑉𝑁,𝑀,3, 𝑁 ≥ 1) converge to zero in
𝐿1(Ω), as 𝑁 → ∞.
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Proof: For 𝑉𝑁,𝑀,2 we have the following estimates, by (30) and Lemma 3.2,

E
[
|𝑉𝑁,𝑀,2 |

]
≤ 𝐶 (𝑞, 𝐻, 𝑀) 2𝑁 (2𝐻+1)√

|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

E
[

­𝐴𝑀 (ℓ, 𝑁)
2]

≤ 𝐶 (𝑞, 𝐻, 𝑀)
√
|L𝑁,𝛾 |2−𝑁 (2𝐻+1)2[𝑁 𝛽 ] 2𝐻−2

𝑞

≤ 𝐶 (𝑞, 𝐻, 𝑀)2
𝑁𝛾

2 2[𝑁 𝛽 ] 2𝐻−2
𝑞 .

Since 𝛾 < 𝛽 and 𝐻 < 1, we get the converge to zero in 𝐿1(Ω), as 𝑁 → ∞, of 𝑉𝑁,𝑀,2.
Concerning the summand denoted by 𝑉𝑁,𝑀,3, we have by (31) and Cauchy-Schwarz’s

inequality,

E
[
|𝑉𝑁,𝑀,3 |

]
≤ 𝐶 (𝑞, 𝐻, 𝑀) 2𝑁 (2𝐻+1)√

|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

(
E

[ �𝐴𝑀 (ℓ, 𝑁)
2] ) 1

2
(
E

[
­𝐴𝑀 (ℓ, 𝑁)

2] ) 1
2

≤ 𝐶 (𝑞, 𝐻, 𝑀) 2𝑁 (2𝐻+1)√
|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

√
2𝑁 (2𝐻+1)

√
2𝑁 (2𝐻+1)2[𝑁 𝛽 ] 2𝐻−2

𝑞

≤ 𝐶 (𝑞, 𝐻, 𝑀)2
𝑁𝛾

2 2[𝑁 𝛽 ] 𝐻−1
𝑞 .

Again, the assumptions 𝛾 < 𝛽 and 𝐻 < 1 imply that 𝑉𝑁,𝑀,3 converges to zero in 𝐿1(Ω) as
𝑁 → ∞. �

3.3. The Central Limit Theorem for the modified wavelet variation

In this section, we prove that the 𝑑-dimensional random vector (𝑉𝑁,𝑀 , 𝑀 = 1, ..., 𝑑) satisfies
a (multidimensional) Central Limit Theorem. On this purpose, we first focus on the sequence
(𝑉𝑁,𝑀,1, 𝑁 ≥ 1) defined by (29).

Let us start by evaluating the behavior of E
[
𝑉𝑁,𝑀1 ,1𝑉𝑁,𝑀2 ,1

]
, with 𝑀1, 𝑀2 = 1, ..., 𝑑, as

𝑁 → ∞.

Proposition 3.6. Let 𝑉𝑁,𝑀,1 be given by (29). Then for 𝑁 large enough, and for every 𝑀 =
1, ..., 𝑑, we have �����E[

𝑉2
𝑁,𝑀,1

]
−

(
E

[
𝑐(1, 0)4

]
𝐶Ψ (𝐻)2 − 1

)����� ≤ 𝐶2[𝑁 𝛽 ] 2𝐻−2
𝑞 . (32)

If 𝑀1, 𝑀2 = 1, ..., 𝑑 are such that 𝑀1 ≠ 𝑀2, then for 𝑁 large�����E[
𝑉𝑁,𝑀1 ,1𝑉𝑁,𝑀2 ,1

]
−
(
(𝑀1𝑀2)2𝐻+1E

[
𝑐(𝑀−1

1 , 0)2𝑐(𝑀−1
2 , 0)2

]
𝐶Ψ (𝐻)2 −1

)����� ≤𝐶2[𝑁 𝛽 ] 2𝐻−2
𝑞 . (33)

Proof: By (29), we have, for 𝑀 = 1, ..., 𝑑 and 𝑁 ≥ 1,

𝑉2
𝑁,𝑀,1 =

1
|L𝑁,𝛾 |

22𝑁 (2𝐻+1)𝑀4𝐻+2

𝐶Ψ (𝐻)2∑
ℓ, 𝑗∈L𝑁,𝛾

E
[( �𝐴𝑀 (ℓ, 𝑁)

2
− E

[ �𝐴𝑀 (ℓ, 𝑁)
2] ) ( �𝐴𝑀 ( 𝑗 , 𝑁)

2
− E

[ �𝐴𝑀 ( 𝑗 , 𝑁)
2] )]
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=
1

|L𝑁,𝛾 |
22𝑁 (2𝐻+1)𝑀4𝐻+2

𝐶Ψ (𝐻)2

∑
ℓ∈L𝑁,𝛾

E
[( �𝐴𝑀 (ℓ, 𝑁)

2
− E

[ �𝐴𝑀 (ℓ, 𝑁)
2] )2

]
,

since �𝐴𝑀 (ℓ, 𝑁) and �𝐴𝑀 ( 𝑗 , 𝑁) are independent when ℓ ≠ 𝑗 (see the first point of Lemma
3.1). Next, since, by the second point of Lemma 3.1, ( �𝐴𝑀 (ℓ, 𝑁), ℓ ∈ L𝑁,𝛾) are identically
distributed, we can write

E
[
𝑉2
𝑁,𝑀,1

]
=

22𝑁 (2𝐻+1)𝑀4𝐻+2

𝐶Ψ (𝐻)2 E
[( �𝐴𝑀 (ℓ0, 𝑁)

2
− E

[ �𝐴𝑀 (ℓ0, 𝑁)
2] )2

]
=

22𝑁 (2𝐻+1)𝑀4𝐻+2

𝐶Ψ (𝐻)2

(
E

[ �𝐴𝑀 (ℓ0, 𝑁)
4]

−
(
E

[ �𝐴𝑀 (ℓ0, 𝑁)
2] )2

)
.

for some ℓ0 ∈ L𝑁,𝛾 . Therefore, we obtain

E[𝑉2
𝑁,𝑀,1] −

(
E

[
𝑐(1, 0)4

]
𝐶Ψ (𝐻)2 − 1

)
=

1
𝐶Ψ (𝐻)2 𝑀4𝐻+2

[(
22𝑁 (2𝐻+1)E

[ �𝐴𝑀 (ℓ0, 𝑁)
4]

− 𝑀−(4𝐻+2)E[𝑐(1, 0)4]
)

−
(
22𝑁 (2𝐻+1)

(
E

[ �𝐴𝑀 (ℓ0, 𝑁)
2] )2

− 𝑀−(4𝐻+2)𝐶Ψ (𝐻)2
)]

. (34)

On one hand, by (23), we have���22𝑁 (2𝐻+1)E
[ �𝐴𝑀 (ℓ0, 𝑁)

4]
− 𝑀−(4𝐻+2)E

[
𝑐(1, 0)4] ��� ≤ 𝐶2[𝑁 𝛽 ] 2𝐻−2

𝑞 (35)

while, on the other hand, by Lemma 3.3, we get����22𝑁 (2𝐻+1)
(
E

[ �𝐴𝑀 (ℓ0, 𝑁)
2] )2

− 𝑀−(4𝐻+2)𝐶Ψ (𝐻)2
����

=
���2𝑁 (2𝐻+1)E

[ �𝐴𝑀 (ℓ0, 𝑁)
2]

− 𝑀−(2𝐻+1)𝐶Ψ (𝐻)
������2𝑁 (2𝐻+1)E

[ �𝐴𝑀 (ℓ0, 𝑁)
2]

+ 𝑀−(2𝐻+1)𝐶Ψ (𝐻)
���

≤ 𝐶2[𝑁 𝛽 ] 2𝐻−2
𝑞 . (36)

By plugging (35) and (36) into (34), we obtain the inequality (32).
If 𝑀1 ≠ 𝑀2, by (27) and the independence property in the first point of Lemma 3.1, we

express

E
[
𝑉𝑁,𝑀1 ,1𝑉𝑁,𝑀2 ,1

]
=

1
|L𝑁,𝛾 |

22𝑁 (2𝐻+1)𝑀2𝐻+1
1 𝑀2𝐻+1

2

𝐶Ψ (𝐻)2

∑
ℓ∈L𝑁,𝛾

E
[( �𝐴𝑀1 (ℓ, 𝑁)

2
− E

[ �𝐴𝑀1 (ℓ, 𝑁)
2] ) ( �𝐴𝑀2 (ℓ, 𝑁)

2
− E

[ �𝐴𝑀2 (ℓ, 𝑁)
2] )]

=
1

|L𝑁,𝛾 |
22𝑁 (2𝐻+1)𝑀2𝐻+1

1 𝑀2𝐻+1
2

𝐶Ψ (𝐻)2

∑
ℓ∈L𝑁,𝛾
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E

[ �𝐴𝑀1 (ℓ, 𝑁)
2 �𝐴𝑀2 (ℓ, 𝑁)

2]
− E

[ �𝐴𝑀1 (ℓ, 𝑁)
2]

E
[ �𝐴𝑀2 (ℓ, 𝑁)

2] )
=

22𝑁 (2𝐻+1)𝑀2𝐻+1
1 𝑀2𝐻+1

2

𝐶Ψ (𝐻)2(
E

[ �𝐴𝑀1 (ℓ0, 𝑁)
2 �𝐴𝑀2 (ℓ0, 𝑁)

2]
− E

[ �𝐴𝑀1 (ℓ0, 𝑁)
2]

E
[ �𝐴𝑀2 (ℓ0, 𝑁)

2] )
for some ℓ0 ∈ L𝑁,𝛾 . This time, we write

E
[
𝑉𝑁,𝑀1 ,1𝑉𝑁,𝑀2 ,1

]
−

(
(𝑀1𝑀2)2𝐻+1E

[
𝑐(𝑀−1

1 , 0)2𝑐(𝑀−1
2 , 0)2

]
𝐶Ψ (𝐻)2 − 1

)
=

𝑀2𝐻+1
1 𝑀2𝐻+1

2

𝐶Ψ (𝐻)2[
22𝑁 (2𝐻+1)E

[ �𝐴𝑀1 (ℓ0, 𝑁)
2 �𝐴𝑀2 (ℓ0, 𝑁)

2]
− E

[
𝑐(𝑀−1

1 , 0)2𝑐(𝑀−1
2 , 0)2]

−
(
22𝑁 (2𝐻+1)E

[ �𝐴𝑀1 (ℓ0, 𝑁)
2]

E
[ �𝐴𝑀2 (ℓ0, 𝑁)

2]
−𝑀−(2𝐻+1)

1 𝑀−(2𝐻+1)
2 𝐶Ψ (𝐻)2

)]
.

(37)

First, we get, from Lemma 3.4,���22𝑁 (2𝐻+1)E
[ �𝐴𝑀1 (ℓ0, 𝑁)

2 �𝐴𝑀2 (ℓ0, 𝑁)
2]

− E
[
𝑐(𝑀−1

1 , 0)2𝑐(𝑀−1
2 , 0)2] ���

≤𝐶2[𝑁 𝛽 ] 2𝐻−2
𝑞

(38)

while we have, using Lemma 3.3,���22𝑁 (2𝐻+1)E
[ �𝐴𝑀1 (ℓ0, 𝑁)

2]
E

[ �𝐴𝑀2 (ℓ0, 𝑁)
2]
−𝑀−(2𝐻+1)

1 𝑀−(2𝐻+1)
2 𝐶Ψ (𝐻)2

���
≤
���2𝑁 (2𝐻+1)E

[ �𝐴𝑀1 (ℓ0, 𝑁)
2]

− 𝑀−(2𝐻+1)
1 𝐶Ψ (𝐻)

��� ���2𝑁 (2𝐻+1)E
[ �𝐴𝑀2 (ℓ0, 𝑁)

2] ���
+
���𝑀−(2𝐻+1)

1 𝐶Ψ (𝐻)
��� ���2𝑁 (2𝐻+1)E

[ �𝐴𝑀2 (ℓ0, 𝑁)
2]

− 𝑀−(2𝐻+1)
2 𝐶Ψ (𝐻)

���
≤𝐶2[𝑁 𝛽 ] 2𝐻−2

𝑞 (39)

We conclude the proof by plugging (38) and (39) into (37) to obtain the inequality (33). �

For the proof of our main results, we will use the notion of strong independence introduced
in [62].

Definition 3.7. Two square integrable random variables 𝐹 and 𝐺 admitting the chaos expan-
sion 𝐹 =

∑
𝑛≥0 𝐼𝑛 ( 𝑓𝑛), 𝐺 =

∑
𝑛≥0 𝐼𝑛 (𝑔𝑛), where 𝑓𝑛, 𝑔𝑛 ∈ 𝐿2(R𝑛) are symmetric for every

𝑛 ≥ 0, are strongly independent if for every 𝑚, 𝑛 ≥ 0, the random variables 𝐼𝑛 ( 𝑓𝑛) and
𝐼𝑚(𝑔𝑚) are independent.

We need two technical lemmas concerning the strong independent random variables in
Wiener chaos. The first lemma concerns the strong independence of squares of independent
chaotic random variables.

Lemma 3.8. [16, Lemma 2] Consider two integers 𝑝, 𝑞 ≥ 1. Let 𝐹 = 𝐼𝑝 ( 𝑓 ) and 𝐺 = 𝐼𝑞 (𝑔)
with 𝑓 ∈ 𝐿2(R𝑝), 𝑔 ∈ 𝐿2(R𝑞). Assume that 𝐹 and 𝐺 are independent random variables.
Then 𝐹2 and 𝐺2 are strongly independent.
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The second lemma deals with scalar product of Malliavin derivative of strongly indepen-
dent random variables. Basic notions of Malliavin calculus, together with the notation used
in the following lemma are recalled in the Appendix.

Lemma 3.9. [62, Lemma 1] and [16, Lemma 4] Assume that 𝐹 and 𝐺 are two strongly
independent random variables in D

1,2. Then

1. −〈𝐷𝐹, 𝐷 (−𝐿)−1𝐺〉 = 〈𝐷 (−𝐿)−1𝐹, 𝐷𝐺〉 = 0.
2. 〈𝐷𝐹, 𝐷 (−𝐿)−1𝐹〉 and 〈𝐷𝐺, 𝐷 (−𝐿)−1𝐺〉 are independent random variables.

Let us now prove the CLT for the sequence (29) when 𝑀 = 1, ..., 𝑑 is fixed. In the sequel,
𝑑𝑊 stands for the Wasserstein distance. If 𝐹 and 𝐺 are two random variables, it is defined as

𝑑𝑊 (𝐹, 𝐺) = sup
ℎ∈A

|E[ℎ(𝐹)] − E[ℎ(𝐺)] |,

where A is the set of Lipschitz function ℎ : R → R such that

sup
𝑥,𝑦∈R,𝑥≠𝑦

|ℎ(𝑥) − ℎ(𝑦) |
|𝑥 − 𝑦 | ≤ 1.

We refer to [49, Appendix C1] for a comprehensive view on distances between probability
distributions.

Proposition 3.10. Fix 𝑀 = 1, ..., 𝑑 and consider the sequence (𝑉𝑁,𝑀,1, 𝑁 ≥ 1) defined by
(29). Let us set

𝐾Ψ,𝐻 =
E

[
𝑐(1, 0)4

]
𝐶Ψ (𝐻)2 − 1 =

E
[
𝑐(1, 0)4

]
(E

[
𝑐(1, 0)2

]
)2

− 1. (40)

We have

𝑉𝑁,𝑀,1 −→(𝑑)
𝑁→∞

𝑁 (0, 𝐾Ψ,𝐻),

where →(𝑑) stands for the convergence in distribution. Moreover, for 𝑁 large enough,

𝑑𝑊
(
𝑉𝑁,𝑀,1; 𝑁 (0, 𝐾Ψ,𝐻)

)
≤ 𝐶2− [𝑁𝛾 ]

2 .

Proof: From Theorem A.1 and equation (84) in the Appendix, we know that

𝑑𝑊
(
𝑉𝑁,𝑀,1; 𝑁 (0, 𝐾Ψ,𝐻)

)
≤ 𝐶

(���E[
𝑉2
𝑁,𝑀,1

]
− 𝐾Ψ,𝐻

��� + √
Var

[
〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉

] )
≤ 𝐶

(
2[𝑁 𝛽 ] 2𝐻−2

𝑞 +
√

Var
(
〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉

) )
, (41)

where we used the estimate in Proposition 3.6. We start by computing the quantity 〈𝐷𝑉𝑁,𝑀,1,

𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉. We have by (29),

𝐷𝑉𝑁,𝑀,1 =
2𝑁 (2𝐻+1)

𝐶Ψ (𝐻)
√
|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

𝐷
( �𝐴𝑀 (ℓ, 𝑁)

2
− E

[ �𝐴𝑀 (ℓ, 𝑁)
2] )
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and

𝐷 (−𝐿)−1𝑉𝑁,𝑀,1=
2𝑁 (2𝐻+1)

𝐶Ψ (𝐻)
√
|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

𝐷 (−𝐿)−1
( �𝐴𝑀 (ℓ, 𝑁)

2
−E

[ �𝐴𝑀 (ℓ, 𝑁)
2] )

.

Thus, we express

〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉 =
22𝑁 (2𝐻+1)

𝐶Ψ (𝐻)2 |L𝑁,𝛾 |∑
ℓ, 𝑗∈L𝑁,𝛾

〈𝐷 �𝐴𝑀 (ℓ, 𝑁)
2
, 𝐷 (−𝐿)−1

( �𝐴𝑀 ( 𝑗 , 𝑁)
2
− E

[ �𝐴𝑀 ( 𝑗 , 𝑁)
2] )

〉.

If ℓ ≠ 𝑗 , then �𝐴𝑀 (ℓ, 𝑁) and ­𝐴𝑀 ( 𝑗 , 𝑁) are independent, by Lemma 3.1, point 1. By Lemma

3.8, the random variables �𝐴𝑀 (ℓ, 𝑁)
2

and ­𝐴𝑀 ( 𝑗 , 𝑁)
2

are strongly independent and the Lemma
3.9 implies that

〈𝐷 ­𝐴𝑀 (ℓ, 𝑁)
2
, 𝐷 (−𝐿)−1

(
­𝐴𝑀 ( 𝑗 , 𝑁)

2
− E

[
­𝐴𝑀 ( 𝑗 , 𝑁)

2] )
〉 = 0.

Therefore, we get

〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉

=
22𝑁 (2𝐻+1)

𝐶Ψ (𝐻)2 |L𝑁,𝛾 |

∑
ℓ,∈L𝑁,𝛾

〈
𝐷 ­𝐴𝑀 (ℓ, 𝑁)

2
, 𝐷 (−𝐿)−1

(
­𝐴𝑀 (ℓ, 𝑁)

2
−E

[
­𝐴𝑀 (ℓ, 𝑁)

2])〉
=

22𝑁 (2𝐻+1)

𝐶Ψ (𝐻)2 |L𝑁,𝛾 |

∑
ℓ,∈L𝑁,𝛾

𝐻ℓ,𝑁 ,

where we used the notation

𝐻ℓ,𝑁 =
〈
𝐷 �𝐴𝑀 (ℓ, 𝑁)

2
, 𝐷 (−𝐿)−1

(
­𝐴𝑀 (ℓ, 𝑁)

2
− E

[
­𝐴𝑀 (ℓ, 𝑁)

2] )〉
.

Next, we estimate the variance of 〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉. For any 𝑁 ≥ 1, we can write

Var
(
〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉

)
= E

[(
〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉 − E

[
〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉

] )2
]

=
24𝑁 (2𝐻+1)

𝐶Ψ (𝐻)4 |L𝑁,𝛾 |2
E

⎡⎢⎢⎢⎢⎣
∑

ℓ, 𝑗∈L𝑁,𝛾

(
𝐻ℓ,𝑁 − E

[
𝐻ℓ,𝑁

] ) (
𝐻 𝑗 ,𝑁 − E

[
𝐻 𝑗 ,𝑁

] )⎤⎥⎥⎥⎥⎦ .

By the second part of Lemma 3.9, for every ℓ ≠ 𝑗 we have that 𝐻ℓ,𝑁 and 𝐻 𝑗 ,𝑁 are indepen-
dent and so

E
[ (
𝐻ℓ,𝑁 − E

[
𝐻ℓ,𝑁

] ) (
𝐻 𝑗 ,𝑁 − E

[
𝐻 𝑗 ,𝑁

] ) ]
= 0.

Consequently,

Var
[
〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉

]
=

24𝑁 (2𝐻+1)

𝐶Ψ (𝐻)4 |L𝑁,𝛾 |2
∑

ℓ∈L𝑁,𝛾

E
[(
𝐻ℓ,𝑁 − E

[
𝐻ℓ,𝑁

] )2
]
. (42)
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We claim that for every 𝑁 ≥ 1 and ℓ ∈ L𝑁,𝛾 we have

E
[ (
𝐻ℓ,𝑁 − E

[
𝐻ℓ,𝑁

] )2
]
≤ 𝐶 (𝑞, 𝐻)2−4𝑁 (2𝐻+1) < ∞, (43)

with 𝐶 (𝑞, 𝐻) > 0 not depending on 𝑁, ℓ. To prove the inequality (43), we will use the chaos
expansion of 𝐻ℓ,𝑁 . Recall that �𝐴𝑀 (ℓ, 𝑁) = 𝐼𝑞 (𝑔̃𝑀 (ℓ, 𝑁) with 𝑔̃𝑀 (ℓ, 𝑁) from (21). This
implies, via the product formula (78),

�𝐴𝑀 (ℓ, 𝑁)
2
− E

[ �𝐴𝑀 (ℓ, 𝑁)
2]

=
𝑞−1∑
𝑟=0

𝑟!
(
𝑞

𝑟

)2

𝐼2𝑞−2𝑟 (𝑔̃𝑀 (ℓ, 𝑁) ⊗𝑟 𝑔̃𝑀 (ℓ, 𝑁)) ,

and

𝐷∗ �𝐴𝑀 (ℓ, 𝑁)
2
=
𝑞−1∑
𝑟=0

𝑟!
(
𝑞

𝑟

)2

(2𝑞 − 2𝑟)𝐼2𝑞−2𝑟−1 ((𝑔̃𝑀 (ℓ, 𝑁) ⊗𝑟 𝑔̃𝑀 (ℓ, 𝑁) (·, ∗)) ,

𝐷∗(−𝐿)−1
( �𝐴𝑀 (ℓ, 𝑁)

2
− E

[ �𝐴𝑀 (ℓ, 𝑁)
2] )

=
𝑞−1∑
𝑟=0

𝑟!
(
𝑞

𝑟

)2

𝐼2𝑞−2𝑟−1 ((𝑔̃𝑀 (ℓ, 𝑁) ⊗𝑟 𝑔̃𝑀 (ℓ, 𝑁) (·, ∗)) .

As a consequence of the above two relations, we write

𝐻ℓ,𝑁 =
𝑞−1∑

𝑟1 ,𝑟2=0

𝑟1!𝑟2!
(
𝑞

𝑟1

)2 (
𝑞

𝑟2

)2

(2𝑞 − 2𝑟1)∫
R

𝑑𝑥𝐼2𝑞−2𝑟−1
(
(𝑔̃𝑀 (ℓ, 𝑁) ⊗𝑟1 𝑔̃𝑀 (ℓ, 𝑁) (·, 𝑥)

)
𝐼2𝑞−2𝑟−1

(
(𝑔̃𝑀 (ℓ, 𝑁) ⊗𝑟2 𝑔̃𝑀 (ℓ, 𝑁) (·, 𝑥)

)
=

𝑞−1∑
𝑟1 ,𝑟2=0

𝑟1!𝑟2!
(
𝑞

𝑟1

)2 (
𝑞

𝑟2

)2

(2𝑞 − 2𝑟1)

(2𝑞−2𝑟1−1)∧(2𝑞−2𝑟2−1)∑
𝑎=0

𝑎!
(
2𝑞 − 2𝑟1 − 1

𝑎

) (
2𝑞 − 2𝑟2 − 1

𝑎

)
𝐼4𝑞−2𝑟1−2𝑟2−2−2𝑎

(
(𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟1 𝑔̃𝑀 (ℓ, 𝑁) ⊗𝑎+1 (𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟2 𝑔̃𝑀 (ℓ, 𝑁)

)
.

(44)

We remark, thanks to (25), that

𝑞!‖𝑔̃𝑀 (ℓ, 𝑁)‖2
𝐿2 (R𝑞 ) = E

[ �𝐴𝑀 (ℓ, 𝑁)
2]

≤ 𝐶2−𝑁 (2𝐻+1) ,

and, as a consequence, for every 𝑟1, 𝑟2 = 0, ..., 𝑞 − 1 and for every 𝑎 = 0, ..., (2𝑞 − 2𝑟1 − 1) ∧
(2𝑞 − 2𝑟2 − 1), we have

E
[
𝐼4𝑞−2𝑟1−2𝑟2−2−2𝑎

(
(𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟1 𝑔̃𝑀 (ℓ, 𝑁)) ⊗𝑎+1 (𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟2 𝑔̃𝑀 (ℓ, 𝑁))

)2
]

= 𝐶‖(𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟1 𝑔̃𝑀 (ℓ, 𝑁) ⊗𝑎+1 (𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟2 𝑔̃𝑀 (ℓ, 𝑁))‖2
𝐿2 (R4𝑞−2𝑟1−2𝑟2−2𝑎−2 )

≤ 𝐶‖𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟1 𝑔̃𝑀 (ℓ, 𝑁)‖2
𝐿2 (R2𝑞−2𝑟1 ) ‖𝑔̃𝑀 (ℓ, 𝑁)⊗̃𝑟2 𝑔̃𝑀 (ℓ, 𝑁)‖2

𝐿2 (R2𝑞−2𝑟2 )



2430 L. Loosveldt and C. A. Tudor

≤ 𝐶‖𝑔̃𝑀 (ℓ, 𝑁)‖8
𝐿2 (R𝑞 )

≤ 𝐶2−4𝑁 (2𝐻+1) , (45)

where 𝐶 only depends on 𝑞, 𝑟1, 𝑟2 and 𝑎.
By combining the above estimates (45) and (44), we obtain the claim (43). Coming back

to (42), we get, using (14),

Var
[
〈𝐷𝑉𝑁,𝑀,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀,1〉

]
≤ 𝐶 (𝑞, 𝐻,Ψ) 24𝑁 (2𝐻+1)

|L𝑁,𝛾 |2
∑

ℓ∈L𝑁,𝛾

2−4𝑁 (2𝐻+1)

≤ 𝐶 (𝑞, 𝐻,Ψ)2[𝑁 𝛾 ] . (46)

The conclusion is obtained via (41) and (46). �

We immediately deduce the asymptotic normality of the modified wavelet variation and
its rate of convergence under the Wasserstein distance.

Theorem 3.11. Consider the sequence 𝑉𝑁,𝑀 defined by (26). Then

𝑉𝑁,𝑀 −→(𝑑)
𝑁→∞

𝑁 (0, 𝐾Ψ,𝐻),

and for 𝑁 large enough,

𝑑𝑊
(
𝑉𝑁,𝑀 ; 𝑁 (0, 𝐾Ψ,𝐻)

)
≤ 𝐶2− [𝑁𝛾 ]

2 .

Proof: The proof is a consequence of the results proven in Propositions 3.5, and 3.10. Indeed,
by the triangle inequality,

𝑑𝑊
(
𝑉𝑁,𝑀 ; 𝑁 (0, 𝐾Ψ,𝐻)

)
≤ 𝑑𝑊

(
𝑉𝑁,𝑀,1; 𝑁 (0, 𝐾Ψ,𝐻)

)
+ 𝑑𝑊 (𝑉𝑁,𝑀,1, 𝑉𝑁,𝑀)

≤ 𝑑𝑊
(
𝑉𝑁,𝑀,1; 𝑁 (0, 𝐾Ψ,𝐻)

)
+ E

[
|𝑉𝑁,𝑀,1 −𝑉𝑁,𝑀 |

]
≤ 𝑑𝑊

(
𝑉𝑁,𝑀,1; 𝑁 (0, 𝐾Ψ,𝐻)

)
+ E

[
|𝑉𝑁,𝑀,2 |

]
+ E

[
|𝑉𝑁,𝑀,3 |

]
.

It suffices to use Proposition 3.10 to bound the first summand in the right-hand side above
and Proposition 3.5 to bound the second and third summands. �

Let us now state and prove a multidimensional CLT for the modified wavelet variation.

Theorem 3.12. Let𝑉𝑁,𝑀 be given by (26). Then the 𝑑-dimensional random vector (𝑉𝑁,𝑀 , 𝑀 =
1, . . . , 𝑑) converges in distribution, as 𝑁 → ∞, to the 𝑑-dimensional Gaussian vector
𝑁 (0, 𝐾), where 𝐾 = (𝐾𝑀1 ,𝑀2)𝑀1,𝑀2=1,...,𝑑 is such that

𝐾𝑀,𝑀 = 𝐾Ψ,𝐻 for every 𝑀 = 1, ..., 𝑑 (47)

and

𝐾𝑀1 ,𝑀2 =
(𝑀1𝑀2)2𝐻+1E

[
𝑐(𝑀−1

1 , 0)2𝑐(𝑀−1
2 , 0)2

]
𝐶Ψ (𝐻)2 − 1 (48)

for 𝑀1, 𝑀2 = 1, ..., 𝑑, 𝑀1 ≠ 𝑀2.
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Proof: The triangle’s inequality gives

𝑑𝑊
(
(𝑉𝑁,𝑀 , 𝑀 = 1, ..., 𝑑), 𝑁 (0, 𝐾)

)
≤ 𝑑𝑊

(
(𝑉𝑁,𝑀,1, 𝑀 = 1, ..., 𝑑), 𝑁 (0, 𝐾)

)
+

𝑑∑
𝑀=1

(
E

[
|𝑉𝑁,𝑀,2 |

]
+ E

[
|𝑉𝑁,𝑀,3 |

] )
. (49)

By Theorem A.1 and equation (84) in the Appendix, we have

𝑑𝑊
(
(𝑉𝑁,𝑀,1, 𝑀 = 1, ..., 𝑑), 𝑁 (0, 𝐾)

)
≤ 𝐶

���
√√√ 𝑑∑

𝑀1 ,𝑀2=1

(
E

[
𝑉𝑁,𝑀1 ,1𝑉𝑁,𝑀2 ,1

]
− 𝐾𝑀1 ,𝑀2

)2

+

√√√ 𝑑∑
𝑀1 ,𝑀2=1

Var
[
〈𝐷𝑉𝑁,𝑀1 ,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀2,1〉

]���
(50)

We need to compute the variance of the quantity

〈𝐷𝑉𝑁,𝑀1,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀2 ,1〉.

The situation when 𝑀1 = 𝑀2 has been treated in the proof of Proposition 3.10 and the case
𝑀1 ≠ 𝑀2 follows in a similar way. Actually, we express

〈𝐷𝑉𝑁,𝑀1 ,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀2,1〉 =
22𝑁 (2𝐻+1)

𝐶Ψ (𝐻)2 |L𝑁,𝛾 |

=
22𝑁 (2𝐻+1)

𝐶Ψ (𝐻)2 |L𝑁,𝛾 |

∑
ℓ,∈L𝑁,𝛾

𝐻ℓ,𝑁 (𝑀1, 𝑀2)

where we used the notation

𝐻ℓ,𝑁 (𝑀1, 𝑀2) =
〈
𝐷 ­𝐴𝑀1 (ℓ, 𝑁)

2
, 𝐷 (−𝐿)−1

(
­𝐴𝑀2 (ℓ, 𝑁)

2
− E

[
­𝐴𝑀2 (ℓ, 𝑁)

2] )〉
.

This gives, as in (42),

Var
[
〈𝐷𝑉𝑁,𝑀1 ,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀2 ,1〉

]
(51)

=
24𝑁 (2𝐻+1)

𝐶Ψ (𝐻)4 |L𝑁,𝛾 |2
∑

ℓ∈L𝑁,𝛾

E
[ (
𝐻ℓ,𝑁 (𝑀1, 𝑀2) − E

[
𝐻ℓ,𝑁 (𝑀1, 𝑀2)

] )2
]

and we can show that

E
[ (
𝐻ℓ,𝑁 (𝑀1, 𝑀2) − E

[
𝐻ℓ,𝑁 (𝑀1, 𝑀2)

] )2
]
≤ 𝐶 (𝑞, 𝐻)2−4𝑁 (2𝐻+1) .

We obtain, from (14),

Var
[
〈𝐷𝑉𝑁,𝑀1 ,1, 𝐷 (−𝐿)−1𝑉𝑁,𝑀2 ,1〉

]
≤ 𝐶2−[𝑁 𝛾 ] . (52)

By combining (33), (52) and (50), we conclude

𝑑𝑊
(
(𝑉𝑁,𝑀,1, 𝑀 = 1, ..., 𝑑), 𝑁 (0, 𝐾)

)
≤ 𝐶2− [𝑁𝛾 ]

2 .

We finish the proof by plugging this estimate, together with the estimates in Proposition 3.5,
into (49). �
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4. Discretization of the wavelet variation

We will define an estimator for the Hurst index of the Hermite process based on the modified
wavelet variation 𝑉𝑁,𝑀 given by (26). In order to obtain an expression of the estimator which
can be numerically computed, we need to discretize the wavelet coefficient 𝐴𝑀 (ℓ, 𝑁).

We will consider the following Riemann approximation: for 𝑀 = 1, ..., 𝑑, 𝑁 ≥ 1 and for
ℓ ∈ L𝑁,𝛾 , we set

𝐸𝑀 (ℓ, 𝑁) =
√

1
𝑀2𝑁

1
2𝑁

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

)
𝑍

𝑘2−𝑁 +𝑀ℓ2[𝑁𝛽 ]
𝑀2𝑁

, (53)

and

𝑉𝑁,𝑀 =
1√

|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

[
𝐸𝑀 (ℓ, 𝑁)2

E
[
𝐴𝑀 (ℓ, 𝑁)2

] − 1

]
. (54)

We will prove that 𝑉𝑁,𝑀 − 𝑉𝑁,𝑀 converges to zero in 𝐿1(Ω) as 𝑁 → ∞ and we will deduce
that the discretized wavelet variation 𝑉𝑁,𝑀 also satisfies a CLT. We start by evaluating the
difference between 𝐴𝑀 (ℓ, 𝑁) and its discretized counterpart 𝐸𝑀 (ℓ, 𝑁).

Proposition 4.1. Let us denote

𝑡𝑁,𝑀 =
𝐴𝑀 (ℓ, 𝑁)√

E
[
𝐴𝑀 (ℓ, 𝑁)2

] − 𝐸𝑀 (ℓ, 𝑁)√
E

[
𝐴𝑀 (ℓ, 𝑁)2

] , 𝑁 ≥ 1, 𝑀 = 1, ..., 𝑑. (55)

Then, for 𝑁 large enough, we have

E
[
𝑡2
𝑁,𝑀

]
≤ 𝐶2−𝑁2[𝑁 𝛽 ]2𝐻 .

Proof: By (18), we get

𝑡𝑁,𝑀 =

√
𝑀2𝐻+1

𝐶Ψ (𝐻) 2𝑁 (2𝐻+1) (𝐴𝑀 (ℓ, 𝑁) − 𝐸𝑀 (ℓ, 𝑁)),

and then

E
[
𝑡2
𝑁,𝑀

]
=

𝑀2𝐻+1

𝐶Ψ (𝐻) 2𝑁 (2𝐻+1) (E
[
𝐴𝑀 (ℓ, 𝑁)2]

− 2E
[
𝐴𝑀 (ℓ, 𝑁)𝐸𝑀 (ℓ, 𝑁)

]
+ E

[
𝐸𝑀 (ℓ, 𝑁)2]).

By (17) and (53), we write

E
[
𝐴𝑀 (ℓ, 𝑁)𝐸𝑀 (ℓ, 𝑁)

]
=

1
𝑀22𝑁

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

) ∫
R

𝑑𝑥Ψ(𝑥)E
[
𝑍

𝑥+𝑀ℓ2[𝑁𝛽 ]
𝑀2𝑁

𝑍
𝑘2−𝑁 +𝑀ℓ2[𝑁𝛽 ]

𝑀2𝑁

]
=

1
𝑀22𝑁

1
2(𝑀2𝑁 )2𝐻

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

)
∫
R

𝑑𝑥Ψ(𝑥)
[
(𝑥 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻 − |𝑥 − 𝑘2−𝑁 |2𝐻

]
,
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where we used the assumption (4). Also, we have

E
[
𝐸𝑀 (ℓ, 𝑁)2]

=
1

𝑀23𝑁

2𝑁∑
𝑘, 𝑗=1

Ψ

(
𝑘

2𝑁

)
Ψ

(
𝑗

2𝑁

)
E

[
𝑍

𝑘2−𝑁 +𝑀ℓ2[𝑁𝛽 ]
𝑀2𝑁

𝑍
𝑗2−𝑁 +𝑀ℓ2[𝑁𝛽 ]

𝑀2𝑁

]
=

1
𝑀23𝑁

1
2(𝑀2𝑁 )2𝐻

2𝑁∑
𝑘, 𝑗=1

Ψ

(
𝑘

2𝑁

)
Ψ

(
𝑗

2𝑁

)
[
(𝑘2−𝑁 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻 + ( 𝑗2−𝑁 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻 − |𝑘2−𝑁 − 𝑗2−𝑁 |2𝐻

]
.

Consequently, we express

E
[
𝑡2
𝑁,𝑀

]
=

𝑀2𝐻+1

𝐶Ψ (𝐻)
[
𝑀−(2𝐻+1)𝐶Ψ (𝐻)−

𝑀−2𝐻−1 1
2𝑁

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

) ∫
R

𝑑𝑥Ψ(𝑥)
[
(𝑥 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻 − |𝑥 − 𝑘2−𝑁 |2𝐻

]
+1

2
𝑀−2𝐻−1 1

22𝑁

2𝑁∑
𝑘, 𝑗=1

Ψ

(
𝑘

2𝑁

)
Ψ

(
𝑗

2𝑁

)
[
(𝑘2−𝑁 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻 + ( 𝑗2−𝑁 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻 − |𝑘2−𝑁 − 𝑗2−𝑁 |2𝐻

] ]
= 1 + 1

𝐶Ψ (𝐻)
1

2𝑁

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

) ∫
R

𝑑𝑥Ψ(𝑥) |𝑥 − 𝑘2−𝑁 |2𝐻

−1
2

1
𝐶Ψ (𝐻)

1
22𝑁

2𝑁∑
𝑘, 𝑗=1

Ψ

(
𝑘

2𝑁

)
Ψ

(
𝑗

2𝑁

)
|𝑘2−𝑁 − 𝑗2−𝑁 |2𝐻

−𝐶Ψ (𝐻)−1
⎡⎢⎢⎢⎢⎣

1
2𝑁

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

) ∫
R

𝑑𝑥Ψ(𝑥) (𝑥 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻

− 1
22𝑁

2𝑁∑
𝑘, 𝑗=1

Ψ

(
𝑘

2𝑁

)
Ψ

(
𝑗

2𝑁

)
(𝑘2−𝑁 + 𝑀ℓ2[𝑁 𝛽 ] )2𝐻

⎤⎥⎥⎥⎥⎦
=: 1 + 𝐶Ψ (𝐻)−1(𝑇1,𝑁 − 1

2
𝑇2,𝑁 ) − 𝐶Ψ (𝐻)−1𝑄𝑁 ,

with

𝑇1,𝑁 =
1

2𝑁

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

) ∫
R

𝑑𝑥Ψ(𝑥) |𝑥 − 𝑘2−𝑁 |2𝐻 ,

𝑇2,𝑁 =
1

22𝑁

2𝑁∑
𝑘, 𝑗=1

Ψ

(
𝑘

2𝑁

)
Ψ

(
𝑗

2𝑁

)
|𝑘2−𝑁 − 𝑗2−𝑁 |2𝐻 ,
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and

𝑄𝑁 = 2−𝑁
2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

) [∫
R

𝑑𝑥Ψ(𝑥) (𝑥 + ℓ𝑀2[𝑛𝛽 ] )2𝐻−

2−𝑁
2𝑁∑
𝑗=1

Ψ

(
𝑗

2𝑁

)
(𝑘2−𝑁 + ℓ𝑀2[𝑛𝛽 ] )2𝐻

⎤⎥⎥⎥⎥⎦
We show that

𝑇1,𝑁 −→
𝑁→∞

∫ 1

0

∫ 1

0
Ψ(𝑥)Ψ(𝑦) |𝑥 − 𝑦 |2𝐻−2𝑑𝑥𝑑𝑦 = −2𝐶Ψ (𝐻)

and

|𝑇1,𝑁 − (−2𝐶Ψ (𝐻)) | ≤ 𝐶2−𝑁 . (56)

We can decompose 𝑇1,𝑁 as follows.

𝑇1,𝑁 =
∫ 1

0

∫ 1

0
Ψ(𝑥)Ψ(𝑦) |𝑥 − 𝑦 |2𝐻−2𝑑𝑥𝑑𝑦

+
2𝑁∑
𝑘=1

∫ 𝑘
2𝑁

𝑘−1
2𝑁

𝑑𝑦

(
Ψ

(
𝑘

2𝑁

)
− Ψ(𝑦)

) ∫
R

𝑑𝑥Ψ(𝑥) |𝑥 − 𝑘2−𝑁 |2𝐻

+
2𝑁∑
𝑘=1

∫ 𝑘
2𝑁

𝑘−1
2𝑁

𝑑𝑦Ψ(𝑦)
∫
R

Ψ(𝑥)𝑑𝑥
(
|𝑥 + 𝑘2−𝑁 |2𝐻 − |𝑥 − 𝑦 |2𝐻

)
=: −2𝐶Ψ (𝐻) + 𝑅1,𝑁 + 𝑅2,𝑁 .

Let us bound the two rest terms, denoted by 𝑅1,𝑁 and 𝑅2,𝑁 . We have, since Ψ is of class 𝐶1

with support contained in [0, 1],

|𝑅1,𝑁 | ≤ 𝐶
2𝑁∑
𝑘=1

∫ 𝑘
2𝑁

𝑘−1
2𝑁

𝑑𝑦 |𝑦 − 𝑘2−𝑁 |
∫
R

𝑑𝑥 |Ψ(𝑥) | |𝑥 − 𝑘2−𝑁 |2𝐻

≤ 𝐶2−𝑁
2𝑁∑
𝑘=1

∫ 𝑘
2𝑁

𝑘−1
2𝑁

𝑑𝑦

∫
R

𝑑𝑥 |Ψ(𝑥) | ≤ 𝐶2−𝑁 . (57)

Concerning the summand 𝑅2,𝑁 , let us remark that the function

𝑓 : [0, 1] → R : 𝑎 ↦→ |𝑥 − 𝑎 |2𝐻

satisfies | 𝑓 ′ (𝑎) | ≤ 𝐶 as soon as 𝐻 > 1
2 . Thus, we get

|𝑅2,𝑁 | ≤ 𝐶
2𝑁∑
𝑘=1

∫ 𝑘
2𝑁

𝑘−1
2𝑁

𝑑𝑦 |Ψ(𝑦) | |𝑦 − 𝑘2−𝑁 |
∫
R

|Ψ(𝑥) |𝑑𝑥

≤ 𝐶2−𝑁
2𝑁∑
𝑘=1

∫ 𝑘
2𝑁

𝑘−1
2𝑁

𝑑𝑦 |Ψ(𝑦) |
∫
R

|Ψ(𝑥) |𝑑𝑥 ≤ 𝐶2−𝑁 . (58)

The estimates (57) and (58) imply (56).
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In the same way, we can prove that 𝑇2,𝑁 −→
𝑁→∞

−2𝐶Ψ (𝐻) and��𝑇2,𝑁 − (−2𝐶Ψ (𝐻))
�� ≤ 𝐶2−𝑁 .

We now show that 𝑄𝑁 converges to zero as 𝑁 tends to infinity. One has

𝑄𝑁 = 2−𝑁
2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

)
⎡⎢⎢⎢⎢⎣
∫
R

𝑑𝑥Ψ(𝑥) (𝑥 + ℓ𝑀2[𝑛𝛽 ] )2𝐻 − 2−𝑁
2𝑁∑
𝑗=1

Ψ

(
𝑗

2𝑁

)
( 𝑗2−𝑁 + ℓ𝑀2[𝑛𝛽 ] )2𝐻

⎤⎥⎥⎥⎥⎦
= 2−𝑁

2𝑁∑
𝑘=1

Ψ

(
𝑘

2𝑁

)
2𝑁∑
𝑗=1

∫ 𝑗

2𝑁

𝑗−1
2𝑁

𝑑𝑥

[
Ψ(𝑥) (𝑥 + ℓ𝑀2[𝑛𝛽 ] )2𝐻 − Ψ

(
𝑗

2𝑁

)
( 𝑗2−𝑁 + ℓ𝑀2[𝑛𝛽 ] )2𝐻

]
.

Hence

|𝑄𝑁 | ≤ 2−𝑁
2𝑁∑
𝑘=1

����Ψ (
𝑘

2𝑁

)���� (59)

2𝑁∑
𝑗=1

∫ 𝑗

2𝑁

𝑗−1
2𝑁

𝑑𝑥 |Ψ(𝑥) |
���(𝑥 + ℓ𝑀2[𝑛𝛽 ] )2𝐻 − ( 𝑗2−𝑁 + ℓ𝑀2[𝑛𝛽 ] )2𝐻

���
+2−𝑁

2𝑁∑
𝑘=1

����Ψ (
𝑘

2𝑁

)���� 2𝑁∑
𝑗=1

∫ 𝑗

2𝑁

𝑗−1
2𝑁

𝑑𝑥( 𝑗2−𝑁 + ℓ𝑀2[𝑛𝛽 ] )2𝐻
����Ψ(𝑥) − Ψ

(
𝑗

2𝑁

)����.
We use the bounds, for 𝑥 ∈ ( 𝑗−1

2𝑁 , 𝑗
2𝑁 ),

| (𝑥 + ℓ𝑀2[𝑛𝛽 ] )2𝐻 − ( 𝑗2−𝑁 + ℓ𝑀2[𝑛𝛽 ] )2𝐻 | ≤ 𝐶2−𝑁2(2𝐻−1) [𝑁 𝛽 ]

and ����Ψ(𝑥) − Ψ

(
𝑗

2𝑁

)���� ≤ 𝐶2−𝑁 .

Thus, we reach

|𝑄𝑁 | ≤ 𝐶2−𝑁2[𝑁 𝛽 ]2𝐻 . (60)

From (56) and (60), we obtained the conclusion. �

Next, let us compare the wavelet variation (26) and its discretized version (54).

Proposition 4.2. For 𝑁 sufficiently large, we have

E
[
|𝑉𝑁,𝑀 −𝑉𝑁,𝑀 |

]
≤ 𝐶2−𝑁2[𝑁 𝛽 ]2𝐻2− [𝑁𝛾 ]

2 .
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Proof: By (26) and (54), we can write

𝑉𝑁,𝑀 −𝑉𝑁,𝑀 =
1√

|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

����
𝐴𝑀 (ℓ, 𝑁)√

E
[
𝐴𝑀 (ℓ, 𝑁)2

] − 𝐸𝑀 (ℓ, 𝑁)√
E

[
𝐴𝑀 (ℓ, 𝑁)2

] ��������
𝐴𝑀 (ℓ, 𝑁)√

E
[
𝐴𝑀 (ℓ, 𝑁)2

] + 𝐸𝑀 (ℓ, 𝑁)√
E

[
𝐴𝑀 (ℓ, 𝑁)2

] ����
and thus, by the Cauchy-Schwarz’s inequality,

E
[���𝑉𝑁,𝑀 −𝑉𝑁,𝑀

���]
≤ 1√

|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

E

[����� 𝐴𝑀 (ℓ, 𝑁)√
E𝐴𝑀 (ℓ, 𝑁)2

− 𝐸𝑀 (ℓ, 𝑁)√
E𝐴𝑀 (ℓ, 𝑁)2

����� ·
����� 𝐴𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2
+ 𝐸𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2

�����
]

≤ 1√
|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

���E
⎡⎢⎢⎢⎢⎣
����� 𝐴𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2
− 𝐸𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2

�����2⎤⎥⎥⎥⎥⎦���
1
2

���E
⎡⎢⎢⎢⎢⎣
����� 𝐴𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2
+ 𝐸𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2

�����2⎤⎥⎥⎥⎥⎦���
1
2

.

Since, clearly,

E
⎡⎢⎢⎢⎢⎣
����� 𝐴𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2
+ 𝐸𝑀 (ℓ, 𝑁)√

E𝐴𝑀 (ℓ, 𝑁)2

�����2⎤⎥⎥⎥⎥⎦ ≤ 𝐶,

we get from Proposition 4.1,

E
[���𝑉𝑁,𝑀 −𝑉𝑁,𝑀

���] ≤ 1√
|L𝑁,𝛾 |

∑
ℓ∈L𝑁,𝛾

2[𝑁 𝛽 ]𝐻2− 𝑁
2

≤ 𝐶2− 𝑁
2 2[𝑁 𝛽 ]𝐻2

[𝑁𝛾 ]
2 −→

𝑁→∞
0.

The above result implies that the discretized wavelet variation has the same limit behavior
in distribution as 𝑉𝑁,𝑀 .

Corollary 4.3. Let𝑉𝑁,𝑀 be given by (54) Then the 𝑑-dimensional random vector (𝑉𝑁,𝑀 , 𝑀 =
1, , , , , 𝑑) converges in distribution, as 𝑁 → ∞, to the 𝑑-dimensional Gaussian vector
𝑁 (0, 𝐾), where the matrix 𝐾 is given by (47) and (48).

Proof: The result follows from Theorem 3.11 and Proposition 4.2.
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We finish this section with a short result concerning the almost-sure convergence to 0
of the sequence (𝑉𝑁,𝑀/

√
|L𝑁,𝛾 |, 𝑁 ≥ 1). This fact will be particularly useful in the next

section.

Proposition 4.4. We have, for all 𝑀 ∈ {1, . . . , 𝑑},

𝑉𝑁,𝑀√
|L𝑁,𝛾 |

−→
𝑁→∞

0 (61)

almost surely, at the fast rate 2−𝑁𝑎
, where 𝑎 ∈ (0, 𝛾) is arbitrary and fixed

Proof: Let us remark that Proposition 4.2 and Theorem 3.11 entail that, for 𝑀 = 1, . . . , 𝑑,
the sequence (E

[
|𝑉𝑁,𝑀 |

]
)𝑁 is bounded. Therefore, as a consequence of (15), we get, for such

𝑀 ,

E
[
|𝑉𝑁,𝑀 |

]
≤ 𝐶2− [𝑁𝛾 ]

2 (62)

The proofs is then obtained by a simple Borel-Cantelli argument. Let 𝑎 ∈ (0, 𝛾) be arbitrary
and fixed. We deduce from (62) and Markov inequality that, for 𝑀 = 1, . . . , 𝑑,∑

𝑁≥1

P

(����� 𝑉𝑁,𝑀√
|L𝑁,𝛾 |

����� ≥ 2𝑁𝑎

)
≤

∑
𝑁≥1

2𝑁𝑎
2− [𝑁𝛾 ]

2 E
[
|𝑉𝑁,𝑀 |

]
≤ 𝐶

∑
𝑁≥1

2𝑁𝑎
2− [𝑁𝛾 ]

2 < ∞. �

5. Estimation of the Hurst parameter

Let us introduce the sequences

𝑆𝑁,𝑀 =
1

|L𝑁,𝛾 |
∑

ℓ∈L𝑁,𝛾

𝐴𝑀 (ℓ, 𝑁)2 (63)

and

𝑆𝑁,𝑀 =
1

|L𝑁,𝛾 |
∑

ℓ∈L𝑁,𝛾

𝐸𝑀 (ℓ, 𝑁)2 (64)

where 𝐴𝑀 (ℓ, 𝑁), 𝐸𝑀 (ℓ, 𝑁) are the wavelet coefficients given by (17) and (53), respectively.
We clearly have, via Proposition 4.1,

E
[
|𝐴𝑀 (ℓ, 𝑁) − 𝐸𝑀 (ℓ, 𝑁) |2

]
≤ 𝐶2[𝑁 𝛽 ]2𝐻2−𝑁E

[
𝐴𝑀 (ℓ, 𝑁)2]

≤ 𝐶2[𝑁 𝛽 ]2𝐻2−𝑁2−𝑁 (2𝐻+1)

so, by Cauchy-Schwarz’s inequality, we get

E
[
|𝑆𝑁,𝑀 − 𝑆𝑁,𝑀 |

]
≤ 1

|L𝑁,𝛾 |
∑

ℓ∈L𝑁,𝛾

E
[
|𝐴𝑀 (ℓ, 𝑁)2 − 𝐸𝑀 (ℓ, 𝑁)2 |

]
≤ 1

|L𝑁,𝛾 |
∑

ℓ∈L𝑁,𝛾

(
E

[
|𝐴𝑀 (ℓ, 𝑁) − 𝐸𝑀 (ℓ, 𝑁) |2

] ) 1
2

(
E

[
|𝐴𝑀 (ℓ, 𝑁) + 𝐸𝑀 (ℓ, 𝑁) |2

] ) 1
2
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≤ 𝐶
√

2[𝑁 𝛽 ]2𝐻2−𝑁2−𝑁 (2𝐻+1)
√

2−𝑁 (2𝐻+1) ,

which entails

𝑆𝑁,𝑀 − 𝑆𝑁,𝑀 −→
𝑁→∞

0 in 𝐿1(Ω). (65)

We also have, due to (18),

E
[
𝑆𝑁,𝑀

]
= (𝑀2𝑁 )−(2𝐻+1)𝐶Ψ (𝐻),

so

log E
[
𝑆𝑁,𝑀

]
= −(2𝐻 + 1) log(𝑀2𝑁 ) + log𝐶Ψ (𝐻). (66)

To construct an estimator for the Hurst index of the Hermite process, we use the following
standard procedure: in (66) we approximate E[𝑆𝑁,𝑀] by 𝑆𝑁,𝑀 and thus, due to (65), by
𝑆𝑁,𝑀 . We then have

log 𝑆𝑁,𝑀 ∼ −(2𝐻 + 1) log(𝑀2𝑁 ) + log𝐶Ψ (𝐻). (67)

Next, we make a log-regression of
(
log 𝑆𝑁,𝑀 , 𝑀 = 1, ..., 𝑑

)
on

(
log(𝑀2𝑁 ), 𝑀 = 1, ..., 𝑑

)
which leads to the estimator 𝐻𝑁 given by

𝐻𝑁 = −1
2

𝑑
(∑𝑑

𝑀=1 log 𝑆𝑁,𝑀 log 𝑀
)
−

(∑𝑑
𝑀=1 log 𝑆𝑁,𝑀

) (∑𝑑
𝑀=1 log 𝑀

)
𝑑

(∑𝑑
𝑀=1(log 𝑀)2

)
−

(∑𝑑
𝑀=1 log 𝑀

)2 − 1
2

(68)

We state and prove the limit behavior of the above estimator.

Theorem 5.1. Let 𝐻𝑁 be given by (68). Then the estimator 𝐻𝑁 is strongly consistent, i.e.

𝐻𝑁 −→
𝑁→∞

𝐻 almost surely. (69)

Moreover, √
|L𝑁,𝛾 | (𝐻 − 𝐻𝑁 ) −→(𝑑)

𝑁→∞
𝑁 (0, 𝜎2), (70)

with 𝜎2 = 1
4 (𝐿

𝑇
𝑑𝐿𝑑)−1𝐿𝑑𝐾𝐿𝑇

𝑑 (𝐿
𝑇
𝑑𝐿𝑑)−1, where 𝐾 is the matrix defined in Theorem 3.12 and

𝐿𝑑 is the matrix with (𝐿𝑑)𝑀,1 = log 𝑀 and (𝐿𝑑)𝑀,2 = 1, for 𝑀 = 1, . . . , 𝑑.

Proof: To obtain the asymptotic properties of the estimator (68), we use the limit theorems
obtained for the discretized wavelet variation 𝑉𝑁,𝑀 . We notice the following link between
𝑆𝑁,𝑀 and 𝑉𝑁,𝑀 :

𝑉𝑁,𝑀√
|L𝑁,𝛾 |

+ 1 =
(𝑀2𝑁 ) (2𝐻+1)

𝐶Ψ (𝐻) 𝑆𝑁,𝑀 ,

and thus

log 𝑆𝑁,𝑀 = log

(
𝑉𝑁,𝑀√
|L𝑁,𝛾 |

+ 1

)
− (2𝐻 + 1) (log 𝑀 + 𝑁 log(2)) − log𝐶Ψ (𝐻).
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From this last equality, we deduce

𝐻𝑁 − 𝐻 =

−
𝑑

(∑𝑑
𝑀=1 log

(
𝑉𝑁,𝑀√
| L𝑁,𝛾 |

+ 1
)
log 𝑀

)
−
(∑𝑑

𝑀=1 log
(

𝑉𝑁,𝑀√
| L𝑁,𝛾 |

+ 1
))(∑𝑑

𝑀=1 log 𝑀
)

2
(
𝑑

(∑𝑑
𝑀=1(log 𝑀)2

)
−

(∑𝑑
𝑀=1 log 𝑀

)2
)

(71)

The strong consistence (69) is then a straightforward consequence of Proposition 4.4.
To prove (70), let us recall that the inequality

| log(1 + 𝑥) − 𝑥 | ≤ 𝑥2 (72)

holds for all 𝑥 ∈ [−1/2, 1/2]. Therefore, writing in (71), for any 𝑀 = 1, . . . , 𝑑,

log

(
𝑉𝑁,𝑀√
|L𝑁,𝛾 |

+ 1

)
= log

(
𝑉𝑁,𝑀√
|L𝑁,𝛾 |

+ 1

)
−

𝑉𝑁,𝑀√
|L𝑁,𝛾 |

+
𝑉𝑁,𝑀√
|L𝑁,𝛾 |

and combining (72) with Proposition (4.4), we deduce√
|L𝑁,𝛾 | (𝐻𝑁 − 𝐻) ∼ −

𝑑
(∑𝑑

𝑀=1 𝑉𝑁,𝑀 log 𝑀
)
−

(∑𝑑
𝑀=1 𝑉𝑁,𝑀

) (∑𝑑
𝑀=1 log 𝑀

)
2

(
𝑑

(∑𝑑
𝑀=1(log 𝑀)2

)
−

(∑𝑑
𝑀=1 log 𝑀

)2
)

as 𝑁 → +∞. The limit theorem (70) easily follows, thanks to Corollary 4.3. �

6. Numerical experiments

In order to numerically test the estimator (68), we use the simulations of fractional Brownian
motion, Rosenblatt process and Hermite process of order 3 provided in the paper [7]. Let
us briefly describe the methodology here. The simulation procedure relies on the resolution
parameter 𝐽 ∈ N, which corresponds to the level of approximation, see equation (74) below,
𝑎 ∈ (1/2, 1) and 𝜀 > 0. These two last parameters are needed to insure the rate of convergence
(74) for the approximation procedure, see Lemmata 3.1, 3.2, 3.3. and 3.4. in [7]. Once these
parameters fixed, we consider the set

I𝐽 := N ∩ (2𝐽 (1−𝑎) − 1, +∞),

and, for any 𝑚 ∈ I𝐽 , the two sets

𝐷1
𝐽 [𝑚] := {𝑘 ∈ Z : 2𝐽 (1−𝑎) ≤ 𝑘 ≤ 𝑚}

and

J 1
𝐽 [𝑚] := {k ∈ (𝐷1

𝐽 [𝑚])𝑞 : max
1≤ℓ,ℓ′≤𝑑

|𝑘ℓ − 𝑘ℓ′ | ≤ 2𝜀𝐽 },

where, we recall that 𝑞 is the order of the process, i.e. 𝑞 = 1 in the Fractional Brownian
Motion case, 𝑞 = 2 in the Rosenblatt case and 𝑞 = 3 in the Hermite process of order 3 case.
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To simulate a Hermite process of order 𝑞 ∈ {1, 2, 3} and Hurst parameter 𝐻 ∈ (1/2, 1), we
set

𝛿 :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝐻 − 1

2 if 𝑞 = 1
𝐻
2 if 𝑞 = 2
2𝐻+1

6 if 𝑞 = 3

and consider the Meyer fractional scaling function [48] of order 𝛿, Φ(𝛿)
Δ defined, in the

Fourier domain, by

Φ̂(𝛿)
Δ (𝜉) =

(
1 − 𝑒−𝑖 𝜉

𝑖𝜉

) 𝛿
𝜙(𝜉) ∀ 𝜉 ≠ 0 and Φ̂(𝛿)

Δ (0) = 1,

where 𝜙 is the Meyer scaling function [39]. Also, if (𝑔𝜙
𝐽,𝑘)𝑘∈Z stands for the sequence of i.i.d.

N(0, 1) Gaussian random variable defined, for all 𝑘 ∈ Z, by

𝑔
𝜙
𝐽,𝑘 := 2𝐽/2𝐼1

(
𝜙(2𝐽 • −𝑘)

)
,

we use the Gaussian FARIMA (0, 𝛿, 0) sequence (𝑍 (𝛿)
𝐽,ℓ )ℓ∈Z associated to (𝑔𝜙

𝐽,𝑘)𝑘∈Z given,
for all ℓ ∈ Z, by

𝑍 (𝛿)
𝐽,ℓ := 𝑔

𝜙
𝐽,ℓ +

+∞∑
𝑝=1

𝛾 (𝛿)
𝑝 𝑔

𝜙
𝐽,ℓ−𝑝,

with 𝛾 (𝛿)
𝑝 = 𝛿 Γ(𝑝+𝛿)

Γ(𝑝+1)Γ(𝛿+1) , for all 𝑝 ∈ N. Such random variables can be simulated using fast
wavelet transform, see [1, 56]. For all 𝑚 ∈ I𝐽 , we set

𝑠 (𝑞)𝑚,𝐽 := 2−𝐽𝐻
∑

k∈J1
𝐽 [𝑚]

𝜎 (𝑞,𝐻 )
𝐽,k

∫
R

𝑞∏
ℓ=1

Φ(𝛿)
Δ (𝑠 − 𝑘ℓ) 𝑑𝑠

where the random variable 𝜎 (𝑞,𝐻 )
𝐽,k is defined as

𝜎 (𝑞,𝐻 )
𝐽,k :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝑍 (𝛿)
𝐽,𝑘 if 𝑞 = 1

𝑍 (𝛿)
𝐽,𝑘1

𝑍 (𝛿)
𝐽,𝑘2

− E[𝑍 (𝛿)
𝐽,𝑘1

𝑍 (𝛿)
𝐽,𝑘2

] if 𝑞 = 2

𝑍 (𝛿)
𝐽,𝑘1

𝑍 (𝛿)
𝐽,𝑘2

𝑍 (𝛿)
𝐽,𝑘3

− E[𝑍 (𝛿)
𝐽,𝑘1

𝑍 (𝛿)
𝐽,𝑘2

]𝑍 (𝛿)
𝐽,𝑘3

if 𝑞 = 3

−E[𝑍 (𝛿)
𝐽,𝑘1

𝑍 (𝛿)
𝐽,𝑘3

]𝑍 (𝛿)
𝐽,𝑘2

− E[𝑍 (𝛿)
𝐽,𝑘2

𝑍 (𝛿)
𝐽,𝑘3

]𝑍 (𝛿)
𝐽,𝑘1

Paths of a Hermite process of order 𝑞 ∈ {1, 2, 3} are then simulated using the piecewise
linear process {𝑆 (𝑞,𝐻 )

𝐽 (𝑡)}𝑡∈R+ defined, for all 𝑡 ∈ R+, by

𝑠𝑚0,𝐽

|𝜆 (𝑎)
0,𝐽 |

𝑡1
𝜆
(𝑎)
0,𝐽

(𝑡) +
∑
𝑚∈I𝐽

(
2𝐽 (

𝑠𝑚+1,𝐽 − 𝑠𝑚,𝐽
)
(𝑡 − (𝑚2−𝐽 + 2−𝑎𝐽 )) + 𝑠𝑚,𝐽

)
1𝜆𝑚, 𝑗 (𝑡), (73)

with 𝑚0 := infI𝐽 , 𝜆 (𝑎)
0,𝐽 := [0, 𝑚02−𝐽 + 2−𝑎𝐽 [, |𝜆 (𝑎)

𝑚0 ,𝐽
| = 𝑚02−𝐽 + 2−𝑎𝐽 and, for all 𝑚 ∈ I𝐽 ,

𝜆 (𝑎)
𝑚, 𝑗 := [𝑚2−𝐽 + 2−𝑎𝐽 , (𝑚 + 1)2−𝐽 + 2−𝑎𝐽 ). The validity of this simulation procedure is

insured by [7, Theorem 2.12]. It states that, for any compact interval 𝐼 ⊂ R+, there exists an
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almost surely finite random variable 𝐶′ (depending on 𝐼) for which one has, almost surely,
for each 𝐽 ∈ N,

‖𝑍 (𝑞,𝐻 ) − 𝑆 (𝑞,𝐻 )
𝐽 ‖𝐼,∞ ≤ 𝐶′𝐽

𝑑
2 2−𝐽 (𝐻− 1

2 ) . (74)

As the definition of the estimator 𝐻𝑁 implicitly depends on various parameters, we must
decide on the values to assign to these parameters in order to perform the statistical analysis.
In order to collect the observations 𝑍

𝑘2−𝑁 +𝑀ℓ2[𝑁𝛽 ]
𝑀2𝑁

, (𝑁 ∈ N, ℓ ∈ L𝑁,𝛾 , 1 ≤ 𝑀 ≤ 𝑑, 1 ≤

𝑘 ≤ 2𝑁 ), we use the explicit formula (73). A simulation of resolution 𝐽 on [0, 1] is made of
approximatively 2𝐽 data points. As we interpolate these data points to obtain our observations
at dyadic time up to scale 𝑑22𝑁 , it seems reasonable to work with 𝑑22𝑁 ≈ 2𝐽 . Indeed, working
with 𝑑22𝑁 significantly less than 2𝐽 means that a large part of the available information is
not used, which calls into question the completeness of the estimator. On the other side, if we
take 𝑑22𝑁 significantly greater than 2𝐽 , we end up by computing Riemann sum in (53) along
linear sections of the process {𝑆 (𝑞,𝐻 )

𝐽 (𝑡)}𝑡∈R+ , resulting to a overestimation of the value of
𝐻, as the Hurst parameter is the Hölder exponent of the process.

When we approach, 2𝐽 by 𝑑22𝑁 , two options are available to us: increasing 𝑑 or 𝑁 . The
value of 𝑑 determines the numbers of terms available in the log-regression in (68). We recall
that this regression is performed in such a way that the constant 𝐶Ψ (𝐻) in (67) disrupts the
estimation as little as possible. Therefore, taking great value of 𝑑 could be advantageous, as
the regression would be more precise. But, on the other side, it means that, in the estimation,
we use many observations within the family {𝑍

𝑘2−𝑁 +𝑀ℓ2[𝑁𝛽 ]
𝑀2𝑁

}1≤𝑀≤𝑑 , for fixed 𝑁 ∈ N, ℓ ∈

L𝑁,𝛾 and 1 ≤ 𝑘 ≤ 2𝑁 , which are thus computed at close times. Again, it could lead to
a overestimation of the value of 𝐻. Increasing the value of 𝑁 is also important since this
parameter governs the rate of convergence towards the normal distribution in Theorem 3.11.

Let us recall that increasing the value of the parameter 𝛾 improves the rate of convergence
to the normal distribution but reduces the number of data used in the statistical inference. As
a compromise, we propose, once the value of the parameter 𝑁 chosen, to take 𝛾 < 𝛽 such that
|𝑁 − [𝑁𝛽] − [𝑁𝛾] | ≤ 1. In this way, 𝛾 and 𝛽 contribute equally to the determination of the
supremum of L𝑁,𝛾 . In this way, it seems that we achieve the best rate of convergence given
the maximum number of data that can be used in the inference.

To confirm our intuition, clarify our statements and help us choose the good balance be-
tween 𝑑 and 𝑁 , we carry a first round of numerical experiments with the resolution 𝐽 = 15.
This resolution has the advantage to produce in just a few seconds simulations that are al-
ready accurate enough to base our reasoning on. We produce 50 simulations of fractional
Brownian motion (1), Rosenblatt process (2) and Hermite process of order 3 (3) with Hurst
parameter 0, 55, 0, 6, 0, 65, 0, 7, 0, 75, 0, 8, 0, 85, 0, 9 and 0, 95. Similarly to [13, 14], we
test on them our estimator defined using the wavelet Ψ defined, for all 𝑡 ∈ [0, 1] by Ψ(𝑡) =
𝑡 (−1) (2𝑡 − 1) (𝑡2 − 𝑡 + 1

7 ) with 𝑁 = 5, 6, 7, 8, 9, 10, 𝑑 = 4, 8, 16, 32, 64. Tables 1 to 20 below
display the mean (m) of each 50 estimations (m), together with the standard deviation (s). We
discuss here the appropriate choice of parameter values, based on our observations.

• We observe that the standard deviation of the estimations decrease when 𝑑 increases.
In particular, the choice 𝑑 = 4 is not interesting, and we don’t record it for 𝑑 ≥ 7.
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• In table 2, 7 and 11, estimations are done with 𝑑 = 8. The standard deviation of the
estimations is more important when 𝑁 = 5 and the mean is, globally, more accurate
when 𝑁 = 6 or 𝑁 = 7. It seems to confirm that 𝑑22𝑁 � 2𝐽 leads to an unsatisfactory
estimator.

• We compare two by two Table 3 and Table 6 (in which 𝑑22𝑁 = 214), Table 4 and Table
7 (in which 𝑑22𝑁 = 215), Table 5 and Table 8 (in which 𝑑22𝑁 = 216), Table 9 and Table
11 (in which 𝑑22𝑁 = 217), Table 10 and Table 12 (in which 𝑑22𝑁 = 218), Table 13 and
Table 15 (in which 𝑑22𝑁 = 219), Table 14 and Table 16 (in which 𝑑22𝑁 = 220) and
Table 17 and Table 18 (in which 𝑑22𝑁 = 221). When 𝑑2𝑁 ∈ {2𝐽 , 2𝐽±1, 2𝐽+2}, it seems
interesting to favor a large value for the parameter 𝑑, since the estimations are globally
more precise and less dispersed. When 𝑑2𝑁 > 2𝐽 + 2, a large value for the parameter 𝑑

lead to catastrophic estimation. It may be because all the points {𝑍
𝑘2−𝑁 +𝑀ℓ2[𝑁𝛽 ]

𝑀2𝑁

}1≤𝑀≤𝑑 ,

for fixed 𝑁 ∈ N, ℓ ∈ L𝑁,𝛾 and 1 ≤ 𝑘 ≤ 2𝑁 are in the same linear section of the process
{𝑆 (𝑞,𝐻 )

𝐽 }𝑡∈R+ . When, given a value of 𝑁 , a value of 𝑑 leads to global overestimation, we
don’t record this value for the next value of 𝑁 .

• If 𝑑22𝑁 � 2𝐽 , the Hurst exponent is generally overestimated, as can be seen from Table
12 to Table 20. The estimations stay accurate for larger values of 𝑑22𝑁 in the Gaussian
case. It may be because the convergence to the normal distribution for 𝐻𝑁 is faster in
this case.

• Generally, the estimations are more accurate for large value of 𝐻. it may be because the
approximation of the Hermite process by {𝑆 (𝑞,𝐻 )

𝐽 }𝑡∈R+ is more precise in this case, as
reflected by equation (74).

In view of these observations, we recommend, to avoid small values of 𝑑, leading to large
deviation between estimations, as well as too large values of 𝑑, leading to overestimation
of 𝐻. The product 𝑑22𝑁 must be chosen close to 2𝐽 . To choose the values of 𝑑 and 𝑁 an
approximation of an Hermite process of resolution 𝐽, an heuristic procedure could be

• choose 𝑁 such that 2𝑁 = [𝐽 − 3] (in order to work with 𝑑 ≥ 8);
• take 𝑑max ∈ {32, 64} such that 𝑑max22𝑁 ≤ 2𝐽+2 (in order to avoid an overestimation of

𝐻)
• consider the estimators defined with the parameters (𝑁, 8), . . . , (𝑁, 𝑑max);

(𝑁 − 1, 16), . . . , (𝑁 − 1, 𝑑max); (𝑁 + 1, 8), . . . , (𝑁 + 1, 𝑑max/2).

We apply this procedure with 𝐽 = 17, resulting to the estimations presented from Table
21 to Table 27. Again, we use 50 simulations of fractional Brownian motion (1), Rosenblatt
process (2) and Hermite process of order 3 (3) with Hurst parameter 0, 55, 0, 6, 0, 65, 0, 7,
0, 75, 0, 8, 0, 85, 0, 9 and 0, 95.

For the sake of comparison, in this section, we also test the numerical efficiency of the
estimator defined in [9], which is based on a modified quadratic variation. This estimator is
defined with the same parameters 𝑁 , 𝛽 and 𝛾 but does not require the additional parameter
𝑑. As this estimator is based on increments of the process, it does not require integration and
thus, to test its efficiency, the parameters 𝑁 can be chosen much closer to the resolution 𝐽

of the process {𝑆 (𝑞,𝐻 )
𝐽 (𝑡)}𝑡∈R+ . In Table 28, we present estimations obtained with the sim-

ulations of scale 𝐽 = 17 used to test our wavelet-based estimator, and with 𝑁 = 10. It can
be directly seen that, in means, the performance of both estimators are comparable but the
quadratic variation based estimator displays a lower standard deviation.
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Table 1
𝐽 = 15; 𝑁 = 5 and 𝑑 = 4.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.542 0.634 0.608 0.667 0.692 0.706 0.872 0.858 0.897
s 0.337 0.421 0.445 0.347 0.416 0.365 0.431 0.405 0.430

2
m 0.624 0.618 0.560 0.634 0.755 0.719 0.833 0.836 0.873
s 0.337 0.463 0.441 0.467 0.506 0.536 0.528 0.571 0.379

3
m 0.601 0.599 0.718 0.776 0.952 0.803 0.937 0.869 0.962
s 0.394 0.395 0.475 0.433 0.515 0.565 0.555 0.478 0.434

Table 2
𝐽 = 15; 𝑁 = 5 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.580 0.581 0.625 0.645 0.732 0.796 0.822 0.847 0.912
s 0.246 0.225 0.244 0.253 0.288 0.278 0.231 0.238 0.230

2
m 0.619 0.666 0.689 0.648 0.775 0.770 0.812 0.874 0.924
s 0.251 0.279 0.335 0.261 0.312 0.311 0.317 0.309 0.278

3
m 0.622 0.631 0.737 0.718 0.780 0.747 0.914 0.836 0.999
s 0.340 0.304 0.331 0.321 0.317 0.314 0.384 0.289 0.345

Table 3
𝐽 = 15; 𝑁 = 5 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.547 0.621 0.681 0.681 0.733 0.785 0.833 0.830 0.912
s 0.180 0.136 0.194 0.188 0.203 0.201 0.146 0.167 0.159

2
m 0.641 0.605 0.689 0.696 0.788 0.807 0.777 0.862 0.929
s 0.235 0.203 0.270 0.244 0.223 0.256 0.246 0.239 0.213

3
m 0.672 0.635 0.709 0.694 0.745 0.778 0.856 0.862 0.934
s 0.240 0.259 0.259 0.293 0.218 0.240 0.235 0.185 0.246

Table 4
𝐽 = 15; 𝑁 = 5 and 𝑑 = 32.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.524 0.644 0.650 0.709 0.743 0.797 0.820 0.911 0.940
s 0.170 0.167 0.141 0.188 0.144 0.149 0.140 0.163 0.161

2
m 0.645 0.618 0.707 0.704 0.794 0.786 0.812 0.871 0.928
s 0.167 0.152 0.225 0.204 0.223 0.202 0.187 0.231 0.207

3
m 0.690 0.670 0.684 0.687 0.801 0.803 0.842 0.878 0.913
s 0.252 0.184 0.239 0.257 0.206 0.236 0.159 0.233 0.194

Table 5
𝐽 = 15; 𝑁 = 5 and 𝑑 = 64.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.537 0.612 0.624 0.712 0.736 0.802 0.831 0.897 0.966
s 0.137 0.102 0.131 0.133 0.100 0.129 0.134 0.136 0.154

2
m 0.647 0.670 0.726 0.692 0.765 0.790 0.834 0.861 0.957
s 0.197 0.182 0.173 0.193 0.183 0.195 0.198 0.161 0.183

3
m 0.719 0.706 0.678 0.738 0.831 0.882 0.869 0.904 0.905
s 0.163 0.167 0.230 0.214 0.208 0.186 0.193 0.165 0.176
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Table 6
𝐽 = 15; 𝑁 = 6 and 𝑑 = 4.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.586 0.544 0.677 0.644 0.719 0.780 0.758 0.821 0.899
s 0.274 0.252 0.25 0.299 0.271 0.261 0.274 0.223 0.238

2
m 0.622 0.626 0.757 0.759 0.785 0.738 0.837 0.896 0.901
s 0.273 0.271 0.376 0.377 0.293 0.321 0.312 0.317 0.310

3
m 0.535 0.686 0.716 0.740 0.725 0.746 0.910 0.908 0.9+75
s 0.345 0.413 0.423 0.458 0.402 0.385 0.351 0.331 0.368

Table 7
𝐽 = 15; 𝑁 = 6 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.552 0.585 0.667 0.676 0.690 0.785 0.799 0.869 0.915
s 0.151 0.174 0.141 0.174 0.165 0.163 0.163 0.147 0.178

2
m 0.631 0.630 0.706 0.742 0.796 0.759 0.804 0.878 0.908
s 0.197 0.218 0.208 0.241 0.216 0.230 0.256 0.223 0.230

3
m 0.610 0.690 0.723 0.709 0.763 0.761 0.872 0.889 0.954
s 0.245 0.340 0.294 0.333 0.271 0.226 0.220 0.199 0.250

Table 8
𝐽 = 15; 𝑁 = 6 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.530 0.624 0.673 0.704 0.743 0.801 0.799 0.914 0.946
s 0.117 0.118 0.119 0.121 0.132 0.102 0.117 0.128 0.139

2
m 0.640 0.646 0.705 0.741 0.809 0.761 0.832 0.841 0.924
s 0.167 0.144 0.192 0.176 0.191 0.194 0.193 0.185 0.190

3
m 0.618 0.694 0.691 0.698 0.787 0.792 0.883 0.888 0.921
s 0.209 0.240 0.205 0.224 0.207 0.201 0.161 0.205 0.185

Table 9
𝐽 = 15; 𝑁 = 6 and 𝑑 = 32.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.546 0.614 0.623 0.709 0.759 0.819 0.841 0.917 0.951
s 0.086 0.087 0.086 0.116 0.084 0.069 0.105 0.106 0.105

2
m 0.643 0.691 0.709 0.740 0.763 0.790 0.853 0.874 0.968
s 0.149 0.131 0.143 0.177 0.171 0.160 0.167 0.147 0.152

3
m 0.676 0.697 0.661 0.7313 0.758 0.839 0.905 0.932 0.938
s 0.170 0.175 0.178 0.199 0.203 0.163 0.172 0.150 0.162

Table 10
𝐽 = 15; 𝑁 = 6 and 𝑑 = 64.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.561 0.614 0.654 0.697 0.769 0.807 0.874 0.893 0.955
s 0.084 0.072 0.095 0.082 0.087 0.082 0.093 0.100 0.09

2
m 0.669 0.706 0.756 0.765 0.798 0.830 0.898 0.910 1.016
s 0.130 0.144 0.153 0.143 0.155 0.142 0.117 0.116 0.156

3
m 0.754 0.755 0.744 0.763 0.858 0.900 0.935 0.975 0.976
s 0.151 0.160 0.170 0.192 0.188 0.153 0.153 0.154 0.134
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Table 11
𝐽 = 15; 𝑁 = 7 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.526 0.634 0.674 0.725 0.766 0.807 0.812 0.951 0.952
s 0.150 0.164 0.171 0.171 0.187 0.142 0.159 0.181 0.170

2
m 0.655 0.655 0.714 0.756 0.807 0.754 0.814 0.821 0.940
s 0.213 0.215 0.238 0.213 0.252 0.209 0.282 0.237 0.244

3
m 0.658 0.688 0.712 0.696 0.795 0.794 0.890 0.894 0.910
s 0.271 0.287 0.264 0.261 0.280 0.260 0.222 0.294 0.220

Table 12
𝐽 = 15; 𝑁 = 7 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.548 0.618 0.616 0.720 0.773 0.822 0.854 0.935 0.952
s 0.094 0.106 0.110 0.143 0.101 0.109 0.144 0.128 0.118

2
m 0.652 0.706 0.717 0.748 0.756 0.794 0.849 0.866 0.988
s 0.169 0.162 0.157 0.208 0.206 0.170 0.214 0.166 0.188

3
m 0.709 0.694 0.669 0.739 0.706 0.844 0.916 0.941 0.934
s 0.207 0.199 0.206 0.230 0.238 0.182 0.203 0.186 0.186

Table 13
𝐽 = 15; 𝑁 = 7 and 𝑑 = 32.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.562 0.616 0.652 0.702 0.777 0.809 0.883 0.901 0.955
s 0.092 0.0878 0.108 0.095 0.919 0.095 0.110 0.107 0.097

2
m 0.677 0.715 0.765 0.770 0.798 0.836 0.899 0.908 1.030
s 0.142 0.164 0.167 0.165 0.166 0.154 0.137 0.133 0.175

3
m 0.781 0.761 0.760 0.773 0.870 0.908 0.944 0.984 0.980
s 0.167 0.177 0.188 0.211 0.205 0.169 0.168 0.170 0.142

Table 14
𝐽 = 15; 𝑁 = 7 and 𝑑 = 64.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.626 0.630 0.707 0.741 0.794 0.838 0.914 0.955 0.988
s 0.076 0.087 0.076 0.082 0.089 0.090 0.096 0.090 0?099

2
m 0.753 0.792 0.858 0.855 0.892 0.959 0.980 1.032 1.085
s 0.119 0.147 0.159 0.133 0.142 0.152 0.139 0.160 0.162

3
m 0.895 0.899 0.916 0.931 0.951 0.993 1.057 1.098 1.096
s 0.168 0.175 0.177 0.180 0.198 0.147 0.163 0.179 0.132

Table 15
𝐽 = 15; 𝑁 = 8 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.554 0.625 0.637 0.696 0.778 0.822 0.866 0.924 0.936
s 0.105 0.108 0.098 0.136 0.122 0.112 0.117 0.116 0.111

2
m 0.665 0.688 0.669 0.731 0.772 0.829 0.823 0.880 0.983
s 0.173 0.170 0.158 0.191 0.170 0.169 0.170 0.159 0.167

3
m 0.694 0.716 0.673 0.789 0.769 0.857 0.919 0.955 0.903
s 0.217 0.198 0.259 0.255 0.248 0.216 0.197 0.187 0.188
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Table 16
𝐽 = 15; 𝑁 = 8 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.576 0.631 0.644 0.695 0.778 0.808 0.886 0.919 0.957
s 0.090 0.080 0.066 0.076 0.088 0.070 0.088 0.082 0.081

2
m 0.696 0.708 0.736 0.784 0.800 0.857 0.920 0.908 1.014
s 0.132 0.154 0.129 0.150 0.138 0.153 0.131 0.126 0.148

3
m 0.764 0.764 0.757 0.821 0.856 0.899 0.960 0.976 0.957
s 0.189 0.158 0.201 0.202 0.188 0.196 0.174 0.133 0.156

Table 17
𝐽 = 15; 𝑁 = 8 and 𝑑 = 32.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.628 0.652 0.694 0.751 0.792 0.838 0.907 0.948 0.9915
s 0.063 0.065 0.055 0.068 0.068 0.058 0.078 0.066 0.077

2
m 0.783 0.814 0.860 0.884 0.925 0.963 1.013 1.032 1.077
s 0.119 0.111 0.136 0.123 0.115 0.152 0.112 0.121 0.112

3
m 0.892 0.923 0.928 0.956 0.965 1.007 1.065 1.074 1.122
s 0.126 0.150 0.142 0.178 0.180 0.145 0.170 0.129 0.121

Table 18
𝐽 = 15; 𝑁 = 9 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.582 0.639 0.642 0.689 0.781 0.816 0.897 0.908 0.963
s 0.116 0.100 0.094 0.101 0.123 0.100 0.120 0.118 0.124

2
m 0.719 0.727 0.783 0.792 0.803 0.856 0.954 0.917 1.033
s 0.156 0.219 0.165 0.167 0.196 0.209 0.163 0.156 0.191

3
m 0.803 0.797 0.791 0.827 0.873 0.908 0.982 0.973 0.964
s 0.225 0.227 0.221 0.257 0.225 0.245 0.240 0.163 0.194

Table 19
𝐽 = 15; 𝑁 = 9 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.640 0.662 0.704 0.760 0.797 0.848 0.916 0.947 1.000
s 0.770 0.077 0.078 0.080 0.087 0.075 0.089 0.075 0.097

2
m 0.811 0.845 0.903 0.908 0.950 0.980 1.045 1.058 1.098
s 0.132 0.134 0.157 0.148 0.137 0.173 0.122 0.145 0.138

3
m 0.936 0.964 0.974 0.983 0.992 1.029 1.092 1.089 1.154
s 0.148 0.195 0.154 0.217 0.208 0.170 0.204 0.150 0.137

Table 20
𝐽 = 15; 𝑁 = 10 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.660 0.681 0.725 0.776 0.797 0.860 0.920 0.952 1.005
s 0.082 0.084 0.076 0.079 0.088 0.080 0.083 0.083 0.090

2
m 0.831 0.873 0.922 0.970 0.990 1.006 1.058 1.079 1.125
s 0.160 0.131 0.151 0.149 0.140 0.116 0.127 0.145 0.125

3
m 1.010 0.980 1.028 1.026 1.062 1.068 1.110 1.124 1.207
s 0.199 0.194 0.201 0.177 0.210 0.153 0.183 0.159 0.112
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Table 21
𝐽 = 17; 𝑁 = 6 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.560 0.597 0.639 0.691 0.749 0.757 0.828 0.887 0.909
s 0.119 0.102 0.123 0.112 0.123 0.118 0.118 0.117 0.134

2
m 0.605 0.628 0.670 0.752 0.733 0.762 0.859 0.880 0.955
s 0.151 0.163 0.193 0.200 0.156 0.193 0.214 0.185 0.151

3
m 0.663 0.649 0.629 0.713 0.736 0.859 0.850 0.902 0.912
s 0.177 0.242 0.219 0.205 0.206 0.191 0.202 0.183 0.153

Table 22
𝐽 = 17; 𝑁 = 6 and 𝑑 = 32.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.542 0.589 0.628 0.682 0.720 0.777 0.831 0.882 0.944
s 0.101 0.075 0.099 0.098 0.088 0.108 0.098 0.103 0.107

2
m 0.608 0.644 0.669 0.722 0.758 0.802 0.822 0.894 0.932
s 0.135 0.133 0.146 0.161 0.145 0.180 0.182 0.153 0.152

3
m 0.655 0.668 0.694 0.766 0.746 0.847 0.891 0.873 0.936
s 0.169 0.185 0.171 0.170 0.170 0.212 0.166 0.200 0.123

Table 23
𝐽 = 17; 𝑁 = 7 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.572 0.581 0.630 0.693 0.773 0.742 0.810 0.866 0.896
s 0.162 0.150 0.155 0.159 0.161 0.167 0.168 0.149 0.172

2
m 0.579 0.630 0.712 0.742 0.761 0.775 0.887 0.864 0.943
s 0.216 0.201 0.248 0.253 0.215 0.244 0.254 0.258 0.205

3
m 0.645 0.645 0.628 0.734 0?714 0.833 0.825 0.882 0.923
s 0.242 0.295 0.259 0.274 0.236 0.243 0.266 0.256 0.230

Table 24
𝐽 = 17; 𝑁 = 7 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.547 0.582 0.624 0.685 0.731 0.774 0.821 0.871 0.944
s 0.125 0.096 0.123 0.132 0.110 0.133 0.125 0.125 0.131

2
m 0.594 0.653 0.689 0.708 0.775 0.817 0.832 0.890 0.926
s 0.171 0.150 0.173 0.177 0.176 0.206 0.218 0.170 0.187

3
m 0.643 0.671 0.702 0.785 0.739 0.830 0.885 0.858 0.945
s 0.199 0.213 0.215 0.212 0.196 0.244 0.198 0.246 0.145

Table 25
𝐽 = 17; 𝑁 = 7 and 𝑑 = 32.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.571 0.581 0.663 0.690 0.746 0.793 0.860 0.908 0.979
s 0.110 0.109 0.095 0.108 0.117 0.106 0.087 0.103 0.107

2
m 0.616 0.676 0.691 0.742 0.751 0.813 0.834 0.906 0.937
s 0.153 0.159 0.145 0.147 0.142 0.171 0.135 0.142 0.150

3
m 0.632 0.710 0.734 0.752 0.770 0.800 0.857 0.889 0.929
s 0.193 0.208 0.186 0.182 0.177 0.138 0.143 0.199 0.123
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Table 26
𝐽 = 17; 𝑁 = 8 and 𝑑 = 8.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.550 0.602 0.629 0.704 0.739 0.776 0.835 0.891 0.958
s 0.126 0.117 0.097 0.124 0.099 0.123 0.117 0.096 0.113

2
m 0.573 0.629 0.671 0.675 0.764 0.835 0.786 0.899 0.922
s 0.158 0.146 0.176 0.180 0.176 0.199 0.165 0.169 0.161

3
m 0.618 0.710 0.699 0.769 0.734 0.839 0.874 0.883 0.934
s 0.197 0.255 0.214 0.213 0.179 0.235 0.223 0.224 0.178

Table 27
𝐽 = 17; 𝑁 = 8 and 𝑑 = 16.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.545 0.602 0.663 0.690 0.752 0.807 0.852 0.916 0.971
s 0.083 0.099 0.080 0.088 0.101 0.141 0.080 0.074 0.085

2
m 0.613 0.668 0.667 0.750 0.775 0.855 0.832 0.931 0.936
s 0.145 0.138 0.104 0.138 0.124 0.167 0.122 0.099 0.127

3
m 0.646 0.701 0.711 0.754 0.755 0.821 0.834 0.914 0.951
s 0.169 0.178 0.184 0.165 0.161 0.156 0.179 0.173 0.124

Table 28
Quadratic estimation 𝐽 = 17 and 𝑁 = 10.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

1
m 0.551 0.600 0.650 0.700 0.749 0.803 0.851 0.905 0.962
s 0.022 0.019 0.018 0.016 0.018 0.018 0.018 0.021 0.044

2
m 0.604 0.626 0.668 0.713 0.770 0.821 0.873 0.929 1.011
s 0.030 0.032 0.038 0.038 0.042 0.039 0.045 0.056 0.541

3
m 0.500 0.515 0.557 0.603 0.668 0.714 0.768 0.843 0.899
s 0.500 0.042 0.053 0.060 0.504 0.067 0.060 0.043 0.051

Appendix A: Appendix

The basic tools from the analysis on Wiener space are presented in this section. We will focus
on some elementary facts about multiple stochastic integrals. We refer to [51] or [49] for a
complete review on the topic.

Consider H a real separable infinite-dimensional Hilbert space with its associated inner
product 〈·, ·〉H , and (𝐵(𝜑), 𝜑 ∈ H) an isonormal Gaussian process on a probability space
(Ω, F , P), which is a centered Gaussian family of random variables such that E (𝐵(𝜑)𝐵(𝜓)) =
〈𝜑, 𝜓〉H for every 𝜑, 𝜓 ∈ H . Denote by 𝐼𝑞 (𝑞 ≥ 1) the 𝑞th multiple stochastic integral with
respect to 𝐵, which is an isometry between the Hilbert space H�𝑞 (symmetric tensor product)
equipped with the scaled norm

√
𝑞! ‖ · ‖H⊗𝑞 and the Wiener chaos of order 𝑞, which is defined

as the closed linear span of the random variables 𝐻𝑞 (𝐵(𝜑)) where 𝜑 ∈ H , ‖𝜑‖H = 1 and
𝐻𝑞 is the Hermite polynomial of degree 𝑞 ≥ 1 defined by:

𝐻𝑞 (𝑥) =
(−1)𝑞
𝑞!

exp
(
𝑥2

2

)
d𝑞

d𝑥𝑞

(
exp

(
−𝑥2

2

))
, 𝑥 ∈ R. (75)
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For 𝑞 = 0,

H0 = R and 𝐼0(𝑥) = 𝑥 for every 𝑥 ∈ R. (76)

The isometry property of multiple integrals can be written as follows: for 𝑝, 𝑞 ≥ 0, 𝑓 ∈ H⊗𝑝

and 𝑔 ∈ H⊗𝑞

E
[
𝐼𝑝 ( 𝑓 )𝐼𝑞 (𝑔)

]
=

{
𝑞!〈 𝑓 , 𝑔̃〉H⊗𝑞 if 𝑝 = 𝑞,

0 otherwise,
(77)

where 𝑓 stands for the symmetrization of 𝑓 . When H = 𝐿2(𝑇), with 𝑇 being an interval of
R, we have the following product formula: for 𝑝, 𝑞 ≥ 0, 𝑓 ∈ H�𝑝 and 𝑔 ∈ H�𝑞,

𝐼𝑝 ( 𝑓 )𝐼𝑞 (𝑔) =
𝑝∧𝑞∑
𝑟=0

𝑟!
(
𝑞

𝑟

) (
𝑝

𝑟

)
𝐼𝑝+𝑞−2𝑟 ( 𝑓 ⊗𝑟 𝑔) , (78)

where, for 𝑟 = 0, ..., 𝑝 ∧ 𝑞, the contraction 𝑓 ⊗𝑟 𝑔 is the function in 𝐿2(𝑇 𝑝+𝑞−2𝑟 ) given by

( 𝑓 ⊗𝑟 𝑔) (𝑡1, ..., 𝑡𝑝+𝑞−2𝑟 )

=
∫
𝑇𝑟

𝑓 (𝑢1, ..., 𝑢𝑟 , 𝑡1, ..., 𝑡𝑝−𝑟 )𝑔(𝑢1, ..., 𝑢𝑟 , 𝑡𝑝−𝑟+1, ..., 𝑡𝑝+𝑞−2𝑟 )𝑑𝑢1...𝑑𝑢𝑟 . (79)

An useful property of finite sums of multiple stochastic integrals is the hypercontractivity.
Namely, for every fixed real number 𝑝 ≥ 2, there exists a universal deterministic finite con-
stant 𝐶𝑝, such that, for any random variable 𝐹 of the form 𝐹 =

∑𝑛
𝑘=0 𝐼𝑘 ( 𝑓𝑘) with 𝑓𝑘 ∈ H⊗𝑘 ,

the following inequality holds:

E
[
|𝐹 |𝑝

]
≤ 𝐶𝑝

(
E

[
𝐹2] ) 𝑝

2
. (80)

We denote by 𝐷 the Malliavin derivative operator that acts on cylindrical random variables
of the form 𝐹 = 𝑔(𝐵(𝜑1), . . . , 𝐵(𝜑𝑛)), where 𝑛 ≥ 1, 𝑔 : R𝑛 → R is a smooth function with
compact support and 𝜑𝑖 ∈ H , in the following way:

𝐷𝐹 =
𝑛∑
𝑖=1

𝜕𝑔

𝜕𝑥𝑖
(𝐵(𝜑1), . . . , 𝐵(𝜑𝑛))𝜑𝑖 .

The operator 𝐷 is closable and it can be extended to D
1,2 which denotes the closure of the set

of cylindrical random variables with respect to the norm ‖ · ‖1,2 defined as

‖𝐹‖2
1,2 := E

[
|𝐹 |2

]
+ E

[
‖𝐷𝐹‖2

H
]
.

If 𝐹 = 𝐼𝑝 ( 𝑓 ), where 𝑓 ∈ H�𝑝 with H = 𝐿2(𝑇) and 𝑝 ≥ 1, then

𝐷∗𝐹 = 𝑝𝐼𝑝−1 ( 𝑓 (·, ∗)) ,

where ” · ” stands for 𝑝 − 1 variables.
The pseudo inverse (−𝐿)−1 of the Ornstein-Uhlenbeck operator 𝐿 is defined, for 𝐹 =

𝐼𝑝 ( 𝑓 ) with 𝑓 ∈ H�𝑝 and 𝑝 ≥ 1, by

(−𝐿)−1𝐹 =
1
𝑝
𝐼𝑝 ( 𝑓 ).
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At last notice that in our work, we have H = 𝐿2(R) while the role of the isonormal process
(𝐵(𝜑), 𝜑 ∈ H) is played by the usual Wiener integral on 𝐿2(R) associated with the Brownian
motion (𝐵(𝑦), 𝑦 ∈ R). In this case, we can provide an explicit formula for the multiple integral
𝐼𝑞, (𝑞 ≥ 1). Indeed, if 𝑓 is a symmetric function of the form

𝑓 =
𝑛∑

𝑗1,..., 𝑗𝑞=1

𝑎 𝑗1,..., 𝑗𝑞1[𝑠 𝑗1 ,𝑡 𝑗1 ) ⊗ · · · ⊗ 1[𝑠 𝑗𝑞 ,𝑡 𝑗𝑞 ) , (81)

where, ⊗ stands for the tensor product, 𝑎 𝑗1,..., 𝑗𝑑 are such that, for all permutation 𝜎,
𝑎𝜎 ( 𝑗1 ) ,...,𝜎( 𝑗𝑞 ) = 𝑎 𝑗1,..., 𝑗𝑞 and 𝑎 𝑗1,..., 𝑗𝑞 = 0 as soon as two indices 𝑗1, . . . , 𝑗𝑞 are equal and,
for all 1 ≤ ℓ ≠ ℓ′ ≤ 𝑞, [𝑠 𝑗ℓ , 𝑡 𝑗ℓ ) ∩ [𝑠 𝑗ℓ′ , 𝑡 𝑗ℓ′ ) = ∅, then

𝐼𝑞 ( 𝑓 ) :=
𝑛∑

𝑗1 ,..., 𝑗𝑞=1

𝑎 𝑗1,..., 𝑗𝑞 (𝐵(𝑡 𝑗1) − 𝐵(𝑠 𝑗1)) × . . . (𝐵(𝑡 𝑗𝑞 ) − 𝐵(𝑠 𝑗𝑞 )). (82)

It is straightforward that this last random variable belongs to 𝐿2(Ω). For a general symmetric
𝑓 ∈ 𝐿2(R𝑞), 𝐼𝑞 ( 𝑓 ) is then defined using the density of functions of the form (81) within the
set of symmetric square integrable function and by checking that the corresponding random
variables (82) converge in 𝐿2(Ω).

Our main tool to prove the asymptotic normality for random vectors is the following theo-
rem (Theorem 6.1.1 in [49]).

Theorem A.1. Let 𝑚 ≥ 1 be an integer number and consider a 𝑚-dimensional random vector
𝐹 = (𝐹1, ..., 𝐹𝑚). Assume 𝐹𝑖 ∈ D

1,4 for every 𝑖 = 1, ...𝑚. Let 𝐶 ∈ 𝑀𝑚(R) be a symmetric and
positive definite matrix and let 𝑍 ∼ 𝑁 (0, 𝐶). Then

𝑑𝑊 (𝐹, 𝑍) ≤ 𝐶

√√√ 𝑚∑
𝑖, 𝑗=1

E
[
(𝐶𝑖, 𝑗 − 〈𝐷𝐹𝑖 , 𝐷 (−𝐿)−1𝐹𝑗〉)2

]
. (83)

Let us finally mention the fact that, if 𝐹𝑖 ∈ D
1,2 for every 𝑖 = 1, ...𝑚, as a consequence of

[49, Theorem 2.9.1],

E[〈𝐷𝐹𝑖 , 𝐷 (−𝐿)−1𝐹𝑗〉] = E[𝐹𝑖𝐹𝑗] . (84)
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