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Abstract

Multi-scale simulations can be accelerated by substituting the meso-scale problem resolution by a sur-
rogate trained from off-line simulations. In the context of history-dependent materials, Recurrent Neural
Networks (RNN) have widely been considered to act as such a surrogate, since their hidden variables allow
for a memory effect.

However, defining a data-set for the training which virtually covers all the possible strain-stress state
evolution encountered during the online phase remains a daunting task. This is particularly true in the
case in which the strain increment size is expected to vary by several orders of magnitude. Self-Consistent
recurrent networks were thus introduced in [C. Bonatti, D. Mohr, On the importance of self-consistency in
recurrent neural network models representing elasto-plastic solids, Journal of the Mechanics and Physics of
Solids 158 (2022) 104697] to reinforce the self-consistency of the neural network with respect to the input
increment size when acting as surrogate of an elasto-plastic material model.

When designing RNN to act as surrogate of meso-scale Boundary Value Problem (BVP) defined by
Representative Volume Element (RVE) of complex micro-structures, the number of learnable parameters
required for existing Recurrent Neural Network (RNN) to be accurate could remain high, impeding the
training performance. In this work, we revisit and design alternative self-consistent recurrent units in order
to limit the number of hidden variables required for the neural network to act as a composite material
surrogate in multi-scale simulations. Although the RNNs based on the newly suggested self-consistency
reinforced recurrent units have a reduced number of learnable parameters yielding good training performance,
they remain accurate in the context of multi-scale simulations considering various strain increment sizes.
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1. Introduction

In the recent years, the application of artificial neural networks (ANNs) has been booming in many fields,
because of their ability to reproduce non-linear processes. ANNs have increasingly attracted attention in
the field of computational mechanics, and extensive research work has been carried out, especially in fields
in which material behaviors are complex and/or intensive computation is required. ANNs can be used
directly as a surrogate model to substitute, or partly substitute, the physical models in order to reduce the
computational cost of numerical analyses.
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In the field of computational mechanics, ANNs have been used as an alternative to the development
of constitutive non-linear models in the context of visco-plasticity [1, 2], for cyclic plasticity [3], or again
for constitutive law of interface [4, 5], in which experiments or lower scale simulations are used to build
or discover these laws. These ANNs can be integrated in a finite element simulation [2, 6–8] avoiding the
resolution of material constitutive laws. AANs have also been used for parameters identification of an
elasto-plastic material model [9, 10]. In particular, Bayesian inference of multi-scale model parameters of
short fiber reinforced composites was conducted in [10], in which ANNs were adopted to substitute complex
material homogenization constitutive laws during the random walk.

For history-dependent behaviors of material models, based on specially designed recurrent units, the so
called Recurrent neural networks (RNNs) have been adopted. A RNN has a “memory” under the form of
hidden variables h which play a comparable role to the internal or state variables, Z, in the analysis of
history-dependent physical processes [11]. The RNNs using Long-Short term Memory (LSTM) unit, see e.g.
[12–15], and Gated Recurrent Unit (GRU), see e.g. [16–21], possibly in combination with order reduction
[11, 22, 23], have widely been adopted as a surrogate of history-dependent responses of material models
or micro-structure evolution prediction [24]. Recently, the comparison of different gated recurrent neural
networks, a multilayered temporal convolutional network and an encoder–decoder architecture consisting of
GRU layers with a modified attention mechanism, has been conducted on predicting the dynamic macro-
scale deformation of shock loaded plates from the pressure temporal sequence [25]. We also refer to the
reviews [26–28]. Physics-Informed Neural Networks (PINN) have been introduced in [29] and were used to
substitute the Partial Differential Equation (PDE) for the resolution of nonlocal variables [30], or the radial
return mapping of visco-plastic models [31]. However, currently, this PINN is only applicable for the PDE
with constant coefficients.

In spite of the application of ANNs in computational mechanics being very successful, its shortcomings
have also emerged. One of the most important one is that the accuracy of ANNs used as surrogate depends
largely on the used training data, since data-based models have a weak ability of extrapolation. This
requires the use of a large data-set, which is not always available or is expensive to be generated, although
multi-fidelity strategies can be adopted [32] when it comes to using numerical results as a synthetic data-
set. The concept of ANNs thus inspires the research on developing physical models with reduced order
of computation. In [33–36], the process of back-propagation, which is used in ANNs training, has been
used to extract the topology of microscopic Representative Volume Elements (RVEs), in order to achieve
a micro-mechanics model of reduced computational cost. The derivatives of the free energy and their
relationships with dissipation rate, stress and internal variables were represented by feed-forward NNWs in
[37] in order to obtain a thermo-dynamically consistent surrogate of an elasto-plastic law. The application
of this method to act as a surrogate of homogenized response of RVEs requires dimensionality reduction
of the micro-scale problem internal variables [38]. In [39], the feed-forward neural network (FFW) is used
to determine the strain apportion in a microscopic Representation Volume Element (RVE), and material
models are introduced at some nodes of the FFW for macroscopic stress evaluation.

Nevertheless, supervised learning in terms of strain-stress relationship remains attractive as an efficient
computational methods, e.g. to substitute costly RVE homogenization in multi-scale simulations [11, 13].
To substitute the history-dependent behavior of material models, the RNNs are equipped with hidden
variables, h, to keep the historical information, and need to be trained with sequential data. As having
been pointed out in [40], the RNN, which was trained using sequences with moderate strain increments,
may yield totally wrong predictions when it received sequences with tiny strain increments as input. The
problem is exacerbated since the strain increment sizes of the training data are usually moderate or large,
in order to reach wider strain ranges while avoiding extreme long sequential data: long sequential data will
not only increase the computation cost of data preparation, but also make the training of NNWs heavier.
However, if the tiny strain increments, such as the norm of strain increment being lower than 10−5 or 10−6,
is not included in the training data, RNNs’ accuracy will decrease in this range of input size. Normally
in implicit finite element analyses, extremely small strain increments would not be applied, but a reduced
strain increment size may be required when the material response if highly non-linear like in the cases of
damage and failure. Besides, the accuracy of RNNs for tiny strain increment sizes becomes a must in explicit
finite element analyses as illustrated in [40, 41]. In practice, although this issue can be relieved by adding
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such small strain increment sizes in the training data through a random data augmentation as detailed in
this work, the best solution is to account for the information of increment size as a part of the input, as
suggested by [40].

In [40], a Linearized Minimal State Cell (LMSC) was designed to reinforce the self-consistency of RNNs’
predictions with the strain increment size. This RNN takes sequential strain increments as input, and uses
the norm of the increment as an extra information. This concept was validated when substituting the
constitutive model of an isotropic elasto-plastic material, with von Mises plasticity and isotropic hardening.
Such a constitutive model uses totally 6 internal or state variables, but the RNN requires more hidden
variables to remain accurate. The question of the number of required internal variables when the RNN
substitutes homogenized response of heterogeneous micro-structures, or RVE, while ensuring high training
performance of self-consistent RNN, will be investigated in this paper, and alternative recurrent units will
be designed.
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Figure 1: Computational homogenization-based multi-scale models with the coupled resolution of the meso-scale BVPs.

We refer to the computational homogenization based multi-scale analysis which is usually called FE2

analysis [42, 43]. In such an approach, the macro-scale structure defines a Boundary Value Problem (BVP)
which is solved by considering homogenized material properties extracted, at each (macro) material point of
interest, from the coupled resolution of meso-scale BVPs defined by a RVE, see Fig. 1. Since the resolution
of meso-scale RVEs in a coupled way at every macro-scale material integration points leads to a tremendous
requirement of numerical resources in terms of time and memory, substituting this meso-scale resolution
by efficient surrogate models becomes very meaningful in practice. In a direct finite element simulation
of the meso-scale BVP, usually depending on the adopted RVE, hundreds to thousands of physical state
or internal variables Z are involved. This means that numerous hidden variables, h, need to be used in
its RNN surrogate to account for the homogenized history-dependent behavior [11]. When the number of
hidden variables increases, the total number of learnable parameters in a RNN grows quadratically, and the
training process of this RNN can become very slow. Thus, using RNNs that can be trained efficiently or
have a good training performance is important for the applications in which a high dimension of hidden
variables is required.

It has been shown that GRU is a favorable choice to design RNNs being able to track the long input
history when predicting the output [18]. Actually, the GRU can be replaced by its reduced version, the
Simplified Minimal Gated Recurrent Unit (SMGRU) [44], which has much less learnable variables compared
to the original GRU with the same amount of hidden variables. All these recurrent units, including LSTM,
are originally designed for Nature Language Processing (NLP) and they can be further simplified when used
in the design of RNNs as surrogate models for history-dependent physical processes.

In this work, considering the self-consistency of RNNs’ predictions according to the variation of the input
increment size, random data augmentation process is introduced and applied on training data to improve
the prediction self-consistency of the RNNs from the aspect of training. Besides, based on the SMGRU
proposed in [44], and the linearization assumption in [40], three recurrent units are designed. The Simplified
Minimal Recurrent Unit (SMRU) has the simplest architecture among the presented units and can be used
to replace GRU in the design of RNNs. Although the RNN based on SMRU is not self-consistent with the
variation of the input increment size, it is still considered in view of providing results for a comparative
study. The other two units are Self-Consistency reinforced Minimal Recurrent Units, SC-MRU-T for the
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one using Total strain as input, and SC-MRU-I for the one using strain Increment as input. The RNNs,
based on either of these three units, are compared from the aspects of learnable variables numbers and
training efficiency, and are also compared to the Self-Consistency reinforced LMSC suggested in [40]. For
the RNNs using the two newly designed recurrent units, i.e. SC-MRU-T and SC-MRU-I, their prediction
accuracy and self-consistency are demonstrated by comparing the RNNs predictions to the direct finite
element simulations conducted at the RVE level, where various input increment sizes are tested on RNNs.
Finally the three designed RNNs, respectively using the SMRU, SC-MRU-T and SC-MRU-I as recurrent
unit, are used as surrogate of the meso-scale BVP during FE2 multi-scale simulations of an open hole sample
subjected to multiple loading cycles, in which the self-consistency of the RNNs using the SC-MRU-T and
SC-MRU-I as recurrent unit is exemplified.

Organization of the paper is as follows. Section 2 recalls the main concept of homogenization, with
an emphasis put on the notion of internal or state variables in multi-scale analyses. Recurrent units with
reinforced self-consistency for RNNs acting as surrogates of homogenized response of heterogeneous micro-
structures are presented and designed in Section 3, and their performance in terms of training and accuracy
are assessed in Section 4 on a composite RVE. Their applicability and accuracy in the context of multi-scale
simulations are then demonstrated in Section 5. In particular, for the multi-scale simulation, the size of the
strain increment is modified by 3 orders of magnitude in order to illustrate the self-consistent nature of the
developed SC-MRU-T and SC-MRU-I as recurrent units.

2. Computational homogenization-based multi-scale simulation

In this section, we briefly summarize the main lines of the multi-scale simulations based on the concept of
computational homogenization. In that context, the homogenized response of the meso-scale problem serves
as a history-dependent constitutive model of the heterogeneous materials for the macro-scale analysis. In
all generalities, we consider a finite-strain setting.

2.1. Homogenization theory
We recall the Boundary Value Problems (BVPs) that are defined at the two scales as well as the basic

relations of the scale transition theory.

2.1.1. The macro-scale BVP

At the macro-scale, the linear momentum balance equation of a body ΩM reads, assuming no dynamical
effects,

PM(XM) ·∇M0 + bM = 0 ∀XM ∈ ΩM , (1)

where the subscript “M” refers to the macroscopic values, PM is the first Piola-Kirchhoff stress tensor, ∇M0

is the gradient operator with respect to the macro-scale reference configuration, and bM is the load per unit
reference volume. The boundary conditions read

uM(XM) = ūM ∀XM ∈ ∂DΩM , and (2)

PM(XM) ·NM = T̄M ∀XM ∈ ∂NΩM , (3)

where T̄M is the surface traction, per unit reference surface, on the Neumann boundary ∂NΩM of outward
unit normal NM expressed in the reference configuration, and ūM is the constrained displacement uM on
the Dirichlet boundary ∂DΩM.

To complete the macro-scale BVP, a history-dependent constitutive model of the heterogeneous material
is defined from the homogenized response of the micro-scale behavior. This homogenized response is defined
as the relationship between the macro-scale deformation gradient FM = I+uM⊗∇0, with I the second-order
identity tensor, and the macro-scale stress tensor PM, which is expressed in the general form

PM (XM, t) = PM (FM (XM, t) ;ZM (XM, τ) , τ ∈ [0, t]) , (4)

where the set of internal or state variables ZM is used to follow history-dependent processes. In the context
of homogenization-based multi-scale simulation, Eq. (4) is the mathematical representation of the meso-scale
BVP via the scale transition.
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2.1.2. The meso-scale BVP

The meso-scale BVP is usually defined on parallelepipedic or rectangular Representative Volume El-
ements (RVEs) Ωm, with planar boundary faces ∂Ωm. It is assumed that the time for a stress wave to
propagate in the RVE remains negligible and that the classical continuum mechanics equations hold. In the
absence of dynamical effects, the equilibrium equations at a material point Xm ∈ Ωm read

Pm ·∇m0 = 0 ∀Xm ∈ Ωm , (5)

Pm ·Nm = Tm ∀Xm ∈ ∂Ωm , (6)

where the subscript “m” refers to the microscopic local value, Pm is the first Piola-Kirchhoff stress tensor,
∇m0 is the gradient operator with respect to the micro-scale reference configuration, and Tm is the surface
traction, per unit reference surface, on the boundary ∂Ωm of outward unit normal Nm expressed in the
reference configuration.

To complete the micro-scale problem, the local constitutive laws of the different material phases are
defined and, at a given time t and material point Xm, they write

Pm (Xm, t) = Pm (Fm (Xm, t) ;Zm (Xm, τ) , τ ∈ [0, t]) , (7)

where the micro-scale deformation gradient tensor Fm(Xm) = I + um ⊗∇m0 is evaluated in terms of the
micro-scale displacement um, and where Zm is a set of internal variables defined to account for history-
dependent processes.

2.1.3. The scale transition

In homogenization theories, the scale transition is defined through the volume averaging processes of the
respective microscopic deformation gradient tensor Fm(Xm) and stress tensor Pm(Xm) over the meso-scale
volume element Ωm, which read

FM (XM, t) =
1

V (Ωm)

∫
Ωm

Fm(Xm, t)dXm , and (8)

PM (XM, t) =
1

V (Ωm)

∫
Ωm

Pm(Xm, t)dXm , (9)

where V (Ωm) is the volume of the RVE Ωm. These averaging quantities are completed by the constraint of
energy consistency between the different scales, which corresponds to the Hill-Mandel condition:

PM : δFM =
1

V (Ωm)

∫
Ωm

Pm : δFmdXm . (10)

2.2. Computational homogenization

In the context of FE2 simulations, the virtual material law (4) is implicitly defined through the scale
transition formalism presented in Section 2.1.3. In practice, the micro-scale displacement field um(Xm) is
written under the form

um(Xm) = (FM − I) · (Xm −Xm0) + u′(Xm) , (11)

where Xm0
is a reference point of Ωm, and u′(Xm) is the perturbation field. From the relations (11), the

Hill-Mandel condition (10) is rewritten

PM : δFM = PM : δFM +
1

V (Ωm)

∫
Ωm

Pm : (δu′ ⊗∇m0) dXm . (12)

According to the Hill-Mandel condition (12) and the strain averaging relation (8), the perturbation field
must thus satisfy the conditions,

1

V (Ωm)

∫
Ωm

Pm : (δu′ ⊗∇m0) dXm = 0 , (13)
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and

1

V (Ωm)

∫
Ωm

u′(Xm)⊗∇m0dXm =
1

V (Ωm)

∫
∂Ωm

u′ ⊗NmdXm = 0 . (14)

On the one hand, since the Hill-Mandel condition (13) corresponds to the weak form of the strong form
(5-6) of the meso-scale BVP [45, 46], the virtual macroscopic material law (4) corresponds to the meso-scale
BVP (13) resolution in the context of a concurrent multi-scale finite-element resolution. On the other hand,
the condition (14) is satisfied by constraining specific boundary conditions on the RVE, such as such as
Kinematic Uniform Boundary Conditions (KUBCs), Periodic Boundary Conditions (PBCs), Static Uniform
Boundary Conditions (SUBCs), etc. We refer to [47] for a detailed implementation procedure.

The computational homogenization method is thus seen as a complex history-dependent constitutive
representation of a heterogeneous material defined by the meso-scale responses PM and material operator
CM = ∂PM

∂FM
of a given RVE subjected to a given deformation gradient FM. In a FE2 analysis, the meso-scale

response is obtained through the finite element discretization of the weak form (13). In that context, the
internal or state variables defining Eq. (4), are the set of internal or state variables of the RVE, i.e.

ZM(XM, t) = {Zm(Xm, t) : x ∈ Ωm(XM)} , (15)

where the operator {•} is used to represent a set. Since the resolution of Eq. (13) is an iterative process
that needs to be carried out at each Gauss point of the macro-scale finite element discretization, and since
this iterative process has to be repeated for each macro-scale iteration, this implies a high computational
cost.

3. Recurrent Neural Networks (RNNs) with self-consistent minimal recurrent unit

RNNs can be used as surrogates of computationally expensive history-dependent constitutive material
models in general, and of the homogenized response (9) of the meso-scale BVP (13) in the particular context
of a multi-scale analysis. Although, as detailed in the introduction, LSTM unit and GRU are now commonly
used as a surrogate of history-dependent behavior of material models, they might suffer from inaccuracy
when the strain increment is reduced by several orders. This so-called lack of self-consistency of RNNs has
been studied in the work [40], in which the authors designed a Self-Consistency reinforced Linearized Minimal
State Cell (SC-LMSC) as a recurrent unit serving as surrogate of a J2-isotropic elasto-plastic material model.
In their work, the case studies show that a few transition layers (typically, ≥ 2) are required in order to
obtain an optimal training time and accuracy of the designed RNN. Since the number of state variables
or hidden variables in a RNN is associated with that of the physical internal variables [11], the number of
hidden variables in the RNN will be high when the original physical model is characterized by a large amount
of physical internal or state variables, which is the case in the context of computational homogenization,
since for the meso-scale BVP described in Section 2.1.2 the physical internal or state variables correspond
to the ones defined at the different integration points of the RVE following Eq. (15). The resulting high
dimension of the hidden variables, together with the use of several transition layers, will lead to an increased
number of learnable parameters in the RNN and therefore to a slow training process. Although the number
of learnable parameters involved here is nothing compared to that of the current popular AI networks, we
would like to have a RNN which can be trained efficiently with sequential data on a personal computer or
a server. We thus aim at finding an architecture of RNN which can reduce or use comparable amount of
learnable variables as that of SC-LMSC while reaching a better training performance.

In this section, we use respectively ut and vt (t = 0, 1, ...) to represent the sequential input and output
of the RNNs, and ut and vt respectively represent their normalized values, when normalization is applied.
Thus, the incremental form of the input reads ∆ut = ut − ut−1 with ∆u0 = u0, and ∆ut = ut − ut−1 with
∆u0 = u0 after normalization. For a recurrent unit, xt and yt are used to represent its input and output,
respectively.
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Figure 2: Two recurrent units: (a) Minimal Gated Recurrent Unit (MGRU); and (b) Self-Consistency reinforced Linearized
Minimal State Cell (SC-LMSC).

3.1. Recurrent Units

3.1.1. Minimal Gated Recurrent Unit (MGRU)

In our previous work [18], it was found that GRU has a better performance than long short-term memory
network (LSTM) when the RNN is designed to replace a history-dependent constitutive material model.
LSTM uses two groups of hidden variables to keep the historical information, while GRU has only one group
of hidden variables. It not only makes the structure of GRU conciser, but also closer to the way of passing
historical information in physical models than LSTM. However, both LSTM and GRU are originally designed
for the purpose of Natural Language Processing (NLP). Thus, some special information paths, which are
designed for NLP, may not be necessary for the history-dependent non-linear mapping. It has been shown
that, by removing some information paths, a simplified GRU, the Minimal Gated Recurrent Unit (MGRU)
[48], can be used in the design of RNNs. The MGRU has the architecture and simple information paths
detailed in Fig. 2(a), where the operation symbols are

• + : The element-wise sum operator on two vectors of same dimension, which can be expressed as
r = a+ b;

• × : The element-wise multiplication ⊙, or Hadamard product, on two vectors, a and b, of same
dimension, which reads ri = aibi, no sum on i intended;

• 1− : The element-wise operator on a vector a, which reads r = 1− a;

• σ : The element-wise non-linear activation sigmoid function, σ(a) = 1
1+exp(−a) , which returns values

in the range 0 to 1; and

• tanh : The element-wise non-linear activation hyperbolic tangent function.

In a RNN, a feed-forward neural network is usually applied to transit the original input, ut (or ut) to the
input of the MGRU, xt. The information flow in the MGRU follows Fig. 2(a) with

ft = σ(Whfht−1 +Wxfxt + bf ) ; (16)

ĥt = tanh(Whh(ft ⊙ ht−1) +Wxhxt + bh) ; and (17)

ht = (1− ft)⊙ ht−1 + ft ⊙ ĥt ; (18)

where ht−1, ht and ĥt are respectively the previous, current and update hidden variables, xt is the current
input, “⊙” is the element-wise multiplication operator, and where the learnable parameters W and b are
respectively the weights and biases of the linear operations. The output yt is equivalent to the current
hidden variables ht. Eventually, a feed-forward neural network is applied to transit yt to the output of the
RNN vt (or vt).
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3.1.2. Self-Consistency reinforced Linearized Minimal State Cell (SC-LMSC)

The structure of the SC-LMSC proposed in the work [40] is illustrated in Fig. 2(b). In order to include
the information of the increment size, the input variables are given in an incremental form, and are then
converted into their direction, xt = ∆ut/∥∆ut∥, and their Frobenius norm, ∥∆ut∥. The additional operation
symbols used in Fig. 2(b) are

• cat : The concatenate operation on two vectors; and

• exp : The element-wise exponential function.

The example of two non-linear transition layers, N = 2, is presented in Fig. 2(b), in which the information
flow in layer ”i” (i = 1, ...N) is expressed as

Oi = tanh(Wa
i Ii + ba

i )⊙ tanh(Wb
i It + bb

i ) , (19)

where Ii and Oi are respectively the input and output of that layer. Afterwards, the remaining information
flow reads,

ft = exp(WfON + bf ) ; (20)

f̂t = exp(−∥∆ut∥ft) ; (21)

ĥt = tanh(WhON + bh) ; and (22)

ht = f̂t ⊙ ht−1 + (1− f̂t)⊙ ĥt . (23)

The term exp(−∥∆ut∥ft) in Eq. (21) is obtained by solving an approximated linear differential equation
in a small input step [40]. The exponential function exp(•) is used as the non-linear activation function in

Eq. (20), to ensure that ft is positive. Therefore, the yield f̂t is in a range 0 to 1. The output yt, which is
equivalent to ht, is transited to vt (or vt) through a feed-forward neural network.

3.1.3. The characteristics of the Recurrent Units

Comparing the two kinds of recurrent units presented in Sections 3.1.1 and 3.1.2, it can be seen that
their information flow has two main branches: one branch determines the ratio vectors, respectively ft for
the MGRU and f̂t for SC-LMSC; and the other branch evaluates the update hidden variables ĥt.

For both recurrent units, their ratio vectors are the outputs of the activation functions designed in order
to ensure that their element values are in the range from 0 to 1. The current hidden variables, ht, are
computed through element-wise linear combination of previous and update hidden variables, respectively
ht−1 and ĥt, with their ratio vectors being respectively 1 − ft and ft for the MGRU, and f̂t and 1 − f̂t for
the SC-LMSC, see respectively Eqs. (18) and (23). For the MGRU, a sigmoid function, σ(•) is adopted in

Eq. (16) to compute ft, while for the SC-LMSC the function exp(− exp(•)) is used to compute f̂t –if we
ignore the norm term ∥∆ut∥– in Eq (21). Actually, the performance of the MGRU will not be affected by
replacing the σ(•) term by 1.0− exp(− exp(•)) in Eq. (16), since the response of these two functions is quite
similar.

Comparing Eq. (17) and Eq. (22), it appears that the two recurrent units used different expressions

for the update hidden variables, ĥt. Actually, omitting the element-wise multiplication with ft and using
only ht−1 in Eq. (17) would not affect the performance of the MGRU for our history-dependent non-linear
problem, see the training performance comparison provided in Appendix A.

Besides, in order to increase the flexibility of the RNNs so that it can be adapted to the complexity of
the physical problem being studied, i.e. the simulation of non-linear RVEs, we point out that

• The non-linear transition is usually applied as a preliminary information process;

• The original input variables should pass though a feed-forward neural network (Fw) before being sent
to the MGRU; and

• Non-linear transition layers are applied on both the input and hidden variables in the SC-LMSC, see
Fig. 2(b).
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3.2. Design of the Self Consistent Minimal Recurrent Units (SC-MRU)

In this section, a Simplified Minimal Recurrent Unit (SMRU), with the current total value, ut, and the
norm of input increment, ∥∆ut∥, as input, is firstly presented. The self-consistency of this SMRU will be
weakly reinforced by using ∥∆ut∥ and a dedicated training process. Based on this SMRU, a self-consistency
reinforced recurrent unit is presented. Since this unit takes the previous total value ut−1 and the incremental
value ∆ut as input, it is abbreviated as SC-MRU-T. Another self consistency reinforced recurrent unit, which
only uses the incremental value ∆ut as input, is also designed and abbreviated as SC-MRU-I.

In order to reinforce the consistency of the RNN predictions for various increment sizes of the input, in
the two self-consistent units, the double exponential function, see Eqs. (20) and (21) of the SC-LMSC [40], is
adopted with as additional input the norm of the input increment. The training and prediction performance
of the presented SMRU, SC-MRU-T and SC-MRU-I will be compared in Section 4 on RVE responses and
in Section 5 on multi-scale simulations.

3.2.1. SMRU
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Figure 3: Design of the (a) Simplified Minimal Recurrent Unit (SMRU); and (b) Simplified RNN using as recurrent unit the
SMRU and with the sum of the previous total value ut−1 and of the incremental value ∆ut as input (S-RNN-T).

In the work [44], three simplified versions of the MGRU were proposed by deleting either the term in
bf in Eq. (16), the terms in xt and bf in Eq. (16), or the terms in ht−1 and xt in Eq. (16), respectively.
The performance of the second simplified version was found to be superior not only to that of the other
two simplified versions, but also to that of the original MGRU. Besides, following the outcomes of the
comparison study provided in Appendix A, we proposed a Simplified Minimal Recurrent Unit (SMRU),
whose architecture is illustrated in Fig. 3(a) and whose corresponding information flow reads

ft = σ(Whfht−1) ; (24)

f̂t =
∥∆ut∥

∥∆ut∥+ ϵ
ft ; (25)

ĥt = tanh(Wxhxt +Whhht−1 + bh) ; and (26)

ht = (1.0− f̂t)⊙ ht−1 + f̂t ⊙ ĥt . (27)

In Eq. (25), ϵ is a small value, such as 1.0 e− 20, which is introduced in order to guarantee that the hidden
variables will not be updated when the input stays same as in the previous step.

The corresponding architecture of the RNN is presented in Fig. 3(b). A feed-forward neural network

of one layer, FwInput , is applied to lift the dimension of the input to that of the hidden variables, while

the desired output is extracted from the hidden variables through a one-layer feed-forward neural network

without activation function, FwOutput .
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Figure 4: Design of the (a) Self-Consistent Minimal Recurrent Unit with the previous total value ut−1 and the incremental
value ∆ut as input (SC-MRU-T); and (b) Self-Consistent RNN using as recurrent unit the SC-MRU-T and with the previous
total value ut−1 and the incremental value ∆ut as input (SC-RNN-T).

3.2.2. SC-MRU-T

A self-consistent unit is designed based on the presented SMRU, as illustrated in Fig. 4(a). Besides
replacing the sigmoid activation function by a double exponential function, a few modifications are applied
to achieve a good performance of the recurrent unit. This SC-MRU-T takes both previous total value ut−1

and incremental value ∆ut as input. Totward this end, the RNN using as recurrent unit this SC-MRU-T,

and as illustrated in Fig. 4(b), applies a feed-forward neural network of one layer, FwInput , to lift the

dimension of the inputs to that of the hidden variables, yielding the SC-MRU-T input xt, following

ût = ut−1 + αt∆ut , with αt =
ReLU(n0) + ϵ

∥∆ut∥+ ϵ
; (28)

xt = acf (Wuxût + bx) , (29)

where ReLU() refers to the “relu” activation function, “acf” is the other chosen activation function in

the feed-forward network FwInput , and n0 is a scalar learnable parameter. The information flow in the

SC-MRU-T reads

ft = exp(Whfkt + bf ) with kt = acf (Whkht−1 + bk) ; (30)

f̂t = exp

(
− ∥∆ut∥
αt(∥∆ut∥+ ϵ)

ft

)
; (31)

ĥt = tanh (Wxhxt +Whhht−1 + bh) ; and (32)

ht = f̂t ⊙ ht−1 +
(
1− f̂t

)
⊙ ĥt . (33)

Eventually, the desired output of the recurrent neural network, see Fig. 4(b), is extracted from the hidden

variables through a one-layer feed-forward neural network without activation function, FwOutput .

3.2.3. SC-MRU-I

In this second self-consistent case, the incremental form of the input is considered, as in the SC-LMSC
unit [40]: the incremental value ∆ut and its norm ∥∆ut∥ are thus used as input.

In the previous Section 3.1, it was shown that there are two basic elements in the recurrent MGRU
(respectively the recurrent SC-LMSC unit): the calculations of the ratio vector ft (respectively f̂t) and

the use of the update hidden variables, ĥt. Besides, in the RNNs, a preliminary non-linear transition is
applied on the original input and/or previous hidden variable, ht−1, before the information flows into the

two branches to calculate ft (respectively f̂t) and ĥt. This means that these two information flow branches
share the same input.
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After performing some comparative training experiments, it was noticed that training the RNNs is
slow when ∆ut is chosen as an input. However, the good performance of the simplified version of MGRU
[44] suggests that better RNN performance could be achieved by using different input information when

calculating the ratio vector ft (respectively f̂t) and update hidden variables, ĥt. In other words, using

separate non-linear transition layers for the preliminary information process of vector ft (respectively f̂t)

and ĥt is beneficial in practice.
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Figure 5: Design of the (a) Self-Consistency Reinforced Recurrent Unit with the incremental value ∆ut as input (SC-MRU-I);
and (b) Self-Consistent RNN using as recurrent unit the SC-MRU-I and with the incremental value ∆ut as input (SC-RNN-I).

Keeping in mind that we want to use as few learnable variables as possible, we suggest a Self-Consistent
Minimum Recurrent Unit using Incremental input (SC-MRU-I) based on different architectural designs and
training attempts. The general architecture of the SC-MRU-I is presented in Fig. 5(a). For this recurrent

unit, the inputs ht−1 and xt are used directly to calculate the update variable, ĥt. Then, a non-linear
transition block is applied on ht−1 and xt before calculating the ratio vector f̂t. As a result, the information
flow in the SC-MRU-I reads

xt,ht−1 → Non-linear transition → x̂t ; (34)

ft = exp(Wxf x̂t + bf ) ; (35)

f̂t = exp(−∥∆ut∥ft) ; (36)

ĥt = tanh(Whhht−1 +Wxhxt + bh) ; and (37)

ht = f̂t ⊙ ht−1 + (1− f̂t)⊙ ĥt . (38)

The input xt of this SC-MRU-I is obtained from the incremental value following xt = ∆ut/∥∆ut∥, as
illustrated in the RNN using as recurrent unit the designed SC-MRU-I, see Fig. 5(b). In this RNN, the
output is also extracted from the hidden variables through a one-layer feed-forward neural network without

activation function, FwOutput . In this architecture, the input does not need to be normalized, contrarily

to the ones presented in Sections 3.2.1 and 3.2.2, since they are divided by the vector norm before feeding
the SC-MRU-I.

3.2.4. Discussion on self-consistency

From Eqs. (31-32) and (36-37), it can be seen that the self-consistency of the RNNs with respect to
various input step sizes is reinforced by the following common characteristics of SC-MRU-T and SC-MRU-I.

• The update hidden variable, ĥt, is evaluated based on the previous hidden variables ht−1 and on the
direction of the current input whose step size information has been removed by normalization using
∥∆ut∥, see respectively Eqs. (28) and (37).

• The ratio vector f̂t is computed by an exponential function with the information of the current input
step size, ∥∆ut∥, see respectively Eqs. (31) and (36). For a small input step size, e.g. < 10−3, which is
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commonly used in nonlinear finite element analyses to ensure numerical convergence, the exponential
function is really close to a linear function. Thus, the current hidden variable ht is computed by
element-wise linear interpolation between the previous and update hidden variables according to the
input step size, see Eqs. (33) and (38).

This interpolation between the previous and update hidden variables according to the input step size is not
guaranteed in recurrent units which use only a sigmoid function to compute the ratio vector ft, such as in
the GRU.

3.2.5. The non-linear transition block of the SC-MRU-I
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Figure 6: Non-linear transition block: (a) Basic operation units; and (b) Possible structures of the non-linear transition block.

The non-linear transition block is constructed using artificial neural layers. An artificial neural layer
performs a linear operation on the input, and an activation function is then optionally applied on the result.
To integrate two linear operations into one, the concatenation of the previous hidden variables and of the
current input, [ht−1,xt], is used as the input of this block. For simplicity, we represent

• The linear operation by L , standing for y = Wx + b, where x, y, W and b are respectively the
input, output, weight and bias of the layer; and

• The adopted activation function by F .

In Fig. 6(a), two basic units are defined:

• Fw is a feed-forward artificial neural layer which includes the linear operation and a non-linear active
function; and

• Q represents the quadratic operation, which has two linear operations followed by an element-wise

multiplication and a hyperbolic tangent function being applied on the result.

Various non-linear transition blocks can then be constructed by connecting these basic units in different
serial orders. In Fig. 6(b), “nFw” represents n layers of feed-forward neural network, “nQ” stands for n
quadratic operations applied in a serial order, “Fw-Q-...” stands for a feed-forward neural layer followed
by a quadratic operation etc., and “Q-Fw-...” stands for a quadratic operation followed by a feed-forward
neural layer etc.

In a series of feed-forward neural networks, such as in “nFw” structure, the activation function F can
be either “ReLU”, “LeakyReLU”, “tanh” or “σ”, etc. However, in a structure such as “nQ”, a bounded
activation function, such as “tanh” in Fig. 6(a), is required in order to avoid the problem of “Exploding

Gradient” during the training. Nevertheless, when a single Q is considered, the “tanh” function in the

dashed box of Fig. 6(a) can be omitted without introducing that issue in training; the training performance
of the RNN will not be affected either.

To simplify the design of the non-linear transition block, we consider that all its linear operations have
the same output dimension, ℏ, which is also the dimension of the hidden variables.
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3.2.6. Implementation of the RNNs

The presented recurrent units are not basic modules of the PyTorch library. Because of their recurrent
nature, the RNN traning process would be rather slow if it were implemented in Python. Therefore, PyTorch
C++ frontend, LibTorch [49], which is a pure C++ interface to the PyTorch machine learning framework,
is used for the implementation of the designed RNNs.

All the detailed implementation is available in [50]. The basic training operations of the NNWs, such as
computation and optimization of the loss function and update of the weights, follow the recommendations
provided by PyTorch library [49] and are thus omitted in this paper.

Before comparing the training performance of RNNs using different non-linear transition blocks and
numbers of hidden variables, the preparation of training and testing data needs to be clarified.

3.3. The training and testing data preparation for the RNN

Following Section 2.1.3, the homogenized stress tensor PM corresponding to a given macroscopic de-
formation gradients FM sequence, is required for solving the macroscopic BVP. We here detail the frame
invariant input and output of the RNN. Then we summarize the data generation strategy presented in [18].
Eventually we present a process of random training data augmentation.

3.3.1. Input and output variables of the RNN

Since the resolution of the meso-scale BVP respects the frame invariance, the Green-Lagrange strain
tensor EM and the 2nd Piola-Kirchhoff stress tensor SM are used to describe the stress-strain relationship,
instead of using directly FM and PM. This corresponds to eliminating the rigid rotation mode, with the
following conversions

EM =
1

2

(
FM

T · FM − I
)
, and (39)

PM = FM · SM . (40)

In particular, for the 2D RVE under plane strain condition, at step t, the output variable of the RNN
is vt = {SMXX

, SMY Y
, SMZZ

, SMXY
}t, while the inputs, for the RNNs built with respectively the SMRU,

SC-MRU-T and SC-MRU-I, are ut, {ut−1 ,∆ut} and ∆ut, where

ut = {EMXX
, EMY Y

, EMXY
}t ; ut−1 = {EMXX

, EMY Y
, EMXY

}t−1 ; and

(41)

∆ut = {∆EMXX
, ∆EMY Y

,∆EMXY
}t ;

= {EMXX
, EMY Y

, EMXY
}t − {EMXX

, EMY Y
, EMXY

}t−1 . (42)

3.3.2. Data collection of the meso-scale BVP simulations

The training and testing data are provided by performing several computational homogenizations on the
same RVE. FM is used to define the boundary condition applied on the fluctuation field u′, see Eq. (11),
on the RVE boundary. Since FM has a unique decomposition, RM · UM, where RM is a rotation tensor,
because of the frame invariance of the meso-scale BVP, this rotation can be defined arbitrarily and RM = I
is used.

Thus, the preparation of data for training and testing of the RNN is based on generating sequential UM,
as detailed in Section 3.3.3. The meso-scale BVP is defined according to F̃M = UM, while the resolution
provides P̃M = UM · SM, where the notation •̃ is used when removing the rotation tensor. Then, the RNN
input and output are extracted through

EM =
1

2

(
U2

M − I
)

and SM = U−1
M · P̃M . (43)
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3.3.3. Random and cyclic loading path

Since RNNs require sequential data for training, sequences of UM are generated. A random loading path
{UMt

} is defined by a sequence of right stretch tensor, such as UM0
, UM1

, ..., UMN
, where UM0

= I is the
starting stage of the loading path. The loading increment, ∆UMt

= UMt
−UMt−1

, is defined as a random
vector which permits the loading path to change the loading direction at each step [18].
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Figure 7: Statistical information of 2000 generated random loading paths: (a) Distribution of the number of the increments
in each path –ordinates are truncated to show the distribution of paths not reaching the bound of 2500 increments; and (b)
Distribution of the increment ∆R.

The increment of the right stretch tensor, ∆UM is a symmetric second-order tensor whose spectral
decomposition form is expressed as,

∆UM = ∆λ1n1 ⊗ n1 +∆λ2n2 ⊗ n2 +∆λ3n3 ⊗ n3 , (44)

where n1, n2, and n3 are the eigenvectors of ∆UM and ∆λ1, ∆λ2, and ∆λ3 are their corresponding
eigenvalues. Therefore, ∆UM can be obtained by the generation of a set of orthogonal vectors n1, n2, and
n3, and eigen-values ∆λ1, ∆λ2 and ∆λ3. The random orthogonal vectors n1, n2 and n3 are obtained by
generating three uniformly distributed angular random variables with realizations α ∈ [0, π), β ∈ [0, 2π)
and γ ∈ [0, 2π)1, with

n1 = [cos γ cosα− cosβ sinα sin γ cos γ sinα+ cosβ cosα sin γ sin γ sinβ]T,

n2 = [− sin γ cosα− cosβ sinα cos γ − sin γ sinα+ cosβ cosα cos γ cos γ sinβ]T,

n3 = [sinβ sinα − sinβ cosα cosβ]T . (45)

The three eigenvalues define a step increment
√
∆λ21 +∆λ22 +∆λ23 = ∆R, which is randomly picked at each

time step from a given range [∆Rmin, ∆Rmax]. The eigenvalues are obtained by generating two uniformly
distributed angular random variables with realizations θ ∈ [0, π) and ϕ ∈ [0, 2π)2, with

∆λ1 = ∆R sin θ cosϕ , ∆λ2 = ∆R sin θ sinϕ , and ∆λ3 = ∆R cos θ . (46)

Since considering too small steps may result in too long loading sequences, which means long computational
times for the meso-scale BVP resolution, and since too large steps prevent numerical convergence of the
non-linear RVE resolution, ∆R follows a uniform distribution in the range [1.0 × 10−4, 5.0 × 10−3]. As a
result, ∆R has a probability higher than 80% of being larger than 1.0× 10−3. Nevertheless, a sub-stepping
may be needed in order to guarantee the numerical convergence of the micro-scale resolution in the case
∆R is too large. Finally, the random walk or path is stopped after a maximum number of loading steps,

1In the 2D case, one has realizations α ∈ [0, π), β = 0 and γ = 0
2In the 2D case, one has realizations θ = π/2 and ϕ ∈ [0, 2π)
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Nmax = 2500, is reached or when a criterion on the reached strain is met: e.g. when the eigen-values of
UMN are such that max

i=1,2,3
{|λi − 1|} > Rmax, where Rmax is a given critical value. In this work, Rmax = 0.11

is used to generate the random loading paths. The statistical information of 2000 generated random loading
paths is illustrated in Fig. 7. Most of the loading paths reach the bound of Nmax = 2500 and Fig. 7(a) is
thus truncated in its ordinates in order to depict the distribution of the shorter paths. The step increment
∆R, which corresponds to the L2-norm of the stretch tensor increment, is observed to follow a uniform
distribution in Fig. 7(b).

Besides random loading paths, proportional cyclic loading paths with randomized loading direction and
reversal times are also used to create the training data. Indeed, some strain state histories might not be
covered by the random loading paths, and proportional loading paths can help the training data to reach a
better coverage of the strain space.

Details on the generation of the loading paths can be found in [18].

3.4. Data normalization and padding/trimming
Because the input/output features may not have the same scale, and to prevent the input of the activation

functions to be out of their active range, all the input and output features must be normalized. A linear
operation is used to map all the features to the range [−1, 1]. However, the normalization is not applied on
the inputs with the format ∆EM, Eq. (42), since they will be normalized by their norm before feeding in
the network, see Fig. 5(b). We note that when considering ∆EM, see Figs. 3(b) and 4(b), we considered
the difference of the normalized data and not the normalized difference.

Since the training data sequences are obtained through a random walking process which is terminated
once a critical strain measure is reached, this results in different lengths of the data sequences. However,
training a RNN with batches of data requires that each sequence within a training batch is of equal size.
Therefore, on the one hand, for short sequences both zero padding at the beginning and repeatedly adding
the last element at the ends of them are applied, and, on the other hand, long sequences are trimmed from
their ends. Besides, zero padding at the beginning of the sequence is necessary in order to guarantee accurate
prediction of the RNN for vanishing entries, e.g. at the beginning of multi-scale simulations for which parts
of the structures are under zero deformation gradient.

More details on data normalization and padding/trimming can be found in [18].

3.5. Random training data augmentation
In practice, only moderate or large strain step sizes, ∆R, are used in the direct numerical resolution of

the meso-scale BVP in order to balance the computational time and the strain ranges that could be reached
at the end of each loading path. However, if we want to reinforce the consistency of the NNWs’ prediction
for various strain step sizes, different strain increment sizes, including smaller increments by several orders
of magnitude, should be included in the training data. Therefore, a random data augmentation is applied
on the training data.

Besides, when testing the self consistency of the trained NNWs, extra points will be inserted in the
sequences of testing data, following the same data augmentation process.

Let us consider a sequential training data of “N” increments, with as inputs, EM0
, EM1

, ..., EMN
and

output, SM0
, SM1

, ..., SMN
. The random training data augmentation is detailed as follows

• A integer ni (i = 1, ..., N) is randomly picked from [0, 1, ..., nmax] and will be used as the number of
insertion points for each data point interval; we will use the notation ntrainingmax for the random training
data augmentation and ntestingmax for the random testing data augmentation;

• For each data point interval, ni random variables βk (k = 1, ..., ni) are generated following a uniform
distribution on (0, 1), and sorted in an ascending order;

• Then, ni extra data points are inserted between EMi−1 , EMi and SMi−1 , SMi , following a linear inter-
polation, as

EMi,k
= EMi

+ βk(EMi
−EMi−1

) , (47)

SMi,k
= SMi

+ βk(SMi
− SMi−1

) , (48)
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with (k = 1, ..., ni).

In Eqs. (47) and (48), using the linear interpolation for the insertion points may not be accurate for non-
linear problems. However, the original intervals, [EMi

−EMi−1
], are already small with an order of magnitude

10−3, since it was required to ensure the numerical convergence of the meso-scale BVP resolution. As a
result, the first order approximation resulting from the linear interpolation of SMi,k

is accurate enough.

4. RNNs surrogate modeling of an elasto-plastic composite RVE

In this section, the RNNs presented in Section 3 are tested on a history-dependent elasto-plastic composite
RVE. The material system used in [18] is reused in this work for comparison purpose. This material system
is thus briefly recalled first before assessing the performance of the trained RNNs by comparing, for the
testing paths, the results obtained by computational homogenization on the RVE with the RNN predictions
.

4.1. Description of the meso-scale BVP

X

Y

Z

Figure 8: Finite element mesh of the micro-structural volume element of dimension 0.02mm×0.02mm used to generate the
data-base.

A 2D RVE of a 39.9% continuous fiber reinforced elasto-plastic matrix material, as illustrated in Fig. 8,
is used as the meso-scale BVP.

4.1.1. Fiber material model

The fibers obey a hyperelastic law based on an elastic potential

ψf(C) =
Kf

2
ln2 J +

µf

4
(lnC)

dev
: (lnC)

dev
, (49)

where J = detF is the Jacobian, C = FT ·F is the right Cauchy strain tensor, (•)dev denotes the deviatoric
part of an arbitrary second-order tensor •, Kf and µf correspond respectively to the bulk and shear moduli
of the material. The stress in the fiber phase is thus computed by

P =
∂ψf (F)

∂F
= KfF

-TlnJ + F-T ·
[
µf lnC

dev
]
. (50)

4.1.2. Matrix material model

A finite strain J2 elasto-plastic constitutive model [51] is used for the matrix material. The deformation
gradient F is decomposed into the reversible elastic part Fe and the irreversible plastic part Fp such that
F = Fe · Fp.

The elastic potential energy reads,

ψm(C
e) =

Km

2
ln2 J +

µm

4
(lnCe)

dev
: (lnCe)

dev
, (51)
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where Ce = FeT · Fe, and Km and µm correspond respectively to the bulk and shear moduli of the matrix
material. The first Piola-Kirchhoff stress tensor P derives from the elastic potential (51) following

P =
∂ψm (F;Fp)

∂F
= KmF

-T ln J + µmF
e ·

[
Ce−1 · (lnCe)dev

]
· Fp -T . (52)

The elastic part Fe and the plastic part Fp of the deformation gradient are obtained through a J2 plastic
flow expressed in terms of the Kirchhoff stress, κ = P · FT. According to the J2-plasticity theory, the von
Mises stress criterion reads

f = τeq − τ0y −R(γ) ≤ 0 , (53)

where f is the yield surface, the equivalent von Mises stress is calculated through τeq =
√

3
2κ

dev : κdev, τ0y
is the initial yield stress, γ is the equivalent plastic strain and where the isotropic hardening stress R(γ)
takes the form

R(γ) = Y [1− exp(−kγ)] , (54)

with Y and k material constants. Eventually, the evolution of Fp is determined by the normal plastic flow
theory following

Ḟp = γ̇N · Fp , (55)

where N is the normal to the yield surface, see [51] for more details.
The material properties used in this work are listed in Table 1.

Table 1: Material properties for fibers and matrix.

Fiber Matrix
Kf [GPa] µf [GPa] Km [GPa] µm [GPa] τ0y [MPa] Y [MPa] k [-]
16.67 12.50 2.50 1.15 100 20 30

4.2. Training of RNN

Around 15000 loading paths, among which 2/3 and respectively 1/3 are random paths and random
cyclic loading paths, were used to generate the micro-scale finite simulations data-base. 75% of the data
are randomly picked from the data-base for training, and the remaining 25% are kept for testing. The
average length of these sequential data is around 1700, see Fig. 7(a), for the random paths and 130 for the
cyclic loading paths. Both training and testing data are either padded or trimmed to a few lengths, which
are noted by L0, for different training purposes. Random data augmentation for both training and testing
data is applied following Section 3.5, with the parameter nmax, the original and final lengths of the training
and testing sequential data being detailed later. The RNNs are trained with mini-batches, which include
hundreds of sequential data, which are randomly picked from the training data. The backpropagation and
learnable variables update are carried out at every epoch. Similarly, mini-batches of testing data are also
used to evaluate the training process.

The Mean Square Error (MSE) is adopted for training and accuracy evaluation, and reads

LMSE =
1

n

n∑
i=1

(vi − v̂i)
2 , (56)

where vi and v̂i are respectively the actual and predicted normalized outputs. The learning rate is set to be
0.001, and the hidden variables are initialized by setting h0 = 0.

In the following section, the training performance of the RNNs developed in Section 3 is evaluated
through the curves of training epochs vs. the corresponding MSEs. All the MSE plots report the MSE
values at every 100 epochs only for a better visibility.
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4.3. Selection of the hyper-parameters

For the RNNs developed in Section 3 and illustrated in Figs. 3(b), 4(b) and 5(b), the hidden variables
number, ℏ, is the only hyper-parameter, besides the architecture of the non-linear transition block of the
SC-MRU-I.

4.3.1. The number of hidden variables ℏ
The number of required hidden variables depends on the complexity of the corresponding physical prob-

lem [11], and needs to be determined on a case by case basis. Using the training data collected from direct
numerical simulations on the composite RVE, the value of ℏ is determined by examining the improvement
of RNNs’ training performance when the hidden variables number is increased.

Since the number of required hidden variables depends on the underlying physics, the effect of the
number of hidden variables can be assessed by RNNs using only one type of recurrent unit. From the aspect
of training speed, we consider the SMRU-based RNN, see Figs. 3(a) and 3(b), which uses the current total
strain values as input and has the simplest architecture. A feed-forward neural network of one layer and the

activation function “LeakyReLU” with negative slope 0.1 is adopted in FwInput , see Fig. 3(b).

According to our previous work [18], in which ℏ = 100 is used, ℏ = 90, 120, 150 are successively used
in this study. The sequential data of original length L0 = 1600 are used for the training, and random data
augmentation with ntrainingmax = ntestingmax = 2 is applied, so that the final length of the training and testing
sequential data is 3200. The training mini-batches containing 258 sequential data are changed every 30
epochs.
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Figure 9: The evolution of the MSE vs. training epoch, in “solid line” for the training data and in “dashed line” for the testing
data, for different numbers ℏ of hidden variables and for the designed RNNs using SMRU as recurrent unit.

The evolution of the MSE during the training of the RNNs, using successively ℏ = 90, 120, 150, is plotted
in Fig. 9. In general, for a given number of epochs, the MSE is lower when more hidden variables are used
in the RNNs. In Fig. 9, it can be seen that the RNN with ℏ = 150 has reached a lower MSE than with
ℏ = 90 , 120, while the difference of MSEs between ℏ = 90 and 120 is not obvious. This could result from
randomly picking the training mini-batches, which yields different training paths for the different trained
RNNs. With the increase of training epochs (epoch > 12500 in Fig. 9), the advantage of using ℏ = 120, 150
becomes less obvious. It indicates that the effect of ℏ begins to saturate at ℏ = 120, 150. On the one hand,
using a high number of hidden variables increases the total number of RNNs’ learnable parameters with an
order of ℏ2, see next Section 4.3.2; the time of one training epoch also increases and the training process of the
RNNs is slowed down. On the other hand, for a given number of hidden variables, the MSE decreasing rate
becomes low after 15000 epochs, a slight improvement in the MSE may require a few thousands more training
epochs. Therefore, in order to reach a certain MSE, much more training epochs are needed when less hidden
variables are defined in the RNN. The reason for requiring a reasonably high number of hidden variables
results from the complex and different plastic deformation patterns (as illustrated in [11]) that develop on
the adopted RVE, Fig. 8, under the various random loading paths that are considered in the training stage.
Using a reasonably high number of hidden variables can help to capture the homogenized response of the
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RVE accurately while decreasing the risk of over-fitting during the training of RNNs. Therefore, ℏ = 120
will be used for the comparative studies performed in the following sections.

4.3.2. RNNs’ training performance comparison and effect of the non-linear transition block of the SC-MRU-I

Using ℏ = 120, the training performances of RNNs using different recurrent units are compared.
On the one hand, the RNN based on SMRU keeps the same architecture as for the hidden variables

study in Section 4.3.1. The SC-MRU-T based RNN follows the information path as detailed in Eqs. (28-

33), and uses “LeakyReLU” of 0.1 negative slope as activation function, meaning the same FwInput as for

the SMRU based RNN, see Figs. 3(b) and 4(b). For both RNNs, no activation function is applied for the

output transition FwOutput , see Figs. 3(b) and 4(b).

The learnable parameter n0, in Eq. (28), is initialized to 0.05, which is close to the normalized value of
the maximum loading step in the direct finite element simulations, see Sections 3.3.3 and 3.4.

On the other hand, two simple non-linear transition blocks, which can be expressed respectively as Q

and 2Fw according to Fig. 6(b), are successively adopted in the SC-MRU-I for the case of incremental
input RNNs, see Fig. 5(a). The activation functions “tanh” and “LeakyReLU” with negative slope 0.1

are respectively adopted in Q and in 2Fw . For both cases, no activation function is applied for the

output transition FwOutput in Fig. 5(b). The dimension ℏ is chosen as the output dimension of all the

linear operations in FwInput and the non-linear transition blocks. The two blocks, Q and 2Fw , have a

comparable amount of learnable parameters which can be computed by

Nlp = 2(ℏ+ Idim + 1)× ℏ for Q , (57)

Nlp = (ℏ+ Idim + 1)× ℏ+ (ℏ+ 1)× ℏ for 2Fw , (58)

where Nlp is the number of learnable parameters, Idim is the dimension of input variables (Idim = 3 in our
2D problem), and where (ℏ + Idim) × ℏ and 1 × ℏ are the respective numbers of weights and biases in the
first linear operation of the non-linear transition blocks. These choices of non-linear transition blocks in the
SC-MRU-I yield a comparable amount of learnable parameters in the RNNs using self-consistent recurrent
unit, see Table 2.

Table 2: The numbers of learnable parameters in the RNNs using recurrent unit with 120 hidden variables.

Recurrent unit SMRU SC-MRU-T SC-MRU-I
Transition block - - Q 2Fw Q-Fw
Learnable parameters 44284 58925 59644 59284 74164

The same training data and mini-batch shifting as in the hidden variable effect study are adopted. The
evolution of the MSE during the training of the four RNNs is plotted in Fig. 10(a). From both aspects of
training performance and number of learnable parameters, the results show that the RNN using the SMRU
has a good training performance and much less learnable parameters than when using either the SC-MRU-T
or the SC-MRU-I, see Table 2. The RNN using the SC-MRU-T shows the best training performance, while
it has 30% more learnable parameters than when using the SMRU. For a given number of epochs, the RNNs
using the total strain value as input exhibit a lower MSE than when using the incremental form of the strain
as input. Therefore, in order to improve the training performances of the SC-MRU-I, different non-linear

transition blocks are studied in Appendix B, motivating the use of Q → Fw as a non-linear transition

block. At the cost of more learnable variables, see Table 2, its training performance improvement can be
seen in Fig. 10(b).

The RNNs using the SC-LMSC architecture introduced in [40], and summarized in Section 3.1.2, are
also trained with the strain-stress data collected from the composite RVE. The MSE evolution of the SC-
LMSC using successively one and two non-linear transition layers is presented in Fig. 11, together with the
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Figure 10: The evolution of the MSE vs. training epoch, in “solid line” for the training data and in “dashed line” for the
testing data, for the RNNs using either the SMRU, SC-MRU-T or SC-MRU-I with different non-linear transition blocks: (a)

Q and 2Fw ; and (b) Q → Fw . The number of hidden variables is ℏ = 120.
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Figure 11: The evolution of the MSE vs. training epoch, in “solid line” for the training data and in “dashed line” for the
testing data, for the RNNs using the SC-LMSC unit with either one or two non-linear transition layers and for the RNN using

the SC-MRU-I unit with the non-linear transition block Q → Fw . The number of hidden variables is ℏ = 120.

developed RNN using the SC-MRU-I with Q → Fw as a non-linear transition block. When considering a

number of hidden variables ℏ = 120, the total numbers of learnable parameters are respectively 60748 and
91252 for the RNNs using one and two non-linear transition layers with the SC-LMSC unit, while the total
number of learnable parameters is 74164 when using the SC-MRU-I.

Following the analysis of the MSE evolution plotted in Figs. 9-11, it can be seen that the MSEs for the
training and testing data decrease with the same trend, which indicates that there is no over-fitting during
the training. Therefore, more training epochs will yield a better accuracy of the RNNs.

Usually the random initialization of the learnable variables could have an impact on the training perfor-
mance of the NNWs. Therefore, the three presented recurrent units, SMRU, SC-MRU-T and SC-MRU-I,
have been trained from scratch for several times using training data of different lengths at the design stage.
No obvious effect of the NNWs’ initialization on their training performance has been observed. In Fig.
11, the SC-LMSC-1 and SC-LMSC-2 RNNs have been trained with four different initializations for each of
them, and the training data showing the best performance have been reported in the Figure.

4.4. Effect of the input increment size and of the random data augmentation

According to the results of the conducted analysis, see Figs. 9-11, three RNNs are selected to study
the effect of varying the input increment size of the testing data following the data augmentation described
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in Section 3.5: the RNNs using SMRU, SC-MRU-T and the RNN using SC-MRU-I with the non-linear

transition block Q → Fw . We consider ℏ = 120 hidden variables.

4.4.1. RNN trained using random data augmentation with ntrainingmax = 2

Using the randomly augmented training data with ntrainingmax = 2, the RNNs with ℏ = 120 were trained for
30000 epochs, for which the MSEs on the testing data with ntestingmax = 2 were found to be around 5× 10−6,
3× 10−6 and 5× 10−6 respectively for the RNNs using the SMRU, SC-MRU-T and SC-MRU-I as recurrent
unit, see Fig. 10(b).
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Figure 12: Testing MSE of the RNNs trained with randomly augmented data (ntraining
max = 2) on testing data vs. different

random (ntesting
max ) and even (ntesting

even ) testing data augmentation numbers: RNN using the (a) SMRU; (b) SC-MRU-T; and (c)
SC-MRU-I (Q-Fw) as recurrent unit.

In order to assess the capability of the trained RNNs to predict the response for different input increment
sizes, we successively consider a maximum number of randomly inserted points ntestingmax = 0, 2, 5, 10, 20, 50
on the mini-batches randomly picked from the testing data, which has an original length L0 = 1600.
We also consider a data augmentation with evenly inserted points in the testing data, with ntestingeven =
5, 10, 30, 60, 100. Each batch includes more than 100 sequential data, and the MSEs of the RNNs predictions
are computed for 10 different mini-batches at each value of ntestingmax and ntestingeven . The obtained MSEs are
plotted in Fig. 12.

From Fig. 12(b), it can be seen that for a fixed random augmentation parameter ntrainingmax = 2 applied
on the training data, and then used to train the RNNs, the prediction accuracy of the RNN using the SC-
MRU-T as recurrent unit is not sensitive to the number of inserted points (ntestingmax or ntestingeven ) in the testing
data. However, for the RNNs using the SMRU and SC-MRU-I (Q-Fw), the MSEs increase when introducing
more points in the testing data than in the training data, in Figs. 12(a) and 12(c). In particular, when
using the SMRU, the MSE keeps an increasing trend with the number of introduced points in the testing
data, in Fig. 12(a), while the MSE of the RNN using the SC-MRU-I stops increasing after the introduced
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points number reaches 30, see Fig. 12(c), which indicates an effect of the self-consistency reinforcement in
the recurrent unit. One reason for these accuracy decreases might be that the training data does not include
enough variation of the input increment size.

4.4.2. SMRU and SC-MRU-I based RNNs further trained using random data augmentation with various
ntrainingmax

Random training data augmentation with ntrainingmax = 2 provides training data with feasible sequential
length and with various input increment sizes so that the RNNs can be trained within a reasonable time
while reaching a targeted accuracy. However, the predictions of the RNNs using the SMRU and the SC-
MRU-I as recurrent unit are not always accurate when the input increment size is decreased, as shown when
considering random testing data augmentation with various ntestingmax and ntestingeven numbers. Therefore, in order
to improve the predictions of the RNNs using either the SMRU or the SC-MRU-I for a wide range of input
increment sizes, we further train the RNNs through a warm-start using randomly augmented training data.
In this further training process, the RNNs are trained with mini-batches whose random data augmentation
parameter is successively picked among ntrainingmax = 0, 5, 15 and 30.

• For the SMRU based RNN, the corresponding original sequential data lengths, L0 are padded or
trimmed to 2500, 600, 400 and 200, and the lengths after data augmentation are respectively around
2500, 2100, 3400 and 3200. The mini-batches include around 250 sequential data, and are changed
after every 10 training epochs. The learning rate of 0.001 is kept.

• It has been found that the SC-MRU-I based RNN will not provide good prediction on long sequen-
tial data, if it has been further trained with short sequential data. Thus, for the SC-MRU-I based
RNN, the corresponding original sequential data length, L0 = 1600, is used and the lengths after data
augmentation are respectively around 1600, 5500, 13000 and 26000. The mini-batches include respec-
tively around 750, 150, 100 and 50 sequential data, and are changed after every 10 training epochs. A
reduced learning rate of 0.0001 is adopted in this further so called fast-shifting training process.

After around 4000 training epochs, the MSEs of the RNNs predictions are computed using the testing
data sampled in the way described in Section 4.4.1, and are plotted in Figs. 13. Fig. 13(a) shows that
the accuracy of the RNN using the SMRU improves by the described short reinforced training, especially
for the testing data augmented with ntestingmax comparable to the adopted ntrainingmax in training. A similar
improvement is also seen in Figs. 13(b) for the RNN using the SC-MRU-I, except for the MSE on testing
data without augmentation, ntestingmax = 0. The effect of self-consistency is still obvious, as the value of MSE
becomes stable with the decrease of the input incremental size (increase of ntestingmax and ntestingeven in testing
data augmentation).

In Figs. 13, the lowest MSE, among all the tested ntestingmax and ntestingeven , is higher than that of the RNNs
before the short reinforced training being applied. It indicates that it is difficult to reach a good prediction
accuracy for a wide range of input incremental size with these two RNNs. Using more learnable parameters
in these two RNNs, such as increasing the number of hidden variables, could be a solution. Besides, training
them with data having the estimated range of input increment size as that in the targeted applications will
provide the best prediction accuracy.

4.5. Comparisons of the RNNs predictions to the direct finite element simulations

The accuracy of the RNNs using a self consistency reinforced recurrent unit is also assessed by comparing
the RNNs predictions to the direct finite element simulations conducted at the RVE level, for loading cases
which were not part of the training data. We successively consider three random loading paths and three
cyclic loading paths as illustrated in Fig. 14 in terms of the {EMXX

, EMY Y
, EMXY

}-trajectories.
The random data augmentation is applied on the green and blue loading paths, in Fig. 14 with ntestingmax = 5

and 20, respectively, while an even data augmentation is applied on the magenta loading paths with ntestingeven =
60, in order to assess the capability of the RNNs to predict the solution with lower input increment sizes
than seen during the training. The RNNs using the SC-MRU-T and SC-MRU-I (Q-Fw) as recurrent units
are considered in this study. A further training with fast-shifting of mini-batches has been applied on the
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Figure 13: Testing MSE vs. ntesting of the RNNs using the (a) SMRU; and (b) SC-MRU-I (Q-Fw), after a warm-start training

with fast-shifting of mini-batches and for different ntraining
max numbers of the random training data augmentation.
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Figure 14: Randomly picked loading paths from the testing data: (a) Random loading paths; and (b) Cyclic loading paths.

RNN using the SC-MRU-I (Q-Fw) following Section 4.4.2. The number of hidden variables, ℏ = 120 is used
for all the RNNs.

Table 3: The MSEs of the RNN predictions for the randomly picked loading paths from the testing data illustrated in Fig. 14.

Loading path green blue magenta
Data augmentation ntestingmax = 5 ntestingmax = 20 ntestingeven = 60

RNN using Random path 1.5 e− 5 6.6 e− 6 1.2 e− 5
SC-MRU-T Cyclic path 1.3 e− 6 6.9 e− 7 1.9 e− 6
RNN using Random path 4.2 e− 5 6.0 e− 6 5.1 e− 6
SC-MRU-I Cyclic path 2.5 e− 6 4.6 e− 6 1.1 e− 5

The MSEs of the RNNs predictions are reported in Table 3. It can be seen that both RNNs provide
predictions with good accuracy. The stress evolution predicted by RNNs using the SC-MRU-T and the
SC-MRU-I (Q-Fw) as recurrent unit are compared to the RVE direct numerical simulations in respectively
Figs. 15 and 16. The accuracy and prediction consistency with respect to the input increment size are
verified.
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Figure 15: Comparison between the strain-stress curves obtained by direct finite element simulations conducted at the RVE
level and by RNN predictions using the SC-MRU-T on the data augmented loading paths illustrated in Fig.14.
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Figure 16: Comparison between the strain-stress curves obtained by direct finite element simulations conducted at the RVE
level and by RNN predictions using the SC-MRU-I on the data augmented loading paths illustrated in Fig.14.
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5. Multi-scale analysis of an open hole sample

In this section, the RNN is used as a surrogate of the material law (4), which represents the RVE response,
so that the finite element analysis can be conducted at the sole macro-scale. An open hole sample subjected
to several loading/unloading cycles is studied and the response obtained with a fully coupled FE2 analysis
serves as a reference. In particular, the effect of the loading step size on the accuracy of the surrogate
model-based simulation is discussed.

The training with fast-shifting of mini-batches as described in Section 4.4.2 is adopted in the further
training of the RNNs. In order to have better predictions in a wider input variables range, the data of
original length L0 = 2500 is used. We also use data trimmed to L0 = 200 to improve the predictions in
low output value ranges, i.e. at small strain. The RNNs are further trained for around 3000 epochs using
training data with random data augmentation using ntrainingmax = 2.

5.1. Implementation of RNN surrogate model in multi-scale analyzes

The implementation of the RNN as a surrogate model of the material law (4) follows the traditional
implementation of a constitutive model in a finite element code, with the particularity that the trained
RNN is stored as a function of the material law [18]. Different from the work in [18], the RNN is coded and
trained with the C++ version of PyTorch, LibTorch [49]. In order to store it as a script module which can
be loaded either from Python or from a compiled C++ code, the trained learnable parameters of the RNN
are reloaded in their Python version to save the module, according to the available function of PyTorch.

In order to track the history-dependency, at each Gauss point, the hidden variables h of the RNN are
saved as internal or state variables ZM (XM, t) of Eq. (4), and updated when evaluating the RNN model.

Although the “Automatic Differentiation function” of NNWs can be used to compute the macro-scale
material tensor CM, which is defined by ∂PM

∂FM
, –in which case it is actually ∂SM

∂EM
that is evaluated and that is

transformed to get CM–, this function not only requires to keep the gradient of all the torch tensors which
demands much more computer memory, but also turns out to be slower than using perturbation. Thus, the
perturbation method is adopted to compute the macro-scale material tensor.

5.2. Numerical application on an open hole sample

At the macro-scale, the open hole sample illustrated in Fig. 17(a), is considered in this section, with the
meso-scale BVP being defined by the RVE described in Section 4.1. The displacement boundary condition
applied on the open hole sample is illustrated in Fig. 17(a): the sample is loaded on its top edge under
controlled displacement, which increases from 0 to 0.05 mm with two partial unloading-reloading cycles in
the middle and a final decrease to 0. Using the geometrical and loading symmetry, only one quarter of an
open hole sample is simulated.

A concurrent multi-scale analysis, denoted by FE2, is conducted in which the meso-scale BVP is solved
using the finite element method in a concurrent way with the macro-scale BVP. The resulting reaction force
vs. displacement curve serves as a reference in Figs. 17(b), 17(c) and 17(d). On the displacement-reaction
force curve, four points are marked respectively by “A” for the end of the first unloading, “B” for the
beginning of second unloading, “C” for the onset of the maximum strain, EMY Y

, being out of the RNNs
training data range as it will be further discussed, and by “D” for the maximum reached displacement.

In order to study the effect of the loading step size on the predictions of the multi-scale analysis using
the RNN as surrogate model, 20, 200, 2000 and 20000 steps are successively used from loading points “A”
to “B”. The responses predicted by the three RNNs, using the SMRU, SC-MRU-T and SC-MRU-I (Q-Fw)
as recurrent units are also reported in Figs. 17(b), 17(c) and 17(d), respectively.

In Fig. 17(b), when 20 steps are used between points “A” and “B”, a good accuracy on the displacement-
reaction force curve, till point “C”, is obtained by the RNN surrogate model using the SMRU. Its predictions
become less accurate when more than 200 steps are used between points “A” and “B”. It indicates that
this RNN’s prediction is inconsistent for different input incremental sizes. While for the RNN surrogate
models using respectively the SC-MRU-T and the SC-MRU-I in Figs. 17(c) and 17(d), the overlap of
the displacement-reaction force curves shows that not only a good accuracy is obtained, but also RNNs’
predictions are consistent for various input incremental sizes.
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Figure 17: Multi-scale simulation: (a) Definition of the macro-scale and meso-scale BVPs; and displacement vs. reaction force
curves obtained by the FE2 and the FE-RNN analyses using respectively the recurrent units (b) SMRU, (c) SC-MRU-T and
(d) SC-MRU-I, where the FE-RNN analyses have considered successively 20, 200, 2000 and 20000 steps between the loading
points “A” and “B”.

According to the RNNs training data preparation, Section 3.3.3, the non-normalized input incremental
size distributes in the range [1.0 × 10−4, 5.0 × 10−3], which is less than or equal to the loading step size
used for meso-scale BVP resolution in FE2. This may explain why the displacement-reaction force curves
obtained by the RNN surrogate models are slightly lower than by the FE2 method, in Figs. 17(c) and 17(d).

Figures 18-23 illustrate the macro-scale Green-Lagrange strain and Cauchy stress fields distributions
predicted by the nested computational homogenization, or FE2 method, which serves as a reference solution,
and by the finite element simulations using the different developed RNNs. The distributions correspond to
the loading points “B” (Figs. 18 and 19), “C” (Figs. 20 and 21) and “D” (Figs. 22 and 23) reported on Figs.
17(b)-17(d). For all the simulations, 20 steps were considered between the points “A” and “B” reported
on Figs. 17(b)-17(d). At points “B” and “C”, the RNN with the SMRU as recurrent unit clearly exhibits
a larger error in both the strain and stress predictions as compared to the RNNs using the self-consistent
recurrent units. This is in agreement with the deviation observed in the loading curve in Fig. 17(b). Up
to point “C”, both RNNs using either the SC-MRU-T or the SC-MRU-I as recurrent unit exhibit fields
distributions in good agreement with the FE2 method: the maximum error is locally 10% in the strain
distribution field at the notch, see Figs. 18(d), 21(c) and 21(d). We note that, at this particular location,
the strain field of the reference solution reaches the bound of the training data: the values of the Green-
Lagrange strain used for the training data are in the range of [−0.11, 0.11]. For the loading point “D”, the
local strain reaches 0.3 at the notch for the reference solution as illustrated in Fig. 22(a), well beyond the
training range. The resulting errors of the RNN surrogate models are therefore much higher as it can be
seen in Figs. 22 and 23, which explains the difference observed in the loading curves beyond point “C” in
Figs. 17(b), 17(c) and 17(d).

The comparison of the computational cost breakdown of the multi-scale simulations using the nested
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Figure 18: Comparisons of the Green-Lagrange strain, EMY Y
, distribution of an open-hole sample obtained, at loading point

“B”, (a) by the FE2 method; and using the RNN surrogate model with the (b) SMRU; (c) SC-MRU-T and (d) SC-MRU-I as
recurrent units; The loading point “B” refers to the marker on Figs. 17(b)-17(d). For the surrogate-based simulations, the
right figure depicts the absolute error eEMY Y

with respect to the FE2 method.

Table 4: Computational cost breakdown.

Pre-off-line FE2 SMRU SC-MRU-T SC-MRU-I
Data generation - 23500 hr-cpu
Training - within 10 hr-cpu

On-line FE2 SMRU SC-MRU-T SC-MRU-I
Multi-scale simulation 18000 hr-cpu 0.27 hr-cpu 0.38 hr-cpu 0.28 hr-cpu

computational homogenization, or FE2 method, and using the different developed RNNs is reported in
Table 4. The computation time of the nested FE2 multi-scale simulation is around 30 hours using 600
processors on a cluster. In comparison the analyses with the RNN surrogate models require around half an
hour on a single Core AMD Ryzen Threadripper PRO 5995WX 2.7GHz processor. However, training the
surrogate model is also computationally demanding. On the one hand, generating the 15000 loading data
required around 470 hours using 50 AMD Ryzen Threadripper PRO 5995WX 2.7GHz processors. We note
that this step is fully scalable. On the other hand, the training of each surrogate took within 10 hours on
a personal computer with a single Core i7-1165G7 CPU 2.8GHz processor. Nevertheless, once trained, the
RNNs can readily be used to conduct other multi-scale simulations.

6. Conclusions

In this work, we designed three recurrent units which can be used in a Recurrent Neural Network
(RNN) to serve as a surrogate model of a meso-scale BVP in the context of computational multi-scale
analyses. These three units are abbreviated as SMRU for Simplified Minimal Recurrent Unit, SC-MRU-T
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Figure 19: Comparisons of the Cauchy stress, σMY Y
, distribution of an open-hole sample obtained, at loading point “B”, (a)

by the FE2 method; and using the RNN surrogate model with the (b) SMRU; (c) SC-MRU-T and (d) SC-MRU-I as recurrent
units; The loading point “B” refers to the marker on Figs. 17(b)-17(d). For the surrogate-based simulations, the right figure
depicts the absolute error eσMY Y

with respect to the FE2 method.

for Self-Consistency reinforced Minimal Recurrent Unit using the Total strain as input, and SC-MRU-I for
Self-Consistency reinforced Minimal Recurrent Unit using the strain Increment as input. Compared to the
GRU, the presented recurrent units have simplified architectures, and the RNNs based on them have been
used as surrogate models to substitute the homogenization of history-dependent elasto-plastic composite in
multi-scale analyses.

On the one hand, among the presented three recurrent units, SMRU has the simplest architecture and
uses the fewest learnable parameters. Thus the RNNs based on this unit have a fast training process.
However, these RNNs can only provide predictions with good accuracy when the input increment size is
comparable to the one of the training data. This inconsistency issue can be partly relieved by using training
data with random augmentation: after trained with randomly augmented data, the RNN yields good results
for input increment sizes belonging to a given range.

On the other hand, the RNNs based on the self-consistent recurrent units, either SC-MRU-T or SC-MRU-
I, have demonstrated their consistency on the predictions for various input increment sizes. In particular, the
RNN using the SC-MRU-T, which uses a moderate number of learnable parameters, shows the best training
performance and yields accurate predictions for input increment sizes varying in a wide range. Reasonable
training performance is obtained for the RNN using the SC-MRU-I, at the cost of an increased number of
learnable parameters. However, in order to have accurate prediction for a wide range of input increment
size, the RNN using the SC-MRU-I as recurrent unit needs to be trained with randomly augmented data
using several different parameters ntrainingmax .

In structural analyses, a similar accuracy as with a FE2 multi-scale simulation can be reached with the
RNN-based surrogate models as long as the loading case remains in the training range. When using the RNNs
based on the SC-MRU-T and SC-MRU-I, consistent macroscopic responses have been obtained for various
macroscopic loading steps, demonstrating that the RNNs based on the presented self-consistent recurrent
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Figure 20: Comparisons of the Green-Lagrange strain, EMY Y
, distribution of an open-hole sample obtained, at loading point

“C”, (a) by the FE2 method; and using the RNN surrogate model with the (b) SMRU; (c) SC-MRU-T and (d) SC-MRU-I
as recurrent units; The loading point “C” refers to the marker on Figs. 17(b)-17(d). For the surrogate-based simulations, the
right figure depicts the absolute error eEMY Y

with respect to the FE2 method.

units have the potential to serve as reliable surrogate models in computational mechanics applications to
accelerate the analysis process.
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Appendix A. Effect of the modified update hidden variable in the Minimal Gated Recurrent
Unit

In this section we modify the computation of the update hidden variable in the Minimal Gated Recurrent
Unit (MGRU), Eq. (17), which becomes

ĥt = tanh(Whhht−1 +Wxhxt + bh) . (A.1)
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Figure 21: Comparisons of the Cauchy stress, σMY Y
, distribution of an open-hole sample obtained, at loading point “C”, (a)

by the FE2 method; and using the RNN surrogate model with the (b) SMRU; (c) SC-MRU-T and (d) SC-MRU-I as recurrent
units; The loading point “C” refers to the marker on Figs. 17(b)-17(d). For the surrogate-based simulations, the right figure
depicts the absolute error eσMY Y

with respect to the FE2 method.

We study the training performance of the two RNNs:

• One RNN adopts the original MGRU, Eqs. (16-18); and

• The other one uses the MGRU with the modified ĥt, Eq (A.1).

We use the augmented data with ntestingmax = ntestingmax = 2, see Section 3.5. The original sequential data length
is L0 = 1600, the mini-batches contain 258 sequential data and are shifted every 30 epochs. The normalized

value of EM is used as input. The number of hidden variables is set to 120. A Fw layer {3, 120} is applied
to convert the input variables to the same dimensions as the hidden variables, and the “LeakyReLU” with
negative slope 0.1 is used as activation function.

Using a learning rate of 0.001, the MSE vs. training epochs of the two RNNs are plotted in Fig. A.24.
For the history-dependent non-linear RVE considered in this work, the training performance of the MGRU
with the modified ĥt shows a slight improvement compared to the original version.

Appendix B. Effect of the non-linear transition blocks on the training performances of the
RNN using the SC-MRU-I

According to the architecture of the SC-MRU-I, see Fig. 5(a) in Section 3.2.3, the key issue is to find the
optimal design of the non-linear transition block. We first compare the effect of the non-linear transition

block by considering either repeated Q or repeated Fw blocks. The blocks Q , 2Q , 3Q , and 2Fw ,

3Fw , 4Fw are successively considered, with the activation function “LeakyReLU” with negative slope

0.1 being used in blocks nFw . The numbers of learnable parameters of the RNNs when using these
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Figure 22: Comparisons of the Green-Lagrange strain, EMY Y
, distribution of an open-hole sample obtained, at loading point

“D”, (a) by the FE2 method; and using the RNN surrogate model with the (b) SMRU; (c) SC-MRU-T and (d) SC-MRU-I
as recurrent units; The loading point “D” refers to the marker on Figs. 17(b)-17(d). For the surrogate-based simulations, the
right figure depicts the absolute error eEMY Y

with respect to the FE2 method.

transition blocks are listed in Table B.5. The sequential data of original length L0 = 1600 with random
data augmentation ntrainingmax = ntestingmax = 2 are used for the training study of this section. The training
mini-batches contain 258 sequential data and are shifted every 30 epochs. The training performance of these
RNNs is assessed by comparing their MSE evolution with the number of epochs in Fig. B.25.

The Fig. B.25(a) shows that, after 15000 training epochs, the RNNs using either 2Q or 3Q as

transition block reach lower MSEs than the RNN using Q . However, the RNN using 3Q does not exhibit

better training performance than the one using 2Q . The RNNs using the non-linear transition block nFw

have almost the same training performance for n = 2 and 3, while a slightly lower MSE is reached when

using 4Fw . In Fig. B.25, it can be seen that the effect of using more non-linear transition layers leads to a
saturation of the performance improvement: adding more non-linear transition layers not always makes the
MSE decrease faster during training. In order to identify the optimal non-linear transition blocks sequence,
one needs to consider both the number of epochs required for the MSE to reach a given thresehold, e.g. below
1.0× 10−5, as well as the training time required per epoch. From Table B.5 and Fig. B.25, it appears that

the RNN with 2Fw shows better training performance than with 3Fw , and the RNN with 2Q than with

3Q , while the RNN with 2Q shows comparable performance as with 4Fw . The training performance of

the RNNs with Q is similar as with 2Fw , and although their MSE decrease with respect to the epochs

number is not as fast as for the RNNs with 2Q and 4Fw , they have nearly 50% less learnable parameters.

The training performance of the RNNs using the mixed non-linear transition blocks, either Q → Fw

or Fw → Q , is also studied and the evolution of their MSE during the training is plotted in Fig. B.26(a).
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Figure 23: Comparisons of the Cauchy stress, σMY Y
, distribution of an open-hole sample obtained, at loading point “D”, (a)

by the FE2 method; and using the RNN surrogate model with the (b) SMRU; (c) SC-MRU-T and (d) SC-MRU-I as recurrent
units; The loading point “D” refers to the marker on Figs. 17(b)-17(d). For the surrogate-based simulations, the right figure
depicts the absolute error eσMY Y

with respect to the FE2 method.
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Figure A.24: MSE vs. training epochs of RNNs with MGRU, where the update hidden variables, ĥt, are successively computed
by Eq. (17) and (A.1).

Since the RNNs with these two blocks have comparable amount of learnable parameters, see Table B.5,

Fig. B.26(a) indicates that the better training performance is obtained by the RNN using Q → Fw

as a non-linear transition block. In Fig. 26(b), we compare the MSE evolution of the RNN using either

Q → Fw or 2Q as non-linear transition blocks; the latter has previously been shown to exhibit a fast

decrease of the MSE during its training, see Fig. B.25. A similar MSE decrease with the epochs number

can be seen in Fig. B.26(b), although the RNN using Q → Fw has nearly 20% less learnable parameters

than when using 2Q as a non-linear transition block, see Table B.5.
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Table B.5: The numbers of learnable parameters of the RNNs using the SC-MRU-I recurrent unit with different non-linear
transition blocks.

Non-linear transition block number of hidden variable ℏ = 120
Quadratic Q 2Q 3Q

layer 59644 88684 117724
Feed-forward 2Fw 3Fw 4Fw

59284 73804 88324
Mixed Q-Fw Fw-Q

74164 73804
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Figure B.25: The evolution of the MSE vs. training epoch, in “solid line” for the training data and in “dashed line” for the

testing data, for different non-linear transition blocks of the SC-MRU-I recurrent unit: (a) nQ ; and (b) nFw . The number

of hidden variables is ℏ = 120.
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Figure B.26: The evolution of the MSE vs. training epoch, in “solid line” for the training data and in “dashed line” for the

testing data, for the SC-MRU-I using: (a) The mixed Q → Fw and Fw → Q non-linear transition blocks; and (b) The

Q → Fw and 2Q non-linear transition blocks. The number of hidden variables is ℏ = 120.
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