FEM Micro-Macro models without yield locus

5. FEM_MICRO-MACRO MODELS WITHOUT YIELD
LOCUS

5.1. Introduction

The FEM is currently used to simulate the behavior of the materials at the
microscopic level. In such cases, a crystal is discretized by one finite element or
more as presented in section 5.2. Such simulations aim to validate the microscopic
models or to perform parametric studies, that are difficult to do experimentally.

Another use of the FEM coupled with microscopic models concemns accurate
macroscopic simulations, where the anisotropic material behavior is taken into
-account at a microscopic level. In such micro-macro approaches, a lot of averaging
methods te extract the macroscopic behavior from microscopic analysis are possible.
Some examples are listed in sections 5.3. to 5.5. These examples concern approaches

where no macroscopic yield locus is computed. Chapter 6 is dedicated to the
macroscopic approximation of yield loci.

=]

5.2. Microscopic FEM _computations %o  model
macroscopic behavior

Finite element simulations allow to treat a crystalline aggregate as a continuum, by
simply requiring the equilibrium of the stress tensors and the continuity of the
displacements across the grain boundaries. Hereafter, two examples (Acharya &
Beaudoin 1999, Teodosiu et @l. 1992) among others (Beaudoin et al. 1995, Anand &
Kothari 1996, Bertram et al. 1997...) are summarized, the first one with specific
modeling of grain boundaries and the second one without. These examples
demonstrate the interest of such approaches to validate single crystal plasticity
models and to investigate microscopic effects by means of a numerical sensitivity

analysis. For instance, grain size effect on a macroscopic flow stress is numerically
studied in Acharya & Beaudoin 1999.

5.2.1. Teodosiu et al, 1992

The 3D finite element mesh used to describe a tensile test on a polycrystalline
specimen of pure copper is shown on Figure 5-1.

The applied constitutive law takes the elastic anisotropy into account and considers
the plastic flow rule at the slip system level thanks to a rate-dependent equation such
as (4-15). The hardening law of the CRSS is represented by a relation similar to (4-
16), presented in section 4.3. Teodosiu uses neither an average polycrystal common
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reference CRSS 7. nor a single crystal common reference CRSS 7, but a CRSS

defined for each slip system 7). This CRSS 7! is related to the dislocation density
on each slip system, which induces the internal variables choice.

(b)

Figure 5-1 (a) Front face of the tensile specimen defined by 11 grains
(b) Front view of the single layer of pentahedral finite element mesh, (from Teodosiu
et al. 1992),

The evolution law of these dislocation densities expresses the balance between work-
hardening and recovery :
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where p° is the dislocation density related to the slip system s, b is the magnitude of

Burgers’ vector, s°is the average free path of the dislocations in system s, y, denotes
a characteristic length associated with the annihilation process of dislocation dipoles.

Clearly s° depends on the density of point obstacles encountered in the gliding
directions. Taking into account only the dislocation-dislocation interactions yields:
5t Em—— (5-2)
‘\; HFES

where A is a scalar material parameter. Replacing A by a matrix would translate the
influence of different dislocation densities on the average free path in a given slip
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system. The CRSS on system s can be related to the dislocation densities by the

relation :
7 =Gb [3 a®p" (5-3)
u

where o™ is a matrix which takes into account various types of dislocation
interactions. Differentiating relation (5-3) with respect to time and considering
equations (5-1) and (5-2) lead to the hardening law proposed in (4-16) where h™is
given by:

G St 1
B = | = S p7 —2y,p" (5-4)
2 % g A9 1 A
q

The matrix £™ depends in an explicit way on the current values of the dislocation
-densities.

Teodosiv’s simulation results show in each crystal: slip line patterns, stress, strain,
and dislocation density fields. The parameter of non-uniformity g of any scalar field
allows to quantify its heterogeneity. It is defined as the ratio between the maximum
and minimum absolute values of that field over the specimen.

Figure 5-3 shows the distribution of the stress component &, in the elastic range

and for average engineering strains of 0.13%, 5.7% and 21%. The direction 1 is the
tensile direction. One can check that the patterns differ. In the elastic case (Figure
5-3 a), the g parameter of non-uniformity reaches 2.3. The highest gradients occur in
the regions where small grains have high misorientation across the grain boundaries.
In plastic cases, the g factor decreases to about 1.4 at the beginning by plastic
accommodation (Figure 5-3 b). Later, with progressive deformation, g increases
again but finally remains stable at a value of 2.0.

The slip line pattern presented in Figure 5-2 results from the projection on the front
face of the specimen of line segments criented as the most active slip systems within
each element. The length of each segment is taken proportional to the accumulated
plide in the corresponding slip system or, in some cases, in all coplanar systems
having the same trace. The agreement with a Scanning Electron Microscopy (SEM)
study is reported to be quite satisfactory. The most striking feature of this correlation
is that the simulation can really predict the grains partition into subdomains of
different single or multislip activity.

The distribution of dislocation densities has been drawn as well. It is much closer to
the stress distribution than to the strain distribution. This confirms the proportionality
between the flow stress and the square root of the total dislocation density already
reported in the literature and used to develop the crystal model relation (5-3).
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Figure 5-3 Tensile stress in Mpa computed by FEM in the elastic range (a) and for
average engineering strains of 0.13% (b), 5.7% (c) and 21% (d) (from Teodosiu ez al.
1992).
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5.2.2: Acharya & Beaudoin's model
Councept

Acharya & Beaudoin 2000 presents a model that is summarized hereafter. Each

single crystal undergoes a deformation gradient F which is submitted to a
multiplicative decomposition:

where F * is the elastic deformation tensor and F " is the plastic deformation tensor.
This approach adopts the isoclinic configuration already introduced in Figure 4.2. As
in Teodosiu’s approach, a viscoplastic flow rule is applied at the level of each slip
system. However a common CRES for all the slip systems 7 . =7, is used.

Vhen certain types of defect distributions are present in the lattice, the distribution of
“isoclinic” configurations cannot constitute a compatible deformeation of the current
configuration without additional deformation of the material. Consequently, it is

reasonable to think of any measure that quantifies this incompatibility in I *1ag a
measure of certain types of lattice defect distributions.

From mathematical and physical considerations, it can be shown (Acharya & Bassani

2000) that a measure of lattice incompatibility is given by the 3 order tensor A,
. . *_

skew symmetric part of the gradient of F o

A=(Fel -l e ®¢, ®e, (5-6)

£ ikj/&

where (g, e, e is the basis of a rectangular Cartesian coordinate system

. . J . . . ’
parametrizing the current configuration. It can also be shown via Stokes’ theorem
that :

_b_c = (C.E*ﬂ-dE:J‘AA:_]&dﬂ (5-7)

where C is a curve bounding a surface region A with unit normal vector n in the
current configuration. N is the unique skew symmetric tensor defined for any vector
a by:

N.a=—nna. (5-8)

If we interpret the expression in the middle of (5-7) as a Burgers’ circuit on the
deformed lattice in the current configuration, then b° can be thought of as the
cumulative Burgers' vector of all dislocations threading the region A on the surface
with normal n. Consequently, A can be interpreted as a fictitious density of lattice
incompatibility. When integrated over a surface A, limited by a closed curve in the
current configuration, it yields the cumulative Burgers' vector difference between the
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beginning and the end points of the image curve in the “intermediate isoclinic
configuration”. Since this difference is conceptually equated with the net Burgers'
vector of all the dislocations threading the studied surface, then it is reasonable to
interpret the continuous tield (A : N ) as a cumulative Burgers’ vector per unit area.

Ther@fore,(r/_l: _]\z )/ b, where b is the interatomic spacing for the lattice under

consideration or the magnitude of the classical Burgers' vector, yields a continuous
field of “dislocation density”.

A alone cannot represent the total dislocation density in a phenomenological theory.
Nevertheless, given its apparent interpretation as a macroscopic manifestation of
certain types of dislocations or lattice defect distributions, it is reasonable to say that
the evolution of the total dislocation density is affected by <4 : _]\:J )/ b. A logical
consequence is the use of this measure in an evolution equation for hardening.

This proposal is not comforted by a lot of experimental checks but it is worth
mentioning, as it links a microscopic mechanical model to microscopic physics. Such
a link could help both physical metallurgists and numerical engineers to develop
accurate models.

Common CRSS evolution law

With p the total dislocation density, y*the slip system shearing rate on system £k,

£P™ the strain rate and T the temperature, Acharya and Beaudoin consider an

evolution equation for the dislocation density in a crystal of the form:

.
p=y, ik, %; ko ~k2(§”""‘””jz")p}!yk$ (5-9)

x J

where

=i (5-10)

is the slip lattice incompatibility corresponding to system % with unit normal n', k,is
a material constant, k; and k; are functions defined by relations (5-13) and (5-14).

The first term on the right side of evolution equation (5-9) represents a geometric
storage term due to the lattice incompatibility which has been introduced in the
previous section. The second term is associated with the dislocation storage through
a statistical measure of forest dislocations. The third term is a dynamic recovery rate
that renders dislocation segments inactive as they rearrange themselves.

Relation (3-13) defined at the macroscopic level can of course be expressed at the
level of the common reference CRSS assumed in a crystal:

T, =T, +aGbJE (5-11)
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The time differential of this relation, coupled with relation (5-9), yields:

. kG’ @ i [aGD
chmz A ‘}’ l‘r‘i l’ “‘;'f l (5-1?.)

Defining 6, as the strain-hardening rate that prevails at initial yield and7z , as the

satnration stress (7,(7,, )=0) which depends on strain-rate and temperature, the
following relations are obtained :

(5-13)

) p micro - 0 1A
62( g ’T 4 75(‘;( .D micro T) T, (J 14)

-Substituting relations (5-13) and (5-14) in (5-12), an isotropic, single crystal work
hardening model is obtained :

N

ka("b‘.n/lk

o, )% ‘VW{ =)

7| (5-15)

C co
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It can also be shown that A" is invariant under superposed rigid body motions
(Acharya & Bassani, 2000); it thus satisfies the invariance requirement for a
corstitutive assumption.

Numerical applications to predict macroscopic stress-strain behavior

Acharya & Beaudoin use 3D FEM simulations to model aggregates of single crystals
where velocity boundary conditions allow to represent uniaxial tensile or
compression tests (Figure 5-4).

Simulations were performed with coarse and fine discretizations, the number of
elements per grain was 12 and 96 for the 12x12x12 and 24x24x24 meshes
respectively. Using the 12x12x12 mesh, simulations were carried out for grain
diameters of 200 22 m, ©1 g m, 32 2 m, 20 4 m. Additional grain diameters of 50 xm
and 25 4m were considered with the finer mesh. Each grain is characterized by its
lattice orientation. The hybrid finite element formulation adopted by Beaudoin et al.
1995 is used. This model assumes that the plastic part of the velocity gradient is
specified by the activation of multiple slip systems as already explained in Taylor’s
single crystal plasticity (see section 4.1). A viscoplastic flow rule (relation 4-15),
coupled with the above CRSS evolution (5-15), links stress and plastic strain rate.
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Figure 5-4 Polycrystal aggregate with initial grain diameter of 32um submitted to a
tensile strain of 20 %; von Mises equivalent stress is plotted in units of Mpa and
dimensions are given in m (from Acharya & Beaudoin 2000).

The model requires the identification of 4 parameters: 6,, 7, , 7., k,. Thanks to
comparisons between experiments and simulation results, a data set can be
determined. From computations applied to pure nickel, it appears that the
contribution of terra A° due to “lattice incompatibility”, evaluated by relation (5-10),
is relatively small for large grain size (200 ¢ m) but becomes more sigrificant with
decreasing grain size.

Whatever the mesh refinement, Figure 5-5 shows a clear relationship between
macroscopic vield stress and grain size. Lines fitted to simulation rtesults show a
slight deviztion from linearity with the inverse of the grain size, in fact o +D™’is
found. Well known scientists, such as Ashby for instance, propose relations where
the yield stress is proportional to D™?, see the review presented in Frangois et al.
1992. Acharya & Beaudoin do not comment this difference, as their results are quite
close to the experimental ones.
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Figure 5-5 Effect of grain size D on volume-averaged stress response of nickel at
77 K° from Acharya & Beaudoin 2000.

5.3. Macrosc

dacroscopic FEM simulations relving on_discrete
set of crystals

A A

In this type of simuletions, the response of each integration point depends on the
response of a multitude of single grains, representative of this material point. This
can be done only thanks to massive parallel computations. Simulations like
hydroforming process, performed by Dawson ef al. 1992, show that, with powerful
computers, this approach can be applied to real problems of limited size. Clearly, in
addition to the usual choices in a FEM approach (lagrangian, eulerian formulation,
explicit, implicit scheme, ...), the scientist must determine further assumptions:

Step 1 : the micro-macro link (Full Constraint, Relaxed Constraint Taylor's model
or one of their variants, self-consistent model, homogenization technique).
It allows to go from a macroscopic velocity gradient to microscopic values
and to provide, after computations at microscopic level, the mMacroscopic
stress.
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Step 2 : the set of representative crystals.
The number of crystals must be determined as well as their orientation,

shape, size, slip system and associated CRSS. The initialization of these
crystal data is essential for the accuracy of the results.

Step 3 : the behavior model of each crystal.
In this type of models, elasticity can be neglected or taken into account. The
crystal plasticity model defines the link between the resolved shear stress
and the slip system rate. The CRSS hardening rule is also a key function that
induces differences between the models. As shown hereafter, two different
proposals exist: viscoplasticity or rate independent plasticity. Finally, the
microscopic stress related to the microscopic velocity gradient is computed.

Of course, all these options interact and have strong effects on the accuracy and
computation time. Well-known scientists have proposed various models in order to
describe polycrystal models. Some of these models are presented hereafter, together
with their advantages and drawbacks.

5.3.1. Tavior's model 4+ Polycrystal models

Such polycrystal models are described for instance in Asrc & Needleman 1985,
Mathur & Dawson 1989, Becker 1990, Neale 1993, Beaudoin et al. 1994, Kalidindi

& Anand 1994, Anand et al. 1997. The above general choices are clearly identified
hereafter.

Micro-Macro Link

Taylor’s polycrystal model is used. This implies that the local deformation gradient
in each orain is set homogeneous and identical with the macroscopic deformation
gradient.

The elasticity is generally neglected in the work performed by Dawson’s team
(Mathur & Dawson 1989, Beaudoin et al. 1994):

Emacra s Emicro :E:}:E}’ (5‘16)

R* being a rotation matrix. But elasticity is taken into consideration by scientists
working with Anand (Kalidindi & Anand 1994, Anand et al. 1997):

Emacro :Emicro :E*EP (5“17)
with F * defined by Figure 4-2.

If the N representative grains or crystals have equal volume, a simple average is used
to link micro and macro stress tensors (Kalidindi & Anand 1994).
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macro 1 ~ micro
A W i (5-18)
N fe=1

Otherwise, a weighted average based on the volume fraction Wy of each crystal
orientation is used (Beaudoin et al. 1994).

macro k micro{ k)
=% Wo" (5-19)

]
/

M=

k=1

Clearly, the average used to reach the macroscopic stress tensor depends on the
choice of the representative set of crystals.

Representative set of crystals

Number of crystals : N varies depending on simulations and authors. For instance,
180 or 200 crystals per integration point are used for compression tests (Kalidindi &
- Anand 1994), 32 for cup-drawing (Anand et al. 1897), 256 for hydroforming process
(Beaudoin e al. 1994), 200 for titanium rolling (Dawson & Kumar, 1997)...

Orientation of crystals: experimental data from X-ray diffraction measurements of
crystallographic texture give discrete intensities of diffracted energy as a function of
goniometer position angles. This can be transformed into a “Crystal Orientation
Distribution Function” ODF as explained in section 3.2 and can be used to generate a
set of “weighted Buler angles”.

According to “popL.A package” (Kallend ef al. 1991), two approaches are proposed
to approximate a texture defined by a continuous density distribution through a set of
discrete orientations. In the first approach, all orientations have the same weight.
Since the crystals are assumed to have the same volume, they are located in the
orientation space so that higher density regions are more densely populated. The
second approach consists in randomly populating the orientation space with discrete
orientations and assigning to each of them an initial weight that minimizes the effect
of the density fluctuations arising from the discretization. The weight of each discrete
orientation is then multiplied by the actual density in the associated volume of
orientation space. This provides a weighted orientation approach generally used by
Dawson and his co-workers (see relation (5-19)), while Anand's team generally uses
the first approach with identical weights (see relation (5-18)).

This initial set of orientations is updated during the computations. Section 4.4
explains how the computation of the crystal lattice rotation £ for a single crystal is
directly applicable, thanks to Taylor's assumption of identical deformations at
microscopic and microscopic levels (see relations (5-16) and (5-17)).

Slip systems: the slip systems are well Xnown for f.c.c materials like aluminum,
copper ot b.c.c materials like steel, tantalum, h.c.p. materials like zinc, zircalloy...
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CRSS: as explained in section 4.3, the hardening of each CRSS associated to a slip
system should be taken into account as well as its initial value. Very often, the values
of the initial CRSS of all slip systems are assumed equal or close to each other (van
Bael 1994, see relation (4-5)). In an annealed state for f.c.c or b.c.c materials, this
seems reasonable. From numerous simulations of homogeneous deformations of f.c.c
materials (Kalidindi et al. 1992), it has been observed that, after large deformations,
the values of the CRSS for the various slip systems in an aggregate are quite close to

each other. This common value is estimated from a macroscopic simple compression
test.

Shape: this cannot be taken into account in a classical polverystal Taylor’s model.
I poiycry

Behavior model of each crvstal

Mathur & Dawson 1989 and Beaudoin ¢f al. 1994 neglect elasticity (5-16) and use
a rate dependant plasticity model described for each slip system by relation (4-15),
recalled here:

n
s

V' =9, signt, (4-15)

€

They also adopt a common average value for all CRSS in ore crystal:
T, =T, (5-20)

and choose a simple evolution law of Voce’s type, already referred to in Follansbee
and Kock’s model (section 3.5.2.) :

T, —7 o
i, =H,—*—=— and 7, = f(I) (5-21)
”snl - Z-c()
where I =total shear slip on all slip systems of the crystal,
P pey Y

7., = saturation value of the common reference CRSS;
7, = initial value of the common reference CRSS;
Hy = maternial parameter.

In Beaudoin et al. 1994, a hydroforming process (Figure 5-6) is chosen to validate

the numerical FEM model. This choice seems very well adapted to check the model

of the blank behavior :

- applied pressure assures stability;

- contact and friction models do not introduce inaccuracy; punch and blank are in
sticking conditions and blank-flange contact is assumed frictionless.
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Figure 5-6 Axisymmetrical hydroforming process of an aluminum shest
(adapted from Beaudoin et al. 1994).

Consequently the final deformed shape depends on the material anisotropy and is
measured by the percentage of earing. As shown in Figure 5-7, numerical results are

close to experimental measurements :
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Figure 5-7 Baring measurement and prediction at the final stage of a hydroforming
process (from Beaudoin et al. 1994).
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For this case, it was checked that the texture evolution during the process and its
effect on the shape of the yield locus are minimal.

In Anand & Kothari 1996, a viscoplastic flow rule (relation (4-15)) is compared
with a rate-independent crystal plasticity model. A robust calculation scheme
determines a unique set of active slip systems and the corresponding shear
increments in the rate-independent theory. In both models, an evolution rule for the

CRSS associated to each siip system 7, is applied. The general form, already
presented in section 4.3, is applied :

,l:,; :zhsu yu (4_16)

u

This relation comes from Asro & Needleman 1985 and the chosen hardening matrix
1™ for the 12 slip systems of f.c.c crystals is:

[A gA gA qgA

i L jaA A gA gA 11 1}

=k
gA gA A gA| with A=4{1 11 (5-22)
gA gA gA A 11 1[

where systems 1, 2, 3 are coplanar, as systems 4, 5, 6 and 7, 8, 9 and 10, 11, 12 are.
For coplanar systems, the ratio of the latent hardening rate to the self hardening rate
is equal to unity. For non coplanar systems, it is evaluated by means of factor g=1.4.
The function 2" is defined by :

™ \“

- J (5-23)

B =yl 1-

where hy, a and 7, are slip system hardening parameters which are taken identical
for all slip systems. In fact, 7_, should be an increasing function of strain rate but
this can be neglected at low temperature. These parameters are reached by curve-
fitting between the results of simple compression tests and numerical simulations
using "Taylor’s model". By "Taylor’s model", one must understand: the TBH model
applied at the crystal level with Taylor’s assumption of equality between microscopic
and macroscopic strain rates. This model vses (4-16) and (5-23) to follow the
evolution of the CRSS of each slip system in each crystal. One can check that the
initial value of CRSS 7, influences the initial yield, 7, the final saturated value of

stress, h, affects the initial hardening rate and a modifies the shape of the polycrystal
stress-strain curve between the initial yield and saturation.
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Figure 5-8 Experiments and predictions of simple compression tests used to
determine the viscoplastic material parameters in Taylor’s model.
a- Strain rate jump test b- Constant true strain rate test
(from Kalidindi & Anand 1994).

If the TBH model is replaced by a rate dependent visco-plastic law (relation 4-15), it
‘has two additional parameters: ¥,,n. For copper, according to Kalidindi & Anand
1994, 7, is assumed to have a constant value of 0.012 and »n is chosen equal to the

corresponding macroscopic parameter. This latter is identified thanks to a strain rate
jump experiment on a polycrystailine specimen in compression state at room
temperature. '

The first "micro-macro model” used here is simply Taylor’s assumption of
£™° = £™° linked with 2 TBH model or a visco-plastic approach (4-15). It has no
coupling with FEM and allows the identification of 7., Tias ho @ and y,, n. All these

parameters ars necessary to describe the single crystal behavior.

Finally, Figure 5-8 shows the comparison between "Taylor’s nodel”  and
experiments for a copper with isotropic texture represented by 200 crystals.

Then, Anand and co-workers (Kalidindi & Anand 1994, Anand & XKothari 1996,
Anand et al1997) apply the micro-macro model described above at each
interpolation point of a finite element mesh. The behavior of copper and aluminium
is simulated by means of Taylor's model. In particular, compression tests of
cylindrical specimens, plane strain compression experiments, forging experiments
(Figure 5-9), cup drawing experiments (see Figure 1.3) are performed. Experimental
and numerical loads, geometric shapes and texture evolutions (Figure 5-10 and
Figure 5-11) are compared as well.
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Figure 5-9 (a) Scheme of a plane strain forging experiment performed on an initially
isotropic copper, (b) Coarse mesh used in Abaqus finite element simulation with 180
single crystals per integration point (from Kalidindi & Anand 1994).

The conclusion is that the model gives reasonable accnracy for engineering purpose.
Such a model has been successfuily applied to high deformation rate of tantalum

{Anand et al. 1997).
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Experimental Simulation

Deformed Mesh

Figure 5-10 Measurement in forging experiment and prediction by FEM simulation
of the {111} and {110} pole figures in the deformed specimen at the point indicated
in the deformed mesh (from Kalidindi & Anand 1994).
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Experimental Simulation
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Figure 5-11 Measurement in forging experiment and prediction by FEM simulation
of the {111} and {110} pole figures in the deformed specimen at the point indicated
in the deformed mesh (from Kalidindi & Anand 1994).

Conclusion

In short, the previous examples using Taylor’s model, coupled with finite elements,
show that such approach is feasible and has been validated for b.cc and fc.c
materials. If a high number of representative crystals at the microscopic level is used,
this can provide accurate predictions of texture, geometry and stress history during
any cold forming process. The texture evolution is directly implemented in this
approach. This means that the “geometrical hardening”, responsible for the shape
modification of the yield locus is directly taken into account. This characteristic
constitutes an adventage of this type of models with respect to others, such as the
phenomenological yield loci coupled with kinematic and isotropic hardening. These
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cannot casily represent texture evolution effect. As explained above, this method
does not use a global yield locus but an average answer computed from the plastic
behavior of a set of representative crystals.

Taylor’s model coupled with finite elements requires a high CPU time and memory
storage, directly proportional to the number N of crystals associated to one
integration point. It is quite surprising that this number N has not been more
investigated. Very often, measured pole figures are qualitatively compared to the
ones computed from the discrete set of orientations (Anand & Kothary 1996). No
further study from a mechanical point of view, such as stress response computed for
the same strain and different N values, is performed. For each of the N representative
crystals associated with one integration point, one must store:

- the crystal orientation, typically defined by 3 variables;

- hardening variable(s): either one reference CRSS 7, as in relation (5-21), if a

common reference value for all slip systems is adopted, or one CRSS 7, for each
slip systems s as in equation (5-23).

5.3.2. Self-consistent approach + Polverystal models

As explained in section 4.5, the self-consistent approach respects, on the average,
both compatibility and equilibrium between grains. It is intensively used by scientists
aiming to understand and predict the macroscopic material behavior thanke to micro-
macro models (Canova & Lebensohn 1995, Molinari 1997, Nikolov & Doghri 2000).
However, this great advantage is shaded by the increase of computation time. This
fact explains why it is seldom used for coupling with FEM models. It is not
surprising that self-consistent approach applications appear for hexagonal materials
like Zircalloy (Chastel et al. 1998) because the low number of deformation modes in
such crystals yields inaccurate predictions with Taylor’s model.

Chastel et al. 1998 present a viscoplastic self-consistent polycrystalline model
(Lebensohn & Tomé 1993) coupled to a 3D Eulerian finite element code LAM3
(Hacquin et al. 1995), applied to the hot extrusion of Zircalloy. In practice, the finite
element calculation starts with an isotropic rheology, which provides a first
deformation gradient at each interpolation point. Then, the polycrystalline model is
locally activated and provides an anisotropic response of the material which induces
subsequent calculation in LAM3. For this case, the final flow patterns reached by the
macroscopic approach and by the micro-macro computation are very close to each
other as they are mainly fixed by the kinematic boundary computations.
Discrepancies between predicted and measured texture evolutions are attributed to
the occurrence of recrystallization and/or recovery phenomena, which are not taken
into account in the model.

To summarize, such a method allows to consider directly “textural hardening” as
Taylor's model coupled with finite elements does. It is more satisfactory from 2
scientific point of view since, at the microscopic level, both compatibility and
equilibrium are approached. The grain shape can be taken into account at the
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microscepic level. The case of crystals with a low number of deformation modes
seems fo require this type of model for accurate predictions. The cost in memory is
identical with Taylor’s approach. However, the CPU time, which is already a
problem with Taylor’s model, is even worse here, as an iterative process is needed to
find the heterogeneous strain repartition between crystals. This explains why so few
macroscopic FEM models are linked to self-consistent microscopic models.
Progresses in this direction are on their way. It must be pointed out that with “object
programming”, it is not a real problem to replace a Taylor's model by a self-
consistent one.

5.3.3. Homogenization approach + Polycrystal models

Micro-Macro Link

Proposais by Smit e al. 1998, Miehe et ai. 1999, Geers er al. 2000 or Feyel &
Chaboche 2000 are directly based on mathematical procedures already applied in
composite materials. Two levels of finite element models are used: at every
interpolation point of the macroscopic FEM mesh, another microscopic FEM model,
simulating a Representative Volume Element (RVE), is called to provide the stress-
strain behavior of the material.

In other words, the constitutive law at a macroscopic point results from the global
response given by a FEM analysis of a set of representative crystals (RVE) described
by a microscopic behavior model. These 2 levels of computation are represented in
Figure 5-12.

Macro - Variables Micro - Variables

)7 AN
7 FI?]/S."O

Macro - Continuum Micro - Structurse

Figure 5-12 Presentation of the macroscopic and microscapic levels
(adapted from Miehe ef al. 1999).

The homogenization approach provides the mathematical background to go from the
microscopic level to the macroscopic level. Figure 5-13 presents the mathematical
description of the same deformation at macroscopic and microscopic levels.
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Figure 5-13 Schematic diagram of the deformation at the macroscopic and
microscopic levels (adapted from Miehe ef al. 1999).

In Figure 5-12, Figure 5-13 and Figure 5-14, the superscript macro relates to the
macroscopic mesh and the superscript micro identifies variables attached to the RVE
considered at the microscopic simulation level. The following notations are
introduced:

J—v macro 6r imicro

initial configuration,

macro or micro

14 deformed Conf' guration associated to the initial one,

X macro or micro

coordinate tensor in the initial conﬁguraﬁon,

macro or micro

X coordinate tensor in the deformed configuration

v -)_}gmacm ‘ '
F = W macroscopic deformation gradient tensor ,

X
micro 835 e . . . ; -
=—=__  microscopic deformation gradient tensor,
a X macro -

n’ outward normal of the initial configuration of the RVE,
n’ outward normal of the deformed configuration of the RVE.

The following averaging relations define the macroscopic gradient tensor and the

macroscopic first Piola Kirchhoff stress £ from their values at a microscopic
scale :
nacro 1 £ ypmicro yyr 2 14
E =] —"‘j . X d 4 (.J“A: ‘)
V Arml(m———
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z_macm . 1 j. L 1icro dV (5 25)
= T =25
— V AWYIIICIOM
The application of Gauss’ theorem leads to:

ypmacro J micro  yyy ] mzcm

F ..---j g gy =L N da (5-26)
V micro V a[wmlcm ———
macro 1 * 'micro 1 micro «y micro
= T V== T ®XMdA (5-27)
g/ ]—wmcm V arﬂllf"ﬂ -

where the tension on the boundary 07" is defined by

micro micro I

A (5-28)

Figure 5-14 a. illustrates the above theoretical considerations. Figure 5-14 b,, ¢, d.
present different microscopic finite element meshes: one element per crystal grain
(b.), regular square elements mesh (c), mesh of triangles applied on the crystals (d).

x micro -, Emacro X micro

Figure 5-14 a. Deformation of the microstructure level
b., c., d. Finite element meshes applied to the initial shape of the RVE, where
crystals are identified by different grey colors
(adapted from Miehe er al. 1999).

The deformation assumption in the RVE is related to macroscopic values by:

xm.r'cm :Emncm‘z{:mnnm + \Z/ (5~29)

Fmicm - Fmacro +E <5~30)

The assumption (5-30) coupled with the previous average equation (5-26) leads to:
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— j Fav = f; J{ w®n  dA+ -é PO’ dA=0 (531

31 micyot ——

5 I - - - s
with N'" =-N"" at 2 associated points of the contour (Figure 5-14 a.).

This general mathematical frame shows that 3 alternative possibilities directly satisfy
relation (5-31) :

- =0 everywhere in 1" Taylor’s assumption F™" = F™ is recovered, no
superimposed deformation field at the microscale;

- =0 on the contour o™ zero fluctuation of the superimposed deformation
field W on the boundary but non zero fluctnation inside the RVE;

- % =W on the contour oI"™": periodic fluctuation of the superimposed
deformation field W on the boundary.

Set of representmive crystals

All the examples presented in Miehe ef al. 1999 start from an isotropic texture easily
represented by random crystal orientations. According to the size of the MAacroscopic
mesh, the number of finite elements in the RVE varies.

For instance, in a validation test simulating a simple shear loading, one macroscopic
element is used, coupled with 100 finite elements in the RVE. Each of them has one
integration point associated with one crystal orientation. The texture predictions
resulting from the 3 alternative choices for the W field are quite close to each other.

Another example of punch indentation was computed using 100 macroscoepic finite
elements, each of them linked with 400 crystal grains in the RVE.

Behavior model of each crystal

Miehe er al. 1999 provides one of the most complete micro-macro models: it
considers the anisotropic elasticity in each crystal coupled with a plastic or
viscoplastic anisotropic behavior. This model takes into account thermomechanical
behavior as well. The rate dependent plastic behavior is quite classical and the rate

independent plastic approach proposes an extension of the work of Kothari & Anand
1996.

Conclusion

The advantages of this approach are that texture and grain shape or size effects are
directly taken into consideration. Like in the self-consistent approach, both
equilibrium and compatibility between crystals are reached in the RVE. The effects
of 3 different assumptions at the microscopic scale (Taylor’s, no fluctuation or
periodic fluctuation on the boundary) are easily considered. One significant
drawback is the amount of computations and memory requirements, which are even
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worse than with self-consistent and Taylor’s models coupled with macroscopic FEM
simulations. For instance, the variables describing the microscopic FEM simulation
(nodal positions, state variables at every microscopic integration point: crystal
orientation, reference CRSS or CRSS for each slip systems...) associated to every

macroscopic integration point must be stored. So far, no industrial examples were
simulated with this approach.

5.4. Macroscopic FEM simulations with microscopic
models

Micro-Macro Link

Nakamachi & Dong 1997, Nakamachi ef al. 1999a, Nakamachi et al. 1999b, propose
a very. nice simplification of the simulations presented in section 5.3.1. A
macroscopic mesh is defined to model the investigated process (Limiting Dome
Height test, see Figure 1-1, cup deep drawing, see Figare 1-2). For instance in
Nakamachi & Dong 1997, the quarter of the 180 x 100 mm blank used in the
NUMISHEET’96 LDH benchmark test (Lee ef al. 1996) is simulated by 1125 eight-
node SRI (Selected Reduced Integration) solid elements. At every macroscopic
interpolation point, the behavior law of a single crystal characterized by its
orientation and the hardening state of each of its slip system is adopted. This
approach is in fact a macroscopic extension of the microscopic FEM computation
described in section 5.2. It can be considered as an inhomogeneous material
modeling and it appears as the limit (N=1) of the models presented in section 5.3. In
the macroscopic examples (LDH test, cup deep drawing) described in Nakamachi &
Dong 1997, Nakamachi et al. 1999, Nakamachi e al. 1999b, no grain size effect is
considered. However, the same approach applied on small scale simulations '
(rectangular sheet of 0.1mm x 0.3 mm in Nakamachi et al. 1999) allows to study
grain size effect like in section 5.2.2.

A dynamic explicit finite element code is used with an elastic/crystalline viscoplastic
constitutive law. Details on the crystalline viscoplasticity model are given hereafter.
No special assumption as Taylor's, self-consistent or homogenization is needed as
one single crystal orientation is given per macroscopic integration point. The strain
heterogeneity between interpolation points directly follows from the nodal
displacements. The equilibrium is assumed but not checked since an explicit finite
element scheme is used.

Representative crystals orientation

The initial crystal orientation assigned to each interpolation point is randomly
selected from a crystal population chosen to be representative of the measured ODF
(Nakamachi & Dong 1997).
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Behavior model of each crystal

The elastic/crystalline viscoplastic constitutive law is defailed in Nakamachi et al.
1999. Here, only the evolution of the CRSS associated with the slip system s is
presented. Relation (5-32) takes into account the hardening process between slip
systems as already done by relation (4-16) but it adds a softening aspect:

'K-S = i( h&ll _ﬂSSll }

u=|

7" (5-32)

The hardening coefficient matrix h™ is related to the grain size, to the increase of

dislocation density, to the shear slip and to the interaction matrix between self and
latent hardening:

y D N u
R = {h, ~h; tanh(-= )} ni{C(y, +v)}' " q* (5-33)
3
where  h,,h, ,h; parameters related to the grain size D,
n,C parameters related to the increase of dislocation density,
T initial shear slip,
q™ interaction matrix of self and latent hardening.

The softening coefficient matrix s™ is related to the grain size, to the decrease of
dislocation density, to the shear slip, to the CRSS level and to the cross slip:

sV = [s, + 5, tanh 2]1(——1—‘ 5,7 7" p* (5-34)
[ sy J\I+r/mn
with
5,8, 5, parameters related to the grain size D,
r actual distance between the adjacent slip systems,
Yo initial distance between the adjacent slip systems,
By parameters related to the decrease of dislocation density due to glide
work, and thermomechanical effect,
p™ parameter of dynamic recovery due to cross slip.
Conclusion

From Nakamachi’s oral presentation at NUMISHEET 1999, it is known that his
model has been applied with success to the simulations of cup deep drawing.
However, in the written version, Nakamachi ef al. 1999 only present the theory but
not yet the Numisheet 99 benchmark applications.

The interest of such an approach is the decrease in computation time and variables
storage as a set of representative crystals per integration point is replaced by a single
crystal. Bach integration point behaves like a single crystal characterized by a
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different orientation; the material response must therefore be quite heterogeneous
and it is not sure that an implicit FEM approach would converge. However, this
approach gives a possible direct application of the micro-macro approach.

Macroscopic

OCESS

The discrete set of representative crystals used in FEM simulations as described in
section 5.2 suffers from shortcomings because the characterization comes with few
analytical tools. No direct means are available, for instance, to develop quantitative
measures to differentiate between textures associated with distinct discrete
aggregates. As a result, considerations on differences between textures are often
qualitative, or obtained through projections onto alternate representations. In dealing
with spatially inhomogeneous textures, there is often a need to interpolate or to
project across textures. This requirement appears when initializing from experiment,
or computing spatial gradients of texture as measures of the inhomogeneity degree.
Such measures are important when the considered material is initially
inhomogeneous and when substantial inhomogeneities develop over the course of the
process. In rolling, for instance, highly localized regions of inhomogeneity develop
through the thickness of the sheet due to roll induced shearing.

Kumar & Dawson 1995a, 1995b and 1996 and Dawson & Kumar 1997 propose a

quite complex approach that uses directly the ODF without relying on discrete sets of

representative crystals. This approach offers the advantage of an easier and more
accurate possibility to compare and interpolate textures. 2 FEM simulations applied
in different spaces are connected to each other :

- in the crystal orientation space, a finite element mesh describes the ODF
representing the material; a microscopic finite element analysis is used to solve
the ODF conservation equation presented in section 5.5.3;

- in the classical geometrical space, a spatial steady state simulation using
Bulerian finite elements is applied to an industrial process such as rolling for
instance.

It is fundamentally different from the approach proposed in section 5.3.3 which
consists of 2 coupled FEM simulations in the classical geometrical space but
performed on different scales: microscopic and macroscopic.

Of course, in Kumar and Dawson’s work, both FEM simulations are coupled:

- the microscopic FEM requires the strain evolution to compute texture evolution;

- the macroscopic FEM uses the up-dated texture as well as crystal plasticity with
Taylor's or Sachs' assumption to get the macroscopic constitutive behavior.
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5.5.1. Crystal orientation representation

The crystal orientation is defined as the rotation R required to align the crystal

lattice frame with a fixed sample reference frame. Three independent parameters are
sufficient to describe such a rotation. Euler’s angles are a frequent choice (see section

3.2, Figure 3-4). An alternative class of representation uses an axis of rotation n and
an angle of rotation ¢. In this case :

Ring)=n®n+(l-n®n)cosp+Irnsing (5-35)

where I is the second order unit tensor. A particular representation of the crystal

orientation is defined by Rodrigues’ parameters which are the components A
of vector r : '

r=nitgg (5-36)

The parameters !, /2, ¥ define the so-called Rodrigues' space.

The advantages of this choice are the following ones :

e A simple fundamental region can be computed in the orientation parameters
space. Rodrigues' proposal defines all the possible crystal orientations without
redundancy due to crystal symmetry. For instance, the case of f.c.c crystal leads
to the fundamental region represented on Figure 5-15.

Figure 5-15 f.c.c fundamental region for Rodrigues’space (from Kumar & Dawson
1995).

s The space distortion is limited and there is no singularity in this space. This can
be deduced from the form of the invariant volume element:

dv = cos’ (%Jdr’drzdf (5-37)
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¢

The quantity cos’ 4 is plotted in Figure 5-16 versus the angle ¢, the range of which

increases as the crystal depree of symmetry decreases from cubic to orthorhombic
lattice.

&
™~ C6 — -
w
8 Cubic
0.4 — -]
Rodrigues’
====== Homachoric
0o Hexagona!
Tetragonal
, Orthorhombic
0.0 | I L |
0.0 0.5 1.0 1.5 2.0
b

Figure 5-16 Volumetric scaling factor for Rodrigues’parameters (from Kumar &
Dawson 1995).

With this parametrization, the Orientation Distribution Function (ODF) is defined by
the probability density f(r ). The volume fraction V' of crystals whose orientations
belong to a subset 2 * of the orientation space is given by:

ve=[f(r)de (5-38)
_Q)k

The whole domain &2 of orientation space depends on symmetries exhibited by the
crystal. f{r) is scaled in such a way that:

= j’ fir)do (5-39)
0

5.5.2. Micro-macro links

The macroscopic behavior is the average of the behavior of the individual crystailites

micro :

of the aggregate. If x™is an arbitrary crystal quantity, its macroscopic value x™*
is given by:

x = [xmre (v ) fr)de (5-40)

2
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Here is a difference with respect to approaches using a discrete sample of
orientations and simply computing a weighted average of the crystal quantities (see
relations (5-18) and (5-19)). Dawson and Kumar apply a visco-plastic constitutive
law at the crystal level as proposed in section 4.2., with identical rate sensitivity and
CRSS for all slip systems and for all the crystallites related to one interpolation point.
Coupling this crystal behavior law with the crystal velocity gradient (4-2) and the
definition of the resolved shear stress (3-2), an invertible relationship between the
crystal deformation rate and the deviatoric stress in this crystallite is obtained:
[e) =

2] (5-41)

2, micro D micro E micro

where D™ is the microscopic stiffness. Then, either Taylor’s assumption of

equality between micro and macro plastic strain rates or the assumption of micro and
macro stress equality (Prantil er al. 1995) is applied. Both assumptions allow to reach

D™ and its average value, computed by (5-40). This gives upper and lower bounds

to macroscopic stiffness.

5.5.3. Evolution rule of the Orientation Distribution Function

Restricting his attention to the lattice reorientation caused by crystallographic slips,
Clement 1982 proposes to model texture evolution by integrating an equation for the

rate of change of the probability density f(r,t). This equation results from requiring
that the material derivative of relation (5-39) vanishes.

%]i +v.grad f+ fdivy=0 (5-42)
1

where v is the reorientation velocity. Note that Arminjon 1988 provides a

demonstration of this type of equation using physical hypotheses. The above
formulation is an BEulerian representation in which f is associated to particular
locations in the orientation space, rather than to particular crystals whose orientations
change. Alternatively, a reference texture fp can be specified, for instance f at time .
Then, this reference position remains fixed for all times and is used to define initial
Lagrangian coordinates for crystals. Relation (5-42) can be written either with

respect to current Bulerian coordinates f(r,t) or with respect to the Lagrangian

coordinates f(r,,t). The two representations are related through the mapping of
coordinates from reference to current configurations:

f(rt)=flr,s) (5-43)
and
f(rot) J(re,t)=folry) (5-44)

where J(r,,t)is the determinant of the mapping, which corresponds to the
trajectories of crystals in the orientation space due to plastic deformation:
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r(t)=i(r,.t) (5-45)
In Lagrangian representation, relation (5-42) becomes:
af 5. 4 » ,
—a—-t—+fdzv~):0 where (r,,t)=y(rt) (5-46)

Euler’s choice (5-42) leads to difficulties in the FEM formulation because of the
convective contribution associated with the term v.grad f. This still remains a
problem, even if some solutions are proposed in computational fluid mechanics. The
alternative is to use the Lagrangian representation (5-46). However, this adds the cost
of an explicit computation of crystal trajectories in the orientation space. Both
approaches are described in Kumar & Dawson 1996.

Another difficulty is the extreme behavior of the ODF. The ODF can evolve
exponentially, sometimes tending asymptotically to Dirac’s function. Clearly,
inaccuracies are inevitable as the finite element size cannot tend to 0. An effective

strategy applied by Kumar and Dawson is to moderate the evolution of the ODF by
the following transformation :

p=iny (5-47)

5.5.4. Computation of the reorientation velocity field

Relations (5-42) and (5-46) to compute the new ODF make use of the reorientation
velocity field v, which is linked to crystal plasticity and to the relationship between
the crystal velocity gradient and its macroscopic counterpart. As explained in section
4.1.1 related to single crystal plasticity, the rate of crystal lattice rotation £ * can be
expressed by (4-12):

_QiL :Qmic"o_EZSys (5-48)

where the first term on the right side of (5-48) is directly given by the macroscopic
spin if Taylor’s assumption is chosen. The second term is the spin due o the slip
rates on the different slip systems. '

The relationship between 2 “and v depends on the specific parametrization
employed for rotations. For Rodrigues’ parameters, Kumar & Dawson 1995a or
Dawson & Kumar 1997 establish:

v= (@7 +( 2" )r+ 2" nr) (5-49)

where 2" is a vector form of the rate of crystal lattice rotation £ L
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5.5.5. Texture prediction under monotonic deformations

The following example shows a FEM analysis applied to solve the texture
conservation relation under the assumption of plane strain compressicn of f.c.c

polycrystals. In Figure 5-17, the 3D FEM mesh of 28672 - 4 nodes tetrahedral
elements is showed.

/_g_

4 2 pleTa xS

Figure 5-17 FEM mesh used for f.c.c fundamental region (frem Kumar & Dawson
1995b).

As Taylor’s hypothesis is applied, the reorientation velocity, developed under a
monotonic deformation, is invariant with strain. So crystal computations are done
only once. The developed texture is adequately represented by the ODF on the
boundaries of the fundamental region; consequently only outside views of the ODF
are represented. The ideal components of f.c.c plane strain compression texture are
compared with the computed results on Figure 5-18.

(a) (b)

Figure 5-18 Ideal (a) and computed (b) components of plane strain compression
texture of an f.c.c polycrystal (from Kumar & Dawson 1995b).
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Texture development is dominated by two fibers:
- an ¢ fiber connecting the ideal Goss and Brass’ orientations;
- the B fiber connecting Brass and Taylor’s orientations.

5.5.6. Application to aluminum rolling

The flat rolling of a 1100 aluminum (Figure 5-19) being a steady state process, a
macroscopic Eulerian FEM approach is applied to model the macroscopic
mechanical problem (Figure 5-20). '

Free \\

surface

Traction

free Traction

free

Workpiece

Sliding
//1{ friction
Constant angular

roll velocity

Figure 5-19 Schematic diagram of flat rolling (from Dawson & Kumar 1997).

Figure 5-20 Finite element discretization of the workpiece (from Dawson & Kumar
1997).

In fact, the FEM analysis of texture evolution is coupled with the macroscopic FEM
computation. Two FEM scales are present and the details on their parallel
implementation can be found in Kumar & Dawson 1995b. Figare 5-21 shows the
equivalent plastic deformation rate, the reference CRSS and the scalar measure of the
spatial gradients of the ODF defined by :

VA= [|grad f(r.x)d2 (5-50)
2

where x identifies a material point of the workpiece.
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Figure 5-21 Contour plots of the equivalent plastic deformation rate £ o

the reference CRSS 7,

a scalar measure of the spatial gradients of the ODF 4 A,
(from Kumar & Dawson 1995).
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As expected, the microstructure hardens primarily within the deformation zone under

the roll. Hardening and texture gradients appear through the workpiece thickness. It
is observed that the texture gradients are rather important.

5.5.7. Conclusion

This approach developed by Kumar and Dawson is interesting from a scientific point
of view. It shows another proposal for the micro-macro coupling, not limited to the
mechanical point of view. Here the FEM formulation is directly applied for texture
prediction and, hence, provides metallurgical information. However, the amount of
computations seems to be even greater than in section 5.2 since the mesh
discretization of the texture problem is already of large size.

5.6. Conclusion

Section 5.1 demonstrates the interest of FEM microscopic simulations to check the
microscopic models and to investigate the effect of microscopic parameters such as
the influence of grain sizes on the macroscopic mechanical behavior.

Clearly, with parallel computers, the above selection of scientific works (sections
5.3., 5.4. and 5.5) shows that micro-macro approaches attract a great interest and
become closer to practical problems. However, for each type of applications, it
appears that more efforts should be devoted estimating the size of the set of
representative crystals or the RVE or the texture discretization. This is directly linked
to the accuracy of the results and to the CPU time.

From this review, it appears that a visco-plastic formulation is very often used at the
crystal level with the advantage of avoiding the choice between the multiple
solutions of Taylor’s model. However, at room temperature, the strain rate sensitivity
coefficient is very low, which leads to numerical difficulties and explains the further
research dedicated to the strain rate independent approach (Anand & Kothari 1996,
Miehe ef al. 1999). Finally both models can be chosen according to their availability.

The use of 2 common CRSS evolution rule (5-20) for all the slip systems in a crystal
or even for all crystallites in a polycrystal at an integration point, seems a logical
simplification to limit the number of state variables. However, a clear information on

the accuracy benefit of choosing a distinct CRSS for each slip system seems
unavailable.

The effect of the micro-macro links which have been used (FC or RC or modified
Taylor's model, self-consistent model, homogenization method) has been the most
studied problem. The choice clearly depends on the number of available slip systems,
the desired accuracy and the CPU requirements. For b.c.c or f.c.c materials, Taylor's
model already seems to give interesting results from a mechanical point of view
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(stress, strain) but it also gives qualitative texture prediction with the lowest CPU
time.

The simple approach proposed by Nakamachi 1999b offers a solution to reduce the
CPU time of micro-macro approaches. However further results comparison with an
implicit micro-macro FEM approach should be performed.
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6. FEM _MICRO-MACRO MODELS WITH YIELD
LOCUS

6.1. Introduction

In the preceding chapter, the drawback of high CPU time to compute the state of
representative crystals, then to reach, by an averaging operation, the macroscopic
behavior has often been mentioned. Scientists have investigated other micro-macro
approaches that are less greedy from a CPU time point of view.

A first option is to develop new macroscopic elasto-plastic or elasto-visco-plastic
models with general features imbued from plasticity models in single crystals. Such

-approaches are described in section 6.2.

Another option is presented in section 6.3. In this case, outside any FEM code,
models at crystal level and micro-macro links are applied to estimate an accurate
expression of the yield locus in polycrystal materials. Then, this accurate yield locus
function is used during macroscopic FEM computations. The evolution of the size
and position of this yield locus during the process is defined by macroscopic
isotropic and kinematic hardening rules. As explained in chapter 3, such hardening
models can be macroscopic but with strong links to microscopic phenomena. Even if
their accuracy can be quite high (see Teodosiu & Hu 1998 and Miller & Mc Dowel
1996), such models generally neglect the "texture hardening”, i.e. the fact that due to
texture evolution, the yield locus shape should be updated. In some cases, this
phenomenon is really negligible and using an accurate description of the initial yield
locus conjugated with elaborate hardening models yields a very good accuracy at low
CPU cost. The time reduction of such approaches as compared to FEM codes
directly coupled with microscopic calculations (see section 5.3) is difficult to
estimate. However we do not speak of a ratio of 2 or 3 but rather 10, 100 and even
greater, if no parallel computation is applied.

About the memory requirement, such approaches spare all the variables needed at
every interpolation point to store the orientation and the average CRSS (or even the
CRSS associated to each slip system) of each crystal of the representative set. This
explains why, even if some yield locus description and their hardening behavior need
100 or more constants and 50 internal variables, they are still much more economical
than the micro-macro approaches presented in chapter 5.

Of course these FEM models predict only the mechanical behavior. If the texture
evolution is an interesting result, the strain history during the process must be stored
and used in post-processor modules to predict the final texture. Such an approach is
proposed by Winters 1996, who simulates a cup drawing with the LAGAMINE code
using the yield locus described in section 6.3.4. Then he uses the strain history to
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predict the texture evolution and compares it to texture measurements. His
simulation results are quite accurate. Another example is the work by Schoenfeld &
Asaro 1996. They study the texture gradients through thickness in rolled
polycrystalline alloys by means of FEM rolling simulations using a
phenomenological constitutive law. Once the displacement time history of the roll
gap has been calculated, Taylor’s model is applied at locations of interest through the
thickness of the workpiece to predict the final texture and material anisotropy.

Finally, section 6.4 describes the model developed by MSM department. It stands
between the models of section 5.3 and the accurate yield locus functions deduced
from texture (section 6.3). As the aim is to model the effect of texture updating on
the shape of the yield locus, a function accurately describing the whole yield locus
and adjusted from computations on a set of representative crystals would be too
expensive to fit each time the texture needs to be updated. A function limited to a
“small local zone” of the yield locus has been chosen and the position of this zone is
adapted "according to the stress or strain rate state of each integration point. The
identification of this function requires a limited number of calls to Taylor’s model
applied on a set of representative crystals. As for memory storage, this approach is
equivalent to FEM models coupled with microscopic computations, described in
section 5.3. However, concerning the constitutive law, generally no call to
microscopic computations is needed. Some calls exist if it appears that the local zone
of the yield locus does not fit with the new material state. After a few increments or
time steps, texture updating is taken into account by using a Taylor’s model to
compute the new orientations of the set of representative crystals and to update the
local zone of the yield locus. Details and examples are given in sections 6.4. and 6.5.

Such analysis where some microscopic computations still appear in the FEM code, is
slower than the totally decoupled approaches described in section 6.3. Its interest is
to take into account the texture updating effect on the yield locus, without the
microscopic computations necessary to compute a complete updated yield locus.

6.2. Macroscopic models imbued from single crystal
plasticity

6.2.1. 3G Model

The “Centre de Recherches Métallurgiques” of Liége has developed the so-called
"3G model" (Monfort et al. 1991, Montfort & Defourny 1993, Montfort & Defourny
1994). 1t is a non-associated visco-plastic model. The planar isotropic version has
been studied and validated in the Ph.D. by Hage Chehade 1990, before the proposal
of an orthotropic version by Montfort & Defourny 1993.
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To understand this approach, first consider the plane stress state in a planar isotropic
material as described on Figure 6-1.

I R all sl ldadias

Figure 6-1 Plane stress state resulting in a pure shear state in axes a, b, rotated by 45°
from the principal stress axes 1,2 (adapted from Hage Chehade 1990).
The strain tensor associated to this loading state is defined by (6-1) where G,, is

associated to the shear stress 7,, applied on the planes oriented at 45° from
directions 1 and 2. '

G, 0 0 0 G, 0
e'=l0 -G, 0 =G, 0 0 (6-1)
0 0 ref axes 1,2,3 0 0 0 ref axes a,b,3

The extension of this simple state to general cases assumes that plastic strains happen
by plastic slips on planes oriented at 45° from principal axes and along directions
where shear stresses are maximal. As in b.c.c metals, 24 families of slip planes exist,
one can assume that there is always a crystallographic plane oriented nearly along a
direction of maximum shear stress. This generalisation is represented by Figure 6-2
and by relation (6-2) where axes A, 1, v are not orthogonal axes.

The plastic strain tensor is expressed by:

0 G]Z G13
" =G, 0 Gy (6-2)
G” G32 ref axes A, 1L,V

where the 3 G shear strains, responsible for the model name, appear.
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Ni

Figure 6-2 General view of assumed slip planes in general cases (adapted from Hage
Chehade 1990).

For simplicity, relation (6-2) is written in principal axes 1,2,3:

g, 0 0 G,-G; 0 0
e =10 &, g = 0 Gy =Gy 0 (6-3)
0 0 €4 0 0 G, -G

23 Jref axes1,2,3

Shear stresses acting on octahedral planes are associated to the 3 G shear strains:
7‘-12 -9 G12 3 TZB —} G23 ? T13 _} Gl3 (6—4)

With the previous concepts in mind, the isotropic planar version of the 3G model
applies to a thin sheet where the principal stress o, in the thickness direction is low.

It assumes that any plastic strain results from the superposition of plastic shears
oriented at 45° from principal stresses directions as represented on Figure 6-3.

If the material presents a planar anisotropy, more crystals are oriented in specific
directions for which a macroscopic deformation is easier or more difficult. In other
words, the resistance to deformation varies with the direction in the sheet plane.
Extending the isotropic planar approach, macroscopic strain occurs in families of
planes presenting the most favourable ratio between the applied shear stress and the
intrinsic resistance to deformation. In general, such planes are deviated from the
45°directions to principal stresses. The shift angle strongly depends on the Lankford

coefficient. It can be mathematically determined as well as its incidence on the total
deformation.
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O3

C3

Figure 6-3 Sheet strains decomposed into plastic slips in planes oriented at 45° from
principal stresses (from Hage Cheade, 1990).

As far as the hardening rule is concerned, the 3G model applies a generalization of
Bergstrdm’s model presented in section 3.5.1 (Bergstrom 1969). Using the 3 G as
strain measures allows to extend Bergstrom’s work on a more physical basis for any
stress and strain state. It is demonstrated (Monfort & Defourny, 1994) that the plastic
shear stress 7 used in Tresca’s theory can be related to the 3G strain measures:

27 = A+ Bll-expl-ari, o |Gu|+ 70 5|Gos| 731Gt )} (6-5)

where A,B and a are material constants, r, is Lankford's coefficient for a direction at
an angle o from the Rolling Direction, S is the angle between the first principal
stress and the Rolling Direction and 7 is the stress limit in Tresca's criterion,
(2t =0, is the yield stress in uniaxial tension test). For simplicity, Lankford's
coefficient for any direction ¢ is approximated by a simple function :

r, =C+ Dsin® a+ Esin® 2a (6-6)

with 3 material constants C,D,E.
These constants can be determined from the values of r,, rgs and rgp. As the 3G

model is based on stresses acting on the maximum shear planes, a Tresca-like
criterion is used, which is consistent with the mechanism taken into account:

o =0,| +|o 04| +o 0|27 =0 (6-7)
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However the exact shape of the plasticity criterion is of secondary importance, since
it only specifies the limiting stress level of plasticity initiation. The subsequent
plastic behavior, in terms of stresses and strains is obviously more important with
this non associated visco-plastic model. It is described by the flow rule presented
hereafter. Returning to the physics, the evolution of the shear strain dG; is due to the

creation and the propagation of mobile dislocations. It is proportional to:

= the time increment dr ;

the rate of mobile dislocation creation', itself proportional to the total amount of
immobile dislocations and to a thermal activation factor;

the path free of mobile dislocations, which is assumed constant and equal to the
average dimension of the dislocation cell as in Bergstrom's model;

= the inverse of Lankford's coefficientz;

the probability that a dislocation moves along a given shear plane, which is a
function of the shear stresses.

Finally, the flow rules proposed by Monfort & Defourny, 1994 for the shear strains
dG are given hereafter:

dG!, = dM o, -0, )cos(2¢c, )

2r{ p-45-0,)

JG2 = dM o, -0, )cos(2a, )

2 T pras—o, )

16, = dMo,-0,)

"7 90+8)

_dMo;-0,)

r,rﬂ

aG;, (6-8)
—Dcos(2f-20, )-2Esin(4p -4c, )

with: 1g(2¢, )= g
2C+D(1-sin(2f-2a,))+2Ecos" (2P -2c, )

Dcos(2-2a, )—2Esin(48 -4a, )

tg(2c, )= — >
2C+D(1+sin(20-2a, )+ 2Ecos* (28 -2, )

(6-9)

1 The rate of mobile dislocation creation is related to a potential function of stresses (Mecking &
Lucke 1970).

2 The texture effect responsible for Lankford’s coefficient value directly modifies the flow rule.
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i_ cos(2c, )cos(45 — )cos(45+a,)+ cos( 2a, )cos(45 -, Jeos(45 +a, )

r 27'(/9_45—g,) 2’?,6+45~u2)

lo, —0,|+|o, —o*jlﬂcrj —01|—4|z'q

20— AT exz{ w
dA= K.dt.s{ }
B o, —o,|+o, —o,|+|o; - )]

where K : material constant,
$: average free path of dislocations,
W : viscosity constant,
a,,a, angles measuring the deviation of Gy gliding planes from the
directions at 45° from the principal stresses (planar anisotropy
effect).

Recall that all the computations are performed in the axes of principal stresses. For
the orthotropic cases, the basic strain relations are:

de,, = dGl, cos(45—c, Jcos(45+a; )+ dG, cos(45+cxy Jeos(45 ~a, )= dGy,

de,, = dGl, sin(45 -, )sin(45+ @, )—dG}, sin(45 +a, )sin( 45—, )+ dG,
de,, =dG,, —dG,,

de,, = a,dG}, — a,dG;, (6-10)

The parameter identification is well described in Monfort & Defourny 1994:

e the parameters A, B and a of the hardening rule (6-5) are determined by means of
a uniaxial tensile test, a tensile test on a wide specimen test and an equiaxial
stretching (bulge test);

e the parameters C,D,E defining Lankford's coefficient function are reached thanks
to classical tensile tests in 3 directions;

e with s incorporated in K, the flow rule is defined by K and W constants. The
parameter W can be considered as nearly constant for all steels (W=16 Mpa); the

fitting of the K factor is more complicated: the interested scientist should read
Monfort & Defourny 1994.

With its parameters related to fundamental physics, the 3G model potentially has the
ability to take into account the main macroscopic features of deformation under
complex strain paths. For instance, pre-strain effect, or change in dislocation cell
shapes and sizes can be handled with simple modifications. This advantage appears
for any model based on Bergstrom's extension. The interesting feature of the 3G
model is to take directly into consideration changes in Lankford's coefficients;
however their evolution is not provided in the present version of the model, so it
neglects texture evolution effect.
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Comparisons between simulation results and experiments, such as bulge test,
hemispherical and cylindrical cup deep drawings, show the interest of the 3G model.
The experimental observations due to different materials properties or different
friction coefficients are correctly reproduced by the implementation of the 3G model
in the ABAQUS code. For instance, experiments of cylindrical cup deep drawing at
various speeds on a deep drawing steel are well predicted by simulations performed
with different friction coefficients. The fracture occurring during medium to very
low speed experiments is predicted (Figure 6-4). Axisymmetrical FEM simulations
are performed, so the planar anisotropy is neglected.

0.8
0.7 4 Experiment - high
speed ( range due to

- 0.6 planar anisotropy )
w 0.5 1
5
wn L.
5 0.4 + | —=— 3 G model - friction
T 03 coef= 0.1
i

0.2 -

0.1 Steel : A126

o

0 10 20 30 40 50 60 70 80 90
Distance from punch axis ( mm )
(a) High speed = low friction
(b) Medium speed = high friction

0.8 ,

07y Steel : A 126 3 G model - friction

0.6 ¢ coef=0.15

05 . ' ---4¢--=- Experiment - medium
. speed

Radial strain

Distance from punch axis ( mm )

Figure 6-4 Comparisons between experiment and simulation for radial strains in cup
drawing of a Deep Drawing steel (from Montfort & Defourny 1994).

The planar anisotropic behavior of the 3G model is checked by theoretical and
experimental considerations on the fracture of cylindrical cups (Montfort &
Defourny 1994).
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In conclusion, along simple strain paths, the 3G model gives slightly more accurate
results than the classical theory but its main advantage is to give a metallurgical
background to the mathematical formulation of the material behavior. It has the basic
ingredients to model the events happening in complex loading paths but specific
improvements are needed to predict texture evolution or pre-strain effects. Its

identification is not too heavy and its FEM implementation is not straightforward but
tractable.

6.2.2. Khan & Cheng’s model

Compared with a single crystal, a polycrystal contains a much larger number of slip
systems, which are randomly distributed in the polycrystal. Khan & Cheng 1996’s
model applies the above idea to transfer the plasticity model of a single crystal to
polycrystal level. Due to grain boundary effect, all slip systems interact. Describing
. the behavior of polycrystal implies formulating the interactions of all slip systems.

A single crystal yield locus is extended to a polycrystal yield locus by simply
assuming a larger number of slip systems s. The macroscopic phenomenological
approach of isotropic hardening is transferred to slip systems by equation (6-11),

with the initial value of the plastic radius R, and its increment R’. The backstress

¢’ modifies the center of the yield locus.

7' -

<R'+R, (6-11)

The projection already presented at microscopic level in relation (3-2) is applied here
to get the resolved shear stress:

T,S — A;O_I;IIGCVD (3_2)

Isotropic and kinematic hardening rules affect each slip system; their evolution is
defined by relations :

N .
a = Zbcﬂﬂ (XO + X, Ag Ay + X3(A;,A,i, )3 ”as) (6-12)
J

N
R =S by (R, + Ry( AL AL P~ R°) (6-13)
i

The first terms on the right hand side of relations (6-12) and (6-13) respectively
correspond to classical isotropic and kinematic models. The next terms take into
account the shape change of the yield surface. The final feedback terms account for
the dependence of the plastic behavior of slip systems on deformation history. The
constants X,, X,, X,, Ry, R, are the saturated values of the corresponding hardening

and b,,b, are the shape-control parameters.
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To show the credibility of the extension from single crystal to polycrystal by simply
increasing the number of slip systems, an alternative analysis of the self-consistent
method is proposed to consider the effect of grain boundaries on the behavior of
polycrystals. The analysis concludes that the effect of grain boundaries could be
incorporated in the interactions of slip systems. Unfortunately, further comparisons

with experiments announced in the paper I (Khan & Cheng 1996) could not be
found.

6.2.3. Aifantis’ models

Aifantis 1987 is a typical macroscopic model imbued from single crystal plasticity. It
is based on a scale invariance concept, which assumes that the structure of the

resulting equations is preserved during a transition from the micro-scale to the
macro-scale.

The single crystal model proposed by Aifantis considers a single family of
dislocations moving along a slip system identified by two vectors, n;(normal unit

vector to the slip plane for the slip system s) and b; (unit vector in the slip direction
for the slip system s). The associated Schmid’s tensor K (relation 3-1), its

symmetric part A; and its skew-symmetric part Z; also appear. Hereafter the
superscript s is dropped as only one slip family is taken into account.

The microscopic state is represented by two sets of equations specifically
representing conservation rules and constitutive relations. The mass and momentum
balance equations are :

?—’9+ div j=¢ (6-14)
ot =

A

diva = f (6-15)

with p the dislocation density, j the dislocation flux, « the dislocation stress
(associated to the classical back strgss in macroscopic models), ¢ the time. The source
terms ¢ and i measure the mass and momentum exchanges between dislocations
and lattice. Specifically ¢ represents the generation, immobilisation or annihilation
of dislocations and f_ includes the effect of lattice friction, damping and Peach-

Koehler’s force acting on a dislocation as a result of the applied stress.
The constitutive equations are assumed to be of the form:

o=t,A+1,b®b+t,n®n (6-16)

A

f :(alb —a2breﬁec1ive _a‘3b jb )b_+(aln —a2uTn '—(13" jn )y; (6_17)
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A::8(10’jb’jn”Z.eﬁ’ectiv.e”L-n ) (6"18)

where  a,,,a,,,8,,,0,,,d5,,d5,, t4,1,,t, are assumed functions of p. The
coefficients t,,7,,7, measure the interaction forces between dislocations and are
responsible for the development of internal stresses. The coefficients ay,q,,

measure the lattice-dislocation interactions and are responsible for yielding. The
coefficients a,,,a,, measure the effect of Peach-Koehler’s force, while ay,,a;,

measure the drag associated with dislocation motion and are responsible for internal
damping and viscoplastic flow. The other variables are defined by:

T ecrie =( TG = Oy JA,
T, =(0;" —oy J(nn;)
h=Jb
Jn=Jn (6-19)

where subscript b identifies glide components and subscript n climb components.
Such a microscopic model helps to predict heterogeneity of plastic flow such as shear
bands or Portevin-Le Chatelier bands (Aifantis 1987).

As macroscopic plasticity smoothes out plastic micro-heterogeneities, it is assumed
that, at macroscopic level, the divergence terms of relations (6-14) and (6-15) have
no influence and can be dropped. The macroscopic plasticity theory neglecting
volume changes, the climb process appearing in (6-17) and (6-18) is neglected. In (6-
16), the stress z, n®n, which accounts for presence of dislocation dipole and
decomposition, can be kept but is often neglected as in Prager’s kinematic hardening
rule. Consequently, the macroscopic relations chosen by Aifantis are:

P =E L.y pecrive ) (6-20)

Ay, =~ o T yiocrive — @3y Jp =0 (6-21)
o B = T g (6-22)
o™ =1, At1, N (6-23)

with N =n ® n. The microscopic stress quantities o g - g, o are assumed
to preserve their character and interrelationship during the transition to macro scale.
They are respectively identified with the macroscopic total stress o™, the

effective

macroscopic effective stress o and the macroscopic back stress ™. The

yield condition is directly deduced from (6-21) and the macroscopic plastic strain is
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assumed to be linked to an orientation tensor A; "equivalent” to the symmetric part
of Schmid’s tengor in the microscopic analysis:

—E-_pmacra — }}p—A_ (6-24)

In Aifantis 1987, the macroscopic A tensor results from the macroscopic principle of

maximum dissipation for maximum entropy production. This is related to the power
associated with a dislocation motion along its slip plane:

Teﬂeczive J-b > 0 ¢:> (g:macm _ &,macro ) . E-pmacro > 0 (6-25)

This leads to a maximization problem:
max imum of (o A, )

with applied constraints :
trA=0 ; trA =— (6-26)

by analogy to the microscopic analysis where A is the symmetric part of Schmid’s
tensor.

The solution found by Aifantis is:

6_eﬂective
A=—r= (6-27)
2 l(é:effeclive )2
2
where &% is the deviatoric part of stress tensor o”*“" . This solution allows to

retrieve Prandtl-Reuss’ flow rule and von Mises’ yield criterion:

a

. p '
§P — 237 é_—effecnve \/Z:F‘I‘IL:UF (6~28)
2 2b

with J, =(1/2) (3.;ﬁ‘ecrive Gé.ijﬁ‘ective.

Using standard kinematic arguments in conjunction with relation (6-24), Aifantis
obtains, at the microscopic level, the plastic spin formulation. His result is equivalent
to the expression adopted in usual theories of crystal plasticity for the plastic spin if
only one slip system is considered (see relation 4-3b):

Q' =y°Z (6-29)

where Z is the non-symmetric part of Schmid’s tensor. By analogy to the
microscopic state, the practical macroscopic relation for the plastic spin is derived by
eliminating tensor Z from (6-29) thanks to the use of expressions (6-23) and (6-24):

Qp — wt;l(gmacmép *é_pamacro) . (6"30)
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The above relations (6-20 to 6-24), (6-27), (6-30), define Aifantis’ macroscopic
model, when a random texture results in an isotropic macroscopic behavior. Its
interest is to be able to predict the development of axial strain due to torsion in free-
end cylindrical specimens and the development of axial stress due to torsion in fixed-
end cylindrical specimens (Swift effect, see section 3.5.4). '

In cases where the effect of grain orientations cannot be neglected, Ning & Aifantis
1996 propose another version of the above model. The simplified relations (6-20 to

6-24), (6-27), (6-28), (6-29) are assumed here to be the constitutive relations for a
single crystal.

Their model applies Taylor’s assumption of equality of the velocity gradient at
microscopic and macroscopic levels. It introduces an additional “texture spin” Q'
not mentioned in section 4.1.1, where the material rotation was only subdivided into
.a plastic spin £2” and a crystal lattice rotation 2"

Qmicm :ancro ____QP i _QL (4-3b)

Ning & Aifantis' texture spin Q' results from grain boundary constraints to maintain
deformation compatibility. The final local material spin £ Y is derived as the

difference between the global spin (Q"’m :_.Q'"“m), related to the macroscopic
velocity gradient, and two types of plastic spins, the usual plastic spin £ P due to
crystal slip given by relation (6-29) and the texture spin £2 " due to grain boundary
effects:

QL :anacro _Qp ____!_2‘[ (6-31)

Ning & Aifantis define a crystal orientation by a unit vector a oriented in the crystal
direction, expressed as a function of the slip system identifiers n, b and of the angle
between a and b. Then, they use the classical concept of Orientation Distribution
Function f, which represents the probability for a grain to be oriented along a at time

t. The evolution of the ODF is prescribed by a conservation rule as already
presented in section 5.5.3, which can be solved analytically in the case of an initial
random texture and simple deformation gradient tensor.

Ning & Aifantis' micro-macro link differs from the classical volume average
procedure expressed in its integrated form by (5-40), or in its discrete form by (5-18
or 5-19). Such a classic average procedure does not consider the effect of
morphological texture. For instance, the fact that the orientation of large grains may
have a more pronounced effect than that of small grains. The following improved
average relation is proposed:

X =§K(a): X" f(at)da (6-32)
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where x™ " is either the deviatoric Cauchy stress or the back stress at the crystal

macro -

level and x™"is the associated macroscopic value. The fourth order tensor K,

called “texture” tensor, is a function of a. Due to the stress symmetry, it is a
transversely isotropic tensor finally defined by only three independent material
parameters. The overall plastic flow rule and yield condition are then obtained by

combining the flow rule and yield condition assumed at the crystal level (see 6-28)
and the average stress relation (6-32). This results in the flow rule:

. p . v :

ép _ _.__}_/______<;I£> 1 . Qeﬂecllve (6“33)
20.(y" )=

and the yield condition:

\/ 69 (K) (k) ¢ =a,(r”) (6-34)

where the overall texture tensor <£ > is defined by the average formula:

(K)=§K f(at)da (6-35)

Relation (6-33) is similar to the previous phenomenological relations for the
description of the yield behavior of metallic materials, based on the introduction of

“modified” stress tensors as, for instance, in Karafillis & Boyce 1993, presented in
section 2.1.2.

The evolution of the macroscopic back stress and the plastic spin £2” are deduced

from their microscopic value, Taylor’s assumption and the same averaging
procedure.

The macroscopic counterpart of the additional spin £2' describes the overall average
grain rotation. Thus, it cannot be expressed in terms of the average slip processes
alone. The average procedure (6-32) is slightly modified and applied now to a vector

associated with the skew-symmetric tensor £2'. The fourth order tensor K is

reduced to a second order tensor, isotropic function of vector a, taking into account

2 material parameters related to plastic strain history and temperature as well as to
grain size and shape.

Like the above isotropic macroscopic model, this anisotropic macroscopic model has
been applied to the prediction of Swift's effect. This is a simple case as it is possible
to find an analytical form of the ODF function. Analytical and experimental results
are very close as shown on Figure 6-5.
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Axial stress ( MPa )

® Experiment
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1.5 25
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3.0

Figure 6-5 Comparison between theoretical predictions and experimental data for the
non-monotonic evolution of the axial stress in a copper bar under fixed-end torsion

(from Ning & Aifantis 1996).

As reported by Ning & Aifantis, these predictions were much less straightforward in
previous attempts with other macroscopic models.

The yield behavior in tension coupled to torsion has been further studied for a
theoretical material. For instance, Figure 6-6 and Figure 6-7 show the evolution of
the initial yield locus. They respectively correspond to a tension dominated
deformation state and a shear dominated deformation mode. The results show that
the texture development causes both rotation and distortion of the yield surface, the
shear mode having a more pronounced effect than the tension mode.

Normalized Shear Stress

4

-2

[

T l T l T

Normalized Axial Stress

Figure 6-6 Evolution of yield surface in tension-torsion for different tensile strains:
0, 0.1, 0.5, and a ratio shear/axial strain of 1 (from Ning & Aifantis 1996).
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Figure 6-7 Evolution of yield surface in tension-torsion for different tensile strains:
0; 0.1; 0.5 and a ratio shear/axial strain of 5 (from Ning & Aifantis 1996).

A comparison of model predictions with available experimental data in small

deformations (effect of plastic spin neglected) is presented on Figure 6-8 for 304
stainless steel in tension-torsion.
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Figure 6-8 Comparison between theoretical predictions and experimental data for the
yield surface of 304 stainless steel in tension-torsion, ¥ ” means here equivalent
plastic strain (from Ning & Aifantis 1996).

In short, these macroscopic models imbued from single crystal plasticity can predict
mechanical behavior quite accurately. Ning & Aifantis 1996 analytically compute the
ODF evolution in some simple cases. However, the extension of this model to a
general velocity gradient seems heavy from both computational and theoretical
points of view. The latter model has the advantage of giving microscopic

fundamental bases for phenomenological models, which propose the same form for
the yield locus function.
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6.2.4. Conclusion

3G or Aifantis’ models propose macroscopic plasticity models based on the
knowledge of crystal plasticity. Each one makes some assumptions to provide
“simple” useful macroscopic constitutive laws. Their applications verify that the
actual behavior under complex loading paths can be predicted. It is however clear

that each specific path (tension + torsion, pre-straining...) may need some
adjustments of the models.

Such models are neither straightforward to implement in FEM code nor to identify.
So it is not surprising that they generally seem to be used only by the teams that have
developed them. They provide more accurate results than simple phenomenological
approaches. Aifantis’s model also gives a theoretical justification for more advanced
phenomenological models such as Karafillis & Boyce 1993.

6.3. Analytical yield loci computed from texture data

First, section 6.3.1 presents the classical way to obtain a macroscopic yield locus
thanks to classical single crystal plasticity combined with texture description. As this
approach does not give an analytical formulation easy to implement in FEM codes,
different ways to derive an analytic function for the flow surfaces have been
proposed. Some are described in sections 6.3.2 to0 6.3.4.

6.3.1. Polycrystal yield locus obtained by Taylor’s approach

Let us recall the important notions of Taylor’s factor and average Taylor’s factor, as
the latter appears as a material parameter able to express the response of a textured
material submitted to a given strain rate.

M(g,U ,, ) is the Taylor’s factor associated to a crystal of orientation g for a given
strain mode U ,, (plastic strain rate tensor divided by the equivalent plastic strain

rate, relation 4-7). It is conventionally derived from the single crystal plastic power
dissipation per unit volume W by the following relation:

M( . U - pmrcm - 2

2

_ITHL‘m( UEF )‘J (4_14)

yscaled y

Physically, it represents a certain amount of dislocation glide rate associated with a
crystal orientation and an applied strain mode.

At the level of a polycrystal, the average plastic work dissipation per unit volume has
been established in section 4.5.2 as a function of the ODF f( g ), which effect is

then hidden in the average Taylor's factor M ( U, ):
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W(;E;pmacm ):§Wp(§-pmicm,g)f(g)dg :épmacmz—-cM(_U_EP )__O_macraé.pmacro (4_33)

eq T Yeg eq

M(U ., )=§M(U ,,.2)f(g)dg (4-34)

Taylor’s assumptions of equality between the strain rates at the crystal level and at
the macroscopic level as well as a common CRSS for all slip systems and all grains
are both used in relation (4-33). Studying this equation :

g:;m[lCTD TC M(QEP ):O_:;acro(é:;macm:g-macm '_é,pmacra (6—36)

one can see that, if the macroscopic strain rate £”"*" is known, M(U,, ) can be

computed and all stress tensors o™ * that satisfy (6-36) constitute hyperplanes in

stress vectors space. The strain rate vector £°™“° are perpendicular to these

hyperplanes. In practice, as already explained, only the deviatoric stress tensors are
considered in the plastic state, so the stress space is a 5 dimensional space. The

A macro

deviatoric stress &

. pmacro

corresponding to £ is one point of the hyperplane.
According to the normality rule, the yield locus must be tangent to the hyperplane at
the location of o™ (see Figure 6-9). Since the yield locus must be convex, it is the
inner envelope of the hyperplanes associated with all possible strain modes.

Figure 6-9 Example of projection of the yield locus onto the subspace
c,—-0
L3 . (from Canova et al 1985).

The practical way to build 2-dimensional projections of the yield surface is described
in Canova et al. 1985, Lequeu et al. 1987a, van Houtte 1992. Some details on van
Houtte’s approach will be given in section 6.3.4.
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6.3.2. Proposals applying concepts from Montheillet

Lequeu et al. 1987b follow the approach of Montheillet ez al. 1985, where the
principal axes of anisotropy are chosen to coincide with the (100) axes of the studied

texture component, rather than with the symmetry axes of the workpiece. Another
characteristic of this method consists in the determination of the coefficients of the
yield function only from crystallographic considerations. According to Montheillet et
al. 1985, the yield locus of a highly textured f.c.c or b.c.c polycrystal, containing a
dispersion of orientations about a single ideal orientation (cube textures) is given by :

')

Fp(é'_): a{lé\“u _&22!” +|é-22 ”&ﬂr +|633 _6-11
+2ﬁ{|é‘,2|" + "}=(«/5;c )

where & are the components of the macroscopic deviatoric stress tensor. The

‘coefficient nmust be equal or greater than 1 to satisfy convexity requirement. The
values of & and 8 depend on n. The parameters are identified from the best fit
between (6-37) and the single crystal yield locus computed by Schmid’s law and
Taylor-Bishop-Hill's. Figure 6-10 and Figure 6-11 respectively show the 7-plane

section and the shear plane section of the yield loci computed by (6-37) and by
Taylor-Bishop-Hill's formulation.

(6-37)

A n A
stl + |O~31

-~

O3

Taylor - Bishop - Hill

Figure 6-10 7-plane sections of Taylor-Bischop-Hill's single crystal yield locus
and yield surfaces defined by (6-37) for 5 values of the exponent n
(from Lequeu et al. 1987b).
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Figuré 6-11 Shear plane sections of Taylor-Bischop-Hill’s single crystal yield locus
and yield surfaces defined by (6-37) for 6 values of the exponent n
(from Lequeu et al., 1987b).

The best overall fit with respect to the single crystal yield locus is obtained with
n=17, a =047, f =0.54. The final objective is of course not an analytical yield
surface describing a material with a sharp cube texture. The goal is to develop
analytical models for any textured material containing one or more arbitrary
orientations. Therefore the comparisons between the relation (6-37) and
crystallographic yield loci should be interpreted as concerning individual texture
components, which in reality are cube textures oriented along particular directions in
the material. Lequeu et al. 1987b introduce a transformation matrix between
crystallographic axes and workpiece axes, that is used to adapt the yield surface (6-
37) to any texture component. When more than one texture component is involved, a
Sachs’ approach is used. Some comparisons between experimental and computed
yield loci are shown on Figure 6-12, where o, and o, are the yield stresses in

uniaxial tension along rolling and transverse directions respectively. The angle @,

called the scatter width, expresses the misorientation about the ideal orientation
associated with one texture component. Lequeu er al. 1987a study the effect of

increasing the scatter width on m-plane and shear stress cross-sections of the yield
locus .
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Figure 6-12 Comparison between experimental yield loci (dotted lines) reported in
literature and the predictions by Lequeu’s approach (straight lines),
(from Lequeu et al. 1987b).

In summary, this approach adjusts an analytical function on Taylor-Bischop-Hill's
single crystal locus; then, by rotation, adapts it according to macroscopic axes and
uses a Sachs’ approach when the material has more than one texture component.

Darrieulat & Piot 1996 apply the same type of approach to f.c.c materials
characterised by 12 slip systems. However, they consider a more accurate
representation of the microscopic behavior and take into account the ODF function to
represent the texture effect.

Beginning also with the plastic behavior at the single crystal level, Darrieulat & Piot
1996 express Schmid’s law by an analytical form obtained through a classical
mathematical property of power averages already proposed by Arminjon 1988:
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1
n\n

12 | & . §
F(8)=| VL4

s=1

=1 (6-38)

where A’ is the symmetric part of Schmid’s tensor (3-1) associated with the slip
system s. Function (6-38) is differentiable, strictly convex and is arbitrarily close to

the inner envelope of the hyperplanes of equations:
g:A
7,-5

c

=1 s=1,..12 (6-39)

Applying the normality rule to the yield surface, the plastic strain rate is computed
by:

s l—l 12 n—1
g =AF, " Ysen(s:A')|e: A A°
s=1

(6-40)

It is interesting to note that this form is close to the macroscopic flow rule derived
when the rate sensitive approach is applied at the crystal level (see relation (4-15)).

Figure 6-13 compares yield loci based on expression (6-38) for different values of n
with results from Lequeu et al. 1987a.

16

curves = prediction with Darrieulat
model and different n

paints = crystallographic computation
with different scatter width ® 0
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O000 o o =20°
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0 15 30 45 60 75 90
o

Figure 6-13 For cube orientation, yield stress versus the angle to the Rolling
Direction by Darrieulat & Piot and crystal models assuming different scattering
width angles @, (Darrieulat & Piot 1996).

When an orthotropic material is known through its N crystallographic components,
relation (6-38) provides a differentiable representation of the mechanical behavior
that can be attributed to each component. The macroscopic behavior is some average
between them. A simple physical assumption close to Khan & Cheng’s 1996
proposal (see section 6.2.2) is that polycrystals behave like crystals possessing not 12
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slip systems but 12 x N slip systems, the orientations of which are given by the
texture data. Each of the N sets contributes proportionally to its volume fraction.

Let the texture be defined by an ODF f( g ) function of Euler’s angles ¢,,D, ¢,
(Figure 3-4). If Buler’s space is covered by a step 4, one value f; of the ODF
represents the average intensity of the orientations in the solid angle
A A A A A A
—— 0 +—|x|D——,D+—|x — = @, +—|.Itis also the volume fraction
[0-20+2)s[0-5.048]x |n-F0+]]

of crystals belonging to this orientation space sector. The number of crystallographic
orientations N directly depends on the size of 4.

Using the same power average as in relation (6-38), the plastic behavior of the
polycrystal is given by:

3 |~

N 12 ft
F, =[2ﬁ2\§a’"’”" A ] =7, (6-41)
i=] s=1

where Taylor’s assumption of a common value of CRSS is adopted for all the slip
systems and all the crystals. The subscript i identifies the.texture component. This
tensorial expression being the average of strictly convex and differentiable terms, it
is also strictly convex and differentiable. It can be easily computed no matter what
the chosen axes are.

If n=2, relation (6-41) is a quadratic criterion similar to Hill's 1948 yield locus.
Darrieulat & Piot 1996 give the 6 coefficients of Hill’s 1948 criterion as functions of

f, and A’.

A macro s p macro

The macroscopic mechanical behavior (& ,¢

) of a polycrystal can be
predicted from each of its component ( G EPT ) if

e either a uniform stress (&7 = &™") or a uniform strain (/™" = £" )

assumption is accepted. Here, Darrieulat and Piot choose the stress uniformity;
e acondition of homogenisation is applied:

N
Efigzx_—i ﬁ, - Qmacm . gnmcm (6—42)
i=1

The details are given in Darrieulat & Piot’s 1996 paper, where a slightly modified
relation (6-41) using two exponents instead of one is also checked. Their conclusions
are that proposal (6-41) gives good results for low values of n (up to 10) but assigns
a too large influence to crystallographic texture when n increases. Their validations
consist in predictions of uniaxial yield stresses and Lankford's coefficients as
functions of the angle with the rolling direction. This is done for a single component
texture or real materials such as aluminium 3004 or 5182.

GraSMech HABRAKEN 2000 - Page 6.23.



FEM Micro-Macro models with yield locus

6.3.3. Arminjon, Bacroix, Imbault... 's potential formulation

Arminjon 1988, Arminjon & Bacroix 1991, Arminjon et al. 1994 propose an
identification of the plastic work rates to derive a yield criterion applied to
polycrystalline materials. When a quadratic form is assumed, the macroscopic
anisotropy parameters become explicit functions of the texture coefficients. Their
approach is summarized hereafter.

In visco-plastic models, the existence of two dual convex potentials £ and E, is

usually assumed. They define the relationship giving the stress tensor as function of
the plastic strain rate tensor as well as the inverse relation:
oE .p _OE

O = £
~ 3¢’ = " 3o

(6-43ab) -

where functions E and E, exchange by Legendre’s transformation. In case of rate-

independent standard plasticity, function E is simply the rate of plastic work W?.
The complementary function E, cannot be defined, since the strain rate £° is only

determined by the stress tensor o up to the plastic multiplier A(£” ) and relation (2-
3) of associated flow rule is used:

. oF
P =087 )+ (6-44)
o
In this section, the yield locus is expressed as:

F(o)=1. (6-45)

Following Hill 1987, F, can be formulated as an homogeneous function of order
one with respect to positive multipliers. This property implies :

S
o)=0:
g)=g:52

F( (6-46)

Relations (6-44) to (6-46) allow to give the following expression of the rate of plastic
work:

WP =0:6" =F,(c)M&")=1. M£) (6-47)
In practice, using (6-43a) and (6-47), Arminjon writes:
oW’ _(r ME")) _ o Me")
agP aEP aép

Compare the macroscopic expression of the plastic power dissipation (6-47) with the
micro-macro one (4-33), presented as an average value and recalled here:

i

g

Fi(o) (6-48)

W;(—E'_Pmacro ):§Wp(§~1?micm’g)f(g)dg :é;macml—-cM—(QjP ):O.macrog'Pmacro (4_33)

eq eq

GraSMech HABRAKEN 2000 - Page 6.24.



FEM Micro-Macro models with yield locus

One can find physical interpretations for each term. 7. is the average CRSS in the

polycrystal. A is naturally expressed from the texture alone and is characterized by
the average Taylor’s factor defined by relation (4-34) :

M(U,,)=§M(U ,,.g)f(g)dg (4-34)

The above relations assume the equality between the macroscopic strain rate and the
microscopic one. So, all the further analytical formulation is based on this so-called
Taylor’s hypothesis.

Arminjon & Bacroix 1991 define four requirements that functions A(£”) in strain
rate space, or F 5 in stress space, have to fulfil:

e convexity,

e respect of orthotropic material symmetry,
e homogeneity,

®

use of deviatoric tensors only.

If one chooses a polynomial function, the convexity must be checked. The hereafter
defined 4™ order homogeneous function F of plastic strain rate (which is a deviatoric
tensor) respects also the 3 other characteristics. Let us define the function in plastic
strain rate space:

22
F=YaX, (6-49)
k=1
X, =& X =&l 1t X;=(& ) Xy=(&" )
sp gl o — (P PP —(gP PP —(gP 2 gP )2
X5 —(812) X6 —(Ell) Z:‘ZZ X7 —(EZZ) 8“ X8 (5“) (822)

. 2, . s} . . ; : . ip 2
Xo=(eP 268 P Xig=(] P(EL) Xuy=(&] (e ) X =(£° Y(&! )

23
Xps=(82 (820 Xy =(eL (0 ) Xos=(EL (80 Xig=(e] V(é) )
X;p=(82 P(E7 ) Xy =8PeP(8P ) Xjp=gPél(él )’ Xgp=€"EP (£P )
X, =EP &P P EP X, =£P 6P 5P 4P

1 23 13 12 22 23 13 12
where symmetry £, = £, is assumed and only i < j terms are present.
A scaled function is used in practice as function A
WP 22
—=F(£")N&f) =Y oW (£) (6-50)
k=1

Te

AE" )=
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with w7, (£”)=X,(£° ) /(&L ).

Note that symmetry o, =0 ; is not assumed in (6-48) but taken into account in (6-
49). So the stresses are computed by :

0 e
= ifi=
Y fi=i
1- 9l @)
Oy ==Tc —— fi<]
2 0&r

;
As explained hereafter, the choice (6-50) leads to represent the coefficients ¢, by a
linear function of coefficients C;, equivalent to the well-known C{* coefficients of
the ODF. Here for simplicity, a single index notation is adopted to identify C;

coefficients. So, the relation (3-5) defining C/* coefficients is adapted:

Lynax Hnac(1)

fe)=S"S Semimig) (3-5)

=0 p=1 v=

—

f(g)=Y,CT(g)
i

where [ is the maximum degree of the series expansion;

I is the maximum index of Fourier’s coefficients identified
by a single index notation;

7:“;” “( g ) or T; (g) are harmonic functions of Euler’s angles;

C!"” or C; are Fourier’s coefficients describing the texture.

Looking at the above relations (6-51), (3-5), (4-33) and (4-34), one can express the
function A , after algebraic manipulations, by a linear function of coefficients C; :

A=

WP WP 1
=2CM

(6-52)
Tc Te i=l

where function M, is computed from Taylor’s factor and the harmonic function 7.

The identification of the material parameters «,, introduced in relation (6-50),

directly results from the 2 expressions (6-52) and (6-50) of function A
I
o, =Y BC, k=1..22 (6-53)
i=1

Arminjon et al. 1994 have found that, for a given i, the best approximation of
coefficients 8, is based on a set of 16200 values of £° and the comparison between:
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22
M7 )= Biw,(¢") and  M;(E")
k=I

Such computation is done only once with a Taylor’s model and it has been checked
that for steel texture, [ =12 is enough. This fact means that the 22 coefficients ¢, are

not independent because relation (6-52) uses 13 coefficients to describe plastic
dissipation (12 coefficients C, and the value of 7).

The above process of parameters identification is independent of the C; values and
hence independent of texture. This is why it can be done only once.

The above explanations give the procedure to start from the choice of a scaled fourth
order polynomial function /i(g"’ ) and to finally provide an expression of this
function as a linear relation of coefficients C,. The same approach can be used if one

choose A1 as a second order polynomial function or Hill’s yield locus. The
application of this method will give a direct computation of 2" order series or Hill’s
coefficient from C, coefficients.

The validation of this approach can be checked on Figure 6-14 and Figure 6-15. Let
us note that Figure 6-14 and Figure 6-16 give sections of the yield locus for

& /7.=0,0.5, 1 and 1.5 and, at the center, the value of o, /7. for 0,, =0, =0.

The above approach as well as Lequeu or Darrieulat’s work compute an analytical
yield locus from the initial texture. Figure 6-16 for steel I1 (Al killed) shows
Lankford's coefficients and yield loci deduced from texture measurements in the
initial state and after biaxial tension stopped at two different levels of deformation. In
Figure 6-16, one observes that the effect of texture evolution cannot always be
neglected. Imbault & Arminjon 1993 propose a semi-analytical method to take it into
account in their analytical expression of the yield locus. In fact, the principle is
simple. They assume that a linear operator, which is adjusted by comparison with a
polycrystal model, can express the evolution with strain of the C/" coefficients from

ODF. Of course, this linear operator depends on strain rate, which means that
numerous strain rate tensors (1800) must be used to establish it. Once the C}*

coefficients are known, the above identification process of the analytical expression
for the yield locus can be activated.

GraSMech HABRAKEN 2000 - Page 6.27.



FEM Micro-Macro models with yield locus

- L L I I I L | ] I . I L L

] o' - Taylor Serie 4

~1 Hill 1948 7 - Bishop -4 Arminjon

. - Hil

=1 1.62 M 1.57 r I/SD [

7=

" / (_/ AN (/ 3 C/

A / ] N I

8 \_,/ T r r

? - T T T T T v T L L T T T v T T T ¥

-3.5 -2.5 1.5 -0.5 0.5 1.5 2.5 3.5 Steel 11

& L L 1 1 | ) n I | 1 WP 1 ! 1 L

N O/ g 1 -Taylor i Serie 4 L
Hill 1948 /—\ - Bishop Arminjon

- L - L

5)

(A

C/

T T

T T

Steel 15

T T T T T T

Figure 6-14 Yield locus sections computed by classical Hill’s model, crystallographic
Taylor-Bishop-Hill’s model or Arminjon’s 4th order series, for 2 industrial steels I1
(Al killed) and IS (IF, Ti) (from Arminjon et al. 1994).
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steels I1 (Al killed) and IS (IF, Ti) (from Arminjon et al., 1994).
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Figure 6-16 Lankford’s coefficients and yield loci computed from texture
measurements for a steel in its initial state and after biaxial tests performed up to 2
different levels (from Imbault & Arminjon 1993).

6.3.4. Van Houtte's potential formulation

As Arminjon, van Houtte 1994 uses the method of the dual plastic potentials to
derive convenient formulae for calculating yield loci of rate insensitive anisotropic
materials. In practice, the implementation in FEM code of such yield loci in strain
space has been performed by one of his Ph.D. student, van Bael 1994, in
collaboration with the university of Birmingham (Wang er al. 1989). The yield locus
in stress space has been implemented in the LAGAMINE code by Winters 1996,
another Ph.D. student in collaboration with MSM team (Munhoven et al. 1995a and
b). Further developments such as the coupling with Teodosiu’s hardening model
(Hiwatashi et al. 1997) and the formulation in strain rate space in the LAGAMINE
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code (Hoferlin et al. 1998, Hoferlin et al. 1999b) is described in details in Hoferlin’s
Ph.D. thesis (2001). The hereafter description summarizes van Houtte and co-

workers’ approach. It also explains what has been implemented in LAGAMINE
code.

For rate-independent standard plasticity and formulation in strain rate space, the
relation (6-43) computes the stress tensor:

aE B ameacm
9¢"  9¢’

In practice, as already suggested by Lequeu et al. 1987, van Houtte’s team works in
the five dimensional space. The plastic strain rate is classically assumed to be
deviatoric and only the deviatoric stress tensor matters with regard to plastic

deformation (van Houtte et al. 1989). So, the tensors have only 5 independent
components and are replaced by 5-dimensional vectors. This transformation, “tensor

9

V,-vector v,”, can be defined in different ways. The version implemented in
LAGAMINE by Winters 1996 assumes, as van Houtte 1988:

1 3 3
V) :‘J—Z'(V11~V22) ¥y =\/;(V11+V22)=—\/;V33

Vo= V2 Vas Va®= V2 Vs Vs = V2 Vi (6-55)

This vector representation has the following property:

Q'_:

(6-54)

VW=V, W,=v.w=v,w, (6-56)
The vector forms of plastic strain rate and deviatoric stress tensors are respectively

noted ¢ and s and their components é,and s, .

Using the potential relation (6-54), Taylor’s hypothesis and micro-macro relations
(4-33), (4-34), the deviatoric stress is computed by:

A a ‘D micro ; s P micro a pmacro= jg

6= (fwrmerce )8 Me)= e T, M(Usr ) 6572
A g a - pmacro 3 g
6=Tas; (gzme M(U, ) (6-57b)

where U ., = £7"""" /£},™" is a strain mode as defined in Chapter 4. The relation

(6-57b) assumes that the average CRSS is independent of further applied strain rate
modes. It helps to understand how van Houtte and co-workers completely dissociate

. Jd . —
the size (7, ) and the shape of the yield locus a_p(g praero 3 4 )).
£
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In practice, Winters 1996 proposes an isotropic hardening model. He updates 7, via
a simple Swift’s law (3-11) applied at the macroscopic stress strain level. The transfer
to 7 ( I" ) is based on the first term of the relation (4-40):

do —2dt. - dM

'_"":M —.+ c
de A dar de

(4-40)

where I” is the total polycrystal slip. The stress ¢ and the strain & are those of a
uniaxial test. Neglecting the second term of (4-40) means that the texture evolution is

dropped. This will be assumed in further developments, except when clearly
specified.

Hiwatashi et al. 1997 applies a kinematic hardening assumption and slightly
modifies the relation (6-57b) which becomes:

A

~a=T,

T (gpmer M(U ) (6-58)

where ¢ is the back-stress and defines the updated center of the yield locus. The

evolutions of o and 7. follow the model proposed by Teodosiu, already described
in section 3.5.5.

The size and position of the yield locus being defined by the choice of the hardening
model, what about its shape? Relation (6-57b) clearly shows the role of the texture

via the average Taylor’s factor M(U; ). uoru , are the vector forms of this strain

mode. The average Taylor’s factor can be approximated by an analytical function
O(u,) of the components u ,:

M‘(g— EP )ZM(E)’-‘: Q(E): FP1P2P3-~PN uP/ uPz uP} '“uPN (6_59)
N = order of series expansion p,=1..5 i=1.N

For instance, if N is reduced to 2, there are 15 coefficients:
O(u )=F,uu, + Fuu, + Fyuuy+ Fuu,+ Fuug+ Fpuou, 4 Fosigi (6-60)

van Bael 1994 has extensively described the symmetry properties of such an
analytical expression, the main drawback of which is its lack of convexity. He
explains that an odd order choice gives a non centro-symmetrical yield locus, which
allows to model stress differential effects. It has been checked by van Bael er al.
1996 and Munhoven et al. 1997 that the 6™ order is required to reproduce, with an
analytical description, the accuracy of polycrystal approaches.
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Figure 6-17 Lankford’s coefficient of a classical interstitial steel computed by a
polycrystal model or by means of 2™ 4™ 6™ order series in strain rate space
(from Munhoven et al. 1997).

This choice of N=6 leads to 210 coefficients F To identify them, it is

PyPs
interesting to note that any strain mode tensor can be represented by means of 4

independent parameters and not 5 because Ug, 1 U =—z—. van Houtte 1994

demonstrates:
Ull U12 U13
U ;= Up Us| U,=R'ULR (6-61)
SYM U,
with :
R=R(8 .B,.B,)and (B .88, )e (027)x(0.m /2)x(0,x) (6-62)
UX
U= U* but #r{U ¥ )=0 and U, : UL, _3 (6-63)
U* 2
Uk =cos(ﬂ4 ~%), U :cos(ﬂd +%), Ul =- cos(ﬂ) (6-64)

The 3 Buler’s angles f 1 ,B_, B, define the orientation of the strain rate mode
principal directions with respect to the sample reference system. The fourth angle
gives the deviation of the current strain rate mode with respect to an axisymmetric
compression along the third principal axis. Finally discrete variations of f,, for

instance Af, = AB, = AP, =10° and AB, =7.5° define a discrete set of strain rate
modes (around 70300). The average Taylor factor is computed by the texture and
crystalline approach (full Constrained Taylor-Bischop-Hill’s model) for each of

these modes. Then, the coefficients of the series expansion are provided by a least
square fit of O function (6-59).
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Relation (6-57b) calculating the stress from the dissipation, is modified to take into

account both the vector formulation and the analytical expression of the average
Taylor’s factor:

- 0, Ou)
s, =Tc —L—-q———:—) (6-65)
dé,
In FEM, one usually needs the yield locus point corresponding to a given stress
direction s . So, Legendre's transformation must be applied. Let ss* describe one
stress vector belonging to the yield locus : the scalar factor s is the vector norm

A8 ,8, of the stress point, it is called stress radius, and s’ is its unit vector direction.

Assuming that u is the strain rate mode associated with this stress direction s and
using the average Taylor's factor definition, one gets :

*

s .5 . . ‘
M(u )= min,——u’= minimumin strain rate space (6-66)

c

where u’ represents all the possible strain modes of the strain rate space.
As uis actually unknown, one has to minimize the ratio:

2 = min,, M ( i) (6-672)
T S ou's
2 = min,, Aw) (6-67b)
Te Tou's

The scaled factor 7. clearly shows that the shape does not depend on the size of the
yield locus. If a formulation in strain rate space is adopted, O(u ) is known and (6-
67b) is used to perform the minimization. Figure 6-18 explains this procedure
graphically. As reported above, the field of strain rate modes can be covered by 4
independent parameters, which limits the operation duration. Additionally, Hoferlin
et al. 1999a propose a way to speed up significantly the minimization : with a BFGS

type method instead of a classical Newton's method and by splitting the minimization
process.
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Figure 6-18 Graphical view of the minimization procedure to find a point on the
yield locus (adapted from Hoferlin er al. 1999a).

As the convexity of the function Q(u ) in strain rate space is not perfect, gathering
all stress points computed by (6-67b) does not produce a convex yield locus in stress
space. Some fishtails appear as demonstrated by Figure 6-19. This drawing applies to
an almost single f.c.c.crystal texture generated around the Goss’ orientation
(Gaussian distribution with 11° spread around (011)[100]). The left figure shows the

7- section of one yield locus in strain rate space. For a pure single crystal, linear
segments compose this locus. The series expansion reproduces linear segments by
oscillating around them. The application of the minimization (6-67b) provides a yield
locus in stress space with fishtails: see figure on the right.

Real materials generally present a less sharp texture; so their yield loci are smoother
and the 4™ or 6™ order series expansions should be convex descriptions. However as
non convex loci fail to bring convergence in FEM simulations, some secure approach
should be implemented. Hoferlin’s proposal consists in repeating the minimization
(6-67b) with different starting guesses for u’ and choosing the smallest result s, as

the one giving the point on the yield locus. This procedure cuts off the fishtails and
prevents convergence problems due to lack of convexity.
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G /% 6,/ %
N=6
Figure 6-19 m-plane sections of the yield loci expressed in strain rate space (left) and

_in deviatoric stress space (right) for a f.c.c polycrystal with Goss’ texture component
(from Hoferlin et al. 1999a).

Another choice can be to implement an analytical yield locus in stress space,
computed from texture and crystal plasticity approaches. The above presentation
explains how to find points belonging to the yield locus. For a set of directions s"in

stress space, (6-67a) or (6-67b) provide the stress radius s. These two ways to obtain
sets of yield points are not exactly equivalent.

The first way uses relation (6-67a), where M( 1’ ) has no analytical expression and is

computed for a certain number of strain rate modes. It is similar to the polycrystal
method to get yield locus sections (see section 6.3.1.). By analogy, this method is

called “geometrical approach”. These yield points generally describe a nearly convex
yield locus.

The second way uses relation (6-67b) and gives a set of points defining an
approximate yield locus, not necessarily convex as shown by Figure 6-19.

In both cases, one has not yet reached an analytical yield formulation of the stress
yield locus F - To reach this goal, one must fit an analytical function on these

points. By analogy to the work in strain rate space, a series expansion is applied.
Relations (6-68) and (6-69) present two possible choices:

==0(s') > F=prmn=0 - u’;=iw——a%i)~) (6-68ab.c)
S 1 F s )-r.=0 > u;:AQ(—E—Q—(*—g—)l (6-69a,b,c)
e Qs ) ds

p
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where 1" is chosen as a unit vector. Its relation with the previous identification of

the strain modes in vector form is 1" =u/+/u.u . It defines the direction of the strain
rate mode u .

The third relations (6-68c), (6-69c) express a weak form of the normality rule in
which the vector norms are not defined since both s* and u” are unit vectors. The
scalar A is computed to keep the norm of the strain rate mode tensor equal to unity.

In practice, Winters 1996 chooses (6-69) in order to use all the routines already
developed to compute the formulation (6-65) in strain rate space. His function

O(s" ) is a 6™ order series expansion, the coefficients of which are fitted to the
inverse of the stress radii:

Q( 'LS* ) = GP1P2-~~PN S; S;l “'S* = (6_70)

Pn Ky

This set of points}:i is provided by the first way presented above. So, the yield locus
s

will exhibit no fishtail. However as illustrated by figure 6-20, it must be observed
that this yield locus in stress space is not completely convex. The locus on the left in
strain rate space results from the approximation (6-59) in strain rate space while the

one in stress space on the right is computed by (6-69b) and the first way to get the set
of stress points. :

&P 13 033/7:073
33

Figure 6-20 n-plane sections of the yield loci expressed in the strain rate space (left)
and in deviatoric stress space (right), relative to a polycrystal with cube texture
component and a Gaussian spreading of 16.5° (adapted from Winters 1996).

Further investigations have computed Lankford's coefficient: from (6-69) i.e.
calculations in stress space, from (6-59) i.e. calculations in strain rate space and from
Taylor-Bishop Hill's model. Both works from Winters 1996 and van Bael et al. 1996
reach the same conclusion that the yield locus in stress space is less accurate than the
formulation in strain rate space.

Finally, is it better to use a formulation in strain rate or in stress space? The answer
depends on your primary interest: accuracy, low CPU time, necessity of texture
updating. Table 6-1 summarizes the advantages and drawbacks of each approach:
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Stress space 2 = 1* Strain-rate space W? = Tc.ée’;Q(g)
7. Qs )
Speed of FEM | faster slower 4-dim. minimization
Texture Slower faster
evolution texture> M > texture> M => O
4-dim. minimization> Q
Sharp textures | one stress direction one stress direction
-»one stress point >fishtails (extra cost)
Accuracy Lower Higher

Table 6-1 Comparison between stress and strain rate formulations for analytical yield
loci implemented in FEM codes (adapted from Hoferlin et al. 1999a).

"Two points are completely missing in this description: the integration scheme and the
numerical way to identify the position of material axes. Both are described in
Winters 1996. For material axes, the solution proposed by Munhoven et al. 1995 is
applied: each step is characterized by a constant local velocity gradient, which
determines the evolution of material axes. This method has been described in part C,
section 7.3.1 of this thesis. Another explanation of the same mathematical approach

is proposed by Hoferlin et al. 1999b, using Ponthot’s 1995 constant co-rotational
strain rate tensor.

Geometric data
Meshes of blank and tools
Displacement history

Boundary conditions of the tools
Blank-holding force Stress history
Strain history
FEM Force history
Code of the tools
Displacement
history
Friction coefficient
Yield locus shape Hardening description

Figure 6-21 Schematic view of inputs and outputs of a FEM deep drawing
simulation.
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Figure 6-21 recalls the usual input and output of a FEM deep-drawing simulation
when no texture updating is performed.

Figure 6-22 summarizes all the necessary steps to reach the yield locus shape
expressed in stress or strain rate spaces.

Initial texture measurements

A
Orientation. Distribution Function described by its C/" coefficients
see relation (3-5)

A

Average Taylor’s factor X/I—( Uy ) for a set of strain rate modes U 5, .

see relation (4 - 32)

Minimization of Taylor’s factor

to find the stress radii s (s * )
for a set of stress directions s *
see relation ( 6 - 67a)

v

Fitting of a 6" order series
on the inverse o of the stress
radii see relation (6 -70)

Coefficients describing
the shape of the yield locus
in stress space

Fitting of a 6" order series

on the on average Taylor’s factor

see relation ( 6- 59 )

A
Coefficients describing
the shape of the yield locus

in strain rate space

Figure 6-22 Successive operations to reach the shape description of the yield locus in
stress or strain rate space.

6.3.5. Conclusion

Sections 6.3.2 to 6.3.4 propose models able to describe the behavior of real materials.
They can be implemented in FEM codes and each one presents some advantages and
drawbacks.
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Darrieulat’s micro-macro approach seems more accurate than Lequeu’s. However,
for real materials where important number of texture components are present, the
FEM computations must be quite lengthy as their approach finally considers the
yield locus associated to each component. Uniform stress approach must bring some
difficulties in the FEM integration scheme.

The proposals from Arminjon, van Houtte and co-authors seem quite interesting. The
identification of yield locus coefficients from texture coefficients can be optimized

outside the FEM code. Taylor’s assumption leads to a direct macroscopic stress-
strain formulation.

Arminjon’s semi-analytical method (shortly summarised at the end of section 6.3.3)
to take texture updating into account is probably difficult to use for arbitrary velocity
gradient. The approach proposed by Hoferlin (yield locus in strain rate space) seems
‘more adapted in a FEM context. However, the CPU time is still important, as
working in the strain rate space is slower than in stress space.

6.4. Models developed by MSM

6.4.1. First steps in coupling FEM with texture codes

Thanks to a collaboration with the team of Professor van Houtte, scientists of MSM
department had, in 1995, the possibility to identify a 6™ order series describing a

yield locus in stress space from the C/* coefficients of an ODF (see Figure 6-22).

The constitutive law called “ANI3VH” (ANIsotropic 3 dimensions Van Houtte law)
described by (6-69) and (6-70) was implemented in LAGAMINE. It allows to
simulate deep drawing experiments (Munhoven et al. 1995a, Munhoven et al. 1995b,
Munhoven et al. 1996b) such as cup-drawing and to predict the earing profile. The
6™ order polynomial series expansion defining the yield locus in the stress space is
fitted once, from the initial ODF measurements and is not updated from the texture
evolution. A simple isotropic hardening Swift's law (3-11) is applied at the
microscopic level. This hardening law is fitted thanks to tensile test experiments and
the micro-macro transition is done via (4-40) as explained in section 6.3.4.

From the collaboration with van Houtte’s team, MSM department received a “Pascal
version” of Taylor’s model that allows texture evolution computations (see section
4.1). As inputs, such a module requires the initial texture approximated by a discrete
set of orientations, the crystal slip systems identified by Schmid's tensors, the ratio
between CRSS associated to slip systems and the macroscopic velocity gradient
provided by the FEM analysis. With all these data, Taylor’s model computes the
updated crystal orientations, which can be used to retrieve the continuous ODF.
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With these numerical tools, MSM team has simulated the experimental axi-

symmetric deep drawing of a cold-rolled interstitial free steel sheet, described on
Figure 6-23.

Figure 6-23 Radial section of the cup-drawing process
(from Munhoven et al. 1995a).

The elastic part of the deformation is assumed to follow the isotropic Hooke’s law.
The total strain rate is split into elastic and plastic parts and an integration scheme
developed by Winters 1996 is applied. Taking advantage of the orthotropic
symmetry of the blank material, only one quarter is simulated. A single layer of 8-
node hexahedral solid elements is used; they are of the assumed strain family with
one-point quadrature and hourglass control (Zhu & Cescotto 1996). Figure 6-24
shows the blank mesh with an indication about the positions of the tools.

Figure 6-24 Discretization of the blank (656 elements, 1396 nodes) with an
indication of tool positions (from Munhoven et al. 1996).
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The die, punch and blank-holder are meshed by 1080 triangular elements and a
Coulomb-type friction law (Charlier & Habraken 1990) is applied. The deformed

mesh is presented on Figure 6-25, where the progressive earing of the drawn cup can
be observed.
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Figure 6-25 Orthogonal projections of the deformed mesh
(from Munhoven et al. 1996).

The percentage of earing, defined as :

e=(h-h_)/h (6-71)

min min

where h is the cup height depending on @ angle with the initial rolling direction,
and h__ is its minimal value, is plotted on Figure 6-26. Considering the absence of

texture updating on the yield locus and the simple constant friction model, a quite
good agreement is found.

¢ =—— Simulation |
O — — Experiment

Figure 6-26 Simulated and experimental percentage of earing e
(from Munhoven et al. 1996).

In general, a large portion of Euler’s space angles (¢1, ¢, ¢2) has to be considered in
order to get a correct idea of an ODF. In the present case, however, the symmetries
of the material and the particular deformation history make a ¢, = 774 section very
representative. Figure 6-27 a) shows some ideal texture features in such a plot.
Comparison with Figure 6-27 b), corresponding to the cold-rolled steel before deep-
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drawing, underscores the presence of a strong y-fiber: many crystallites have a fi1 1}

crystallographic plane parallel to the rolling plane, but no direction (u v w) within
this plane has a preferential orientation.

After deep-drawing, samples are cut out of the cup at different positions and their
textures are measured. Their texture evolution is also computed according to the
FEM results using the “full constraints” Taylor's model of van Houtte, 1988.
Experimental and numerical results are shown in Figure 6-27 c) to f) for two points
(defined in Figure 6-24) near the cup rim, in the rolling (RD) and transverse direction
(TD). In both cases, the initially strong y-fiber has disappeared. Note that the texture
sheet is measured at mid-thickness.

In RD, an E-component texture has appeared: {111} planes are still parallel to the
sheet-plane, but now direction (1 1 0) has become strongly aligned with the initial

RD. This evolution is typically observed in a plane strain situation, with elongation
along RD and compression along TD. Since it is not exactly the case here, the texture
peaks are slightly shifted away from E, as it appears in both experimental and
simulated results. Considering that the “full constraints” Taylor's model typically
produces too sharp textures, satisfactory agreement is found.

In TD, the situation is similar, except that radial flow now occurs in TD instead of
RD. Up to a rotation of 90° around the vertical direction, results should thus be quite

analog: an F-component texture with {111} planes still parallel to the sheet plane is
expected but, this time, with (1 1 2> preferentially parallel to the initial RD. Again, up
to a slight shift, this is obtained experimentally and numerically.

It is important to note that, in the present case, material flow is almost fully
constrained. In addition, the rim ondulations are very small. As a consequence, the
flow pattern does not dramatically depends on texture and corresponding evolution
of the yield locus.

In order to progress in the development of a model in which texture updating is
coupled with the FEM simulation, Munhoven has written a new version of Taylor’s
model in "Fortran 90", better adapted to be efficiently linked with the LAGAMINE
code (Munhoven 1997, Habraken 1998a, Habraken 1998b). Taylor's factors
associated with each crystal are the direct results of the simplex linear programming
of Taylor’s model (van Houtte 1988). They are combined to give the average
Taylor’s factor. Another interesting point is the fact that the simplex multipliers are
none but the components of the five-dimensional vector representation of the crystal
scaled deviatoric yield stress s, /7,. The macroscopic stress is reached by averaging

crystal stresses, weighted by the volume fraction associated with each crystal
orientation (see relation (5-19)). It is important to note that, for b.c.c crystals and
orthotropic sheets, a lot of symmetries are present. If one is interested in scalar
values such as average Taylor’s factor, one can choose a set of representative crystals
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with Euler’s angles ¢,,¢,¢,in the reduced space of [O°,90°1x[0°,90°1x[0°,90°].
However, to reach tensor values such as macroscopic stresses, a less reduced space
must be adopted: [0°,360°x[0°90°]x[0°90°] (Pospiech 1982). The new Fortran 90

module has been checked by comparisons with van Houtte’s module and gives entire
satisfaction (Habraken 1998a). ’

0' ¥ v T B - ! .
(b‘
- I‘:T ,zr T L4 F
90 1 A r S| 1 ‘ 90

(a) B:<l"1 0>, Fi<l 1 25, yi<cu v w>

(b) INY .7/1/1.4/2/2.8/4/5.6/8/11/16

L

(c) RDS .8/1.3/2/3.2/5/8/13/20/32/55 || (d) RDB .7/1/ 1.4/2/2.8/4/5.6/8/11/16
0 T 2 T ¥ - . T T : 0

90 al ] = L 1 % | A
(¢) TDS 1/1.4/2/2.8/4/5.6/8/11/16/22 || (f) TDE 1/1.3/1.6/2/2.5/3.2/4/5/6.4/8

Figure 6-27 @, = 45° sections of Euler's space(from Munhoven et al. 1996).

a) some b.c.c. texture components:
E={111}110) F={111}112) y - fiber ={111}{uvw)
b) initial texture
¢) simulated texture at RD point located in Figure 6-24
d) measured texture at RD point

e) simulated texture at TD point located in Figure 6-24
f) measured texture at TD point.
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Figure 6-28 summarizes inputs and outputs of Taylor’s module used by LAGAMINE.

Initial texture described by
the C}" coefficients of the ODF

Selection of a set of Slip systems,
representative crystals relative ratio
defined by their orientation of CRSS
and volume fraction

Taylor's model

Macroscopic velocity
gradient

Reference CRSS value

Updated orientation
for each crystal

Taylor's factor
for each crystal

v

Macroscopic stress
(weighted average
of crystal stresses)

Transfer to ODF Average Taylor’s factor

identified by its
C}" coefficients

Figure 6-28 Texture updating by Taylor’s model.

The "American way" of selecting a representative set of crystals has already been
shortly described in section 5.3.1. However, here the approach called “STAT” from
Té6th & van Houtte 1992 is applied. In practice, a 5°-grid in Euler' space is used to
define N boxes in Euler' space. These boxes are given sequence numbers i ranging
from I to N. Let us compute f, the integral of the ODF in box i:

fi=[fig)dg (6-72)

box i
The property of the ODF yields:
N
2 f =1 (6-73)
i=1

A kind of staircase function F( j) is built with some smoothing between the steps:

F(j)=.1, (6-74)
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If g; represent Buler’s angles at the center of box j, one can plot the diagram (gj, F)
in Figure 6-29.

Flg) %

e —

R
4

g i g9
Figure 6-29 Staircase function of crystal orientation (adapted from Téth & van
Houtte 1992).
To discretize the ODF, a set of n numbers s, , called selectors, is generated in the
range [0,1]. They represent points of the vertical axis. By inverting function F(g ),
one reaches, on the horizontal axis, the orientation g, or the box k associated to s, .
The selectors s, have a uniform probability distribution. The probability p(i)of

selecting a particular box i is f,.Further details on the statistical properties of the
STAT method are given in Téth & van Houtte 1992.

In Degueldre et al. 1996, my co-workers and myself have applied the texture
prediction module to an experiment of aluminium extrusion shown on Figure 6-30
and performed by the R&D Center of Hydro Aluminum in Norway.

'I< 26[(])%mm >
7 7777,

AS
3
r3

/ die

40 mm

2mm/;

billet

DI

Figure 6-30 Cross section of the experimental set up (plane extrusion), adapted from
Aukrust et al. 1994.
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As the LAGAMINE code is Lagrangian, an automatic remeshing procedure (Dyduch
et al. 1995) has been applied and the process is simulated until stationary conditions
are reached. Three successive meshes are presented on Figure 6-31.

Figure 6-31 Three successive meshes in the extrusion simulation.
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A macroscopic elasto-visco-plastic law (Cescotto et Grober, 1985) represents the
isotropic behavior of the hot material. The experimental boundary conditions and
particularly the friction coefficient to be used in Coulomb’s friction model were not
clearly identified. So, depending on contact conditions (case A or B) and on small
variations of the parameters of the elasto-visco-plastic law (law 1 or 3), different
velocity fields were computed. The material strain history was extracted from the
FEM results thanks to a special post processing (Munhoven 1996) and used as data
for Taylor’s model. The material initial texture was isotropic and, after extrusion,
different textures were observed according to the vertical position in the extruded
section. The coordinate S identifies this location: S=0 at the center and S=1 at the
surface. Figure 6-32 presents pole figures at the center and near the surface of the
extruded section. The results, produced by the measurements, by a Norwegian team
(Aukrust et al. 1997) using a FEM Eulerian code with Full Constraints (FC) or

Relaxed Constraints (RC) Taylor’s model and by our group, are plotted in Figure
6-32.

A good agreement is found at the center, while predictions close to the surface
appear to be highly sensitive to simulation conditions. Comparisons of velocity fields
near the surface also show a lot of scatter, depending on boundary conditions,
material parameters and FEM codes. So it is not surprising that textures computed
from these different strain histories vary.
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6.4.2.

Experimental

Center % f;

FIDAP Eulerian FE model
RC Taylor model FC Taylor model

Center

Lagamine Lagrangian FE model - FC Taylor model

case B - law 1 case B-law 3

3
’

/ - ' =

i

S=09 %

FIDAP Eulerian FE model
RC Taylor model FC Taylor model

case A-law 1

Lagamine Lagrangian FE model - FC Taylor model

case B - law 1 case B-law 3

Figure 6-32 {1 1 1} pole figures at the center and near the surface of the extruded
section (from Degueldre et al. 1996).

Texture updating coupled with FEM simulations

As verified by Figure 6-27 and Figure 6-32, the texture evolution during a forming
process is not always negligible. Material properties such as Lankford’s coefficients
and the yield locus computed from texture measurements before and after biaxial
tension show a clear evolution (see Figure 6-16). So, to obtain FEM simulations that
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really represent the material behavior during forming processes, it is interesting to

couple a FEM code using a yield locus based on texture and a texture prediction
module.

One possible global scheme is described by Figure 6-33. In this approach, every
Interpolation Point of each finite element is associated with a representative set of
crystal orientations. One yield locus in stress space is computed by a “Micro-Macro
transition” as summarized by Figure 6-22. Then, the FEM code is run for a chosen
number of loading steps and it computes the macroscopic velocity gradient that feeds
a texture prediction module (Taylor’s model). This module provides the updated
orientations of the set of representative crystal orientations and the loop goes on.

(ODF of initial texture )

A

Discretization technique

with associated volume fractio

\

Micro - Macro

Discrete set of orientations j
n

Slip
systems
CRSS

updating

~ transition
Texture prediction
For
each ,
\ Interpolation |
\_ ot Yield locus
Macroscopic shape in stress
velocity gradient space
FEM
code
Geometry
Forces
Hardening
data

Figure 6-33 Complete flowchart for coupling yield locus and crystallographic
texture.
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Does such a scheme bring any economy compared with the simulations without yield
locus presented in section 5.37

Concerning memory requirement, certainly not. There are not only the parameters
describing the set of representative crystals for each interpolation point to be stored
but, in addition, the coefficients describing the shape of the yield locus.

Concerning CPU time, probably yes... In fact, in the models of section 5.3, Taylor’s
model is called each time the stress must be computed that is at each iteration of each
loading step. In Figure 6-33, Taylor’s model is called after a “few steps”, when the
strain history produces a significant texture evolution. If these “few steps™ are
reduced to one, the economy resulting of the proposal on Figure 6-33 is reduced but
still exists: there is only one Taylor’s call per step, after convergence of the
equilibrium iterations. However, this advantage is counterbalanced by all the
computations needed in the “Micro-Macro transition” box. If an important number of
steps can be done between the phase of texture updating, the model described by
Figure 6-33 is certainly more economical. So, a key point should be to find a
criterion based on strain history to determine when a texture updating is necessary.

Other tracks can be studied to reduce CPU time of the coupling scheme on Figure
6-33. For instance, Hoferlin et al. 1999a and b prefer to use the yield locus in strain
rate space instead of the one in stress space. They assume that the fact that this
approach slows down the FEM code is compensated by a quicker identification of

the shape of the yield locus from texture data. This choice should also increase
accuracy. '

As already summarized in the introduction (section 6.1), Cescotto, Munhoven, Radu
and Habraken (MSM team) have chosen to use an incomplete yield locus, called
“local yield locus zone”, determined by only 5 or 6 calls to Taylor’s model. This
strongly reduces the time spent in the “Micro-Macro transition” box. Recall that, for
the general case, 70300 Taylor's factors are computed in Figure 6-22. However, it
increases the FEM computation time, because, sometimes during the simulation, the

known part of the yield locus must be updated by means of additional calls to
Taylor’s model.

The implementation of the scheme on Figure 6-33 in the LAGAMINE environment
is based on compatible software modules. So, if some day, one wants to replace

Taylor’s model by a self-consistent model, the rest of the coupling approach will not
be modified.

The idea of a “local yield locus zone” and a long practice of the finite element
discretization approach have first resulted in a discretized portion of the yield surface
in stress space by hyperplanes. This discontinuous model introduces a lot of
convergence difficulties and is now forgotten. It is however described in section
6.4.3 as it allows to identify the important properties of a local model description.
The second approach, presented in section 6.4.4, gives entire satisfaction. It is rather
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an interpolation scheme than a yield locus approach. However, such an interpolation
is based on the existence of a yield locus in strain or stress space.

6.4.3. Hyperplane model

This model developed in 1996 and 1997 is described in reports of 2 Région Wallonne
project (Habraken & Munhoven 1996, Radu ef al. 1997, Habraken & Radu 1997). A
lot of improvements have been implemented by Duchéne (Duchéne 1998a, b, c).

A. Principles

As in van Houtte's approach explained in section 6.3.4, this approach dissociates the
shape and the size of the yield locus. The vector representation of deviatoric tensors
described by (6-55) is applied and the same notations are adopted:

5 vector form of &, the deviatoric stress tensor, defined by its
components s ,,

s size of the stress vector, computed by /s »Sp
s unit vector, direction of the stress vector, computed by s/s.

Concerning the strain rate tensor £, the strain rate mode Ug» = £P /¢l and its
vector form u or components u, introduce scalar coefficients 3/2 in the formulation.

So the unit vector form u” is preferred to describe the strain rate direction, with its

components u, .

The chosen definition of the yield function is very close to (6-69) but is slightly
different. It is:

F o==0(s")-1=0 (6-75)
Tec

However here, no complete analytical function exists for Q( s" ), only a local

discretization is available.
,’ 3
1e | -

2

Figure 6-34 Approximation in 3 dimensional space X, Y, Z by 3 triangular facets of a
surface described by a central point 0 and 3 neighbor points 1, 2, 3 from Habraken &
' Munhoven 1996.
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In three dimensions, triangular plane facets are the simplest discretization of complex
surfaces. For instance, if a surface must be described around a central point 0, three
triangular facets (0,1,2; 0,2,3; 0,1,3) defined on 3 neighbor points /, 2, 3 belonging
also to the surface, approximate the surface. This is shown by Figure 6-34.

Each triangle can be described by the isoparametric concept recalled on Figure 6-35:

3(X3.Y3.23)
6
2(X9,Y9,Z5)
e P
[
Z 1(X1.Y1.Z4) 1(00)
Triangle 1, 2, 3 Triangle 1,2, 3
Y inspace X,Y,Z

in space £,1

Figure 6-35 Concept of isoparametric triangle, adapted from Habraken and
Munhoven 1996.

Each point P, defined by its coordinates Xp, Yp, Zp inside the triangle I, 2, 3, is

associated with isoparametric coordinates £,7 in the range [0,1]. These coordinates
follow the relation:

XP 3 Xi
Y, t=2®,(5&m)1Y, (6-76)
zZ,| "~ Z,

where interpolation functions are introduced:
O =1-£-1;  B,=(; D=7 (6-77)

The nodal points 1,2,3 are characterized by isoparametric coordinates equal to 0 or 1,
and the edges 12, 23, 31 respectively correspond to @, =0,®, =0,P, =0.

The above concept, described in a three-dimensional space, is applied to the five-
dimensional space related to the five components of the vector representation of
deviatoric stress tensors. Six points belong to the stress yield locus: the central point
0 surrounded by five neighbors 1,2,3,4,5. This local part of the yield locus is
approximated by five hyperplane facets built on the central point and four neighbor
points: (01234),(02345),(01345),(012 45),(01235). The coordinates of
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a point belonging to a hyperplane facet is computed by a relation analogous to (6-
76):

p)
s, =9 @' with p=15 (6-78)
k=1

where 54 is the p™ component of the (stress) nodal point number k that determines
the hyperplane facet. The interpolation functions are:

@1:1_51_52_53_54 @2:51

D,=£, D,=¢ o, =¢, (6-79)

This approximation by hyperplane facets can only be accurate if the six points are
quite close to each other. The five neighbor points must really surround the central

point 0. For instance, a good and a bad configuration are shown in three-dimensional
‘space on Figure 6-36.

Figure 6-36 Disposition of surrounding points around central point in three-
dimensional case, adapted from Radu et al. 1997.

Let dir define a direction for which the intersection I with the discretized surface is
required. On the left of Figure 6-36, this direction first intersects the triangle 123,
which does not belong to the discretized surface but constitutes the base of the
tetrahedral volume the other faces of which approximate the surface. Then, dir
intersects only one triangle facet of the approximated surface and gives the requested
point I. On the right of Figure 6-36, dir intersects 2 such facets and not the base

triangle. The points I;, I, are 2 potential solutions, which proves a bad approximation
of the real surface.

So, transposed into the five-dimensional stress space, the set of five hyperplane
facets built on the six points 0,1,2,3,4,5 must give only one intersection in one

direction s* =s/ 7.. In practice, the following method allows to define six points,
well distributed in stress space. The plastic strain rate direction u" associated with

the central point 0 is assumed to be known. Let a be a vector and v its associate unit
vector such as:

a=(11111) v=a/,aq, (6-80)

[
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The perturbated vectors a'and y”) are computed by:
aV’'=v+p(10000)

a™ =y+B(00001) (6-81)
v =a"" 7 Ja'"a’}’ with no summation on (i) (6-82)

with 3 a parameter to be defined. Somehow it is a measure of the size of the local
yield locus zone. Let R be the rotation matrix linking the plastic strain rate direction

2
u and vector v:

u =Ry (6-83)

. .. : w( i)
This matrix is used to find u

=

I
I=
I<

i=15 (6-84)

Figure 6-28, computes the stress points associated with u * and its five perturbations
*(1)

According to the idea of an associate plasticity model, using five hyperplane facets to
approximate the yield locus should give five discrete values for the associate normals
or plastic strain rate but undetermined normals at the hyperplane intersections. To try
to increase the accuracy of the model and to prevent indetermination, it was decided
to interpolate the normals separately. So, the hyperplane model is a non associate
plasticity model. This aspect of the computation is now described. At a given instant
of the FEM computation, for example during an equilibrium iteration, the local yield
locus zone is known and one has to search its intersection with a stress direction dir,

hopefully close to s (the stress direction corresponding to point 0). If no

intersection is found, this means that the local yield locus zone is not correctly
located and a new one has to be computed.

If the intersection is found, &,&;, &7, &, are its isoparametric coordinates. They

identify the scaled yield stress in direction dir. The associated normal u frterpolated i
computed by:

5
urpllerpz)[me(i :2¢k(§;’§;’§;’§: )(up )k Wlth P :],..-5 (6_85)
k=1
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where (u, ), is the p”‘ component of the strain rate direction associated with the five
nodal points, & identifies the five points determining the hyperplane facet in which
the intersection has been found. Four strain rate directions correspond to the u’,
resulting of the perturbation process described above and one to the central strain rate
direction u". The corresponding unit vector u"“**** is then calculated since

relation (6-85) does not produce a unit vector. Figure 6-37 shows, in a two-

dimensional space, all the directions of “normals” to the stress yield locus. It is
assumed that 1™ “P™? is a better approximation of the true strain rate direction "

hyperplane
than u .

u hyperplane
= y interpolated

| true yield A
locus
Figure 6-37 Normals to the stress yield locus, adapted from Habraken & Munhoven
1996.

The above description defines the hyperplane model except for the hardening
evolution (factor 7 ) since only scaled values have so far been treated. The simple
isotropic hardening approach proposed by Winters 1996 and already described in
6.3.4 is applied. Radu et al. 1997 and Habraken & Radu 1997 give all the details on
the hyperplane approach.

The implementation in LAGAMINE of this constitutive law requires of course an
integration scheme. Three different integration schemes were tested (Duchéne 1998a,
Duchéne 1998c, Duchéne et al. 1999a). The first one is an application of the tangent
cutting plane algorithm (Simo & Ortiz 1985). This procedure, already implemented
by Li 1996 in LAGAMINE for the integration of Hill’s constitutive law, can be
visualized by Figure 6-38.

Its application to the hyperplane model introduces two iterative loops as summarized
by the flowchart on Figure 6-39.
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s)

s8g'= elastic predictor

Figure 6-38 Tangent cutting plane algorithm, s, stress at the step start, s, stress at
the step end (from Li 1996).

Initial stress s , + elastic increment predictor = s ¢’

Linear approximation of the yield locus F,"*” « cutting plane »
- call hyperplane model

Vv

Newton-Raphson'’s iteration to find s § on F,"*/

Newton-Raphson’s iteration to find s §” on F/*/ =0

A

Final stress on the yield locus s,

Figure 6-39 Flow chart of cutting plane algorithm (from slides used for Duchéne et
al. 1999a’s presentation).

The details can be found in Habraken & Munhoven 1996. This first scheme is quite
expensive in CPU time. So, Duchéne 1998a has proposed a second integration

scheme where only one iteration loop appears. Its principle is visualized in Figure
6-40, and Figure 6-41. .
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Initial stress s , + elastic increment predictor = s §”

oF
Find s’ on the initial yield locus and (__fi} > call hyperplane model
S (1}

3

Newton-Raphson’s iterations to find s /"’ on approximated F;

A

Final stress on the yield locus F,by proportional return s,

Figure 6-40 Flowchart of Duchéne’s integration scheme (from slides used for
Duchéne et al. 1999a’s presentation).

The exact stress s is located on the real yield locus updated by hardening. Tt

differs slightly from the final stress s, provided by Duchéne’s scheme. An improved

solution could be reached by performing a radial return along the normal associated
to s,. However, as this new iteration loop slows down the integration scheme, it has
not been implemented.

Sometimes, the initial elastic trial can be very far from the initial yield stress at the
step beginning and also very far from the final stress at the step end. In this case, the
local yield locus zone must be updated a few times during the integration scheme to
cover the interesting part of the yield locus. So, we decided to use an elasto- plastic
predictor (Figure 6-41) to increase the life time of one set of hyperplanes.

The matrix used to compute the elasto-plastic predictor comes from the preceding
converged step. This requires its storage or its computation. So, even if the scheme
seems very simple, this method is not so direct.

These 3 integration schemes have been compared thanks to FEM simulations
modeling a simple tensile test with one finite element. It appears (Duchéne et al.
1999a) that the elasto-plastic predictor scheme provides the best accuracy,
convergence rate and lowest CPU time. It reduces the number of updates of the yield
locus zones. Concerning CPU time, Duchéne’s scheme comes in second position and
provides the same accuracy as the other elastic predictor scheme (Li 1996). The size
of hyperplane approximation has also been investigated. It is characterized by the

scalar S (relation 6-81) or by the angle 6 between the u'" directions, with

GraSMech HABRAKEN 2000 - Page 6.57.




FEM Micro-Macro models with yield locus

cos@=u"u"’’. This is a key parameter for both accuracy and CPU time. The

smallest size gives the highest accuracy but also high CPU time. Table 6-2 shows the
CPU time comparison with the time unit set to 1 for the fastest case.

obtained by elastic
predictor
S(o) or elasto-plastic
________ =B predictor

Hardening

Figure 6-41 Schematic view of plastic predictor scheme (from slides used for
Duchéne et al. 1999a’s presentation).

Angle 8 1° 5° 10° |20° 130°

First method (elastic predictor 1) - 98.9 [1.40 |1.27 |1.15
Second method (elastic predictor 2) |- 80.8 |1.34 |1.22 {1.05
Third method (plastic predictor) 192 [1.15 |1.14 |1.01 |1

Table 6-2 Comparison of the CPU time for tensile tests (from Duchéne et al. 1999a).

Eight different strain rate tensors, modeling situations more complex than uniaxial
tension have been computed by “one finite element” simulations (Duchéne 1998c). It
appears from these more complex strain states, that the elasto-plastic predictor
scheme yields poor accuracy. It updates the local yield locus zone more often than
the elastic predictor scheme proposed by Duchéne.

A tensile test of a plane sheet with a hole has also been simulated by 766 finite

elements. The results confirm that elastic prediction of Duchéne’s scheme is a better
choice.
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B. Stiffness matrix

The implicit finite element approach of the LAGAMINE code requires a global
tangent stiffness matrix assembled from the local tangent stiffness matrices

associated with each finite element. So, at each interpolation point, the C ? matrix

linking the stress increment to the strain increment is necessary. Different
evaluations (Li 1996) are possible:

e classical tangent matrix, which is directly obtained from the continuum rate
constitutive equation:

v
c=C"¢ (6-86)

e consistent tangent matrix, which is computed by consistent linearization of
the integration scheme;

e numerical tangent matrix, which is evaluated by numerical perturbations. The
stress at the end of the time step is first computed for the actual strain
increment (& At). Then, one at a time, each strain rate component is

perturbed and the integration scheme provides a new perturbed stress. The
difference between perturbed stress and actual stress, divided by the strain
perturbation, yields one column of the tangent matrix.

These 3 approaches (Duchéne 1998a) have been implemented. The consistent
tangent matrix is known to preserve the quadratic convergence of the global iteration
scheme. However in the performed simulations, it does not clearly provide a better
convergence than the classical tangent matrix. As the approximation of the tangent
matrix by the numerical tangent matrix induces a higher convergence rate, it suggests
that our linearization approach should be refined. The numerical tangent matrix
suffers from two main drawbacks: the influence of the numerical perturbation
amplitude and the CPU time required to compute it.

C. Yield locus section

The influence of the size of the local yield locus zone can be visualized as follows.
The modules computing the stress are called for successive stress directions
determining the 7 section of the yield locus.

Figure 6-42 results from different choices of hyperplane sizes, defined by angle 6.
The parameter 8, or its associated angle 8, strongly modifies the yield locus
approximation and the number of necessary updates of the hyperplane approximation
to cover a whole 7 section. One can verify on this figure that large hyperplane facets
underestimate the yield stress and create very strong discontinuities when the local

approximation of the yield locus is updated. From this figure and the convergence of
different simulations, the size corresponding to 5° or 10° should be adopted.
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w

R

—

Figure 6-42 7 section of the yield locus for different hyperplane sizes, SPXI steel
sheet (from Duchéne et al. 1999c).

D. Conclusion

This local yield locus approach suffers from strong discontinuities that explain the
convergence problems happening in finite element simulations with a large number
of finite elements. It has been dropped in favor of a new method, more continuous,

directly inspired from the investigations required to develop the hyperplane
approach.

6.4.4. Interpolation approach

Developed thanks to a close cooperation of Godinas, Duchéne and Habraken, this
method appears more stable and less expensive in CPU time than the hyperplane
approach. Duchéne’s Ph.D thesis, which should come to an end during 2001, will
present numerous comparisons between deep drawing experiments, FEM simulations
with and without texture updating and FLD predictions.
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This method has already been described in Duchéne’s master (Duchéne 2000). Its
summary and some results have been published in ICOTOM, NUMISHEET, and
ESAFORM proceedings (Duchéne et al. 1999b and c, 2000, 2001). Theory and
applications are recalled here to give the reader a complete overview of the

performed work. The text is adapted to the notations and principles introduced in
previous chapters.

A. Local description of a scaled yield locus

The shape of the yield locus is our present goal. The size of the yield locus is defined
by a simple hardening law, as already proposed by Winters 1996. The method
proposed hereafter is more an interpolation approach than a local representation of a
scaled yield locus. A “function” locally describing the plastic surface is not

developed. Nevertheless, this interpolation method assumes the existence of a yield
locus.

Keeping the notations of the previous sections, let s* be a unit stress vector,

. o . . #(i)
corresponding to the direction of the central point of the local yield locus zone. s

are N(=5) unit stress vectors surrounding s and determining the interpolation -
domain. They will be called the “domain limit vectors.” In practice, the approach has
been developed for a N dimensional space but it is directly applied to the five
dimensional case as the goal is to define a local yield locus zone in deviatoric stress
or strain rate space. Hereafter, the notation choice is adapted to stress space but the
whole approach can be transposed to strain rate space. The six or (N+1) vectors (five

$"" and one ™) have the following properties:
-they are unit vectors:

s g =1 and s".s" =1 (6-87)

=]

. w(i)
-there is a common angle between all s :

_&:*m-ﬁ*”) — 7+ 'Bz(éjij __]) with i,j:I,...N (6"88)

- *( ] *o
-there is a common angle between each s ) and s™:

0 (i)

s .5 “=cos@ withi=1L..N (6-89)
-they determine a regular domain.

*0 . .
These choices induce that s* , the central direction, can be computed as a scaled

w(1)

average of the five (V) limit vectors s
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N ;
£*0 — .I Zé*{ ) (6_..90)

Both the angle O and the parameter B determine the size of the interpolation
domain. They are linked by the relation:

B = NN sin® 0 (6-91)

#(i) : . . .
Asthe N s vectors are linearly independent, they constitute a vector basis for the

N-dimensional space. However, as they are not orthogonal, it is interesting to
introduce N new vectors ss with the following orthogonal property:

(i) +(J)

ss.s =0, (6-92)
These vectors are called “contravariant vectors”. Relation (6-87) implies that they are

. . : #(i) .
not unit vectors and one can verify that they depend linearly on vectors s “and S

i wl i ]'—' 2 *
" ’=—éz—£§”— ﬁg EOJ (6-93)
. cOoS

The N 7 coordinates representing any vector v in the s 1) vector basis:

y Wi
v=Y 15 (6-94)
i=1

are determined thanks to the N ss’’ vectors:

E-_S(“=277,~§*m-§£”):277,-5,-j=77j (6—95)
i=1 i=l

These N 7 coordinates are independent of each other. They determine both the length
and the direction of vector v . It is important to note that, for a unit vector y equal to a

o W) , .
domain limit vector s* , the 7"’ coordinates are:

n'' =68, with j=1..5 (6-96)

These vectors represent the domain vertices. Each of the N limit boundaries (or
edges) of the interpolation domain correspond to a function such that:

7, =0 (6-97)

In fact, the properties associated with isoparametric interpolations already recalled on
Figure 6-35 are retrieved but extrapolated to N-dimensions. The above choices imply

that any point belonging to the interpolation domain is associated with positive 7
coordinates.
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. . o me N :

A practical way to determine the 5 domain limit vectors s° ~ is identical to the
procedure described by 6-80 to 6-84. A particular central direction g’*o is chosen in
such a way that its N components are identical. To obtain associated domain limit

e . . .
vectors s, one successively computes a linear relation between the central

direction and each vector of the Cartesian basis ¢''’:

1 0
1 ! '
o =a/ g pe =o' —=| 1|+ B 1 (6-98)
JN
1 0
Using the conditions that s “ and g’*o must be unit vectors and relation (6-89),

one obtains:

_cosb sin@ »_ N sin® 0 (6-99)

o= - and g
JN N (N-1) N-1

Then the rotation linking the actual required central point s" and the particular one

)

s *’is computed by:

ool )
50 F
=l @ g@-2 2 ¥ T= (6-100)
where 1 is the second order unit tensor. This rotation applies g’*oonto the real

0
central vector s~ :

R.s" =g (6-101)

R.g"=s" (6-102)

«0 . . . : . e
If s and s’ * are opposite vectors, equation (6-100) is not valid; the domain limit

#(1) ; (i)
vectors § "can be computed as the opposite of the s v

This interpolation domain is called a regular one because the angles between the
domain limit vectors are identical (6-89) and the domain limit vectors are unit
vectors. However, it is possible to define interpolation domains based on limit
vectors that are non-uniformly located and are non unit vectors provided they are
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linearly independent. With such non-regular domains, the m coordinates are still
available and require the definition of g_s_i vectors (see relations 6-90, 6-92, 6-95).

The above considerations are sufficient to understand the interpolation approach
finally implemented in the LAGAMINE code. However, it is interesting to note that
further details and properties of such parameterization of a N dimensional space were
investigated by Godinas 1998 and Duchéne 2000. They study different interpolation
methods: linear interpolation in Cartesian coordinates or hyperplane model, linear
interpolation in spherical coordinates, approach enriched by bubble mode...

Now, consider both five dimensional stress and strain rate spaces. A regular domain

. o ; . . e . (i),

is built in strain rate space. It is defined by its five vertices u  (unit vectors).
Thanks to five calls to Taylor’s module (Figure 6-38), the associated stress vectors
s'"can be defined. At this level, no hardening is assumed, so only a scaled yield

locus is determined. These five stress vectors define a non-regular domain in stress

space. In each space, the concept of contravariant vectors, from relation (6-92), is
applied:

(i) *(j)_

w' " =6, (6-103)

ﬁ’“)-ﬁ(j) :é‘ij (6-104)

The contravariant vectors ss*’and ss''’, respectively computed by (6-104) and (6-

92), differ only because in (6—92) unit stress directions g*m are used. Here the length

of the stress vectors g_(j ' is an important characteristic as it defines the yield locus

anisotropy. These contravariant vectors ss”") and uu'") give in each space, the 7]

. . . . . *
coordinates associated with any stress s or unit strain rate u :

(i)
N, =uu’ .u

(6-105)

n, =ss".s

(6-106)

So any stress vector s or strain rate direction u " can be represented according to the
vector basis of their space and the 7] coordinates:

5 .
l{* :2771 .Ii*( ) (6-107)
i=1
3 .
5= 5" (6-108)
i=1

Physically, a material state corresponds to a stress point and a strain rate direction. In
a yield locus formulation, a point on the locus and its normal define both stress and
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associated strain rate. Here, two interpolation domains are defined; they are
physically linked because Taylor’s model computes their domain limit vectors. Due
to this close link between the two spaces, it is assumed that the 7 coordinates

computed by (6-105) and (6-106) are equal when the stress s and the strain rate

direction 1" are physically associated. This property is exactly fulfilled for the

i) . o (i)
") corresponds to the strain rate direction u " “and

their 77 coordinates are 77, =1 and 7, =0(i# j) in both spaces. Inside the domain,
this property is extended by convenience. It is an assumption. The so-called

interpolation approach directly derives from this hypothesis of equality and from
relations (6-108) and (6-105). They provide the interpolation relation:

domain limit vectors. The stress s

> i * i i i * *
i=1

‘For each domain, the C matrix is computed only once from the stress domain limit

vectors s’ and the contravariant vectors M(”associated with the 5 strain rate

. #(i) . . . ; : :
vertices 1~ . Inside a domain, relation (6-109) provides the stress state if the strain
rate direction is given. The 77 coordinates computed by relation (6-105) control the

domain validity. If their values do not belong to the interval [0,1], then a new local
yield locus zone is required.

B. Updating of the scaled yield locus description

When the available local description of the scaled yield locus does not cover the
interesting zone anymore, one has to find another local description enclosing the
interesting part of the yield locus. Of course, the procedure described in previous
section could be repeated using a mew strain rate direction u*as central point.
However, this would provide a new local description forgetting the previous
information and the discontinuities observed with the hyperplane approach would
appear again. Looking at the 77 coordinate that does not belong to [0,1] anymore, one
can identify the boundary that is not respected by the new explored direction. This
boundary is identified by N -1 (4) domain limit vectors and can belong to two

regular domains. A 3 dimensional analogy represented on Figure 6-43 helps to
understand.

The two neighboring domains defined by their common boundary require only one
additional domain limit vector to be completely defined. So, only one new vertex
must be computed by Taylor’s model to identify the neighboring domain that
probably contains the new explored strain rate direction. This is the option adopted in
the LAGAMINE code.
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associated strain rate. Here, two interpolation domains are defined; they are
physically linked because Taylor’s model computes their domain limit vectors. Due
to this close link between the two spaces, it is assumed that the 77 coordinates

computed by (6-105) and (6-106) are equal when the stress s and the strain rate

direction " are physically associated. This property is exactly fulfilled for the

; . N (i)
(") corresponds to the strain rate direction u * and

their 77 coordinates are 77, =1 and 77, =0(i+# j) in both spaces. Inside the domain,

this property is extended by convenience. It is an assumption. The so-called
interpolation approach directly derives from this hypothesis of equality and from
relations (6-108) and (6-105). They provide the interpolation relation:

domain limit vectors. The stress s

2 i % ] [ i * *
s=Y(w" u’)s" =w" @5 u" =Cu (6-109)
i=1
‘For each domain, the C matrix is computed only once from the stress domain limit

(i)

vectors s’ and the contravariant vectors uu “associated with the 5 strain rate

. «(i) : . : . . .
vertices u~ . Inside a domain, relation (6-109) provides the stress state if the strain
rate direction is given. The 77 coordinates computed by relation (6-105) control the

domain validity. If their values do not belong to the interval [0,1], then a new local
yield locus zone is required. ' ‘

B. Updating of the scaled yield locus description

When the available local description of the scaled yield locus does not cover the
interesting zone anymore, one has to find another local description enclosing the
interesting part of the yield locus. Of course, the procedure described in previous
section could be repeated using a new strain rate direction u*as central point.
However, this would provide a new local description forgetting the previous
information and the discontinuities observed with the hyperplane approach would
appear again. Looking at the 77 coordinate that does not belong to [0,1] anymore, one
can identify the boundary that is not respected by the new explored direction. This
boundary is identified by N -1 (4) domain limit vectors and can belong to two

regular domains. A 3 dimensional analogy represented on Figure 6-43 helps to
understand.

The two neighboring domains defined by their common boundary require only one
additional domain limit vector to be completely defined. So, only one new vertex
must be computed by Taylor’s model to identify the neighboring domain that
probably contains the new explored strain rate direction. This is the option adopted in
the LAGAMINE code.
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a1

b)

Figure 6-43 Updating of the local description
a) Completely new local description b) Neighborhood domain,
(from Duchéne 2000).

C. Integration scheme

The stress-strain interpolation relation (6-109) does not use the concept of yield locus
in a classical way. So, a specific integration scheme has been developed. At this
level, the actual stress and not the scaled one is aimed at, so the size and the shape of
the yield locus cannot be dissociated anymore. As relation (6-109) expresses the
shape and is assumed to model a reference level of hardening, an additional factor
7 is introduced to represent hardening:

s=tC.u" (6-110)

It plays the same role as the hardening factor 7, in (6-57b) and is simply linked to
the total polycrystal slip /™ by a Swift's law:

r=K(I,+I) (6-111)

As in Winters 1996, this micro-macro hardening law is identified by a tensile
uniaxial macroscopic test and the first term of relation (4-40) (see the summary of
this approach in section 6.3.4.).

Relation (6-110) assumes plastic loading. Writing this equation at the step beginning,
identified by subscript A, and at the step end, identified by subscript B, subtracting
these two relations and neglecting higher order terms yields the incremental form:

ds=C.ldru’, +7,du’) 6-112)

- * * *
withds=s,-s,;dr=7,-7,and du =uy—u,.

During such a time step, Hooke’s law links the stress and the elastic strain
increments:

ds=C*.de” —de’ )= (ae” &7 dru’,) 6-113)
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where it has been assumed that, during this time step, the direction of the strain rate

u, tensor is not modified. This assumption induces an approximation on the final
~ tangent stiffness matrix provided by following considerations.
Because u, and u, are unit vectors, one can find that:

du’.u, =0 (6-114)
Using (6-112) to (6-114), one can obtain :
dr=u,.C".C°".de" —u,.C".C". u &hds (6-115)

The time derivative of relation (6-111) and the micro-macro relation established
between the total polycrystal slip and the plastic strain (4-39) give:

nt, —,
— 2 _ME&Pdt 6-116
oy o =L

Both relations (6-115) and (6-116) allow to find an expression for & di

dr=

gl df =—=="—% (6-117)

with a=C*.u’, and b=u, .C” .

Relation (6-117), introduced in equation (6-113), provides an estimation of C “ the
tangent operator:

d§: ge _ gé g .df_mt :-C—tan'dgtot (6"118)
nt, -
a.b+———
- IgtlL,

If an explicit integration scheme is chosen, s, the deviatoric stress at the step end, is
directly computed by (6-118) and a Jaumann correction because of large deformation

context:
sp=(I+8).5,+C".A" (6-119)
The hardening is also computed by an explicit formulation:

T =Tt “TA M Ae? (6-120)

r,+r,)

This rather simple formulation yields poor accuracy unless very small time steps or
large number of subintervals are used. Adding a radial return slightly improves this
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simple scheme. In this case, relation (6-119) computes §,,., » a trial stress. Then, it
is corrected in order to return on the yield locus approximation:

Sz =kSpum | (6-121)

The strain rate direction g; associated by (6-110) to this trial stress direction is
assumed to be correct:

E; = Q—I '§.Btrial ;_Ii- (6-122)

B

To respect the interpolation method, u}, must be a unit vector. One can compute k in
order to respect this condition:

whuh=1 = k=b—T‘i—-———~ (6-123)

=trial * b-trial

with b

-1
Driat = C 'Lg_Blrial '
Finally, in order to allow large time steps while retaining accuracy, an implicit

scheme has been implemented in the LAGAMINE code. The stress at the step end is
computed by:

sp=(1+R).5,+C* (A" —A¢") (6-124)

The plastic strain increment during the step is decomposed into its length Ae/ and

its direction, which is classically computed by a linear interpolation between the
initial direction ', and the final direction u ,:

ag” =42 k(1-0)u, +0u”) (6-125)
with 0<6<1. Again; the fact that the direction of the plastic strain increment 5 is
a unit vector defines the value of & :

_ 1
JI+20(1-0)(u,.u5 = 1)

If one replaces relations (6-126) and (6-125) into (6-124), this yields an equation
with 2 unknown variables on the right side : u}, and A¢ & . 1t will be solved thanks to

k

(6-126)

the interpolation relation (6-110) and the fact that u ), is a unit vector.

The following flowchart summarizes the implementation of the interpolation method
as a constitutive law without sub-interval. More details can be found in Duchéne
2000, which proposes a description that conforms to the LAGAMINE routines. A
sub-interval approach and the possibility to use an analytical tangent operator or a
numerical one computed by a perturbation method are also described.
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Step beginning: stress o ,, hardening factor t ,, strain rate direction u,
= hydrostatic stress o, ,+ deviatoric stress in vector form s ,

During the step: strain increment Ag™

; - v

Hydrostatic elastic stress o, , Deviatoric elastic stress predictor s
at step end at step end

!

. 5 )
n,=ss"".s% m-coordinates = uy =Y nu""’
i=l

only used to find k'scale factor to respect unity of u},

v

k' <1 elastic state k' >1 plastic state
ﬁb_"B:E:, Tg =T ¢
elastic stiffness matrix

lterative loop  i=1, u}y =u,

v

Start of iteration 7

¥ * 0=l . b.ce.dslm
Eplmlic:k(l—e)z“."‘el_lﬂ ) — ASEI;:E‘ZQ,[: == =
a.b+

. * * -1
with g:gcﬂ plastic and _ZZ = U plastic _C_
. 1ol * ’
= $p=(1+Q).5,+C .(Ae" —Ael U plasic )

— ool g
=1, =ss'"".5, m-coordinates
G i)
= up =) nu
i=l

= Comparison of u, and u

*i-l

B

nt, ]
=1, +—=—MAe?’ if not close
! (FO + FA ) “

i .
lose, then s, =5, ;5 Ts

an

continue to iterate

T,+T,

l i=i+1

Final stress o , and tangent operator from hydrostatic and deviatoric parts

Figure 6-44 Flowchart of the interpolation method as constitutive law.
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6.4.5. Conclusion

The hyperplane has been dropped to concentrate our research on the interpolation
method. Key factors for its application are the number of crystal orientations, the size
of the domain and the criterion to decide when texture updating is necessary. These

questions are still under investigation and should be solved in Duchéne's Ph. D.
thesis.

6.5. Validations of our models

6.5.1. Discrete sets of crystallographic orientations

In the developed constitutive laws, Taylor’s model (see Figure 6-44) compuies the
domain limit stress vectors from the domain limit strain rate directions. So the
number of discrete crystallographic orientations used to represent the texture is an
important factor. It defines the accuracy of the domain limit stress vectors but also

the CPU time. An estimation of the accuracy can be based either on ODF description
or on stréss computation.

Texture discretised with
Initial texture 2000 crystals 500 crystals 200 crystals

90 0 90

90

PHI2= 45

., Figufé 6-45 ODF sections before and after the use of discrete sets of orientations
(from Duchéne et al. 2000).
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For a SPXI steel sheet, Figure 6-45 shows sections of an ODF known by its
coefficients after X-ray measurements. The method described in section 6.4.1 is
applied to define 2000, 500 or 200 crystals that are representative of this texture.

Then C/* coefficients are deduced from these 2000, 500 or 200 crystals respectively

and sections of the ODF are drawn again on Figure 6-45. One can see that for 2000
crystals, the location of maxima is preserved as well as the section shape. However,

with 200 crystals, there are still similitudes between ODF sections but a lot of
features are lost.

Another way to compare the accuracy of discrete sets of orientations is to use them in
Taylor’s model to compute a stress tensor from different velocity gradients. Figure 6-
46 computes the “error” due to a discrete representation of the texture for 2 different
steel sheets (IF ULC Ti and SPXI) and 3 different velocity gradients. The reference
response is provided by a Taylor’s call using 40000 crystals. Here again one can
check the important effect of the number of orientations on the result accuracy.

12
11
10 i\\\ g —
9 R
8 AN i - —
= g\ \\ \ ga cgf;:rent
e 7 5 —i— —
% 6 x /Q\\ —p— I ——
g 5 s \\ —— _
" 4 :/ \\\\\ \E\ =@= Mean error value
3 c
2 \\ Rk o .
1
O T T
10 100 1000 10000
Number of crystallographic orientations

Figure 6-46 Error on stress computed by Taylor’s model with different numbers of
crystal orientations (from Duchéne et al. 2000).

A final means to estimate the effect of the number of crystal orientations is to use
Taylor’s model to compute 7 -sections of the yield locus. For the SPXI steel already

described by its ODF on Figure 6-45, Figure 6-47 shows the effect of different ways
to represent the texture.
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—— 2000 cristals
— 500 cristals
—————— 200 cristals

Figure 6-47 7 -sections computed by Taylor’s model for different representations of
the texture, SPXI steel (from Duchéne et al. 2000).

In practice, a lot of our computations rely on 2000 crystals but further validations are
necessary to know if this number can be decreased or not.

6.5.2. E-sections of the vyield locus computed by local and
non-local methods

For the SPXI steel sheet the texture of which is shown on Figure 6-45, the T-section
has been computed by 5 different approaches:

o 6™ order = global yield locus in stress space described by a 6™ order series from
van Houtte (see section 6.3.4).

e Hyp. 1°r 20° = Hyperplane approach with an angle of 1° or 20° between the
strain rate directions used as domain limit vectors u *m(see section 6.4.3).
e S-sI1°or20° = Stress-strain rate Interpolation approach with an angle of 1° or

' ; _ e #(i)
20° between the strain rate directions used as domain limit vectors u (see
section 6.4.4)

The computational method to obtain 7 -sections has been described at the end of
section 6.4.3. Figure 6-48 compares the 7 -sections obtained with the 5 investigated
procedures. For the local approaches with large domains (Hyp. 20° and S-s I 20°),
the associated yield locus normals, which represent the deviatoric plastic strain rates,
are also plotted. Normals from the hyperplane approach are clearly discontinuous.
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Figure 6-48 7 -sections of the yield locus computed by 5 models,
and normals to the yield loci computed by stress-strain rate interpolation
and hyperplane method with a size of 20° (from Duchéne et al.1999c).

When small local domains are used (1°), their associated yield loci are superposed
and very close to the yield locus computed by the 6 order series. For larger domain
size (20°), the results of the hyperplane and interpolation methods strongly differ:
while the interpolation approach is continuous and close to the yield loci computed
by more accurate methods, the hyperplane result is discontinuous and diverges from

other results.

Figure 6-47 and Figure 6-48 show that both the number of crystal orientations used
to describe the texture and the size of the local description adopted in the
interpolation method are key factors for the accuracy.
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6.5.3. Lankford's coefficient prediction

For the SPXIT steel sheet and the deep drawing IF ULC Ti steel sheet already treated
in previous sections, Lankford’s coefficients have been investigated.

Two sets of experimental results are available, the ones performed by MSM
laboratory (Exp. MSM) and the others from the Research and Development Cockerill
Sambre center (Exp. RDCS). These results take into account the hardening and the
evolution of the yield locus as they are computed by the average of instantaneous
Lankford’s coefficient measured at strains of 10, 12, 14, 16, 18 %. The MSM
measurements are described in Wauters 2000. Tests are systematically repeated 3 or
5 times. Their agreement with a previous set of measures, limited to strains 0 and
10% and performed by Charles (Charles & Habraken 1996) is not perfect. So, even
with the same equipment a different set of sheets presentAvariation. So, different

equipment and different sets of sheets can explain the differences in the
measurements from RDCS and MSM.

All the predictions of Lankford’s coefficient are based on the initial texture. The
results identified by “Texture” are computed directly from the texture information
and Taylor’s model as explained in van Houtte 1995. The points characterlzcd by
“6™ order” rely on a global yield locus in stress space described by a 6™ order series.

The curves identified by S-s I 1°, 5°, or 10° are computed thanks to the interpolation
method with different domain sizes.

A
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Figure 6-49 Measured and predicted Lankford's as a coefficient function of the angle
with the Rolling Direction for SPXI steel (from Duchéne et al. 1999c).
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Figure 6-50 Measured and predicted Lankford’s coefficient as a function of the angle
with the Rolling Direction for IF ULC Ti steel (from Duchéne et al.1999c).

The general shapes of the experimental and computed curves are rather similar;
however, the levels differ.

The SPXI sheet is characterized by a relatively weak texture with a maximum ODE-
value of 5.9 (van Houtte & van Bael 1997). This leads to a quite smooth yield locus.
This fact is confirmed by continuous and close curves predicted by the S-s approach
with different domain sizes (1°, 5°, 10°). The agreement between Texture and S-s
method is good, recovering that both methods finally rely on identical Taylor’s
model. The results computed by the 63 order series yield locus are clearly
underestimated by comparison to other predictions relying on crystal plasticity. This
means that even a 6™ order series is too poor to represent the actual anisotropic yield
locus and that this analytical function smoothes the reality.

The IF ULC Ti sheet consists in a strong ¥ -fiber (maximum ODF-value of 11.4),

which broadens towards ¢ -fiber. The associated yield locus presents a high
anisotropy and one can verify that the S-s results clearly show jumps corresponding
to the updating of the local yield locus zone. These jumps are of course higher for
domain size of 10°. The S-s results do not coincide with texture results, this could
perhaps be explained by the fact that working in the stress space introduces some
inaccuracy compared on direct use of Taylor’s model. The global 6™ order yield
function is still not rich enough to catch the variation in Lankford's coefficient: the

predicted curve seems too smooth as compared with other predicted curves and
experimental values.
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In conclusion, the prediction of Lankford’s coefficient is very sensitive. It requires
domain size smaller than 10° for the interpolation method. It has also been checked
that small texture evolutions can induce large evolution in Lankford's values
(Duchéne et al. 2001). So, the tensile test should be simulated until a strain of 18%
and the predicted Lankford's coefficients should result from the average of
instantaneous Lankford's values associated with the computed texture associated to
each strain level. These simulations are planned but not yet achieved.

Such investigation shmy%that, while the trends are well predicted, the absolute values

are still not reached. Different simplified assumptions can explain these differences,
for instance:

-the use of Taylor’s model that does not allow to take into account grain size and
morphology and forgets grain equilibrium at the microscopic level,;

-the results are based on initial yield locus shape, both material and geometric
hardening (see definition in section 3.3) are neglected. At the present state,
geometrical hardening could be introduced, however the simple isotropic Swift’s
hardening model is too poor to represent the reality with accuracy (see Chapter 3).

The measurement accuracy is far from perfect, so in short, it is not possible to use
Lankford's coefficient as unique validation.

Remark: Another validation of the same type as the prediction of Lankford's
coefficient could be the prediction of Forming Limit Diagrams (FLD). MSM team
has already worked in this direction (Habraken et al. 1998). The Ph.D. theses by
Duchéne and Wauters (to appear later on) will present some new results. However
two remarks can already be done:

e If the goal is really to spare the experiments required to determine an FLD,
then, for classical steels, the Cayssials' approach (Cayssials 1998) mixing
mechanics, damage, metallurgy and statistic provides an interesting solution.

e If the goal is to validate a constitutive law using a Marciniak & Kuczynski
1967 type approach, then predictions are very sensitive. The results depend
not only on the constitutive law under consideration but also on the
localization criterion and on the initial defect used in the computations. Large
modifications of FLD predictions can be obtained from very small variations
of yield locus shape (see for instance Figure 2-20 and Figure 2-21 where
Vegter modifies slightly the yield locus corner of biaxial stretching to achieve
good FLD prediction). Hence, because of the many possible numerical
adjustments, such kind of validation is of limited interest.

6.5.4. Academic rolling validation with texture updating

The rolling process is simply represented by one three-dimensional finite element in
plane strain state as shown on Figure 6-51. The compressive force applied on

direction z produces an expansion in the rolling direction x as the displacements in y
direction are fixed. '
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Figure 6-51 Rolling process represented by one finite element (from slides used for
Duchéne et al. 1999c¢’s presentation).

‘The initial texture, represented by a discrete set of 2000 crystal orientations, is
isotropic. The finite element height is compressed until a reduction factor of two,
which represents a 69% rolling reduction. Both cases of b.c.c and f.c.c materials are
simulated with an arbitrary but identical hardening law. For each material, two

simulations are performed, one with texture updating at each time step and one with
the initial texture.

The final texture computed by the simulations with texture updating exhibits a
typical rolling texture. For the b.c.c. material (Figure 6-52), the ODF maximum is
11.9 times the random texture level and is located at @, = 25°, @ =50°,@, = 55°. For
f.c.c. material (Figure 6-53), the ODF maximum is 14.7 at @, =40°, @=70°,

@, =20°.

(0]
—> 90

90

¢ =0° . ¢ =90°

Figure 6-52 Sections @; = 0°, 90° and ¢, = 45° in the final ODF of the b.c.c.
material; curves levels = 0.7, 1.0, 1.4, 2.0, 2.8, 4.0, 5.6, 8.0, 11.0 and 16.0 (from
Duchéne et al. 1999b).
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In spite of an assumed common hardening behavior, a non-negligible influence of the
crystal lattice is observed on the computed rolling forces (Figure 6-54). The larger
-stiffness observed for f.c.c. metals can be related to a lower number of slip systems
to accommodate the imposed deformation. Even if the texture evolution is important,
as shown on Figure 6-52 and Figure 6-53, no effect appears on the rolling force. As
checked by Figure 6-55 which presents 7 -sections of the yield loci associated with
random or rolling texture, it does not mean that these texture evolutions have no
effect on the yield locus shape. It just happens that the point associated with the
stress state in rolling is not affected by the shape evolution of the yield locus.
01
R
0 ]

Q0 f i e "0, _
@2= 45° 0= 65° 0= 20

Figure 6-53 Sections @,=45°, 65°, and 90° in the final ODF of the f.c.c. material;

curves levels = 0.7, 1.0, 1.4, 2.0, 2.8, 4.0, 5.6, 8.0, 11.0 and 16.0 (from Duchéne et
al. 1999b).
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Figure 6-54 Rolling forces resulting of rolling simulations with or without texture
updating for b.c.c. or f.c.c. materials (from Duchéne et al. 1999b.).
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— f.c.c. inifial yield locus
—f.c.c. updated yield locus
— b.c.c. initial yield iocus
- h.c.c. updated yield locus

O plane strain compression

Figure 6-55 Initial and final 7 -sections of the yield locus computed from a random
or a rolling texture for b.c.c. or f.c.c. materials (from Duchéne et al. 1999b).

The yield locus associated with a random texture in f.c.c. material is larger than the
one corresponding to b.c.c. material. This explains the larger rolling force required to
perform rolling from a mechanical point of view. The texture evolution creates, in
both materials, a strongly anisotropic yield locus.

6.5.5. Conclusions of validation step

The interpolation model developed by MSM team stands between the models
without yield locus (see Chapter 5), where a set of representative crystals is called
upon to determine the macroscopic constitutive laws, and the models relying on a
yield locus, computed thanks to texture information (see section 6.3). Its advantage is
to keep an accurate description of plastic behavior by using a local description of the
yield locus that allows the updating of its shape due to texture evolution. The CPU

time reduction of such an approach has not yet been accurately estimated but does
exist.

Applications to actual deep-drawing processes are in progress as well as the
investigation of important parameters such as the size of the yield locus zone and the
number of crystals necessary to represent the material behavior. Duchéne’s thesis (to
appear later on) will present comparisons between deep drawing experiments and
simulations performed with classical Hill 1948 yield locus, the van Houtte's yield
locus (6™ order series in stress space) and the interpolation method with or without
texture updating. Initial and final texture measurements will allow checking the
prediction of texture evolution.

Another thesis begins this year in MSM department to implement an improved
kinematic hardening law coupled with the interpolation method. As numerical
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developments are quite useless without experimental data, half of the thesis will be

dedicated to the development of a tensile experiment coupled with shear
deformation.

6.6. Conclusion

Clearly all the models described in this chapter are not straightforward for
implementation into a FEM code. However their identification require less
macroscopic mechanical experiments than accurate phenomenological models such
as Karafillis’s law, since the yield locus shape is deduced from texture
measurements. In this case, experiments must “only” be used to define the hardening
behavior. This chapter shows that constitutive laws with yield locus are available if
one is interested in modelling sheet metal forming without forgetting all the
microscopic events happening during deep drawing processes. The models presented
here are more complex than those of Chapter 5. Their analytical formulation attempts
to recover the micro-macro transfer performed by simple averaging of the behavior
of sets of representative crystals in Chapter 5.

As long as texture updating during the sheet forming process can be neglected, it is
clear that the models describéd in section 6.3 are interesting. They rely on accurate
yield loci, which are computed once, outside the FEM code. This thesis proposes a
summary of the methods used to estimate such yield loci according to texture
description, crystal plasticity and the Taylor’s assumptions.

This state of the art helps to understand the context of our proposals, which the
originality of which lies in the concept of a local part of the yield locus instead of

global one. This choice is motivated by our final goal of taking into account texture
updating.
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Conclusions

7. CONCLUSIONS

This overview work provides an idea of the main models implemented today in FEM
codes to represent macroscopic plastic anisotropic material behavior. Both plastic

yield locus and hardening laws are important features for capturing the actual metal
response at various loading.

Some examples, such as the microscopic finite element simulations from Teodosiu
(section 5.2.1) or Acharya & Beaudoin (section 5.2.2) also show the interest of FEM

simulations to check the validity of the microscopic models in representing
macroscopic behavior.

Some care has been brought to provide not only the theoretical models, but their
identification methods as well. Whenever possible, links between models are

" presented, such as, for instance, Aifantis’s proposal that gives physical basis to von
Mises and Karafillis' laws.

In the future, hardware development and parallel computation will reduce problems
of CPU time. However, each time that this happens, engineers increase the sizes of
the problems that they want to solve by finite elements... So, simple
phenomenological laws described in chapter 2 or yield loci presented in chapter 6
that allow escaping to microscopic computations in the macroscopic FEM
simulations, retain their interest. This also forces researchers to identify the important
features necessary to capture material behavior. For instance, it is clear that texture
evolution effects on yield locus are not necessary in all deep-drawing simulations.

The actual question is: what is really useful to take into account? The answer is not
the same according to the goal of the simulations: shape prediction after spring back,
texture prediction, residual stress field, wrinkling and necking prediction. It is clear
that criteria exist to predict necking and wrinkling, but they rely on accurate stress
and strain field computations. The spring back prediction is quite hard if your model
neglects elasticity. The final shape and size of the yield locus after forming processes
is important if your goal is to apply accurate fatigue models to predict the life of the
pieces. The model descriptions provided in this thesis should help to choose the
adapted model to fit one's requirements.

One direction not investigated in this overview is the formulation of the Finite
Element itself. Going from a simple displacement formulation to a mixed or hybrid
formulation can already provide a better convergence and a smoother stress answer,
even if a low number of crystals is used per integration point (Beaudoin et al. 1995).
Another possibility is to apply a simple macroscopic analysis coupled with a micro-
macro analysis only where some event, such as strain localization, appears and
requires a finer scale. For instance, Garikipati & Hughes (to appear) propose such a
so-called variational multiscale approach.
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