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Pseudoscalar Vertex and Quark Masses
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We analyse available data on the quark pseudoscalar vertex and extract the contribution of the Goldstone boson

pole. The strength of the pole is found to be quite large at presently accessible scales. We draw the important

consequences of this finding for the various definitions of quark masses.

1. Introduction

The expected behaviour of the quark pseu-
doscalar (PS) vertex in the continuum, near the
chiral limit, can be described through a per-
turbative contribution plus a non-perturbative
Goldstone boson contribution. According to the
Wilson operator product expansion (OPE), the
non-perturbative contribution must be power be-
haved, i.e. at large p2 it must drop as 1/p2 up
to logs. On the lattice, the use of a non pertur-
bative renormalisation scheme [1] makes this con-
tribution manifest. Although it goes to zero for
large momentum transfers, our purpose is to ex-
tract it from lattice simulation data, and to show
that it is not negligible for presently accessible
scales. Moreover, from the axial Ward identity
(AWI), the forward PS vertex is directly related
to the scalar part of the quark propagator. Hence
in the study of propagator OPE, the Goldstone
pole contribution in the PS vertex should corre-
sponds to the dominant non-perturbative (power)
contribution in the quark condensate. In the fol-
lowing we will show our recent results, presented
in ref.[3], of the analysis of available lattice data
on the quark pseudoscalar vertex. We have ex-
tracted the Goldstone contribution, in 1/p2 and
the strength of the pole is found to be quite large
at presently accessible scales. We draw the im-
portant consequences of this finding for the var-
ious definitions of quark masses. Finally we will
present some preliminary results of our work in
progress [4] on the lattice quark propagator anal-
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2. The quark PS vertex: results from the

fit to lattice data

In order to evaluate the non-perturbative Gold-
stone contribution, we have analised the QCDSF
collaboration data [5], at β = 6.0, for the bare
one-particle-irreducible lattice PS vertex, Λ5, pre-
sented through the product (see their fig.1)

amq Γ̃5(p
2) ≡ C × amq Γ5(q = 0, p2) (1)

at three κ values, where Γ5 ≡ Tr(γ5Λ5)/4 and
by construction, C is a constant with the value
C = 0.75 in order to satisfy the AWI in a mo-
mentum range, increasing with κ.
As Γ5(q = 0, p2) ∝

[

A(p2)/amq + B(p2)
]

, it
seems reasonable to identify the A(p2) term as
the Goldstone contribution and the second one
as the perturbative contribution, if we are suffi-
ciently close to the chiral limit. Let us fit the data
to the form

amqΓ̃5(p
2) = A(p2) + amqB(p2) (2)

where, from the continuum Ward identity, one
gets for the non-perturbative part:

A(p2) = A0 ×
[αs(p

2)]7/11

a2p2

[

1 + 22.0
αs(p

2)

4π

]

(3)

and for the perturbative part:

B(p2) = B0 × [αs(p
2)]4/11

[

1 + 8.1
αs(p

2)

4π

]

(4)

with A0 and B0 some constants. These two-loop
renormalisation group improved corrections are
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valid for the MOM renormalisation scheme, in the
Landau gauge. We shall first perform an extrap-
olation linear in mq of the three datasets to the
chiral limit for each value of p2. This fit gives us
both A(p2) and B(p2).

The lattice data turn out to be quite close to
the continuum theoretical expectations. Indeed
one finds that:
• A(p2) is behaving remarkably close to 1/p2 over
a large interval of p2 The Goldstone contribution
appears to be very large: a2p2A(p2) ≃ 0.015 from
the lowest point a2p2 = 0.16. On the other hand,
we do not see the log factors expected from the
perturbative calculation.
• B(p2) is found to evolve in good conformity
with the two-loop MOM renormalisation formula
quoted above. We obtain B0 = 1.735 which pro-
vides a very good fit to the data for p2 larger than
2 GeV.

The Goldstone contribution is felt already at
rather large quark masses and, for physical u, d
quarks it is in fact very large: A(p2) is larger than
the perturbative part amqB(p2) even at rather
large p2, as shown in Fig. 1. This finding for the
PS vertex has important consequences.
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Figure 1. The value of amqΓ̃5 for light quarks.

3. A large Goldstone pole contribution:

consequences on ZMOM
P

One can translate the above fit of Γ5 into an
expression for ZMOM

P , or rather its inverse which

is more directly physical:

1

ZMOM
P (p2)

=
Γ5(p

2)

Zψ(p2)
=

AZ(p2)

amq
+ BZ(p2) (5)

This is to be contrasted with usual fits, which
assume that ZP is linear in amq. The fact that
the non-perturbative estimate of the full ZP dif-
fers sizeably from the short distance BZ already
at the measured kappas, is a signal that it is
not presently possible to work at p2 high enough
for the Goldstone contribution to be negligible.
Hence, we must first subtract it from Z−1

P .

[

ZSubtr
P (p2)

]

−1

=
[

Z−1

P (p2)
]

−
AZ(p2)

amq
= BZ(p2) (6)

Numerically at a2p2 = 1 we find ZSubtr
P = 0.53,

which corresponds to the full resummed short-
distance contribution determined directly from
the lattice data.

4. Consequences on light quark masses

To get an estimate of the consequences on the
short distance MOM renormalised quark mass
given by:

amLandau
AWI (µ2) = ρ

ZA
ZP (µ2)

(7)

where ρ is a mass parameter, we use ZSubtr
P and

we find in the MS scheme : a mMS
u,d ∼ 0.0024,

therefore about 4.6 MeV at NF = 0. Note that
these numbers are only indicative; in view of the
many uncertainties in the subtraction procedure,
we do not try to discuss the other sources of er-
ror necessary to give a real determination of the
mass. Our aim is only to underline the necessity
of the subtraction of the Goldstone contribution.
This contribution, which is only parasitical and
has to be subtracted in the calculation of MS
masses, retains an important physical meaning in
other definitions of renormalised quark masses.
Let us recall the Georgi-Politzer renormalisation
condition for the quark propagator

S−1

R (p, µ2) = i 6 p + mGP
R (µ2) at p2 = µ2 (8)

This defines a renormalised quark mass mGP
R

which can be related to the PS vertex through
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the axial Ward identity

mLandau
AWI (µ2)ΓR

5
(q = 0, p2, µ2) =

Tr[S−1

R (p, µ2)]

4
(9)

Numerically, using the full ZP (p2), one gets
a mGP

R (a2p2 = 1) ∼ 0.018, therefore around 34
MeV at p = 1.9 GeV, see Fig. 2. The magnitude
is larger than what is expected from the quark
condensate and from the perturbative evaluation
of the Wilson coefficient, but in agreement with
other physical expectations. We stress that, in
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Figure 2. The value of the dynamical u, d masses.

contrast to the standard MS current mass, this
mass does not vanish in the chiral limit, and
it represents a dynamically generated mass for
light quarks, though off-shell, gauge-dependent
and Euclidean. This is a well-known signal of the
spontaneous breakdown of the chiral symmetry.

5. Relation with the lattice quark propa-

gator analysis

We have obtained analogous results directly by
looking at the scalar part of the improved quark
propagator. The discussion of the propagator lat-
tice data involves delicate problems of improve-
ment, since the O(a2) corrections appear to be
dominant over the standard off-shell O(“a”) im-
provement. One possible way out is to adopt
an improved definition of the propagator as the
solution of a non-linear equation which has a
smoother tree-level p2 dependence, see ref.[4]. In

Fig. 3 we present our preliminary results, not yet
estrapolated to the chiral limit, for the ratio be-
tween the scalar and the vector part of the im-
proved non-linear propagator, obtained by using
the data of the APE collaboration [6]. The bare
improved propagator is written as (here and in
Fig. 3 the notation A and B do not correspond
to the ones used in the previous sections),

(Simp(p2))−1 ≡ Aimp(p2)(isin(ap/)) + Bimp(p2) (10)

hence in this case one has: a mGP
R (p2) =

Bimp(p2)/Aimp(p2).

� = 0:1342� = 0:1310nonlinear

a2p2
B(p2 )=A(
p2 )

21:510:50
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Figure 3. The value of a mGP

R (p2) as obtained
from the non-linear equation for the improved
propagator.
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