
royalsocietypublishing.org/journal/rspa

Research
Cite this article: Parmentier J, Lejeune S,
Maréchal M, Bourges F, Genty D, Terrapon V,
Maréchal J-C, Gilet T. 2019 A drop does not fall
in a straight line: a rationale for the width of
stalagmites. Proc. R. Soc. A 475: 20190556.
http://dx.doi.org/10.1098/rspa.2019.0556

Received: 28 August 2019
Accepted: 21 October 2019

Subject Areas:
fluid dynamics

Keywords:
droplet, aerodynamics, speleothem, vortex

Author for correspondence:
J. Parmentier
e-mail: jparmentier@uliege.be

Electronic supplementary material is available
online at https://doi.org/10.6084/m9.
figshare.c.4737233.

A drop does not fall in a
straight line: a rationale for the
width of stalagmites
J. Parmentier1, S. Lejeune1, M. Maréchal2, F. Bourges3,

D. Genty4, V. Terrapon1, J.-C. Maréchal5 and T. Gilet1

1Department of Aerospace and Mechanics, University of Liège,
Liège, Belgium
2University of Montpellier, Montpellier, France
3Géologie-Environnement-Conseil, Saint-Girons, France
4Environnements et Paléoenvironnements Océaniques et
Continentaux, University of Bordeaux, Bordeaux, France
5Bureau de Recherches Géologiques et Minières, University of
Montpellier, Montpellier, France

JP, 0000-0001-8263-8371; JCM, 0000-0001-8179-1294;
TG, 0000-0002-7339-7796

Drops loaded in calcium ions detach from stalactites
and impact the underlying stalagmites, thereby
allowing these latter to grow through calcite
precipitation. Nevertheless, little is known about
the influence of the drop free fall and splash dynamics
on stalagmite shape and width. Through high-speed
imaging of impacting drops on stalagmites from
several caves, we observed that the impact point
position of the drops is scattered, sometimes over
several centimetres. We show that this dispersal has
no external cause and must, therefore, be self-induced.
Using a Langevin-like equation, we then propose a
prediction of the impact point dispersal as a function
of the falling height travelled by the drops. We finally
show that measured stalagmite widths are correlated
to the dispersal in the impact point position of the
drop.

1. Introduction
Stalagmites are formed through the precipitation and
deposition of calcite (CaCO3) within the thin water film
that covers their summit. Their vertical growth rate
varies between 10 and 1000 µm y−1 [1], as inferred
by measuring e.g. the size of the annual laminae
seen in vertical cross sections of stalagmites. Each
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drop falling from the above stalactite and impacting this film brings new calcium and bicarbonate
ions. The stalagmite growth rate depends on the concentration of these ions [2], which is set by
the dissolution of limestone upstream [3]. The calcium ions precipitate in the film as long as the
partial pressure pCO2 of the cave is sufficiently low [4–6].

The growth rate also depends on the dripping rate at which the water within the film is
partially renewed. This rate varies with both inter-annual and seasonal changes of recharge
and weather events [7,8]. Dripping rates are higher during the rainy season [9], at least when
the groundwater path upstream of the stalactite is sufficiently short [10]. Finally, the stalagmite
growth rate depends on the thickness δ of the liquid film, which typically ranges between 50 and
300 µm. It likely results from a balance of the incoming flow rate that drips from the associated
stalactite [11] and the gravity-induced drainage along the sides of the stalagmite, although there is
currently no dedicated hydrodynamic model that rationalizes this assumption [12]. By contrast, a
model that couples equations of chemical kinetics and thin-film hydrodynamics has already been
proposed to describe the growth and shape of stalactites [13,14].

Since stalagmite growth is influenced by the incoming flow rate and the environmental
parameters, stalagmites are often used as terrestrial paleoclimate proxies [15–17], especially in
low- to mid-latitude regions where glacial ice cores or other continental proxies cannot be found
[1]. Age-depth models [18] and duration of significant climate events such as severe droughts
can be inferred, among others, from the annual laminae thickness [1]. Stalagmite laminae can
even reflect overlying soil conditions and local hydrology when complementary records of cave
external (climate, hydrology) and internal (evaporation, degassing) processes are available [19].

A complete model of the dissolution/precipitation kinetics of calcite coupled to the ion
transport by molecular diffusion within a thin water film was proposed and validated
experimentally by Buhmann & Dreybrodt [20,21]. These authors then suggested a numerical
model [3,6] to estimate the vertical, time-averaged, growth rate of a stalagmite. The model
was validated with growth rate measurements over several months [12,22,23]. It was also
compared to ice and deep-sea core data by Kaufmann [24], who used temperature variations
along with changes in precipitation and soil coverage to derive stalagmite stratigraphies
reflecting paleoclimate variations over long periods of time (greater than 300 000 years). Although
Dreybrodt’s model yields a good approximation of the average vertical growth rate (though
once the film thickness is arbitrarily adjusted), it fails at capturing the horizontal heterogeneity
of the lamina thickness, caused e.g. by stalagmite roughness and curvature [12]. Therefore, it
cannot reproduce the wide variety of stalagmite shapes and sizes observed in a cave (e.g. the flat
top stalagmite of figure 1a–e versus the splash-cup stalagmite of figure 1f ). Consequently, only
cylindrical, ‘candlestick’ stalagmites were used so far as paleoclimate proxies because of their
apparent regularity [1].

Dreybrodt’s model mainly lacks a characterization of the dynamics of both the impacting drop
and the water film. For instance, drops are assumed to always land at the apex of the stalagmite
[12,25,26]. In this paper, we demonstrate that this hypothesis is not verified on most stalagmites.
We investigate how the fluid dynamics of falling and splashing drops could set some constraints
on stalagmite shape and width.

We report high-speed imaging measurements of radius, speed and impact position of drops
falling on stalagmites in several different caves, as well as in a more controlled laboratory setting.
We then show that these measurements are correlated to the height of fall and we propose a
theoretical model to rationalize this fact. We also study the spreading of the liquid drop upon
impact. Finally, we show that the stalagmite width can be predicted from the calculated impact
point dispersal.

2. Results and discussion
(a) Phenomenology
Figure 1 depicts the impact of a drop on the flat top of a stalagmite at different times. The incoming
drop (figure 1a) of radius R � 2.61 mm is slightly flattened. It impacts the stalagmite at speed
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Figure 1. (a–e) Time sequence of the impact of a drop on stalagmite Org02 (Salle de Joly, Orgnac cave), with lamella spreading
and crown formation. All frames (a–e) are separated by 1.3 ms. (a) The drop of radius 2.61 mmatmost 600µs before the impact.
(b) Formation of the crown at least 600µs after the drop crushed on the stalagmite. (c) Spreading of the lamella in the water
residual film and ejection of secondary droplets. (d) Fragmentation of the crown. (e) The lamella has reached the stationary
value r = 2.1 cm, around 5 ms after the initial impact. (Online version in colour.)
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Figure2. (a) Drop impact in a splash-cup stalagmite (Org07),witha small pisolite inside. Picturewas taken 15 msafter the initial
impact. (b) Drops coming from the same stalactite fall in different locations on the stalagmite Sal01, from La Salamandre cave.
This image was obtained by superimposing frames showing the trajectories followed by five drops landing on this stalagmite.
For each drop, the frames used are all separated by 740µs, from the moment the drop appears in the field of view, up to right
before impact.With a falling height of z0 = 25.6 m, the value of� obtained for this stalagmite is 3.75 cmwhile its top radius st
equals 5.50 cm. (Online version in colour.)

v0 � 9.39 m s−1. The impact is accompanied by the formation of a liquid lamella surrounded by a
crown (figure 1b,c). Secondary droplets are ejected from the edge of the growing crown (figure 1c).
The crown then fragments into many droplets (figure 1d). Finally, the rim surrounding the liquid
lamella reaches its maximal visible extension r � 2.10 cm (figure 1e).

The drop impact on a concave stalagmite looks different. The lamella is deflected during its
spreading by the curved stalagmite top. The liquid is ejected away in a few preferential directions
constrained by the shape of the stalagmite (figure 2a).

It is also observed that drops in caves do not fall along vertical straight lines. Indeed, drops
originating from a single punctiform stalactite impact the underlying stalagmite at different
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positions, sometimes scattered over several centimetres. Figure 2b shows five drops coming from
one stalactite but landing on different spots on the same stalagmite, up to 13.15 cm apart.

(b) Dripping
Drop radius R was measured in caves for all drops impacting the stalagmites summarized in
table 2. These measurements suggest that R is fairly constant, with a value for all drops of
2.63 ± 0.18 mm (mean ± s.d.).

These observations can be rationalized as follows. When water reaches the tip of the stalactite,
it forms a growing pendant drop. Once the drop becomes sufficiently heavy, surface tension can
no longer hold it still, and the drop falls [27]. The weight of the pending drop is 4/3πR3ρg, where
R is the drop radius, ρ � 1000 kg m−3 is the water density and g the acceleration of gravity. The
maximum drop weight that can be balanced by surface tension forces is of the order of 2πσ rst,
where σ � 70 mN m−1 is the surface tension of water and rst is the stalactite outer radius. Because
the stalactite is formed by the drop itself, the tip radius of the stalactite should approximately
match the drop equivalent radius, i.e. rst = cR, where c is a proportionality constant. With c = 2/3
of the order of unity, the drop radius R would be estimated as

√
3cσ/2ρg � 2.6 mm, as measured.

The parameters involved can be considered as constant in the temperature and pressure range
encountered in caves, hence R is also fairly constant from one stalactite to another and in between
different drops falling from a given stalactite [28] (electronic supplementary material, figure S6).

The size of a dripping drop R slightly depends on the water flow rate feeding the stalactite [9].
This flow rate is inversely proportional to the dripping period t0 separating two successive
dripping events from the same stalactite, which is observed to vary seasonally from less than a
second to several months, t0 ∈ [10−1, 107] s. When t0 � 1 s, the drop volume decreases and satellite
droplets form [9]. Nevertheless, the drop formation from stalactites always remains in the periodic
dripping regime (contrary to jetting or chaotic dripping) since the capillary time of the drop√

ρR3/σ � 50 ms is always smaller than t0 [29].

(c) Free fall and impact point dispersal
In figure 3, the impact velocity v0 of drops is represented as a function of their falling height z0.
Data obtained in caves and in a laboratory setting are in good agreement with each other. The
velocity v0 increases nonlinearly with the falling height z0. It seems to reach a saturation value for
large falling heights (z0 > 20 m).

The horizontal position of drop impacts, measured in one vertical plane, approximately
follows a Gaussian distribution. Since both the drop and the stalactite from which it originates
are relatively axisymmetric, we may assume that the two-dimensional distribution of horizontal
impact positions is also axisymmetric. Figure 4 shows the measured standard deviation � of this
impact position distribution as a function of the falling height z0. The impact point dispersal �

increases almost linearly with z0.
Again, data obtained in caves and more controlled laboratory conditions overlap. Therefore,

the scatter of impact position cannot be attributed to a factor specific to caves. For example, while
the small irregularities at the surface of the stalactite might give the drop some initial horizontal
momentum when this latter detaches, such momentum would be systematic and would not lead
to a Gaussian dispersal. The local wind originating from the venting of the cave might also induce
some additional drift to the drop. However, such contribution seems negligible. For example, a
maximal airflow rate of the order of 160 000 m3 d−1 was measured at the open-air entrance of the
first room (salle de Joly) of Orgnac’s cave [30]. Because the cave cross section is about 2500 m2, the
background air speed should be of 0.7 mm s−1. A drop falling at more than 8 m s−1 takes less than
4 s to achieve a 30-m fall and would only be deviated at most by 3 mm. Hence, background air
currents cannot explain the scattering of the drop impact point in our data. Moreover, the same
distribution is observed in the laboratory, although the drop fall is protected from parasitic air
currents. The apparently random deviation in drop trajectory must, therefore, be self-induced.
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Figure 3. Impact velocity v0 of the drop as a function of falling height z0 measured in both cave and laboratory settings
(symbols), compared to the prediction given by equation (2.6) (solid line in yellow) for parameters c1 = 0.198 and c2 = 0.029,
with a drop radius R= 2.64 mm. The dashed line shows the terminal velocity v∞ = 10.5 m s−1 that drops could reach based
on these experimental data. Hollow symbols circle represents laboratory data corresponding to a drop radius R= 2.32 mm
similar to that encountered in caves. Solid symbols in red (dark grey in printed version), pink (light grey in printed version) and
blue (medium grey in printed version) represent cave data, one per stalagmite from table 2 for which high-speed videos were
taken (cf. table 2; electronic supplementary material, table S1, for symbols correspondence). The inset of the graph shows a
picture of a drop flattened because of air friction, at most 600µs before its impact on Org02 (Salle de Joly, Orgnac cave). The
equivalent radius of this drop R= 2.61 mm, its falling height z0 = 19.40 m and the impact velocity v0 = 9.39 m s−1. (Online
version in colour.)

We will attempt to model the influence of aerodynamic forces on the trajectory of the falling
drop through a Langevin equation. The drop position is denoted X = x + z ez, where x = (x, y) is
horizontal and ez is a vertical unit vector oriented upwards. The velocity and acceleration of the
drop are given by Ẋ = ẋ + v ez and Ẍ = ẍ + v̇ ez, respectively.

The motion of a falling drop of mass M = 4/3πρR3 satisfies Newton’s second law

MẌ = −Mg ez + F, (2.1)

where Mg is the weight and F is the aerodynamic force. This latter comprises the drag, opposed
to the drop motion, and an additional lift component in a plane perpendicular to the drop motion

F = −CD
ρaS|Ẋ|

2
Ẋ − CL

ρaS|Ẋ|
2

er × Ẋ, (2.2)

where ρa � 1.2 kg m−3 is the air density, S is the cross-sectional area of the drop perpendicular to
its motion, er is a unit vector of random direction in the plane perpendicular to Ẋ and CD and CL

are the drag and lift coefficients, respectively. The lift appearing in the former equation is caused
by the loss of symmetry in the wake of the falling drop, as explained in more detail in §2c(ii).
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Figure 4. Standard deviation� of impact point position as a function of the falling height z0. The yellow solid curve is obtained
by solvingnumerically the recurrence relations fromequations (2.10) and (2.11) and varyingparametersv, f , Re, St and CD at each
vortex emission. The lift coefficient CL is set to 0.067, as an average across Reynolds of the RMS values found in the literature
(table 1). Hollow symbols circle correspond to data obtained in a laboratory setting for drops of radius R= 2.32 mm. All the
solid symbols in red (dark grey in printed version), pink (light grey in printed version) and blue (medium grey in printed version)
represent experimentalmeasurements obtained in caveswithhigh-speed videos (cf. table 2; electronic supplementarymaterial,
table S1, for symbols correspondence). (Online version in colour).

(i) Drop velocity

Since the drop is axisymmetric (axis ez) and its motion is mostly vertical (CL � CD), we expect
both |ẋ| � v ⇒ |Ẋ| � v and (ez × er) · Ẋ � ez · Ẋ. Consequently, the vertical component of the lift
is negligible in comparison to the vertical component of the drag, and the vertical projection
of equations (2.1) and (2.2) becomes

v̇ = g − CDρaSv2

2M
· (2.3)

The drag coefficient CD depends on the Reynolds number Re = 2Rvρa/μa, where μa � 18 × 10−6 Pa s
is the dynamic viscosity of air. This dependence is here approximated in [31]

CD =

⎧⎪⎪⎨
⎪⎪⎩

24
Re

(1 + c1 Re2/3) for Re < Rec,

24
Rec

(1 + c1 Re2/3
c ) for Re ≥ Rec,

(2.4)

which is valid for at least Re < 105. For a hard sphere, Rec � 1000 and c1 � 0.175, so CD � 0.45
when Re > Rec. However, the drops are flattened in response to aerodynamic forces (inset of
figure 3). Their deformation is resisted by surface tension, so dimensional analysis [32] would
suggest that the effective, horizontal surface S is

S = πR2 + 2πc2
ρaR3v2

σ
, (2.5)

with c2 to be determined. Moreover, as the drop is liquid, it might not satisfy the same no-slip
condition as a hard sphere. However, since tangential stresses remain continuous at the water/air
interface, the ratio of characteristic velocity in the water versus in the air should be of the order
of the ratio between dynamic viscosity in the air versus in the water. Because water viscosity is
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around a hundred times larger than that of air, recirculation velocities inside the drop should be
of the order of a hundredth of the vertical translation velocity of the drop. Consequently, the no-
slip condition should apply in first approximation and the falling drop should experience a drag
force close to that of a hard sphere.

Time integration of equation (2.3) gives the relation between the falling height of the drop z0
and its impacting velocity v0:

z0 =
∫ v0

0

v dv

g − CDρaSv2

2M

· (2.6)

This relation is compared to the corresponding experimental results in figure 3. A least-square
fit on velocity data (both from caves and laboratory) gives c1 = 0.198 and c2 = 0.029. The terminal
speed v∞ � 10.5 m s−1 is attained when

Mg = 1
2 CD,∞ρaS∞v2

∞, (2.7)

where CD,∞ and S∞ are obtained by substituting v = v∞ in equations (2.4) and (2.5), respectively.
This terminal velocity, associated with the fairly constant size of cave drops, yields an upper
bound on the Reynolds number of Re ∼ 3500, which is still within the range of validity
of equation (2.4).

While the drag-induced deformation of the drop significantly affects its falling speed, it is
not sufficiently large to induce some in-flight fragmentation as experienced for example by
large raindrops [32]. Indeed, the criterion for such fragmentation is ρaRv2/σ > 15. Given the size
constraint on drops originating from stalactites, satisfying this criterion would require the falling
speed to reach 17 m s−1, which is well beyond the terminal speed v∞ = 10.5 m s−1.

(ii) Drop horizontal deflection

The motion of a falling sphere is more complex than one would expect. Vortices appear
periodically in the downstream wake of the drop as soon as Re � 212 [33,34]. This condition is
already reached about 1.3 cm below the dripping point. Each vortex generates an aerodynamic
force on the drop, inducing slight deviations from a straight vertical trajectory. At first, these
vortices randomly choose and develop around a longitudinal plane of symmetry containing
the sphere centre. As the Reynolds number increases to 320, the wake becomes irregular but
the planar symmetry is still conserved up to Re = 355, corresponding to a distance z = 3.80 cm.
Beyond this value, the wake becomes fully three-dimensional and chaotic. The break of
symmetry in the wake past the drop is thus responsible for the apparition of the lift in
equation (2.2).

We will assume here that successive vortex emissions are separated by a time T. On average,
this time decreases with increasing Reynolds number. There is currently no analytical model that
relates the dimensionless shedding frequency St = 2R/(vT) (Strouhal number) to Re for falling
spheres. However, experimental data [35] suggest that St increases with Re, typically during the
first 5 m of fall, up to approximately 0.9. Then St decreases with increasing Re but, in the range
covered in caves, remains larger than 0.5. The St(Re) experimental data of Achenbach et al. [35]
are approximated by a cubic polynomial in the range Re < 3500.

We also hypothesize that the vortices emitted from a falling drop do not interact with the
trajectory of the next drop. This is most likely true if the dripping period t0 between two drops
is larger than the time tv over which vortices fade away by viscous dissipation. This time might
be estimated as tv ∼ ρaR2/(4μa) � 10−1 s. In the visited caves, the smallest dripping period was of
the order of 2 s, while it was often larger than 10 s. Hence, in the present case, we may consider
that the passage of a drop does not influence the trajectory of subsequent ones.
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Table 1. Root mean square values of lift coefficients C rmsL obtained by different authors at various Reynolds numbers.

authors Re C rmsL

Bagchi 2003 [34] 107 0.091
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Bagchi 2003 [34] 261 0.058
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Johnson 1999 [36] 211–250 0–0.062
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Bouchet 2006 [37] 212–330 0–0.068
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Plouhmans 2002 [38] 300 0.060
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Plouhmans 2002 [38] 500 0.058
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Bagchi 2003 [34] 609 0.081
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Plouhmans 2002 [38] 1000 0.167
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Yun 2006 [39] 3700 0.006
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Yun 2006 [39], Jones 2008 [40] 10 000 0.046, 0.033
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The impact point dispersal � is estimated as a function of the falling height z0, by considering
the horizontal projection of Newton’s second law of motion

Mẍ = − 1
2 CDρaSvẋ + 1

2 CLρaSv2e, (2.8)

where e = er × ez is a vector of random horizontal direction that is almost unitary since the
drop velocity is almost vertical. We neglect the drop deformation, which is here a second-
order term, so the cross-sectional area S is now approximated by πR2. No exact relation between
the lift coefficient CL and the Reynolds number could be found in the literature over the entire
range of Re values covered by the falling drop, i.e. up to Re ∼ 3500. However, the instant lift
coefficient has been computed from numerical simulations at peculiar Re by several authors,
as reported in table 1. All coefficients presented in this table correspond to root mean square
values computed over a time period during which at least a few tens of vortices were shed.
The lift coefficient remains of constant order of magnitude (except at Re = 3700, where the shear
layer separates laminarly from the sphere whereas turbulence occurs within this layer [41]). The
average value of all the lift coefficients presented in table 1 is CL = 0.067. Equation (2.8) can be
made dimensionless by defining τ = t/T, x = x/(vT) and ẋ = ẋ/v:

ẍ = −cDẋ + cLe, (2.9)

where cD = (3ρa/4ρ)(CD/St) and cL = (3ρa/4ρ)(CL/St).
The horizontal position and velocity of the drop can be obtained by first integrating

equation (2.9) over one period T between two successive shedding events. We will assume that the
lift component of the aerodynamic force remains constant in magnitude and direction over this
shedding period. The horizontal position xn and velocity ẋn after the nth shedding are therefore
related to the position xn−1 and ẋn−1 through the following Langevin-like recurrence relations,
where α = exp (−cD):

xn = xn−1 + (1 − α)
cD

ẋn−1 + cL

c2
D

(α − 1 + cD)e, (2.10)

ẋn = αẋn−1 + cL

cD
(1 − α)e. (2.11)

The standard deviation of the horizontal position is by definition � = vT
√〈xn · xn〉, where 〈· · · 〉

denotes an ensemble average over many falling drops. It is calculated by multiplying and
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averaging equations (2.10) and (2.11):

〈xn · xn〉 = 〈xn−1 · xn−1〉 + (1 − α)2

c2
D

〈ẋn−1 · ẋn−1〉 + 2
(1 − α)

cD
〈xn−1 · ẋn−1〉

+ c2
L

c4
D

(α − 1 + cD)2, (2.12)

〈ẋn · ẋn〉 = α2〈ẋn−1 · ẋn−1〉 + c2
L

c2
D

(1 − α)2 and (2.13)

〈xn · ẋn〉 = α〈xn−1 · ẋn−1〉 + α(1 − α)
cD

〈ẋn−1 · ẋn−1〉 + c2
L

c3
D

(1 − α)(α − 1 + cD). (2.14)

Since the lift direction e is assumed to be random and uncorrelated with the drop horizontal
position and velocity, both 〈xn · e〉 and 〈ẋn · e〉 vanish, and 〈e · e〉 = 1.

These coupled recurrence relations can be solved numerically from rest initial conditions
to find �. We consider that the velocity v(z) increases at each vortex emission n according
to equation (2.6), and Re, St and CD vary accordingly, which is why equations (2.12) to (2.14)
cannot be integrated analytically. Nevertheless, an analytical solution at v constant is presented
in the electronic supplementary material. Solving the recurrence relations with the CL value of
0.067 yields the numerical solution �(z0) shown in figure 4. The model captures very well the
measurements �(z0), without any fitting parameter.

(d) Impact and initial spreading
All the drops filmed with high-speed imaging splashed at impact (figure 1), in contrast with an
assumption of previous models of stalagmite growth [12]. Therefore, during the impact the drop
crushes to form a lamella surrounded by a rim that grows with time. The rim destabilizes quickly
into a collection of secondary droplets which are ejected away. The maximum radius r reached
by the lamella formed at impact was measured for all recorded stalagmites. It does not strongly
vary from one stalagmite to another. Hence, it can be considered as constant: r � 1.83 ± 0.28 cm
(mean ± s.d. on all measurements).

Two main dimensionless parameters govern the drop impact dynamics: the ratio δ/R between
the film thickness and the drop radius, and the Weber number defined as We = 2ρRv2

0/σ � 5000
for v0 = 10 m s−1. Hence, inertia dominates surface tension in cave impacts, and the hydrophilic
nature of stalagmites does not influence significantly the impact dynamics [42]. During the
impact, the drop first crushes on a timescale 2R/v0 � 1 ms for v0 � 5 m s−1, then it spreads
outwards. A crown may form as a result of a kinematic discontinuity, which is referred
to as a splash. The literature is not abundant when it comes to splash on thin liquid
films for which δ/R � 1 [43]. Typically in caves, δ/R � 0.04, which is difficult to reproduce
experimentally. Some experiments [44] for δ/R ∈ [0.05, 0.1] suggest that the threshold for splashing
is independent of δ and would occur in caves when We > 400, which corresponds to a velocity
v0 � 2.3 m s−1 and a falling height z0 � 30 cm. This explains why all the observed drops splashed
at impact.

In our experiments, the radius of the lamella r varies from one stalagmite to another
by at most 15% for impact velocities v0 ranging in [2.5, 10] m s−1 and film thickness δ

ranging in [40, 300] µm (electronic supplementary material, figures S2–S5). An ANOVA test was
performed on data from 13 stalagmites to assess the possible influence of We and δ on the radius r.
The p-values returned were 2.3 × 10−4 for We, and 0.1 for δ. With a significance level of 5%, the
variations of r induced by δ can thus be neglected, whereas the variations of r due to We should
be taken into account. However, the literature [42,45–47] suggests that r should not strongly vary
with We. For example, the scaling law r � 2R We1/4 from Clanet et al. [42] would give 16% of
variation of r, which is of the same order of magnitude as what we observed. Therefore, in first
approximation, considering r as a constant should not lead to major errors.
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Figure 5. (a) Measured stalagmite top radius st (small symbols) and body radius sb (large symbols) are shown as a function
of the impact point dispersal �, computed from equations (2.12) to (2.14) from the measured falling height z0 (electronic
supplementary material, tables S1 and S2). Each symbol represents a single stalagmite, with one colour per cave (table 2). The
black and grey solid lines correspond to equations (2.15) and (2.16), respectively. (b) Corresponding radii for each stalagmite
type. (Online version in colour.)

(e) Stalagmite width
Two types of characteristic radii were measured for 65 candlestick stalagmites fed by single drips
from seven different caves (cf. §4): the radius of the top plateau, st, and the radius of the stalagmite
body sb, taken as the average radius along the whole stalagmite. These two radii are represented
in figure 5 with respect to the impact point dispersal �(z0) computed from equations (2.12) to
(2.14) and the measured falling height z0 corresponding to each stalagmite. There is a significant
correlation between the stalagmite radii, st and sb, and �. A linear regression yields

st = 1.26� + 0.88r (2.15)

and
sb = 2.17� + 1.30r. (2.16)

For very small falling heights there is almost no dispersion of the impact point, meaning that
drops always fall at the centre of the stalagmite. The stalagmite width would therefore be mostly
governed by the maximum size of the lamella formed at impact, r. The intercept of equation (2.15)
with the axis � = 0 (corresponding to no fall-induced dispersal) is indeed close to the average
value obtained for r. Curl [11] already computed a minimum stalagmite radius of approximately
1.5 cm, close to r, by dividing the drop volume by the estimated film thickness. In equation (2.16),
the slope of 1.30, larger than unity, may be due to the widening of the stalagmite owing to the
gravity-driven drainage of the water film, which is not taken into account here.

As the falling height increases both radii st and sb are expected to expand as well because of
the growing impact point dispersal. In particular, for sb, almost twice the standard deviation of
the impact point distribution is added to the maximum spreading radius of the lamella. Since the
distribution is Gaussian, the probability that a drop falls on such a surface is at least 90%.

A more comprehensive description of the width variations over the entire stalagmite would
require to take the influence of additional parameters into account. A non-exhaustive list includes
(i) the dripping period that varies in response to inter- and intraseasonal fluctuations in water
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provision, (ii) the precipitation rate that varies with the water pH and temperature, and partial
pressure in CO2 in the cave, pCO2 , and (iii) the gravity-induced drainage of the film over the
stalagmite topography. The timescales corresponding to these phenomena should be compared
as they are representative of competing processes governing stalagmite growth.

3. Conclusion
We proposed a new approach to rationalize stalagmite width by focusing on the fluid dynamics
underlying their growth. The stalagmite width is not only governed by the saturation size of the
spreading lamella r, but it is also and mostly conditioned by the dispersal of the drop impact
position, �, as our measurements revealed.

This impact point position dispersal � is due to the vortices emitted in the wake of the falling
drop and increases almost linearly with the falling height z0. Large stalagmites originating from a
single stalactite are therefore found in cave parts with high ceilings. The radius r of spreading
upon impact seems to depend weakly on the impact velocity v0 of the drop and is found to
be fairly constant in our experiments, as already suggested by several authors. We developed a
model based on a Langevin equation that rationalizes our measurements of impact point dispersal
without the need of any fitting parameter. This model would be applicable to the free fall of drops
and similar objects in other contexts.

While our measurements and model respectively show and explain the correlation between
stalagmite width, impact point dispersal and falling height, the stalagmite width may also be
significantly influenced by several other factors affecting its growth, including the dripping
period, the precipitation rate and the film drainage.

4. Material and methods

(a) Still pictures
Still pictures of 65 stalagmites were taken in seven different caves from the South of France (cf.
table 2). Falling height z0 was measured for all individuals by laser telemetry. For large falling
heights (up to 27 m), uncertainty on the measurements might reach 50 cm, owing to the very
irregular ceiling, and the difficulty to point exactly on the emitting stalactite.

Stalagmites encountered in caves do not all have the same shape. We classified them into three
categories depending on the shape of their apex: convex stalagmites, flat or concave. They can
be seen, respectively, in figure 1a,f, figure 4. Two different radii were defined and measured for
all individuals: st and sb. First, st is taken at the very top of the stalagmite, and an average is
made on 10 to 15 measurements performed on the first few centimetres from the top. For convex
stalagmites, st corresponds to the largest chord of the apex. For flat stalagmites, st is the radius of
the highest plate and for concave ones, it corresponds to the diameter of the inner cavity (figure 5).
The second radius, sb, corresponds to an average of about 30 measurements at various positions
over a distance of 15 to 50 cm from the top.

(b) Videos
A total of 582 high-speed movies (5400 fps) of drops impacting some stalagmites (cf. table 2)
were recorded with a Phantom Miro110 camera, then analysed using image processing tools.
Additional information available only for these stalagmites include drop size R and impact
velocity v0, lamella radius r and impact point dispersal �.

A complementary set of free fall measurements (R, v0(z0) and �(z0)) was performed in a
laboratory setting that offers more controlled conditions. Water drops of 2.32 mm radius were
pushed out of the tube thanks to a syringe pump (AL-1000, World Precision Instruments) at a flow
rate of 200 µl min−1. The release height was varied between 15 and 400 cm, which determined the
impact speed on the substrate. To prevent any parasitic air currents that could interfere with the
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Table 2. Cave names and related colours. The number of stalagmites for which still pictures were taken is indicated in the
third column for each cave. Among them, the number of stalagmites for which about 40 high-speed drop impact movies were
recorded is indicated in the last column (electronic supplementary material, tables S1 and S2, figures S6–S11).

colour cave pictures Sm. filmed

Bétharram 2 —
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Clamouse 19 4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Esparros 2 —
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Gargas 2 —
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Niaux 2 —
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Orgnac 13 7
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

La Salamandre 11 3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

drops, the splash column was isolated by a plastic tube of diameter equal to 20 cm, which was
sufficient to neglect the aerodynamic interaction of the falling drop with the tube.

(c) Film thickness measurements
A paper towel of known surface area and mass was gently placed on the stalagmite top to locally
collect the liquid from the residual film. Measuring the difference in mass before and after soaking
the paper allowed then to estimate the thickness of the film, δ. Measurements obtained varied
between 40 and 300 µm (electronic supplementary material, figures S4 and S5). The technique
used to measure δ is not very accurate. Nevertheless, since the influence of δ has been neglected
at first order, the error made has no effect on our results.

(d) Estimation of the error on�

The impact point dispersal � corresponds to the standard deviation of the distribution of
horizontal position of many drop impacts. We checked that the impact position follows a
two-dimensional, Gaussian distribution (hypothesis test with a type I error of 5%). Due to
the axisymmetry of the distribution and since samples are sufficiently large, taking only
measurements along the x-axis is sufficient to estimate �. The error made on the measurement
of � is estimated as follows, using a type I error of 1%: N�2/ς2 ∼ χ2(N − 1), where N is the
sample size and ς is the actual standard deviation of the entire population of drops impacting a
stalagmite.
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