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When solving inverse problems in geophysical imaging, deep generative models (DGMs) may be used to enforce
the solution to display highly structured spatial patterns which are supported by independent information (e.g.
the geological setting) of the subsurface. In such case, inversion may be formulated in a latent space where a low-
dimensional parameterization of the patterns is defined and where Markov chain Monte Carlo or gradient-based
methods may be applied. However, the generative mapping between the latent and the original (pixel) repre-
sentations is usually highly nonlinear which may cause some difficulties for inversion, especially for gradient-
based methods. In this contribution we review the conceptual framework of inversion with DGMs and pro-
pose that this nonlinearity is caused mainly by changes in topology and curvature induced by the generative
function. As a result, we identify a conflict between two goals: the accuracy of the generated patterns and the
feasibility of gradient-based inversion. In addition, we show how some of the training parameters of a variational
autoencoder, which is a particular instance of a DGM, may be chosen so that a tradeoff between these two goals is
achieved and acceptable inversion results are obtained with a stochastic gradient-descent scheme. A series of test
cases using synthetic models with channel patterns of different complexity and cross-borehole traveltime
tomographic data involving both a linear and a nonlinear forward operator show that the proposed method
provides useful results and performs better compared to previous approaches using DGMs with gradient-based
inversion.

1. Introduction information of the sensed domain (e.g. knowledge of the geological

setting) and used with the aim of appropriately reconstructing hetero-

A common task in the geosciences is to solve an inverse problem in
order to obtain a model (or image) from a set of measurements sensing a
heterogeneous spatial domain. When characterizing subsurface envi-
ronments, the corresponding inverse problem is usually ill-posed
yielding non-unique and potentially unstable solutions. This is mainly
because the measurements do not provide sufficiently independent in-
formation on the distribution of subsurface properties. In such cases it is
possible to constrain the solution to allow only certain spatial patterns.
In practice, such patterns may be supported by independent (prior)

geneity. Classical regularization may be used to impose the model to be
smooth or of minimum magnitude (Tikhonov and Arsenin, 1977) but in
many cases this does not yield satisfactory results in areas poorly con-
strained by the data (Hermans et al., 2012; Caterina et al., 2014).
Recently, the use of deep generative models (DGMs) to constrain the
solution space of inverse problems has been proposed so that resulting
models have specific spatial patterns (Bora et al., 2017; Laloy et al.,
2017; Hand and Voroninski, 2018; Seo et al., 2019). DGMs can deal with
realistic (natural) patterns which are not captured by classical
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regularization or random processes defined by second-order statistics
(Linde et al., 2015). In this way, inversion with DGMs provides an
alternative to inversion with either multiple-point geostatistics (MPS)
(Caers and Hoffman, 2006; Gonzalez et al., 2008; Hansen et al., 2012;
Linde et al., 2015; Rezaee and Marcotte, 2018) or example-based texture
synthesis (ETS) (Zahner et al., 2016). While other methods exist that are
also able to produce realistic models with inversion e.g. using pluri-
gaussian fields (Armstrong et al., 2011; Liu and Oliver, 2005), they are
usually not as flexible as DGMs, MPS or ETS in terms of the patterns they
can generate.

All the previously mentioned methods generally rely on gridded
representations for the models (i.e. by dividing the spatial domain in
cells or pixels). They all require a large number of training examples of
the desired patterns to work, which are usually provided as a large
training image (or exemplar). However, the procedure for generating a
model with MPS or ETS differs from that of DGMs. Both MPS and ETS
build the models sequentially (i.e. pixel by pixel or patch by patch)
either by directly sampling from the training image (Mariethoz et al.,
2010) or by sampling from an empirical probability distribution that
was previously obtained from the training image (Strebelle, 2002). In
contrast, DGMs rely on a generative function and a low-dimensional
reparameterization that follows a known probability distribution. The
DGM is first trained with many examples of the desired patterns (e.g.
many croppings of the training image) to obtain the generative function.
A model is then generated by taking one sample from the
low-dimensional probability distribution and passing it through the
generative function. This low-dimensional reparameterization is often
referred to as latent vector and the space where it is represented is called
the latent space. Note that finding a low-dimensional representation is
generally feasible for highly structured spatial patterns. The usual geo-
metric argument for this statement is as follows: any gridded model may
be represented as a vector in “pixel” space (a space where each pixel is
one dimension) and when the models are restricted to those with certain
spatial patterns, their vectors will take up only a subset of this pixel
space. This subset usually defines a manifold of lower dimensionality
than the pixel space (Fefferman et al., 2016) and the latent space is
simply a low-dimensional space where such manifold is represented.

Most inversion methods require a perturbation step to search for
models that fit the data but such a step is not straightforward to compute
for highly structured patterns (Linde et al., 2015; Hansen et al., 2012).
The latent space of DGMs provides a useful frame to compute a
perturbation step (Laloy et al., 2017) or even a local gradient-descent
direction (Laloy et al., 2019) which generally results in better explora-
tion of the posterior distribution and/or faster convergence compared to
inversion with MPS or ETS. So far, inversion with DGMs has been done
successfully with regular MCMC sampling methods (Laloy et al., 2017,
2018). However, when applicable, gradient-based methods may be
preferred given their lower computational demand. Gradient-based
deterministic inversion with DGMs has been pursued with encour-
aging results (Richardson, 2018; Laloy et al., 2019), however, conver-
gence to the true model was shown to be dependent on the initial model.
In the framework of probabilistic inversion, MCMC methods that use the
gradient to guide the sampling in the latent space have shown to be less
prone to get trapped in local minima than gradient-based deterministic
methods while they are also expected to reach convergence faster than
regular MCMC (Mosser et al., 2018). A different inversion strategy that
has also been applied successfully with DGMs and has a relatively low
computational cost is the Ensemble Smoother (Canchumuni et al., 2019;
Mo et al., 2020).

Recently, Laloy et al. (2019) studied the difficulties of performing
gradient-based deterministic inversion with a specific DGM. They
concluded that the nonlinearity of their generative function or “gener-
ator” (i.e. the mapping from the latent space to the pixel space) was high
enough to hinder gradient-based optimization, causing the latter to
often fail in finding the global minimum even when the objective
function was known to be convex (in pixel space). In order to
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approximate manifolds of realistic patterns, most common DGMs
involve (artificial) neural networks with several layers and nonlinear
(activation) functions. For a specific subsurface pattern, the degree of
nonlinearity of the generative function may be controlled mainly by its
architecture and the way it is trained (Goodfellow et al., 2016).
Regarding difference in training, two common types of DGMs can be
distinguished: generative adversarial networks (GANs) (Goodfellow
et al., 2014) and variational autoencoders (VAEs) (Kingma and Welling,
2014). VAEs training relies on a variational inference strategy where a
DNN is used to approximate the required variational distribution. Such
distribution is equivalent to a probabilistic encoder (see details in Sec-
tion 2.3). GANs training is based on adversarial learning: the generator
is trained together with a discriminator in such a way that the models
generated by the former are aimed to fool the latter. In both cases
training generally takes the form of optimizing a loss function, but in the
case of GANs one has to alternate between optimizing the generator and
the discriminator. GANs and VAEs require specification of a probability
distribution in the latent space and an architecture for the discriminator
or encoder (respectively) in addition to the one for their generators.
They might also require other parameters to be specified such as the
weights on the different terms of the loss function. Frequently, some of
these choices use default values, but generally all of them may affect the
degree of nonlinearity of the generator (Rolinek et al., 2019).

Given all the possible choices to train the generator it is interesting to
investigate whether one can find those that allow both for a good
reproduction of the patterns and a good performance of less computa-
tionally demanding gradient-based inversion. In this work, we review
some of the difficulties of performing inversion with DGMs and show
how to obtain a well-balanced tradeoff between accuracy in patterns and
applicability of gradient-based methods. In particular, we propose to use
the training choice of a VAE as DGM and to select some of its parameters
in order to achieve good results with gradient-based inversion. Then, we
compare this to the training choice of a GAN that has been tested with
gradient-based inversion in prior studies (Laloy et al., 2019; Richardson,
2018). Furthermore, we show that since the resulting VAE inversion is
only mildly nonlinear, modified stochastic gradient-descent (SGD)
methods are generally sufficient to avoid getting trapped in local
minima and provide a better alternative than regular gradient-based
methods while also retaining a low computational cost.

The remainder of this paper is structured as follows. Section 2.1
explains DGMs and their conceptualization as approximating the real
(pattern) manifold. In Section 2.2 the use of DGMs to represent prior
information in inversion and the difficulties of performing gradient-
based inversion are reviewed. Sections 2.3 and 2.4 show how to use a
VAE and SGD to cope with some of the mentioned difficulties. Then,
Section 3 shows some results of the proposed approach. Section 4 dis-
cusses the obtained results and points to some remaining challenges.
Finally, Section 5 presents the conclusions of this work.

2. Methods
2.1. Deep generative models (DGM) to represent realistic patterns

The term “deep learning” generally refers to machine learning
methods that involve several layers of multidimensional functions. This
general “deep” setting has been shown to allow for complex mappings to
be accurately approximated by building a succession of intermediate
(simpler) representations or concepts (Goodfellow et al., 2016).
Consider, for instance, deep neural networks (DNNs) which are map-
pings defined by a composition of a set of (multidimensional) functions

@) as:

g(t)=(@ro...c0y00,)(7) (@)

where 7 is a multidimensional (vector) input, k = {1, ...,L} denotes the
function (layer) index and composition follows the order from right to
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left. Furthermore, each ¢, is defined as:

(&) =y (M +by) 2

in which y; is a (nonlinear) activation function, My is a matrix of
weights, by is a vector of biases and € denotes the output of the previous
function (layer) ¢,_; for k > 1 or the initial input 7 for k = 1. Then,
training the DNN involves estimating the values for all the parameters
0 = {Mj,bk|1 <k<L} where each My or by may be of different
dimensionality depending on the layer. In practice, the number of pa-
rameters § for such models may reach the order of 10°, therefore
training is achieved by relying on autodifferentiation (see e.g. Paszke
et al.,, 2017) and fast optimization techniques based on SGD (see e.g.
Kingma and Ba, 2017), both usually implemented for and run in highly
parallel (GPU) computing architectures.

A deep generative model (DGM) is a particular application of such
deep methods (Salakhutdinov, 2015). In a DGM a set of training ex-
amples X = {x?|1 < i< N} and a simple low-dimensional probability
distribution p(z) are used to learn a model g(z) that is capable of
generating new samples of x (which are consistent with the training set)
by using as input samples from p(z). This can be written as:

x=g(z), z~ p(z) 3

where g(z) is referred to as the “generator” and z denotes a vector of
latent variables or "code”. While the training (and generated) samples x
are usually represented in a high-dimensional space RP, the probability
distribution p(z) is defined in a low-dimensional space R?. The space RP
is often referred to as "ambient space” while the space R? is called the
“latent space”. Fig. 1 shows a schematic representation of the general
setting of DGMs with inversion where (a) and (c) show an ambient space
with D = 3 and a latent space with d = 2. A typical application of DGMs
is the generation of images (see e.g. Kingma and Welling, 2014; Good-
fellow et al., 2014) for which the ambient space is just the pixel space.
Gridded representations of subsurface models may be seen as two- or
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three-dimensional images of the subsurface.

The underlying assumption in DGMs is that real-world data are
generally structured in their high-dimensional ambient space R” and
therefore have an intrinsic lower dimensionality—such assumption is
known in machine learning literature as the manifold hypothesis (Fef-
ferman et al., 2016) because it states that high-dimensional data usually
lie on (or lie close to) a lower-dimensional manifold .#cRP. For
instance, when studying a subsurface region it is usually assumed that
geological processes gave it certain degree of structure then, to allow for
a flexible base on which to represent the distribution of the different
subsurface materials, the region is usually divided in homogeneous
pixels (or cells). Such gridded representation “lives” in the
high-dimensional pixel space (the ambient space) but since it has some
structure there should be a lower dimensional space (the latent space)
where the same distribution of subsurface materials might be repre-
sented. Technically, while both the latent space R? and the manifold .#
are usually low-dimensional, they may differ in dimensionality and/or
the manifold may only occupy a certain portion of the latent space (e.g.
the shaded region in Fig. 1c). Manifolds are geometrical objects that
have a topology and a curvature. A topology is the structure of a
geometrical object that is preserved under continuous deformations (e.g.
stretching or bending). In other words, when a non-continuous opera-
tion such as gluing or tearing occurs the topology of the object changes.
These changes may be described in terms of different topological
properties such as compactness, connectedness and
simple-connectedness. In this work, the concept of curvature is used to
state that in general one starts with a ”flat” domain in the latent space
and then one has to curve it to fit the real manifold. In this way, the
concept helps to understand where part of the nonlinearity of the
generative function comes from. While formal definitions of curvature
exist (e.g. Riemannian curvature as applied to smooth manifolds) they
are not used in this work.

Considering the manifold assumption described above, a DGM may
be regarded as a model to implicitly approximate the “real” manifold .#

X3 X z d
RD contours of RP ’ M ‘A R
...... ~(x)
TN 7 z ~ p(z)
< : ""rﬁir_]{i,rfi'um/ " / X,
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Fig. 1. Sketch of the different parts involved in DGMs with inversion: approximation of the real manifold (a—c) and the impact of the approximated manifold in
inversion (d-f). (a) Real manifold ./ and inversion’s misfit function y(x) in ambient space RP. (b) Approximate manifold Va overlaying the real manifold. (c) Region

of latent space R? where the approximate manifold is implicitly defined by the probability distribution p(z). (d) Misfit function contours intersected by the real
manifold. (e) Misfit function contours intersected by approximate manifold. (f) Misfit function contours back-mapped onto the latent space and the related gradient

V.¢(z) computed at one iteration.
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by generating samples that closely follow such manifold, i.e. that lie on
an approximate manifold .# (Fig. 1b). Samples of this approximate
manifold are generated by sampling first from a simple probability
distribution p(z) in latent space (e.g. a normal or uniform distribution)
and then passing them through the generator g(z). Since the probability
distribution p(z) defines indirectly a region (or subset) in latent space
that generally has a different curvature and topology than the real
manifold, the generator g(z) must be able to approximate both curvature
and topology when mapping the samples of p(z) to ambient space. This
generally requires the generator to be a highly nonlinear function. As an
instance, consider the case of certain spatial patterns whose real mani-
fold is a highly curved surface with "holes” in ambient space and the
(input) region defined by a uniform p(z) is a (flat) plane in a two-
dimensional latent space. Regarding their topological properties, one
technically says that this plane is simply connected while the real
manifold is not (see e.g. Kim and Zhang, 2019). Then, the generative
function has to deform this plane in such a way as to approximate (or
cover) the real manifold as close as possible. An important property of
DGMs is that since a probability distribution in latent space is used, the
sample “density” of such plane (and its mapping) also plays an impor-
tant role. For instance, the generative function may approximate the
“holes” of the real manifold by creating regions of very low density of
samples when mapping to ambient space (to picture this one can ima-
gine locally stretching a flexible material without changing its curva-
ture). The combined deformation needed to curve the plane and to
“make” the holes causes the generative function to be highly nonlinear.
Note that when considering a DGM that uses a DNN with rectified linear
unit (ReLU) activation functions as generator g(z), it is also possible for
g(z) to change topology of the input by “folding” transformations
(Naitzat et al., 2020).

While one should always strive to accurately approximate the real
manifold, since a finite set of training samples is used a tradeoff between
accuracy and diversity in the generated samples may be a better
objective. Indeed, the use of the prescribed probability distributions is
done to continuously “fill” the space between the samples and therefore
generate samples of a continuous manifold. Recent success—in terms of
accuracy and diversity of generated samples—has been achieved with
two DGMs that are based on deep neural networks (DNNs): generative
adversarial networks (GANs) (Goodfellow et al., 2014) and variational
autoencoders (VAEs) (Kingma and Welling, 2014). The generator g(z) on
both strategies is a mapping from low-dimensional input z € R? to
high-dimensional output x € RP. In contrast, the mappings corre-
sponding to the discriminator and the encoder take high-dimensional
inputs x and return low-dimensional outputs.

2.2. Gradient-based inversion with DGMs

Consider a survey or experiment for which a vector of noisy mea-
surements y = (y1, ..., yQ)T € R? of a physical process is available. A
simplified description of the process may be expressed by a (mathe-
matical) forward operator f : R°—RQ that takes as input a subsurface
model vector x = (x1,...,xp)” € RP (obtained by discretizing the spatial
distribution of physical properties) and outputs a simulated response
f(x). Commonly, this operator is in the form of a (numerical) dis-
cretization of a set of partial differential equations describing the process
under study and is an approximation of the real process. As a result of
such approximation and the use of noisy data, an error term 7 is added to
the simulation to represent total uncertainty. Then, the relation between
the operator and the measurements may be written as (see e.g. Aster
et al., 2013):

y=f(x)+n 4

The corresponding inverse problem or inversion of Eq. (4), aims to
obtain an estimation of the vector x from the (noisy) data y. Determin-
istic inversion does so by optimizing a misfit function y(x) that is usually
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given in the form of a distance function between simulated response f(x)
and data y:

r(x) =[If(x) - yII’ 5
where || - || denotes the I, norm. In this way, traditional gradient-based
inversion requires the gradient Vyy(x) whose elements are:

Jy(x
Vet =2 ©)

and are computed by considering Eq. (4) together with the chosen misfit.

DGMs may be used with inversion of subsurface data y to obtain
geologically realistic spatial distributions of physical properties x (Laloy
et al., 2017). While this is also possible with traditional deterministic
inversion where a regularization term is added directly in Eq. (5) (i.e. in
ambient space) to obtain models with the imposed structures that
minimize the misfit (Lange et al., 2012; Caterina et al., 2014), DGMs are
more flexible because they can simultaneously enforce different kind of
patterns provided they are trained with samples of all such patterns
(Bergmann et al., 2017). In the DGM setting, the low-dimensional
samples z that input to the generator g(z) may be seen as defining a
low-dimensional parameterization (or encoding) of realistic patterns x
and therefore exploration of the set of feasible models may be done in
the latent space R?, as long as the search is done within the region where
the approximated manifold .# is defined (depicted by shading in
Fig. 1c).

Since the misfit y(x) is typically defined in ambient space R” (e.g. in
Fig. 1a), gradient-based inversion with DGMs may be seen as optimizing
the intersection of y(x) with the approximate manifold.#" (Fig. 1e). Such
intersected misfit is mapped into the latent space (Fig. 1f) and may be
expressed as 7(g(z)). Also note that when probability distributions p(z)
with infinite support are used (e.g. a normal distribution), one can guide
the search in the latent space by adding controlling (regularization)
terms to the mapped misfit (see e.g. Bora et al., 2017) and the resulting
objective function may be written as:

{(z) =v(g(z)) + AR(z)
= |If(g(z)) — yIf + AR(z) %)

where R(z) is a regularization term defined in the latent space and 1 is
the corresponding regularization factor. The goal of the regularization
term is to make the search consistent with the selected probability dis-
tribution, i.e. optimization stays preferentially within the high-density
regions in the latent space.

In practice, no exhaustive mapping has to be done and the gradient
V.¢(z) is only computed for the points in latent space where optimiza-
tion lands in each iteration (in Fig. 1f the gradient is represented for one
iteration). The gradient V,{(z) is computed by adding a derivative layer
corresponding to Vyy(x) to the autodifferentation that was set up for g(z)
while training the DGM (see e.g. Laloy et al., 2019). Such autodiffer-
entiation setup may be seen as implicitly obtaining the Jacobian J(z) of
size D x d whose elements are:

_ 0gi(z)
i de

[J(z)] ®

Then, the gradient V,{(z) is obtained from Eq. (7) by using the chain
rule given by the product of Egs. (6) and (8):

V.£(z) =V,y(g(z)) + AV,R(z)

= J(Z)Tvx}/(x) + j’vLR(z) (9)

The latter may also be done implicitly by incorporating directly in
the autodifferentiation framework, e.g. putting it on top of the so called
computational graph (Richardson, 2018; Mosser et al., 2018).

Even when the considered misfit function y(x) is convex in ambient
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space RP (as depicted by concentric contours in Fig. 1a), difficulties to
perform gradient-based deterministic inversion may arise due to the
generator g(z) (Laloy et al., 2019). We propose that such difficulties
arise because the generator (1) is highly nonlinear and (2) changes the
topology of the input region defined by p(z). Both of these properties
often cause distances (between samples) in latent space to be signifi-
cantly different than distances in ambient space. Consider again the
example of a real manifold that is a highly curved surface with "holes” in
it and a uniform distribution p(z) is used as input to the generator, then
the latter might be able to approximate both the curvature and the holes
at the cost of increasing nonlinearity and/or changing topology. When
considering this backwards—e.g. when mapping the misfit function y(x)
in the latent space—the approximation of both high curvature and dif-
ferences in topology often translate in discontinuities or high non-
linearities because a continuous mapping onto the uniform distribution
is enforced. This results in high curvature being effectively flattened”
and holes effectively “glued”, both of which cause distances to be highly
distorted. In this work, we will call a generator "well-behaved” when it is
only mildly nonlinear and preserves topology.

Both the generator’s nonlinearity and its ability to change topology,
may be controlled by two factors: (1) the generator architecture (type
and size of each layer and total number of layers) and (2) the way it is
trained (including training parameters). If the goal is to perform
gradient-based inversion with DGMs, one should try to preserve con-
vexity of y(x) as much as possible when mapping it to the latent space as
7(g(z)) while not degrading the generator’s ability to reproduce the
desired patterns. To aid in preserving such convexity, we propose to
enforce the generator g(z) to be well-behaved. This means that the

generator will approximate the real manifold .# with a manifold .# '
with a moderate curvature and whose topology is the same as the region
defined in latent space by p(z). By enforcing a moderate curvature
manifold, local oscillations that may give rise to local minima (as those
shown in Fig. 1d) but only have minimum impact in pattern accuracy are
avoided in the approximate manifold.#’ (the local minima are no longer
present in Fig. 1e). In turn, when the generator is encouraged to preserve
topology no more local minima should arise in R? than the ones resulting

from intersecting y(x) with the approximate manifold.# in RP (note e.g.
there is one local minima in both Fig. 1e and f). The latter is in line with
the proposal of Falorsi et al. (2018), where they argue that for the
purpose of representation learning (which basically means learning
encodings that are useful for other tasks than just generative modeling)
the mapping should preserve topology.

GANSs often produce highly nonlinear generators that do not preserve
topology, which may result in challenging inversion in the latent space.
Laloy et al. (2018) provide an example of how architecture of a GAN is
set to obtain a relatively well-behaved generator g(z). They propose to
use a model called spatial generative adversarial network (SGAN) (Jet-
chev et al., 2017) that enforces different latent variables to affect
different local regions in the ambient space. Their architecture results in
a high compression (lower dimensionality of the latent space) and
controls nonlinearity which allowed them to successfully perform
MCMC-based inversion in the latent space. However, gradient-based
deterministic inversion performed with the same DGM was shown to
be highly dependent on the initial model (Laloy et al., 2019) pointing
towards the existence of local minima. In addition, since training GANs
is a rather complicated procedure where one has to find a balance be-
tween the performance of the generator and the discriminator, there is
no straightforward way in which to modify such training to control
nonlinearity. In this work we aim for robust gradient-based inversion in
latent space by considering a VAE, the other predominant type of DGM,
since its training may be tuned to produce a well-behaved generator.

2.3. VAE as DGM for inversion

A VAE is the model resulting from using a reparameterized gradient
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estimator for the evidence lower bound while applying (amortized)
variational inference to an autoencoder, i.e. an architecture involving an
encoder and a decoder which are both (possibly deep) neural networks
(Kingma and Welling, 2014; Zhang et al., 2018). To train a VAE one uses
a dataset X = {x(|1 < i < N} where each xV is a sample (e.g. an image)
with the desired patterns and then maximizes the sum of the evidence
(or marginal likelihood) lower bound of each individual sample. The
evidence lower bound for each sample can be written as (Kingma and
Welling, 2014)

Z(0.9:x0) =2+ 7 "
with
L=, o, [102 (o (x[2)] o
and
Z = Do) ) o

where z refers to the codes or latent vectors, py(x|z) is the (probabilistic)
decoder, g4(z|x) is the (probabilistic) encoder, E denotes the expectation
operator, Dg; denotes the Kullback-Leibler distance and, 6 and 9 are the
parameters (weights and biases) of the DNNs for the decoder and
encoder, respectively.

In order to maximize the evidence lower bound in Eq. (10), its
gradient with respect to both 6 and 9 is required, however, this is
generally intractable and therefore an estimator is used. This estimator
is based on a so called reparameterization trick of the random variable
Z ~ qy(z|x) which uses an auxiliary noise e. In the case of a VAE, the
encoder is defined as a multivariate Gaussian with diagonal covariance:

g9 (2x) =4 (hy(x), uy(x) - Is) (13)

where hy(x) and loguy(x) are modeled with DNNs and I is a d x d
identity matrix. Then, the encoder and the auxiliary noise ¢ are used in
the following way during training (Kingma and Welling, 2014)

Z=hy(x) +uy(x) O, e ~ p(e) 14)

where ® denotes an element-wise product. Often Eq. (12) has an
analytical solution, then only Eq. (11) is approximated with the esti-
mator as (Kingma and Welling, 2014)

1 & i
7= > log(po(x"[7")) (15)
j=1

where 7% = h, (xD) +uy(x0) @ eV, &) ~ p(e) and M is the number of
samples used for the estimator. Further, if we set the decoder py(x|z) as a
multivariate Gaussian with diagonal covariance structure, then

po(x|z) =.7"(gy(2), vo(2) - I) (16

where g,(z) and logvy(z) are modeled with DNNs and Ip is a D x D
identity matrix. In this work, we consider only the mean of the decoder
Do(x|z) which is just the (deterministic) generator g,(z). Then, the cor-
responding loss function may be written as

o1 u i 112
7 :M;Hgﬁ“))—x“l\ a7

The described setting allows for the gradient to be computed with
respect to both 6 and 9 and then stochastic gradient descent is used to
maximize the lower bound in Eq. (10). In the rest of this work, we drop
the subindex 6 in g(z) to simplify notation and also because once the
DGM is trained, the parameters 6 do not change, i.e. they are fixed for
the subsequent inversion.

As previously mentioned, it is often possible to analytically integrate
the Kullback-Leibler distance in Eq. (12). In this work, we consider that



J. Lopez-Alvis et al.

p(z) and gy(z|x) are both Gaussian therefore Eq. (12) may be rewritten as
(Kingma and Welling, 2014):

d

JE%EXngmﬁ—my—wy) 18)

i=1

where the sum is done for the d output dimensions of the encoder.

Note that the term in Egs. (11), (15) and (17) may be interpreted as a
reconstruction term that causes the outputs of the encode-decode
operation to look similar to the training samples, while the term in
Egs. (12) and (18) may be considered a regularization term that enforces
the encoder gy(z|x) to be close to a prescribed distribution p(z). In
practice, one may add a weight to the second term (Higgins et al., 2017)
of the lower bound as:

7(0,9:x7) = & + pr* (19)

to prevent samples to be encoded far from each other in the latent space,
which may cause overfitting of the reconstruction term and degrade the
VAE’s generative performance. The overall process of training and
generation for a VAE is depicted in Fig. 2.

The effect of the regularization weight f is such that when increased
the encoded training samples tend to lie closer to the prescribed prob-
ability distribution p(z). Then, one may picture the transformation of the
encoder as taking the low-dimensional approximate manifold in the
ambient space and charting it (e.g. by bending, stretching and even
folding) into the region defined by p(z) in the latent space and the
generator as the transformation undoing such charting. While the effect
of # in a VAE is relatively easy to understand, the effect of the noise
distribution p(e) is not so straightforward. First, note that the typical
choice of a diagonal noise as p(e) =.7'(0,a-I;) where a denotes a con-
stant variance (frequently set to @ = 1.0) is usually done for tractability
or computational convenience (Kingma and Welling, 2014; Rolinek
etal., 2019). However, it has been proposed recently that the choice of a
diagonal noise has an impact on a property called disentanglement
(Rolinek et al., 2019). Such disentanglement basically means that
different latent directions control different independent characteristics
of the training (or generated) samples. They explain that a diagonal p(e)
might induce an encoding that preserves local orthogonality of the
ambient space. In this work, we argue that the choice of a diagonal p(e)
(which is usually done only for computational convenience) might be
useful in producing a well-behaved generator.

In order to visualize the joint effect of « and p, Fig. 3 shows a syn-
thetic example where samples in a two-dimensional ambient space lie
close to a rotated “eight-shaped” manifold (Fig. 3a). In addition, to study
the impact on inversion, a convex data misfit function y(x) in the same
space (created synthetically with a negative isotropic Gaussian function)
is shown in Fig. 3b. The latent space is also chosen two-dimensional for
visualization purposes but recall that for a real case the dimensionality
of the latent space is usually much lower than the one of the ambient
space. Then, Fig. 4 considers nine different combinations for the values

a) z=hx)+ux)oe b)
€~ N(O,CV . ]d)

VA NN(O,]d)
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of a and f to show how the (nonlinear) generator g(z) maps a region of
the latent space (denoted by the z-axes in the first three rows) into the
ambient space (denoted by the x-axes in the last three rows) in order to
approximate the manifold in Fig. 3a. To visualize the deformation
caused by the generator, an orthogonal grid in the z-axes and its map-
ping into the x-axes (a deformed grid) are shown (both on the left of each
inset). The corresponding encoded training samples are shown in red in
the z-axes (left of each inset) and their reconstruction (resulting from the
operation of encode-decode) is shown also in red in the x-axes (right of
each inset), where also the original training samples are shown (in blue)
to assess the accuracy of reconstruction. Samples obtained from a
Gaussian distribution with a unitary diagonal covariance p(z) are shown
in the z-axes in orange (left of each inset), while their generator-mapped
values are shown also in orange in the x-axes (right of each inset).
Finally, the mapping of the data misfit function in Fig. 3b into the latent
space is shown in the z-axes (right of each inset).

It is worth mentioning a few effects visible in the illustrative example
of Figs. 3 and 4. First, note that increasing a seems to cause the grid to be
more “rigid” locally (grid lines tend to intersect more at right angles)
while going through the generator which may in turn help in preserving
topology and controlling nonlinearity (e.g. compare the deformation of
the grids for different values of « for # = 0.01), and more importantly, in
preserving the convexity of the data misfit function in the latent space
(the mapped misfit function using @ = 0.1 and = 0.01 has a single
global minimum, while the misfit function for « = 0.01 and $ = 0.01 has
two minima in latent space). Also note that both @ and f should be set in
order to not cause a significant degradation in: (1) the reconstruction of
the patterns, e.g. the cases of « = 1.0 with both = 0.1 and = 0.01
show that the “eight-shape” is not completely reconstructed (seen in red
samples not fully overlaying the blue samples in x-axes), or (2) the
similarity of the encoded samples to the prescribed distribution p(z), e.g.
the case of @ = 0.01 and $ = 0.1 shows that encoded samples (red dots in
z-axes) are too concentrated (lower variance) and therefore far from the
prescribed normal distribution with unit variance (orange dots in z-
axes). In this case, the intermediate values (@ = 0.1 and = 0.01) seem
to provide the best choice in terms of reconstruction of the patterns,
generative accuracy and convexity of the misfit function in latent space.
Cases with (e« =1.0, =0.001) and (@ = 0.1, =0.001) also have good
performance but show two minor defects: (1) a bit higher number of
generated samples over the "holes” (orange dots in x-axes) which would
translate into higher number of inaccurate patterns, and (2) a higher
number of encoded samples (red dots in z-axes) in low-density regions
which means the misplaced training patterns will be harder to generate.

In summary, a generator g(z) that preserves topology and contains
nonlinearity is the best choice for gradient-based inversion in the latent
space because it preserves convexity of the objective function. Note,
however, that if the topology of the probability distribution p(z) is
different to the one of the real manifold .7, this strategy may result in

approximate manifolds . that do not account for all topological dif-
ferences—e.g. that partially cover holes of the real one (see e.g.

Fig. 2. A diagram for a VAE: (a) steps needed for
training and (b) steps needed for generation.

Note that in setting up the VAE one has to choose: (1)
the architectures of the encoder and decoder, (2) the
probability distribution p(z), (3) the noise distribution

X— encoder z H decoder |-X = g(z)

p(e) and (4) the regularization weight . As mentioned
in Section 2.2, these choices may impact the nonlin-
earity of the generator and its ability to preserve to-

decoder - g(z)

|

pology, which in turn affect the mapping of the data
misfit function y(x) in latent space and possibly
diminish the performance of inversion methods.
While different choices in the architecture and prob-

ability distribution p(z) may aid in obtaining a well-behaved generator, they are generally not straightforward and highly problem dependent. Therefore in this work
we focus on the other two possible controls, the distribution p(¢) and the regularization weight f, since they provide the simplest means of improving nonlinearity

issues.
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Fig. 3. Synthetic example of two-dimensional “eight-shaped” manifold: (a) training samples lying close to the manifold, and (b) synthetic misfit function y(x).

Fig. 1b)—and therefore might produce models that have non-accurate
patterns when sampling from p(z). We argue that the two training pa-
rameters « and f of a VAE may be chosen in order for the latter issue to
not be severe, i.e. the generated patterns do not deviate too much from
the training patterns, while still approximately preserving convexity of
the objective function in the latent space.

To test our proposed method we implement a VAE in PyTorch
(Paszke et al., 2017) and use training samples cropped from a "training
image” which is large enough to have many repetitions of the patterns at
the cropping size—a requirement similar in MPS. For our synthetic case,
we use the training image of 2500 x 2500 pixels from Laloy et al. (2018)
and the cropping size is chosen to fit the setting of our synthetic
experiment (explained in detail in Sec. 2.5). Fig. 5a shows a patch of the
training image and the position of the three (cropped) training samples
shown Fig. 5b. Three generated samples from our proposed VAE trained
with such croppings are shown Fig. 5c. Notice that the output of the
generator is continuous (to allow for computation of gradients for
training and inversion) with values between 0 and 1, and is later
transformed to velocity values by a linear relation. For comparison,
Fig. 5d shows three samples generated with the SGAN proposed by Laloy
et al. (2019). Patterns of generated samples in Fig. 5¢ are not completely
accurate comparing to those of the training image or the SGAN—they
might display e.g. some breaking channels and smoothed edges (notice
their output is also continuous but looks almost categorical). As
mentioned above, this is expected for our proposed VAE because the
approximate manifold fills some holes of the real manifold and may have
less curvature. Also, the average proportion of channels from models
generated from the VAE is a bit higher (0.36) than that of the training
image (0.27). However, we argue that such inaccuracies may not cause
significant error while performing inversion in practice because an
informative dataset will generally make the inversion land in appro-
priate models (given the prescribed patterns were selected correctly).
More importantly, in contrast to the SGAN, a modified gradient-based
inversion (such as that presented in Sec. 2.4) will generally find a
consistent minimum when applied with our proposed VAE regardless of
the initial model.

2.4. Stochastic gradient descent with decreasing step size

Note that even when topology is preserved and nonlinearity is con-
tained, the data misfit function in the latent space might still present
some local minima. Using our proposed VAE approach in the synthetic
case study, the resulting misfit function seems to have the shape of a
global basin of attraction with some local minima of less amplitude. To
deal with such remaining local minima we propose to use a SGD method
instead of regular gradient-based optimization.

SGD methods are commonly used in training machine learning
models to cope with large datasets (e.g. Kingma and Ba, 2017) and it has
also been shown they are able to find minima that are useful in terms of
generalization (Smith and Le, 2018). They essentially use an estimator
for the gradient of the objective function computed only with a batch of
the data. Such estimator is used in each gradient descent iteration and
may be written for the case of inversion in the latent space as:

Zi 1 =Z — f-Vzﬁ(z)k (20)

where k denotes the iteration index, Z is the step size (or learning rate)
and the gradient estimator V,{(z), is computed by using Eq. (9) for a
data batch (i.e. a subset of y) which is different for each k-th iteration but
of constant size b. Relying on such estimator makes SGD methods less
likely to get trapped in local minima when the objective function has the
shape of a global basin of attraction mentioned above (Kleinberg et al.,
2018).

Recently, it has been proposed that using SGD may be seen as opti-
mizing a smoothed version of the objective function obtained by
convolving it with the gradient "noise” resulting from batching (Klein-
berg et al., 2018). The degree of noise (and therefore the degree of
smoothness) is controlled by the ratio of the learning rate to the batch
size /b (Chaudhari and Soatto, 2018; Smith and Le, 2018). Therefore if
we choose to decrease the value of # (while keeping b constant) as the
optimization progresses we might be able to achieve lower misfit values
i.e. get sufficiently close to the global minimum. This may be imple-
mented by using:

Crp1 =co-ly 21

where a constant value of ¢, < 1.0 and a starting value ¢, must be
chosen. In practice, the method may be further improved by also
decreasing the controlling (regularization) term in Egs. (7) and (9) in
order to prevent that large initial steps diverge from the region of the
latent space where the manifold is defined (Bora et al., 2017; Luo et al.,
2015). Then, similarly to # this may be done as:

A1 = Ay (22)

again a constant ¢; < 1.0 and a starting value 1o must be selected.

The combined effect of simultaneously decreasing ¢ and 2 is illus-
trated in Fig. (6) for a simple synthetic problem in a two-dimensional
(d = 2) latent space 9. The misfit term (i.e. first term of Eq. (7)) of
the synthetic problem is shown in Fig. 6a. Assuming that p(z) is a normal
distribution ./(0,1;), we propose a specific regularization term R(z) that
will preferentially stay in the regions of higher mass (where most sam-
ples are located). This is done by radially constraining the search space
by means of a y-distribution, i.e. the regularization term is written as:



J. Lopez-Alvis et al. Computers and Geosciences 152 (2021) 104762

a=10,8=0.1 a=1.0,8=0.01 a=1.0,8=0.001
2 . — :
0 pul T " 1T
Ean O T
[ DAEAEE .," H nmn
N 0—: : H - ] ¢ He ol
T . g‘
LT R
-2 - - k3 .

.1,8=0.01

a=0.01,5=0.01 ,3=0.001
2 L] .- L] T °
| “He =

1 5 B e | 0°
S o4 |- | - i -
SR E
T n

_2 : 1 1

I
N
o
N

I
N
o
N

|
N
o

N

|

N

o

N

ST
R

(K2R
GRE

Fig. 4. Mapping a region of the latent space by the generator g(z) and mapping of the misfit function y(x) to the latent space with different values for a and g. The
first three rows (z-axes) depict the latent space where each case shows: (left frame) orthogonal grid (black), encoded training samples (red) and generated samples
(orange); (right frame) misfit function mapped in latent space (blue). The last three rows (x-axes) depict the ambient space where each case shows: (left frame) the
same grid but mapped by the generator; (right frame) training (blue), reconstructed (red) and generated samples (orange). (For interpretation of the references to
colour in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 5. (a) A 1000 x 1000 patch of the training image of Laloy et al. (2018), (b) cropped training samples whose location in (a) is shown red, (c) generated samples
from our proposed VAE, and (d) generated samples from the SGAN proposed by Laloy et al. (2018). (For interpretation of the references to colour in this figure

legend, the reader is referred to the Web version of this article.)
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Fig. 6. Regularized gradient-based inversion in a synthetic two-dimensional latent space: (a) misfit (blue) and mean of y-distribution (black dashed) together with
16- and 84-th percentiles (gray dashed), (b) the same setting of (a) with an overlay of an instance of optimization (trajectory in orange) for a random initial model
(black *x’), showing also final model (red * x ’) and true model (black ’ + *), (c) misfit vs. iteration number, and (d) norm of z vs. iteration number. Dashed line in (d)
corresponds to the norm of the radius defined by the mean of the y-distribution. (For interpretation of the references to colour in this figure legend, the reader is

referred to the Web version of this article.)

R(2) = (|2l - ,)? 23)
where y, is the mean for a y-distribution with d degrees of freedom. We
refer to this strategy as “ring” regularization since for a two-dimensional
latent space it enforces inversion to preferentially stay within a region
with the shape of a ring. Dashed lines in Fig. 6a denote this mean
together with the 16- and 84-th percentiles. In general, this is especially
useful for higher dimensionalities where most of the mass of a normal
distribution is far from its center (Domingos, 2012). Then, Eq. (7) may
be rewritten as:

¢(z) = It (g(2) — yII* + (2]l — )’ 24
and correspondingly Eq. (9) may be expressed as:
Vid(a) =30 Vi) + 2ia(1 - 1) 25)

As mentioned above, this gradient is often computed simply by
adding a layer to the autodifferentiation of the generator. One

optimization instance for a random initial model is shown in Fig. 6b,
while the behavior of the misfit and ||z|| is shown in Fig. 6¢c and d. Notice
the rather "noisy” inversion trajectory, but also its ability to escape local
minima. The effect of decreasing ¢ is seen in Fig. 6¢ by the decreasing of
the oscillations amplitude as the optimization progresses, while the ef-
fect of decreasing 1 is noticeable in Fig. 6d by the progressive shifting of
||z|| away from p,.

The strategy described above and stated by Eq. (24) is generally
applicable to DGMs that use an independent normal distribution as its
probability distribution p(z) and whose generator is well-behaved. In
this work, we consider a VAE whose training parameters $ and p(e) are
chosen so that it results in a mildly nonlinear inversion for which such
SGD strategy is generally useful.

2.5. Inverse problem: traveltime tomography

To test our proposed method and compare it with a previous instance
of inversion with a DGM, we consider an identical setting to that used in
Laloy et al. (2019). Such setting considers a dataset of crosshole ground
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penetrating radar (GPR) traveltime tomography. To obtain a subsurface
model x € RP this method relies in contrasts of electromagnetic wave
velocity which is related to moisture content and therefore to porosity
for saturated media. The tomographic array considers a transmitter
antenna in one borehole and a receiver antenna in the other, each of
which is moved to different positions and a vector of measurements y €
R? is obtained by taking the traveltime of the wave’s first arrival for
each transmitter-receiver combination. We assume that the sensed
physical domain is a 6.5 x 12.9 m plane (i.e. the two-dimensional region
between the boreholes) and is discretized in 0.1 x 0.1 m cells of constant
velocity to represent spatial heterogeneity (i.e. a representation of 65 x

129 = 8385 cells is obtained). We consider a binary subsurface (e.g.
composed of two materials with different porosity) with respective wave
velocities of 0.06 and 0.08 m ns~'. Measurements are taken every 0.5 m
in depth (the first being at 0.5 m and the last at 12.5 m) resulting in a
dataset of Q = 625 traveltimes. Note that though this model provides a
good learning tool and a rather challenging test case, it is unrealistic, e.g.
subsurface environments usually contain many more materials and
further variability within each them. For one instance of our synthetic
case, we add normal independent noise 17 ~ .#(0, 6% -Iy) where o2 is the
noise variance and I, is a 625 x 625 identity matrix. In the case a
different noise distribution is used, one needs to add a weight matrix to
the misfit term in Eq. (7) so that inversion takes such distribution into
account, e.g. when different data points have different magnitudes for
the noise, inversion should put more weight on those that are less
affected by noise.

Similarly to Laloy et al. (2019), we first consider a fully linear for-
ward operator f for which raypaths are always straight, i.e. independent
of the velocity spatial distribution. For this case Eq. (4) may be rewritten
as:

y=Fx+7g (26)

where F is a matrix of dimension Q x D in which a certain row contains
the length of the raypath in each cell of the model for a certain
transmitter-receiver combination. The corresponding gradient of the
misfit Vyy(x) to be used in Eq. (25) for the solution of the inversion is:

Vir(x)

We also consider the case of a more physically realistic nonlinear
forward operator f (see Eq. (4)) for which raypaths are not straight. In
particular, we consider a shortest path (graph) method which uses sec-
ondary nodes to improve the accuracy of the simulated traveltimes as
proposed by Giroux and Larouche (2013) and implemented in PyGIMLi
(Riicker et al., 2017). For this case, when inversion with Eq. (25) is
pursued, we linearize the forward operator f in order to compute the
gradient:

Var(x)= —S(x)" (y — f(x))

= —2F"(y—Fx) 27)

(28)

where S(x) is the Q x D Jacobian matrix of the forward operator whose
elements are:

5, =25

29

The elements of the Jacobian S(x) are computed by the shortest path
method and also represent lengths of raypaths. In contrast to the linear
case, these have to be recomputed in every iteration. Both the nonlinear
forward operator and the need for recomputing the Jacobian result in
higher computational cost compared to the linear operator.

The method proposed in Sec. 2.4 to perform gradient-based inversion
with a VAE should work for the linear forward operator because the
nonlinearity in the inverse problem arises only due to the nonlinearity of
the generator g(z) which is moderate when the latter is well-behaved.
However, since the considered nonlinear forward operator in Eq. (28)
is only mildly nonlinear (when contrast in velocities is not extreme), the

10
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same method may also provide good inversion results for this operator.
3. Results
3.1. Training of VAE

As previously mentioned, our proposed method relies on a VAE
whose training parameters are selected in order to improve gradient-
based inversion. The training samples are the croppings detailed in
Sec. 2.3 whose dimensionality is D = 8325 and we consider a latent code
of dimensionality d = 20. Different values for d were tested and d = 20
was chosen because higher values did not significantly improve the
reconstruction of the training samples but did have a negative impact on
the accuracy of the generated patterns (for this, generated patterns were
assessed visually from a set of generated models such as those shown in
Fig. 5¢). Moreover, since the value of d also impacts the diversity of the
generated patterns (i.e. how much they depart from training patterns),
d = 20 provided a trade-off where patterns display sufficient diversity
but still resemble those of the training image. The probability distribu-
tion p(z) is an independent multinormal distribution./(0,I;) with I; an
identity matrix of size 20 x 20. The architecture of the encoder and the
decoder includes 4 convolutional layers, 2 fully-connected layers and
instance normalization is used between each layer. The VAE has around
4.5 million parameters in total (weights and biases), which is a typical
number for convolutional neural networks (further details may be
consulted in the associated code). In order to show their impact on our
proposed method, @ and f are set to span three orders of magnitude.
Table 1 shows the values of @ and f that were used and their impact in
the data RMSE of the linear case explained below. This means that nine
different VAEs are trained for this test. Each VAE is trained by maxi-
mizing the lower bound in Eq. (19) using 10° iterations and batches of
100 random croppings in each iteration (a GeForce RTX 2060 GPU was
used in which training took ~ 2 h). In the following, we first test the
impact of a and g on inversion with a linear forward model. Then, we
select the VAE with the best training parameters to study the impact of
the different factors added in our approach (such as regularization and
data batching) and make a comparison with methods from previous
studies. Finally, we present some results of our approach using a mildly
nonlinear forward operator.

3.2. Case with a linear forward model

In this section, we consider the linear operator in Eq. (26) and assess
the performance of our proposed DGM inversion approach: using VAEs
trained as detailed above and SGD with both decreasing step size and
regularization to optimize Eq. (24). We aim to show that, when appro-
priate values of a and f are chosen, this approach is robust regarding its
convergence to the global minimum and therefore assess its perfor-
mance by using 100 different initial models. To test this, we considered
three different true models (with different degrees of complexity) that
were cropped from the training image and not considered during the
VAE’s training (models mc1, mcy and mcg in first row of Fig. 7). Table 1
shows the inversion data RMSE obtained for all combinations of a and g
that were tested for this linear forward operator (the average data RMSE
values are simply summed for the three true models). These results are

Table 1
Sum of average data RMSE for the cases mc;, mcy and mcs. The average is
computed for 100 initial models for each case.

p =10* p=10% p =10%
a=10 2.551 1.765 2.940
a =01 3.116 1.763 3.756
a =0.01 2.747 1.937 2.701
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Fig. 7. Truth models (first row): cropped from training image (denoted by "mc”) and generated from trained VAE (denoted by "mv”). Corresponding models
resulting from encode-decode of truth models (second row). Subindex indicates level of complexity, with ”1” being the least complex.

consistent with our explanation in Fig. 4, since both a and g have a
noticeable impact on inversion performance. It is interesting to note that
the values yielding the lowest data RMSE (a = 0.1 and $ = 1000) are not
those typically used in previous studies (¢ = 1.0 and # < 100). Also, the
impact of a seems to be lower compared to f.

To further assess our approach and to compare with previous studies,
only the VAE with the values yielding the lowest data RMSE is consid-
ered in the remainder of this section. The main differences of our pro-
posed approach with the method of Laloy et al. (2019) are in the type of
DGM and the optimization strategy. We make a comparison with their
method and also to other base cases listed in Table 2 to show the impact
of each factor involved in our approach. As denoted by the columns of
this table, the different cases consider: (1) VAE and SGAN as DGMs, (2)
SGD and Adam (Kingma and Ba, 2017) as stochastic optimizers, (3) data
batching for computing the gradient V,{(z), which basically means
using SGD when batching and using (regular) gradient-descent when not
batching, (4) regularization in the latent space, with “origin” being the
one proposed in Bora et al. (2017) and “ring” the one proposed herein,
and (5) decreasing of the step size (or learning rate). Our proposed
approach is then labeled as "VSbrd”. We also show the chosen values for
the step size # and its decreasing factor c, when applicable—for these
cases the values of A =10.0 and ¢; = 0.999 are used. When data batching
is used, the batch size b is 25 (of a total of 625) and is sampled with no
replacement, then the whole dataset is used every 25 iterations (i.e. with
120 epochs, the total is 120 x 25 = 3000 iterations). The number of
iterations for the cases with no data batching is also set to 3000. For our
synthetic cases, once the DGMs are trained, there is no need for GPU
acceleration to perform inversion, so all inversions were done in CPU.
Compared to MCMC methods used in previous studies where the number
of forward model evaluations was between 96,000 and 200,000 (Laloy

reduced. Note that we also compare against the approach in Laloy et al.
(2019), where SGAN is used as DGM and Adam (gradient-descent with
adaptive moments) are used to optimize the resulting objective func-
tion—this case is labeled ”SAnnn” in Table 2. The difference in
computational time for this case (17.3 s) and our proposed method (7.3
s) was minor. We also consider the case where we apply our proposed
SGD to the same SGAN (labeled as ”SSbnd”). For both of these cases
instead of regularization we use stochastic clipping in the latent space
(Laloy et al. 2018, 2019) because a uniform p(z) with finite support is
used.

We consider 6 different true subsurface models to assess our method
and compare with the base cases: (1) the set of three models cropped
directly from the training image described above and (2) a set of three
models obtained by generating from the trained VAE. Both sets include
models with three different degrees of complexity. These truth models
are shown in the first row of Fig. 7 where “mc” refers to the first set,
”"mv” refers to the second set and the degree of complexity is denoted by
a subscript, where ”1” denotes least complex and ”3” most complex. The
second set (mv) is similar to the one used by Laloy et al. (2019) to test
the performance of their setup, only in their case the models were
generated from a SGAN instead of a VAE. For each one of these truths,
we generate synthetic data applying the forward operator F and use
these data to perform gradient-based inversion for each case in Table 2.

We first consider no added noise to the synthetic dataset, hence after
inversion the data misfit should be close to zero for inverted models that
are sufficiently close to the global minimum. To define a threshold for
this data misfit beyond which inverted models are “accepted”, we use
the RMSE between these synthetic data and data obtained by applying
the forward operator on models resulting from passing the truth models
through a VAE'’s encoding-decoding (these models are shown in the

et al.,, 2017, 2018) the computational cost is herein significantly second row of Fig. 7 and the corresponding values for the threshold are

Table 2

Configuration of our proposed approach (VSbrd) and the base cases for comparison. The case marked with * corresponds to the one considered by (Laloy et al., 2019).
Case DGM GD Data batching Regularization Decreasing 4 cr
VSnnn VAE SGD no none no le-4 -
VSbnn VAE SGD yes none no le-4 -
VSbod VAE SGD yes origin yes le-2 0.95
VSbrd VAE SGD yes ring yes le-2 0.95
SAnnn* SGAN Adam no none no le-2 -
SSbnd SGAN SGD yes none yes le-3 0.95

11
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shown in Table 3). This is done because we found the encode-decode
reconstructed models to be visually very similar to the truth models
(compare first and second rows of Fig. 7) and also show a low model
RMSE when compared to them. The model RMSE is computed as the
difference of pixel values (previous to transforming to velocity values, so
they have values between 0 and 1) between truth model and the encode-
decode model and shown Table 3. Once such a threshold is defined for
each truth model, gradient-based inversion is run for the same 100
initial models for all cases in Table 2. Note that no convergence criteria
were set in order to compare to all base cases (some cases such as
”SAnnn” do not allow for easily defining such criteria) but in practice it
is possible to set them for our proposed approach (VSbrd) in terms of a
minimal change in either step size and/or data misfit. This also means
that for some cases (including our proposed VSbrd) the 3000 iterations
may not be necessary for all truths and all initial models. Results for the
number of accepted inverted models are shown in Table 4 while the
corresponding mean of the misfit (expressed as RMSE) for the 100 in-
versions is shown in Table 5.

As seen in Table 4, given our defined threshold: (1) the cases where
VAE and SGD with decreasing step were used (VSbod and VSbrd)
resulted in all inverted models being accepted, (2) the cases where SGAN
was used (SAnnn and SSbnd) resulted in all models being rejected, and
(3) the cases where VAE and non-decreasing step size SGD was used
(VSnnn and VSbnn) resulted in some inverted models being accepted.
Note also that using SGD (data batching) without a decreasing step size
(VSbnn) results in less accepted models compared to GD (VSnnn),
highlighting the importance of our proposed decreasing step size and
regularization. As shown in Table 5 a higher mean RMSE is related to a
lower number of accepted models. Furthermore, Table 5 shows that
there is a general improvement caused by our proposed regularization
compared to the one from Bora et al. (2017).

Examples of inverted models obtained for the different cases in
Table 2 using the cropped truth with moderate complexity (mcy) are
shown in Fig. 8. Here, truth models are shown in Fig. 8a while Fig. 8b
shows one example of an accepted model for cases that have at least one
(VSnnn, VSbnn, VSbod and VSbrd). Similarly, Fig. 8c shows one
example of a rejected model for applicable cases (VSnnn, VSbnn, SAnnn
and SSbnd). Finally, the corresponding data RMSE vs. iteration number
plots are shown in Fig. 8d (in blue for accepted models and red for
rejected ones) and corresponding model RMSE plots are shown in
Fig. 8e. Note both the higher similarity with the truth model (i.e. note
the low model RMSE and compare models in Fig. 8b and ¢ with those in
Fig. 8a) and the lower RMSE for accepted models. Also, examples of
inverted models for our proposed approach (VSbrd) using all the truths
are shown in Fig. 9b, together with plots of RMSE vs. iteration number
(Fig. 9d) and norm of z vs. iteration number (Fig. 9e). For cropped truths
(mc) it seems that visual similarity decreases and final data RMSE of
inverted models increases as complexity increases, whereas for gener-
ated truths they seem independent of complexity. Notice the overshoot
in ||z]| in the initial iterations and its eventual convergence close to y, as
defined in Eq. (23).

To study the effect of noise for our proposed approach (VSbrd), we
added noise with a standard deviation ¢ = 0.25 ns to the synthetic
traveltime data. Corresponding results are shown in the rightmost

Table 3
Data RMSE (ns) of encode-decode operation used to define thresholds (for the
linear forward operator) and corresponding model RMSE.

data RMSE (ns) model RMSE (—)

mc; 0.724 0.112
mcy 0.854 0.133
mcg 1.395 0.176
mv, 0.749 0.097
mvy 1.380 0.146
mvs 1.436 0.145
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Table 4
Number of accepted inversions (using 100 different initial models) according to
the defined threshold.

VSnnn VSbnn VSbod VSbrd SAnnn SSbnd VSbrd (noise)
me; 91 33 100 100 0 0 100
mc, 86 59 100 100 0 0 100
mez 91 35 100 100 0 0 100
mv; 91 30 100 100 0 0 100
mvy 95 71 100 100 0 0 100
mvy 98 77 100 100 0 0 100

column of Tables 4 and 5 and in Fig. 9c (with corresponding data RMSE
and z norm plots in Fig. 9d and e). The threshold in this case is set equal
to the one for the noise-free case plus ¢ and when using it all inverted
models with our proposed approach are accepted. It is also worth
noticing the relative robustness of the method to noise, as shown by the
corresponding mean misfit values in Table 5 that indicate no significant
overfitting, i.e. the mean misfit values are close to the noise-free
threshold plus ¢ even if no traditional regularization was used. The
latter means that optimizing in the latent space of the DGM is effectively
constraining the inverted models to display the prescribed patterns. A
higher value of ¢ = 1.0 ns was also tested which produced similar results
(not shown).

3.3. Case with a nonlinear forward model

After showing that our proposed method works with the linear for-
ward operator for the synthetic case considered, we now test its per-
formance with a nonlinear forward operator. For inversion, the general
form of Eq. (4) is used and the gradient in the latent space given in Eq.
(25) is computed using Eq. (28). As mentioned in Sec. 2.5, we consider a
shortest path method to solve for the traveltime for which we use 3
secondary nodes added to the edges of the velocity grid. Note that the
Jacobian S(x) in Eq. (28) has to be recomputed at every iteration. Given
the higher computational demand for inversion with the nonlinear for-
ward operator and since it was already shown to be the best performing
approach for the linear forward operator, we only test our proposed
approach VSbrd with all the truths and for a single initial model
(Fig. 10). This was done both without noise and with noise added using
the same standard deviation ¢ = 0.25 as in the linear operator scenario.
We select the following values for the required inversion parameters:
¢ =0.1,c, =0.8,1 =1.0and c; = 0.99. The total number of iterations is
750 with data batching of size 25 similar to the linear case. Note that to
further reduce the number of iterations required for inversion we use a
lower c, compared to the linear case, but the decreasing in Eq. (21) is
only done every 5 iterations. This may cause the method to converge to
the global minimum with lower probability, however it seems to still be
high enough since all of the inversions with no added noise are very
similar to the truth models. Also, using the threshold obtained by
encoding-decoding the truth models (now computed with the nonlinear
forward operator) all inverted models are accepted (these models are
shown in Fig. 10b). When considering added noise, results are similar
but inversion seems to converge to the global minimum with slightly
lower probability (6 out of 8 inversions are accepted) and accepted
models are shown in in Fig. 10c. The behavior of the misfit during
optimization (Fig. 10d) is similar to the linear case, although oscillations
of a slightly higher amplitude are still visible in the last iterations
(mainly due to the lower number of iterations). To partially solve the
latter issue, we take as inverted model the model with lowest misfit and
not the one for the final iteration (these are the models shown in Fig. 10b
and c). The plot of the norm of z vs. iterations in Fig. 10e shows a similar
behavior to the linear case, although there seems to be more oscillations
in ||z|| during initial iterations.
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Table 5

Mean RMSE (ns) of inversions using 100 different initial models and defined threshold for accepting models.
VSnnn VSbnn VSbod VSbrd SAnnn SSbnd threshold VSbrd (noise)
mc; 0.536 1.169 0.551 0.434 4.538 3.988 0.724 0.501
mcy 0.832 1.518 0.626 0.541 5.266 4.495 0.854 0.583
mcs 0.908 1.543 0.853 0.788 3.298 3.775 1.395 0.827
mv; 0.296 1.418 0.353 0.055 3.952 4.226 0.749 0.259
mvy 0.568 1.286 0.618 0.078 4.161 5.251 1.380 0.268
mvs 0.557 0.854 0.232 0.036 4.591 5.537 1.436 0.256

4. Discussion

For both our toy example in Fig. 4 and our synthetic case for the
linear forward operator (Table 1), results show that a« and $ have an
impact on inversion. While in both cases the value yielding the lowest
data RMSE for a is 0.1, f spans a larger range of values. This occurs
mainly because « is coupled to the imposed unit variance of p(z), since
larger values of « tend to place samples further apart in the latent space
and therefore make it inconsistent with p(z). In contrast, due to the
nature of the VAE training loss function in Eq. (19), # depends on the
dimensionality of both the training samples (D) and the latent vectors
(d). In order to have more comparable values between studies, Higgins
et al. (2017) proposed normalizing 8 as f = § x d/D. In our synthetic
case, the value of # = 1000 yields f = 2.4 which is still high compared to
what Higgins et al. (2017) found for an optimal disentangling (for d =
20) or to what Laloy et al. (2017) used in their study (both around ﬂ’ =
0.1). This may be related to the fact that these studies focused either on
disentangling or on generative accuracy for selecting f, instead of
inversion performance as done in here. Note that normalized values of
are the most appropriate to provide guidelines for future studies. Our
results suggest that setting f>1.0 may be useful for inversion, but
further testing with different kinds of patterns is still required to support
this.

In order to select SGD parameters in our proposed approach, we
suggest looking jointly at the behavior of the misfit and norm of z. For
instance, if a certain number of iterations is desired for computational
reasons, we suggest choosing first # and c, that produce a behavior of
the misfit similar to that in Fig. 9d, i.e. oscillations of high amplitude at
the beginning and then progressive attenuation of the oscillations in
such a way that at the end they are negligible. Note, however, that
inversion may have to be run a few times because divergence may occur
during initial iterations (this is easily seen in the value of ||z|| taking
values far from 4, ). Once ¢ and c, are chosen, the selection of 1 and c; is
done only to prevent divergence, this may be achieved by looking for a
behavior similar to that in Fig. 9e. An initial overshoot in ||z|| is normal
(and even necessary) since the method is exploring more rapidly the
latent space, however, it should eventually converge to a value close to
Hy-

The results for gradient-based inversion using our proposed
approach point to a (possible) conflict between the accuracy of the
reproduced patterns and the feasibility of gradient-based inversion with
DGMs. As mentioned above, this is due to a non-convex objective
function in latent space resulting from the generator’s nonlinearity and
its induced changes in topology. In this work, we argue that nonlinearity
and changes in topology might be safely controlled by selecting certain
values of @ and $ while training a VAE in order to improve performance
of gradient-based inversion. We empirically show the validity of this
statement by considering different values of a and f for our linear case
study. In general (for inversion with DGMs), this implies that a tradeoff
between generative accuracy and a well-behaved generator may be
found. The latter statement also supports our assumption regarding the
“holes” of the real manifold for the case of channel patterns (as
mentioned in Section 2.3): when approximating the real manifold using
a VAE with a well-behaved generator, the approximate manifold will
tend to fill the holes and therefore produce breaking channels. While the
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generator’s nonlinearity was already identified by Laloy et al. (2019) as
a potential factor for hindering gradient-based inversion, its causes
(curvature and topology of the real manifold) and the possible induced
changes in topology have not been previously explained as factors in
degrading the performance of gradient-based inversion in the latent
space (to the authors’ knowledge).

In general, good performance of DNNs for some tasks is usually
associated with their ability to change topology (Naitzat et al., 2020).
However, when one wants to use the latent variables or codes of DGMs
for further tasks and not just for generation, these changes in topology
might become an issue. For instance, we interpret the misfit ”jumps”
seen in gradient-based inversion with SGAN (as seen in Fig. 8c for case
SAnnn) as resulting from the gluing” or "collapsing” in latent space of
holes in the real manifold—either caused by an induced change in to-
pology or a high nonlinearity in the SGAN generator. Some studies have
even suggested that if one wants to obtain useful geometric in-
terpretations in the latent space (e.g. to perform interpolation), the
activation functions should be restricted to ones that are smooth (Shao
etal., 2017; Arvanitidis et al., 2018), that means e.g. not using the ReLU
activation function that is generally recognized to result in faster
learning. In contrast, in this work we do consider ReLU activation
functions but control the changes in topology by means of a combination
of @ and p, whether this might nullify the advantages of ReLU is still an
open question. Note however that, in general, control of induced
changes in topology and high nonlinearities (as in our proposed
approach) might be useful for any inversion method that relies in the
concept of a neighborhood (e.g. MCMC and ensemble smoothers).

Besides its good performance for gradient-based inversion, a further
advantage of our approach when compared to the previous approaches
is that when the data used for inversion is not sufficiently informative,
regularization in the latent space might be used to constrain to the most
common patterns with our regularization term in Eq. (23). This state-
ment provides an interesting paradigm where regularization in latent
space might be seen as a flexible way to incorporate complex regulari-
zation. In contrast, a disadvantage of our proposed approach is that
GANs in general result in higher generative accuracy (all generated
patterns look more similar to those in the training image). However, as
previously mentioned this may negatively affect inversion performance,
at least for gradient-based methods. Also, as may be noticed in the
relation between the data misfit and the degree of complexity for
cropped truths, a limiting factor in using our VAE is its inability to
produce new highly complex patterns. Nevertheless, this lack of inno-
vation (or sample diversity) is generally present in other methods and
may be even more severe for regular GANs, where the phenomenon is
known as mode collapse. Recently, different ways to control such mode
collapse in VAEs and GANs have been proposed (Metz et al., 2017;
Salimans et al., 2016).

Regarding the SGD optimization method proposed, we must note
that similar results might be obtained with a MCMC method where in-
formation about the gradient is taken into account. For example, Mosser
et al. (2018) use a Metropolis-adjusted Langevin method which basically
follows a gradient-descent and adds some noise to the step. However, the
noise added to the gradient step in our approach is different—SGD noise
has been shown to be approximately constant but anisotropic (Chaud-
hari and Soatto, 2018). Another possible alternative to our method is to
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use Riemannian optimization, which is possible when the DGM
approximate manifold is smooth. Although it is possible to compute the
direction of the gradient by using the pullback Riemannian metric,
which may be obtained as suggested by e.g. Shao et al. (2017); Chen
et al. (2018); Arvanitidis et al. (2018), it is not straightforward to
compute the step because it would have to be along a geodesic curve
instead of a straight path and such geodesics are computationally
demanding to obtain.

Finally, we acknowledge that in order to be applied for a variety of
field conditions, our proposed method needs to be extended to: (1)
handle multiple materials (i.e. not a binary subsurface), (2) consider
further variability inside each material, (3) estimate the velocity values
directly (i.e. not assume they are known as was done above), (4)
consider larger domains, and (5) condition to observed values of ma-
terials (e.g. in wells). To address the first two points and since DGMs are
not restricted to categorical outputs, the VAE could simply be trained
using samples with continuous outputs, however, the accuracy of the
patterns may not be as good as in the binary case for a training image of
the same size (Laloy et al., 2018). If one chooses to approximate the
subsurface with a multi-categorical output, a different and more
consistent loss function for the training such as the cross-entropy loss
may give better results. Regarding the estimation of velocity values, a
simple way to achieve this for binary models would be to include two
extra parameters in inversion by assuming a linear relationship to shift
and scale the output of the VAE. A similar approach may be used for
multi-categorical or continuous outputs, although its usefulness may be
more limited since the scaling and shifting operations do not signifi-
cantly change the contrasts between the materials from those of the
DGM outputs. When the spatial domain being studied is large or, more
specifically, when it has many repetitions of the patterns, our method
would require a very large training image which is generally difficult to
obtain. A possible solution for this is to use an architecture that is more
efficient for repetitive patterns. For instance, one may propose a spatial
VAE (similar to the spatial GAN) which relies on 2D or 3D tensors
instead of vectors as latent variables. Of course one then would need to
test that efficient inversion (e.g. gradient-based) is still possible with
such an architecture. Finally, conditioning to direct material observa-
tions may be achieved by adding a term to the inversion objective
function in Eq. (7), although it has been shown that this does not pro-
duce perfect fitting to such observations (Laloy et al., 2017, 2018) so
further study in this topic is required.

5. Conclusions

In this work both the impact and the causes of nonlinearity on
inversion with DGMs are studied and a conflict between generated
pattern accuracy and feasibility of gradient-based inversion is identified.
Also, an approach based on a VAE as DGM and a modified stochastic
gradient descent method for optimization is proposed to address such
conflict. We show that two training parameters of the VAE (the weight
factor § and the variance a of the encoder’s noise distribution p(¢)) may
be chosen in order to obtain a well-behaved generator g(z), i.e. one that
is mildly nonlinear and approximately preserves topology when map-
ping from latent space to ambient space. This helps in maintaining the
convexity of the misfit function in the latent space and therefore im-
proves the behavior of gradient-based inversion. We highlight changes
in topology which have not been previously identified as impacting the
convexity of the inversion objective function. In contrast to prior studies
where gradient-based inversion was used, our approach converges to the
neighborhood of the global minimum with very high probability for
both a linear forward operator and a mildly nonlinear forward operator
with and without noise. We argue that when using DGMs in inversion, a
tradeoff may be found where inverted models are close enough to the
prescribed patterns while low cost gradient-based inversion is still
applicable. Indeed, our proposed approach finds such tradeoff and
produces inverted models with significant similarity to the training
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patterns and a sufficiently low data misfit.
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