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Resonant phase lags of nonlinear mechanical systems

Martin Volvert

Abstract

The concept of a resonance is central in structural dynamics, because the maximum
amplitude at which a system vibrates occurs near resonance frequencies. Unlike linear
systems, nonlinear systems can exhibit dilérent types of resonances including primary
and secondary (superharmonic, subharmonic, ultra-subharmonic) resonances. An eléc-
tive theoretical framework to characterize nonlinear resonances is nonlinear modal anal-
ysis, which has been developed since more than half a century. In this context, primary
resonances received the most attention whereas very little eldrt was devoted to the char-
acterization of secondary resonances.

This thesis is an attempt to answer two key questions:i Y How to define the primary
and secondary resonances of a nonlinear system? aiid How to characterize these
resonances analytically, numerically and experimentally ? To answer the former question,
the concept of a resonant phase lag associated with the amplitude resonance ofltke
harmonic of thel: resonance is proposed. For the latter question, a new definition of
a nonlinear normal mode termed phase resonance nonlinear mode which corresponds to
the structural deformation at the resonant phase lag is introduced. These novel concepts
are introduced based on analytical investigations, validated numerically on single- and
multiple-degree-of-freedom nonlinear systems and demonstrated experimentally on two
beam structures thanks to phase-locked loop testing.
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Nomenclature

Latin letters

I Null matrix of size n  n except for ther-th diagonal term which is equal to
1

C Damping matrix

f; Vector with only one non-zero entry of strictly positive amplitudef at the
r-th degree of freedom

foxt Vector of external forcing

fre Vector of nonconservative forces

Fn Vector of the Fourier coeldients of the nonlinear forces

Vector of nonlinear forces

Identity matrix of size n n

Jacobian matrix

Stilness matrix

Mass matrix

Multi-index of nonnegative integers

Harmonic basis

Vector

Rotation matrix

Vector of the Fourier coeldients of the perturbation

Sine and cosine vectors of theth harmonic of the nonlinear forces

S’ cf Sine and cosine vectors of theth harmonic of the displacements

T+ Filtering matrix

Tt T-periodic rendering matrix

u;Vv Vector of constraint equations

Weight vector of the least mean squares algorithm

Vector of the Fourier coeldients of the displacements

Vector of displacements

Periodic solution of displacements

Vector of displacements and velocities

Eigenvector of thei-th mode

Complex matrix

Eigenvector of the monodromy matrix

Monodromy matrix

Constant or T-periodic matrix

Imaginary unit
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Amplitude

Amplitude of the I-th harmonic

Polar coordinates of the stilness term of thel-th harmonic of the Van der
Pol transformation

Polar coordinates of the frequency detuning term of theth harmonic of the
Van der Pol transformation

Polar coordinates of the damping term of thd-th harmonic of the Van der
Pol transformation

Maximum of amplitude

Clearances

Damping coeldient

Coeldient related to the stildess of order d

Modal damping of thei-th mode

Stildess order

Partial derivative with respect to T,

Error of the least mean squares algorithm

Energy injected

Energy dissipated

Forcing amplitude

External forcing

Nonlinear force

Derivative of the nonlinear force with respect to the displacement
Gains of the PID controller

Hermite polynomials

Integer indexes

Complete elliptic integral

Stildess coeldient

Restoring force derivative

Stilness coeldient of the d-th order stilness term

Modal stilfiess of the i-th mode

Harmonic index

Harmonic index

Mass coeldient

Modal mass of thei-th mode

Number of degrees-of-freedom

Number of harmonics

Integer indexes

Regularization functions

index of the forced degree of freedom

Step size scalar of the least mean squares algorithm

Perturbation

Sine and cosine amplitudes of theth harmonic

Sine and cosine amplitudes of theth harmonic of the nonlinear forces
Sine and cosine amplitudes of theth harmonic of the nonlinear forces



UV
Ui, Vi
Us; Vs
u,;v
u,v
u,;v
Wi
X
Xo; Xo
Xi
Xy
Xnnm

Yi

Sine and cosine amplitudes of thi-th harmonic of the I-th component off 3

Sine and cosine amplitudes of thi-th harmonic offr?I

Period

Time

Least common multiple period

Period of thei-th harmonic

Time scale of ordem

Local scaled abscissa

Cartesian coordinates of the Van der Pol transformation

Cartesian coordinates of thé-th harmonic of the Van der Pol transformation
Cartesian coordinates of the frequency detuning term of the Van der Pol
transformation

Constraint equations

Variables related to the state-space variables

Pair of state-space variables

Cartesian coordinates of the stildess term of the Van der Pol transformation
Cartesian coordinates of the forcing term of the Van der Pol transformation
Cartesian coordinates of the damping term of the Van der Pol transformation
Modal amplitude of thei-th mode

Displacement

Initial displacement and velocity

Displacement of thei-th DOF

Displacement of the forced DOF

Nonlinear normal mode motion

i-th term of the asymptotic expansion

Greek letters

PL
VF

ext

Delay

Mass-normalized stiliess coeldient of thed-th order stiliess term
Hill's coeldient

Normalized amplitude

Gain for the EPMC

Dilérence between two values of the quantity

Clearance size

Coeldient related to the resonant phase lag approach

Coeldient related to the velocity feedback approach

Gamma function

Mass-normalized forcing amplitude

Mass-normalized external forcing

Normalized forcing

Amplitude of the undamped, forced linear oscillator away from the resonance
Floquet multiplier

Gain for the PRNM

Integer that accounts for the subharmonic terms

Detuning parameter of the primary resonance
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Subscripts
a

p
PL

VF

Frequency

Natural frequency of the linear oscillator
Detuning parameter of thel: resonance
Frequency of thel-th harmonic

Damped natural frequency

Frequency of the Jacobi elliptic functions

Phase lag

Phase lag combination of thd:1 resonance
Phase lag of thd-th harmonic

Diagonal matrix of the Hill's coelgients

Matrix of the Floquet multipliers

Dilérential operator

Diagonal element of the dilérential operatorr (! )
Diagonal matrix of the Floquet exponents
Fundamental matrix of a first-order dilérential equation
Angle

Column-vector solution of a first-order dilérential equation
Elliptic modulus

Floguet exponent

Subharmonic index

Adimensional time

Angle corresponding to the frequency

Angle corresponding to the frequency,

Complex frequency of thda-th mode

Scaling parameter

Resonant phase lag of thé& resonance

Modal damping ratio

Quantity at amplitude resonance

Quantity at phase resonance

Quantity related to the resonant phase lag approach
Quantity related to the velocity feedback approach

Superscripts

y
z

T

~

Kcronyms
AM
DMC

Scaled quantity

Pseudo-inverse of the quantity

Complex conjugate of the quantity

Transpose of the quantity

Second-order time derivative of the quantity

First-order time derivative of the quantity

Second-order adimensional time derivative of the quantity
First-order adimensional time derivative of the quantity

Averaging method
Damped motion concept



DOF
EB
EPMC
HBM
IM
MDOF
MMS
NFRC
NNM
PID
PLL
PLOPT
PRNM
SDOF

Degree of freedom

Energy balance

Extended periodic motion concept
Harmonic balance method

Invariant manifold
Multiple-degree-of-freedom

Method of multiple scales

Nonlinear frequency response curve
Nonlinear normal mode
Proportional, integral and Dilérential
Phase-locked loop

Phase lag oriented perturbation technique
Phase resonance nonlinear mode
Single-degree-of-freedom
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Chapter 1

Introduction

1.1 Context

The world surrounding us is intrinsically nonlinear. Yet, real-life problems are often
linearized to obtain an easier solution that approximates su ciently well the studied phe-
nomenon. This also holds in aerospace and mechanical engineering in which the vibrating
response is often predicted numerically using a linear (or linearized) model.

The theory behind linear modal analysis is well-established and possesses sound the-
oretical, numerical and experimental backgrounds [1, 2]. For linear models, it is easy
to compute the resonance frequencies, normal modes and damping ratios as well as the
response under an external excitation. Speci cally, if a structure is excited with harmonic
forcing of frequency! , the steady-state response has the same frequericy If the fre-
guency is close to one of the resonance frequencies, the response amplitude can be high
with the risk of damaging the structure. Away from the resonance frequencies, the re-
sponse amplitude is, however, much lower. Finally, the principle of superposition applies
for linear structures, namely, if an inputf , (resp. fy,) gives an outputx, (resp. Xp), then,
fa+ fpgivesxy + Xp.

Driven by the climate crisis, there is a need to reduce fuel consumption, noise and gas
emissions. This implies the reduction of the total mass, through the design of thinner
structures, which can eventually lead to large deformations. Novel materials featuring
nonlinear constitutive laws such as elastomers and composite materials are also more
commonly employed. In addition, contact and friction can occur in real-life structures,
which linear models cannot model.

One of the key features of nonlinear vibration is the dependence of resonance frequen-
cies on the input level [3]. The resulting hardening or softening behavior can generate
multi-stable solutions [4] implying the failure of the superposition principle. Another
important dynamical feature is that nonlinear systems may no longer respond at a sin-
gle frequency in the case of harmonic forcing. Speci cally, new harmonics appear in the
response and can, in turn, lead to new resonances; the so-called secondary resonances
appear at fractions or multiples of the primary resonance frequencies. Their amplitude
may sometimes be su ciently high so as to damage the structure [5].

Nonlinear modal analysis theories have thus been developed to extend the concept

1



1.2: Contributions of the thesis

of a normal mode to nonlinear structures [3, 6 10]. These developments concentrate
mainly on primary resonances. Low-order secondary resonances were studied using rst-
order perturbation techniques [4, 11, 12] in order to characterize the relation between
the response amplitude and the resonance frequency. To study more complex secondary
resonances, Yagasaki developedviathematica package that solves higher-order averaging
problems [13 15]. The focus in his studies was not on the dynamical characterization of
these resonances, but rather on the study of the xed points as well as on time series
computation. Recently, experimental techniques based on phase-locked loops (PLLS)
for identifying nonlinear frequency response curves (NFRCs) and nonlinear modes have
emerged, see, e.g., [16 20]. A PLL enables the experimenter to impose a speci ¢ phase lag
between the response and the excitation by the means of a PID controller. For instance,
the backbone curves of primary resonances can be identi ed by settiggas the phase lag
target.

However, the existing body of literature rarely discusses the relation between the
response amplitude and the phase lag for secondary resonances. This represents the main
thrust of this thesis.

1.2 Contributions of the thesis
This thesis attempts to answer two key questions:

i. How to de ne thel: resonance of a nonlinear system wheteand are arbitrary
integers?

il. How to characterize these resonances analytically, numerically and experimentally?

To this end, the present thesis centers on the link that exists between the so-called
amplitude and phase resonanced nonlinear systems. With this objective in mind, rst-
and higher-order perturbation techniques [14, 15] are employed to derive the equations
governing the dynamics around thé: resonance. Then, its amplitude-phase lag relation
Is derived giving rise to the concept of aesonant phase lag These developments form
the basis of a new de nition of a nonlinear normal mode (NNM) termeghase resonance
nonlinear mode (PRNM). Eventually, PRNMs can be exploited to fully characterize the
behavior of primary and secondary resonances numerically using continuation techniques
and experimentally using PLLs.

The thesis is organized as follows. Chapter 2 evidences the main di erences that exist
between the resonant behavior of linear and nonlinear oscillators. First, a harmonically-
forced linear oscillator is studied around its amplitude and phase resonances. Second,
a Du ng oscillator [12] is taken as a motivating example. The exact solution of the
undamped, unforced system obtained using elliptic functions is compared to the solutions
derived using perturbation techniques. Then, the resonant behavior of the harmonically-
forced, damped system is studied numerically for di erent forcing levels. It is shown
that this seemingly simple nonlinear oscillator can exhibit a wide variety of secondary
resonances.

2



1.2: Contributions of the thesis

The distinction between the amplitude and phase resonances of nonlinear oscillators
Is rarely discussed in the literature. To this end, rst-order averaging is used in Chapter
3 to characterize the primary resonance of a single-degree-of-freedom (SDOF) oscillator
with nonlinear polynomial sti ness. Under the assumption of light to moderate damping,
it is established that the resonant phase lag is 2 meaning that phase resonance happens
in the immediate neighbourhood of amplitude resonance.

Chapter 4 studies the dynamical behavior around secondary resonances of SDOF non-
linear oscillators. The resonant phase lags of tlee: 1 and 1 : d resonances of an oscillator
with polynomial sti ness or order d are rst derived using rst-order averaging. The ana-
lytical developments are illustrated using a Du ng oscillator, a Hemlholtz oscillator and
an oscillator with a quintic sti ness. Higher-order averaging is then exploited to compute
the governing equations of more complex secondary resonances of the Du ng oscillator
and to derive the corresponding resonant phase lags.

Chapter 5 builds upon the outcomes of Chapters 3 and 4 to de ne the concept of a
PRNM. The PRNM of the |I: resonance corresponds to the structural deformation at
the corresponding resonant phase lag. Two numerical methods for computing PRNMs
are developed based on velocity feedback and resonant phase lag approaches. The latter
approach is the method of choice and is then demonstrated numerically using several
nonlinear oscillators.

Chapter 6 shows that exploiting the resonant phase lags derived for SDOF systems in
the case of multi-degree-of-freedom (MDOF) systems should be achieved with great care.
In SDOF systems, the di erent resonances are well-separated. In MDOF systems, primary
and secondary resonances of di erent modes can interact, which, in turn, in uences the
evolution of the phase lag. Thus, a perturbation technique is used to study the phase lag
of di erent higher-order harmonics across lower-order resonances. The results obtained
evidence that anaugmentedresonant phase lag combining carefully selected phase lags
of di erent harmonics should be considered to track the secondary resonances of MDOF
systems. The developments are demonstrated experimentally using two beam structures,
namely a nonlinear cantilever beam and a nonlinear clamped-clamped beam.

Finally, conclusions and perspectives are drawn in Chapter 7.
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Chapter 2

Resonances of linear and nonlinear
oscillators

2.1 Introduction

The study of the dynamical behavior of linear systems possesses solid theoretical and
experimental backgrounds [1, 21]. Discrepancies between numerical predictions and ex-
perimental results may happen if the nonlinearities can no longer be ignored. Di erences
between linear and nonlinear systems can take multiple forms. Under a linear assump-
tion, the system responds mono-harmonically to a mono-harmonic input, and resonances
occur at frequencies which do not change with the forcing level. In nonlinear oscillators,
however, the response to mono-harmonic excitation is generally multi-harmonic, and reso-
nance frequencies can shift according to the forcing amplitude [3], which can lead to jump
phenomena and multi-stable solutions [11]. Furthermore, the multi-harmonic response
can generate new resonances, located at fractions or multiples of the amplitude-dependent
resonance frequency of the system [22].

This chapter illustrates these di erences. First, the well-de ned amplitude and phase
resonances are recalled for the linear oscillator. Second, the exact solution of the un-
damped, unforced Du ng oscillator is compared to approximate solutions derived using
perturbation techniques. Third, the harmonically-forced, damped Du ng oscillator is
studied numerically to highlight the multi-harmonic behavior of the system as well as
the numerous secondary resonances that exist. Finally, a preliminary answer to the two
central questions of this thesis is provided, namelyi X How to de ne the I: resonance
of a nonlinear system wheré and are arbitrary integers? and {i ) How to characterize
primary and secondary resonances analytically, numerically and experimentally?
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2.2: Linear oscillators

2.2 Linear oscillators

2.2.1 The harmonic oscillator
The equation of the harmonic oscillator is
mx(t) + kx(t) =0 (2.1)

wherex(t) is the displacementm is the mass and is the linear sti ness. Time derivatives
are represented using overdots. Through mass normalization, Equation (2.1) can be recast
into

x(t)+ !2x(t) =0 (2.2)
where! o = % represents the natural frequency of the system. The solution of Equation
(2.2), which is a second-order di erential equation with constant coe cients, is harmonic

X(t) = Asin(l ot ) (2.3)

where A is the amplitude of the free vibration, and is the phase lag.A and depend

on the initial displacementxy and velocity X of the system
S
2 I X
and tan = 2% (2.4)
X0

&

- 2
A= x5+

o

2.2.2 The damped harmonic oscillator

Dissipation can be introduced in Equation (2.1) through viscous dampingk, wherec is
the viscous damping coe cient,

mx(t) + cx(t) + kx(t) =0 (2.5)
Through mass normalization, the equation of motion reads
x(t)+2 1 ox(t)+ ! 3x(t) =0 (2.6)
where = Epi_ﬁ is the damping ratio. Assuming a solution of the fornx(t) = et!, the
characteristic equation admits two roots
12="'o ip 1 2 (2.7)

and the solution depends on the sign df 2. Because the damping ratios of mechanical
and aerospace structures are generally around 1%, only the case 1 is considered
herein. The resulting solution is harmonic with a decaying exponential envelope

x(t)= e ' °'(Cycos! 4t + Cysin! 4t) (2.8)

where! 4 = P 1 2l 4isthe damped natural frequency. The constant§; and C, depend
on the initial conditions

Ci=Xo and C,= |i()£0+ ! 0X0): (29)
g
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2.2.3 The damped, forced harmonic oscillator
Considering now the damped, forced harmonic oscillator, we have
mx(t) + cx(t) + kx(t) = f sin!t (2.10)

wheref and! are the forcing amplitude and frequency, respectively. Equation (2.10) is
recast into

x(t)+2 ! ox(t)+ ! 2x(t) = sinlt (2.11)

where = f=m. The solution of this equation is the superposition of the homogeneous
solution, obtained by solving Equation (2.6), and the particular solution of the form

x(t) = Asin(t ) (2.12)

Injecting (2.12) into (2.11) and projecting ontosin!t and cos!t yields

21 o!A = sin
0 (2.13)
('é !'9)A= cos:
This system is easily solved foA and
8
<A=g¢g
azp2e(1g 12)’ (2.14)
- tan = Fob:

0 -

The particular solution is the steady-state response of the system from which resonances
can be studied.
2.2.3.1 Amplitude resonance

Amplitude resonance corresponds to a local maximum of the response. It occurs when
both £*and & are equal to 0. From Equation (2.13), we obtain

(

@A sin_ @1 _

o ~zia © e =0 (2.15)
A @ sn _q-

@h= 57— cos & - =0:

Both relations are equivalent. The second relation of Equation (2.13) provides an expres-
sion for! r

I = [ - 2.1
o a cos (2.16)
from which % can be deduced
@! 1 ) @A
-_— = ¢g¢——— —Sin + -—C60S — : 2.17
@ 5 § xcos A A? @ @10
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This quantity can be inserted in the rst relation of (2.15):

@A sin (! 'otan ) _
@ 2!y (Ttan + ')

This relationship is satis ed when the phase lag takes the form
P
! 1 22
tan .= - e = (2.19)
‘0

0: (2.18)

where , denotes a quantity at amplitude resonance. The corresponding frequency and
amplitude are

p
I =1 2- =
' a 0 1 2 y Aa 2I—c2)pﬁ (220)

in accordance with [21].

2.2.3.2 Phase resonance

Phase resonance takes place at phase quadraturg= 5 where , denotes a quantity

at phase resonance. It occurs when the excitation frequency corresponds to the natural
frequency of the undamped system, i.e., when= !, = !, in Equation (2.13). In this
case, injecting the solutionx(t) = A cos! ¢t into Equation (2.11) gives

Al 3cos! ot +2 1 Al gsinl ot ! 2Acos! ot = sin! ot: (2.21)

Equating the coe cients of cos! ¢t and sin! ¢t evidences that the inertia and sti ness
terms compensate each other and that the damping term counterbalances the forcing
term, respectively. The amplitude at phase resonance is

Ap = (2.22)

212

2.2.3.3 Results and discussion

For small damping, i.e., for 1, a reasonable assumption for mechanical and aerospace
structures, there is no need to distinguish between amplitude and phase resonances. In
fact, if we de ne the di erence between amplitude and phase resonances for the amplitude,

frequency and phase lag as

A

I
>
[}
>
I
o

2121 2 2!%
=1, !p:IOpl 22 o (2_23)
P 1 22
= 4 p=atan >
and perform a Taylor series expansion around=0 for A, ! and , we obtain
A=0 °?
=0 °? (2.249)
=0():
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For illustration, the frequency response in Figure 2.1 calculated for=0:5%and! =1
rad/s shows that the dierence between the two resonance frequencies is indeed very
small, i.e.,25 10 3 %.

(a) (b)

Figure 2.1: Frequency response (black) of a linear oscillator for a forcing amplitude of 0.003
N/kg. (a) Amplitude and (b) phase lag. Amplitude (blue) and phase (orange) resonances.

2.3 Nonlinear oscillators
Calculating the response of a nonlinear oscillator of the form
mx(t) + kx(t) = fo (X(t); x(1)) (2.25)

with f,, (x(t); x(t)) a nonlinear function, is much more complicated than in the linear case.
Dedicated analytical (e.g., perturbations methods [11, 23]) and numerical (e.g., shooting
[24 27] and HBM [4, 28, 29]) techniques are required. Some of them are reviewed in what
follows and applied to the free vibration of the Du ng oscillator.

2.3.1 The undamped, unforced Du ng oscillator

We consider the free vibration of the undamped Du ng oscillator:
mx(t) + kx(t) + ksx3(t) =0 (2.26)
whereks is the cubic sti ness coe cient. Through mass normalization, we have
x(t)+ 1 ax(t)+ 3x3(t)=0 (2.27)
where 3 = kz=m. In this study, the initial conditions are
X(0) = Xo; x(0)=0: (2.28)
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2.3: Nonlinear oscillators

2.3.1.1 The exact solution

There exists an exact analytical solution to Equation (2.27) based on Jacobi elliptic func-
tions [12, 30, 31]
x(t)= Acn(!;t ;) (2.29)

where cn is thecosine elliptic function with ! ; and the frequency and the modulus of
the Jacobi elliptic functions, respectively, such that

q__
ly= 12+ 3A2 (2.30)
A2
_ 3 :
= 207+ JAY (2.31)
Plugging (2.29) into (2.27) leads to
N s————

2 2 2 2
A:{rl Yo, 1ot oXp 1+2X—';23 (2.32)

3 3 's

sn(; ) Xo
dn(; )= 2.33
cn(; ) nC; ) Xo! 3 (2.33)

for general initial displacementxy and velocity xo. With the initial conditions from (2.28),
l.e., whenxp =0, we haveA = xo and =0, leading to

x(t) = xocn(! 5t; ): (2.34)

The associated period of the solution is

(2.35)

whereK ( ) is the complete elliptic integral of rst kind [30]. The corresponding frequency
is

2 Iy
= —= : 2.36
T 2K() ( )
For small-amplitude motion,! can be simpli ed into
S
I =1, 1+ EXZ- (2.37)
0 42" '

From (2.37), we see thatif 3> 0( 3 < 0), then the frequency increases (decreases) with
Xo and the system is said to be hardening (softening).

There exist very few nonlinear systems that admit an exact analytical solution. For
instance, the damped, forced Du ng oscillator does not admit such a solution. This is
why we must rely on other techniques to nd solutions that approximate, with a su cient
accuracy, the exact solution.

10



2.3: Nonlinear oscillators

2.3.1.2 The averaging method

The averaging method (AM) is based on the Krylov and Bogoliubov technique [11, 32,
33]. It is applied to the general weakly nonlinear oscillator

x(t) + 1 ox(t) = "f o (x(1); x(D) (2.38)
where f,; (x(t); x(t)) = "fn (x(t);x(t)), where0 < " 1 is a small parameter. When
" =0, the system isunperturbed and the periodic solution of (2.38) is written as

X(t)= Asin(ot ) (2.39)
where A and are constants. When" 6 0, the system isperturbed It is assumed
that the solution can still be expressed as in Equation (2.39) but with time-dependent,
slowly-varying A and

x(t) = A(t)sin(! ot (1) (2.40)

such that the velocity can be expressed with the same form as whéer 0, i.e.,

X(t) = A(t)! gcos( ot (1): (2.41)
Equation (2.41) holds only if

A(t)cos ( ot (t)) A (t)cos( ot (t)=0: (2.42)

Di erentiating Equation (2.41) and replacing x(t) and x(t) in Equation (2.38) yields

A()tocoslot (1)) + A(t) Lt)! ocoslot (1)) = (2.43)
fA@M)SIn(ot  (1);A()! ocoslot  (1)]: '
Finally, taking into account Equations (2.42) and (2.43) and solving foA-and —, a system
of rst-order equations is obtained

A= fulA@Sn(t  (©)A®D ocostot  (M)cosot (1)
~ O (2.44)

—= mf n [A()sin(tot  (1);A() ocoslot  (H)Isin(tot (1))

whereA_and _are slowly varying since they are of ordeD("). This system has a suitable
form for rst-order averaging. These equations are thus integrated over the period of
motion T during which A and are considered to be constant

A
A= I_'|l' ' fo[sin(! ot ); Al gcos( ot )]cos ( ot ) dt

2 (2.45)
_= m? ) fa[Asin(! ot ); Al gcos( ot )] sin (! ot ) dt

11



2.3: Nonlinear oscillators

Applying the AM to Equation (2.27) where ;=" 3 yields

A=0, _= 3 3p2. (2.46)
8l
A is thus a constantC; and = g!—gAgt + C,, whereC; = Xo and C; = 5 based on the
initial conditions (2.28). Eventually,
3
X(t) = Xocos o 1+ 8|—ng t +0(") (2.47)
0

where the frequency of the free vibration increases { > 0) or decreases (3 < 0) with
the initial displacement xq

= ok % (2.48)

2.3.1.3 The method of multiple scales

The method of multiple scales (MMS) [23] also solves weakly nonlinear oscillators as
expressed in Equation (2.38). If =0, the solution x(t) can be expressed as in Equation
(2.3). When0O<" 1, the solution x(t) is seen as an asymptotic expansion of the form

X(t) = Yo(t) + "ya(t) + "Zyo(t) + "Sys(t) + i (2.49)

where each termy; in the expansion adds a smaller and smaller correction to the solution.
In general, only a few terms are retained in the approximate solution.

The MMS assumes that the expansion is a function of multiple independent time scales
rather than only t. To do so,N new time scalesly, T4,..., Ty are introduced

T,=""t (2.50)
wheren is an integer such thatT, is slower thanT, ;. x(t) thus takes the form

X(6") = Yo(To; To; Tos i) + "ya(To; To; Top i i) + "2ya(Tos Tas Tosioo) + oo

X 1 (2.51)
= Yn(To; Te; To; o5 Tn) + O ("Tw)

i=0

The error being of the order ofO ("Ty), this expansion is valid for times up toO " N .
Time derivatives are calculated using the chain rule

%: D0+"D1+"2D2+:::
d2
e D2+2"D Do+ "3(D1+2D3Dg) + :::

(2.52)

where D, = @—@E. Substituting Equations (2.51) and (2.52) into Equation (2.38) and
equating the coe cients of like powers of', a set of N partial di erential equations is to

12



2.3: Nonlinear oscillators

be solved sequentially. For a rst-order approximationj.e., writing X(t;") = yo(To; T1) +
"y1(To; T1) + ::: and subsituting in Equation (2.38) gives

DiYo+ ! 5¥0 =0 (2.53)
D3ay1+ ! 8y1 = fri(Uo;Dolg) 2D 1Douo (2.54)

The general solution of Equation (2.53) is
Yo= A Sin(! olo ) (255)
which can be injected into Equation (2.54) to yield

D2y, + ! ays =fn(Asin(l Ty );Al gcosl oTo )

2.56
2A0| 0COSQ olo ) 2A OI osin(! olo ) ( )

The symbol°represents the partial derivative with respect tdl';. In order to keep"u; small
compared toug, the secular terms are eliminated in Equation (2.56),e., the coe cients
ofsin(! ¢To ) andcos{ ¢Tp ) are setto 0. The two new equations govern the evolution
of A and

Applying the MMS to Equation (2.27) where 3 is scaled such that 3 = " 3 yields

3
A°=0, ©= 8|—(3)A2: (2.57)
A is thus a constantC; and = g—oAng + C; whereC; = xo and C; = 5 based on

the initial conditions of the system. Finally, replacingT, and T, by t and "t, respectively,
the MMS gives at rst approximation the same solution as with the AM both for the
displacement
3
X(t) = Xocos o 1+ 8!—§x3 t +0(") (2.58)
and the frequency
I = 1o+ =3x2: (2.59)

2.3.1.4 The harmonic balance method

The harmonic balance method (HBM) has been used extensively in the literature to
compute the periodic responses of large-scale nonlinear mechanical systems [29, 34 38].
The periodic solutions are represented as truncated Fourier series up to the ordgy

XH XH
X(t) = ¢+ (sisin!t+ ¢ cos! t) = A;sin(!t D) (2.60)
=1 1=0
where A, = P se+ ¢, (=atan2( ¢g;s) and!, = L where is an integer. The -th
harmonic of the seried = is de ned as the fundamental harmonic whereas the other

harmonics are de ned as secondary harmonics.
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Substituting Equation (2.60) in Equation (2.27), equating the coe cient of each har-
monic sin! |t and cos! |t to 0 and neglecting the higher-order harmonic terms produced
by the nonlinearities results in a set oNy + 1 nonlinear algebraic equations to solve
for 2Ny + 2 unknowns, namely! and the 2Ny + 1 Fourier coe cients. An additional
equation, the phase condition [25], is needed to close the system. In general, this phase
condition sets the phase lag of the rst harmonic ; to O or, equivalently, ¢; to 0. The
system can then be solved using, for example, a Newton-Raphson procedure. Limiting our
developments to the rst harmonic provides an analytical approximation of the frequency
of the free response

S
=1, 1+ fl'—gAi: (2.61)
-0
The displacement is expressed as
" s__ @ # !
. 3
X(t)= Aysin 1o 1+ 4|—§A§ t o (2.62)
0

Using the initial conditions (2.28), we nd that A; = Xo and 3 = 5, yielding

S
3
I =1, 1+ 4|—§xg (2.63)
"0
and " s _ #
X(t) = Xxgcos !y 1+ %x% t (2.64)
0

The frequency corresponds to that of the exact solution in Equation (2.37) when small
amplitudes are considered. Furthermore, g is small, we perform a Taylor expansion of
Equation (2.61) up to the second order such that

3
=1, 1+ 8I—§xg + O(x3): (2.65)
0
Equation (2.64) is rewritten as
_ 33 5
X(t) = xpco0s !y 1+ on t (2.66)

0

and we retrieve the solution obtained using the AM and MMS in Equations (2.47) and
(2.58), respectively.

A more accurate response can be found by adding more harmonics in the approximate
solution. In practice, however, only the rst few harmonics which have a non-negligible
amplitude are retained. This is especially the case for large-scale nonlinear systems where
a trade-o between accuracy and computational cost is usually sought.
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2.3.1.5 Comparison of the analytical solutions

The di erent methods highlight that, as the motion amplitude increases, the frequency
increases or decreases when is positive or negative, respectively. This evolution is
depicted in Figure 2.2a with! o =1 rad/s and 3 =0:1 N/(kg.m 3). At small amplitudes,
all methods agree well. When the amplitude increases, the discrepancy between the
frequency of the exact solution and of the approximation methods increases; the HBM with
one harmonic corresponds to the most accurate approximation. For an initial displacement
of 3m, the frequency error with HBM is around 0.3% whereas it is around 3.7% for the
AM and MMS. This is because the latter methods assume a small scaling paraméter
The displacement in Figure 2.2b con rms the superior accuracy of the HBM. However,
the corresponding velocity and acceleration signals in Figure 2.3 evidence that the higher-
order harmonics are missed by the HBM with one harmonic. The addition of a third
harmonic greatly improves the agreement with the exact solution.

(@) (b)

Figure 2.2: (a) Frequency as a function of the amplitude of the Du ng oscillator with 3=0:1
and! o =1, and (b) displacement. Blue: exact solution; orange: HBM with one harmonic, and
green: AM and MMS.

2.3.2 The harmonically-forced, damped Du ng oscillator
The resonances of a harmonically-forced, damped Du ng oscillator

mx(t) + cx(t) + kx(t) + kax3(t) = f sinlt (2.67)
are studied in detail in this section. The Du ng oscillator is said to be hardening when
ks > 0, and softening whenks < 0 as evidenced in Section 2.3.1.1. Through mass
normalization, Equation (2.67) is recast into

x(t)+2 1 ox(t)+ ! 3x(t) + 3x3(t)= sinlt: (2.68)

15
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(@) (b)

Figure 2.3: Time series of the Du ng oscillator: (a) Velocity and (b) acceleration. Blue: exact
solution; orange: HBM with 1 (dashed) and 3 (dotted) harmonics.

It should be noted that Equation (2.68) carptbe further normalized by scaling the time

and amplitude variables as = !t and = X such that:
|
T+2 T+ o+ 3= sin— (2.69)
‘0
with —= ‘j— In this case, only two parameters remain free, namely the damping ratio
P—

and the forcing = —3- [19]. However, this formulation is not retained here. Equation
0

(2.68) can be solved analytically using, for instance, the MMS for the primary resonance
but also for the 3:1 and 1:3 resonances [4, 11, 23]. Since the MMS is restricted to weak
nonlinearities, Equation (2.68) is solved numerically using HBM. This allows to study a
wider range of forcing amplitudes. Each harmonit of the Fourier series of the response
may trigger a resonance if | = I'=  corresponds to the (amplitude-dependent) frequency
of the primary resonance of the system. According to Stoker [39], the resonances can be
divided into four categories, namely

" 1:1primary/fundamental resonance [= =1);

| : 1 superharmonic or ultraharmonic resonances;
" 1: subharmonic resonances;

" |: ultra-subharmonic resonances.

The resonances are calculated usirip harmonics where the value of depends
on the type of resonance studied. The system parameters are 0:5%, ! o = 1 rad/s and
3 =1 N/(kg.m?3). Stability analysis is also performed using Hill's method in the HBM
formalism [36, 40].
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2.3.2.1 Primary resonance

The primary resonance is excited by setting the forcing frequencyin the vicinity of ! .
Figure 2.4 illustrates the NFRCs for the hardening (3 = 1 N/(kg.m3)) and softening

( 3= 1N/(kg.m?3)) cases for a forcing of = 0:003N/kg. In both cases, the frequency
shift leads to multi-stable solutions delimited by the fold bifurcationsj.e., when %: 0,
which can lead to a jump phenomenon [11, 39]. The solutions between the two bifurcations
are unstable. Furthermore, it is observed that for the same forcing, the softening (resp.
hardening) oscillator leads to the greatest (resp. lowest) maximum amplitude.

(a) (b)

Figure 2.4: NFRCs around the primary resonance of the hardening and softening Du ng
oscillators and the linear oscillator ( = 0:003 N/kg): (a) amplitude and (b) phase lag. Black:
stable; grey: unstable.

2.3.2.2 Secondary resonances
=0:25 N/kg

At this forcing level, two secondary resonances can be observed in Figure 2.5, namely a
small peak around! ;=3 and an isolated branch after3! .

Figure 2.6a represents the 3:1 superharmonic resonance arolipel3 whereas Figure
2.6b displays the harmonic ratio for the rst and third harmonics. This latter gure
evidences the underlying mechanism, i.e., sin@ ' !, the third harmonic enters into
resonance and dictates the dynamics of the response.

The 1 : 3subharmonic resonance in Figure 2.7 appears as an isolated response,it
is detached from the main branch. In this case, the rst harmonic in the vicinity of the
primary resonance is dominant throughout the resonance; the third harmonic is almost
absent. Both resonances, as for primary resonances, can have unstable and multi-stable
solutions that seem to appear between the fold bifurcations.
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Figure 2.5: NFRC of the Du ng oscillator (= 0:25 N/kg). Black: stable; grey: unstable.

(@) (b)

Figure 2.6: NFRC around the 3:1 resonance ( = 0:25 N/kg): (a) amplitude (black: stable;
grey: unstable) and (b) harmonic ratio (black: | = 3; grey: | = 1).
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(@) (b)

Figure 2.7: NFRC around the 1:3 resonance ( = 0:25 N/kg): (a) amplitude (black: stable;
grey: unstable) and (b) harmonic ratio (black: | =1; grey: | = 3).

=1 N/kg

In addition to the 3:1 and 1:3 resonances, new secondary resonances appear in Figure 2.8,
both below and above the primary resonance.

Figure 2.9a reveals that a series of superharmonic resonances for whistodd and =
1 appear in the direct continuation of the main branch. We thus observe the 3:1, 5:1, 7:1...
resonances. For each of these resonances, the corresponding harnidrécomes more and
more dominant in the response as the forcing increases. Besides, arourd0:72rad/s, a
loss of stability occurs on the main branch, and another resonance bifurcates out of it. The
same scenario appears between the 5:1 and 3:1 resonances. These resonances correspond
to even superharmonic resonances, namely the 2:1 and 4:1 resonances, respectively. Figure
2.9b highlights that the 2:1 resonance follows a mechanism similar to the odd resonances.
The newly-created 1:2 subharmonic resonance is plotted in Figure 2.10.

=3 N/kg

Many newl : resonances (with botH and di erent from 1) appear as isolated branches
in the superharmonic and subharmonic regimes in Figure 2.11.

Close-ups of the superharmonic and subharmonic resonances are available in Figures
2.12a and 2.12b, respectively. In the superharmonic case, apart from the odd and even
k : 1 resonances, we can observe from left to right the 7:2, 7:3, 5:3, 3:2, 7,5 and 4:3 ultra-
subharmonic resonances. In the subharmonic regime, from left to right, we observe the
1:4, 5:7, 2:3 and 3:5 ultra-subharmonic resonances, as well as the 1:2 and 1:3 resonances.
For eachl : resonance, as the forcing increases, tih harmonic is more and more
dominant compared to the other harmonics of the response. Finally, we note that each
resonance for which > 1 appears as an isolated branch.

19



2.3: Nonlinear oscillators

Figure 2.8: NFRC of the Du ng oscillator (=1 N/kg). Black: stable; grey: unstable.

(@) (b)

Figure 2.9: NFRC in the superharmonic regime ( =1 N/kg): (a) amplitude (black: stable;
grey: unstable) and (b) harmonic ratio (| =2: black, | = 1: grey).
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@) (b)

Figure 2.10: NFRC around the 1:2 resonance ( =1 N/kg): (a) amplitude (black: stable; grey:
unstable) and (b) harmonic ratio (I = 1: black, | = 2: grey).

Figure 2.11: NFRC of the Du ng oscillator (=3 N/kg). Black: stable; grey: unstable.
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(@) (b)

Figure 2.12: NFRC of the Du ng oscillator (=3 N/kg): (a) superharmonic regime and (b)
subharmonic regime. Black: stable; grey: unstable.

2.4 Conclusions and discussion

In this chapter, the resonances of linear and Du ng oscillators were studied both ana-
lytically and numerically to highlight the main di erences that exist between linear and
nonlinear systems.

As exempli ed in Figures 2.4, 2.5, 2.8 and 2.11, the resonant behavior of nonlinear
systems is much more complex than that of linear systems. First, the primary resonance
undergoes a hardening e ect that shifts the resonance peak toward greater frequencies.
This is accompanied by the appearance of two fold bifurcations giving rise to the coex-
istence of stable and unstable solutions. The presence of multiple solutions can lead to
a jump phenomenon,i.e., the system can switch from one stable solution to another,
with potential damage to the system [5, 11]. Another major di erence with linear sys-
tems is the multi-harmonic nature of the system response, which can, in turn, generate
secondary resonances. As seen in Figure 2.11, before and after the primary resonance,
many resonance peaks coexist. THeL superharmonic resonances withodd, associated
with the resonance of thd-th harmonic of the Fourier series, appear in the continuation
of the main branch; they can thus be easily calculated using numerical continuation [41,
42]. Conversely, the:1 superharmonic resonances witheven bifurcate out of the main
branch, meaning that they should be calculated using advanced bifurcation analysis tech-
niques [29, 43, 44]. The remaining resonances appear as isolated branches of solutions,
require a minimum forcing amplitude to exist and can be revealed through the calculation
of basins of attraction.

All in all, characterizing the resonant behavior of a nonlinear system remains a great
challenge both numerically and experimentally; it represents the main thrust of this thesis.
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De nition of the resonances of linear systems

The most natural de nition of a resonance is the amplitude resonance. Expressing the
system's response as(t) = Asin (It ), amplitude resonance corresponds to a local
maximum in the frequency response function, i.e‘g'},—!A =0.

A much less obvious de nition is the phase resonance introduced by Fraiejs de Veubeke
[45]. It occurs when the motion is in quadrature with the excitation, i.e., , = 5. The
underlying motivation for phase resonance testing [46] is that the structural response cor-
responds to the undamped normal mode and that the excitation frequency is the natural
frequency of the undamped system; this greatly facilitates the correlation between nu-
merical and experimental results. Moreover, since the phase is very sensitive to frequency
alterations in the neighborhood of resonance, the phase measurement is an ideal way to
ascertain resonance conditions. The consideration of phase resonance is particularly suit-
able in the case of light damping, because it occurs in the immediate neighborhood of
amplitude resonance. Historically, phase resonance laid down the foundations of the rst
experimental modal analysis methods.

De nition of the resonances of nonlinear systems

For nonlinear oscillators, the responsg(t) is written as a Fourier series

b3
X(t) = A sin (I it |) (270)
1=0

and any harmonicl can trigger a resonancé : , as discussed in Section 2.3.2. The
response has a period = 2,— which corresponds to the period of its rst harmonic
term. The maximum of amplitude over one periodl is labelled A ax.

Amplitude resonance

The amplitude resonance of a nonlinear system occurs Whéﬁg;,”i = 0. Despite its
apparent simplicity, this de nition is not straightforward to implement numerically and
experimentally. Indeed, it is only very recently that a multi-harmonic numerical contin-
uation method that can track the locus of the points of maximum amplitude has been
devised [47]. Experimentally, no such method exists yet.

Because thel-th harmonic plays a key role in the dynamics of thé: resonance, a
simpler alternative is to consider the amplitude resonance of this harmonic, i.éd’,*f' =0.
Since a single harmonic comes into play, this de nition facilitates analytical and numerical
investigations. For instance, Petrov [48] was the rst to develop a numerical method to
track the amplitude resonance of a single harmonic, both for primary and odd superhar-
monic resonances. Interestingly, Renault et al [49] proposed a similar method to track
the antiresonances of nonlinear frequency responses. However, an experimental version of
those algorithms is yet to be developed.
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2.4: Conclusions and discussion

Phase resonance

Similarly to linear systems, the phase resonance of a nonlinear system amounts to ex-
cite the undamped nonlinear normal mode (NNM) at the undamped nonlinear natural
frequency. To do so, a multi-harmonic forcing must counterbalance the damping forces
with the result that each harmonic of the displacement is in phase quadrature with the
corresponding harmonic of the forcing [50]. If the numerical computation of nonlinear
modes has now reached maturity [26, 27, 51, 52], there is still no constructive experi-
mental method to identify the NNMs exactly as this requires an unpractical multi-point,
multi-harmonic forcing. We note that a relatively accurate identi cation of an isolated
NNM can be obtained using phase quadrature testing and mono-point, mono-harmonic
forcing [26, 50, 53, 54], but secondary resonances and modal interactions cannot be tackled
using this testing strategy.

Goal of the thesis

It turns out that none of the previous de nitions of a nonlinear resonance can be applied
numerically and experimentally to primary and secondary resonances. To address this
problem, we make the choice to restrict ourselves in this thesis to nonlinear systems
excited by a mono-point, mono-harmonic forcing. This choice is also motivated by the
fact that this is a commonly-used excitation signal in academia and industry.

Inspired by the work of Leung and Fung in [55] and the recent progress of phase-
locked-loop testing [16 20], we concentrate our attention on the evolution of the phase
lag between thel-th harmonic of the displacement and the harmonic forcing around the
I: resonance. Specically, nonlinear resonance is said to occur at the phase lag which
corresponds to the amplitude resonance of theth harmonic. This strategy is termed
phase resonance of thieth harmonic, and the corresponding phase lag is termedsonant
phase lag For primary resonances, the resonant phase lag 2 [50, 56]. Interestingly,
Haller demonstrated using Melnikov analysis that the resonant phase lag is close @2
for 1 : subharmonic resonances with odd, but the proof was for the -th harmonic
and not the |-th harmonic. Consequently, one key objective of this thesis is to determine
the resonant phase lags for the di erent families of secondary resonances. This will be (i)
achieved through analytical developments in Chapters 3 and 4, (ii) validated numerically
for SDOF and MDOF systems in Chapters 5 and 6, and (iii) demonstrated experimentally
in Chapter 6.

If successful, this strategy would be particularly suitable for numerical and experi-
mental investigations. Indeed, it is relatively easy to follow a speci ¢ phase lag numeri-
cally using numerical continuation but also experimentally using phase-locked loops. An
important remark is that, because mono-harmonic forcing is considered, the structural
deformation at the phase resonance of thHeth harmonic will deviate away from a NNM
and will be termed phase resonance nonlinear mod®RNM) in this manuscript.
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Chapter 3

Primary resonance of nonlinear
oscillators

3.1 Introduction

Exact analytical solutions of nonlinear mechanical systems do not always exist even for
very simple problems. For instance, the undamped, unforced Du ng oscillator admits
an exact analytical solution, but the damped, forced one does not. Therefore, perturba-
tion techniques are often used to derive approximate analytical solutions provided that
the problem at hand is weakly nonlinear. Several perturbation techniques exist in the
literature. Among them, the AM and the MMS were already discussed in Chapter 2 for
the undamped, unforced Du ng oscillator. Other techniques exist such as the Melnikov
analysis [32, 57] and normal forms theory [58 62].

In the rst part of this chapter, a near-resonance AM is applied to a damped, forced
oscillator with polynomial sti ness to derive analytical solutions around the primary res-
onance. A peculiar attention is devoted to the amplitude and phase resonances as well
as their stability. In the second part of the chapter, the analytical solutions for di erent
systems, including the Du ng oscillator [4, 15, 22, 63 68], the Helmholtz oscillator [69]
and an oscillator with quintic and sceptic sti ness, are compared to the numerical solution
computed with the HBM.

3.2 Oscillator with polynomial sti ness

The equation of motion of a harmonically-forced, damped oscillator with polynomial
sti ness is

X
mx(t) + cx(t) + kx(t) + kgx9(t) = f sinlt (3.1)
d=2

where kq represents the nonlinear sti ness,coe cient of orderd. The natural frequency
of the undamped, linearized system isy = % Through mass normalization, Equation
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3.2: Oscillator with polynomial stiffness

(3.1) can be recast into

b3
x(t)+2 1 ox(t)+ ! 2x(t) + xd(t) = sinlt (3.2)
d=2
where 4 = kg=m. Equation (3.2) is scaled suchthat =" , 4=" gand =" , with
, & =0(1)and0<" 1 a small parameter, to obtain a weakly nonlinear oscillator
!
b3
x(t)+ 1ax(t)=" sinlt 2! ox(t) xd(t) (3.3)
d=2

Since this oscillator is forced harmonically with a frequencly, we seek a near-resonance
solution of frequency! close to! ¢ [70].

3.2.1 The near-resonance averaging method

The response of system (3.3) is expressed using a Van der Pol transformation with a
frequency! suchthat!?2 12="

X(t) = u(t)cos!t  v(t)sin!t: (3.4)

The rest of the procedure is similar to that in Section 2.3.1.2. First, we impose the
condition that the velocity should be

x(t) = u(t)! sinlt  v(t)! coslt (3.5)

which only holds if
u(t)cos!t  v(t)sin!t =0: (3.6)

Second, we di erentiate Equation (3.5) and replace(t) and x(t) in Equation (2.38). It
yields
u(t)! sinlt + v(t)! coslt = " fo(x(t);x(t)+ x(t) : (3.7)

The frequency detuning parameter now appears in the weakly nonlinear term. Finally,
taking into account Equations (3.6) and (3.7) and solving fou and v, a system of rst-
order equations is obtained

(U_(t)= r fa(x(®);x()+  x(t) sinlt

; (3.8)
vty =+ fa(x(@);x()+ x(t) coslt
which has a suitable form to apply rst-order AM
8 R _
Sut)= L fu(x(@;x()+  x(t) sin't dt
R (3.9)
Su(t)= 1T fu(x()ix(®)+  x(t) cosit dt:

0
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3.2: Oscillator with polynomial stiffness

With the change of variable!t = , Equation (3.9) is rewritten as
8

iwo=§%Rau0xmw x( ))sin d
2 (3.10)
= [F KOO+ X()eos d:

The solution x(t) is often represented in polar coordinates(t) = A(t) sin (!t (t)) with

NOERTZOERT0)

(3.11)
(t) =atan2( u(t); wv(t)):

Conversely,u(t) = A(t)sin (t) andv(t)= A(t)cos (t). Furthermore, we can express
the time derivatives of A and as

(
A-= %ﬁu @f/\L %(uu—-'- V\D (3.12)
_= %uu_+ %\,\L: Z(vu uy)
where, for conciseness, the time dependence @orv, A and is dropped.
3.2.2 Averaging around the primary resonance
Applying the AM to the oscillator (3.1) consists in solving
8
., R . P :
Su= L sin 21 ox( ) X )+ x() sin d
0 d=2 3.13
By 1R G 21 () T e : -
V_ 3 I'o ax% )+ x() cos d:
0 d=2

Equation (3.13) is solved by averaging the di erent physical terms, namely the forcing,
damping, frequency detuning and polynomial sti ness terms separately. For clarity, Equa-
tion (3.13) is rewritten as

(

|C
I
1<

u u
=7 = (3.14)
+Md+y

< |=

+
v o+

1<
1<

where the pairs(u ;v ), u;v ,(u v ,) and(u ;v ) correspond to theu andyv coordi-

nates of the forcing, damping, polynomial sti ness and frequency detuning, respectively.

To solve these integrals, the following trigonometric integral over a full circle (see Ap-

pendix B) is used
Z,

Zi cos sin® d :4i[( 172+1] ( 1)P+1

O P (3.15)

where is the Gamma function. Equation (3.15) is always equal td if either a or bis
odd. Replacinga! 2aandb! 2byields

+
1 cos® si®® d = = ; (3.16)
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3.2: Oscillator with polynomial stiffness

3.2.2.1 Averaging of the forcing term

For u and v, we have respectively

and z,

1 :
vV = — cos sin d =0:
2 o

3.2.2.2 Averaging of the damping term

For u and v, we have respectively

Z
1772 _ .
u= o 21, ul'sin® vlicossin d =15l
0
and 122
vEoooo 219 ulcos sin  vlicog d =1
0

3.2.2.3 Averaging of the frequency detuning term

For u and v, we have respectively
Z 2

<

ucos sin  vsin® d =

NI
|

u =
0

and 7
172 . u
v = — uco¢ vcos sin d = —:
2 2
3.2.2.4 Averaging of the polynomial sti ness term

For u and v, we need to solve respectively

X Z2 d
u,= > ¢(ucos vsin ) sin d
d=2 0
and
X 1% o _
vV, = > qg(ucos vsin ) cos d:
d=2 0

To do so, the binomial expansion is applied to the polynomial term

; d— X d d H .
(ucos vsin )= 0 (ucos ) P( vsin )P:
p=0
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3.2: Oscillator with polynomial stiffness

It yields -
XX g 172 _—
u,= d ud P( v)P— cod P st d (3.26)
2
d=2 p=0 P 0
and
XX g 142 "
vV, = d ud P( v)P— cod P sinP d: (3.27)
d
d=2 p=0 P 2 o

The result of the integrals depends on the parity of the exponents of the sine and cosine
terms, i.e., the parity of d and p. Therefore,u , andv_, are split into

U_ H 2i+1;2j +1 + H 2i+1 ;2j
\L = M 2i+1;2j +1 + M 2i+1;2j

+ g 2i; 2j + ! 2i; 2 +1 (3 28)
+ M 2i; 2j + M 2i; 2j +1

where the dierenttermsu . andv . account for the parity of d and p. The di erent
combinations are studied hereafter.

Case 1: dand pare odd. Wesetd=2i+1 andp=2j +1. We have

ps X 241 o1 Z, - .
Uona = 2 T DAt S o2l D) i) g 60 (3.29)
._ 2 +1 2
i=1 j=0
and
hs X 241 o1 Z, o :
Vooa = 2i+1 2; ‘1 u J)v2’+12— i cogl D gipd*l d =0
i=1 j=0
(3.30)
since both exponents are odd.
Case 2: disodd and pis even. Wesetd=2i+1 andp=2]j
% X oi+1 . ... 1 Z 5 o .
Ui = 2i+1 I2' u’ J)\/212_ cog! ™ i d =0 (3.31)
i=1 j=0 J 0
and
X X 941 o 1 Z 5 o ,
Vo = 2is1 o u2d ')+1v2‘2— cog® "M sin¥ d 80 (3.32)
i=1 j=0 J 0
Case 3: d and p are even. We setd=2i and p = 2]
% X g o1 Z 2 o .
U,, = 2 oul Dya — cogl 1) siP*l d =0 (3.33)
b _ , 2 2
i=0 j=0 0
and
s Xi 2i o1 Z 2 o .
U, = 5 o 41 u2d J)v2'2— cogl N1 g d =0 (3.34)
i=0 j=0 J 0
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3.2: Oscillator with polynomial stiffness

Case 4: disevenand pisodd. Wesetd=2iandp=2j +1

hs X i o 1 Z, o .
Uiy = 2i o +1 w2 1) 1V21+12— . cogl N 1 g2+ g =0
=0 j=0
(3.35)
and
b X 2i o 1 Z > o
U,y = 2 3 +1 TRURN 1v2”12— i cogl 1) sid* d =0 (3.36)
i=0 j=0

Summary: It follows that only u(m;2j . andv ,., . are non null and therefore

u,=

Vg

2i+1 ;2j +1 (337)
2i+1;2j *

We note that the sti ness terms of even order do not participate in the motion around
the primary resonance at rst order.

u
v

3.2.2.5 Averaged solution of the oscillator with polynomial sti ness

Finally, the averaged equations fou and for v are

8 !
. P P s R o o
§U_= gt lolu g T YRS gt D) osin?t g
! i=1 j=0 0 |
Sv= L i+ - o 2 WRCOSZU "D sind d
) ’ i=1 j=0 ) 0
(3.38)
Using the same notatign as in Equation (3.14), the solution in polar coordinates reads
SA= - A+A+A+A
: . (3.39)
i L N S
where theA and terms are computed thanks to Equation (3.12). We have
8
% A = 2 Sin
= 1A
0 (3.40)
3A =0
A‘ = % UU_ 2i+1;2j +1 + V\in+1;2j
and 8
E — = sz COs
=0
- (3.412)
2-= 3
- = A_12 Vu_ 2i+1 ;2 +1 u\L2i+1;2j

However, the simpli cation of the expression of the polynomial sti ness term#&. , and
—, Is not straightforward. Some developments are necessary and are detailed hereafter.
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3.2: Oscillator with polynomial stiffness

3.2.2.6 Polynomial sti ness solution for A,

From (3.12), we have

i Z
1 R X2+l L _ 2 - .
-_— . (i §)+1y,2+1 (7)) gjn2i+1)
A =54 . 2i+1 2 +1 u v ) cog sin d
T 7 ! (3.42)
X 2i+1 . . 2 o .
2J u2(| j)+1 V2] +1 CO§(I j+1) sin2‘ d
0

j=0

The goal of this section is to prove that this relation is equal to 0. Equivalently, we want
to prove that

. zZ, . zZ,
2.| 1 cos 20 Dsjin0*) ¢ 2 J.rl cos 20 1" g d =0: (3.43)
2 +1 2 0
First, we use Equation (3.16) to rewrite the left hand side of Equation (3.43) as
2 2 +1 1 . 1
(i+2) 2 +1 e R
44
2 +1 : .1 o1 (3.44)
. +1 ]+ = ]+ =
2] 2 2
Second, we can make use of the following property of tii&amma function
1 n ¥ p_
+ = = 2 nl 3.45
n+s aon (3.45)

for non-negative integer values oh and the following binomial coe cient recurrence
property

n n i+1 n
. 3.46
i | 1 ( )
to rewrite Equation (3.44) as
! . , ,
2 _Gqopyp oz o Aaxloa g+l b
(i+2) I ] 2 2] +1 2 2
(3.47)
which is equal to 0. This proves the relation from Equation (3.42) and
A =0: (3.48)
3.2.2.7 Polynomial sti ness solution for —
From (3.12), we have
i Z
1 R X2+ i) ey 172 o ,
=__ . (i y20+1) = (7)) gjp2i+1)
— T2z _ o4l g1 u Vv > cog sin d
xli_ 7 z, ! (3.49)
+ 2 "_'1 G20 i+ sz+1i col i) & d
2 2

j=0
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3.2: Oscillator with polynomial stiffness

The goal of this section is to show that

i Z
X o 2
A+1 0 20 hyaiey LT 20 b gipiy g
2+l 2
= Z (3.50)
X2+l 0 iy o 172 o " :
+ . u2(| j+1) V2]_ 0052(' j+1) SII’]ZJ d = C2i+lA2(|+l)
=0 2 2 5

with C,+; a constant to be determined, such that

1 R 2(i+1)
—~ 2z 2i+1 Coiv1 A : (3.51)
i=1
First, from the left hand side of Equation (3.50), we take out thg = i andj =0 terms

of the rst and second summation terms, respectively, leaving

. zZ,
21 +1 g2ty L coi+) g
0 2
i Z
X g 2
+ 2 2;1 ul 1+1) 2 cogl 1D i@
j=1 0
= 7 (3.52)
Xt 2i+1 2 )2+ 1 2 (§)  ein2(+1)
+ . u?th Dy20+) — cog 1) gjp?l d
2 +1 2
j=0 7
2+1 iy 177 e
) \Y; — sin d:
2i+1 2

Second, on the third term of (3.52), we make the change of varialjlé j 1 such that
it is rewritten

i Z
X i+ o . 2 o 4
2.| ! TRURRRAYZ! 1 cogl "D g d: (3.53)
=1 2 1 2
Equation (3.52) becomes
- Z 2
2 +1 g2+ coi+) g
0 2 5
- z
X 2 +1 2i +1 oy 172 1 -
+ + 2(+1 j)y2 _— (i+1 j) -n21
a1 ) u Vi cog sin? d (3.54)
Z
2i+1 2(+1) L ° 2(i+1)
) \Y; — sin d:
20+1 2
Third, using the recurrence relation of the binomial coe cients, we have
2i+1 20 +1 2(1+1)
) + ) = . 3.55
2 1 2 2 ( )
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3.2: Oscillator with polynomial stiffness

Fourth, the following relations are always veri ed

2i+1 _1= 2( +1)

0 o 0 (3.56)
2i+1 _q1= 2(i+1) '
2i+1 T 2(+1)

Equation (3.54) becomes
¥}l , zZ,
20; 1) u2(i+t j)VZjZi cogi*l 1 g d: (3.57)
j=0 ) 0
Furthermore, it can be proven (see Appendix B) that
2 +1) _ i+1 (i+1+ 3) .
4 T 0 GehGiel [+ 59
2 2
From (3.16), it yields
Z
2(i +1 1 2 . . . i+1
( . ) 1 co™1 1) sind d = Cyug o (3.59)
2 2 J
with (i+2)
o1+ 3) 0 2(0+1) ) g
C2.+1—p—_(i+2) = i1 2 (3.60)
a constant that only depends ori. Finally, Equation (3.49) becomes
1 R Xt i1 o
Y 2i+1 Coina SATCGE B DI
i=1 j=0
1 2 2 i+l
= Az 241Gy U+ V (3.61)
i=1
1 .
= = 2i+1 Coiag A0 :
A? i=1
3.2.2.8 Averaged solution in polar coordinates of the oscillator with polyno-
mial sti ness
The system of equations from (3.38) in polar coordinates reads
8 .
<A-= T ! QIA 5 sin
. : 3.62
= 2i+1 Coieg A% jA 5 COS ( )
i=1
At steady state, A= _=0. It results that
8
< oA = 3sin
P . (3.63)
: 2i+1Cais1 AZ™t ZA = 5 cos:

i=1
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3.2: Oscillator with polynomial stiffness

3.2.3 Stability analysis

As for the Du ng oscillator, the stability analysis can be performed by studying the
eigenvalues of the Jacobian matrix of the equations of motion from (3.63)

2! ! 2 2i+1 Coivg AZHL A
det(J) = P _ =1 (3.64)
2 (2i+1) 241 ChnA?+ 21 oA
i=1
Again, the solution is asymptotically stable if all the eigenvalues of the system have a

strictly negative real part, which is not the case when
! !
X _ b _
4 2! (2)I 2A + 2 2i+1 C2i+l A2I+l A 2 (2| + 1) 2i+1 C2i+1 AZI <0
i=1 i=1
(3.65)
The loss of stability happens between fold bifurcations.e., when %: 0. This is proven
by adding together the square of the two relations in Equation (3.63)
!

R .
42312024+ 2 sis1 Coin A2 A = 2 (3.66)
i=1

taking the derivative with respect to A and setting %: 0, which imposes a fold bifurca-

tion. We nally nd that these folds occur when
! !
21 21 2 X 2i+1 X- H 2i
i=1 i=1

(3.67)

3.2.4 Amplitude and phase resonances

Amplitude resonance occurs when bot%{* and %*are equal to 0. From Equation (3.63),
we obtain (

cos @ -
' e (3.68)

21 ol @!
Both relations are equivalent. % is obtained by isolating in the second relation of
(3.63) and making use of the chain rul&’ = £'& with

@
|
@ X . @A
@ = 4 ~ i 2141 Coisa A? T Az cos @ + Ksm (3.69)
and &' = & ' o Ityields
R # !

@! " : i @A :
@ = _I 4 | 2i+1 C2i+1A2| 1 + ECOS @ + KSW\ . (370)
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3.3: Applications

Eventually,
@A sin ! "1 tan
= = - =0:
@ P . 2i
Lo 2 2tan +" 4 i 241 Con 375 Sin tan +2 ! !
- ol
(3.71)
This relation is veri ed when |
tan .= —— (3.72)

'o

and since we consider small damping ratios= " , 4 is close to.

On the other hand, phase resonance for linear and nonlinear systems occurs when the
external forcing counterbalances exactly the damping forces [50]. From the rst equation
in Equation (3.63), we see that this happens when the phase lag #s2. Phase resonance
thus occurs in the immediate vicinity of amplitude resonance.

3.2.5 Discussion on the harmonic forcing

In Equation (3.1), the choice was made to have a sine forcing. In the case of a cosine
forcing f cosl!t , the governing equations of motion write
8

<A= - A 5cos
. " _ (3.73)
= A - 2i+1 Coivp AP A 5sin
At steady state, A-= _=80. It results
< ! olA = 5cos
. _ 3.74
2i+1Cois1 A?*T A = 5sin: (3.74)
i=1
The amplitude resonance condition becomes
n ! 0
tan = (3.75)

l'a

and phase resonance resonance occurs wherr 0.

3.3 Applications
3.3.1 The Du ng oscillator

3.3.1.1 Averaged solution of the Du ng oscillator

The equation of motion of the harmonically-forced Du ng oscillator is Equation (2.68).
Only 3 is dierent from O in the polynomial sti ness term and the averaged equations
in polar coordinates read

2 _ (3.76)
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3.3: Applications

The steady-state solution around the primary resonance is obtained by settidg= —_=0
( F'o!lA = 5sin 3.77
2 3A? % A= ;cos: (3:77)

3

3.3.1.2 Amplitude resonance

Imposingtan , = ,,!!ao in Equation (3.77), it is possible to deriveA,, ! ; and , as a
function of the unscaled system parameters
8 r -

A = : 2 o 224 332
a= ﬁ( N+ (1 )"‘W
r ~

la= b 1 32+ (1 2+ i (3.78)

N
onN

T

2,332

132+ (1 2)+ﬁg
n .
p

“tan L, = 3

To the best of our knowledge, this is the rst time that an explicit function for the
amplitude, frequency and phase lag at amplitude resonance is derived for the Du ng
oscillator.

3.3.1.3 Phase resonance
Imposing , = =2 in Equations (3.77) yields
8

< _
AP_Z!qJ!p - (3.79)
tlp=1p 1+F§“AS

from which the expressions of the amplitude and frequency at phase resonance as a func-
tion of the forcing amplitude only can be deduced
8 r G
A= 1 1e iy 1

—w

(3.80)

e

2
2y o= b0 1+ 14337
"0

We note that Equations (3.79) correspond to those that would be obtained by applying the
energy balance principle to the NNMs of the undamped, unforced system and neglecting
higher-order harmonics, as performed in Section 2.3.1.4. Under this latter assumption,
this means that phase resonance testing amounts to exciting the underlying NNMs.

3.3.1.4 Dierence between amplitude and phase resonances

The di erence between amplitude and phase resonances of the Du ng oscillator is neg-
ligible if the system is weakly nonlinear,.e., if " 1. Indeed, similarly to what was
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3.3: Applications

achieved in Section 2.2.3.3 in the linear case, we computd, ! and
s _OE s E S— 1
o2z 3372 3372
A= 3—3%) (2 )+ (@ 2)2+—42!8 1+42!8 1&
Ov Vv 1
{ ) 2 3,
_lo 2, 33 3
I _p_é?@ 1 32+ (1 2 +4T!g 1+ 1+4T!8£ (3.82)
r q 2 3 2
1 32+ (1 )"+ 7 23!8
= P 5

and perform a Taylor series expansion arountd= 0, we nd

A= 5"2+0 "3 =0 "2
0
" w3 _ " 3.82
| = !522_'_0 3_0 2 ( )
= "+0 "2 =0(")

which is similar to what was obtained in the linear case. The main di erence is that, for
the Du ng oscillator, we assume small forcing and nonlinear sti ness in addition to small
damping. Figure 3.1 displays the NFRC of the Du ng oscillator for =0:5%, ! =1
rad/s and 3 = 0:1 N/(kg.m3). It conrms that there is no distinguishable di erence
between the amplitude and phase resonance curves.

(@) (b)

Figure 3.1: NFRCs (black: stable; grey: unstable) around the primary resonance of the Du ng
oscillator for forcing amplitudes of 0.002 N/kg, 0.005 N/kg and 0.01 N/kg. Amplitude (blue)
and phase (orange) resonance curves: (a) amplitude and (b) phase lag.
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3.3: Applications

3.3.1.5 Comparison between the averaging method and other methods

The equations of motion obtained with the AM in Equation (3.77) can be directly com-
pared to those obtained with the MMS and the HBM with one or more harmonics. The
equations of motion using the MMS are directly obtained from [4]

( I 3A = 5sin
s g (3.83)
+ 3A =2 A= ;cos
3
with! !5=" inthis case. These results are compared to the HBM with 15 harmonics,

considered as the reference solution, in Figures 3.2 and 3.3 for the hardening and softening
cases, respectively. First, in both cases, the AM results are in much better agreement with
the reference solution than the MMS results. Second, the MMS results in the hardening
case overestimate the maximum amplitude whereas it is underestimated in the softening
case. This is explained by the fact that both phase and amplitude resonances are reached

when = =2. Therefore,A, = A, = 5~ with the MMS, which is exactly the amplitude

*.0
at phase resonance of the linear oscillator. On the other hand, the AM results show
that near resonance,.e., near = =2, the solution is A T which is inversely

proportional to the frequency! . In the hardening case! > ! , and the amplitude at
amplitude resonance is thus lower than in the linear case, whereas it is greater in the
softening case sinceé < ! o. This is what is observed in Figures 3.2 and 3.3. The
di erence between AM and MMS comes from the fact that a linear detuning with respect
to the linear resonance frequency is considered in the MMi%®.,! !,=" |, whereas

12 12=" s considered in the AM. This is also the reason why an explicit function
of the amplitude, frequency and phase lag at amplitude resonance is not encountered in
the literature, since the Du ng oscillator studied using the MMS does not di erentiate
between phase and amplitude resonances. Finally, it should be noted that the HBM
limited to only one harmonic gives the same results as the AM.

3.3.2 The Helmholtz oscillator

The Helmholtz oscillator contains a quadratic sti ness. The mass-normalized equation of
motion reads
x(t)+2 ! ox(t)+ ! 2x(t) + x?(t) = sinlt: (3.84)

Since the sti ness terms with even powers do not participate in the motion around the
primary resonance when applying a rst-order AM, it results that it behaves as a linear

oscillator (
21 o!lA = sin
0 (3.85)
A = cos:
Therefore, the solution at amplitude resonance expressed with the unscaled parameters is
8
EAa - 2!p§| 1 2
la=1lo 2 (3.86)
2 P

a:
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@) (b)

Figure 3.2: NFRCs around the primary resonance of the hardening Du ng oscillator for a
forcing amplitude of 0.01 N/kg using the HBM (black), the AM (blue), the MMS (orange) and
compared to the linear case (grey): (a) amplitude and (b) phase lag.

(@) (b)

Figure 3.3: NFRCs around the primary resonance of the softening Du ng oscillator for a
forcing amplitude of 0.01 N/kg using the HBM (black), the AM (blue), the MMS (orange) and
compared to the linear case (grey): (a) amplitude and (b) phase lag.
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and is close to phase resonance as discussed in Section 2.2.3.3. Figure 3.4 compares
the NFRC of the Helmholtz oscillator obtained with Equation (3.85) and the reference
solution obtained with the HBM. We see that the softening e ect of the quadratic sti ness

is missed by the AM. However, even for the reference solution, there is no distinguishable
di erence between the amplitude and phase resonance curves. Therefore, the conclusion
made in Section 3.2.4 that phase resonance occurs in the vicinity of amplitude resonance
still holds even when the quadratic nonlinearity cannot be neglected. Furthermore, we
see that the amplitude at amplitude resonance of the reference solution is higher than
the one of the AM. This is due to the fact that amplitude resonance occurs for a lower
frequency for the reference solution than the averaged solution. Indeed, assuming that
amplitude resonance can still be writterA, A, = T the lower the frequency, the
higher the amplitude.

(a) (b)

Figure 3.4: NFRCs (HBM: black; AM: green) around the primary resonance of the Helmholtz
oscillator for forcing amplitudes of 0.002 N/kg, 0.005 N/kg and 0.01 N/kg, amplitude (HBM:
yellow) and phase resonance (HBM: blue; AM: orange) curves: (a) amplitude and (b) phase lag.

3.3.3 The oscillator with quintic and sceptic sti ness

The mass-normalized equation of the oscillator with quintic and sceptic sti ness terms is
x()+2 ! ox(t)+ ! 2x() + sx>(t)+ 7x'(t)= sinlt (3.87)

In polar coordinates, the equations of motion read

A= - A 5sin

; (3.88)
J— A % 5A5+ %58 7A7 EA ECOS
At steady-state (
''o!A = 5sin
3.89
2 sAS+ 2 AT A= Scos: (3.89)
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3.3: Applications

The NFRCs computed with the AM and compared with the HBM are depicted in Figure
3.5. The agreement is almost perfect for both the NFRCs and the phase resonance curves.
Again, the phase resonance curve predicts accurately the locus of points of maximum
amplitude.

@) (b)

Figure 3.5: NFRCs (HBM: black (stable) and grey (unstable); AM: solid green (stable) and
dotted green (unstable)) around the primary resonance of the oscillator with quintic and sceptic
sti ness for forcing amplitudes of 0.002 N/kg, 0.005 N/kg and 0.01 N/kg and the phase resonance
curve (HBM: blue; AM: orange): (a) amplitude and (b) phase lag.

3.3.4 Oscillator with only one odd sti ness term

The mass-normalized equation of the oscillator with one nonlinear sti ness term of order
d, with d odd, is

x(t)+2 1 ox(t)+ ! 2x(t) + x%t) = sinlt: (3.90)
At steady-state (
FolA =5
0 2005 (3.91)
dCsA? A = 5sin
where 41
+
Ca= g 2°91% (3.92)
2
At phase resonance, , = 5, it yields
8
<A, = —
p 2'p!
(0
Plp=1lg 1+ 23 !dOCdAg L (3.93)

From the second relation of (3.93), we see that the frequency at phase resonahge
increases (decreases) whe > 0 ( 4 < 0), the oscillator is said to be hardening (soften-

ing).
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3.4: Conclusion

Figure 3.6: Comparison of the phase resonance curves of oscillators with polynomial sti ness
term.

The phase resonance curves for oscillators with di erent values dfis presented in
Figure 3.6 with 4= 0:1 N/(kg.m9). At low amplitudes, the e ect of the nonlinearity
on the detuning is more important whend is small. The tendency changes at aroundPb
of detuning in both the hardening and softening cases, where the greatkrthe greater
the detuning.

3.4 Conclusion

In this chapter, rst-order AM was applied to characterize the primary resonance of an
oscillator with nonlinear polynomial sti ness. The rst important nding is that ampli-
tude resonance always occurs whean , = ,.!!ao regardless of the powers included in the
polynomial sti ness function*. Secondly, we demonstrated that phase resonance, which
occurs when the motion is in quadrature with the excitation, happens in the immediate
neighbourhood of amplitude resonance for light to moderate damping, i.e., for damping
ratios of the order or less tharil%. The resonant phase lag at primary resonance is thus
equal to =2. The distinction between the amplitude and phase resonances of nonlin-
ear oscillators is rarely discussed in the literature; these results complement what was
obtained in [50, 56].

An important di culty when considering amplitude resonance is that a method for
identifying experimentally the amplitude resonance curve has not yet been devised. Con-
versely, a direct identi cation of the phase resonance curve is possible thanks to phase-
locked loops, see, e.g., [16 20]. Phase resonance has thus the potential to establish a
rigorous link between numerical and experimental modal analysis of nonlinear systems.

1We, however, note that the sti ness terms with even powers do not participate in the motion at rst
order.
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Chapter 4

Secondary resonances of nonlinear
oscillators

4.1 Introduction

Unlike primary resonances, there exists no linear counterpart to secondary resonances;
they exist solely due to the nonlinearity present in the system. The resonance occurs
when the frequency of thd-th harmonic is close to the natural frequency of the system,
i.e., when!, = X' 1,. In 1949 and 1950, Levenson and Stoker classi ed the resonances
of a Du ng oscillator in 4 categories, namely the primary resonance of order 1:1, the
superharmonic resonances of ordérl, the subharmonic resonances of order land the
ultra-subharmonic resonances of orddr. [39, 66]. Since then, these resonances were
extensively studied for the damped Du ng oscillator. For instance, the superharmonic
resonances that are in the direct continuation or bifurcate out of the main branch were
studied in [22, 71, 72]. More recently, Marchionne et al. showed numerically that tte
resonances with > 1 are isolated from the main branch [68].

Similarly to the primary resonance, secondary resonances can be studied analytically
using perturbation techniques [11, 23, 32]. Using a rst-order MMS, the 3:1 and 1:3
resonances of the Du ng oscillator were studied in [4, 12]. First-order averaging was also
used to obtain approximations to the 1:1, 3:1 and 1:3 resonances [15, 73], with results
comparable to those of the MMS. To obtain analytically more complex resonances, higher-
order perturbation techniques must be employed [11, 70, 74]. Using a higher-order AM,
Yagasaki was able to nd analytical solutions of several: resonances withl and
nonnecessarily equal to 1 [13 15]. Perturbation techniques were also applied to other
nonlinear systems in order to nd secondary resonances of SDOF systems [13, 14, 75,
76] and two-DOF systems [13, 77]. However, the main focus of those analytical studies
is generally on the amplitude-frequency relations and not on the amplitude-phase lag
relations.

The main thrust of this chapter is thus to pay specic attention to the amplitude-
phase lag relation of thd-th harmonic of thel: resonance with the objective to extend
the phase resonance concept to secondary resonances. To this end, the resonant phase
lag | is de ned as the phase lag associated with the amplitude resonance of thth
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4.2: First-order averaging

harmonic.

This chapter revisits the work initiated in [13 15, 55] by studying analytically the
resonant behavior of a harmonically-forced oscillator with polynomial sti ness of ordet.
A rst-order AM is used to study the d:1 and 1d resonances and derive the corresponding
resonant phase lags. This is illustrated on a Du ng oscillator, a Helmholtz oscillator and
an oscillator with quintic nonlinearity. Then, higher-order AM is employed to study the
superharmonic (:1), subharmonic (1:) and ultra-subharmonic (: ) resonances of the
Du ng oscillator.

4.2 First-order averaging

4.2.1 Weakly nonlinear oscillator with hard excitation

The equation of motion of a weakly nonlinear oscillator with hard excitation is

x(t) + 1 ax(t) = "f o (X(t);x(t)) + sin't (4.1)
with 0<" 1and = O(1) whose e ect on the response away from, is not small. If
" =0, then Equation (4.1) has a periodic solutiorx(t) = sin It with = =(12 12

away from ! . Introducing z(t) = x(t) sin It in Equation (4.1) yields a weakly
nonlinear oscillator

2(t) + 1 5z(t) = "fu(z(t); 2(t);1t) (4.2)

and, as for the primary resonance in Chapter 3, the response of Equation (4.2) is expressed
using a Van der Pol transformation with a frequency | close to a fraction of the natural
frequency such that! 2 13="

z(t) = u(t)cos! it v(t)sin! t 4.3)
and the velocity is such that
z(t)= u()!sin! it v(t)! cosl t: (4.4)
Equation (4.4) holds only if
y(t)cos! it v(t)sin! t (4.5)
Equation (4.2) now reads
u(t)!sint it + v(t)!cos it= " fo(z(t);z(t);'t)+ z(t) (4.6)

which can be transformed into a system of rst-order equations using Equation (4.5)

w(t)= ¢ fa(z@;z(t);')+ z(t) sin!t @.7)
)= fa(z(t);z(t);'t)+ z(t) cos!it: '
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4.2: First-order averaging

In polar coordinatesz(t) = A,(t)sin (!t 1(t)) with

A= BOF VD

(4.8)
() =atan2( u(t); w(t)

Equation (4.7) reads

(
Alt) = o falz(t);z(t)t )+ z(t) costit )

L . (4.9)
+(1) =z fu(z(t);z(t);'t)+ z(t) sin( it )

and is suitable to apply rst or higher-order AM [14, 15]. For rst-order AM, Equation
(4.9) is integrated over one period during whiclA, and | are considered constant since
they are slowly varying with time

8

. . R

A= & fa(z®izt)+ z(t) costit )t

5 0 R (4.10)

T 4= zore fe@@O)z); )+ z(t) sin(tt )dt

0

where T is the least common multiple betweeT = 2- and T; = &, ie, T = %—.
Finally, the displacementx(t) = A, sin(! jt 1)+ sin !t can be seen as a Fourier Series
with two harmonics, namely the primary harmonic (= = 1) of amplitude and no

phase lag and thd-th harmonic of amplitude A, and phase lag ;.

4.2.2 Oscillator with polynomial sti ness of order d
The equation of motion is
mx(t) + cx(t) + kx(t) + kgx9(t) = f sin't (4.11)

where kq represents the nonlinear sti ness;coe cient of orderd. The natural frequency
of the undamped, linearized system isy = % Through mass normalization, Equation
(4.11) can be recast into

x(t)+2 1 ox(t)+ ! 2x(t) + ox%(t)= sinlt (4.12)
where 4 = ky=m. Equation (4.12) is scaled such that = " and 4 =" 4, with
¢d=0@@)andO<" 1. The resulting system is a weakly nonlinear oscillator with
hard excitation
x(t)+ 1ax(t)=" 21 ox(t)  gx%t) + sinlt (4.13)

and has the same form as Equation (4.1). It is thus suitable for rst-order AM. Following
the procedure detailed in Section 4.2.1 and dropping the time dependence Agrand |
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4.2: First-order averaging

for conciseness, the following system is obtained

8
n 1 Z
A= 21 o(z(t)+ !coslt)  g4(z(t)+ sin 1)+ z(t)
Sl
0
Z(r:osc 't 1) dt (4.14)
"1 .
% += AT 21 o(z(t)+ ! coslt) q(z(t)+ sin !t )d+ 1z(t)
1= 1
0
sin (l it |)dt
For clarity, Equation (4.14) is rewritten as
8
SALE AL A F A
_ S | - (4.15)
+= a1, + T+t =+
where the pairs Ay ; 4+ , A ;+ and A; ;4 , correspond to theA; and
coordinates of the damping, polynomial stiness and frequency detuning, respectively.
Letting | = !t in Equation (4.14), the averaged equations for the damping, frequency
detuning and polynomial sti ness terms are derived.
4.2.2.1 Averaging of the damping term
For A, and - , we have respectively
1 Z 2
A= o 219 Alycos(;, )+ ! cosl—' cos(; 1)d = ! oA
0
(4.16)
and
Z 2l

1 .
S 2! 9 Alycos(; )+ ! COSI—l sin(y )d,;=0: (4.17)
0

4.2.2.2 Averaging of the frequency detuning term

For A, , and 4 |, we have respectively

ZZI

Zi A |sin( I |)COS(| I)d | = 0 (418)
0

A

and
Z 2|

=5 AsinG )sing )= SlAn (4.19)
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4.2: First-order averaging

4.2.2.3 Averaging of the polynomial sti ness term

For A, and 4 , we have respectively

1 Z 5 d
A, = > ¢ Arsin(y )+ sin |—I cos(; 1)d; (4.20)
0
and . Z, a
+ = 2— d A sin(| |)+ sin |_ sin(| |)d | (421)
0
SolvingA; and - is not trivial and requires a symbolic software, such aglathematica
However, for thed:1 (I= dand =1)andthe 1d (I =1 and = d) resonances, there

exists an elegant analytical solution for bottA; and 4 . It can be expressed using the
binomial expansion

. Xy . y P
Aisin(, )+ sin T = 0 (Ajsin(; )P sin - (4.22)

p=0
together with the expansion of odd and even powers of trigonometric functions [73, 78]

. P ) )
st = L7 (1) P sin(@ 2p+1) )

| b , . (4.23)
st = iy (1Y cos@l P )+ D

p:
Therefore, the focus of this section is on thd:1 and 1d resonances of the oscillator with
polynomial sti ness x¢.

Averaging of the polynomial stiness term for the d:1 superharmonic reso-
nance
In this case,| = d and = 1, and a distinction must be made between odd and even
values ofd. When d is odd, we have
Ag = (D7 d% sin g (4.24)
and
d 2
- = 1)dTl2d+1 d¢ 2 %cos 4+ P Ad+
|
1 : 4.25
X d d 2g+1 2q Ad 2 2 ( )
o 2 pa q
with p= %L Whend is even,
Ag = (1) d% Icos (4.26)
and q
o = 1)‘“72§ 4 9sin 4 (4.27)
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4.2: First-order averaging

Averaging of the polynomial sti ness term for the 1: d subharmonic resonance

In this case,l| =1 and = d. Whend is odd, we have

Ay =( 1)72d dA7 lsind 1 (4.28)
and
d 2p
4 = 2d+1 d A?-+
|
X 1 ' (4.29)
qu d qu;rl qu Ad 2 24 1)%"2A9 Lcosd
=1
with p= %L Whend is even,
2 d
A{; = ( ]_)dT? dA(i 1 cos d 1 (430)
and q
L= 1)%5 A% Lsin d g (4.31)

4.2.3 Averaged solution of the oscillator with polynomial sti ness
of order d

4.2.3.1 d:1 superharmonic resonance

The averaged equations that govern thd:1 resonance are

%Afg Lol gdAs (1) of “sin g

" dy o1 d d 2P L
= —A 1) 2 “cos 4+ A
T Ay 20 1 21 @ d P, d (4.32)
1 I
% +X d d 2g+1 2q Ad 2 2
d
. =1 2q P q q
whend is odd and 8
SAg= —  lolgdAg ( 1)z ¢ dcos g
. - d ° d+2 d 2dd . (433)
_d:Ad!d TdAd (1)22_dd sSin g
when d is even.
At steady-state, i.e., whenAg = 4 =0, we have
8
2 !O!dAdz( 1)%2% d dsin d
Pl .
> 2Ag=( 17 s o 2 9c0s ¢+ Al pr +q:1 qu dp2qq1 2(;1 Ag 2 2
(4.34)
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4.2: First-order averaging

whend is odd and ( i
Lol gAg=( 1)z % ¢ %cos g
~ w2 0 g (4.35)
TdAd —( 1) 2 55 d SIN g

whend is even.

4.2.3.2 1.d subharmonic resonance
The averaged equations that govern the d:resonance are

PoliAr ( 1)(1712%’ oA *sind 4

_ " _l d 2p Ad
- Al, 2 17 Sgr d p 1 I
2. 1!
% N d d 2g+1 2q Al 2 294 ( 1)"712,6\‘11 lcosd ;
o1 2 P q q
(4.36)
whend is odd a%d
SAi= S loliAr (D)% S Al tcosd (4.37)
4= o A1 (Dig oAl tsind |

when d is even.
At steady-state, i.e., whenA; = 4 =0, we have

— @l g d 2 qj
2 !0!1—( 1)22_ddA1 Slnd]_

Pl
2p Ad d d2g+1 29 Ad 29 2 d 1 d 1

> 2A1= g o
(4.38)
whend is odd and ( )
loli=( 123 4Af 2 cosd 4 (4.39)

2=( 128 4AY 2sind,
oted that wherd = 2, then the system becomes
lol1= 1 ,cos2
o2 ! (4.40)
Z ,8N2 4

1=
2 2

2
whend is even. It should be rz

and no longer involvesA;. The 1 : 2 subharmonic resonance cannot be approximated

using a rst-order AM.

4.2.3.3 Resonant phase lags of the d:1 and 1:d resonances of the oscillator
with polynomial sti ness

First-order AM gives relations of (the form
f1(A Y =0
(At ) 4.41)
fo(Al 1) =0:
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4.2: First-order averaging

for the d:1 and 1d resonances. If we assume that the frequency is constarg,, ! ' %
then Equation (4.41) can be rewritten as
( fi(A;; )=0
(A ) = (4.42)
f2(A;; 1)=0

A direct relationship betweenA,; and | can thus be derived. The resonant phase lag is

the one that solves‘;il'.

d:1 superharmonic resonance

Assuming a constant frequency = 'FO and d odd, we have

d+1 1

Aqg=( 1)T§I—d2 dsin 4 (4.43)
-0
Aq is positive and maximum when 4= 5 or 4= 5 if d+71 is even or odd, respectively.
When d is even,
a2 1 d d
Aa=( 1)z 543 "C0S 4 (4.44)
-0
A4 is positive and maximum when 4=0 or 4= |if ‘“72 is even or odd, respectively.

1:d subharmonic resonance

Assuming a constant frequency = d!, and d odd,

e d g zd
A]_: ( 1) 2 ?Tg sin d 1 (445)
A is positive and maximum when ; = 2+ Z_ with i =0;:::;dor ;= 5+ Z- with
i =0;:::;dif d+71 is even or odd, respectively. It is interesting to note that in both cases,
5 Is always a resonant phase lag.
When d is even,
1
ad 4 24
A= ( 1)2 ?I—g sin d 1 (446)
A is positive and maximum when ; = 5+ Z- with i = 0;:::;dor ;= Z- with
i =0;:::;dif g is even or odd, respectively.

4.2.4 The Du ng oscillator

To study the secondary resonances of the Du ng oscillator, Equation (2.68) is scaled such
that = and 3=" 3 with , 3= 0():

x(t)+ 2x(t)= " 21 ox(t)+ 3x3(t) + sinlt: (4.47)
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4.2: First-order averaging

Applying the procedure from Section 4.2.1 yields a weakly nonlinear oscillator
Z(t)+ 1 3z(t)= " a(z(t)+ sin 1t)3+2 1 o(z(t)+ ! cos!t) (4.48)

for which rst-order AM can be applied for the 3:1 and 1:3 resonances. Unless speci ed
otherwise, the system parameters are=0:005!,=1 and 3=0:1 N/m?.

4.2.4.1 3:1 superharmonic resonance

From Equation (4.32), rst-order AMwhen | =3 and =1 (suchthat" ;=912 12
provides 8

3

SAs= oAz 3-sin g (4.49)
8= s o3 SAZ+6 2 12 Ag 2 cos 3 : '
At steady-state (
—24!30! A3: 3Sin 3 4.50
3A2+6 2 %3 Az= 3cos 3 (4.50)

3

Amplitude resonance

The amplitude resonance for the8 : 1 resonance occurs Whe%f = %—f =0

8
< @A — 3 1218 oin @ -
@ ~ 21 h (3 !%)ism 3, TC0s 3 =0 (4.51)
: _ 3 nz oz . @ -Q- '
L& = wmtr razy SN stcos st =0:

Isolating 5 from (4.50), using the chain rule2 = 2:82 and inserting it in $4 gives

3 M2 151, w g 2 w2l gl 1

@A_ 3 iazih s Snet 1 Ugdamt iz iem , C0Ss @52)
@3_24| 11 " 32 4 200l 1 3 3sin 32 o )
© 0 312 12) ' T2 12tan 3 691221213  3sin stan 3
The numerator is 0 when
A (g 12 "oy 2 6! 2
tan? Go '9 3 tan 0: (4.53)

05 7a L aE 1 iz 19"

Solving this equation fortan 3 and keeping only the leading term, the phase lag at
amplitude resonance writes

1.(12 12
tan g, = ?: ZE' ((2: '7!""221): (4.54)
Since! is close to%0 for the 3:1 resonance, it follows that
1 te (4.55)
12712
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4.2: First-order averaging

which yields
120,

tan 34 = (4.56)

Inserting this relation in Equations (4.50) and assuming that the static response is con-

stant, i.e., = Sﬁ’—o provides an expression of the amplitude of the third harmonic
and of the frequency at amplitude resonance
8 3
—_ 3
R Asa PE op 21241441 2 457
> - Co+ €3 4caics (4.57)
aT 2¢1
where
8 c, = 1728
5 . S 41 2 2
2 !
5 = 144 2 *+ 32— (4.58)
_ 2 2! 2 41 2 2 6 .
TC= ot 27 3 g 777

Phase resonance

For weak damping, Equation (4.56) shows thatan 3, takes very large values at am-
plitude resonance. Amplitude resonance thus occurs neag, = =2, i.e., when there is
phase quadrature between the third harmonic of the displacement and the forcing. The
phase resonance for the 3:1 superharmonic resonance can thus be associated with a phase

lag of 3, = =2, in accordance with what was found in Section (4.2.3.3). The averaged
equations of motion (4.50) become:
8 3
< A3- - 3
P g (4.59)
If we assume again that , it is possible to derive a closed-form expression b,
and!
8 3
> | = Co+ C% 4cic3 (460)
P T 2c1
where 8
= 144 2 2+ %8
CZ 3 5 (461)
B 2 6
" C3 = 4ST|g
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4.2: First-order averaging

Stability analysis

Stability analysis is performed by studying the eigenvalues of the Jacobian matrix of the
equations of motion from (4.50)

#lo 3A3+ 62 42 A
det(J) = 2 TR (4.62)
9A% 62 4= Molpy

3 3

As for primary resonances, the solution is asymptotically stable if all the eigenvaluesf
the system have a strictly negative real part (see Appendix A). This is not the case when

4 4 76 21 21 2
A3+ 62 232 A, oaZep 2 2 20T
3 3 3

<0 (4.63)

The loss of stability happens between fold bifurcations.e., when %: 0. This is proven
by adding together the square of the two relations in Equation 4.50, taking the derivative
with respect to A and setting %!A: 0, which imposes a fold bifurcation. We nally nd
that these folds occur when

4 4 76 21 21 2
3A3+ 62 = Ay O9AZ+6 2 —° +5620 =0: (4.64)
3 3 3
Results and discussion
Still assuming , we compute A, ! and , asin Section 2.2.3.3 and perform a
Taylor series expansion around = 0. It yields
A = (63+8_' 3) 2n2+ e) n3 — o) n2
768 2!,
1125 9 5 .o 3 2
I = — "“+0 " =0 " 4.65
w024 208 3 (4.63)
211
= _"+0 "2 =0("):
256 2

In addition to that, Equation (4.60) shows that the amplitude at resonance is proportional
to 3 and but inversely proportional to ! ,. We can rewrite the frequency at phase

resonance as

Vv -
u G
. _04B1o(6 5 2+41f)+ 230425(6 5 +41§)°+1728 5 ©

a 3456! o (4.66)

and we see that it is proportional top 3 and 32 Overall, if 3 or increases, both
the amplitude and the frequency at resonance increase. This hardening e ect due to
the increasing of the forcing is conrmed in Figures 4.1a and 4.1b. In these gures,
the NFRCs calculated from Equation (4.50) and the phase resonance curves constructed
thanks to Equations (4.60) and (4.61) are compared to the numerical solution computed

53



4.2: First-order averaging

with the HBM. Furthermore, the newly-de ned concept of a phase resonance for the
3:1 superharmonic resonance is in excellent agreement with the maxima of the third
harmonic of the response, as suggested by Equation (4.65). In the case of a softening
Du ng oscillator (3 < 0), the phase lag 3, should be adjusted to% in order to have a
positive amplitude Az,,. This phase lag is still consistent with Equation (4.56).

(@) (b)

Figure 4.1: NFRCs (HBM: black; AM: green) and phase resonance curves (HBM: blue; AM:
orange) around the 3:1 resonance of the Du ng oscillator for forcing amplitudes of 0.1 N/kg,
0.15 N/kg and 0.2 N/kg: (a) amplitude and (b) phase lag.

The e ect of an increase in 3 is compared to the numerical solution in Figure 4.2.
The discrepancies between the averaged and numerical solutions are due to a too strong
nonlinearity. However, the trend is the same, namely as; increases, both the amplitude
and frequency at resonance increases until a fold appears in the NFRC, leading to a loss
of stability as discussed in Section 4.2.4.1.

4.2.4.2 1:3 subharmonic resonance

Forl =1, =3, Equation (4.36) gives
( : ;

Ay = T ' olA 4 83 A§S|n3 1 (4 67)
4= o 5 3AI+6 2 42 A 22-Alcos3, '
For steady-state solutions and assuming; 6 O,
Cor =3 A;sin3
3, _° fusiNsa (4.68)
3A2+6 2 *1=3 Aj;cos3i:

3

Adding the square of both relations of (4.68) together gives a quadratic equation At

2
24 A2+ g 2 4, % 642402

4 2
9Al+ 27 57
3 3 3

=0 (4.69)
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(@) (b)

Figure 4.2: NFRCs (HBM: black (stable) and grey (unstable); AM: solid green (stable) and
dotted green (unstable)) and phase resonance points (HBM: blue; AM: orange) around the 3:1
resonance of the Du ng oscillator for a forcing amplitude of 0.1 N/kg and 3 = 0.1 N/m3, 0.5
N/m 3 and 1 N/m3: (a) amplitude and (b) phase lag.

2
In order to have A; real, we must have that27 2 24—31 > 0and 27 2 24—31

2
36 62 4—31 + %23!—2 > 0. The rst relation evidences that ; and 3 must
3

have the same sign. The second relation gives the conditions for the existence of the 1:3
subharmonic resonance, illustrated in Figure 4.3 when=0:5% and 3 =0:1N/m?3. The
boundaries of the existence domain are given by

r_S
K2 12k 432 , 28

= —p b 0 i 21 212 (4.70)

3, 378

where! , are the frequencies at the extremities of the isola. We see in Figure 4.3 that
(4.70) admits a minimum forcing under which the 1:3 subharmonic resonance does not
exist. In this case, a forcing of 0.79 N/kg is required for the existence of the resonance.

Amplitude resonance

Amplitude resonance occurs whefgt = €4 =0:
8
<@A - _8'0o 1 212 @ 3! -
@1 9 3sin3 1 !o2 12 @1 tan3 1 (471)
@ _ 8l 1 2 3 @ - '
@! 9 3sin3 1 1212 tan3 ;1 @!
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4.2: First-order averaging

Figure 4.3: Domain of existence (blue area) of the 1:3 subharmonic resonance as a function of
the forcing amplitude.

We must havesin3 ; 6 0, i.e.,, 1 6 '? wherei is an integer. Following the same
procedure as for the previous resonances gives:
212 n 3! n27 2 n 6! g 1
@A _ 8! o 1 rz e 9% tan3 1 1 !53!2"' 2 12t@n3 ;
@1_9 sin3 w27 32 L ow6Blgy 1 212 w1627 n_3lg
’ 1 13!2+ 132 12tan3 ; 1 1g 12 3 3 2sin?3 'tan3 3
(4.72)
The numerator is equal to 0 when:
212 27 3 ? 18! 4! 2
\LJ 2 n 3 n O — .

Solving this equation fortan3 ; and keeping only the leading term, the phase lag at
amplitude resonance can be approximated with

|
tan3 1, = i : (4.74)

212
310 1+ 24,

Since! is close to3! o for the 1:3 resonance, it follows that

202 .9
2 12 2 (4.75)
which yields "
tan3 1, = — 4.76
l;a 391 o ( )
Inserting this relation in Equations (4.68) gives:

8 p
<Aya= 55%, 15212 5+16! 2

] | q
= CP e 2—6'fk (2 1+13 232 (2 ;+13 212)2 & 212(1521 21 2 + 16! 2):
(4.77)

56



4.2: First-order averaging

Unlike the 3 : 1 superharmonic resonance, the static response cannot be assumed to be
constant because the frequency varies much faster for the 1:3 subharmonic resonance (see
Figure 4.4). An explicit expression for the resonance frequenty as a function of the
forcing cannot thus be derived. We also note that, due to the sign, there exist

two frequencies satisfying (4.77), the greatest (lowest) frequency corresponding to the
maximum (minimum) response on the isolated branch. It is thus the greatest frequency
which is in relation with the resonance frequency ,.

Phase resonance

For weak damping, Equation (4.76) shows that the amplitude resonance occurs near
phase lags equal to; + '3 wherei is an integer. For odd (even) values of, A; takes
positive (negative) values. Considering positive amplitudes, the phase resonance for the
1:3 subharmonic resonance can be associated with phase lags equal Zg and%, which

is accordance with the results in Section (4.2.3.3). Fey, the averaged equations of motion

(4.50) can be transformed into

8
_ 81!,
<A = oy q (4.78)
_ kg 3k 2 32 212 2- .

The same expressions can be obtained if the two other phase lags are considered instead.

For a softening Du ng oscillator, amplitude resonance still occurs for phase lags,
near ¢ + 'g except that positive amplitudes occur now whemis even. Thus, the resonant
phase lags are;; > and=3-.

Stability analysis

Stability analysis is performed by studying the eigenvalues of the Jacobian matrix of the
equations of motion from (4.68)

e %A+ 2 62 42
det(J) = 3“136 ) Y 3 (4.79)

8! o!
+ L T
3 3 A1 3

2
w|4>

As for primary resonances, the solution is asymptotically stable if all the eigenvaluesof
the system have a strictly negative real part. This is not the case when
3 4 4 1 4 64 21212

9A;+ — 6% _— 3 5 62 —— <O 4.80
YA 33 A2 33 3A3 2 (4.80)
The loss of stability happens between fold bifurcations.e., when %ﬁ 0. This is proven
by adding together the square of the two relations in Equation 4.68, taking the derivative
with respect to A and setting %: 0, which imposes a fold bifurcation. We nally nd
that these folds occur when
3 4 4

1
A+ — 62 —= 3 — 6°?
YA 33 A2

4 64 21 212

i ————— =0: 4.81
35 A3 (4.81)
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Results and discussion

Figure 4.4 compares the NFRCs and the phase resonance curve corresponding te s,
constructed thanks to Equations (4.68). As anticipated, phase quadrature is found to
trace out the locus of the maxima of the di erent isolated responses. This is also the case
for the numerical solution in Figure 4.5.

The fact that phase resonance is located close to the extremities of the isola can be
explained by looking at Equation (4.70) and the second relation of Equation (4.78). If we
rewrite them using the unscaled system parameters, we have

8 r .

3 =_p;k!2!§kq@ 12 12 L1|2 12)2 28 2522
3, _ 378 (% o) (e o) 9 0'b
r a (4.82)
3 _k!ﬁ!ék | 2 1 2 H | 2 1 2)2 32 2121 2-
Assuming that % ' 1 and that in practice (! 2 !?) 1 (even though this
violates the AM hypotheses), we end up with
g K12 qu 2 n P 2
CMp ok g2 1Z 152 0 (2
A (F 1h) C(F 1920 (9 w53)

K12 12k [ m
=S (17 1) (7 170 (M
As aresult,! ," !, which is con rmed in Figure 4.6.

4.2.4.3 Other resonances

We can try to apply rst-order AM to obtain the governing equations of higher-order
resonances such as the 5:1 and 1:5 resonances. This gives

(
= "1,A
S , (4.84)
5= 20 (B 3A;+6 3 4 5)
and (
= "1,A
o (4.85)

4= (B 3AI+6 32 4 )

respectively. At steady-state, no information is obtained about the evolution of the phase
lag. The amplitude of thel-th harmonic can be either O or

r

A1;5 = 2 2 (486)

if the rst or second relation of Equations (4.84) and (4.85) is considered, respectively.
Higher-order AM is thus necessary to gather information about the phase lag.
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(@)

(b)

()

(d)

Figure 4.4: NFRCs (solid green: stable; dotted green: unstable) and phase resonance curve
(orange) around the 1:3 resonance of the Du ng oscillator with the AM: (a) 0.8 N, (b) 1.2N, (c)
1.5 N and (d) phase lag.
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(@)

(b)

(©

(d)

Figure 4.5: NFRCs (black) and phase resonance curve (blue) around the 1:3 resonance of the
Du ng oscillator using the HBM: (a) 0.8 N, (b) 1.2N, (c) 1.5 N and (d) phase lag.
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4.2: First-order averaging

Figure 4.6 Domain of existence (blue area) and phase resonance curve (orange) of the 1:3
subharmonic resonance as a function of the forcing amplitude.

425 The Helmholtz oscillator

The equation of motion of the weakly nonlinear Helmholtz oscillator is
x(t)+ I2x(t)= " 21 ox(t)+ x*(t) + sin't (4.87)

The system parameters considered here are=0:005 ! ;=1 and , =0:1 N/m?2.

4.2.5.1 2:1 superharmonic resonance

According to Equation (4.35), the averaged equations of motion around the 2:1 resonance
are
I oA,

oA, =

5 2CO0S ;

4.88
2sin (4.88)

ol ||
N ol

The system acts as a linear oscillator around the 2:1 resonance since the equations of
motion are similar to those obtained for the damped, forced harmonic oscillator in Section
2.2.2. The resonant phase lag is, = 0, as demonstrated in Section 4.2.3.3. This is
con rmed in Figure 4.7 where the amplitude resonance is close tg = 0. The NFRCs
obtained with the AM are also compared to those obtained with the HBM. Though the
curves match well, those obtained with the HBM present a slight softening behavior that
cannot be obtained with a rst-order AM. Still, even with the HBM, , =0 is a good
indicator of the amplitude resonance.

4.25.2 1:2 subharmonic resonance

It was shown in Equation (4.40) that rst-order AM does not give accurate equations of

motion for a quadratic nonlinearity. This resonance can only be studied numerically. The
dynamics of this resonance is quite complex. At forcing starting from ON, the 1:2 branch
crosses the 0 rad/s axis and for forcing amplitudes greater than 0.3 N/kg, the branch is
attached to the main branch thanks to bifurcation points but also crosses the 0 rad/s axis.
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(@) (b)

Figure 4.7: NFRCs (HBM: black; AM: green) and phase resonance points (HBM: blue; AM:
orange) around the 2:1 resonance of the Helmholtz oscillator for forcing amplitudes of 0.1 N/kg,
0.15 N/kg and 0.2 N/kg: (a) amplitude and (b) phase lag.

Those dynamics are not studied here. Therefore, the 1:2 resonance branch is only studied
for an intermediate forcing amplitude. The response is an isolated branch for which the
extremities correspond to a minimum and a maximum of amplitude where the phase lag
Is 1= ,inline with the results of Section 4.2.3.3. It is illustrated in Figure 4.8.

(@) (b)

Figure 4.8: NFRC (black) and phase resonance point (blue) using the HBM around the 1:2
resonance of the Helmholtz oscillator for a forcing amplitude of 0.07 N/kg: (a) amplitude and
(b) phase lag.
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4.2.6 The oscillator with a quintic sti ness
The equation of motion of the oscillator with a weak quintic sti ness is
x()+ 1ax(t)= " 2! ox(t)+ sx°(t) + sinlt (4.89)

The system parameters are =0:005 ! ;=1 and 5=0:1 N/m?2.

4.2.6.1 5:1 superharmonic resonance
From Equation (4.34), the averaged equations of motion around the 5:1 resonance are

160! olIA 5= 5 Ssin 5

4.90
16 sAs 10 5(1A§+6Ag 2+3A5 4): 5 5cos 5 ( )

and the resonant phase lag is 5. This resonance is illustrated in Figure 4.9 where it is
compared to the solution obtained with the HBM. Despite a slight amplitude deviation
at high forcing amplitudes, both methods give similar results. First, there is a hardening
e ect, and, second, ; = 5 describes well the maximum amplitude.

(@) (b)

Figure 4.9: NFRCs (HBM: black; AM: green) and phase resonance points (HBM: blue; AM:
orange) around the 5:1 resonance of the oscillator with a quintic sti ness for forcing amplitudes
of 0.4 N/kg, 0.5 N/kg and 0.6 N/kg: (a) amplitude and (b) phase lag.

4.2.6.2 1:5 subharmonic resonance

From Equation (4.38), the averaged equations of motion around the 1:5 resonance are

32! o0 = 255 A3sin5

4.91
80 ; 50 5(AS+6A2 243 4 =25 5 cos5 s (4.91)

As for the 1:3 resonance of the Du ng oscillator, the 1:5 resonance starts to appear at a
critical forcing and takes the form of an isolated response. This response is not necessarily
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close to5! ¢, as assumed in Section 4.2.3.3, but this does not alter the resonant phase lag.
Indeed, the response is bounded between two frequencies that correspond to a minimum
and a maximum of amplitude characterized by ; = 5, as illustrated in Figure 4.10. This

is con rmed by numerical results in Figure 4.11.

(a) (b)

Figure 4.10: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) using the AM around the 1:5 resonance of the oscillator with a quintic sti ness for a
forcing amplitude of 3 N/kg: (a) amplitude and (b) phase lag.

4.3 Higher-order averaging

4.3.1 Weakly nonlinear oscillator with hard excitation

For higher-order AM, a weakly nonlinear oscillator with hard excitation is considered, as
in Section 4.2.1, but now, the nonlinear term also depends 6n

x(t) + 1 ax(t) = "fo (X(t);x(t);")+ sinlt (4.92)
Eventually, a weakly nonlinear oscillator is obtained
z(t) + ! 2z(t) = "fo(z(t); z(t); 6" ): (4.93)

Again, the response of Equation (4.2) is expressed using a Van der Pol transformation
with a frequency! | close to a fraction of the natural frequency such that? 1!3="P |,
with p a positive integer

z(t) = u(t)cos! it v(t)sin! t (4.94)

which can be transformed into a system of rst-order equations using Equation (4.5)

u(t)= — faz();z(t);!t)+ "P 1 z(t) sin!t
X (4.95)
vt) = falzt);z(t);!t)+ "P 1 z(t) cos!t:
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(@) (b)

Figure 4.11: NFRC (black) and phase resonance points (blue) using the HBM around the
1:5 resonance of the oscillator with a quintic sti ness for a forcing amplitude of 2 N/kg: (a)
amplitude and (b) phase lag.

Higher-order AM can be performed on Equation (4.95) by using thHeaverage.mMath-
ematica package implemented by Yagasaki [14, 15] and based on the Lie transform algo-
rithm [11].

4.3.2 The Du ng oscillator

To study the secondary resonances of the Du ng oscillator with higher-order AM, Equa-

tion (2.68) is scaled such that = "9 and 3 = " 3, with , 3 = O(1) and g an
integer,
x()+ 1ax(t)= " 2'9 11 ox(t)+ x3(t) + sinlt (4.96)
Applying the procedure from Section 4.3.1 wittp=1, such that! 2 '3=",, yields
() + 12z(t)= " s(z(t)+ sin 1t)3+2"9 11 o (z(t)+ ! cos!t) (4.97)
The system of rst-order equations fory; and v, is
u = ﬁ 2'9 11 g(z(t)+ ! cos!t) s(z(t)+ sin 1)+ z(t) sin!t
= 29 lg(z(t)+ ! coslt)  g(z(th+ sin 1t) T+ z(t) coslt:
(4.98)

It is solved using thehaverage.mMathematica package [14, 15]. The value gfin Equation
(4.98) is matched to the order of the AM performed. For each resonance, the objective
IS to obtain information about the resonant phase lags around which amplitude resonance
occurs. In some cases, the actual solution of the system may di er from the averaged
solution. This is because it is not always easy to nd the right system parameters such that
the exact and averaged solutions match perfectly, as it was the case for the 1:3 resonance in
Section 4.2.4.2. However, despite these variations, the global behavior remains consistent,
and the conclusions remain valid. For the numerical examples, the system parameters are
=0:005!9=1and 3=0:1N/m?, unless speci ed otherwise.
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4.3.2.1 Superharmonic resonances
5:1 superharmonic resonance

Second-order AM withq = 2 provides the equations governing the 5:1 resonance

( v 3 2 5 .
As= 5 2! oAs+ g3 SN s (4.99)
- = ﬁ(3 3A§+6 3 2 45)+%R5:1
with
n.. = 1344 5A5 (AZ+ )+ 3(7T14A°+8991AZ 2+5733A5 *+525 5coS o)
51 = 22400@\s! 3
, 4BA(100! 212+ 2)
22400@\s! 3
(4.100)
At steady-state (
2 5 .
I A5 = ;é’ﬁs'n 5 (4.101)

33Ag+6 3 2 45=O("):

To nd the resonant phase lag from the rst relation of Equation (4.101), the frequency
is assumed to be constant. Thereforéys is maximum whensin 5 =1, i.e.,, when 5= 5.
This is represented in Figure 4.12.

(a) (b)

Figure 4.12: NFRCs (green) and phase resonance curve (orange) using the AM around the 5:1
resonance of the Du ng oscillator for forcing amplitudes of 0.1 N/kg, 0.15 N/kg and 0.2 N/kg:
(a) amplitude and (b) phase lag.
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7:1 superharmonic resonance

Second-order AM withq = 3 provides the equations governing the 7:1 resonance

( "3 27 3 7 .
Ar= %5 6! oAs+ ggsesin 4 (4.102)
2= (B 3AZ+6 32 4 )+ O("):
At steady-state (
6! oA, = &75 sin
358400 (4 ’ 103)

33A%+6 3 2 4720("):

To nd the resonant phase lag from the rst relation of Equation (4.124), the frequency
is assumed to be constant. Thereford; is maximum whensin ; =1, i.e.,, when ;= 5.
This is depicted in Figure 4.13.

(a) (b)

Figure 4.13: NFRCs (green) and phase resonance curves (orange) using the AM around the 7:1
resonance of the Du ng oscillator for forcing amplitudes of 0.1 N/kg, 0.15 N/kg and 0.2 N/kg:
(a) amplitude and (b) phase lag.

Even superharmonic resonance

Second-order AM withq = 2 provides the equations governing the 2:1 resonance

( 2 2 4
=2 21 0A, 23 Pgin2
2 S0 e 2 (4.104)
—- = W(S 3A%+6 3 2 42)+ O(nz):
At steady-state, the rst relation of (4.104) gives
21 2 4
| = =3 i
I'o 640 3 sin2 , (4.105)
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There is no longer a direct relation between the amplitudé, and phase lag ,. In fact,
solving (4.104) does not give any relevant result. The same problem occurs for higher-
order even superharmonic resonances. The only possibility is to study these resonances
numerically. Figure 4.14 shows the second harmonic amplitude and phase lag around the
2:1 resonance for di erent forcing amplitudes. Interestingly, for a same amplitude, there
exists two possible phase lags. The two solutions are centered around phase Ia@s ahd

2, respectively. These phase lags can be used as the resonant phase lag to construct the
phase resonance curve of the 2:1 resonance. Figure 4.15 con rms that the two solutions
possess identical maximum values.

(@) (b)

Figure 4.14. NFRCs (black) and phase resonance curves (blue) obtained using the HBM around
the 2:1 resonance of the Du ng oscillator for forcing amplitudes of 1.5 N/kg, 2 N/kg and 3 N/kg:
(a) amplitude and (b) phase lag.

The same reasoning can be applied for the 4:1 resonance and even higher-order reso-
nances. Figure 4.16 shows that the 4:1 resonance also exhibit two solutions, one centered
around a phase lag O% and another around a phase lag of ;.

4.3.2.2 Subharmonic resonances

In this section, the focus is on the 1: subharmonic resonances. As shown in Section 2.3.2,
a minimum forcing is required for their activation. The goal of this section is twofold: (i)
nd the domain of existence as a function of the forcing amplitude and (ii) compute the
resonant phase lags.

First, for g equal to the order of the AM performed, we have at steady state

g(Ay;l; )=sin( p 1)

4.106
33A%+6 3 2 4120(") ( )

whereg(Aq;!; ) is afunction that is either always positive or always negative. The value
of pis either 1 or 2 if is odd or even, respectively. Dropping th® (") term gives an
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Figure 4.15: Times series of the second harmonic of the 2:1 resonance for a phase Iaézofad
(solid blue line) and -z rad (dashed blue line) and compared to the forcing (black).

(@) (b)

Figure 4.16: NFRCs (black) and phase resonance curves (blue) obtained using the HBM around
the 4:1 resonance of the Du ng oscillator for forcing amplitudes of 3 N/kg, 6 N/kg and 9 N/kg:
(a) amplitude and (b) phase lag.

69



4.3: Higher-order averaging

approximate solution of the amplitudeA;

4
Az 21 22 (4.107)
3 3
This relation can be injected in the rst relation of the steady-state motion. Because the
sine function is between 1 and 1, the inequality

1 9 ) 1 (4.108)

is derived. Sinceg(!; ) no longer depends oi\; and is either always positive or always
negative, one of the inequalities is always veri ed. The other inequality is used to compute
the domain of existence of the resonance. If the forcing exceeds a certain threshold,
two frequencies,! iy and ! g,,, de ne the domain of existence of the 1: subharmonic
resonance. Conversely, if the forcing is too low, the inequality is not satis ed, and the
subharmonic resonance does not exist.

Second,
@& _. 1 2

@ ¥ 3T, g o (4.409)

is always positive for hardening Du ng oscillators when! > !, i.e., for all subharmonic
resonances. This means that all subharmonics have their minimum and maximum of
amplitude at the boundaries of their domain of existencei.e.. when! = !;; and

I = Igp, respectively. The resonant phase lag is the one that solves eitlsem(p 1) =1
orsin(p 1) = 1, depending on the type of resonance; phase resonance is close to the
actual amplitude resonance computed when th® (") term is not dropped in Equation
(4.106). This is shown in the following examples.

1:2 subharmonic resonance

Second-order AM withg = 2 provides the equations governing the 1:2 resonance

n2 33 2 2A3 .
= 5 2! A1+ —+1sin4
A—l_ 5% 02 1 4!23 l"2 (4110)
4= 3 (3 3AT+6 3 4 1)+ 5Ru»
with
R.. = 660 2A% 2cos(4 1) +480 3 1(A2+ 2)
. 80 2 (4.111)
N 3 2(85A7+144A% 2 60 4)+160! 312+160 7
80 3 '
At steady-state (
2! o= %sin4 1
3 A246 -2 4 =0 (4.112)
3ATT0 3 1 ("):
Dropping the O(") leads to
21 9= £3Alging,
Az s 5 2. (4.113)

3
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Figure 4.17: Domain of existence (blue area) and phase resonance curve (orange) of the 1:2
subharmonic resonance as a function of the forcing amplitude.

Considering that the sinus function in the rst equation of (4.112) is bounded by 1 and
1, an existence condition forA; is derived

g Bt 4.114
337 2A7 T (4-114)
The second inequality is always trueA; is thus injected in the rst inequality
4 , 8!,?3
— 2 : 4.11
3 332 2 0 ( %)

The numerical resolution of Equation (4.115) in Figure 4.17 indicates that, if the forcing
exceeds 2.7 N/kg/! iy and!g,, de ne the domain of existence of the 1:2 subharmonic
resonance. If the forcing is below 2.7 N/kg, the 1:2 subharmonic resonance does not
exist. Because Equation (4.109) shows tha&&; is increasing monotonically with respect
to frequency since 3 > 0, A; is thus maximum (minimum) when! is equal to! sy, (! inf ),
and amplitude resonance of Equation (4.113) occurs whére ! g,.

The resonant phase lag occurs when

4 81 o3
3

or, equivalently, whensin4 ; = 1. Thisisthe case when; = %+ '7 wherei =0;1;2; 3.
These ndings are con rmed in Figure 4.18 where Equation (4.112) is solved for a forcing
amplitude of 4 N/kg.

1:5 subharmonic resonance

Second-order AM withg =2 provides the equations governing the 1:5 resonance

( 2 2 4
= 2 21 A+ B85 Aiging
A Zoo o s : (4.117)
4= 5 (B 3AI+6 32 4 1)+ 5Rys
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(@) (b)

Figure 4.18: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 1:2 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 4 N/kg: (a) amplitude and (b) phase lag.

with
R1:5 -
125( 30 2A% cos(5 1) 192 3 ;(A2+ 2)+3 2(34A1+66A2 2+39 4)+64 2)
254 3
.\ 5:5
' (4.118)
At steady-state
21 0= 1875 5 Ay §3A§ sin5 1
a2t 4L g&z (4.119)
1 3 '
The existence condition forA; is
256! o 3
1 — L 4.120
18752 A? (4.120)
The rst inequality is always true. A; is thus injected in the second inequality
I .13 3=2
2561 o LERNPI 0: (4.121)

+
1875 2 3 5

Equation (4.121) is solved numerically to nd the domain of existence of the 1:5 resonance.
Figure 4.19 evidences that a forcing of 24 N/kg is required to activate the resonance.
Equation (4.109) shows thatA; is increasing monotonically betweet x and! g, since

3> 0, Ay is thus maximum (minimum) when! is equal to! g, (! inr ), and amplitude
resonance of Equation (4.119) occurs wheén= ! g,.
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4.3: Higher-order averaging

Figure 4.19: Domain of existence (blue area) of the 1:5 subharmonic resonance as a function
of the forcing amplitude.

The resonant phase lag occurs when= ! g,,

2561 ol 3 4, , 7
+ 2 =0 4.122
1875 2 3 3 ( )

or whensin5 ; = 1. This is the case when ; = ¢ + Z'T wherei =0;1;2;3;4and =2is

a resonant phase lag. This is illustrated in Figure 4.20.

@) (b)

Figure 4.20: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 1:5 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 40 N/kg: (a) amplitude and (b) phase lag.
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4.3: Higher-order averaging

1:7 subharmonic resonance

Third-order AM with g= 3 provides the equations governing the 1:7 resonance

_ 3 1058841 3 AS _.
Ai= % B! A1+ —=5-1sin7 4

) (4.123)
4= (B 3AI+6 32 4 1)+ 0("Y:
At steady-sate (
61 o= 28042 AlsinT ,
: 4.124
A2 4—; 2 2 ( )
The existence condition forA; is
49152! ! 7
4.12
10588413 AS (4.125)
The second inequality is always trueA; is injected in the rst inequality
491521 o! 7 4 4 , 7
+ 2 0: 4.126
10588413 33 ( )
The resonant phase lag is the one that solvesin7 ; = 1. This is the case when

1= §—4 + 5, wherei = 0;1;2,3,4,5,6. We note that ; = 5 is a resonant phase lag.
This is illustrated in Figure 4.21, where = 0:00005

@) (b)

Figure 4.21: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 1:7 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 15 N/kg and = 0:00005 (a) amplitude and (b) phase lag.
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4.3: Higher-order averaging

1:4 subharmonic resonance

Fourth-order AM with g =4 provides the equations governing the 1:4 resonance

( 4 4 277
= 2241 oA+ 205 TAiging
A= o H ! (4.127)
- = 25—|(3 3A%+6 3 2 41)+ O(HZ):
At steady-state,
241 o = —399603 “A% sin8g 1
A2 4s o ). (4.128)
1 3 '
The existence condition forA; is
241 o1 7
1 ——— L 4.129
39960 % 2A$% ( )
The second inequality is always trueA; is injected in the rst inequality
4 1 2 3 24! 0! 7
— 2 + - 4.130
33 39960 3 2 ( )
The resonant phase lag is the one that solvesin8 ; = 1. This is the case when

1= 3+ L, wherei =0;1;2,3 This is illustrated for ;= 3; in Figure 4.22.

@) (b)

Figure 4.22: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 1:4 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 8 N/kg and = 0:00005 (a) amplitude and (b) phase lag.

4.3.2.3 Ultra-subharmonic resonances

The goal of this section is to nd the domain of existence of thé resonance and to
compute the resonant phase lags.
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4.3: Higher-order averaging

First, for g equal to the order of the AM performed, we have at steady state

g(A; Y )=sin( p )

4.131
33A|2+6 32 4|:O(") ( )

whereg(A,;!; ) is a function that is either always positive or always negativep is either
1 or 2 when bothl and are odd or not, respectively. Dropping theD (") term gives an
approximate solution of the amplitudeA,

A —— 2% (4.132)

Following the same procedure as previously, the domain of existence of the resonance can
be computed from the inequality
1 9 ) 1 (4.133)

Second,

@ |2 2
@ = 3 (3 17 @159

Is always positive for hardening Du ng oscillators whenl >! ¢, i.e., for ultra-subharmonic
resonances with > | . As for subharmonics, ultra-subharmonics have their minimum
and maximum of amplitude at the boundaries of their domain of existencege.. when

' =1y and! =1, respectively. The resonant phase lag is the one that solves either
sinp )=1orsin(p )= 1, depending on the resonance. This phase lag is de ned as
the phase lag at phase resonance; it is close to the amplitude resonance computed when
the O (") term is not dropped in Equation (4.131).

If I <1 o, i.e., for ultra-subharmonic resonances with > | the derivative can be
either positive, negative or positive then negative depending on the valuelofand . The
phase lag at which the maximum of amplitude occurs can no longer be determined easily.
We thus still de ne the resonant phase lag at the extremities of the isolated branche..
when! =1y and! =1 g,.

A non-exhaustive list of ultra-subharmonic resonances is studied hereafter and a sum-
mary is available in Table 4.1.

5:3 ultra-subharmonic resonance

Third-order AM with g = 3 provides the equations governing the 5:3 resonance at steady-
state

_ 852935 3 5 .
6!0—%5”’]35 (4135)
33A§+6 3 2 4520(")
The inequality is r
|1 5
45 ,, 10752000 4!° (4.136)

3 5 852933 5

The resonant phase lag is the one that solvein 3 s = 1. This holds when ;= ¢ + a
wherei = 0;1;2. The phase lag 5 is thus a resonant phase lag. Figure 4.23 shows that
5 No longer corresponds to a maximum of amplitude, sinde>
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4.3: Higher-order averaging

(@) (b)

Figure 4.23: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 5:3 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 0.7 N/kg and = 0:0005 (a) amplitude and (b) phase lag.

3:2 ultra-subharmonic resonance

Fourth-order AM with g = 4 provides the equations governing the 3:2 resonance at steady-
state (

_  1973735A% 4 6 _.
241 o= 22289904 7 sin4 3 (4.137)
33A5+6 32 4 3=0(")
The inequality is
4 3 , 534957696 !’
— 2 4.138
33 19737353 ¢ ( )
The resonant phase lag is; = % + '7 i=0;1 5 are no longer resonant phase lags.

7:5 ultra-subharmonic resonance

Fifth-order AM with q=5 provides the equations governing the 7:5 resonance at steady-
state

9393627929687RA% 2 7 _.
120! = 3 sin5 5

545902959788032 °© (4139)
33A2+6 32 4 ,=0("
The inequality is
6550835517456384,! ° 4 4 5 2
2 0: 4.140
93936279296875 ’ 3, (4.140)
The resonant phase lag isy = 1z + %4, i = 0;1,2,3,4. 5 is a resonant phase lag (see

Figure 4.24).
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4.3: Higher-order averaging

(@) (b)

Figure 4.24: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 7:5 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 0.4 N/kg and = 0:0000005 (a) amplitude and (b) phase lag.

3:5 ultra-subharmonic resonance

Third-order AM with = 3 provides the equations governing the 3:5 resonance at steady-

State

13296875A3 3 3 .
6! o= —=222—SIin5 5

165888 > 4.141
33A3+6 32 4 5=0(") ( :
The inequality is
281 !5 4 52
9953281 of ° > 22 0: (4.142)

132968752 3 3 4

The resonant phase lag is; = i’—o + Z'T wherei =0;1;2;3;4. 5 is a resonant phase lag
(see Figure 4.25).

2:3 ultra-subharmonic resonance

Fourth-order AM with g = 4 provides the equations governing the 2:3 resonance at steady-

State (
297257881995A% 4 4 .
24! o= 3 siN6 3

282591232 7/ (4_143)
33A5+6 32 4 ,=0("

The inequality is

42, > 6782189568 ! 7

33 297257881995, 4 (4.144)

The resonant phase lag is; = 5 + '3 wherei =0;1,;2;3;4;5. As for the 3:2 resonance,
neither =2 nor =2 is a resonant phase lag (see Figure 4.26).
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4.3: Higher-order averaging

@) (b)

Figure 4.25: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 3:5 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 2 N/kg and = 0:00005 (a) amplitude and (b) phase lag.

(@) (b)

Figure 4.26: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 2:3 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 1 N/kg and = 0:000005 (a) amplitude and (b) phase lag.
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4.3: Higher-order averaging

5:7 ultra-subharmonic resonance

Fifth-order AM with g=5 provides the equations governing the 5:7 resonance at steady-
state

_ 24646004146111588RM2 3 ° _.
120t o= 1363184400000 0 SIN 7 5 (4.145)
33A2+6 32 4 5=0("
The inequality is
4 2 16358212 19
45 502 N 635821280000000, (4.146)
33 24646004146111588 °

The resonant phase lag is; = ?1’—4 + 2'7 wherei = 0;1;2;3;4,5;6. 5 is a resonant phase
lag (see Figure 4.27).

(a) (b)

Figure 4.27: NFRC (solid green: stable; dotted green: unstable) and phase resonance points
(orange) around the 5:7 resonance of the Du ng oscillator obtained with the AM for a forcing
amplitude of 0.5 N/kg and = 0:0000005 (a) amplitude and (b) phase lag.
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4.3: Higher-order averaging
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4.4: Conclusion

4.3.3 Resonant phase lags of the Du ng oscillator: a summary

4.3.3.1 Superharmonic resonances

For odd I:1 superharmonic resonances, the resonant phase lag solves eisigf |) = 1
ifI mod4=1ie., ;= 5(3+4i),with i aninteger, orsin( )=1if| mod 4=3, i.e.,
| = 5(1+4i). In both cases, | = 5 is always a resonant phase lag.

For evenl:1 superharmonic resonances, it was not possible to conclude anything an-
alytically. However, the numerical study suggests that the resonant phase lag is always
= 3 +i . Interestingly, this value solvessin(2 /)= 1.

4.3.3.2 Subharmonic resonances

For odd 1: subharmonic resonances, the mechanism is similar to odd superharmonic
resonances. The resonant phase lag sohvas( 1) = 1ifl mod4 =1, ie., ;=
5-(3 + 4i), with i an integer, orsin( ;) =1 if | mod4 =3,ie., 1= 5(1+4i). In
both cases, 1 = 5 is always a resonant phase lag.

For even 1: subharmonic resonances, the resonant phase lag solseg2 |) = 1,
i.e., 1= 2— + L,

4.3.3.3 Ultra-subharmonic resonances

If both | and are odd, then the resonant phase lag solves( |)=1 orsin( )= L
We can have either; or 5 as the resonant phase lag.

If either | or is even, the resonant phase lag solvem(2 )= 1,i.e., ;= 3+ L,

blw

4.4 Conclusion

In this chapter, the secondary resonances of a harmonically-forced oscillator with poly-
nomial sti ness were studied. First, using rst-order AM, the governing equations of the
d:1 and 1d resonances of an oscillator of ordet were obtained. Amplitude resonance of
the resonating harmonic was found to occur around a speci ¢ phase lag nonnecessarily
equal to . This resonant phase lag can be used to track the locus of the resonance peaks.

Second, with higher-order AM, more complek resonances of the Du ng oscillator
were studied. We note that, for some speci c ultra-subharmonic resonances, the resonant
phase lag did not correspond to the resonance in amplitude, but it was instead close
enough from the boundaries of the domain of existence of the isolated branch.

Though only oscillators with polynomial sti ness were studied in this chapter, any
type of nonlinear oscillator can be analyzed provided it has a form suitable for rst or
higher-order averaging.
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Chapter 5

Phase resonance nonlinear modes of
single-degree-of-freedom systems

This chapter rst reviews the existing nonlinear mode de nitions, namely the nonlinear
normal mode, invariant manifold, extended periodic motion concept and spectral sub-
manifold de nitions. Based on the theoretical ndings in Chapters 3 and 4i.e., the I-th
harmonic of thel: resonance reaches a local maximum when its phase lag is close to
the resonant phase lag |, this chapter introduces the concept of ghase resonance non-
linear mode (PRNM). The key advantage of PRNMs is that they can bei() applied to
both primary and secondary resonances of nonlinear systems,) (e ectively calculated
numerically using continuation techniques as detailed in this chapter andii() robustly
identi ed experimentally using PLLs as discussed in Chapter 6. The stability of PRNMs

is also discussed herein.

5.1 Existing nonlinear mode de nitions

The main nonlinear mode de nitions are brie y reviewed hereafter.

5.1.1 The nonlinear normal mode approach

In linear theory, an undamped normal mode of a damped, forced system is excited when
the external forcing compensates exactly the damping force or, equivalently, when the
displacement is in phase quadrature with the forcing [1, 21].

The concept of a normal mode was extended to nonlinear systems by Rosenberg [6, 79,
80] who de ned a nonlinear normal mode (NNM) as gibration in unison of the underlying
conservative system, implying that all degrees of freedom of the system reach their maxima
and cross zero simultaneously. This de nition was later extended to encompass modal
interactions, i.e., when two or more NNMs interact, asa (nonnecessarily synchronous)
periodic motion of the conservative systeri8, 26].

Starting from the equations of motion of a nonlinear system with viscous damping

Mx(t) + Cx(t) + Kx (1) + fr (X(1)) = fext (1) (5.1)
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5.1: Existing nonlinear mode definitions

where M, C and K are the mass, damping and sti ness matrices, respectively, and
fn (X(t)) and fey (t) are the vector of nonlinear and external forces, respectively, a NNM
motion is de ned as a periodic motion of the undamped, unforced system

Mx(t) + Kx (t) + fy(x(t))= 0 (5.2)
The forcing required to excite a NNM is
fext (t) = C)(_(t) (53)

which is a multi-point, multi-harmonic forcing for which each harmonic is in phase quadra-
ture with its corresponding harmonic in the response [50].

The concept of a NNM is exemplied on a two-DOF system with a cubic spring
attached to the rst DOF

X;+(2X1 X2)+0:5x3=0 (5.4)
X+ (2%, Xq)=0:

The natural frequencies of the linearized system are 1 anpd§ rad/s; they correspond

to the in-phase and out-of-phase modes, respectively. Figure 5.1a shows the frequency-

energy plot of the in-phase and out-of-phase NNMs. At low amplitudes, or equivalently

at low energy levels, the NNM frequencies correspond to those of the linear system. As

the energy increases, the system hardens leading to an in¢gyease in the NNM frequencies.

Speci cally, the frequency of the in-phase NNM approaches?2 asymptotically whereas

the frequency of the out-of-phase NNM goes to in nity when the energy goes to in nity

[3].

An interesting feature of NNMs is their modal interactions. They occur when the
frequencies of two NNMs are commensurate. In Figure 5.1b, a 3:1 modal interaction
happens around 285J where the frequency of the in-phase NNM is one third of the fre-
guency of the out-of-phase NNM. In this neighborhood, the dynamics of the in-phase
NNM changes qualitatively. At the bifurcation, the rst harmonic disappears and only
frequency components proportional td@! subsist, as displayed in Figure 5.2. In other
words, the in-phase motion transitions to an out-of-phase motion with a frequency three
times as large, as shown in Figure 5.3.

5.1.2 The invariant manifold approach

Based on the center manifold technique [81], Shaw and Pierre extended the NNM concept
to damped systems. They de ned a NNM as a two-dimensional invariant manifold (IM)
in phase space [9, 82, 83]. In linear theory, a normal mode is geometrically represented by
a hyperplane in phase space. In contrast, NNMs take the form of hypersurfaces tangent to
the modal hyperplanes of the linearized system at the equilibrium point. In the absence
of internal resonances, the manifold can be parameterized by a single pair of state-space
variables.

According to [9, 27], starting from the nonlinear autonomous system with DOFs

Mx(t) + Cx(t) + Kx (1) + fn (x(1); x(t)) = O (5.5)
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