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LARGE NORMALIZERS OF Z!-ODOMETERS SYSTEMS AND
REALIZATION ON SUBSTITUTIVE SUBSHIFTS

CHRISTOPHER CABEZAS AND SAMUEL PETITE

ABSTRACT. For a Z%topological dynamical system (X, T, Zd), an isomomor-
phism is a self-homeomorphism ¢ : X — X such that for some matrix
M € GL(d,Z) and any n € Z¢, ¢ o T™ = TM™ o ¢, where T™ denote the
self-homeomorphism of X given by the action of n € Z%¢. The collection of
all the isomorphisms forms a group that is the normalizer of the set of trans-
formations T™. In the one-dimensional case, isomorphisms correspond to the
notion of flip conjugacy of dynamical systems and by this fact are also called
reversing symmetries.

These isomorphisms are not well understood even for classical systems. We
present a description of them for odometers and more precisely for constant-
base Z2?-odometers, which is surprisingly not simple. We deduce a complete
description of the isomorphisms of some minimal Z9-substitutive subshifts.
This enables us to provide the first example known of a minimal zero-entropy
subshift with the largest possible normalizer group.

1. INTRODUCTION

This article concerns Z%odometers and their symbolic extensions. More specif-
ically, for such dynamical system (X, T,Z?), we study their isomorphisms, which
are self-homeomorphisms ¢ : X — X such that for some linear transformation
M € GL(d,Z) and any n € Z%, ¢ o T™ = TM™ o ¢, where T™ denotes the self-
homeomorphism of X given by the Z? action T.

Isomorphisms associated with the linear transformation M = Id are, in essence,
nothing more than self-conjugacies of the system. They are commonly referred to as
automorphisms of dynamical systems. Therefore, an isomorphism can be thought
of as a self-conjugacy up to a GL(d, Z)-transformation. In the one-dimensional case
(d = 1), isomorphisms correspond to the notion of flip conjugacy in dynamical sys-
tems [6]. Because of this, they are also known as reversing symmetries (see [19, 1]).
The automorphisms can be algebraically defined as elements of the centralizer of
the group (T'), considered as a subgroup of all self-homeomorphisms Homeo(X) of
X. From this algebraic perspective, isomorphisms can be seen as elements of the
normalizer group of (T') within the group Homeo(X). Consequently, the automor-
phism group is a normal subgroup of the normalizer. The quotient is isomorphic
to a linear subgroup of GL(d,Z), called the linear representation group, achieved
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through the identification of an isomorphism ¢ with its matrix M. The automor-
phism group is never trivial (it always contains the transformations 77, n € Z%),
but generally, the existence of an isomorphism for a given M € GL(d,Z) remains
an open problem, which is significant in the context of higher-rank actions.

There are few general results on these groups so natural questions on the alge-
braic properties of the group of isomorphisms (is it finite? is it amenable? what are
the subgroups? etc.), on their relations with the dynamics, or on a description of
their actions, are widely open. In this article, we explore these issues using classic
and widely studied examples of odometers and substitutive Toeplitz subshifts.

Even though the dynamics of an odometer is one of the most well understood,
a partial description of their isomorphisms has only been initiated in [18] for d = 2
and pursued for higher rank in [22, 25, 26]. These works were essentially motivated
by the fact that isomorphisms define specific transformations of orbit equivalence.
We complete these studies, but mainly for dimension d = 2, by describing explicitly
the group structure of their normalizers. This leads to a complete classification of
them (Theorem 3.3) for constant-base odometer systems, i.e., whose base is given
by the iteration of the same expansive matrix. The classification depends on arith-
metical properties of the expansive matrix. In addition, we provide computable
arithmetic conditions for deciding whether a given matrix arises as an isomorphism
of a constant-base odometer. Our techniques use elementary arithmetic, but ex-
tending our results to higher ranks would require sophisticated notions of number
theory.

Interest in the study of the normalizer group for multidimensional subshifts has
increased in recent years. These objects represent geometrical and combinatorial
symmetries, such as rotations and reflections, that a particular subshift possesses.
Similar studies were initiated in the framework of tilings and Delone sets (see e.g.,
[24]), where the existence of some point set symmetries is at the heart of the discov-
ery of aperiodicity of quasicrystals [27]. For instance, the Penrose tiling serves as
a model with ten-fold symmetry [23]. However, still few results and no systematic
description of the analogous normalizer group for R?-flows exist. For a self-similar
tiling, its linear representation group is known to be countable and isomorphic to
its mapping class group [21]. Recently, classical examples of multidimensional sub-
shifts have been considered to study their normalizers [2, 5, 7, 8]. These works
have yielded sufficient conditions (of a combinatorial nature in [7] and a geometri-
cal nature in [3]) on a substitutive subshift so that the quotient of the normalizer
by the automorphism group is finite, and each group is virtually Z¢. The article
[2] concerns different classes of non-minimal subshifts with positive entropy having
a normalizer not virtually isomorphic to its automorphism group.

However, the question remains open whether an infinite linear representation
group is also possible for minimal, deterministic (zero-entropy) subshifts. In this
article, we provide a positive answer to this problem by completely describing the
normalizer group of a family of minimal subshifts (Theorem 4.1). The examples
are substitutive Toeplitz subshifts that can be presented in an effective way, in
the algorithmic sense. These subshifts are highly deterministic meaning they have
zero entropy. More precisely, the rate of growth of their complexity is polynomial
of degree the dimension d. In particular, we exhibit examples where the linear
representation group is the largest one, i.e., equal to GL(d,Z). Together with the
results of [2], this shows that the normalizer is not restricted by the complexity.
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More surprisingly, low complexity is not enough to ensure the amenability of the
normalizer group in dimension d > 1. This phenomenon differs from what happens
in dimension one [11, 12, 13, 14, 15, 16], where the amenability of the automorphism
group (of finite-index in the normalizer group) is shown for a large class of zero-
entropy subshifts and any Toeplitz subshift.

This article is organized as follows: Section 2 is devoted to the background on
topological and symbolic dynamics. In particular, relations between the normal-
izer of a system with the one of its maximal equicontinuous factor are exhibited.
The next section concerns the study of the normalizers of odometers in order to
describe them (Theorem 3.3). Finally, we construct examples of multidimensional
subshifts with an odometer as their maximal equicontinuous factors in Section 4.
We characterize their infinite linear representation groups (Theorem 4.1) by using
our study of normalizers of odometers and the relations with their extensions.

2. DEFINITIONS AND BASIC PROPERTIES

2.1. Topological dynamical systems. We recall that a topological dynamical
system (X, T,Z%) is given by a continuous left-action 7: Z? x X — X on a com-
pact metric space X equipped with a distance. This provides a family of self-
homeomorphisms of X: {T™: n € Z}, also denoted by (T'), such that T™ o T™ =
T™*™ for any m,n € Z%. In particular, the homeomorphisms 7™ commute with
each other. The orbit of a point x € X is the set O(z,T) = {T™(x): n € Z}. We
will be mainly concerned by topological dynamical systems that are minimal, i.e.,
where any orbit is dense. In this case, there is no topological way to classify the
orbits.

An important type of topological dynamical systems are the equicontinuous ones.
A topological dynamical system (X,T,Z?) is said to be equicontinuous if the set
of maps {T™: n € Z} forms an equicontinuous family of homeomorphisms. The
equicontinuous systems are, in some sense, the simplest dynamical systems.

In the following, we define the endomorphisms and isomorphisms of a topological
dynamical system, which are the central objects of study of this article. Isomor-
phisms represent internal symmetries of a given system that do not commute with
the action, such as rotations and reflections.

Definition 2.1. Let (X,T,Z%), (Y,S,Z%) be two topological dynamical systems
and M € GL(d,Z). An M-epimorphism is a continuous surjective map ¢ : X =Y
that for any n € Z% satisfies ¢ 0 T® = TM" 0 . When (X, T,Z%) = (Y, S,Z%),
it is called an M-endomorphism. Moreover, if ¢ is invertible, it is called an M-
isomorphism.

We simply call a GL(d, Z)-endomorphism (or GL(d, Z)-isomorphism), any M-
endomorphism (resp. isomorphism) for some M € GL(d, Z).

In other terms, the GL(d, Z)-isomorphisms are conjugacies of Z?-actions, up to a
GL(d, Z)-transformation, i.e., an orbit equivalence with a constant orbit cocycle. In
the special case where M is the identity matrix Id, the Id-endomorphisms and Id-
isomorphisms are called endomorphisms (or self-factor maps) and automorphisms
(or self-conjugacies), respectively.

When the action is aperiodic, i.e., the stabilizer of any point is trivial or 7"z = x
only for n = 0, the matrix M associated with a GL(d,Z)-endomorphism & is
unique: @ is an M;- and Ms-endomorphism if and only if My = Ms. In the
following, we fix different notations that we will use throughout this article:
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o Ny (X,T), with M € GL(d,Z), denotes the set of all M-endomorphisms of
(X,T);

e N(X,T) denotes the set of all the GL(d, Z)-endomorphisms of the dynam-
ical system (X, T,Z%), i.e.

NX.T)= |J NuXT).
McGL(d,Z)

The set of GL(d,Z)-isomorphisms, is denoted by N*(X,T). In algebraic
terms, this set is a group and, when the action is aperiodic, corresponds to
the normalizer of the group action (T') in the group of self-homeomorphisms
Homeo(X) of X, that is, the set ¢: X — X such that poTmo¢~1 € {T™:
m € Z4} for any n € Z%;

e End(X,T) and Aut(X, T) denotes respectively the set of all endomorphisms
and automorphisms of (X, T, Z%).

e We define the linear representation semigroup N (X,T) as the semigroup
of all matrices M € GL(d, Z) with Nj (X, T) # 0.

Notice that for ¢ € Ny (X,T) and ¢ € Ny, (X,T), the composition ¢ o )
belongs to Ny, ar, (X, T). Moreover, if ¢ is an M-isomorphism, then its inverse is
an M ~!-isomorphism, so the sets Ny (X,T) are not semigroups (except when M
is the identity matrix).

Concerning the linear representation semigroup N (X,T), it is direct to check
that the isomorphism class of N (X,T) is invariant under conjugacy. However, it
is not necessarily a group, since the existence of an M-endomorphism associated
with a matrix M € GL(d,Z) does not necessarily imply the existence of an M ~1-
endomorphism. Nevertheless, we have the following result when a dynamical system
is coalescent. Recall that a topological dynamical system (X, T,Z%) is coalescent
when any endomorphism of (X, T,Z%) is invertible.

Proposition 2.2. Let (X, T,7Z%) be a coalescent system. If the linear representation
semigroup N(X,T) is a group, then any GL(d,Z)-endomorphism in N(X,T) is
invertible, i.e., N(X,T) = N*(X,T).

Equicontinuous systems are examples of coalescent systems [1].

Proof. Let ¢,1 be respectively an M- and M~ !-endomorphism onto (X,T,Z%).
Then ¢ o1 is an endomorphism onto (X, T, Z%). Since (X, T, Z%) is coalescent, then
¢ o is invertible. It follows that ¢ and v are invertible maps. O

A vparticular case is when the linear representation semigroup of a coalescent
system is finite. In this case, it is always a group, so any GL(d, Z)-endomorphism
is invertible.

The groups (T') and Aut(X,T) are normal subgroups of N*(X,T) (the group of
isomorphisms). More precisely, for aperiodic systems the following exact sequence
holds:

1) 1- Aut(X,T) — N*(X,T) L O NY(X,T) - 1,
where all the maps are the canonical injections and j(¢) = M whenever ¢ €
Ny (X, T).

A factor map 7 : (X,T,Z%) — (Y, S,Z%) between two topological dynamical
systems (X, T,Z%) and (Y, S,Z%) is a continuous onto map commuting with the
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action, i.e., ToT™ = S™ o7 for any n € Z%. The system (Y,.5,Z%) is said to be
a factor of (X, T,Z%), and (X,T,Z%) is an extension of (Y,S,Z%). If |7 *({y})| <
K < oo for all y € Y, we say that 7 is finite-to-1. Sometimes there exists a G-
dense subset Yy C Y where any y € Yj satisfies [t~ 1({y})| = 1. In this case, the
factor map 7 is said to be almost I-to-1. We recall that when the system (Y, S, Z%)
is minimal, the existence of one point with only one preimage is enough to ensure
that the map is almost 1-to-1.

For every topological dynamical system, there exists at least one equicontin-
uous factor, which is the system given by one point. Furthermore, any topo-
logical dynamical system admits a mazimal equicontinuous factor, i.e., a factor
Teq + (X, T,Z%) — (Xeg, Teq, Z%) where (Xeq, Teq, Z%) is an equicontinuous system,
satisfying the following universal property: for any other equicontinuous factor 7 :
(X,T,Z%) — (Y, S,Z%) there exists a factor map ¢ : (Xeq, Teq, Z%) — (Y, S, Z4) such
that ™ = ¢ o me, [1]. Also, in the particular case where 7 : (X, 7T,Z%) — (Y, S, Z%)
is an almost 1-to-1 factor on an equicontinuous system (Y, .5, Zd), this factor is the
maximal equicontinuous factor of (X, T,Z%). As typical examples of this case, are
the odometer systems (see next section) that are almost 1-to-1 factors of particular
symbolic systems [9, 10, 17].

A factor map 7 : (X,7T,Z%) — (Y,S,Z%) is compatible if any endomorphism
¢ € End(X,T) preserves the n-fibers, i.e., m(¢(z)) = w(¢(y)) for any z,y € X,
such that 7(z) = w(y). With the same spirit, we say that a factor 7 is compatible
with GL(d,Z)-endomorphisms if for any GL(d,Z)-endomorphism ¢ € N(X,T),
m(¢p(x)) = 7(p(y)) for any =,y € X, such that w(x) = 7 (y).

The compatibility property allow us to relate GL(d, Z)-endomorphisms between
factor systems. The next lemma follows the ideas from [11, Theorem 3.3] but in a
larger context.

Lemma 2.3. Let (X,T,Z9), (Y,S,Z%) be two minimal systems, such that T :
(X,T,7%) — (Y, S,Z%) is a compatible factor. Then, there is a semigroup homo-
morphism 7 : End(X,T) — End(Y, S) such that
1. 7(p)(m(x)) = w(p(x)) for all $ € End(X,T) and x € X.
2. #(Awt(X,T)) < Aut(Y, S).
3. For all ¢ € End(Y,S), |77 ({¥})] < IIél}r/l |71 (y)].
y

Moreover, if w is compatible with GL(d,Z)-endomorphisms, there is an extension
of #: N(X,T) — N(Y,S) defined as in Item 1. for all ¢ € N(X,T), satisfying the
following properties

i) *(Nm(X,T)) C Ny (Y, S), for any M € GL(d,Z).
ii) For any M € GL(d,Z), the map & : Npy(X,T) — Ny (Y, S) is at most
in |r—! ~to-1.
min |7~ ({y})]-to
iii) For any ¢ € A~ Y(N*(Y,S)), the cardinality of the w-fiber is non decreasing
under the GL(d,Z)-isomorphism #(¢)~t. In other terms, for any integer
n > 1, the map 7(¢) satisfies

{yeY:n7'({yh)l = n} c7(¢) {y e Y: [n ' ({yhl = n}) .

Proof. Set ¢ € End(X,T). By definition, the map #(¢) : ¥ — Y given by
#(¢)(m(z)) = 7(¢(x)) is well defined and is surjective by minimality of (Y, S, Z4).
So 7#(¢) is an endomorphism of (Y, S,Z%). Moreover, if ¢ is an automorphism of
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(X, T, 7%, then #(¢) is invertible. Indeed, #(¢) o (¢~ )omr =mopop™t =, so
we conclude that (¢) o (¢~!) = idy.
To prove Item 3., fix any 1 € End(Y, S) and suppose that mi}r/l T 1({y})]=c<
ye

oo (if not, then there is nothing to prove). Let 29 € X and yo € Y be such that
T ({yo})| = ¢, and yo = (m(z0)). Assume there exists ¢ + 1 endomorphisms
b0, ..., ¢ of (X,T,7Z%), in #({1)})~!. The compatibility then implies that yo =
Y(m(zo)) = m(do(x0)) = -+ = w(pe(x)). So, by the pigeonhole principle, there
must exist two different indices 0 < 4,5 < ¢ such that ¢;(zo) = ¢;(zo). The
minimality of (X, T,Z?) then gives that ¢; = ¢;.

The proofs concerning the items i and ii on GL(d, Z)-endomorphisms use similar
arguments and are left to the reader.

To prove Item iii, we consider any y € Y with n preimages z;,...,z, € X.
Since ¢ is onto, there are z},...,z, € X such that ¢(z}) = z,. Notice that,
#(@)(r(#))) = m(d(x])) = n(z;) = y. Tt follows that #(¢)(r(x])) = 7(6)(n(z})) for
any indices 4,j = 1,...,n. Since 7(¢) is invertible, all the element z belongs to
the same 7-fiber of z € Y. Thus 2z admits at least n preimages by 7w and satisfies
w(¢)(z) = y. The claim follows. O

It is known that factor maps between equicontinuous systems are compatible
[1], but as we will see in the next section, they are not necessarily compatible with
GL(d, Z)-endomorphisms (see Remark 3.5). Nevertheless, the maximal equicon-
tinuous factor is an example of a factor compatible with GL(d, Z)-endomorphisms
as proved in [5, Theorem 5 and Corollary 3]. This can also be seen by using the
universal property of the maximal equicontinuous factor.

Lemma 2.4. [5, Corollary 3] Let (X,T,Z%) be a minimal topological dynamical
system and let Teq : (X, T, Z%) — (Xeg, Teq, Z%) denote its mazimal equicontinuous
factor. Then m.q is compatible with GL(d,Z)-endomorphisms.

Lemma 2.3 and Lemma 2.4 illustrate that to study GL(d, Z)-endomorphisms,
a first step is to understand the equicontinuous systems. This will be done in
Section 2.2 for the class of minimal equicontinous Cantor systems: the odometer
systems.

2.2. Z?-Odometer systems. Odometer systems are the equicontinuous minimal
Cantor systems. Hence, they are the maximal equicontinuous factor for a large
family of symbolic systems, such as Toeplitz flows and some substitutive subshifts.
We refer to [9] for the study of odometer systems and Z¢-Toeplitz sequences. We
use the same notations.

In this section, we briefly recall the basic definitions of odometers. Subsequently,
we describe the linear representation semigroup of odometer systems (Lemma 2.6),
which we then use to completely characterize it for constant-base Z2- odometer
systems (Theorem 3.3). It is worth noting that the initial exploration of GL(2,Z)-
endomorphisms between Z2-odometer systems was initiated in [15] and later ex-
tended to higher dimensions in [22].

2.2.1. Basic definitions. Let Zog > Z1 > ... =2 Z, =2 Zpy1 = ... be a nested

sequence of finite-index subgroups of Z¢ such that () Z, = {0} and let a, :
n>0

771 — 7%/ Z, be the function induced by the inclusion map. We consider the
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inverse limit of these groups
a : d
Z (Zn) = ]iIE(Z /Znuan)u

<_
ie., Zd(zn) is the subset of the product [] Z?%/Z, consisting of the elements
n>0
? = (gn)n>0 such that a,(gnt+1) = gn (mod Z,) for all n > 0. The odometer
2 >
Zd( 7,) is a compact O-dimensional topological group, whose topology is spanned by
the cylinder sets

%
la], = {? €27z, gn = a} ;

with @ € Z?/Z,,, and n > 0. Now, consider the group homomorphism K(Z,) 74 —
I1 Z%/Z,, defined for n € Z¢ as
n>0

K(z,)(n) = [n mod Z,],>0.

(—
The image of Z¢ under K(z,) is dense in Zd( 7,.), allowing us to define the Z4-
action n—l—? = K(z,y(n) + ?, where n € Z? and ? € Zd(zn). This action is well-

defined and continuous. The resulting topological dynamical system (Zd( Zn)s T 74)
is called a Z%odometer system, and for the rest of this article, we will simply

use the notation Zd( Zn), 1-€., denoted just by its phase space. Similarly, its set
of automorphisms, endomorphisms, and 1ingr representation semigroup will be
denoted as Aut(Z?z,)), N(Z%,)), and N(Zd(zn)), respectively.

Notice that the “return times” of the action to a cylinder set [a],, is a finite-index
subgroup of Z?, or more precisely:

(2) Vg €lal,, {neczZl:n+'g clal.} =2,

This observation is the base to show that an odometer system is a minimal equicon-
tinuous system. This also shows that the action is aperiodic since the intersection
of all the Z,, is trivial.

We will be particularly concerned by a special case of odometers: namely the
constant-base ones. In these systems, Z,, = L"(Z%) for each n > 0, where L €
M(d,Z) is an expansion matrix. Recall that an integer matrix L € M(d,Z) is an
expansion if the norm of each eigenvahﬁ is greater Egan 1. To simplify notation,

we denote the constant-base odometer Zd(Ln(Zd)) as Zd(Ln).
The next result characterizes the factor odometer systems of a fixed odometer
system.

<—
Lemma 2.5. [J, Lemma 1] Let Z¢ 71y be two odometer systems (j =1,2). There
<—
exists a factor map 7 : Zd(zgl) — Zd(zg) if and only if for every Z2 there exists
some Z}n such that Z}n < Zﬁ.

2.2.2. Normalizer condition. The proof of Lemma 2.5 can be modified to provide
a characterization for the matrices ]\£ € GL(dg) defining a GL(d, Z)-epimorphism

between two odometer systems ¢ : Zd(z}l) — Zd(zg).
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(—
Lemma 2.6. Set M € GL(d,Z). There exists a continuous map ¢ : Zd(Zle) —
%
Zd(zg), such that
A _5d — —
Vn €% g € L%z, ¢n+(9g))=Mn+é(7g),
if and only if
(Epimorphism Condition) Vn € N,3m(n) € N s.t. MZ},L(W) < Z2

It follows from Lemma 2.6 that a matrix M € GL(d,Z) belongs to the linear

representation semigroup N (Zd( 7)) of an odometer system if and only if it satisfies
the following condition, that we called Normalizer condition

(NC1) VYn € N,3m(n) € N s.t. MZm(n) < Zy.

Proof. For the sufficiency, assume that M € GL(d,Z) satisfies
(Epimorphism Condition). Since the sequences {Z¢ }n>0, i = 1,2 are decreasing,
we may assume that m(n) < m(n+1) for all n € N. Thus, we have homomorphisms
oM % Zd/Z}n( ) = 24/ 72, given by ¢y (m (mod Z} 1)) = Mm (mod Z2).

m(n n m(n)
To finish the proof, we only have to remark that ¢M : <ZT1(Z711) — <Z—d(Z3L) defined as
?((gn)nen) = (¢m(n) (gm(n)))neN is an M(—Epimorphgn.

We now prove the necessity. Let ¢ : Zd(Z}L) — Zd(zg) be an M-epimorphism.
By continuity, for any n € N and g € Z?/Z2, there exists m € N and f € Z¢/Z},
sucl<1_that [f]m € ¢~ ([g]n). Set h € Z,1n<._For all ? € [f]m, we have by (2)<_that
h+ f € [f]m, which implies that ¢(h+ f) = Mh+¢( f) € [g]n. Since ¢( f) is
in [g],, the set {m VAR m+¢(7) € [g]n} is equal to Z2 (by (2)), which implies
that Mh € Z2. O

Notice that since the sequences {Z'}, i = 1,2 are decreasing, the
(Epimorphism Condition) is satisfied for any large enough m € N provided it is
true for one constant. This remark implies that the set of matrices M (not neces-
sarily invertible) satisfying the condition (NC 1) is stable under product and sum,
so it is a ring. By applying this remark we get the following result

H

Corollary 2.7. The semigroup N(Zd(zn)) of GL(d, Z)-endomorphims of an odome-

(—
ter Zd(zn) s a group.

In particular any GL(d, Z)-endomorphim is invertible and the linear representa-
tion semigroup N(Zd(zn)) s a group.
Proof. Recall that odometer systems are equicontinuous and, hence, are coalescent
[1]. Thus, from Corollary 3.2, to show that any GL(d,Z)-endomorphism of an
odometer system is invertible, it is enough to show that N (Z%(z,)) is a group.

o
Since N (Zd( z,)) is a semigroup, we only have to prove that any element

L
M € N(Z%n)) admits an inverse inside. Since the sets of matrices satisfy-
ing (Epimorphism Condition) is a ring, any integer polynomial of M also satis-
fies (Epimorphism Condition). Now, the Cayley-Hamilton theorem implies that
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d—1
M = 3 b, M*, where by, € Z are the coefficients of the characteristic polyno-
k=0
mial of M. Notice that by = (—1)?det(M), so that by € {—1,1}. Multiplying
by M1, we conclude that M~! can be written as an integer polynomial on M.
Hence, M ! satisfies (Epimorphism Condition), and by Lemma 2.6, we conclude

I
that M~ ¢ N(Zd(zn)) O

Recall that the automorphisms of the odometer system are well known: they are
the translations on it [1].

Lemma 2.8. For any odometer system we have that

— — — — — —
Aut(Zd(Zn)) = {? S Zd(zn) — ? + h € Zd(zn) : h € Zd(zn)}.

— —
In particular Aut(Zd(Zn)) is an abelian group isomorphic to Zd(zn).

As a direct consequence of Corollary 2.7 we get the following algebraic structure
of the normalizer group of odometer systems.

(_
Corollary 2.9. The normalizer group N(Zd(zn)) of an odometer system is iso-
morphic to a semidirect product between the odometer system Zd( z,) and the linear

I
representation group N(Zd(zn)).

I
Proof. Recall from Lemma 2.6 that for each M € N(Z%,)), one can associate a

%
M-isomorphism ¢™ of Z% ) defined for any (g,n(n) (mod Zyy(n)))nen € Z4 (7, by

¢M((gm(n) (mOd Zm(n)))nEN) = (Mgn (mOd Zn))neN-

L
Notice that the set {¢™: M € N(Z%,))} is a group and defines a group ho-
I —
momorphism h : N(Z%,)) — N(Z%z,)) such that j o h is the identity in
I
{oM: M € N(Z%4,))}, so the exact sequence (1) is split exact. O

So, to study the normalizer group of an odometer system, we just have to deter-
mine its linear representation group. Actually, all these results lead to wonder the
following question:

I
Question 2.10. Give a characterization of the groups of the form N(Zd(zn)) for
H
any odometer Z¢ 7 ).
We do not answer to this question, but we provide necessary conditions for

specific odometers: the universal and the constant-base ones in Sections 3.1 and
3.2 respectively.

2.3. Symbolic dynamics. We recall here classical definitions and we fix the no-
tations on multidimensional subshifts.
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2.3.1. Basic definitions. Let A be a finite alphabet and d > 1 be an integer. We
define a topology on AL by endowing A with the discrete topology and considering
in A% the product topology, which is generated by cylinders. Since A is finite, A
is a metrizable compact space. In this space, the group Z? acts by translations (or
shifts), defined for every n € Z% as

S™x)g = Tk, T = (Tp)k € AZd, n, ke Z%.

Let P C Z% be a finite subset. A pattern is an element p € A”. We say that P
is the support of p, and we denote P = supp(p). A pattern occurs in x € AZd, if
there exists n € Z? such that p = x|+ p (identifying n+ P with P by translation).
In this case, we denote it p C = and we call this n an occurrence in x of p.

A subshift (X,S,Z%) is given by a closed subset X C A% which is invariant by
the Z%-action. A subshift defines a language. For a finite subset P € Z? we define

Lp(X)={pec A’ :Ixc X, pC a}.
The language of a subshift X is defined as
£x)=J £r(x).

pPezd

Let (X, 5,Z%) be a subshift and z € X. We say that p € Z¢ is a period of x if
for all n € Z%, 21p = Tpn. The subshift (X, S, Z?) is said to be aperiodic if there
are no nontrivial periods.

Let B be another finite alphabet and Y C BZ" be a subshift. For P € 74, we
define a P-block map as a map of the form ® : Lp(X) — B. This induces a factor
map ¢ : X =Y given by

(T)n = ©(z]np).

The map ¢ is called the sliding block code induced by ® and P is the support
of the map ¢. In most of the cases we may assume that the support of the sliding
block codes is a ball of the form B(0,r), where r is a positive integer. We define the
radius, denoted as r(¢), as the smallest positive integer r for which a B(0, r)-block
map can be defined to induce ¢.. The next theorem characterizes the factor maps
between two subshifts.

Theorem 2.11 (Curtis-Hedlund-Lyndon). Let (X, S,Z%) and (Y, S, Z%) be two sub-
shifts. A map ¢ : (X,S,Z%) — (Y, S,7Z49) is a factor map if and only if there evists
a B(0,r)-block map ® : Lp,r(X) = L1(Y), such that ¢(x)n = ®([nyB(0,r), for
alneZ andx € X.

For GL(d, Z)-epimorphisms there is a similar characterization. See [38, Theorem
2.7] for a proof.

Theorem 2.12 (Curtis-Hedlund-Lyndon theorem for GL(d,Z)-epimorphisms).
Let (X,S,Z%) and (Y,S,Z%) be two subshifts and M € GL(d,Z). A map ¢ :
(X,8,2%) — (X, S,Z9) is an M -endomorphism if and only if there exists a B(0,r)-
block map ® : Lpo,)(X) = L1(Y), such that ¢(x)n = ®(2[pr-1n1B(0,r)), for all
neZandz € X.

This means, for any GL(d, Z)-epimorphism ¢ we can define a radius (also denoted

by r(¢)), as the infimum of r € N such that we can define a B(0, r)-block map which
induces it. In the case 7(¢) = 0, we say that ¢ is induced by a letter-to-letter map.



NORMALIZER OF ODOMETERS AND SUBSTITUTIVE SUBSHIFTS 11

2.3.2. Substitutive subshifts. We provide a brief overview of multidimensional sub-
stitutive subshifts of constant-shape that will be used throughout this article. We
refer to [8] for basic properties on this topic, where we follow the same notations.
Let L € My(Z) be an integer expansion matrix, F' C Z? be a fundamental domain
of L(Z%) in Z4, i.e., a set of representative classes of Z?/L(Z%) (with 0 € F) and
A be a finite alphabet. A constant-shape substitution is a map ¢ : A — AF. We
say that F' is the support of the substitution. Since any element n € Z% can be
expressed uniquely as n = L(j) + f, with j € Z¢ and f € F, the substitution
extends to AZ" as
C(@)Liy+f = Clag) g
For any n > 0, we define the n-th iteration of the substitution (" : A — A
by induction ¢("*! = ( o (", where the supports of these substitutions satisfy the
recurrence F,41 = L(F,) + Fy for all n > 1. We will always assume that the
sequence of supports (F},),>o is Falner, i.e., for all n € Z? we have that
lim |EA(F, + n)l

n— 00 |Fn|

=0.

The supports do not need to cover all the space. Nevertheless, up to adding a
finite set and taking its images under power of the expansion matrix L, they cover
the space. This property is explained in the following proposition. It is similar to
the notion of rest in numeration theory and will be technically useful.

Proposition 2.13. [3, Proposition 2.10] Let { be a constant-shape substitution.
Then, the set K¢ = |J ((id — L™)~Y(F,,) N ZY) is finite and satisfies

m>0

U Ln(KC) +F, = Zda
n>0

using the notation Fy = {0}.

The language of a substitution is the set of all patterns that occur in ("(a), for
some n >0, a € A, ie.,

Le={p: pLC ("(a), for somen >0, a € A}.

A substitution ( is called primitive if there exists a positive integer n > 0, such that
for every a,b € A, b occurs in ("(a). If ¢ is a primitive constant-shape substitution,
the existence of periodic points is well-known, i.e., there exists at least one point
xo € X¢ such that ¢P(x¢) = xo for some p > 0. In the primitive case, the subshift
is preserved by replacing the substitution with a power of it; that is, X¢» is equal
to X¢ for all n > 0. Consequently, we may assume the existence of at least one
fixed point. In other words, there exists a point € X such that x = {(z). As
in the one-dimensional case, it is important to note that the number of periodic
points (or, if we consider proper iterations, the number of fixed points) is finite.

The substitutive subshift (X¢, S, Z?) is the topological dynamical system, where
X is the set of all sequences = € AZ" such that every pattern occurring in x is in
L. When the substitutive subshift (X¢, S, 7%) is aperiodic, the substitution satisfy
a combinatorial property called recognizability [3, 28].

Definition 2.14. Let ¢ be a primitive substitution and = € X be a fixed point.
We say that ¢ is recognizable on x if there exists some constant R > 0 such that for
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all 3,5 € Z¢,
$|B(L<(z‘),R)mZd = 33|B(j,R)mZd = (k€ Zd)((j = Lc(k)) A (Tq = 7).

The recognizability property implies some topological and combinatorial prop-

erties of the substitutive subshift that we summarize in the following:

e The substitutive subshift (X¢, S, Z?) is aperiodic.

e For any n > 0, the map ¢" : X — ¢"(X¢) is a homeomorphism.

e For any n > 0, every x € X can be written in a unique way = = S¥¢"(z1)

with f € F,, and z; € X¢.

It follows that the map m,: X — F, by m,(x) = f when z € Sf("(X¢) is
well-defined, continuous and can be extended to a factor map m: (X¢, S, 7% —

(<Z_d(Ln), +,2Z%) defined as 7(z) = (7, (z))n [3]-

3. DESCRIPTION OF THE LINEAR REPRESENTATION GROUP OF ODOMETER
SYSTEMS

In this section, we describe the linear representation group and its elements
for several odometers, specifically the universal and constant-base Z2-odometer
systems. It is worth noting that we did not find a similar result in the existing
literature. One of our main tools involves the characteriza(t&m (NC 1) for matrices

in the linear representation group of an odometer system Zd( Zn)-

We begin by presenting an equivalent formulation of (NC 1) in terms of arith-
metical equations. For any given n € N, let L, € M(d,Z) be a matrix such that
L,(Z%) = Z,. Tt is important to note that this matrix is unique, up to a compo-
sition with a matrix in GL(d,Z). Then, the condition (NC 1) is equivalent to: for
all n € N, there exists mas(n) € N such that L,;'ML,,,, () is an endomorphism in
7%, Since det(L)L~' = adj(L), where adj(L) is the adjugate matriz of L, we can
express (NC 1) equivalently as:

(NC 2) Vn € N,Imp(n) € N, adj(Ln)M Ly, (n) =0 (mod det(Ly,)).

3.1. The universal Z%-odometer case. Let (Tp)nen be an enumeration of all
finite-index subgroups of Z%. We define the universal d-dimensional odometer sys-
tem as follows: Start with Ag = I'g, and for any n > 1 set A, = A,,_1 NT,. Since
the intersection of finite-index subgroups remairﬁ a finite-index subgroup, we can

define the universal d-dimensional odometer as Z¢(, ). This odometer is universal

in the sense that, by Lemma 2.5, any odometer system is a topological factor of the
universal odometer. For example, the universal 1-dimensional odometer is equal
to %(n!Z)' With respect to its linear representation group, (NC 2) leads to the
following result.

Proposition 3.1. The linear representation group of the d-dimensional universal
odometer is equal to GL(d,Z).

Proof. Cglsider L, € M(d,Z) such that L,(Z%) = A,. A matrix M € GL(d,Z)

is in N(Zd(An)) if and only if M satisfies (NC 2). Now, for any n € N, we can

choose m(n) € N large enough such that A, < det(L,)Z?. This implies that

adj(Lp)M Lyyny = 0 (mod det(L,)) for any matrix M € GL(d,Z). We then
%

conclude that N(Zd(An)) = GL(d, Z). O
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3.2. The constant-base Z2-odometer case. We will be mainly interested in
GL(d, Z)-endomorphisms of constant-base odometers, i.e., when Z,, = L"(Z%) for
each n € N and for some expansion matrix L. In this case we get the following
direct corollary of Lemma 2.6 and the condition (NC 2).

Corollary 3.2. Let L € M(d,Z) be an expansion matriz.
I
matriz M € ,Z) is in ny), if and only 1

1) A x M € GL(d,Z) is in N(Z% 1)), if and only if
(NC 3) vn € N,3m(n) € N, adj(L")ML™™ =0 (mod det(L")).

(2) If M € GL(d,Z) commutes with some power of the(_expcmsion matriz L,

then M is in the linear representation semigroup N(Zd(m)).
N L o
(3) For any M € GL(d,Z) we have that N (Z%yrpnpr-1y) = MN(Z%(ny) ML

In the next theorem, we present the structure of the linear representation group
of constant-base Z2-odometer systems based on computable arithmetical conditions
of the expansive matrix L. Within this family, we obtain a bifurcation phenomenon
at the level of the linear representation group, depending on arithmetic relations
of the coefficients of the matrix L. To describe the different cases, we introduce
some additional notations. For any positive integer n > 1, the radical rad(n) of n
is defined as the product of the distinct prime numbers that divide n. If n < —1,
we define rad(n) just as rad(—n). The centralizer Centgy,2,7)(L) of a matriz L in
GL(2,7) is defined as the subgroup consisting of all matrices in GL(2,Z) commuting
with L. Recall that, as estzLMished in Corollary 3.2, the centralizer Centqr,(2,7)(L)
Zd

is always a subgroup of ]\7( (L))

Theorem 3.3. Let L € M(2,Z) be an integer expansion matriz.
(1) If ﬁd(det(L)) divides trace(L), then the linear representation group
N(ZQ(Ln)) is equal to GL(2,Z).
(2) Otherwise
(a) If the spectrum of the matriz L is disjoint from the integers,

then the linear representation group N (Z2(Ln)) is the centralizer
CentGL(QVZ) (L)
Mozzover, if the spectrum of L is disjoint from the real line, then
N(Zz(Ln)) is a finite group.

(b) When the spectrum of L contains an integer value, the linear repre-
sentation group N(<Z_2(Ln)) is finite or virtually 7.
More precisely, wunder explicit arithmetical properties of L,
N(Z2(L71(22))) isomorphic to Z/27 or 72 /(27 x 27), or its abelianiza-
tion is finite, and its commutator subgroup is cyclic.

Along the proof, the group structure of N(<Z_2(Ln(22))) is specified in terms of the
arithmetical properties of the coefficient of L.

The following examples illustrate the different cases of Theorem 3.3 according
to the expansion matrix L.

Example 3.4 (Different results for Theorem 3.3). (1) As we will see in the
proof of Theorem 3.3, the case (1) can be easily generalized for higher
dimensions in the following way: If rad(det(L)) divides every coefficient of
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the characteristic polynomial of L, then the linear representation semigroup

R

N(Z%1ny) is equal to GL(d,Z). In particular, if L = pM, with p € Z and
L~

M € GL(d,Z), then the linear representation group N(Z%1.) is GL(d,Z).

The matrix L; = <? _51) illustrates the case (2)(a): trace(L;) = 7,

det(Ly) = 11, and L, has real eigenvalues (which are equal to 7/2++/5/2).

The matrices in N (Z2( L)) are the ones commuting with L, which is an

infinite group containing (_21 _11)
2

1
spectrum disjoint from the real line: trace(Ls) = 5 and det(Lg) = 7, and Lo
has complex eigenvalues 5/2 +1i+/3/2. The linear representation semigroup

The matrix Ly = ( _31> also illustrates the case (2)(a) but with a

—

$—

N(Z?py) is equal to Centey(2,7)(L2), which corresponds to the set
1 1 -1 -1 0 -1
-1 0/’ 1 0 )’ 1 1
0 -1 1 0 -1 0
1 -1/’ 0 1)’ 0 -1

6 1Y) . .

0 2) illustrates the case (2)(b). This is an upper

triangular matrix which is not diagonalizable by GL(2,Z). It will be proved
that N(%(Lg)) is conjugate to {(mll mlz) D myimag| = 1,ms € Z}

0 »p)

The matrix Ls = (

via the matrix (le (1)), so it is virtually Z. It can be directly checked

that the linear representation group N (Zd( Ln)) associated with a matrix
L diagonalizable by GL(2,Z) also has the same group structure, being
isomorphic to a set of invertible upper triangular matrices.

3 1
0 5
eigenvalues 3 and 5. Along the proof of Theorem 3.3 it will be sh0w1<1_that a
matrix M is in N(Z%Ln) if and only if M commutes with Ly, so N(ZQ(LZ))
is isomorphic to Z/2Z.

The last example illustrating the case (2)(b) is the matrix Ly = <(2) il)))

with eigenvalues 2 and 3. It will be also shown that N (22(Lg)) =
Centgr,(2,72)(Ls), which is isomorphic to (Z/2Z)>.

The matrix Ly = also concerns the case (2)(b). This matrix has

Remark 3.5. Note that Theorem 3.3 implies that the factor map between equicon-
tinuous systems is not necessarily compatible with GL(d, Z)-endomorphisms. Con-

sider X as the universal Z?-odometer, and set ¥ = ZQ(L?). Hence (Y, —I—,Zd) is
an equicontinuous factor of (X, +,Z%). Now, by Proposition 3.1, we can define

an isomorphism associated with the matrix

2 1\ . .
1 1) n X, However, in contrast,

Theorem 3.3 and Lemma 2.3 establish that such isomorphism is not possible in Y.
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3.3. Proof of Theorem 3.3. In this subsection, we will prove Theorem 3.3. We
decompose this proof according to its spectral properties. We will get more pre-
cise results as the ones stated in Theorem 3.3. We start with the case where the
expansion matrix has integer eigenvalues.

From now on, an integer expansion matrix L will be denoted as L = (]; ;]) , its

r(n) s(n) ma1 Moo

3.3.1. The triangular case. We now consider the case where L is a triangular matrix.
We focus only on the upper triangular case, i.e., ¢ # 0 and » = 0. The lower
triangular case can be deduced from this, thanks to Corollary 3.2 via conjugation

with the matrix <(1) (1)> For all n € Z we have L™ = (pO qiz)) , where ¢(n) =

powers as L™ = (p(n) qm)) and a matrix M in GL(2,Z) as M = (mll m12>'

n—1 .
q(p™ —s")/(p—s) = q > p's" 17t Since det(L) = ps and trace(L) = p + s, so
=0

i=
rad(det(L)) divides trace(L) if and only if rad(p) = rad(s). In this case we get a
more precise result about the linear representation group as the one mentioned in
Theorem 3.3.

Proposition 3.6. Let L € M(2,Z) be an expansion upper triangular matriz such
that rad(det(L)) does not divide trace(L). Then, we have one of the following:

(1) Ifrad(p)(ioes not divide s and rad(s) divides p, then a matriz M € GL(2,Z)
s in N(Z2Ln) if and only if (p — 8)*mia = ma1¢® + (p — 8)(m11 — Mma2)q.
Moreover, N(ZQ(M)) 1s virtually Z. "

(2) Assume that rad(p) divides s and rad(s) does not divide p. Then N(ZQ(M))

is virtually 7.
(8) If rad(p) does not divide s and rad(s) does not divide p, we have two cases:

L
o If2q € (p— s)Z, then N(Z?(n)) is isomorphic to Z/27 x 7./21.
o
e Otherwise, N(Z?n)) is isomorphic to Z/2Z.

- —
Proof. Let M be in N(Z?(1ny). Define the matrix M = (p—s)M — (my1 —maz)L —
(p-mag—m11-8)idg2. Then, M satisfies (NC 3). Moreover, note that M has the form
M= (2 T
ma1 0
with M1z, ma1 € Z. Now, (NC 3) implies that for all n,m > 0,

, where 13 = (p—8)mi2 — (m11 —ma2)q and Mgy = (p— s)mai,

@) (T ) < (00) od g

Suppose that rad(s) does not divide p. Then, there exists a prime number ¢
dividing s such that for all n > 0 and m > 0, p™ is an invertible element in Z/t"Z.
Hence, Ma; = 0 (mod ¢™) for any n > 0, which implies that 21 = 0, so mz2; = 0.
Now, by (3), we get that

(4) VYn > 0,3m >0, m2s™ =0 (mod p™).

There are two cases:
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e If rad(p) does not divide s, then (4) implies that 12 = 0. We conclude

that M = (8 8>7 ie., (p—s)M = (m11 —ma2) L+ (p-maz —mq1 - s)idge.

Since mg; = 0, then M has the form

Mo (mu m12(m11,m22)> 7
0 oy

where m12(m11,m22) satisfies (p - S)m12(m11,m22) = (m11 - m22)q.
— Note that mi1 = Mo2 if and only if mio = 0.
— If my }é mo2, then mq1 — mao € {—2, 2}, SO (p — S)m12 = :|:2q Since
M has integer coefficients, this necessarily implies that 2¢ € (p — s)Z.
If this condition is satisfied, then M has the form

A mi (m11p—_7;122)q '
0 mMa2

It is not (_difﬁcult to see that M? is the identity matrix. We conclude
that N(ZQ(Ln)) is isomorphic to Z/2Z x Z/27Z. 1f 2q ¢ (p — $)Z, then
o
N(Z?(rny) is isomorphic to Z/2Z.

o If rad(p) divides s, then any T2 € Z satisfies (4). Thus, any matrix

M = <m11 m12> with |mi1mas| = 1 satisfies (NC 3).
0 mo

Finally, if rad(s) divides p, then for any n > 0 and any m large enough s” divides
p™ and ¢(m). Let ¢ be a prime number dividing p that does not divide s. Then,
by (3) we obtain that

(5) (p — 8)*MM128™ ™ = Tg1¢*s™ ™™ (mod t™).
Since t does not divide s, for any n,m > 0, s"*™ is an invertible element in Z/t"Z.
So (5) is reduced to
(6) Vn, (p — s)*M12 = Mazq® (mod ™).
This implies that (p — s)?M12 = Ma1¢?. Thus, we get that
(7) (p = 5)*maz = ma1g” + (p — 5)(m11 — ma2)g.

o
This  implies that if M € N(Z*ny), them M is in
spang {L, id, ((p _ 2)2/q2 (1)) } We separate here in two cases:
o If (p — s) divides ¢, we write ¢ = k(p — s) for some k € Z. By (7), we have
that
mig = ma1k® 4 k(may — mas).
Since |det(M)| = 1 and det(M) = (mq11 + moy - k)(maz — may - k), we get
that |m11 + may - k| = 1 and |mas — may - k| = 1. We can parameterize the

matrices in N (Z2(1»)) as follows:
1—-m-k —mk? 1—m-k 2k—mk?
m 1+m-k/)’ m m-k—1

—1-m-k —-2k—mk —1-m-k —mk? ) c7
m 1+m-k )’ m —14+m-k S
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Note that this group is virtually Z, since the quotient by

. 1.2
<<1 lk 1—|lfk:>> is finite.

o If (p — s) does not(_divide q, we will find a matrix P €
GL(2,Z) such that N(Z2(Ln)) is conjugate to the group of matrices

m m
{< 011 m;z) LM, Mi2, Moo € Z, |m11m22| = 1} and we conclude that

N(Z2(Ln)) is virtually Z. Indeed, set ¢ = ged(p — s,q) and g = (p — s) /¢,
h = g/c. Since ged(g, h) = 1, Bézout’s lemma implies the existence of two
numbers e, f € Z such that eh — gf = 1. A standard computation shows

that P = ; £ is such a matrix.

3.3.2. The general case. We are ready to prove Theorem 3.3.

Proof of Theorem 3.3. We continue to use the notations introduced in Section 3.3.
Since we already proved the triangular case, we assume that the coefficients of the
expansion matrix L satisfy ¢ -7 #£ 0.

It will be useful to note that the Cayley-Hamilton theorem implies that

(8) L? = trace(L)L — det(L)idg:.

First assume that rad(det(L)) divides trace(L). By (8), we can conclude that
L? =0 (mod rad(det(L))). Hence, for all n € N there exists m(n) € N large
enough such that L™(™ = 0 (mod det(L)"). Therefore, any matrix in GL(2,7Z)
satisfies (NC 3) and we can deduce that N(Z2(L7l)) =GL(2,7Z).

Now we deal with the case when rad(det(L)) does not divide trace(L). In di-
mi1 M2
Mm21 M2

mension 2, this implies that L is diagonalizable. Let M = ( be in

—

< _

Z2%ny), so that it satisfies (NC 3) . Define the matrix M = rM — mo1 L —
()

(r - mi1 — p - ma;)idge. The matrix M also satisfies (NC 3) and has the form

=

— 0 m oy
M = (0 m_Z), with M9, Mo € Z.
Suppose first that L has integer eigenvalues t1,ts € Z, i.e., we can write
(eh—fg)L =P (% tO) adj(P), for some integer matrix P = (; £> .
2

If |eh — fg| = 1, then we can use Proposition 3.6 with Corollary 3.2 to conclude
that N(ZQ(Ln)) is conjugate (via P in GL(2,Z)) to the linear representation group
]\_]'(ZQ(t?thgZ)). The same conclusion holds when L is conjugate (via a GL(2,Z)-

matrix) to a triangular matrix. We then assume that |eh — fg| > 1, e, f,g,h € Z,
and ged(e, g) = ged(f, h) = 1. For any n > 0, the coefficients of L™ are given by:

ehtt — fgt3 ef(tT —t3)

pin) == —5 4 ==
_ gh(t} —t3) _ ehty — fgt}
r(n) = ﬁ s(n) = ﬁ.
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So, (NC 3) can be rewritten as:

)

(ehty' — fgti")[Maa(eht] — fgty) — Mi2gh(t] —t3)] =

gh(t" — t3") [z (ehty — fgty) — Manef (ty — 7))
gh(t]" — t3")[Maz(ehty — fgty) — Mi2gh(t — t3)]
(ehty" — fgt1")[Mi2(ehty — fgty) — Manef(ty — t7)]
[ ]

0 (mod t7t%)
0 (mod t7t%)
0
0

(mod #7t5)
(mod t7t5).

Since rad(det(L)) = rad(¢1t2) does not divide trace(L) = t; +t2, the following three
cases hold:

Case 1.

(10)

Case 2.

Case 3.

Suppose that rad(¢1) divides t2, but there exists a prime number ¢ dividing
t2 that does not divide ¢;. Then (9) can be reduced to

fgt’f”"[ﬁm -eh — mi2 - gh] =0 (HlOd tn)
Since t does not divide t1, for any n,m > 0, t}™™ is an invertible element
in Z/t"Z. We can also choose n large enough so that ¢" does not divide
any of the coefficients e, f, g, h € Z. We then conclude that m129 = Mage.
This implies that

—

o . 0 e 1
N(Z* (1)) € {aL+b1d+c (0 g) ,a,b,c € —Z} NGL(2,Z).
r

o
Since P! (8 g) P = (g g), the set P~'N(Z?(n))P is a subgroup

of unimodular upper triangular matrices in G, where

1
G—{<a b), a,b,cG—Z,|aC|—1}.
0 ¢ r

Notice that any commutators of G are of the form . So, the derived

1 b
0 1
subgroup G’ (generated by the commutators) is isomorphic to Z. More-
over, the abelianization G/G’ of G is finite. Therefore, the abelianization

L
of N (ZQ( ) is finite, and its derived subgroup is isomorphic to a subgroup
(eventually trivial) of Z. Conversely, a direct computation shows that the

matrix P! ((1) detl(P) ) P satisfies (NC 3), proving that the derived sub-

group of N(ZQ(Ln)) is nontrivial.

The case where rad(t2) divides t; but rad(¢1) does not divide ¢ is symmetric
to the former one.

Neither rad(t1) divides t5 nor rad(tz) divides ¢;. The former computations
in the two cases provide that

Mi2g = Maze, A Mizh =M f.
Since eh — fg # 0, this implies that 12 = 0 and Tigs = 0, so M = 0. We
conclude that M commutes with L, i.e., the linear representation group

L e
N(ZQ(Ln)) is equal to Centgr,(2,2)(L), which can be isomorphic to Z/2Z or
(Z.)27.)2.

Now we suppose that L does not have integer eigenvalues. A direct induction on
(8) gives, for any n > 0, that L™ = trace(L)" 'L (mod det(L)). Since rad(det(L))
does not divide trace(L), there exists a prime number ¢ dividing det(L) that does
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0 1
10
may assume that ¢ does not divide s. As s(n) = trace(L)"'s (mod det(L)), then,
for all n > 0 and m > 0, s(m) is an invertible element in Z/t"Z. Hence, (NC 3)
implies that

not divide p or s. Without loss of generality (up to a conjugation with ) we

(11) mizs(n) — Mazq(n) =0 (mod t™)
(12) —m12r(n) + Mazp(n) =0 (mod t"),
which is equivalent to
. mia 0
1 dj(L" = d t").
13) aai(z) (72 = () tmod )
miz

m22
adj(L)-invariant, and if 33 = 0, then (11) implies that ™1z = 0.

(L) ms(2)
Now, set (@(1)) (m12 ) € E. Note that

—(2
m22 m22( )

(M y(m?\  (maPmn® - mnWmn®
m22( ) ——1) | — m22( ) —2) ] = )
ma2 mag 0

m—12(2)

2)). So, E is an

Consider the set E = { ( ) € Z*%: satisfying (13) for all n > O}. This set is

(1)
hence, by the former remark Moz <$(1)) = oy 1)<
22

adj(L)-invariant Z-module of rank at most 1.
Since L does not have integer eigenvalues, £ must have rank 0. This implies that

Tzt

m1s = Moz = 0. Hence M commutes with L. We conclude that N(Z2(Ln)) is equal
to CentGL(g)Z) (L)

We claim that the centralizer Centgr,(2,2)(L) is finite when L has no real eigen-
values. Indeed a matrix M commuting with L has to satisfy

(14) Mz — ¢ - Moy =0
Mgy —S-Moy —7-mi1+p-moy =0.

e Suppose p = s. In this case, (14) implies that m1; = may and mo; =
mq1 - 7/q. Note that L has complex eigenvalues if and only if gr < 0, as
determined by the condition (2p)? — 4(p? — qr) < 0. Since |det(M)| = 1,
then |m2, —m2,-7/q| equals 1. Therefore, when gr < 0, there exists a finite
number of points (mi1, m1a) € Z? satisfying (14).

o If p # s, then (14) implies that mis = g(mi1 — mag)/(p — s) and mo; =
r(mi1 —ma2)/(p — s). Since M € GL(2,Z), we get that

2 4r
(15) mi111M22 (m11 m22) (p — 5)2 :|:1

In this case, there is a finite number of solutions if trace(L)? —4 det(L) <
0, which is equivalent to L having no real eigenvalues.

O

Remark 3.7. In the particular case when ged(trace(L),det(L)) = 1, we can
simplify the proof noting that (11), (12) imply the existence of two sequences
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b s ()
n Pdet(L)” P det(L)"
(16)
P () R () I
n M2 @y T2 der(L)r
Since L is an expansion matrix, then L~! is a contraction, so we have that
fm P gy, 40 ) S0

n—oo det(L)?  n—oo det(L)” n—oodet(L)” n—oo det(L)™

this implies that for all n € N large enough, k! = k2 = 0, and we conclude that
M1 = Moy = 0.

Theorem 3.3 implies that the linear representation group of constant-base Z2-
odometer systems is computable. But the techniques developed in this article may
not be directly applicable to higher dimensions. This raises the following question:

Question 3.8. Regarding the linear representation group of higher dimensional
constant-base odometer systems, are its elements computable? Is its group structure
computable?

By “computable elements”, we mean that if there exists an algorithm to decide
whether a matrix M belongs to the linear representation group or not. The second
question involves finding an algorithm to determine the linear representation group,
up to isomorphism, as a function of the base matrix L.

4. MINIMAL SUBSHIFTS WITH INFINITE LINEAR REPRESENTATION GROUP

In this section, we present minimal substitutive subshifts with infinite linear
representation groups, thereby providing a positive response to a question posed in
[2]. Their normalizer groups are fully explained. We prove the following result.

Theorem 4.1. For any expansion matric L € M(d,Z) with |det L| > 3, there
exists an aperiodic minimal substitutive Z-subshift X with expansion matriz L
such that

e [t is coalescent. -

e [t is an almost 1-to-1 extension of Zd(Ln).

o [ts automorphisms are reduced to the shift transformations.

o [ts linear representation semigroup N (X,S) is equal to

{(Me|)()L"GL(d,Z)L™™ : 3ng, L™"ML" = L™"MLP (mod L(Z")),VYn,p > no}.
k>0 n>k
e Its normalizer group is a semidirect product of Z< with N(X, S).

The isomorphisms are explicit.

In particular, when L is proportional to the identity, the former result provides
an example of a minimal subshift with a linear representation semigroup equal to
GL(d,Z).

To describe these explicit examples, we will briefly introduce some notions com-
ing from (aperiodic) tiling theory. Most of the references come from [3]. From a
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tiling perspective, the half-hex inflation is a well-known inflation rule analogous
to a symbolic substitution (for more properties about this tiling substitution, see
[3, Section 6.4]). The tiles consist of 6 regular half-hexagons, each one being the
image under a 6-fold rotation of a single one. The inflation rule, up to rotation, is

described in Fig. 1.
A — XN

FI1GURE 1. Tile-substitution of the half-hex tiling.

In tiling terminology, it is an edge-to-edge inflation, which means that each in-
flated tile is precisely dissected into copies of the tiles, and the vertices of any tile
only intersect with the vertices of the adjacent tiles. This inflation defines an aperi-
odic tiling of the plane (see [3, Example 6.4]). Since the largest edge of any half-hex
can only meet the largest edge of the adjacents half-hexes, two half-hexes always
join to form a regular hexagon via their largest edges. By applying this procedure,
the half-hex tiling can be decomposed into three hexagons, each distinguished by a
single diagonal line, as shown in Fig. 2 (see [3]).

o L QO

FIGURE 2. The three tiles as a new alphabet for the half-hex tiling.

Using these full hexagons, we can define a pseudo inflation (using the vocabulary
on [3]), which is conjugated to the half-hex tiling as in Fig. 3.

FIGURE 3. New tile-substitution conjugate to the half-hex tiling,
with a discrete 2-dimensional tranlsation-invariant subaction in R2.

From this pseudo inflation, we construct a tiling substitution with only the four
shaded hexagons in Fig. 3. In this tiling substitution, there is an invariant discrete
lattice A C R? generated by the centers of these hexagons, using the vectors u
and v as depicted in Fig. 3. The discrete translation A-subaction is conjugate to
the substitutive subshift associated with the following constant-shape substitution,
called half-hex substitution, Cpp with an expansion matrix Ly, = 2-idz2 and support

Flhh = {(07 O)a (17 O)a (07 1)a (17 _1)}
0
0

= O
N O

0 — 2 1 =
1

DN
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We recall that the notations and the notions we will use are summarized in
Section 2.3.2. A straightforward computation, based on [20, Theorem 4.8], reveals
that the extreme points of the convex hull of F* are {(0,0),(0,2" — 1), (2" —
1,0),(2"—1,1—2")}. Since F"" is a fundamental domain of 2"Z2, it has cardinality
4", Furthermore, F"" C conv(F")NZ2%, where conv(F") denotes the convex hull
of FM. Actually, the Pick formula provides that the cardinality of conv(F )N Z?
and F'" are the same, so F*" = conv(F) N Z2. Tt then follows that (F/), > is
a Fglner sequence.

F1 FQ °

FIGURE 4. The first two supports of the half-hex substitution.

Inspired by the half-hex substitution, we consider an integer expansion matrix

L € M(d,Z) with |det(L)| > 3, a fundamental domain Fy of L(Z%) in Z?, and

set the finite alphabet A = F; \ {0}. We define the substitution or: A — A as
follows:

| a when f=0,

(17) Vae A, or(a)f —{ F when f £ 0.

Under the hypothesis that the sequence of supports (F, )0 is a Fglner sequence,
we get the substitutive subshift (X, ,S,Z?). It is important to notice that all the
patterns o, (a) coincide except at the origin, where the letter is uniquely determined.

For computational purposes, we introduce the map

(18) r:neZi\ {0} — fe F\ {0},

where n = LPT1(z) + LP(f) with z € Z¢, f € Fy \ {0} and p is the smallest integer
such that n & LP*T1(Z4). The value p serves as a multidimensional L-adic valuation
of mn. A motivation to introduce this map is due to the next formula that enables
to compute the value of a o-fixed point Z at some position only by the knowledge
of this position. More precisely, it is straightforward to check that

(19) Vn#£0eZl z,=r1(n).

This property is a typical one of automatic sequences. As a consequence, oy, has
exactly |A| = |det L| — 1 fixed points in X,,, and they all coincide except at the
origin. Moreover, we have the following standard recognizability property.

Lemma 4.2. Let T be a fized point of or, then for any integer n > 0 and any
a,bc 7%\ {0},

Tair, = Toprr, = a=b (mod L"(Z%)).

In particular, if the sequence of supports of the iterations o is Folner, then the
substitution o, is recognizable on any fized point T of or, so or, is aperiodic.
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Proof. We prove the claim by induction on n > 0. We start with the base case
n=1.

Suppose a ¢ L(Z%), ie., a = L(c) + g with g € F1 \ {0}. If b ¢ L(Z%), then
b = L(d)+ h with h € Fy \ 0. Since T is a fixed point of o, we have that
Ta = 0(2c)g = g = 0(2a)n, 50 g = h, which implies that @ = b (mod L(Z%)). If
b € L(Z%), then for any f € Fy \ {0} we have that Tpy s = f = Tqtf. We consider
F € Fi\ {0} such that a + f ¢ L(Z), i.e,, a+ f = L(e) + h, 50 Tq+f = h, and
h = f,ie., a € L(Z%) which is a contradiction.

Now, suppose there exists some n > 0 such that Ta+p, = Torr, = a =
b (mod L™(Z%)). Let a,b € Z¢ be such that

T(Jr‘an+1 - ib+Fn+1 .
Since F,, C F,, 41, by the induction hypothesis we have that @ = b (mod L"(Z%)).
We recall that F,, 11 = F,, + L™(F}), so we write
a=L""e)+ f+L"(g), b=L"""(d)+f+L"(h)
for some f € F,,, g,h € Fy and ¢,d € Z%. We prove that g = h. If f = 0 we can
use a similar argument as for the case n = 1 to conclude that g = h. Suppose then
f # 0. We consider j € F,, 41 such that f = —j (mod L™(Z%)), so
a+j=L"c1)+L"g) b+j=L""(di)+L"(h),
for some ¢y, d; € Z¢. Since T is a fixed point of o, we get that
Ta+j = 07 (0L(0L(T)e))g)o)o = g
Torj =0 (00(0L(T)dy)n)o)o = .

Recall that Tq4; = Tpyj, hence g = h which implies that a = b (mod L™+ (Z%)).
O

%
Recall that the map 7 : (X,,,5,Z%) — (Z%pn),+,Z%) is defined in Section
2.3.2.

Proposition 4.3. If the sequence of supports of the iterations o} is Fplner, then
oL is an aperiodic, primitive constant-shape substitution and the factor map 7 :
(Xoy. S, Z%) = (Z%(pny, +,Z%) is almost 1-to-1.

More precisely, we have

= { AT 00

otherwise.

In particular, the subshift X,, is a substitutive Toeplitz subshift and its maximal
%

equicontinuous factor is Zd( rn)- As an explicit example, the substitutive subshift
X" agsociated with the halfilex substitution (p, is an almost 1-to-1 extension of

the constant-base odometer Z2(2nzz).

Proof. Since 7 is a bijection, o, is a primitive substitution. The aperiodicity follows
from the recognizability given by Lemma 4.2.

Now we study the fibers 7= '({g}) for G = (gn)n € <Z—d(Ln). Suppose
7Y {T | > 2 and set 21,25 € 7 ({'g}), ie., for any n > 0 there exists
y%n),yén) € X,, such that z; = Sgnog(yfn)), for i € {1,2}. Let a € Z? such

that ©14 # Z2q. This implies that af(y%n))aﬂ,n + aZ(yén))aJrgn. For every n > 0,
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we write a + g, = L"(b,) + fn, with b, € Z¢ and f,, € F,,. Since for i € {1,2} we
have that aﬁ(yi"))aﬂ,n = o7 (yi")(bn))fn and these letters are different, then for

any n > 0, f, must be 0 € F,,. This implies that for every n > 0
gn = —a (mod L™(Z%)).

Hence ‘g = KLy (—a), ie., G e (9((6, +). It follows that 21 and z5 are in the
orbit of two fixed points of ¢7. In this case, |7~'(‘g)| has cardinality |.A| and they
only differ in the coordinate —m(*Lln)(?). If g is not in O(0, ), then 7~ (%) has

%
cardinality 1. We conclude that the factor map 7 : (X,,, S, Z%) — (Z%pn), +, Z¢)
is almost 1-to-1. 0

As a consequence of Proposition 4.3, we get the following property on the
GL(d, Z)-endomorphisms of X, .

Corollary 4.4. Assume the sequence of supports of the iterations o} is Folner.
Then any GL(d,Z)-endomorphism ¢ € N(X,,,S) maps a or-fized point onto a
shifted of a o -fized point.

F
Proof. Since the factor map 7 : X5, — Z% ) is almost 1-to-1 (Proposition 4.3),
H

then the odometer system Zd( rn) is the maximal equicontinuous factor of the
substitutive subshift (X,,,S,Z%). So there exists a semigroup homomorphism
7+ N(Xg,,5) = N(Z%yn)) which is injective (Lemma 2.3). Recall that any
equicontinuous system is coalescent, so any endomorphism is invertible and by
Ttem iii of Lemma 2.3, any endomorphism ¢ satisfies

<_

{? € <Z—d(m)3 {7l = |A|} C (o) ({? e 2%y In{{T ) = |A|}) '

H
Since {? € Z4pny: =1 {g})| = |A|} is the orbit (9(%,4—) = K (Z7), it im-

plies that ¢ maps the m-fiber of the orbit (9(%, +) onto itself. This 7-fiber consists
of the orbits of o -fixed points. It follows that, up to compose ¢ with a shift map,
the image of a oy -fixed point T by ¢ is also a o-fixed point. O

We also characterize the GL(d,Z)-endomorphisms of the substitutive subshift
(X5, ,S,7%) by the following results. The first one concerns endomorphisms and
automorphisms.

Lemma 4.5. Let o, defined as (17) and assume the sequence of supports of the
iterations ot is Folner. Then the subshift (X,,,S,Z%) satisfies
e it is coalescent,
e the automorphism group Aut(X,,,S) is trivial, i.e., consist only on the
shifted transformations S™, n € Z2,

Proof. First we prove that End(X,,,S) = (S). We keep the notations of
Lemma 2.3. Set ¢ € End(X,,,S). According to Corollary 4.4, #(¢) is an endomor-
phism of the odometer, which means it is a translation, as proven in Lemma 2.8.
Moreover, since it preserves the 0-orbit, 7(¢) is a translation by some element
Kny(n) with n € Z%. By definition of #, this translation is #(S™), thus equal
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to 7(¢). We conclude, by the injectivity of 7, that End(X,,,S) = (S). As a
consequence, (X,,,S,7%) is a coalescent system. O

Now, we characterize the elements of their linear representation semigroups. For
this, we introduce the following notations. Let Ny, be the group

{Me | () L"GL(d,Z)L™™ : 3ng, L™"ML" = L™"ML” (mod L(Z%)),¥n,p > no}.
k>0 n>k

The crucial properties of an element M of Ny, are the following: for each integer
n > 0, there is a Z%automorphism M,, such that L™M, = ML". Moreover, each
automorphism M,, permutes the L(Z?)-cosets. With an abuse of notation, we will
denote these permutations on Fy \ {0} by M, (mod L(Z%)). These permutations
are ultimately all the same, for large enough n. Linked with the computation of
the digits of fixed points, we have the following relation

(20) 70 M(n) = M,o7(n) (mod L(Z%)),
where p is the smallest integer such that n ¢ LPH1(Z?).

Lemma 4.6. Assume that the sequence of supports of the iterations o} is Folner.
Then the linear representation semigroup N(X,,,S) is the linear group Ny,.

Proof. We start to show that N(X,,,S) < Ni. Set M € N(X,,,5), and let

¢ € N(X,,,S) be an M-endomorphism with radius r(¢). Up to compose ¢ with a

shift, we can assume that it preserves the set of o -fixed points (Corollary 4.4).
Since 7 is compatible with GL(d, Z)-endomorphisms (Lemma 2.4), Lemma 2.3

provides that M € N(Zd(m)). This set is a group (Corollary 2.7), so M~!

also belongs to N(Zd(Ln))7 i.e., for any n > 0, there exists m > 0 such that
L="M~'L™ is an endomorphism of Z? (see Section 3). We define m(n) =
min{m > 0 : L~"M~'L™ is an endomorphism of Z¢}. Since the determinant of a
Z%-endormorphism is an integer, we have that m(n) > n.

We will show that actually m(n) = n for any large enough n, so that M ~! belongs
to Upso MNpsi L"GL(d, Z)L™™. Since this set is stable by taking the inverse, this
is also true for M.

We prove the claim by contradiction, i.e., we assume there is an infinite set of
integers j such that m(j) > j. Choose n large enough integer so that the ball of
radius r(¢) centered at the origin is included in L™ (K, )+ F,, see Proposition 2.13.
For such n, L/ (Z%) N (L"*Y(K,,) + F,,) = {0}, for any j large enough. Since the
sequence (m(j)), es goes to infinity, one can moreover assume that m(j+1) > m(j).
With this convention, the group L= M~*L™)(Z?) can not be a subset of L(Z?),
since otherwise this implies m(j) > m(j + 1). So there is some g € Z¢ such
that L= M ~1L™0)(g) # 0 (mod L(Z%)). Moreover, the set L=~ M Li+1(74)\
7% is not empty, since otherwise the matrix L=""0)=1 ML+ would have integer
coefficients, which is impossible since its determinant det L7="() is not an integer.
This provides an element hg € L=~ M LIt (Z4)\ Z49. Set hy = L(hg), we have
then hy ¢ L(Z%) and L™ (hy) = ML+ (hy) for some element hy € Z%. These
elements will enable us to provide a contradiction.

Set g1 = L’”U)(g) and g» = g1 + MLT'hy. By construction, such elements
satisfy

Mgy = /(LM L™ (g)) = M~'gs (mod L7 (Z7)),
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so that
T(M~'g1) =7(M'go) = LM 'L™Wg (mod L(Z%)).
Moreover the same relation and the very choice of j give for any k € K,,, f € F,
(21) (M~ g1+ L™ (k) + f) = (M~ g2 + L™} (k) + f).
On the other way, the very choice of hy implies that

7(g2) = 7(g + h1) whereas 7(g1) = 7(g).
Since hy & L(Z4), we get

(22) 7(g1) # 7(g2)-
Consider T € X,,, a fixed point of oz,. The relation (21) implies that

T|M=1g)+Ln+1(Kqy )+Fp = T|M~1got Lt 1 (K)+F,-

By the choice of n € N and the Curtis-Hedlund-Lyndon theorem (Theorem 2.12),
we also have that ¢(ZT)g, = #(T)g,. Since ¢ preserves the set of o -fixed points, we
get by (19), ¢(Z)g, = 7(91) and ¢(Z)g, = 7(g2), contradicting (22). So m(n) =n
for any large enough n.

We still have to show that L™P M LP (mod L(Z%)) is uniform in p for any large
enough integer p. Let K,, be the finite set provided by Proposition 2.13 and let
n be large enough so that L"(K,,) + F, contains the ball B,4)(0). Consider
f € F1\ {0} and integers p, ¢ > n. We claim that

(23) T|Lp(£)+ L (Kop )+Fn = T|La(£)+L7 (Kop )+Fn-

Indeed, by the equality (19) and since p > n we get the following for any k € K, ,
fneF,

T(fn) if fn € F, \ {0}
Tro(f)+Lr)efn =\ T(K)  fEFOAfr, =0
7(f)  otherwise.

In particular, notice that T e ()4 1n( Ko, )+F, 18 independent of p and so the equality
(23) follows.

Moreover, the equality (23) implies, by Curtis-Hedlund-Lyndon theorem (Theo-
rem 2.12), that ¢(Z)prrf = ¢(Z)apag. Recall that My, denotes L~*MLF for any
integer k > 0. Since ¢(Z) is also fixed by o, the same computation as before
provides ¢(Z)arrep = T(MLPf) = M, f (mod L(Z%)), by (20). Similarly, we also
have that ¢(Z)aray = My f (mod L(Z%)). Hence M, f = M, f(mod L(Z%)) for any
p,g>nand f € Fy \ {0}. It follows that M is in Ny.

We will show now the converse inclusion, that is N; < N(Xg,,S), so that the
two sets are actually equal.

Recall that for a matrix M € Ny, all the matrices M, = L™PMLP permute
L(Z%)-cosets, so they define an isomorphism on Fy \ {0}. Moreover, this isomor-
phism is independent of p, for any p no greater than some ng € N. The recogniz-
ability property of o, enables us to define the truncation of a “L-adic” valuation
as a local map. More precisely, from Lemma 4.2, we can define the local map
v: Lr, (Xo,) = {0,1,...,n0} by

V(@{nsr,,) = min{no,q where n € LU(Z?) \ L7 (2)).
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We then set the map ¢ : X, — ¢(X,, ) induced by the local map

Gu (1) = My )Tp 1 (mod L(Z%)), for any z € X,,,n € Z°.

T\ M~1ntFp

Notice that ¢p; is an M-epimorphism onto the subshift ¢p(X,, ) by Curtis-
Hedlund-Lyndon theorem (Theorem 2.12). Actually, the two subshifts are the same
om(Xs,) = Xy, so that ¢y is an M-endomorphism. To prove it, it is enough to
show that ¢pr maps a op-fixed point T € X,, to another fixed point of oy within
Xo., s0 that ¢pr(Xo, ) N Xy, # 0. The minimality of the subshift X,, enables us
to conclude that ¢,s is an M-endomorphism.

Indeed, Equation (19) provides for any n # 0 € Z¢ that

oM (Z) M = My s, )T (mod L(2Z%))
= My (3, )7(1) (mod L(Z%))
= 7(Mmn) by relation (20).

So ¢ (T) is fixed by o, and the claim follows, i.e., ¢ps is an M-endomorphism of
X,, . Hence N(X,,,S) = Nr, and it is a group. Proposition 2.2 ensures then that
N(X,,,S) is a group. O

Lemma 4.7. Assume the sequence of supports of the iterations o} is Folner, then
the normalizer semigroup N(X,,,S) is isomorphic to a semidirect product between
Z4 and the linear group Ny .

Proof. From preceding Lemma 4.6 and Lemma 4.5, Proposition 2.2 ensures then
that N(X,,,S,Z%) is a group. We have to prove that the map

M € Ni + ¢ur € N(Xy,,5)

is a group embedding. This will show that the exact sequence (1) splits and
N(X,,,S,Z% is a semidirect product between Z? and the linear group N. To
prove it is a group morphism, the only nontrivial point to check is the composition
relation ¢prpr = pprogpnyr for any M, M’ € Np. Since the maps ¢y and ¢prodps
have the same linear part, the closed set {x € X,, : dprnr () = s o darr ()} is
S-invariant. By minimality, we only have to prove it is nonempty. We will show
it contains any op-fixed point Z. Since in the previous part, we have shown that
the fixed points are preserved under the maps ¢, we only have to check that the
images under the two maps have the same 0 coordinate.

Let ng be the integer associated with M such that the transformation M, co-
incides mod LP(Z4) for p > ng. Define n{, similarly for M’. It is direct to check
that the integer max(ng,n() plays a similar role for M M’. By definition we have
om (T)o = M;lafg (mod L(Z%)) and ¢pr o dar(T)o = MnDMr’ngo (mod L(Z%)).
Now, a direct computation gives that (M M’)max(ne,ny) = MnOM'r/zé) (mod L(Z%))
and this shows the claim, i.e., the two images have the same 0 coordinate.

To prove that the morphism is injective, consider a matrix M in its kernel, i.e.,
such that ¢y; = Id. Composing this relation with the shift map S%, with z € Z,
and since ¢y is an M-endomorphism, we get that SM# = §# for any z € Z?. By
aperiodicity of the subshift, M has to be the identity matrix. O
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Theorem 4.1 resumes all the former results. In particular, if the expansion matrix
L is a multiple of the identity, then N(X,,,S) = Centgrq,z)(L) = GL(d,Z). As a
consequence, we get the following direct corollary:

Corollary 4.8. The normalizer semigroup of the half-hex substitution N(Xpp, S)
is a group and it is isomorphic to a semidirect product between Z* and GL(2,7Z).
Moreover, its automorphism group Aut(Xpp, S) is trivial.

This implies that the half-hex substitutive subshift is a minimal subshift with
an infinite linear representation group. In fact, since N(Xpn,S) = GL(2,2), its
linear representation group is the largest possible. As an other example, consider

o
the matrix Lg = (g 2) By Theorem 3.3, we have that N(Z?n)) = GL(2,7),

but Theorem 4.1 and a standard analysis provide that N (Xop,, ) is the set of

matrices {(g Zb) ca,de {-1,1},be Z}. In particular, ]\7(X(TLG ,9) is virtually

Z: its quotient by the group generated by the matrix <(1) ?) is finite.

It is then natural to wonder what is the collection of all the groups N (X,,,S)
that appear for all the matrices L and in particular if any subgroup of GL(2,Z) can
be realized like this. This question can be very difficult because it requires precise
control of the combinatorics which can be difficult to manage. A more manageable
way could be by realizing linear representation groups of specific odometers (see
Question 2.10). With this, we may expect to get an answer of the following:

H
Question 4.9. Does there exist for any odometer system (Zd(zn)) an almost 1-to-1
Toeplitz extension (X, S,Z%) such that N(X,S) = N(Zd(zn)) ?

Together with Question 2.10 this will enable us to enrich that family of examples
with a large linear representation group.

In the more restrictive class of subshifts given by the finite data of a constant-
shape substitution, it is natural to ask whether the elements of the normalizer
are computable. There is a body of evidence indicating that their automorphisms
can be described by an algorithm. But, as illustrated by the characterization in
Theorem 4.1, nothing is clear concerning the elements of the linear representation
group. Related to Question 3.8, we ask the following:

Question 4.10. Regarding the linear representation group for substitutive constant-
shape subshifts, are its elements computable? Is its group structure computable?

Here we mean “computable elements” in the sense that there is an algorithm
deciding whether or not a matrix M belongs to the linear representation group. The
second question is to find an algorithm for determining the linear representation
group, up to isomorphism, as a function of the substitution.
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