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String attractors

Definition
A string attractor for a (finite) word w is a set of positions
I C {1,...,|w|} such that each factor has an occurrence in w

crossing one of the positions in .

Qutline
We want to find a string attractor for each prefix of an infinite

word.

e Start from the Fibonacci word...
e extract the ideas...
e and apply them on other words.
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100101001001 - - -
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Prefixes of the Fibonacci word

Construction of the string attractors:

f=20
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Prefixes of the Fibonacci word

Construction of the string attractors:

f=01
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Prefixes of the Fibonacci word

Construction of the string attractors:

f =010
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100
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Prefixes of the Fibonacci word

Construction of the string attractors:

I
f = 0100
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 01001
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 010010
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100101
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100101
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Prefixes of the Fibonacci word

Construction of the string attractors:

[}
f = 0100101
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100101
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 01001010
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 010010100
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 0100101001

France Gheeraert String attractors of fixed points of k-bonacci-like morphisms WORDS 2023 2 /13



Prefixes of the Fibonacci word

Construction of the string attractors:

f = 01001010010
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 010010100100
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 010010100100
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Prefixes of the Fibonacci word

Construction of the string attractors:

[}
f = 010010100100
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Prefixes of the Fibonacci word

Construction of the string attractors:

f = 010010100100
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Prefixes of the Fibonacci word

Construction of the string attractors:
f = 0100101001001 - - -
Three main steps:
e increasing the length of the prefix (no new “small” factor)

e adding a “well-chosen™ position

e removing the first position when it becomes redundant
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Increasing the length of the prefix (no new “small” factor)

Lemma
Let x be an infinite word. If
e [ is a string attractor of x[1, n],
e x[1, n+ 1] is periodic of period p,
e pc r,
then I is a string attractor of x[1, n + 1].
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Increasing the length of the prefix (no new “small” factor)

Lemma
Let x be an infinite word. If
e [ is a string attractor of x[1, n],
e x[1, n+ 1] is periodic of period p,
e pc r,
then I is a string attractor of x[1, n + 1].

Proof:

X]. . .ﬁxp‘f'l. . .Xn
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Increasing the length of the prefix (no new “small” factor)

Lemma
Let x be an infinite word. If
e [ is a string attractor of x[1, n],
e x[1, n+ 1] is periodic of period p,
e pc r,
then I is a string attractor of x[1, n + 1].

Proof:

X]. . .ﬁxp‘f'l. . 'Xan+1
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Increasing the length of the prefix (no new “small” factor)

Lemma
Let x be an infinite word. If
e [ is a string attractor of x[1, n],
e x[1, n+ 1] is periodic of period p,
e pc r,
then I is a string attractor of x[1, n + 1].

Proof:

X]. . .ﬁxp‘f'l. . .Xn
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Increasing the length of the prefix (no new “small” factor)

Lemma
Let x be an infinite word. If
e [ is a string attractor of x[1, n],
e x[1, n+ 1] is periodic of period p,
e pc r,
then I is a string attractor of x[1, n + 1].

Proof:

X]. . .ﬁxp‘f'l. ..
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Increasing the length of the prefix (no new “small” factor)

Lemma
Let x be an infinite word. If
e [ is a string attractor of x[1, n],
e x[1, n+ 1] is periodic of period p,
e pc r,
then I is a string attractor of x[1, n + 1].

Proof:

X]. . .Xp
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Increasing the length of the prefix (no new “small” factor)

Lemma
Let x be an infinite word. If
e [ is a string attractor of x[1, n],

e x[1, n+ 1] is periodic of period p,

e pel,
then I is a string attractor of x[1, n + 1].
Proof:
Xl. . .Xp
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Adding a “well-chosen” position
Let (Fn)n>0 be the Fibonacci sequence (Fo =1, F; = 2).
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Adding a “well-chosen” position
Let (Fn)n>0 be the Fibonacci sequence (Fo =1, F; = 2).

Lemma
For all n > 0, f[1, F,41 — 1] is periodic of period F,.
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Adding a “well-chosen” position
Let (Fn)n>0 be the Fibonacci sequence (Fo =1, F; = 2).

Lemma
For all n > 0, f[1, F,41 — 1] is periodic of period F,.

Corollary
Every prefix of f has a string attractor made of elements of
(Fn)nZO-

Proof:
It is true for the prefix of length 0 = Fg — 1.
Induction:
I s.a. of f[1, Fp, — 1]
= FTU{Fn} s.a. of f[1, Fy]
= TU{Fn}s.a. of f[1,n], Vn e [Fn, Fmt1 — 1]
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Adding a “well-chosen” position: general case

Proposition

Let x be an infinite word and let (U,)n>0 be an increasing
sequence such that Uy = 1. If, for all n > 0,

(Per) the word x[1, Un+1 — 1] is periodic of period U,,

then every prefix of x has a string attractor composed of elements
Of ( Un) n>0-
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Adding a “well-chosen” position: general case

Proposition

Let x be an infinite word and let (U,)n>0 be an increasing
sequence such that Uy = 1. If, for all n > 0,

(Per) the word x[1, Un+1 — 1] is periodic of period U,,

then every prefix of x has a string attractor composed of elements
Of ( Un) n>0-

But the size of the string attractors might not be bounded...
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Removing the first position when it becomes redundant

[}
f = 010010100
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Removing the first position when it becomes redundant

f = 010010100

Lemma
For all n > 0,
(Suff) f[1, F,] is a suffix of f[1, Fpy2);

France Gheeraert String attractors of fixed points of k-bonacci-like morphisms WORDS 2023 6 / 13



Removing the first position when it becomes redundant

f = 010010100

Lemma
For all n > 0,
(Suff) f[1, Fy] is a suffix of f[1, Fpy2];
o f[1, Fni2] is followed by f[F, + 1, Fpy1 — 1] in f;
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Removing the first position when it becomes redundant

f= (21Q(|)lO 100

Lemma
For all n > 0,
(Suff) f[1, Fy] is a suffix of f[1, Fpy2];
o f[1, Fni2] is followed by f[F, + 1, Fpy1 — 1] in f;
(Per) x[1, Fpy1 — 1] is periodic of period Fy;
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Removing the first position when it becomes redundant

f= (|)1Q01019?

Lemma
For all n > 0,
(Suff) f[1, Fy] is a suffix of f[1, Fpy2];
o f[1, Fni2] is followed by f[F, + 1, Fpy1 — 1] in f;
(Per) x[1, Fn11 — 1] is periodic of period Fp;
(Len) Fn+3 = Fn+2 Z Fn+1 = F,,,'
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Removing the first position when it becomes redundant

[}
f = 010010100

Lemma
For all n > 0,
(Suff) f[1, Fy] is a suffix of f[1, Fpy2];
o f[1, Fni2] is followed by f[F, + 1, Fpy1 — 1] in f;
(Per) x[1, Fn11 — 1] is periodic of period Fp;
(Len) Fn+3 = Fn+2 Z Fn+1 = F,,,'
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Removing the first position when it becomes redundant

f = 01001010

Lemma
For all n > 0,
(Suff) f[1, Fy] is a suffix of f[1, Fpy2];
o f[1, Fni2] is followed by f[F, + 1, Fpy1 — 1] in f;
(Per) x[1, Fn11 — 1] is periodic of period Fp;
(Len) Fn+3 = Fn+2 Z Fn+1 = F,,,'
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Removing the first position when it becomes redundant

f = 01001010

Lemma
For all n > 0,
(Suff) f[1, Fy] is a suffix of f[1, Fpy2];
o f[1, Fni2] is followed by f[F, + 1, Fpy1 — 1] in f;
(Per) x[1, Fn11 — 1] is periodic of period Fp;
(Len) Fn+3 = Fn+2 Z Fn+1 = F,,,'
(Per2) f[1, Fhi2 + Fne1 — Fn — 2] is periodic of period Fpy1.
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Removing the first position when it becomes redundant

f = 010010100

Lemma
For all n > 0,
(Suff) f[1, Fy] is a suffix of f[1, Fpy2];
o f[1, Fni2] is followed by f[F, + 1, Fpy1 — 1] in f;
(Per) x[1, Fn11 — 1] is periodic of period Fp;
(Len) Fn+3 = F,H_g Z Fn+1 = Fn,'
(Per2) f[1, Fhi2 + Fne1 — Fn — 2] is periodic of period Fpy1.

Proposition

Every prefix of f has a string attractor of size (at most) 2 made of
consecutive elements of (Fn)n>0.

France Gheeraert String attractors of fixed points of k-bonacci-like morphisms WORDS 2023 6 / 13



Removing the first position: general case

Proposition

Let x be an infinite word, let (Up)n,>0 be an increasing sequence
such that Uy = 1. If there exists k > 2 such that, for all n > 0,

(Per) x[1, Uy11 — 1] is periodic of period Up,
(Suff) x[1, Up] is a suffix of x[1, Upi«],
(Len) Un+k+1 - Un+k > Un+1 - U,,,

then every prefix of x has a string attractor of size at most k + 1
made of consecutive elements of (U,)n>0.

France Gheeraert String attractors of fixed points of k-bonacci-like morphisms WORDS 2023 7 /13



Removing the first position: general case

Proposition

Let x be an infinite word, let (Up)n,>0 be an increasing sequence
such that Uy = 1. If there exists k > 2 such that, for all n > 0,

(Per) x[1, Uy11 — 1] is periodic of period Up,

(Suff) x[1, Up] is a suffix of x[1, Upi«],

(Len) Unyki1 — Unyk = Up1 — Up,
then every prefix of x has a string attractor of size at most k + 1
made of consecutive elements of (U,)n>0.
Moreover, if for all n > k,

(Per2) x[1, Upt1 + Up—k+1 — Un—k — 2] is periodic of period
Un,

then that string attractor can be chosen of size at most k.
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k-bonacci-like morphisms

For k > 2 and for c1,...,ck > 0 with ¢, ¢, > 1, we define
0~ 091
1+ 022

He and  xc = p¢(0)

|fC1:C2:

France Gheeraert

k —2 s 0%-1(k —1)
k—1— 0%

-+ = ¢, = 1, we obtain the k-bonacci word.
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k-bonacci-like morphisms

For k > 2 and for c1,...,ck > 0 with ¢, ¢, > 1, we define
0~ 0“1
1— 0%2
fhe PR - and  x. = u2(0)
k—2—0%1(k—1)
k—1+ 0%
If e = ¢ =---=cx =1, we obtain the k-bonacci word.
Question

Can we use our techniques to find a string attractor for every prefix
of x.7
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Associated sequence U,

Proposition
For all n > 0, we have

prH ) - ph2(0) - pP(0) e ifn < k=1
Mn—l(o)q . ’un—2(0)cz . _Iun—k(o)c,< if n > k.

n"(0) = {
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Associated sequence U,

Proposition

For all n > 0, we have

prIO) - W A(0)% 20 0 i< k-1,
Mnfl(o)cl . Mnf2(0)c2 . _Mnfk(o)ck if n > k.

p(0) = {

In particular, if U, = |u"(0)|,

U — aUp—i1+caUpo+--+cplp+1 ifn< k-1,
" \aUs1+ @Upo+ -+ cUpx  ifn> k.

France Gheeraert String attractors of fixed points of k-bonacci-like morphisms WORDS 2023 9 /13



Associated sequence U,

Proposition

For all n > 0, we have

pH0)° () p0(0) i< k1
Mnfl(o)cl . unf2(0)c2 . _Mnfk(o)ck if n > k.

n"(0) = {
In particular, if U, = |u"(0)],

U — aUp—i+coUpo+--+clp+1 ifn< k-1,
" \aUs1+ @Upo+ -+ cUpx  ifn> k.

Remark

For all n > 0, we have
(Suff) xc[1, U] is a suffix of xc[1, Upti],
(Len) Uptk+1 — Ungk = Uny1 — Up.
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - - cx_1 = 101
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢ ---¢c,—1 = 10
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢ -~ ck—1 = 101 so ajaz--- = (10)~.
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is

given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.

©"(0)

qn

0

01

012

01203
012030100

B W NN R Ol
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Periodic prefixes

Proposition
For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.

©"(0) dn
0 0
01

012

01203
012030100

B W NN R Ol
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is

given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.

©"(0)

qn

0

01

012

01203
012030100

B W NN R Ol

0
01
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is

given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.
n | pu"(0) dn
010 0
1|01 01
21012 0120
3101203
4 1012030100
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is

given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.
n | pu"(0) dn
010 0
1|01 01
21012 012-0
3101203
4 1012030100
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Periodic prefixes

Proposition
For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.
n | pu"(0) dn
010 0
1|01 01
21012 012-0
3101203 0120301
4 1012030100
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Periodic prefixes

Proposition
For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.
n | pu"(0) dn
010 0
1|01 01
21012 012-0
3101203 01203 -01
4 1012030100
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Periodic prefixes

Proposition

For all n, the longest prefix of x. which is periodic of period U, is

given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.
n Un(o) an
010 0
1|01 01
21012 012-0
3101203 01203 -01
4 1012030100 | 0120301000120
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Periodic prefixes

Proposition
For all n, the longest prefix of x. which is periodic of period U, is
given by

Gn = 17(0) - "1 (0)2 - (0% - p(0)

where aias - - - Is the infinite concatenation of the longest prefix of
c1 -+ Ck—1 maximal among its conjugates.

For ¢ = 1012, we have ¢; - - ¢ck—1 = 101 so aja - - - = (10)~.
n | pu"(0) n
010 0
1|01 01
21012 012-0
3101203 0120301
4 1012030100 | 012030100-012-0
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Some equivalences

Proposition
The following are equivalent:
(Per) for all n > 0, xc[1, Upt1 — 1] is periodic of period Uy,
o foralln>0, Up1 —1< >0 a;Up;;
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Some equivalences

Proposition
The following are equivalent:
(Per) for all n > 0, xc[1, Upt1 — 1] is periodic of period Uy,
o foralln>0, Up1 —1< >0 a;Up;;
e foralln>0, (c1---ck—1(ck —1))“[1,n] < a1---ap,
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Some equivalences

Proposition
The following are equivalent:
(Per) for all n > 0, xc[1, Upy1 — 1] is periodic of period Up,;
e foralln>0, Upy1 —1 <> a;Up;
e foralln>0, (c1---ck—1(ck —1))“[1,n] < a1---ap,

e ¢ ck—1(ck — 1) is maximal among its conjugates;
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Some equivalences

Proposition
The following are equivalent:
(Per) for all n > 0, xc[1, Upy1 — 1] is periodic of period Up,;
e foralln>0, Upy1 —1 <> a;Up;
e foralln>0, (c1---ck—1(ck —1))“[1,n] < a1---ap,
e ¢ ck—1(ck — 1) is maximal among its conjugates;

o forallm>1, ifrepy (m) = bg---bibg, then
xc[L, m] = pf(0)% - - - ' (0) pi0(0) .
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Some equivalences

Proposition
The following are equivalent:
(Per) for all n > 0, xc[1, Upy1 — 1] is periodic of period Up,;
e foralln>0, Upy1 —1 <> a;Up;
e foralln>0, (c1---ck—1(ck —1))“[1,n] < a1---ap,
e ¢ ck—1(ck — 1) is maximal among its conjugates;
o forallm>1, ifrepy (m) = bg---bibg, then
xc[1, m] = pf(0)> - - i (0)>10(0).

Theorem

If c1 - ck_1(ck — 1) is maximal among its conjugates, then every
prefix of x. has a string attractor of size < k + 1 made of elements

of (|u"(0)[)n>o0-

Otherwise, there is a prefix which has no string attractor made of
elements of (|1"(0)|)n>0.
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Stronger condition

Proposition

If c1 -+ - cxk_1 is maximal among its conjugates, and cx = 1, then
every prefix of x. has a string attractor of size < k made of
consecutive elements of (|11"(0)|)n>0-

Proposition (Bernat, Masakova, Pelantova)

The word x. has complexity px.(n) = (k — 1)n+ 1 if and only if
c1 - - Cx—1 is maximal among its conjugates and ¢, = 1.
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Open questions

e Can we apply this for other words?

e Given a sequence (U,)n>0, can we find an infinite word x
whose prefixes have string attractors (of bounded size) made
of U,'s?

e Given a infinite word x, can we find a numeration system S
such that x is S-automatic and string attractors of x’s prefixes
can be easily described using §7
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Open questions

e Can we apply this for other words?

e Given a sequence (U,)n>0, can we find an infinite word x
whose prefixes have string attractors (of bounded size) made
of U,'s?

e Given a infinite word x, can we find a numeration system S
such that x is S-automatic and string attractors of x’s prefixes
can be easily described using §7

Thank you for your attention!
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